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Consider the planner’s problem
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with isoelastic preferences and CES production frontier:
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where a1 + a2 = 1 and �, ✓ > 0. The �rst-order conditions characterize the optimal intertemporal
choice of consumption and production:

C⇤
2

C⇤
1

=

✓
�R⇤P

⇤
1

P ⇤
2

◆�

,
Y ⇤
2

Y ⇤
1

=
a2
a1

✓
Q⇤

2

R⇤Q⇤
1

◆✓

.

Substitute the latter condition into the production constraint to solve for Y ⇤
1 and Y ⇤

2 . Combining with
the optimal consumption smoothing and the country’s budget constraint, this leads to the welfare
function

V =
�

� � 1

"
P ⇤1��
1 + ��

✓
P ⇤
2

R⇤

◆1��
# 1

��1
"
a1Q

⇤✓+1
1 + a2

✓
Q⇤

2

R⇤

◆✓+1
# 1

✓+1

.

Given the focus on the frontloaded shocks, rewrite the welfare brie�y as
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and the second-order derivatives are
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Given the CES structure, the share of �rst-period revenues in total discounted income � and the share
of �rst-period spendings in total discounted expenditures ⌦ are equal
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which allows us to express the derivatives of V in terms of � and ⌦. The second-order expansion of
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the welfare can then be written as

d log V = �⌦ d logP ⇤
1 +� d logQ⇤

1+
1

2
⌦(1�⌦)(�� 1)(d logP ⇤

1 )
2+

1

2
�(1��)(✓+1)(d logQ⇤

1)
2.

Given the de�nitions S⇤
1 ⌘ Q⇤

1/P
⇤
1 and R̃⇤ ⌘ R⇤P ⇤

1 /P
⇤
2 , the �rst-order terms can be decomposed into

the income and substitution e�ect
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If at the point of approximation, the country does not borrow or save in the �rst period, then ⌦ = �

and the expansion simpli�es to
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