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Online Appendix

In this Appendix, we provide the proofs of some lemmas and propositions as well as some

figures.

A Proofs of some Lemmas and Propositions

The Proof of Proposition 2

We proceed in four steps.

Step 1. We start with a series of definitions. First, we define the following function:

7(Ac) = max[(v'(2) — Ae)z].

2>0

In fact, this is the rescaled profit of a c-type firm under local competitive toughness A. We define
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We assume that Tpax < S <=1(S) <Aminf/T(AminCmin) (that is, {(S) is sufficiently low). We also
define . e f
max = -1 min . A.2
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We assume that cpax > Cmin <=1(0) >Aninf/T(AminCmin) (that is, 1(0) is sufficiently high). Note
that, if the latter condition fails to hold, there clearly exists no equilibrium. Indeed, in this case,
the most productive firm would not break at x = 0, even if the competitive toughness A is at
its minimum possible level: A = A, > 0. Therefore, 1(0) >Aninf/T(AminCmin) 1S an absolutely
necessary condition for the set of active firms to be non-empty.

Next, we define the cutoff curve C C R2 as follows:



C = {(.I, C) € Ri : Z(I)ﬂ-()\minc) = )\minfv 0 S X S Lmax; Cmin S & S Cmax} .

Clearly, C is the set of all a priory feasible solutions (Z,¢) of the zero-profit condition. Geo-
metrically, C' is a downward sloping curve on the (x,¢)-plane connecting the points (0, ¢yax) and
(Tmax, Cmin), Where Zmay and cpax are defined, respectively, by (A.1) and (A.2). Note that, from
the definition of ¢y, it follows that ApinCmax < ©/(0) (since m(ApinCmax) = Aminf/1(0) > 0).

Since Tmax < S, the population decay rate a(x) = —I'(x)/l(x) is a bounded continuous function

over [0, Tmay].! Therefore, using the Weierstrass theorem, we can define:

A= max a(x) < oo. (A.3)

O0<z<max

Step 2. Consider any T € (0, xpax]. Because the cutoff curve C' is downward sloping, there
exists a unique ¢ € [Cpin, Cmax) Such that (z,¢) € C. By Picard’s theorem (see, e.g., Pontrya-
gin 1962), there exists € > 0 such that, for any © € (T — ¢,7], there exists a unique solution
(Az(x), cz(z)) to (3.14) — (3.15) satisfying the boundary conditions: Az(T) = Amm, cz(T) = €.
Picard’s theorem applies here, since the right-hand sides of (3.14) — (3.15) are well-defined and
continuously differentiable and, thereby, locally Lipshitz in (A, ¢) in the vicinity of (Apin,€). In
particular, the denominator of the right-hand side of (3.15) never equals zero. Indeed, because
(z,¢) € C, we have: A\yinC < AminCmax < 1/ (0) (see Step 1).

Next, we show that the above local solution (Az(x),cz(x)) can be extended backwards either
on [xo,Z|, where zo € [0,7) and cz(z9) = Cmi, or on [0,7]. In intuitive geometric terms, it
means the following: the solution (Az(z),cz(z)) can be extended backwards either until it hits
the plane {(z,\,c) € R® : x = 0} or up to the plane{(z,\,c) € R® : ¢ = cpum}. Note that
the case when (Az(x), cz(z)) hits the intersection line of these two planes, i.e. the straight line
{(z,\,¢) €R? : . =0,¢ = Cuin}, is not ruled out.

Assume the opposite: (Az(z),cz(x)) can be only extended backwards on (zg,Z], where zq €
(0,7) and lim,;, cz(x) > ¢min- By the continuation theorem for ODE solutions (Pontryagin 1962),
this may only hold true in two cases:

Case 1: an “explosion in finite time” occurs, i.e.

1im¢811p [(Az(), cz(2)) || = oo, (A.4)
zlzo
where || - || stands for the standard Euclidean norm in R2.

Case 2: the right-hand side of the system (3.14)—(3.15) is not well defined at (x¢, A, ¢), where

(A €) = limgyzy (Az(2), cz(2)),

1Observe that a(z) need not be bounded and continuous over the whole range [0, S]. To see this, set S = 1 and
consider a linear symmetric population density: I(z) = 1 — |z| for z € (—S5,5). Then, we have a(x) = 1/(1 — z),
which is clearly unbounded over (0, 1).




Let us first explore the possibility of Case 1. One can show that A\z(x) is bounded on (zo, Z].
Indeed, we have on (x¢, 7] (recall that M (Ac) is decreasing in Ac, as the price elasticity of demand

is increasing)
dx

This implies that dIn Az(z)/dx is uniformly bounded from above in the absolute value, which in

0>
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turn means that Az(z) is bounded from above on (zy,Z]. Clearly, cz(x) is also bounded, as it

increases in x and satisfies:

0 < Cpin < glclirg) cz(z) < cz(r) < cz(T) =¢ < o0,
for all z € (29, 7). As a result, (A.4) cannot hold, meaning that Case 1 is not possible.

Let us now explore the possibility of Case 2. When u/(0) = oo, this clearly cannot be the case,
as the right-hand side of (3.14)—(3.15) is well defined for all ¢ > ¢y, for all A > Ay, and for all
x > 0. Thus, it remains to explore the case when u/(0) < co. In this case, the ODE system (3.14)—
(3.15) is not well defined, when lim,|,, Az(z)cz(x) = «/(0) (in this case, the denominator of the
right-hand side in (3.15) is equal to zero). Assume that this is the case. Then, (Az(2), ¢z(2)) 1e (20 2
and Ac¢c = u/(0) define each a curve in the (A, c)-plane. Note that «'(0) > Az(x)cz(x) for any
x € (xo, T, otherwise (Az(x), cz(x)) could not be extended backwards on (x¢,Z|. Hence, the curve
(Az(2), (%)) (o 7 Lles strictly below the curve Ac = /(0) in the (A, c)-plane and intersects it
at (limy ., Az(x), lim, 4, cz(z)) (the limits exist, as Az(x) and cz(x) are monotone and bounded).

This in turn implies that

dez(x)/dx
dA\z(z)/dx

w'(0)
N hmﬂfixo )\%(I) .

(A.5)

lim
zlxg

However, using (3.14)—(3.15), we have:

0 > lim () > —00, lim dez(z)
iz dx zlzg  dx

= +OO’

which contradicts the inequality (A.5) when «/(0) < oo. That is, Case 2 is not possible as well.
Hence, we observe a contradiction to that (Az(x), cz(x)) can be only extended backwards on (zg, 7|,
where z € (0,7) and lim, |, cz(z) > Cmin-

As a result, the solution (Az(z),cz(z)) can be extended backwards either up to the plane
{(z,\,c) € R® : x = 0} or up to the plane{(z,\,c) € R® : ¢ = ¢y}, or both options hold
simultaneously.

Step 3. We now construct an equilibrium without taking into account free entry into the

market: i.e., we assume that M, is given. To do this, we define the following function over

[07 mmax]:



() = cz(0) — Cmin, if (Az(2), cz(x)) can be extended up to {z = 0}, (A.6)

—c- M (emm),  if (Mz(2),cz(x)) can be extended up to {¢ = cuin}.

xT

By continuity of solutions to ODE w.r.t. initial values (Pontryagin 1962), ¢(Z) is a continuous

function of . Furthermore, it is readily verified that the following inequalities hold:

90<O) = Cmax — Cmin > 07 So(xmax) = —Tmax < 0.

Hence, by the intermediate value theorem, there exists T € (0, Zyax ), such that ¢ (z*) = 0. Setting

(A (x), () = (M\z= (), cz= () and € = ¢z« (T*), derive a candidate equilibrium:

{72, V()€ (@))eppze) (A7)

We now verify that the candidate equilibrium (A.7) is indeed an equilibrium when M, is
given. That (A*(z),c*(x)) is a solution to (3.14) — (3.15) follows by construction. The equality
¢ (T*) = 0 means that (\*(x),c*(x)) can be extended simultaneously up to both planes: {x = 0}
and {¢ = ¢pin}. This, in turn, is equivalent to ¢*(0) = cpin, i.6. (A*(2), c*(x)) satisfies one of the
boundary conditions. The other boundary condition, A* (Z*) = A, is satisfied by construction.
Finally, (z*,¢*) € C means that (Z*,¢*) satisfy the zero-profit condition (3.12).

Step 4. So far, we have been proceeding as if M, were a constant. However, M, is endogenous,

and is determined by the free entry condition given by:

¢ (Me)

mon= [ [ e e M0 - £ gt = £, (A9

where \*(¢, M,) is a decreasing function parametrically described by the downwards-sloping curve
(A*(@, Me), c*(x, M) ,e(o 4> While 27(-, M) is the inverse to ¢*(-, M). We assume that [(0) is
such that .
max l O
fe < / [)\(—>7r (Amin€) — f} g(c)de. (A.9)

Further, we show that this condition is sufficient for equation (A.8) to have a solution M > 0.

First, we show that II.(co) = 0. Observe that, when M, — oo, equation (3.15) implies that
dc*/dz becomes uniformly small. Taking into account that ¢*(0) = ¢y, we have that

lim ¢ (M.) = cin, lim Z"(M.) = Tmax-
Me—00 Me—00

It is straightforward to see that the above implies that II.(c0) = 0.

Next, we consider I1.(0). Observe that, when M, — 0, equation (3.15) implies that dc*/dz



becomes uniformly large or, equivalently, dz*/dc becomes uniformly small. This implies that

lim z*(M,) =0, lim ¢ (M.) = Cmax-

Me—0 Me—0

Hence,

Cmax

1.0) = [ |52 5 () = 1] e

According to our assumption, I1.(0) > f. > 0 = II.(co0). This means that equation (A.8) has a
solution M7 > 0. This completes the proof.

The Proof of Proposition 3

We proceed in four steps. Until Step 4, we ignore the free-entry condition and treat the mass
M, > 0 of entrants as exogenous. At Step 4, we take (A.8) into account and show that it uniquely
determines M..

Step 1. Assume there are at least two equilibrium outcomes corresponding to the same value

of M,:

{Z e @)@} md {7700 0@ @i |-

Note that T8 # 7**. Indeed, if T5 = T**, then ¢* = ¢ (since the cutoff curve C' is downward-
sloping). Hence, (A\*(z), ¢*(x)) and (A**(x), ¢™(x)) are solutions to the same system of ODE
satisfying the same boundary conditions. By Picard’s theorem, this implies that (A\*(z), ¢*(z)) =
(A (z), ¢**(z)) pointwise.

Let us assume without loss of generality that 78 < **. Because (z*, ¢*) € C' and (%, ¢*) € C,
T* < T** implies that ¢ > *. Since {E**,E**, (A (x), ¢ (x))

M., we have that ¢**(0) = cpin. Furthermore, (¢**)! (z) > 0. Combining this with Z* < T**, we

vefoz+*] (1S an equilibrium for given

derive the following inequalities:
@ —7T) > (0) = ein = ¢(0) = (T —T). (A.10)
For each z € [0,7*], define A(z) as follows:

Alz) =c™ (T — 2) — (T — 2). (A.11)

As has been shown, A(Z*) > 0. Taking into account that ¢* > ¢**, A(0) < 0. By the intermediate
value theorem, there exists £ € (0,7%), such that A ({) = 0. Let & be the smallest of such &s.
Clearly, we have: ¢ (" — &) = ¢*(T* — &) and ™ (T — 2) < ¢*(T* — z) for all z < &,.

Step 2. Next, we show that



AT(@™ = &) > AT — o). (A.12)

Using (3.14) yields (recall that A*(Z**) = Apin = A*(T"))

A (@ = 2))] g = ¢ (@) AninM Amin€) > @ (7)) MM i) = (N (@ = 2))1]_,

which holds true because a'(z) > 0, ¢ > ¢, and the markup function M (+) is strictly decreasing.

Furthermore, we have:

(A (T — z));‘zzo > (AT — Z>);‘z:0 > 0.

Thus, \** (T — z) > \* (T* — 2) holds true for sufficiently small values of z.

Assume that there is some & € (0,&p), such that AX**(Z** — &) = A*(T* — &), while \**(z**
z) > N(T" — z) for all z < &. Denote \; = M\ (T" — &). Differentiating the log of the ratio
N (T = 2) /A (TF — 2) wart. z at z = & yields (recall that, from the previous step, ¢**(Z** — z) <
(" — z) for all z < &)):

|}n (/\**(f** _ Z))},

Y@ -2 )l
By continuity, [ln (%Z)
small. Hence, the ratio \**(Z** — 2)/A\*(T* — z) increases over (& — ¢, &) and strictly exceeds 1 at
z =& —e. Thus, ™ (" — &) /N (T* — &) also strictly exceeds 1, i.e. N™*(T™ — &) > \*(T" — &).
Based on that, we conclude that &; does not exist. This proves (A.12).

Step 3. Differentiating the function A(z) defined by (A.11) at z = &, we obtain:

=a (@ = &) MM (T = §)) —a (@ = &) M (M (T = 61)) >0

z=&1

!/
ﬂ > 0 must hold for any z € (§ — ¢, &), where € > 0 is sufficiently

L [otams) o tam) s
Meg () | ulg(Xg'p))  ula(Aiep))
where ¢§ = c¢*(T* — &) = (T — &), \§ = X (T — &), and A\§* = \(T* — ). The inequality
(A.13) holds true because, by (A.12), we have \;* > A%, while the function (V/)~" (1/X) /u (g (\c))
increases in A for any given ¢ > ¢y, However, by definition of &, A(z) must change sign from
negative to positive at z = &. Hence, it must be true that A’ (&) > 0. This contradicts (A.13)
and implies that, for any fixed value of M., there is a unique equilibrium outcome corresponding
to this value of M,.

Step 4. To finish the proof of uniqueness, it remains to show that dIl.(M.)/dM, < 0 for any

AL(&) = —




M, > 0. Let us define

m<c7 Me) = )\*(07 Me) ™ (>\ <C7 Me) ) N
Then, we have:
ALY om(e, M) de* (M)
elMe) C, Me —* _ ¢ €
d—m = / —aMe g(C)dC + [m(c (Me)7 Me) f] dMe ’

Cmin

where the last term equals zero due to the cutoff condition. Hence,

c*(Me)
dIT. (M) / oMN(c, M,)

= 0L dG(c).

dm,

Cmin

Thus, a sufficient condition for dIl.(M.)/dM, < 0 for any M, > 0 is given by

ON(c, M.)
OM,

It is straightforward to see that, due to the envelope theorem, the latter is hold when

< 0 for any M, > 0 and any ¢ € [¢yin, € (Me)] .

ON*(x, M.)
OM,

In fact, it is sufficient to show that

> 0 for any M, > 0 and any x € [0,7"(M.)].

ON*(x, M.)

0L > 0 for any M, > 0 and any x € [0,Z*(M.)]

and ON*(x, M,)/OM, > 0 on some non-zero measure subset of [0, 7*(M.)]. The rest of the proof
amounts to establishing the latter statement.

Assume that, on the contrary, for some M, > 0, there exists a compact interval [z1,z5] C
[0,7*(M.)], such that ON*(x, M.)/OM,. < 0 for all z € [z, x2]. Without loss of generality, let us also
assume that [z1, 23] cannot be extended further without violating the condition OA*(z, M.)/0M, <
0 (otherwise, we can replace it with a larger one). We will therefore refer to [z1,z5] as a non-
extendable interval. We consider several possible cases.

Case 1: Assume that z; = 0. In this case, we have: ¢*(x1, M,) = ¢pin, hence Oc*(z1, M,)/OM, =
0. Recall that

de 1 (V)7 (/N

de M. g(o)u(g)
Since ON*(x1, M,)/OM, < 0, Oc*(x1, M.)/OM, = 0, and M, rises, O (c*) (v1,M,)/OM. < 0
(the right-hand side of the above equation decreases at x; = 0 with a rise in M,). Note that
dc*(z1, M,)/OM, = 0 and 9 (c*), (z1, M,)/OM, < 0 imply that dc*(x, M,)/OM, < 0 in some right
neighborhood of z; = 0.



Case 2: Assume that 9 = 7*(M,). We have \*(Z*(M,), M) = Amin. This implies that

OX (T (M), Me) dz*(Me) | OX"(T"(Me), M)

or dM, OM., =0

The second term in the left-hand side of the above equation is non-positive (as assumed). Recall
that \*(x, M,) is strictly decreasing in z. As a result, dz*(M.)/dM, < 0. Combining this with the
fact (z*(M,),c"(M.)) € C, where C' is the downward sloping cutoff curve, we get: de*(M,)/dM, >
0. That is,

Oc” (T (M), M) dz*(Me) | Oc* (@ (Me), Me) _
ox dM, oM, -7
where the first term is non-positive because, as shown above, dz*(M,)/dM, < 0, while
oc* (z*(M.), M.) /O0x > 0. Hence, the second term, dc* (z*(M.), M.) /OM,, must be non-
negative. If dc* (z*(M.), M,) /OM, = 0, then one can show that 9 (c*), (T*(M,), M.)/OM, < 0.
Here, we use again the fact that
de 1 (V" (1/N)
de M, glc)u(q.)
This in turn implies that dc* (z*(M,), M) /OM, > 0 in some left neighborhood of x5 = Z*(M,).

Case 3: Assume that 0 < 27 < z9 < T*(M,). Because [z, x5] is non-extendable, there exists

a small open left half-neighborhood N; of z1, and a small right half-neighborhood N, of x5, such
that ON* (z, M.) /JOM,. > 0 for all z € N' = N7 UN,. Hence, for a c-type firm where ¢ = ¢* (x, M,)
with « € [z1, 29|, relocating marginally beyond [z1, 5] in response to a marginal increase in M, is
not profit-maximizing behavior. Indeed, that ON* (z, M.) /JOM. < 0 over [x1,xs] means that the
profit function increases uniformly over [x1, x3], while OX* (x, M,) /OM, > 0 for all x € N' means
that relocating from [x1, 2] into N would lead to a reduction of maximum feasible profit.? This

immediately imply that
Oc*(x1, M) <0, Oc*(xq, M) >0
oM, - oM, -

Moreover, for j = 1,2 we have (the proof is the same as in the previous cases)

O (ay M) _ o 0(, (. M)

oM. oM, <0

The findings in the above cases allow us to formulate the following important result. There ex-
ists a location x4 in an arbitrary small right half-neighborhood of x1, such that Oc* (x4, M,)/OM, <

0. Similarly, there exists a location xs in an arbitrary small left half-neighborhood of x5, such that

20ne may wonder why no firm would relocate from [z, 23] to somewhere beyond N in response to a marginal
increase of M,. This would mean, for at least some firm type ¢, that the firm’s profit-maximizing location choice
x*(¢, M) has a discontinuity in M.. However, by the maximum theorem (Sundaram 1996), z*(c, M,) must be
upper-hemicontinuous in M,. Furthermore, by strict quasi-concavity of the profit function, z*(c, M,) is single-
valued. For single-valued mappings, upper-hemicontinuity implies continuity. Hence, z*(¢, M,) cannot exhibit
discontinuities.



oc* (x5, M,)/OM, > 0.
By the intermediate value theorem, there must exist a location z3 € (x4, 75) C [21, 73] such
that

ac*(x37M€) 8(0*); (x3>Me) >0
oM, oM, -

The non-negative sign of the derivative follows from the fact that ¢*(z, M,) is increasing in z. This

=0,

in turn implies that the derivative of

1 (V)" (/" (3, M.))
Me g(c* (w3, Me)) u(q(A* (s, Me)e (s, Me)))

with respect to M, is non-negative. That is, the derivative of

(V') (/A" (3, M)
g(C* (3337 ME))U(Q()‘*(x?‘n Mfi)C* (x3? Me)))

with respect to M, is strictly positive. This means that O\* (x3, M.) /OM, > 0 (recall that
dc* (w3, M.)/OM, = 0). However, since x3 € [r1,x3], it must be that ON*(z3, M.)/OM. < 0,

which is a contradiction. This completes the proof of uniqueness of the equilibrium.

The proof of Proposition 4

To prove the proposition, we use the equilibrium conditions for X'(x) and ¢(x). Specifically, from
(3.11) and (3.9),

(@) A(@) ple, c(x)) — c(x)
I() p(z, c(x))

Moy (c(o)) € o) i, o) = (V)™ (1/30) = o) = o LS BalEl

N(z) =

Hence,
(A@)e(@)), = c(x)N () + Az)d ()
_ @) v P@) P @) — (@) (V) (/A=)
‘g@m>b)”(”um e, @) *Mwmmde'
Consider,
’ . )\(O) o o l,(o) p(07 Cmin) — Cmin (V/)il (1/)‘(0))
()‘(x)c(x))mzo - g(cmin) ( mmg< mln) Z(O) p(oycmin) + Meu (q<0’ Cmin))) °
Since g (c) is a density function, lim, ; 0Cmin g (Cmin) = 0. Hence, if | I'(0) |< oo, then for

9



sufficiently low cpin,

U(0) PO, Cmin) = Cmin (V)™ (1/X(0))

0)  pO.com)  Mou (g0, com))

Cmin 9 (Cmin)

Similarly,

\@) (U@ p@a —e |, (V) (/M)
(Cg(c) (@) p@d  Mulo) )

Note that, as there is the fixed cost of production f, p(z,¢) > ¢. Moreover, A(Z) = 1/V’(0) in the
equilibrium, implying that (V/)™" (1/A(Z)) = 0 (this also means that ¢/(Z) = 0). As a result, since
I'(z) <0,

K@~ ()@
l(z) p(z,0) Meu (q(z, )

To prove the third statement of the proposition, we rewrite (A(z)c(x)). in the following way:

< 0.

cg(c)

(Aae(a)), = ) (3’;;;c<x>g<c<x>>M<A<x>c<x>>+Agi;&i?ié)ﬁ»)v

where M(.) is the markup function. Let us denote Z€ (0, Z) as an interior extremum of \(x)c(z):
(M(#)c(7))!, = 0. We know that (A(z)c(z)),_, > 0 and (A(z)e(x)),_, < 0. Hence, A(z)c(x) has at
least one interior local maximizer.

Next, we show that, for any Z, (A(Z)c(%)),, < 0. We have

A@e@), = (7285 ) (58e(@) g (c(@) MOE))) + St

NG (%)~ ~ N NE
+ 20 (M8 (2) g (e (7)) MO@)ED) + St )

Note that the first term in the right hand side of the above formula is equal to zero. Thus, we
have (recall that (A(Z)c(%)), = 0)

(@@, = ey (e @) 9 (@) MO@eD) + iaihidly),

A(E U(E) o~ Y N\~ (<V')*1<1/A< )))

We have




since () > 0, ¢'(¢) > 0, and (I'(z)/l(x))’, < 0. At the same time, (V)™ (1/\(z)) is decreasing
in x as V”(-) < 0 and N (x) < 0. Hence, (A(Z)e(7))) < 0.

We now finish the proof of part (iii) of Proposition 3. As derived above, A(z)c(x) has no
interior local minimum over (0, %) and at least one interior local maximizer. Assume that \(z)c(x)
has at least two distinct local maximizers. Then, there must be a local minimizer in between,
which contradicts our above finding. We conclude that A(z)c(x) is bell-shaped in x, while the
markup function M(A(z)c(z)) is U-shaped in z. This completes the proof.

The proof of Lemma 2

Note that in this proof it is important that OA(x, M., d)/00 and Oc(x, M, d)/06 are analytic in
x over (0,T), meaning that they can be represented by convergent power series (this is the case,

when, for instance, the primitives in the model are analytic):

8)\(']7>M675) = Zak(Meaé)xka a x M€75 Zbk Mea(s

This makes the case when O\(x, M., d)/00 = 0 and O(\),(x, M, d)/06 = 0 at some x impossible.
Why? If this is the case, then dc(x, M., d)/06 = 0 and 9(c)! (z, M., )/05 = 0 as well implying
that the derivatives of all orders of OA(z, M., d)/06 w.r.t. = at this point equal to zero. An analytic
function with this property must be identically zero (Courant and John 2012, p. 545). This in turn
means that A(z) does not change on the whole interval [0, Z] when ¢ changes, which is impossible.
For the same reason, it is not possible that dc(z, M,,0)/05 = 0 and 9(c)! (z, M., 9)/05 = 0 at
some .

To simplify the exposition of the proof, we divide it into several parts.

Part 1

In this part, we prove that 0T(M,,d)/06 > 0. Assume, on the contrary, that 0z(M,,d)/0d < 0.
Then, because an increase in d leads to an upward shift of the cutoff curve C', it must be that
0¢(M,,0)/05 > 0. Note also that if 0T(M,,d)/0d < 0, then (by continuity) A(z, M., d) must
decrease w.r.t. § in some neighborhood of T (as A(z, M., §) is decreasing in ). If T does not change
with the change in &, one can derive from (3.14) that 9 (— (A)], (Z, M., d)) 95 < 0. This is because
0¢(M,,0)/0d > 0 and A(T, Me,0) = Apin. This in turn also means that OA(z, M,,0)/00 < 0 in
some neighborhood of Z. That is, if 0T(M,,d)/06 < 0, A(x, M., ) must decrease w.r.t. J over
some interval (z1,T). Two cases may arise.

Case 1: 27 = 0. In this case, ON(0, M,,d)/06 < 0. Then, taking into account the boundary
condition ¢(0, M, d) = cpin, it is straightforward to see from the equilibrium condition in (3.15)
that 9(c),(0, M,,0)/06 < 0. This in turn implies that dc(z, M.,d)/00 < 0 in the vicinity of

x = 0 (since ¢(0, M., d) = cmin is not affected by ). As a result, we have the following situation:
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given the rise in §, ¢(x) falls in the neighborhood of zero and rises in the neighborhood of T as
J¢(M,,6)/06 > 0. This implies that there exists xo € (0,T) such that dc(ze, M., 0)/05 = 0 -
the value of ¢(x) at x5 is not affected by the rise in §. Moreover, 9(c).(x9, M.,6)/00 > 0 (as
c¢(x) falls around zero). This in turn means (here we use the equilibrium condition in (3.15)) that
OXN(x9, M,,0)/06 > 0 which contradicts the assumption that OA(z, M., d)/06 < 0 for all = > 0.
Note that we will use this particular way of deriving the contradiction throughout the whole proof
of the lemma.

Case 2 z; > 0. In this case, it must be true that O\(x1, M., d)/06 = 0. Moreover, the absolute
value of the slope of A(z) at this point increases: 0 (—(A\),(x1, M,,)) /05 > 0, as OX(z, M,,0)/I) <
Oon (x1,7). In this case, from the equilibrium condition in (3.14) we derive that dc(x1, Me, §)/06 <
0. Now, we use the same argument as in the previous case. There exists z3 € (z1,%) such that
Jdc(xs, M, 6)/06 = 0 and 9(c),(x3, M,,0)/06 > 0. This in turn implies that O\(x3, M,,d)/06 > 0
which contradicts the assumption that OA(z, M., §)/0d < 0 for all x > x;.

Thus, we show that 0z (M., §)/06 > 0.

Part 2

Next, we show that OA(x, M, d)/0d > 0 for all z. Assume that, on the contrary, there exists a
non-extendable interval (x4, z5) C [0, 7] such that OA(z, M., d)/0d < 0 on this interval. Note that
since T rises (implying that OA(x, M., d)/00 > 0 in some neighborhood of Z), x5 < T. Consider
again two cases.

Case 1: x4 > 0. In this case, because (x4, z5) is a non-extendable interval where OA(z, M., §)/00 <
0, it must be that:

0Ny, M, 0) 0= OX(x5, Me, d)
o) S 00 '

Moreover,

8(— (/\);: (x47M675)) a(_ ()‘); (1’5,Me,5))
9 70> 96
In this case, (3.14) implies that

Oc(xy, M., ) Oc(xs, M., 0)
5 <0< — a0

Hence, there exists xg € (24, x5), such that

Oc(xg, M., 0) d(c)., (wg, M., )
o) )
This means that O\(xg, M, d)/06 > 0, which contradicts the assumption that O\(x, M., d)/96 < 0

for all x € (z4,z5).

=0, > 0.
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Case 2: 74 = 0. In this case, it can potentially be that OA(0, M., §)/06 = 0 or OAN(0, M., d)/06 <
0. Note that if OA(0, M., d)/0d = 0, then O(N).(x, M,,0)/05 = 0 (as 0c(0, M,,0)/06 = 0). As
discussed at the beginning of the proof, this case is impossible. If OA(0, M, d)/0d < 0, then from
(3.15), 9(c)..(0, M., 6) /06 < 0, meaning that in some neighborhood of zero ¢(x) falls with the rise

in 0. Then, we use again the logic from the previous case and, thereby, derive the contradiction.

Part 3

The next step is to show that dc(x, M,,0)/06 > 0 for all z € (0,Z]. Assume that, on the con-
trary, that there exists a non-extendable interval (z7,xg) C [0,Z], such that dc(x, M., d)/06 < 0
on this interval. If x; = 0, then 0(c)’ (0, M,,5)/06 < 0 and 0c(0, M,,0)/05 = 0. In this case,
OA(0, M., 0)/06 < 0 which contradicts our previous results. If z7 > 0, then again dc(x7, M., §)/00 =
0 and 9 (c) (x7, M,,0)/08 < 0 (recall that 9 (c). (w7, M, )/d5 cannot be equal to zero). That is,
we derive the contradiction: dA(x7, M., 0)/0d < 0.

Finally, since dc(z, M., §)/d§ > 0, 0T(M.,,5)/d§ > 0, and (c)), > 0, de(M,,§)/ds > 0.

The proof of Proposition 5

(¢) Totally differentiating both sides of the FOCs, II, = 0 and I, = 0, w.r.t. ¢ yields

( dp(c)/dc ) _ < Iy Hpe >_ < Iy > : (A.14)
dx(c)/dc I, Tl Hep

where the right-hand side is evaluated at (p,z) = (p(c), z(c)). As implied by the FOCs and the

definition of the profit function, we have: Il,, = —Q, > 0, ll;; = —Q, = ;T_zc =

0. Plugging these
expressions for 11, and I, back to (A.14) yields

d d 1 .
p(c)/ c — . Qp . (A 15)
dl‘(C) /dC prme - pr _prQp
Using (A.15) and the chain rule, and taking into account that @), = 0, we obtain:

dp(c) I1,.
_ 0
de M, — 112, @ >0,

HJBZE

2
=" (2 <0
ML, 10, — 112, @ <0,

Q(e) ()

where both inequalities hold due to the SOC. This proves the inequalities in (30).
(77) The equivalence of the inequality in (31) to dz(c)/dc > 0 follows immediately from (A.15)
and the SOC.
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B Some Figures

4

i et

Figure 1: Basic Units in the City of Bergen
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Note: Each dot in the figure represents the number of people living in a certain basic unit of Bergen divided by
the basic unit area.
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