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A Proof of Proposition 1

The date s problem of an individual 7 born at date s can be written as:

[e.e]

max  —E,S (89 {6 1620 4 bl a()]}
{606 a1, (0} tz:;( " <H4’“) P

s.t.
;i) +arai (1) = wli(i) + (1 —7")ai(i) + Dy — Ty (A.1)

where a$(i) =0, w; = (1 —7)wy, 78 = 0 for t > 0 and (; is the discount-factor shock introduced in Online

Appendix J. The optimal labor supply decision of household i is given by:
66) = plnw, — 4pei (i) + €(7) (A.2)
and the Euler equation for all dates ¢ > 0 is given by:
e 90 = BGRy(1 — 7 By 11 () (A.3)
where we have used the fact that ¢; = }%. Next, guess that the consumption decision rule takes the form:
¢4() = Cot i (i) (A4)
where § (i) = (1 — 7f)a; (i) + we (§ (i) — €) is de-meaned cash-on-hand and so, z (i) is given by

xf+1(i) =(1- Tt+1)at+1( i) + wip1 (§t+1( ) — g)
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Substituting out tor aj, (i) and £§(i) using (A.1) and (A.2), and using the definition of zj(i), the above

expression can be written as

i) = ST Ly g (o £ 8) D~ T4~ (1 3w () ] + e (65006~ B)

Since j,;(4) is normally distributed, given (A.4), ¢j (i) is also normally distributed with mean:

(1- 7'ta+1)Rt

J [xf(z) + Wt (plnwt + g) + Dt — Tt — (1 + ’ypwt) Cf(l)]

Becii1(i) = Ciq1 + pu1
and variance:
. 2 9 2
Vi (Cf+1(2)) = H4+1Wr 10441

Taking logs of (A.3) and using the two expressions above:
S (s 1 a 1 —yes, 1 (7)
(i) = - In[BG R (1 — 74 1)] — 5 In e+
]. a S . ’7 S N
= InBGRe(1 = 741)] + Eecfq (1) = 5V (ciy1(2))

1
= = In[BG Ry (1 — 7 1)] + Cepa

(1 -7 1) R
)

_7#?+1w152+10752+1

2

+pet1 (27 (i) +wi (pInwg + &) + Dy — Ty — (1 + ypwy) ¢ (i)]

Combining the ¢} (i) terms and using (A.4), the above can be rewritten as:

[1 + Mt+1(1_:,M(1 + ’prt)} ci(i) = —i In[BGR (1 — 7)) + Cr1 — W
+Nt+1<1_:’W (27 (i) + wi (pInwy + &) + Dy — T4
Using ¢; (i) = C¢ + i (i), we have:
[1 + “Hl(l_Tgﬁrl)&(l + 'prt):| {C + i (1)} = —i In[BGR(1 — 7)) + Copr — W
+/«Lt+lm [wy (plnwy + &) + Dy — Ty

v

1-7% )R )
by T )

Matching coefficients on (i), we have for all ¢ > 0:

v 1

(1 — 70 )R,

pito= 1 ypw+



Notice that (A.5) is the same as (18) in the paper once we use the fact that 7/, ; = 0 for all ¢ > 0. Next,

since the expression above must hold for all values of xf () including = (i) = 0, we have

Dpe 1 U
G = — —In[B8¢ (1 — 72 1)Re] + Cox1 + g |we (plnwy + &) + Dy — T,
t Mt+1(1 — Tf+1)Rt ~ [ Ct( t+l> t} Mt+1(1 — Tfﬂrl)Rt t+1 T Mt [ t (P t 5) t t]
_ v He ’Wt2+1wt2+1‘7t2+1 (A.6)
(1 =78 ) Re preya 2

Next, aggregate hours worked are given by ¢; = plnw; — ypC; + & and hence aggregate income is y; =
wily + Dy — Ty = wipInwy — ypwCy + wi€ + Dy — T;. Using this in (A.6) together with C; = y; yields

19,ut 1 79,U/t
=T +ypwe)ye = — —In[BG(1 — 71 ) Re] + Y1
_ v Hi 7ﬂ%+1w?+10t2+1
(1 =784 )Rt preya 2
Next, (A.5) implies that 1 — (1 4+ ypwy) = T )R 5° dividing both sides of the equation above by

1 — (1 + ypw) yields

2 .2 2
THi41W10¢41

1
Yy = -3 I[BG(1 — 7 ) Re] + yev1 — 5

B Derivation of X recursion

B.1 Evolution of cash-on-hand within cohort

Given the consumption function and the definition of x, the evolution of cash on hand can be written as:

() = aip (7)) +wepr(§(9) — 3)
R _

= 3 [27 () +wi (pInwe + &) = Ty + Dy — (14 pywe) g — (14 pywe) g ()] + wer (6541(0) — €)

= % [1— (1 + pywe) pe] @7 (8) + wig1 (§4(6) — &)

where we have used the fact that 7 = 0 for all dates ¢ > 0. In the last line, we have used the definition of
aggregate income y; = wy(plnwy — ypy; + &) — Ty + D;. Multiplying both sides by fs41:

P R o/ s o =
per1myq (i) = ﬂt+1§t [1— (14 pywe) pe] 2 (i) + pep1wig1 (€51 (0) — &)

and using (18) in the paper, we have py 125, 1 (1) = peaf (i) + 1w (61 (1) — ). That is, pa (i) follows
a random walk within cohort. This implies that in steady state with yz = i, 2§ (i) ~ N (0, (t + 1 — s)w?o0?)

and a§ (i) ~ N (0, (t — s)w?c?).



B.2 Objective function of planner

Substituting labor supply (16) in the paper into the objective function, we can write the date 0 expected

utility of individual ¢ from the cohort born at date s going forwards as:

. 1 el R s
W (i) = _;EOZﬁt\Oﬁt(1+79wt)e 180 = —;EoZ@qoﬂt (14 ypwy) e~ meri(®)
t=0

where we have used the consumption function (15) in the paper and the fact that in equilibrium C; = y;.
We assume that the planner puts a weight of ©*(4) on individual i born at date s < 0 and S, = 8° HZ;E C

on the lifetime welfare of individuals who will be born at date s > 0. Then the social welfare is:

Wo = (1-v Zﬁ/ WS i)+ (1~ ZBSO/W

S§=—00

welfare of those alive at date 0 welfare of the unborn at date 0

Using the definition of W (i) and W (i), notice that Wy can be written as:

1 e.)
Wo = — D B (14 ypwr) eV R,
t=0

utility of rep. agent

where X; is defined as:

0 ¢
D= (1-09) Y 0 / o° (i) e @D dj 4 (1—9) ) / s e—ei)—ct) g;
§=—00 s=1
= (1-9) > o / " (i) e i O (1-9) Y / tse i) g (B.1)
S=—0 s=1

Thus, we can write Wy as:
3 1
Wo = ZﬁﬂoUt where Uy = —= (1 4 ypw)e S,
v
t=0

Next, we write (B.1) as

Yy = Z 9t 8/ (1) e i 4 (1 — o Z/ﬁt Se” w””'f()dz+(1—19)/eW”ﬁi(i)di

S§=—00

0 _
= 9 {(1 —9) Z ﬁtls/ps (i) R CEHORE +(1— ﬁ)Z/ﬂtlse’yﬂtxf(i)di} +(1-9) /eVﬂtIi(i)di
s=1

S=—00



Using i (1) = pe—127_q (1) + pewy (ff (i) — Z) from Appendix B.1:

0
o= o{@-0) 3 0 [ @ et @00}y

S§=—00

(1-9 Z / i 1se st s (@O g 4 (1 - 9) / el gy

0 t—1
—  YesVuiwio} {(1 — ) Z ﬁt—l—s/ps (i) e~ —1zi 1 (D) gi 4 (1-9) Z/,&t—l—se—’}/ﬂtlfﬂf—l(i)di}

s=—00 s=1
+(1-9) /6—7utr§(i)di

= 627 piwio? [ — 9+ 98 1]

Taking logs, this is the same for dates ¢t > 0 as (27) in the paper. For date 0:

0
Yo = (1-9) Z ﬁs/ps (1) e~ Yo (4) g
- 7
= (1-9) > 0 / o° (i) e~ 1m0 (1=76 )5 (6) = vrowo (& ()-€) g
= (1_ 627 ngwiod Z 9 / 6 7/‘0(1 To)ao()dZ

S§=—00

where we use the fact that x3(i) = (1 — 7¢)ag(i) + wo(&5(i) — €). Next, we restrict p°(i) = 7% where
a > 0 measures the planner’s tolerance for pre-existing wealth inequality at date 0. Then we can write X

as:

Yo = (1-9) ez“/ pgwiod Z 9~ / —a—po(1-78)]ai () g;

S=—00

Since a(i) ~ N (0, —sw?c?) for s < 0, this can be rewritten as:

2 —S

0 1220202 [a—pg(1-8)
1.2,,2252 > m
Yo = (1—1)e27 Ho%0% g e
S§=—00

(1 — ) ez Howiod

~212w202 {a uo(l—f(‘}) } 2

2 ®

1— e

Taking logs, rewriting and using the definition A = 7?u?w?0?, this is the same as (45) in the paper and
with o = 0, this is the same as (28) in the paper.



B.2.1 The Utilitarian planner

The Utilitarian planner is one who assigns p®(i) = 1 for all households alive at date 0. In this case the

expression for 3y can be simplified to:

t
Si=(1=9) 3 o-rebtete

s=—00
To see this, impose p®(i) = 1 in (B.1), which can then be written as:

t

Si=(1-9) > 0 / e~ () g

S§=—00

Given the consumption function (15) in the paper and the normality of shocks, the consumption of newly
born individuals at any date s is normally distributed with mean y, and variance o2(s,s) = p2w?o?
since they all have zero wealth. Given the linearity of the budget constraint, it follows that newly born
agents’ savings decisions a$_ (i) are also normally distributed with mean 0 and variance o2(s + 1,s) =
(%)2 [1 — (1 +~ypws) us]> w202, By induction, it follows that for any cohort born at date s, the cross-

sectional distribution of consumption at any date ¢t > s is normal with mean y; and variance
2 2 2 2,2 92
oz (t,s) = piog (L, s) + pywio; (B.2)

while the distribution of asset holdings is normal with mean 0 and variance

R?
oa(t,s) = 521 [1— (1 +ypwi—1) pu—1]? [02(t — 1, 8) + w} 107 4] (B.3)

C Some auxiliary results

In the proofs that follow, we shall make liberal use of the following assumptions and results.

Assumption 1. Throughout the paper, we shall assume that:

~
53

>

2p2In9—1
2(2(1—£)Inv—1
CONE )

Lemma 1. Given that SY > e_%, we have A <1 and B < 1.

P
V(1=B8)(1+7p+1-50)

s and 09 =

3. 0 <min {71,092} where 71 =

Proof. Recall that in steady state, A = v?p2w?0? > 0, i.e.:

o? Ypw 2 AN 2
=2 (1 - 519@7)
pe \1+ypw



Rearranging:

f(A):A_02<W’w>2 (C.1)
N (1—&%%)2 2 \1+qpw '

Now, f(A) is increasing for A < A* = —21In 9 < 1 given our assumption, and goes to oo as A — A*. For
2
Z—Z.
must satisfy A < A < A* < 1. By construction, for any A < A*, E = 696% < 1 O

any values of o and p, we can find some 0 < A < A* satisfying f (K) = Thus, any solution to (C.1)

Lemma 2. For o < [0,51), we have de? < 1.

Proof. First we show that Pe2 =1 implies that 0 = . Starting from the expressions for wages in steady

A
state, using ez = 1 we have:

w—1 ©—1+A 2(1-2) o

1+ ypw 1-AN1-p) (+29)(1-p)

Add 1 to both sides and multiply by % to get:

2In 9! (1—%) "

e +1
L+ ypw (1+21m9)<1—5) L+7p

Next, using the expression above in the definition of A, we have:

9 2Iny1
o \2 _21n19(1—§) 2
(1+~/p) (1+21n9) + (1 B 5)

which is the same as &; defined in Assumption 1. Second, note that when o = 0, we have A = 0 and
des =1 < 1. By continuity it follows that for o € [0,77), we have dez < 1. O

Corollary 1. The following is true:
1-B8'8(1=A)>0

Proof.

A
2

1-B87'8B1—-A)=1-"ez (1—A)>0



D First-order condition of the planning problem

D.1 Optimally set fiscal instruments

The planner chooses 7§ and 7% optimally absent aggregate shocks (2; = 1 and ¢; = ¢ V¢). This problem

can be written as:

o
1
t _
max —— (1 4+ ~ypw;) e 'YytE}
{wmyt,ut,zt,nt}ﬁoﬂ'g,‘rw;6 { ’Y( P t) t
S.t.
2,2 2 2
wio
YW = YW — Y+ g +In [ut — (14 ypwr)] — %62@@“’17” (D.1)
€ 1—7" Yi+1Wi1
I, -DII; = —|1-— | (II — 1 II D.2
- 01 = g 1= 2T e () 1 - D (D.2)
Vutwle? 1 gl
nY, = A TP ) +In [1 — v+ ﬁztfl] + H(t = 0) In 2 (D'3)
2 A <cx(1‘rg),u0>
2
1— e .
plnw; + &

1+yp+ % (I — 1)?
Let M, ; denote the multiplier on the date t aggregate Euler equation, Ms; that on the date ¢ Phillips
curve, M3, that on the date ¢ ¥ recursion and My, that on the relationship between y;, wy and II;). The
necessary conditions for optimality are as follows.

First-order condition with respect to wy:
w w w
UtL + M2,t—1 <ytt> (Ht — 1) Ht — Ml,t 3 TPt
L +ypwy Ye—1Wi—1 py - — (14 ypwy)

e(1-1") Y41 Wit 1 My, vp
+ My, { - 5( Mpy — 1)y §— —& = 0 (D5
2t Py Yrwe (Mepr =1 Y 14yp+ L - 1) (D-5)

FOC wrt y,:

wt

YU =My + B My {7 - 4/?72/1%11)20262[“"(“_3’)]} + Mz <yt1wt1

>(Ht_1)Ht

Wit _
—hMay <yt;2wt+) (Mps1 — DIy + Moy piw?o?e®? @ 4 My, = 0
+ Wt

(D.6)



FOC wrt py:

— My — i 48 My [1 — 200? Mgew(yt—y)} + My 20w le2e W)

296% (a_(l_*:g)”0 ) 2

— 1 _ Ta
—I(t = 0) Mz 2A<a ( %”m>a_ﬁﬂm::o
A <a(10)ﬂo> p 7
2 iz
1 — e
(D.7)
FOC wrt X;: )
2t
Ut - M3,t + 5M3,t+1m =0 (D.S)
FOC wrt II;:
w Inw; + &
K%) Moy g — MZ,t] (200, — 1) + UMy, plow: +¢ ST —1) =0 (D.9)
po [LHp+ % (1 - 1))
FOC wrt 7§:
%(a*(lng)N())Q
) . —(1-=18
Mso e A <Oé ( To),uo) Ho _ 0 (D.10)
(i) i u
1-— 1962 g
FOC wrt 7%
= M
St =0 (D.11)
=0 Wt

We guess and verify that the optimal solution features y; = y,w: = w,us = p and II; = 1 such that

(1-7) 1$;pr = . Plugging in the guesses into the FOCs, (D.9) implies My ;1 = Ms;. Given this, (D.11)

implies that Ms; = 0 for all t > 0. Using p¢ = p in (D.10), we have:

«
1—19=—
w

as long as M3 # 0. In particular, if a = 0, i.e., the planner is utilitarian, we have 7§ = 1. Next, we show
that M3 # 0. To see this, notice that (D.8) can be rewritten as:

Ms M3 X M3, ~M3¢41
1— —= 4 p—= =0 = ~=14p—— D.12
U, " T oo on U, Tt (D-12)
where we have used the fact that Us41 /Uy = X441 /% and 139’3‘:1;& — e? since yr =y, wr = w and py = pu.

Iterating forwards, we get M3,/U; = (1 — Byt +£o0.



Using this, (D.5), (D.6) and (D.7) become:

Utapw gy My typ)w 1My (D.13)
1+ ~vpw Uy 14+vpw v U ’

My, _1M1t—1< (,OA> 1 oA 1 My,
e : 1— +—="—+-—= =0 D.14
Ut g Uy gl 1-87 7 U (D-14)
and

~ M My, 1
1 -1 1,t—1

Bt 1-A)——+A—= = 0 D.15
B Ut 5 ( ) [Ut 1_/6 ( )

where we have used p~! = 1+7p 2. Next, combining (D.13) and (D.14), we get:

w—1 1

- - _ e My 1 _ _
1+7pw+[(1 p )1—|—fypw ﬁ :| +67 @ Ut +(1 6)175—0 (D.16)
Combining (D.15) with (D.16), we get:
w—1 ©-1+A 1 > Ml,t—1:|
- 1 1- =0 D.17
1+ vypw (1_B> (1— A) [ + < 5) T, ( )

In particular, this must be true at date 0 when M; _; = 0. This requires:

L+ypw  1—-A

(1—,5) w—1 O—-1+A

which is the same as the definition of © in (29) in the main text. Given that w satisfies this restriction,

(D.17) is also true at all subsequent dates. Since IT = 1, this implies from the Phillips curve that

SN Eath
1= —7p82

1—7¥=w

It follows that all FOCs and constraints are satisfied by our guesses and given the optimal values of 7§ and

7% the variables yy, II;, iy, wy remain at their steady state level absent aggregate shocks.

D.2 Steady state of the optimal plan

Imposing steady state on (D.3), one gets:

™
>

(1-9)
1—e2

wl>

10



We already know from (D.12) in steady state that ms = ﬁ' and that mg = 0 from (D.11) where
m; = M;/U for i = {1,2,3,4}. Next, imposing steady state in (D.15) yields:

B [ A
m; = = =
1-8|1-p718(1-A)

(D.18)

Notice that since A = 0 in RANK, we have m; = 0. Finally, using this in (D.13) and imposing steady
state yields:

(1-8713)a-n) 0
1-B15(1—A) (1 T g) (D.19)

mygy = 7
where () =

O—-1+A
1-A

D.3 Optimal monetary policy given optimally set fiscal policy

The planning problem can be written as:

{wt,yt, e, 28,11 52

e t—1 1
max Z Bt <H Ck) {— (14 ypwy) e_“’y"Et} (D.20)
k=0 v

t=0
s.t.
Vi wo?
Yy = Y1 —ImBY —InG +Inpypr +In [puyt — (1+ypwy)] — +2 e2PWer1—y)+ 2
(D.21)
Et g —1(1—7")% 2 Wi 1Yi41
I, -)Il; = —|1-— ——— | (Its — D II D.22
(I — 1) I, T P G + ™ (ILeg1 — 1) Mygq (D.22)
2,2 .9 9 1-9 4
Iy, = %ew(yt—y)ﬂ} +In[l — ¥+ 9%_1) + I(t = 0)In 2f2 | (D.23)
e | S od
1= ge(s) 8 (52)

z (plnw + €
Yy = ( 7 ) 7 (D.24)
1+’)/,02’t+§(ﬂt—1)

11



and ¥_; = 1. The problem can be written as a Lagrangian:

00 t—1
L =>4 (H Ck) {—1 (1 +7pwt)e‘wt2t}
t=0 k=0 v

0 t—1
+) (H ck> Ml,t{vym —In B0 —InG + Inprpr +In [ " — (1+ ypwy)]

t=0 k=0

2,2 2 2
,Mew(ytﬂ—yﬂ-%tﬂ
2

o0 t—1
-1 (1 — Tw) 2t ZtWi1Yt41
! My, 41— 2 20\ 1 (L
+ ;ﬁ (lcljo Ck) 2,t ] €t (1 _ T*) wy + /8 T Wsls ( t+1 ) 11 ( : ) :

- ’Yyt}

2,22 2 1-9 4
+ My %ew(yo—y)—ﬂco Yl -9 +95 1] +1n QfQWO | — %,
1—19e(ﬁ) 5( W )
= (1T Vuiwio? , 2
+ Zﬁt H Cr | M3, {tze Pue=v)+2 L In[1 — 9+ 9%, —In Et}
t=1 k=0
00 t—1 =
z (plnwy + &)
+ Bt Ck | My Sy —
> (I s+ $ (- 17
The optimal decisions satisfy:
FOC wrt w; (multiplied through by wy):
YPWy 1 2t—1Yt Wt YPW
Up———+ (G My <> I —1)II; — M
"1+ ypw o1 2 Yt—1Wi—1 (If = ) I M;@f — (1 4 ypuwy)
e—1(1-7")z (Ztyt+1wt+1) } My P
+ M- -l ———— (1 — IO - —z =0
o { TR PR enrrerny s R e S g Y1, —1)2
(D.25)
FOC wrt y,:
. _ _ 2w
YUy =M1, + S 1Ct—11M1,t—1 {’Y - @72M%w20262[‘p(yt y)+gt]} + Ct—11M2,t—1 (zytllwt1> (Ily — 1) II; (D.26)
tYt—1We—

ZtYt41 W1
—BMay <

5 (TT; — 1) I, + M3 tg072ufw20’262‘p(yt_y)+29 +My; = O
2441y Wt ’ ’

(D.27)

FOC wrt py:

My, oy I 5_1Ct__11M1,t—1 1_ 7202w2M%€2¢(yt—y)+2ﬂ 1 M&Wzazwmgew(yt—y)+2ct

HONC D) 2
0t = 0) My —2C (2) (5) M(Of) <Mﬂo>uo _ 0
> 7 2 Iz

12



FOC wrt X;:

I
U; — M- M — =0 D.29
t = Mg+ BGMs 17 1o, (D.29)
FOC wrt II;:
Zt—1W
GA Moy <“tyt> (20T, — 1) — Moy (21T, — 1) + UMy, (I, — 1) = 0 (D.30)
ZtWt—1Yt—1

D.4 State contingent 7

Unlike in the main paper, if we allowed the planner to set 7§ in a state contingent fashion (varying with
shocks), the optimality condition with respect to 7§ given by equation (D.10) holds for any po, not just
absent shocks. This implies that the tax is optimally set to

o
I—Tg*:%

Consequently, (D.3) becomes

20_2

2,2
In %, = %ewyt*y) FIn[l— 9+ 9% 4

for any « at all dates ¢ > 0. Since « does not appear explicitly in any of the other constraints or the
objective function, it follows that the optimal path of all variables is the same as that chosen by the

utilitarian planner.

E Local approximation

E.1 Log-linearized dynamic equations

All hatted variables denote log-deviations of from steady state, except for the hatted multipliers which de-
note deviations in levels. In the baseline model with all four shocks, the log-linearized equations describing

aggregate dynamics are:

~ ~ 1 - -~ A A
Y = Oy — — <1t — M1 + Ct) — — g1 — —Si41 (E.1)
7Y YY 7Y
—~ ~ w >~ -~
e = - (1 - 5) Lwt + <Ht+1 + 1 — 7Tt+1) (E.2)
1+ ypw
- . I
Yy = (o/v) wy 2t (E.3)
1+vp 14+p
~ € o
T o= K=Y+ B + T (E.4)

(1-B)745,5 and 1+ Q =

where k = eéjl(:/'yy’;). Using (E.2) and (E.3) to substitute out i; and w; and using the fact that Q =
©
1-A

the IS equation (E.1) can be written as

WA+ G+ = B —A) {1+ Q) Jer + fiera} — BG + 11y7p (1—E+Q>3t—5/\§+1

13



Solving this equation forwards yields:
YA+ Q)Y+ =T (E.5)

where

Iy = ;Bs(l_A)s{lzyw (1_B+Q)z}+s—§@+5_m§+l+s}

_ oy 1-6+9 o B8 Z BoA - (E.6)

L4901 —Bo.(1—=A) 1—Boc(1—A)" 1-Bo(1—A)"

where we have used the fact that 215 = 032, Zt+s = QZ@ and Gy = 0°G in the second equality. Next, the

log-linearized ¥; recursion is
S = —y © =1y + A+ o)+ BBE
Using equation (E.5), we can substitute out fi; from this expression
Se=—w (O -G+ AL —yy (1 +Q) 5 +al + 8785
where I' is defined in (E.6). Then we can write the log-linearized ¥; recursion as
St = —vyQg; + AT, + 571554
where Ty = T',2; + FCZt + I' G where

Yy 1-5+49Q

I, = —
I+901—-8(1-A)o.

Iq = —— 5
1—-B(1—-A)oc

r, = 1~_59c
1_5(1_A)Q<

Restricting attention to the case without demand shocks (Et =G = 0) as in our baseline model

< . (1-B+Q A 1 e

Y = —yyd — — s Y

t VYL | Yt < Q >1—6(1—A)Q21+P/yyt + B BEi 1
)
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where yf = 111’;/5'%}. When Q > Q¢ = 25, we clearly have 5(Q) > 0; we also have

_ (1-8+Q A 1
() _< Q )1—5(1—A)gzl+p/y
7 (Q2°)
1-8(1—-A) 1
1-B(1—A)g.1+p/y

1

— <
L+p/y

1
Thus, for 2 > Q¢ we have »#(Q2) € (0,1), as Lemma 1 claims.

E.2 Derivation of the Quadratic Loss function

As is well known, in the presence of a distorted steady state, maximizing a second-order approximation
to the objective function (D.20) subject to first-order approximations of constraints (D.21)-(D.24), will
not generally lead to a solution to the optimal policy problem which is accurate up to first-order. But
following Benigno and Woodford (2005) and others, we obtain a valid linear-quadratic (LQ) approximation
to the non-linear planning problem described in Appendix D.3 by using a second-order approximation of
the constraints to eliminate the linear terms in the second-order approximations of the objective function.

Taking a second-order approximation to the planner’s objective function Wy, we have:!

U
Wy ~ —— E.7
0 1-3 (E.7)
00 14 -2 vp 1+ L2
Yow PN T PR W( kﬁ)AA 1-5) ~ &
+U [ G L7} + 3+ = — Yo —yy——————C e + WX
;5 1+ ~pw t — YYYt LTy (YU) Yy — Yy S — vy 1+p YWy 1+~ t2at
The second-order approximation to the IS curve at date t can be written as:
N N 1. 1-8 TPw N N
IS
g = YYOU1 + (1 —A) fipy1 — =pir — = ( Wy — YYYt
t (1= M) = =) o
2
2 (1-0)" 4 . 1+A\ 1 1\ 1 _,
- (vy) Tytﬂ =27y (1 = ©) fit+1Ye41 — 9 Hiyq + ) 2- g« E:ut
~ 2 ~
1<1>2 ’yp(l—ﬁ—f—Q) 1’yp(1—5+Q>AA s
—= | = - = w .
2\ 3 1+p t 7 1+p tHt

where we have used 1% = 41 [u; t_ (1+ 'ypwt)] to eliminate R;. Next, since the steady state multiplier

on the Phillips curve My = 0, we can skip taking a second-order approximation of the Phillips curve. So,

!This approximation is valid for all specifications of Pareto weights considered in Sections 3, 4 and 5.2 in the main paper.
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we proceed by taking a second-order approximation of the ¥; recursion, we have:

e ~ Afi+y(1—O)fi + B BS 1 — S + EQ—f(ﬁ 15)

2 2
2 (1_@) ~2 ~ o~ A,\Q 9 « A,\Q
—_— 2vy (1 -0 = I(t=0)——: = E.9
+ ()" v + 27y ( ) e + 5 + 1t =0) 73— L) ot (E.9)
Finally, we can write the second-order approximation of (D.24) as

y ~ Yoo~ p - 1 p p 1 vy
g =~ Yyt — 2t — wy + = wy — tZt + = s (E.lO)

' Lty T4qp " 21490 b (149p)? 2149p""

Note that (E.8)-(E.10) equal 0 for any allocation satisfying the constraints up to second-order. Thus, we
can use these equations together with the FOCs from the planner’s problem absent shocks to eliminate
first-order terms from the objective function (E.7). This yields the purely second-order approximation to
(E.7):

U <
Woz ~+U2ﬁtUt
1-p t=0
where
Q 9)
. | 7p<1+f~>AA yp(1+f~)AA
U = 5 7y)2yf—7yyt2t nyP;pﬁytwt“'TF;pBWtZt
—9)2 1+ A 1 1\ 1
1 . 1 _ g (LA 1 1N 1,
{ B~ 1 267 yy (1 —©) g — B < 5 )ut+2<2 B)But}
2 _
1 2 'yp(l—ﬁ+(2> 17p(1—ﬁ+Q)AA
5 2 1+ t_ﬁ 1+ p Wt fb
1ﬁ2 2 (1-0)° A, 9 (a\? A,
+m3 2 5+ () U+ 2w (L= O) e + S + 1t = 0)7— ) 27
L ply o ply . 1 W 2}
+m4y{ W — Wiz + 5 m E.11
21490 " (14p)? 21+p ! (E.11)

where m; = M;/U denote the normalized steady state multipliers as above. Clearly maximizing Wy is
equivalent to minimizing Y ;2 BtU, since U < 0.
Using the expressions derived above for steady state multipliers and substituting out for w; using

Wy = 1:/2” Ut — /y zi and g using 1y = I'Z — vy (1 + Q) 4, we can obtain a loss function in 4, 7, z; and

16



Y (ignoring terms independent of policy) for ¢ > 0:

~ 1
Uy = 579

1—B-13(1—A)

(5

Y
L+9p | 1-Bo. (1—A)

2 1-7

(1B”E)HA)<1+

+5@nran<y+1>

1(1-87152)\ ~ QO -
+< B/f;>25+vyl ~: 2 —

~) ) + () Qi} 7

1-5
(1-8718) 1 -n)

1-8-18(1—A)

9 ~
VY (1 + ~> 2y
L+p 1-5

+1<1—5_15>(1—A) <1+ Q )

2 1-B13(1-A) 1-5

where Y(Q2) and 6(Q2) are given by

Uy o
U
I4+p

1

T(Q)

v

(1-s8)a-n
1—545u—A)<

For ¢t = 0 we have:
<y>
p
Yy§2

o
L+9p [1-Bo.(1—A)

1(1-87152\ ~ QO -
+< Bf)zéﬂyl ~T0%0

Uy =

2 1-5 _
L (1-8718) (- A) 0
3 1— B8-13(1— A) G'%l—ﬁ)

where Yo(€2) and 6p(Q2) are given by

e (rren ) -1

782 1

+
1-p

+ 00 () To () <y+1>

1+A
1—-A

1—fBo.(1—A)1+p/y

QQ

@ ~) Ty (9) + (1) ~] T

1-p

(1-8718) (1-A)

i

1— 313 (1—A)

) ~
Y (1 + ~> 2020
L+9p 1-p5

Uy o
T . To
L+9p

p

To() = Y(Q)+(1+2)G
T 1 1-8+0Q 1
B TR ST F e FRTR N R

where

14+Q

o [ el G ()1
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Notice that when a =0, G =0, T(Q2) = Y¢(2) and 6(Q2) = 60(€2), and there is no difference between the
two expressions above. In principle, one could derive optimal policy by minimizing » ;°, Bt[ﬁt subject to
the linearized Phillips curve (25) and the linearized ¥ recursion (32). However, it is useful to use (32) to
substitute out for Et and obtain a loss function purely in terms of 7, 7 and z;. The terms involving Et in

the objective function can be written as

1 ey A~
Ly = Z/@t{ < éﬁﬁ ) 532 +7y1 S_)B@:Et -7 lyw (1 + 1{%) E}Et} (E.18)

I4p/y -
T+vp

' (3 t—k 1_F+0 ' (3 t—k 5 t+1
S = —yyf Z U+ A—— Y Z 2 = S E.
¢ VY ;(6) Ui + 1—ﬁgz(1—A)1+7Pk:0<5> Zirl-(B) 1 (E.19)

Substituting (E.19) into (E.18) yields, after some algebra

1 0?2 S 502 4 ( Q ) -
Ly =—= B'y; 1+ B Yz
z Z 1+’Y/) 1_ B 1—6@2 _ Z Ytz

Substituting this expression into (E.12) and (E.15) yields the expression

5= 2|(2) (1_5_1@“_?) (1+ 2 )|

Next, solving (32) back to date —1 and using the definition of ¥y = Zt, we have

2 —B1B(1-A 1-5
_pg-1g _
[ K R s ot
2 {\p) 1-pB-18(1—A) 1
[ —B718) (1—A) Q
— Y160 () Yo () <y + 1) ( > (1 + ~> YoZo
L+p P ~ BB (1-A) 1-8
| 1-p718) (1-A) 0\
- 5@ @) (y + 1) ( ~> ( + ~> i
L+p P 1—-B718(1—A) 1-8/) =
_pg-13 _
%ﬂy@ 5 @G,A>O+ Q ) EZH (E.20)
2 1-p71(1-A7) 1-8/) 1+p4
Dividing by (1_2:—221(1:)\) <1 + 6) Yy ( >, using the fact that ¢/k = \Ii(f:é i’)) and using the definition of
yr = 11’;/;’ Zt, yields the objective function in the main text in Proposition 9 in the paper
Lty @ (- o) + St + 235 {1 @) (5 - o) + S (B.21)
9 0 0 0 0 K 0 9 — t t P t :

For the utilitarian planner, Yo(2) = YT(£2) and dp(2) = 6(2) and the expression simplifies to the expression
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in Proposition 3 in the paper:
1 - t -~ ~e 2 € 2
58T @) (3 - 65 + i (E:22)
t=0
The optimal policy problem can now simply be specified as minimizing (E.21) subject to the linearized

Phillips curve (30) in the paper. In Lagrangian form:

EZ:;{TMm<%_%mﬁ@{ﬁ?@*ééiﬁ{TmN@—am?f+m}

00 R . e
+tz_;ﬂtﬂ{5ﬂt+1 +w (Y —Y) + Tt Wt}
The FOC w.r.t. 3 can be written as:
To(Q) (i/\o — 50(9)@\8) +kFop=0 fort =0
T(Q) (gr —0(V)Y;) +KkF: =0 fort >0

The FOC w.r.t. m; can be written as

£ g <
—my—F¢+Fi1=0 & Fi=—pt
K K
where k = %%. Combining the two FOCs we can derive the target criterion:
€
Yo — 00(Q)yg + Po=0 for t =0
Yo 0( )yO To(Q>
€
U — 0(Q)y¢ pr =0 fort >0
ye — 6(Q)y; + T(Q)pt or

E.3 Properties of loss function weights

Claim 1. Y(Q) > 1 with countercyclical risk

Proof.

R

py§2 2 A
Sl ) e

O-1+4+A
1-A

A

where we have used the fact that 0 = and for countercyclical risk (© > 1), we have Q > =5.

Then, the above can be simplified to:

Y2 1+A

T(Q2 =
W e
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Claim 2. 0 < §(2) < 1 with countercyclical risk
Proof. Using the expression for Y(£2) in 6(2), we have:

(1 —B+ Q) <1 + 1—535(?%) 1+(L/y> (%))
1

1= B+ (1=99) @+ 992 (502 — 1)

5(92) =

(E.23)

We need to show that 6(Q2) < 1, i.e.

(1-8+9) <1+15Z?1A)1+(1P/y) Gfﬁ)) <1—E+(1—7p)9+’7p§22<A(12_A)_1)

This expression can be simplified to yield:

1+

(1-8) (1) <o

1= Bp.(1-A)p+y \1-A

(1\(12—/\)_1) - 1—Epzl(1—A)P‘l|J’y (iﬁ)

First, we show that the term in the square brackets on the RHS of (E.24) is positive, i.e.

(E.24)

1+ A y

2> A =
1—/sz(1—A)P+y

1-A+

The worst case for this to be true is if y is very large and o, = 1. In that case, for the expression above to

be true, it must be that:
~ 2

<3 =a—ma

which is true since E < 1 and ﬁ > 1 since we know that 0 < A < 1 from Appendix C. Thus,
the term in the square brackets on the RHS of (E.24) is positive. Next, to show that (E.24) holds with
countercyclical rigk, it suffices to show that it holds for the lowest 2 consistent with non-procyclical risk,
ie. Q= ;2;. Plugin Q = {25 into (E.24), i.e:

1
A</\(12—/\)_1>_1§1pj(11xA)p—yFy(lfA>

Again the worst case for this condition to be satisfied is if 9, = 1. Suppose that is the case. Then, the

(1—5) (1+4)
1—Bp.(1—A) P+y

1+ <

expression can be further simplified to:
Y

— <1

Pty
which is true since steady state output is positive. O
Claim 3. Y(0) = §(0) = 1 when a = 0.
Proof. True by inspection of equations (E.13), (E.14). O

Claim 4. To(Q2) > Y(Q2) when a #0
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Proof. The claim that Ty > T is true by inspection of equations (E.16) since G > 0 for @ > Q¢ >0. O
Claim 5. Y((Q2) is increasing in o for a > 0.

Proof. Substituting the definition of G into (E.16):

To (Q) :T(Q)—i—fy(l—s—Q)Q%iA <Z>2 (19) m3

This is clearly increasing in « for a > 0. 0
Claim 6. @w(2) € (0,1) for > Q°

Proof. Define:

() — ()
Q)=—"""=
=) =0
where () = <1_g+gz) 1—E(IA—A)QZ 1+L/y € (0,1) for @ > Q¢ Recall that Claim 2 above showed that

() < 1 for Q > Q. Thus, we have w(Q2) < 1 for Q > Q°. It remains to show that w(Q) > 0, i.e.,
5(82) > (). Recall from (E.14) that 6(2) is given by:

1 1+A vp§2 1
o = Tm)1+(1—A>1—@kU—Aﬂ+Pm
B 1 vp§2 1+A Q%
- v | 5 s () 1)
So we have:
1 ~p$2 1+A\ Q
Q) —x(Q) = T [1—1— —5+0 <1 —A)NA%(Q) —z(Q)T(Q)}
o, 1o (1= 80+ (552 ) A—qph
B U - T Pa———

where we have used the definitions of () and T(€). Since Y(Q2) > 0, the expression above is positive if

w(l—A)QJr(#)A—wA 1

1> —
1=B(1—=A)e. L+ply
or B
~ 1-8+Q
G+Mwﬁ—ﬁ&ﬂ—Aﬂ>A<§z>—wA+wﬂ—MQ=3@)
Clearly, J(Q) is a convex function of €. Since Q = (1 — f) 11’;{)111] < limyyo(1 — B) 1$;;w = l;pg, Q is

contained on the interval [QC, %} Thus,

0,3 (=8
H(Q)SmaX{H(Q ),:l( > )}
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where 3(Q°) =2 (1£) =1 — B(1— A). Thus, 3(Q) <1 -— B(l — A). Clearly, we have
P

(1+p/y) 1= Bo- (1= 8)] > 1= F(1-A) > 3(@),

since p/y > 0 and g, € [0,1). Thus, §(2) — 2(2) > 0 and w(§2) > 0 when Q > Q°. O

E.4 Deriving the target-criterion allowing for demand shocks

To derive a more general target criterion which allows for demand shocks in addition to aggregate produc-
tivity and markup shocks, we proceed by linearizing the first-order conditions of the non-linear planner’s
problem rather than adopting an LQ approach. Linearizing the first-order conditions (D.25)-(D.30) and
constraints (D.1)-(D.4) around the steady state described in Appendix D.2 yields the following

FOC wrt w:

B2 v )V T 7 1+ap
FOC wrt y:
o \1+ % . 1-0)? m s . 0 /.. ~
_th + (vy) 1 + 24( n ) <m3 — 61> Yt — Et —mit + E (mLt,l — mlthl)
+2(1-0) (m3 - ”;) fie+ (1 — ©) g, + L"‘;"t +2(1-0) (m3 - ”;) G =0 (E.26)
FOC wrt

Ay s = (1_5_1§) (1_A) <1+ Q ) (’Yy)\l’ (1_6_1§> (1_A) <1+ Q > (’yy)\I/A

= = = T = Mot = = —
’ 1-p718(1-A) 1—p5/) 14+p K 2t 1-B813(1—A) -3 1+*yppt
(E.27)
FOC wrt pu:
1-8+9Q\ 1 mi\ 1-8 |. .
_< 3’2 >1+'ypm1wt+ 2A <m3_5>_ = e + Amg
+ﬂwML4»Gm—mﬁ@—l mu—gu_Ammu1—m&1)44A@w—mﬁ@
p B B o - 3
a\? 9
FOC wrt X:
1P <1+ & >@—( )i — g + B Rl W A (£.29)
L+p 1—5 t — \VY) Yt 3.t 3,t+1 17 t 3(t .

22



where m; = % for i € {1,2,3,4}.

E.4.1 Deriving the target criterion

Add the FOC wrt w (E.25) to the FOC wrt y (E.26) to obtain:

2
QN O - Q 1- 0 _ _
—(vy)<1+ ~>yt+ 5, — (1+ ~> S (1+ ~)+1 By + A5,
1-p 1-p L4+p 1-8 B 1-p v
Ttyp\ e ma 1 6/ : 1-5+0
+< VP >‘I/m2’t_ ¥ 1+7pzt+6<m1’“_m1<“)_[< 3 +1

1+2ﬂ <m3—ml) Ut — Kl_g;rg)ml—ﬂl—@) (ms—ﬂglﬂ it

mize

+(vy)

A B

+2(1-0) (m3 - ”;) G+ (1—O) gy (E.30)

Combine with (E.28):

Q (1-0)> m m R O -
wy){—l_gw : <m3—1)—2(1—@><1+9>(mg—g)}yﬁl 5

B

3 L+ % ~ 5\
oy (L2 P (1+Q)—W< &) o (s <1+ Q~>+1 + 2
32 1+7p L+p B 1-5 v

~ 14+9p\ € o my 1 mi\
—Qimg + < ) — M2t — —— zt —2Q (ms - > St
v )V v 1+ B

—I(t = 0)A (3)2 ms (14 Q) <11_929> fio=0

Next, use the GDP definition (E.3) to substitute out for w;:

(vy){—l?g%—g(l—j\@y (mg_m1> —2(1-0)(1+9Q) (mg—?)}@\t—FlQNit

1-8+Q vp VP(1+1%E) [ 1-8 2( Q > ] my | 1+vp.
L Q- ——-F - ~ — 7
+{m1< B2 )1+7p(1+ ) 1+ |\ 73 YR TN T (e
s 1+ -2 [ _3\? ]
—qm ! §+Q 1P (1+Q)—7p( 1_5) mi 1~ﬁ <1+ Q~>+1 + igt
3 1+p 1+p 3 1-4 v [ ey

m 1 R N 1+ € . m 1
- [2 <m3 - Bl> i Bml] e — g + ( 'pr> [ 74 T+

20 <m3 - ”;1) & —I(t = 0)A <z>2 (1+Q)ms (1 f 79> fio =0 (E.31)



Next, using (E.5) to substitute out for 7i;, using (E.27) to eliminate mo; and using the definitions of my, m3

and my, (E.31) becomes
1- 3 518)+A] 6 - Q o
+ =
—5 B4 515 1— A | TA TR

+7 % B>( )(A 1+p/y>
p/y 1- 5 15 (1 - A) T T
2(1-8718) +A _ 173
_ ( _ ’) Ty — Qg — 2 | 100 s
1-p BB (1—A) 1-5 BB (1—-A)
Q

+I(t =0) (vy) A (3)2 (11+_ g)2 (1 1—9 ﬂ)

o (3 G () () S ()

(E.32)

Guess that ) 0
Mg = EEt ] gﬁt +a.Z + acly + acS (E.33)

and use this in (E.29) with @, substituted out using the definition of GDP:

=S (2 () s D ()

g LL+p
1-9)
B

(EQC_ 1) ac@"‘it—i-l +Zt = 0

using the fact that 2,11 = 0.7, Z-t+1 = gga and G141 = o.5. Using the expression for EA]tH in (32) and the
definition for yf in the equation above, we have

1-5 1-8+Q) Y 1-5+9Q 1.
0z — az ~ A ~ z
[( B ><B ) ( 3 >1+w+ 1+7P1—ﬁgz(1—1\)g_2t

1- BosA -
B) (1)t 1- 1—5@?(1—& Q
= '

+

/N
W)

272
P o A .
-1 = +oAlG = 0
</BQ§ ) /81—5@,3 (1—A) O t

_l’_

=™
N——
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which implies that a.,a; and a¢ must satisfy:

14 £
a, = ——2Y _ 15 (E.34)
L+90 | 1= Bo.(1-4)
_ B 1
ac = 1—5[1—5(1—1\)@4 (E.35)
o = 1 Do (E.36)
1-B[1-B(1—-A)o
Using the expression (E.33) for ms in (E.32):
=00 @ (7520 50 @G- 2005+ i = 0 (B.37)
i — 0 (Q) <111f;/5> 54X G -2+ TE:Q)@ =0 fort>0 (E.38)
where Y(Q),5(2), To(R2) and §p(2) are the same as in (E.13), (E.14), (E.16) and (E.17) and
1 0 1+A B (p/y)
(@) = T(Q)1—§+Q<1—A> 1— Boc (1—A) (E-39)
! o 2(1-Bo) +Boch (1-A)
2Q) = ——— — E.40
(€) T(Q)(p/y)1—5+ﬂ (1—A)[1—§g§(1—A)} (E.40)
(D) 11 B
x0 (@) = To ()" @)+ Yo ()1 - poc(1— A)G (E41)
= _ T () = . 1 i EQ(A
=o(®) = To ()~ @) To () Y1 - Bo. (1 — A)G (B.42)
where
1-B13(1—A) 14+ 9 (a>2< W )
G = = i =) (— A
" (1-818)a-n] |[(1-F+a)] \»/ \1=0

Note that in the baseline with the utilitarian planner (o« = 0), we have G = 0 and Z¢(Q2) = Z(Q2) and
X () = x0(€2). This general target criterion can be specialized to yield the target criterion in Proposition
3 in the paper for the utilitarian planner (setting @ = 0 and Z} = & = 0), Proposition 9 in the paper
for the non-utilitarian planner (again, setting Zt = G = 0), i.e., it yields the same target criterion as the
LQ approach. It can also be specialized to yield Proposition J.1 for demand shocks (setting o = 0 and

z =& =0).

Claim 7. x(Q2) > 0 with countercyclical risk

Proof. 1t is clear from the expression for x(£2) that for countercyclical risk Q@ > Q¢ > 0, x(Q2) > 0. O
Claim 8. =(Q) > 0 with countercyclical risk.

Proof. For Q > Q¢ > 0, it is clear from the expression for =(2) that Z(2) > 0. O
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F Optimal Dynamics

As shown in Appendix E.4.1, the dynamics of x; and 7; are given by the target criterion (36):
Ty —Ty—1+em = 0 (F.1)

and the Phillips curve

(F.2)

WFZ&MH+R<m—ﬂL—&QH1+OMw ? oLy g)

Zt —x()G +2(Q)G +
1+ p t X( )Ct ()t l—i-’ypt

where

~ 1+ ~ S oy~
w=g-5) (1) 5 @G-z @

e=¢/YT(Q)and k = %1:/—;”. Substituting the target criterion into the Phillips curve, we get a second-order
difference equation:
1 ER

]”"’%“1:/3

ke+1
B

s = |1+ - - s 55 @G + =@+ 2

L+p L+qp "

The solution to this system has the form:

2 = Apwi1+ AG+ AG+ A+ AS (F.3)
m = Bpxi—1+ Bz + Bg@ + B:&r + B

Using the method of undetermined coefficients, it is straightforward to see that A, satisfies the character-

istic polynomial:

P(A,) = A2 — [1+'€8+1}Ax+1—0 (F.5)
g B
We know that P(0) = 37! > 0 and P(1) = —37 'k < 0. Thus, we have A, € (0,1) and the coefficients
can be written as:
1 KE+ 1 kE+1]° 4
A, = =1+ - P+ }— e (0,1 F.6
51+ \/ : ﬁ) 0.1 (F.6)
717
A, = rBE 11— s(q) /) (F.7)
KBIE+ (1— Ay) + (% - Qz) L+7p
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iz
A¢ = X () (F.8)
RBTIE+ (1 — Az) + <B—Qg)
kB e p/y
A = — " T+ (F.9)
KBTIE+ (1 — Ag) + (3 - ge) P
kB'E -
A = — - . 2(Q) (F.10)
RBTE+(1- A+ (3 - o)
1- x
g, - =4 (F.11)
5
1
B = —g.Ai for i € {z,(,e,¢} (F.12)
Claim 9. The following statements are true:
kB~ 1z 1 .
. nﬁ*1€+(1—Ax)+(%—gi) € (0,1) forie {z,(e,s}
2. B, >0
Proof. To see that KBTE € (0,1) for ¢ € {z,(,¢e,5}, notice that since A, € (0,1), we have

R 1o +(1-Ao)+ (3 —0i)
1 — A, > 0. Furthermore, since 8 < 1, so 371 — g; > 0 for i € {2,(,¢,c} as long as g; € (0,1), which is
a maintained assumption. Again, since A, € (0,1), it is immediate that B, > 0. It follows that A, > 0,
A >0, and A; < 0.
L]

F.1 Proof of Propositions 5, 6, J.2 and J.3
F.1.1 Impact effects following a productivity shock

Since x_1 = 0, it follows from equations (F.3) and (F.4) that the impact effect of a productivity shock is:

83)0 _ 371'0 _
87/2\0—./42>0 and 8720—82<0
Using 4 = x¢ + 6() 11(:1//3)27 we have:
Yo 1+ (p/y)
< - AZ 5 Q S EEE—
0% +9(2) 1+9p
1+ (p/y kB 'E L+ (p/y
P KBIE+ (1 - Ay) + (B - Qz) tar

where we have used the fact that 6 (2) € (0,1) for Q > Q°. In other words, yp falls less than yi = 1?&;% =
for zy < 0.
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F.1.2 Impact effects following a markup shock

Since z_; = 0 and ¥+ = 2 (since all shocks other than markup shocks are 0 in this case), it follows

immediately from equations (F.3) and (F.4) that:

Yo

— = 0
0%y Ae <
oo

— = B.>0
0%y e >

Following a markup shock, the dynamics of 7, and x; are described by the same equations (F.1) and (F.2)
except that () = ﬁ is smaller in HANK since Y(2) > 1 while T = 1 in RANK. Thus, to show that

in HANK, output decreases less and inflation increases more following a positive markup shock, it suffices

to show that 854; < 0 (output falls less on impact when ¢ is lower) and 88% < 0 (inflation increases more
on impact when ¢ is lower). We have:
R KB~'E ply
. =
RBTE+ (1= A) + (3 —0) 1P
2671k /Yy

\/[1+6*1(%€$1)12—4B*1 n (1—;)5) 487y g1, 1P

5

where we have plugged in the expression for A, from (F.6) in the second line. Since

0

0g

[1+87(ke+1)] (14871 +4871
3

ol

52

(1487 (ke +1)]° — 4,8‘1] .,

it is clear that the denominator of A, is decreasing in €. Since the numerator is negative, it follows that

A, is decreasing in 2. We also know that B, = —%AE which implies:

28~k p/y
VB 2+ )P — 457 4 (1= ) + (571 — 02) + p1nz L TP

85:

Clearly, the denominator is increasing in € so B; is decreasing in €.

F.1.3 Impact effects following a discount factor shock

Since z_1 =0 and y; = x4 — X(Q)Zt, the response of 7 to (o is:

dyo kB e
= =A@ = (L ;
RB1E+(1- A+ (4 - oc)

A 0) <0
i, X (2) <

while the impact response of g is given by By = —%Ag < 0.
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F.2 TImpact effects following a risk shock

Since x_1 = 0 and ¥y = =y + Z(2)G, the response of gy to gy is:

kB'E

BT (1 A+ (- o)

dyo
— = Z2Q)=|1-

=E(Q)>0

for 2 > Q°. Similarly, the impact response of 7y is given by B, = —%Ag > 0.

F.3 Response of y; — 3" and m; for large ¢

The following Lemma characterizes the behavior of 7 — yj* and 7, following a generic shock Sy where
So € {Zo, €0, Zo, Go} for large t. In doing so, the Lemma provides a proof of the claims made in Propositions

5, 6, J.2 and J.3 about long-run behavior of y; — 3" and .

Lemma 3. After any date 0 shock Sy where Sy € {2, €0, 20,66}, for large enough t,

sign % = sign M = —1 X sign %
08y 08y A

Proof. We know that g—gg = Bs = —%Ag. Thus, we need to show that for large enough ¢, m and y; — y*
have the same sign as As X Sg. The dynamics of x; and 7y in response to a shock Sy are given by the
system of two equations:

= A1 + AsSy and St = 058511

with Sy given. The solution of this system is given by:

tHl g+l
= As os =—So
0s — -A:L"

as long as ps # A;. Using this in (36) in the paper, the dynamics of inflation can then be written as:

As (Qgﬂ CAL g A@) s,

= —— —
! 3 0s — Az 0s — Az

where € > 0, As > 0 and 0 < A, < 1 are defined in Appendix F. For large enough ¢ > 0, the dynamics of
xy and m; are governed by the dominant eigenvalue max{A;, os}. If os < As, dividing expression for

above by AL and taking the limit ¢ — oo, we have:

(%) s

Ax_QS

™| =

lim Aitﬂ't =
tooo L

>0

which has the same sign as As x Sp. Similarly, dividing the Phillips curve by AL and taking limits as

~ -~
lim (1—5/11;)2:/& lim <yt yt>

t—00 AL t— Al

t — oo yields:

This implies that ¢ — 7" has the same sign as Ag x Sy for large ¢. Instead if ps > A, dividing by 0% and
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taking limits, we have

o | =

As (U=

1-— —S5 d 1 1-— =kl

(1-o0s) A0 lim ( Bos) =+ Qs 'ftggo< 7
>0

lim o<im =
t—o0 QS t

This implies that again, m and y; — y* have the same sign as As x Sy for large ¢. Finally, in the special

case where both eigenvalues are identical A, = ggs, the solution for z; is instead given by:

zp = (t+1) AsosSo

and so the target criterion implies that the path of inflation can be written as:

A
T = — ;((—Fl) S—tgs )So

Divide this by (¢ + 1) ¢k and take limits:

. Tt B As (1-os
lim — = — So
t—00 (t—l— 1) Qfs‘ g

Following the same steps as above with the Phillips curve and taking limits yields:

Pz q. T B . Y — @\F
1-=)lim ———— =k lim | ——F—
R/ t500 (t+ 1) o t—oo \ (£ + 1) o
Thus, even in this case, the sign of 3 — 3 and 7, is the same as that of Ag x Sy for large t. O

F.4 Interest rate rules

We have already seen that under optimal policy, the dynamics of x; and 7 can be written as functions of

x¢—1 and shocks — equations (F.3) and (F.4). Substituting (E.5) into the linearized IS equation (23) in the
paper:

1 A
U= 1+ Q) Ypp1 — — (it — m41) — — 0.2
( ) Y+ 73/( +1) S

We can use this equation along with equations (F.3) and (F.4) to express #; in terms of x;_; and the shocks:

iv = vy (L+Q) Y1 — Yy + m1 — Al0:%
= w(1+9Q) xtﬂ VYTt + Tet1
(p/y) L+ (p/y) ~
+ 0, — A0, —7vy6 () ———(1—0.) ¢ 2
{0 () S gk,
= (yy 1+Q)A ’yy+l§’)
+ (p/y) AT 0. 1+ (p/y) B.o. } .
Ty 4 Q8 (D 0, — —5(Q) T o )+ (14 Q) Ao, + 22242
w{ oo @), - B o) L ) ) g+ B2

+ (f}/y (1 + Q) Aa@eé\t + BaQa) &
= (I)xxt—l + (I)zgt + (peg\t
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O, = {wl+Q A —yy+ B} As
e, = {wl+Q) A —vy+ B} A

1+ (p/y)  Also. 1+(p/y) ,, B.o.
+7y {Qé (Q) 5 0 o 5 (Q) 5 (I1—0)+(1+92) A0, + vy

o, = vY (1 + Q) As@sgt + Bst + ('Yy (1 + Q) Ay — Y + B:Jc) A

Next, we show that (38) in the paper implements the optimal allocations uniquely. First, note that first-
T(©)
&g

differencing the target criterion (36) in the paper and multiplying by ¢, = ¢

yields:

(257715 + ¢acA«73t = om + fbgap (AZ//\t - A@f) + (byAi/\t =0

where z; =y — 6(Q) 141:(&/5) Zt, ¢ > 0 is a constant, ¢gap, = ¢@(5(Q) is the weight on the change in output
gap and ¢, = gZ)T(EQ) (1 —0(Q)). Here, instead of writing the rule in terms of y; and the output gap y; — ¥§,

it is more convenient to write it in terms of a single variable xz4; the two formulations are equivalent. Since
by definition, we have i; = ¢} under optimal policy, it follows that the rule (38) in the paper is satisfied
at the optimal allocation. To see that this rule implements optimal allocations uniquely, it suffices to look
at the determinacy properties of the system comprised by the IS curve, the Phillips curve and the interest

rate rule absent shocks. This system can be written as:

YW+ du)re = Yy QA+ Q) 241 — Ppri—1 — Ot + Ppi—1 + T

T = B + Ky

In matrix-form, this can be written as:

Bry+Béz+r __1-B¢ Lz —¢o
Ti+l By(1+Q) BPI+Q) A1) | | T
Tyl | = —% % 0 T
Ll‘t+1 1 0 0 Lz

where Lx; = x;—1. The characteristic polynomial of this system is given by
1 q)x - ¢x >
PR = —[=—-N) [ ——=—
) <ﬁ ><7y(1+9)
_N{<WM%_N> (1—N) _1_5¢K}
By (1+Q) B Bry(1+Q) B
Notice that

$Y(Q)/e — B, A (3 -1) (@, —y9)
7y (1+Q)
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Clearly, for large enough ¢, we have P(0) > 0 and P(1) < 0, implying that there is at least one root inside

the unit circle. Also, note that:

Py 1 ()
oo Byy(1+9Q)

(1—BR) (1 —N) — kR

which is positive for a finite X > 371 > 1. It follows that for sufficiently large ¢, P(X) > 0. Finally,

lim P(N) = —o0

N—00

implying that for sufficiently large ¢, there are two roots above 1. Thus, the system has one stable and

two unstable eigenvalues as we have 2 jump variables (m; and x;) and one predetermined variable Lz;.

G Unequal distribution of profits
The date s problem of an individual ¢ who is a stockholder (d) or nonstockholder (nd) born at date s can
be written as:

P TN —Es;(ﬂw <HCk) {e 165 0) 4 el - wn}

1),65(9),a3 1 (1)}

s.t.
;i) +qai (i) = welf(i) + (1 —77)ai (i) + Te(d) (G.1)

where a%(i) = 0 and wy = (1 —7%)@w; and 7 = 0 for t > 0. For a stockholder i, Ty(i) = 2 — T} — .J where .J
stockholders. For
a nonstockholder Ty (i) = —T; + %J . The individual decision problem then is the same as in Appendix A

23|

is the lump sum tax on stockholders and D;/n? is the dividend received by each of the n

replacing Dy —T; with T¢(i). Thus, following the steps in Appendix A, it is easy to see that the consumption

function for stockholders can be written as:
¢ (i d) = Cff + ey (i; d)

and for nonstockholders:
¢ (isnd) = €7 + (i md)

where the definition of z = a + w (g — E) is the same as in the baseline model.

0] 1 m [ D 9 2 w? o?
i = e AR el [ (o ) ] gt
(G.2)
ond  _ Ve 1, sp cond [ | T 0 gl -V m VU WE 1 0F
L _Mt—l-lR; BH_M R t+1+ut_t(pnwt+g)_ t+1— d]_RtMtH 2
(G.3)
-1 v
pe = (1+pyw) + ! (G.4)
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Since x} (i) has mean zero at any date and both types of households have the same p;, the goods market

clearing condition can be written as:
niCl + (L= n?)C =y

Multiplying (G.2) by n¢ and (G.3) by 1—7? and adding the two along with market clearing and rearranging

yields the aggregate Euler equation which is the same as in the baseline model:

1
Yt = - In B8Rt + yr41 — %M§+1w?+101€2+1 (G.5)
Combining (G.2) and (G.5):
0 1—nt
d_ _ YV d na_
(Ct yt) = R (Ct+1 yt+1> +Ht< e dy J> (G.6)

Iterating forwards:

d d

_ " Cl— = v* n
Vi= 1o d( )ZZ Devs =137

7 it — TTi6 Revs n

l—nd
nd
Ct"d =y — it Vs. As claimed in the main text, J =

In other words, we have C¢ = y; + utVe as in the main text. Market clearing, then implies that

1—nd
nd
consumption of stockholders and nonstockholders is the same C? = C"®. Thus, as in the main text, we can

D implies that V = 0 in steady state and average

rewrite the definition of V; as:

9
Vi= (D= D)+ -Vins (G.7)

Since aggregate dividends D; =y — (1 — 7*)wn; can be written as:

Dy =y, —

(e —Dw y 1\
1—7w) 2 1—7v) 2z

e—1 wy e—1 w ¥ 2
1+—-—I-1)? =(1-—— L)y ———L— (I, - 1
e(1— 1) 2 +2(t)] < e( >% e ( 5 M= 17w,

we can write the level-deviation ﬁt as:
D 1 [e—1\1+49p] . e—1\ 1+ R
R el G v o e B i ©s)
Y £ € Py € Py

:Dy :Dz

Using this it is straightforward to derive 17} =Dyyr + D2 + EIN/tH, where 17} = ﬁt /y and ]7t denotes the

level deviation of V; from its steady state value of 0.
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G.1 Derivation of the ¥ recursion
Even in this case, the objective function of the planner can be written as:

0 —

Wo = B (cr,ni;€) %y

t=0

where, as before, ¥ is defined by:
t
Si=(1-0) /ﬁt_se_V(Cf(i)_ct)di

s$=—00

Since we have stockholders and nonstockholders, this can be further expanded:

t—1
S = (1—ﬂ){ > / 9t=se GO g; 4 / 67(C§(i)yt)dz’}

S§=—00

t—1
= (1-9) { Z /gt—se—v(cf(i)—yt)di + nd/eﬁ’(ci(i;d)yt)di + (1 _ nd) /€W(C§(i;nd)yt)di

Since x (i) = wy (& (i) — ), we have:

t—1
2 = (1-9) Z /1975—86—7(@(2')—%)(1@'

S§=—00

+(1-9) {Wd / e~ (C —vutmwi (61()—€)) g; 4 (1 _ 77d> /e—'Y(Ct"d—yt—Futwt(éi(i)—ﬁ))di}

For dates t > 0, we can additionally write ¥; as:

t—1
Et = (1 729) Z /ﬁt_se_7(6§l(i)_yt—l)e_'y(cig(i)_cf1(i)_yt+yt—1)di

S§=—00

+(1-9) {nd/e'Y(nyHrutwt(ﬁf(i)5))di + (1 _ nd) /e’Y(Ctndyt+utwt(§f(i)5))di}
t—1 _
= (1-9) Z /ﬁtSe_'Y(Cfl(i)_yt1)6_7Ht’wt(§f(i)_£>di

+(1-9) {nd/e—v(Cf—szrutwt(Ef(i)—ﬁ))di + (1 _ Ud) /e—v(cz"d—yﬂrutwt(Ef(i)—ﬁ))di}

t—1
_ _ Pugeiod [ Lo (i1 (D) =ye-1) 45
— 9(1-v) Z e 3 9 e t di

S=—00
2,2,2,2
i (1 _ 19) ew% [ndef'y(C{i*yt) + (1 _ nd) e*’Y(C?dfyt):|

2.2 2 2
I HEWE ot

= [19215_1 + (1 — 19) Bt] e 2

or
ny, = % +In[9%—1 + (1 — ) B for t>0
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where B; = nde_w(c’?_y*) + (1 — nd) e=7(CE'=vt)  Given the properties, of Cff and CJ*?, we have:

177]d

- V
B; = B(,U«tvt) = nde 7( nd )Mz t n (1 _ nd) eYHtVe

At date 0, since the utilitarian planner sets 7§ = 1, there is no pre-existing wealth inequality and z{ (i) =

wo (58 (1) — E) for stockholders and nonstockholders born at some date s < 0. Thus, we have:

0
S = (1-0) Y [oree(@0ma

s=—00
0
= (1-9) Z Qg—se%ﬂu%w%crg {nde*'y(cg*yo) + (1 . nd) e*’Y(CSd*yo)}
s=—00
— eV HiwiolRy,

or
1
In 3o = 572#(2)10803 +InB (10V0)
Note that B (0) = 1, B (0) = 0 and B (0) = 2 (1;;#) >0

G.2 Planning problem

The planner maximizes

- 1
Wo=>» p' {‘,y(l + ’Yﬂwt)eﬂytzt}
=0

s.t.
2,2 2 2
_ Vg wlo _
Ve = Yy — PO+ Inpuegr +1In [ut — (14 ypwy)] — %e“(yt“ 2
&t eler—1) (1 —7")% ZtYt+1Wi1
-, = —|1- | (II441 — 1) II
(I — 1) I, T c—De  w +6 o1 Uy (L1 — 1) My
V2 p2wo?
In¥y = #62@(%73’) + InB(uoVo) fort =0
V22w
Iny, = #e‘*ﬂ(yt—y) +In[(1 — 9)B(u Vi) + 951] for t > 0
y ; plnw; + &
t = &
1 + ypze + % (Ht - 1)2
e—1 wy e—1 w V¥ 9 n ut_l—l—’ypwt
Ve = 11— — |y ——————= (I -1 - J V,
! e(l—7v) 2z v e(l—Tw)th( t= 17 1—n * F‘;rll i

where 1 — 7% is determined by (29) in the paper. The first order condition for V; for ¢ > 0 is:

1—9) B (e,
( ) B (V) My + 5!

0= M
PHI=0)B (V) + 951 R4

Msi1q

In steady state V; = 0, and thus we have M5 = 0 in steady state since B’(0) = 0, where M5 denotes

the multiplier on the V; recursion. Taking the rest of the first order conditions and linearizing around the
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steady state in which the average consumption of stockholders and nonstockholders is equal, we have the

following.
FOC wrt wy:
0 0 1-8+0Q 1—3+0\
=Y (1+~) §t+<1+ ~) S - | —=—— my — my = e Wy
1-p 1-8 B B L+p
1—E—|—Q N K _. Mat M4 my 1 N 14+vp Ye
_ Fres > s LA T 7y PR — =0 G.9
( p? )mlﬂt+7m2’t TR TS A T e e (G9)
FOC wrt yy:
VP (1 + 7~> (1-©) D e
-8 mq —~ t ~ ~
- 12— -t - —
1+, wy+v 1+ A <m3 ﬁ) Yt S ml,t—i-ﬂmu 1
m ms.: 1
+2(1-0) (ms - m) fie+ (1 ©) g, + bt 022 (G-10)
p v €
FOC wrt X;:
wo R R - 13132 .
llpﬁwt — Yyt — M3 + Mz se1 + 15_;215 =0 (G.11)
FOC wrt I1;:
1-8718) (1 -A) 0 N
1-8-18(1—-A) 1-8/) 1+9p
FOC wrt py:
1-8+Q\ 7 miy 1-8 .
_ < gQ ) 1 +%0m1wt + | 2A <m3 — ﬂ) — gQ my | pe + Am3’t
mi\ 1 (. 3 ~
+2v (1 - 0) <m3 — 1) Y — = | miyg — b (1—-A)my—1 ]| =0 (G.13)
B g B
FOC wrt Vti

2 1— AN R
72 M~< dn>V0_m5,0 =0 for t=20

1-38\ 7
2 - 11—\ & PN
721M 5129+192< Udn >Vt—m57t+ﬁ lﬁm57t_1 =0 for t>0 (G.14)

where ms; = ]\757,5 /U. Following the same steps as in Appendix E.4.1, we can arrive at the following

expression which is the analog of equations (E.37)-(E.38) in that Appendix:

~ oD\ .
T (Q) Tt + EPt = _mi4 <> m57t
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where 2y = 7, — §(Q) Iy:fp%}. Next, for ¢ = 0, combining this expression with equation (G.14), one gets the

target criterion for date t = 0:

T () 30 + 250 + K(n') (8;;) (‘j) 0

—B-13(1— _nd ..
where K(n?) = 7p(1,5—11§5)(£/(\1)(1{)§+9) (117;7 ) p? > 0. Similarly for dates ¢t > 0 we have:

T (2) (xt - gxt—1> +e (ﬁt - gﬁt_1> +K(n% (1 B g) (%ﬁ;) (];) _0

2
which is the same as in Proposition 7 in the paper. Clearly, K(1) = 0 and K'(n¢) = _m%;% (#) < 0.

Finally, it is easy to see that with no idiosyncratic risk (o = 0 = = 0), the target criterion becomes:

NG
zo + epo + K(n?) (%) <VO> =0 for t=0
Y Y

<$t — g$t1) +€ (ﬁt - gﬁt1> + K(Ud) <1 - g) (%Z) <];t> =0 for t>0

As is clear, even in this case, the target criterion is different from RANK and there is a motive to stabilize
V), since K # 0.

G.3 LQ representation

Relative to the derivation of the LQ problem in our baseline model in Appendix E.2, the only difference
is that unequally distributed profits introduce an additional term in the second-order ¥; recursion, which

can now be written as:

. e o lay 1/ 24 1-0)%.

g & Afi+y(l=O)h+ 7 B — S+ 55— 5 (ﬂ 15) $2 4 (y)? (A)yg
o~ o~ AAQ 1 2 1—’]’]d 2 . =9 13\
29y (1= O) Bl + 57t + 5 (w)” (7 ) w2 16 = 00 + 1 > 0)(1 — 57 BV

(G.15)

The rest of the equations remain unchanged. Thus, the purely second-order approximation to the planner’s
objective is as described in (E.22) plus the additional terms involving Vi (multiplied by mg). Thus, following

the same steps above, we can arrive at the same expression as in Proposition 7 in the paper:

s i {T @ (3 - s@) + w} b (Q”d) {173 +3 6 (1-5715) 173} (C.16)
t=0 t=1
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The optimal policy problem can now simply be specified as minimizing (G.16) subject to the linearized

Phillips curve (30) in the paper and valuation equation (40) in the paper. In Lagrangian form:

c - ;iﬂt{rm) (@t—5<9>§f)2+iwf}+K(§d> {‘73+§35t (1‘ﬁ15>‘7t2}
P t=1

o
+ZﬂtF1,t{57Tt+1 + K [/y\t -y + Pl &?t} — Wt}
t=0

L+p

e—11+ e ~
wﬂf + Vi1 — Vt}
e ply

o
+ Z Bth,t{Dyﬂt +
t=0
The FOC w.r.t. 3; can be written as:

T(Q) (g — 6(VYg) +KF 10+ F 24Dy =0

The FOC w.r.t. m; can be written as:

5 2PN
—mg—F1t+F14-1=0 & Fit=—D¢
K K
where k = %%. Finally the FOC w.r.t. V; can be written as:
K(nd))jo —F20=0 fort =0
(1 - 6713) K(Ud)fjo —Fot+ B*IBFQ,t_l =0 fort >0

Combining these three FOCs, we can derive the target criterion in Proposition 7 in the paper:
T (Q) 2 +epo + K(n)DyVo = 0 (G.17)
and for ¢ > 0:
T(Q) (fUt - 5_151}—1) +e (ﬁt - 5_15@—1) + K(nd)Dy (1 — 6_15) Vi = 0 (G.18)

where z; = 7 — 6(Q)ys.

H Hand to Mouth households

Our baseline model deliberately abstracts from MPC heterogeneity and shows that even absent such
heterogeneity, optimal policy sharply differs from RANK. We now study how MPC heterogeneity, a feature
of quantitative HANK models that has received much attention since Kaplan et al. (2018), affects optimal
monetary policy. We do so by introducing a fraction 1" of hand-to-mouth (HtM) households who cannot
trade bonds and consume their after tax-income. These households are otherwise identical to the remaining
1 — 1" unconstrained households who trade bonds as in the baseline — in particular, both groups draw
idiosyncratic shocks from the same distribution and receive the same dividends and transfers per capita.
While the MPC of unconstrained households i is still described by (18) in the paper, the MPC of
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constrained households is fi; = (1 + ypw;)~!. These households can still self-insure to some extent by
adjusting hours worked, implying that 1i; < 1. However, since they cannot insure using the bond market,
their MPC is higher than that of the unconstrained households, i.e. fi; > ;.

Appendix H.1 and H.2 show that the presence of HtM households does not change the dynamics of
aggregate variables, given a path of interest rates. These dynamics are still given by (23)-(25) in the paper —
in equilibrium, since HtM households consume their income, and aggregate consumption equals aggregate
income, the average consumption of unconstrained households must equal aggregate income as in our
baseline.” However, introducing HtM households does affect social welfare, and therefore optimal policy.
While the period ¢ felicity function of the utilitarian planner can still be written as Uy = u(cg, ng; &) x 2y,
the welfare relevant measure of consumption inequality is now ¥y = (1 — nh)E?h + nhEé‘ where E?h denotes
consumption inequality among unconstrained households and evolves according to (27) in the paper, while
¥h denotes consumption inequality among HtM households, and equals %' = %72[2%10303. Since there
is no wealth inequality among HtM households, unlike ¥7* %! depends only on current consumption
risk. However, since fi; > p¢, consumption inequality moves more for this group in response to changes in
income risk. While the tradeoffs facing the planner are qualitatively the same as in our baseline economy,

quantitatively, monetary policy has even larger effects on Y; in the presence of HtM households:

Lemma 4. The effect of a one-time increase in output engineered by monetary policy reduces inequality 3,

by a larger amount, the larger the fraction of HtM households n": aayja%;h < 0 when income risk is acyclical
or countercyclical.
Proof. See Appendix H.3. O

Since the main differences in optimal policy in HANK relative to RANK arise because monetary policy

can affect inequality, a higher sensitivity of inequality to monetary policy magnifies these differences.

Productivity Shock Figure H.1 shows the dynamics under optimal policy following a negative produc-
tivity shock in RANK (dashed red curves), HANK with no HtMs (solid blue curves) and HANK with 30%
HtMs (dot-dashed magenta curves).® In our baseline (" = 0), monetary policy already prevents output
from falling as much as 3 on impact, permitting some inflation. With 5" > 0, policy cushions the fall in
output even more (see panel a), resulting in even higher inflation responses initially (see panel b). Quan-
titatively, the impact response of the output gap is about twice as large with HtM households, and that of
inflation about two and a half times as large. Intuitively, a fall in output is more costly with n” > 0 because
it increases consumption inequality more for HtMs who cannot self-insure using the bond market. This
can be seen by comparing the dot-dashed magenta curves in panel c¢), which plots consumption inequality
amongst unconstrained households, with panel d) which plots inequality among the HtMs. At its peak,
the percentage increase in X' is around ten times the increase in X7*. Thus, the benefit of mitigating
the fall in output, in terms of the effect on >, is much higher in the economy with HtMs. To see this,
compare the dot-dashed magenta curve in panel e), which plots inequality under optimal policy with 30%

HtMs, to the dotted-black curve, which plots inequality if monetary policy uses the target criterion which

2This is for the same reasons as in Bilbiie (2008); Werning (2015); Acharya and Dogra (2020).

3yt = 0.3 is in line with Kaplan et al. (2014) who find that approximately 30% of U.S. households are hand-to-mouth. Given
our calibration, this implies an average MPC of around 17% (around 40% for HtMs and 7% for unconstrained households),
which is in line with the range of MPCs reported in the empirical literature.
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would be optimal in an economy with no HtMs. The difference between these curves — the reduction in
overall inequality due to a higher path of output — is much larger than the reduction in inequality amongst
the unconstrained households, shown by the difference between the curves in panel c). Since inequality is
more sensitive to the level of output in the presence of HtMs, the planner tolerates larger deviations from

productive efficiency and price stability to mitigate the rise in inequality following an adverse shock.
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Figure H.1: Optimal policy in response to productivity shocks In panels a and b, solid blue curves
depicts dynamics in HANK with © > 0 and no HtM agents; red-dashed curves depict dynamics in RANK;
and dot-dashed magenta lines depict the optimal response of an economy with 30% HtM households
following a negative productivity shock. In panels c¢,d and e, the dot-dashed magenta line presents the
evolution of E?h, E? and Y; resp. under optimal policy in the economy with 30% HtMs, while the dotted-
black line depicts the evolution of these variables in the economy with 30% HtMs if monetary policy
implements the target criterion which would be optimal in an economy with no HtMs. All panels plot
log-deviations from steady state x100.

Markup Shocks Similarly, when studying markup shocks in our HANK economy with HtMs, the dif-
ference between optimal policy in HANK and RANK is qualitatively the same as in our baseline, but
quantitatively amplified. To mitigate the increase in inequality, particularly amongst HtMs, monetary
policy stabilizes output more (dot-dashed magenta curve relative to solid blue curve in panel a), Figure
H.2) at the cost of higher inflation (dot-dashed magenta curve relative to solid blue curve in panel b)).
Quantitatively, in the presence of HtMs, optimal policy shaves off around half the initial fall in output in
RANK while optimal policy only shaves off about a quarter in our baseline (absent HtMs). Similarly, the
increase in inflation is larger with HtMs.

Overall, introducing MPC heterogeneity does not qualitatively change the tradeoffs analyzed in our
baseline. In fact, it accentuates the differences relative to RANK: with higher MPCs, i.e., higher passthrough
from income to consumption risk, consumption inequality is even more sensitive to monetary policy. Con-
sequently, policy deviates even further from RANK to stabilize inequality. This suggests that the tradeoffs
we study analytically would be even more important in quantitative HANK economies with a substantial
fraction of high MPC households.

H.1 Decision problem of HtM households
A HtM agent’s problem at any date ¢t can be written as:

max L) _ ep(t(0)-€(0)

cg (i:h),63 (iR) Y
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Figure H.2: Optimal policy in response to markup shocks In panels a and b, solid blue curves depicts
dynamics in HANK with ©Q > 0 and no HtM agents; red-dashed curves depict dynamics in RANK; and
dot-dashed magenta lines depict the optimal response of an economy with 30% HtM households following a
positive markup shock. In panels c,d and e, the dot-dashed magenta line presents the evolution of X3, ¥
and Y; resp. under optimal policy in the economy with 30% HtMs, while the dotted-black line depicts
the evolution of these variables in the economy with 30% HtMs if monetary policy implements the target
criterion which would be optimal in an economy with no HtMs. All panels plot log-deviations from steady
state x100.

s.t.
ci(iyh) = wli(i;h) + Dy — T

The optimal labor supply can be written as:
Gi(ish) = plnwy — ypej(is h) + & (is h) (H.1)

which is the same as that for the non-HtM households (16) in the paper. Aggregating the individual labor
supply across all HtM and non-HtM households, multiplying by w; and adding D; — Tj:

wily + Dy — Ty = we Inwy — ypweyy + wié + Dy — T

The LHS of this expression is simply v;, so we have

Wy (lnwt -f-g) + Dt - Tt
I+ ypw;

Yt =
Using this and the individual labor supply in the budget constraint for HtM households yields:
ci(i;h) =y + pieg (is h)
where 7 (i;h) = wy (§ (1) — &) and fir = (1 +ypwy) .
Since the average consumption of HtM households is y;, market clearing implies that the average

consumption of unconstrained households is also C = y;. Thus, it follows that the same aggregate Euler

equation as in the baseline still holds with a fraction " > 0 of HtM households.
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H.2 Deriving the ¥ recursion
Even in this case, the objective function of the planner can be written as:
0 —
Wo = Z[Stu (ct,ne; €) 2
t=0
where, as before, 3; is defined by:
Y = 1_ Z /ﬁt s —'yct(z ct)d
s$=—00
Since we have HtM and non-HtM households, this can be further expanded:

Y, = (1_77h)(1_19 /ﬁt s —(ci(inh)— yt)dl—l—n 1-9 /ﬁt s —’yctzh yt)d

S§=—00 S§=—00
/

nh
37 t

Since ¢!, (i; h) = yi + frwy (& (i) — €), we have X

¢
o= (1-9) Z gt—s / oYW (E5 () ~€) _ 37 Ijwio}
S$=—00
Since the consumption function of unconstrained households is the same as in the baseline model, it follows

that X7 evolves as:
2 2

2. 2
Inxrh — % Fnfl — 9 + 05

H.3 Sensitivity of inequality w.r.t. monetary policy with HTMs

In the presence of HTMs, the welfare relevant measure of inequality at any date ¢ (up to first order) is
given by:

N Enh N Zh N

e=(01- nh)TE?h + nhfﬁﬁ
where (31) in the paper describes the evolution of f]?h . Up to first order, the relationship between X} =

2
% (M> and y; can be expressed as:

1+vypwe
sh_ W g vl
-1 o-1n)+a (220)] 5
(1-5)
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where we have used the equilibrium relationship between wages and output (E.3) (we have also set all

shocks to zero without loss of generality). Thus, we have:

R (SUNCRUE TR TR =) |
+ (1 —nh> EghAﬁt‘i‘ (1 —nh) E;hﬁ_lgi?h

We consider a one-time change in 7; > 0 engineered by monetary policy. Since equations (23)-(25) in the
paper which describe the evolution of macroeconomic aggregates are purely forward looking, monetary
policy can implement this with a change in the nominal interest rate only at date ¢t without affecting the
trajectory of macroeconomic aggregates in the future. The change in nominal rates which implement this
one time increase in date t output can be derived by setting all ¢+ 1 variables (and all shocks) in (23)-(24)

in the paper to zero:

- 1.
Yy = ——h
vy
e = —ypwy(l+yp)y + Biy

where the first equation is (23) and the second is (24) in the paper. Combining the three equations and

e = —yy [1 + (1 —5) <1li;p1w>] Yt

Using this in the expression for N yields

eliminating w; yields

= yrh ~ w—1 .
shoo1 w—1 xrh s
h ~ h —1 nh
— —_ —14+AN)+A|— 1-— —_— by
W NQ[(@ +A) + <1+ww)]yt+( n) s BT AR,
(1-5)
Taking the derivative w.r.t ", we get:
2%, w—1\]1 sh L w—1 "\ zxnh
= — —14+A+A|l—— || = | —— - %" A
onh oy, 7Y |:6 + A+ <1+7pw>:| b)) (1—,§>2 + <1+7pw>6 » )

which is negative for countercyclical and acyclical risk (6 > 1) for 3 sufficiently close to 1.* Thus, a
higher fraction of HTMs (") implies that ¥; falls more in response to the same increase in output.

AN\ —2
A (17319@5)
2 A
1*11 e?2 is increasing in 3, negative at = 0 and positive at

AN 2 -
(1_;3199?) 1-9e2

1 _ nh __ e
O

AJ2

4To see this, note that X"

B =1 for any 9, A satisfying e < 1.
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H.4 Planning Problem

The utilitarian planner maximizes:

00 1 - .
Wo=§:@{—vu+vmwk'W[ﬂ—nﬂﬁh+ﬂfﬂ}
t=0

s.t.
2.2 .2 2
w-o
Wt='mﬂ—mw+mmﬂ+me—ﬂ+wwﬂ—lﬁ%—f¥mwﬂ)
€ eley — 1) (1 —7%)2 z w
(I, -0, = < [1— 1) ) ﬂ +B<tyt“t“> (Myey — 1) Mgy
N4 (e—Der  w Zt41YtWt
V2w
myph = TEEET 2elnen) g1 (=) +omph ]
2 2,92 2
IDZ? _ Y (1+7p;Ut) w-o 62<p(yt—y)
. s

Zt
L+vpz + 5 (I — 1)

Fiscal policy sets 7% such that the planner finds it optimal to implement II = 1 in steady state, as in our
baseline. To plot Figures H.1 and H.2, we first solve for 7% numerically, then we linearize the first order

conditions and compute the optimal dynamics to shocks numerically.

I Persistent income risk

Our baseline model described in the main paper featured i.i.d. idiosyncratic income risk, whereas empirical
studies find that idiosyncratic income risk is highly persistent (Heathcote et al., 2010; Guvenen et al., 2021).
We now relax this assumption by allowing for persistent idiosyncratic disutility shocks. Specifically, we

assume that

&) — & = o€ (i) where e; (i) = oee;_1 (1) + vi (4), vy (i) ~ i..d. N(0,1), es_1(1) =0(1L.1)

We allow for 0 < g¢ < 1. Setting g¢ = 0 corresponds to the baseline model. As in the baseline model,
we allow for a flexible specification for the cyclicality of income risk by assuming that wyo; = woe?¥—¥).

Appendix 1.1 shows that the optimal consumption decision rule of a household is described by
(i) = Co+ pe (4 (3) + B (1)) (12)
and the aggregate Euler equation is now given by

2 2
TH410h 141

1
Ct=——InpR +Cry1 —
ot 2

(1.3)
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where a(7) is the household’s financial wealth and hj(i) = oy, €7 (i) denotes the household’s human wealth,

defined as the expected present-discounted value of their labor endowment

oo oo
hi(i) = By Z QiprtWer (§f+r (i) — E) - Z Qi1 r|tWitrOt470¢ | €F (4) (1.4)
7=0 7=0
Oh,t
where Q- = Z;é %;k. As in the baseline model, the MPC out of household financial and human

wealth, p; is still given by (18). The consumption risk faced by households, the last term in (I1.3) depends
on the passthrough from human wealth to consumption (measured by j? 1) and the variance of shocks to
human wealth ait +1- In our baseline model (g¢ = 0), human wealth k(i) is simply w;(£f —¢), making (1.2)
identical to (15) in the paper, and the variance of shocks to human wealth is simply a,%’t 1= th +10't2+1.
However, with persistent idiosyncratic income, a positive shock to the household’s current labor endowment
also increases the expected value of their endowment in the future. This is reflected in the fact that oy,
depends on not just w;oy, but the whole future path {w;1xor11}72,-

(a) output gap (b) inflation (c) pe (d) one
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Figure I.1: Optimal policy in response to productivity shocks In all panels, red-dashed curves
depict dynamics in RANK; solid blue curves depicts dynamics in HANK with g = 0; black lines with
circle markers depicts dynamics in HANK with g¢ = 0.5 and the magenta dotted line depicts dynamics in
HANK with g¢ = 1. All panels plot log-deviations from steady state x100.

Appendix 1.2 shows that, as in our baseline, a utilitarian planner’s felicity function can be decomposed
into the flow utility of a notional representative agent and a welfare-relevant measure of consumption
inequality >, which now evolves according to

2,2 2

In%, — % Flnfl — 9+ 9% 1] (L5)
It is worth nothing that with go¢ > 0, our economy features not one, but two dimensions of persistent wealth
inequality: financial and human wealth inequality. In principle, this means that the planner must forecast
the evolution of the joint distribution of financial and human wealth, not just the distribution of financial
wealth as in the baseline. However, as (I.5) indicates, the evolution of this joint distribution can still be
summarized by a single scalar 3; which depends on its own lagged value. This highlights the analytical
tractability of our framework.

Equation (I.5) along with the definition of o, in (1.4) reveals that persistence (g¢ > 0) modifies the
effect of monetary policy on consumption inequality in two ways. First, lower real interest rates, holding

the path of aggregate output and wages fixed, now tend to increase the variance of human wealth U,QL,
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putting more weight on the value of future labor endowments. Thus, while the effect of interest rates on
passthrough p; remain unchanged (relative to the baseline i.i.d. case), g¢ > 0 tends to weaken the overall
effect of interest rates on consumption risk, given the level of output. But this is not the only effect of
higher persistence. Lower real interest rates also increase output, which reduces human capital risk (in
the countercyclcial income risk case) as in our baseline model. This effect becomes more pronounced, the
higher the level of human capital risk 0. Higher o¢ tends to increase the level of human capital risk (for the
same sequence of {wyp, O't+k}zo:()), since the same shock to current income has a larger effect on lifetime
income: o, +(0¢ > 0) > op+(0¢ = 0). Thus, higher g amplifies the effect of monetary policy on X; via the

level of output. Overall, this second effect dominates and higher persistence increases the sensitivity of ¥

0%k
oy

value at all horizons k > 0 when g¢ is higher— because consumption inequality is only slow to revert to its

to changes in output induced by monetary policy. This effect is itself long-lived— is larger in absolute

mean value following an increase in consumption risk (cf. equation (I.5)).

Lemma 5. The effect of a one-time increase in output engineered by monetary policy reduces inequality

Yy at all horizons k > 0 by a larger amount, the larger the persistence of idiosyncratic income g¢:

o (0%
— =] <o with acyclical/countercyclical income risk, © > 1
doe \ Iyt

and
R ) \k 8 (0%
R i s — | = vk >0
0@§< %, ) (575) 3 | T
Proof. See Appendix 1.4. O

Consequently, since the sensitivity of consumption risk to monetary policy is the main force leading
optimal monetary policy to differ in HANK and RANK, introducing persistent idiosyncratic income risk
magnifies these differences. Figure I.1 shows the dynamics under optimal policy following a negative
productivity shock in RANK (dashed red curves), and HANK with g¢ = 0 (blue line), g¢ = 0.5 (black
line with circle markers) and g¢ = 1 (magenta dotted line). Recall that in our baseline with g¢ = 0,
the HANK planner already cushions the fall in output relative to the RANK planner, resulting in higher
inflation on impact. The black line with circle markers and magenta dotted line indicate that higher o¢
leads the HANK planner to cushion the fall in output even more, leading to higher inflation on impact. To
understand why, note that the steady state level of human capital risk o, is the highest for the economy
with g¢ = 1 and the lowest when g = 0. Thus, panel (d) shows that by curtailing the fall in output, the
HANK planner permits a smaller proportional increase in op; when the level of oy, is already high, i.e.,
in the economy with p¢ = 1 (compare the magenta dotted and blue lines). The planner does not allow a
large increase in the level of oy, 4, even temporarily, since doing so would persistently increase consumption
inequality ¥; (cf. Lemma 5). This more moderate decline in output (and smaller proportional increase in
oh,t) also results in a smaller increase in passthrough p; (panel (c)). The case with g¢ = 0.5 lies between
the ii.d and random walk extremes. A higher g modifies the optimal response to a markup shock in a
similar fashion; we omit the results for the sake of brevity.

Overall, persistent income risk, like MPC heterogeneity, does not change the tradeoff facing the planner

qualitatively. In fact, it also accentuates the difference relative to RANK, compared to the case with i.i.d.
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income risk. Again this suggests that the tradeoffs we study analytically would be even more important

in quantitative HANK models with realistic income processes.

I.1 Derivation of household decision rules

The date s problem of an individual ¢ born at date s is now

oo

_ 1 S (s lfs’i—‘si))
max —E, Bﬂt 8{6 "/Ct(l)_|_ ep(t() & ( }
) ;( 15 p

AORAORIC
subject to
¢t (1) + qragyr () = wely () + (1 = 7) ai (i) + Dy = Ty
where & (i) — € = o5 (i) and

e; (1) = oeei1 () +vp () wig ~ N(0,1)

The derivation of the consumption function follows that in Appendix A. Guess that the consumption

function takes the form:

¢t (1) = Ci + pe (af (i) + hi (9))

where h{ (i) denotes the expected present-discounted value of the household’s labor endowment:

o0 . T 19
hi (1) =By Y Quenpwer (&41, (1) — &) = onges (i) Qe =[]

k=0 i Ttk
Using the budget constraint, labor supply and the household’s Euler equation, we have:

R _ 1
Y + {ut - muﬁ [1— (14 pywy) m]} ai (i) = - In BR: + Y141

Ry
+ {,Ut+119 [orwe — (14 pywt) peont] + 0ete+10h,41
Y o2 2
§ﬂt+10h,t+1

Matching coefficients yields the standard py recursion:

-1 _q v
py - =1 +ypwe + R Hitq
t

In addition, we have the following equation describing o,

0,
Oht = OtWt + 5 0¢0h,t+1
Ry
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and the aggregate Euler equation is now given by

)
THi+10h 41

. (1.8)

1
Yt =Yrr1— —In Ry —
Y
where we have used C; = y; from market clearing.

1.2 Deriving the ¥ recursion

As in our baseline, we assume that the planner is utilitarian and puts identical weight (equal to 1) on the
welfare of all individuals on individual ¢ both at date s < 0 and ° on the welfare of individuals who will
be born at date s > 0. Recall that in our baseline we allow the planner to set a date 0 tax on financial
wealth to focus on the role of monetary policy in providing insurance, rather than redistribution between
borrowers and lenders. But when g > 0, households alive at the beginning of date 0 differ not only in
financial wealth but also in terms of human wealth. To remove the planner’s incentive to use monetary
policy to redistribute between individuals with high and low human wealth, we allow the planner to tax
indivduals on their total wealth at the beginning of date 0. At the beginning of date 0, when the date 0
idiosyncratic shock vj (i) to household ¢’s time endowment has not yet been realized, the household’s total

wealth is given by a (i) + op00¢€” | (i) where we have used the fact that

hg (i) = onoeq (i) = onpoee’ (i) + onovg (7)

The planner levies a tax 7{on this total amount implying that the hosuehold’s post-tax human wealth
after the realization of their date 0 idiosyncratic shock v (i) is given by (1 — 7§) [a§ (i) + onoee®, (i)] +
oh,0v (1). This also implies that the date 0 tax on financial wealth 7§ = 1. However, § now measures the
extent to which the planner is willing to tolerate pre-existing human wealth inequality. § = 0 implies that
the planner is also utilitarian towards human wealth inequality at date O while a higher ¢ implies that the
planner assigns higher weights to the welfare of those with higher human wealth as of date -1. As in the

baseline, the planner’s objective function can be written as:

Wo =3 Bl (e, €) %

t=0

where ¥; is now defined as

t
So= (-9 30 e

S§=—00

Next, subtracting the aggregate Euler equation from a household’s Euler equation for all dates ¢t > 0, we

get

Cip1 (1) —cop1 = ¢ (1) — ¢t + pur10ne 410741 (4)
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Using this in the definition of 3; for t > 1

t—1

So= (1-9) Y 0 / e (i D—ertmon i) g; 4 (1 — ) / e monwi@) g
L t—1
= ez M {(1 —0) Yy o / e—V(CHi)—Ct—l)dz’} + (1= 9) e2 Mk

= e H ] — 9 4 9%, ]

Taking logs, we get

2 20_2
ny, = % +In[1— 9+ 981

Next, for ¢ = 0, we have

0
Yo = (1-9) Z ﬁ_s/e_w(cé(i)_co)di

S§=—00

0
= (1-9) Z 29—8/e—wu(l—TS)(CLS(Z')-HTh,oggeS1(i))—wwh,ové(i)di

S§=—00

0

— 6572/130;21,0 {(1_19) Z 19—8/e—vuo(l—f(?)(aé(i)JrGh,o@geS1(i))di}

S§=—00

Clearly, since a) (i)+o0p 00¢€® | () has zero mean, the planner chooses 7§ = 1 to minimize this expression,

implying that the date 0 X recursion is the same as at all future dates:
_ 195 _ _
In¥p = 57 Hah0 +1In[l -9+ 9%_4] where Y¥i=1

1.3 Planning Problem

The planning problem can be written as:

[e.9]
1
maxz Ik {— (1 + vpwy) e_tht}
t=0 v
s.t.

2,2 2
V410 41

Ve = YYes1 — PO +In gy +In [t — (1+ypwy)] — 5 (L.9)
£t er—1(1—7%)2 24Yt4+1 Wi 1
I, - 1) I == |1 - —— | (I — D II 1.10
(I — 1) I, T e (=) w + PR (g1 — 1) ypq (1.10)
2.2 92
o
InY; = T HTht +In[l -9+ 9% 4] (L11)
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Inw; + &
oo LREE (112)
1—|—p’yzt—|—§(ﬂt—1)

Oy = oywy + O¢pust [y — 1 — ypwe] oppsa (1.13)
Yo =1 (I.14)
This can be expressed as a Lagrangian:

o0
Z {— (14 ypwi)e™ ”ytEt}

VUi h e
Z/BtMl t {’Yyt+1 — B0 + iy + I [yt — (14 ypwy)] — % - ’Y?Jt}

[ g —1(1—1") Zt] . <Zt'wt+1yt+1

11 — 1) II — (I, — 1) I
e (1—71%)wy 241 WeYt >( i ) o1 — (I ) t}

plnw; + &
1 +ypz + 3 (I — 1)?

t ’YQM 0-}21715
+Zﬁ My q —5— +In[l =0+ 0%] - In%,

+ ZﬁtMs tqowe? WY 4oepepy [t — 1= ypw] onppr — Uh,t}

FOC wrt y; (equation is divided by —~):

_ 2w 21w
Uy + My — B Myy—1 + ByMay (W) (g1 — 1) I — y Moy <m) (If; — 1) I1,
Zt4+1WtYy 2tWt—1Yt—1
M
_ At fM&thesﬁ(yt*y) -0
Y v
FOC wrt w; (equation is multiplied by wy):
Py g TP Y A O
1+ vpwy Tt = (U ypw) T (=T
Zt W, Zt—1W
B, (ttﬂytﬂ) (M — 1) Ty + Moy s (tlt?ﬁ) (I, — 1) 11,
2t4+1WeYt ZtWe—1Yt—1
My, VP2t

— M54 0¢ f1t 417V PWEOh 41
Y 14 pya+ (T — 1) ‘
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FOC wrt ¥; (equation is multiplied by 3;):

92y

1
My, = —-(1 S, + Bt M.
3.t 7( +pwi) e t+ﬁl—19—|—’l92t 3,t+1

)

FOC wrt u; (equation is multiplied by p):

-1
Hy -1 -1 2 2 9 Ht41

— My — + B8 Mg — (B Mig—1— Msyt) v o — 06— Ms t0p 41
it = (1 +ypwy) ( )7 i~ 06T,

+5_1Q§Mt [,ut__ll —1—ypwi_1| Ms 4104, =0

FOC wrt op,+ (equation is multiplied by oy, ):

0 = —(B'"Mig1— Msy) Y pion, — Mspong + B o [y — 1 — ypwi1] Msy—10m
FOC wrt II;:
241w
|:M2’t - (tltyt) M27t1:| (2Ht — 1) = M4,tZt yfp 2\1’ (Ht — 1)
ZWe—1Yt—1 L+vypz + 5 (Il — 1)

Fiscal policy sets 7% such that the planner finds it optimal to implement II = 1 in steady state, as in our

baseline. We solve this system numerically, taking a first-order approximation of the first-order conditions

and the constraints (linearizing the multipliers and log-linearizing all other variables).

1.4 Proof of Lemma 5

We consider a one time change in output g; > 0 engineered by monetary policy. Since the equations (I1.9),

(I.12) and (I.13) are forward looking, monetary policy can implement this with a change in nominal interest

rates only at date ¢t without affecting macroeconomic aggregates in the future. Thus, the response of the

other variables to a one time change in 7; are given by the solution to the following linearized equations,

where we have imposed that all variables return to their steady state values at date ¢+ 1 (except for it+1):

-1

YYYr = — s e — R Wy
pt =1 4qpw) " pmt = (14 ypw)
. 14+
wy = Yt
Py

=N ow . - A
Oht = UthD?Jyt — O¢t — Qg Y pWWe

Using the steady state relationships between these variables, we have:

ﬁtz—vy[ng(l—B)(lJrW)w}A

1+ vypw

o= (1= o) £t e[ (1-3) G20 - (1-3) o2
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Finally, log-linearizing (I.11)

~

Xy = VQMQU%(ﬁt+-3h¢)+-ﬁ715§%—1

1 1—§ w—1 =
= — 2pPw?o? ~(1—§0>+ - U + BIBE
(vy) v h o S =52 T+pu Ui -1

Thus, we have:
o (0% ~ AQ
Do (8%) b |( ) (1—5&)]
2,2,,2 2

WhereA:%and@zl—“‘;—AandQ:(l—B)

derivative is negative, implying that higher o¢ increases the sensitivity of it to 7 (in absolute value).

ﬁ. With countercyclical risk and w > 1, this

Given that g3 = 0 for k > 0 in the experiment considered, we have
0 (0B _ o (05,05
doe \ Oy doe \ 9%, Ou:
~\k ~
= (5_15) {—va

J Optimal response to demand shocks

(@—1+A)+2< A )
1—Boe

}

In Section 4 of the paper, we focused on productivity and markup shocks, both of which affect the natural
level of output y;*. The RANK literature also studies the optimal response to other shocks which do not
affect y', e.g. changes in households’ discount factor. Following the literature, we term these demand
shocks. Since these shocks do not induce a tradeoff between productive efficiency and price stability, the
RANK planner simply implements 3 = y* = m = 0 in response to these shocks by setting the interest
rate equal to the natural rate of interest ry, i.e. the interest rate consistent with y; = y;* at all dates.

As shown in Section 4, the HANK planner generally does not implement y; = /', even in response
to productivity shocks which do not induce a tradeoff between productive efficiency and price stability.
This is because responding one-for-one to fluctuations in the natural level of output would adversely affect
inequality. Similarly, in response to demand shocks, setting y; = y;* is in general not optimal, because
these shocks would affect inequality should monetary policy fully insulate output from them. Consequently,
optimal policy lets output vary in order to offset these undesirable changes in inequality.

We study two demand shocks: (i) changes in households’ discount factor and (ii) shocks to the variance

of idiosyncratic shocks faced by households. We now assume that household preferences are given by:
00 t—1
B3 (60) " (TL 6 )ulei. 0 60))
t=s k=s

where (; is a shock to the individual’s discount factor between dates ¢ and ¢t + 1. Appendix A shows
that Proposition 1 in the paper remains true except that the aggregate Euler equation (17) in the paper

becomes:

1 wﬂ w2, o2
C = —§1n5Cth+Ct+1 _ W
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The preference shock is internalised by the utilitarian planner who puts weight 5° (Hi;é Ck) on the lifetime
utility of a household born at date s > 0.

We also introduce a shock to the variance of idiosyncratic risk faced by households (§) by assuming that
this variance satisfies o7w? = o?w? exp {2 [¢(y: — y) + ]} Higher ¢, increases the cross-sectional variance
of cash-on-hand at date t. To the extent that the shock is persistent (9. > 0), this can also be thought
of as a risk shock: higher ¢,y increases the uncertainty households face at date ¢ about the realization of
the shock to disutility (and hence to cash-on-hand) at date ¢t + 1. When plotting IRFs, following Bayer
et al. (2020), we set the persistence and standard deviation of risk shocks and discount factor shocks to
0. = 0.68%, o = 0.83%, o = 1.4 and o, = 0.01.

Both discount factor shocks and risk shocks affect the evolution of consumption inequality. This can

be seen through the linearized ; recursion (32) in the paper which now becomes:’

BA &y (L= Be)A

~ 174
1_594(1_[\) t 1—E(I—A)gg§t+ﬂ -1 (J.1)

e o= —yQy -
An increase in ¢ directly affects income risk and thus persistently affects consumption inequality.
More subtly, a fall in households discount factor a < 0 increase the natural rate of interest, which in
1-Bo¢ (1-Bos)A Thus. i )
= . us, if monetary policy keeps output

1A QCCt A A)g ! : y policy keeps outp

unchanged in response to a fall in (, thls entails a rise in interest rates which increases the passthrough

our economy is given by r; =

. For a given level of income risk, higher passthrough increases consumption risk and hence the level
of consumption inequality. A persistent increase in ¢; also reduces r; as households attempt to increase
their precautionary savings in response to the increase in risk. This decline in interest rates reduces
somewhat, offsetting some of the direct effect of a higher ¢; on consumption risk. However, a higher ¢ still
increases »; on net.

Since demand shocks affect inequality, the planner generally deviates from keeping output equal to its
natural level and implementing zero inflation (even though this remains feasible) in order to mitigate the

impact on inequality. This is formalized in the following Proposition.°

Proposition J.1. In response to demand shocks, the planner sets mominal interest rates so that the

following target criterion holds at all dates t > 0:

S e
—_— = -2
where yf = —x(Q )Et + ZE(Q)G is the desired level of output (in deviations from steady state). x(2) and

E(Q) are defined in Appendiz E.4.1 and satisfy x(0) = Z(0) = 0. Y(Q) is the same as in Proposition 3.
When risk is countercyclical (© > 1= Q > Q°), x(2) > 0 and Z(Q2) > 0.

As described earlier, the target criterion (J.2) indicates that the planner seeks to minimize fluctuations
of the price level while also keeping output close to its desired level y;. When risk is acyclical or counter-

cyclical, demand shocks which tend to increase consumption inequality — higher ¢; or lower (; — increase y;.

5See Appendix E.1 for a derivation. We have implicitly set Z; = 0 throughout this section.

SFor this section, we do not derive a quadratic loss function but derive the target criterion by linearizing the non-linear first
order conditions of the planner’s problem. The target criterion in Proposition J.1 is a generalization of the target criterion
in (36) in the paper to include demand shocks but abstracting from productivity shocks (z; = 0). Appendix E.4.1 derives a
general target criterion which is valid in the presence of all four shocks that we study.
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That is, the planner targets a higher level of output because this tends to reduce consumption inequality
when Q > Q¢ > 0, mitigating the increase in inequality due to the shock. Since demand shocks keep v}’
unchanged, adjusting output in response to these shocks entails some inflation; as discussed earlier, the

HANK planner puts a smaller relative weight on price stability T(£2) > 1 relative to the RANK planner.

Risk shocks We start by describing the dynamics under optimal policy in response to a risk shock ¢y > 0.

Proposition J.2. Under optimal policy with acyclical or countercyclical income risk, following an increase
in risk (G > 0), Yo and my both increase. In addition, there exists T > 0 such that for all t € (T, 00),

e < 0 and gy < 0. Following a decline in risk (S < 0) all these signs are reversed.

Figure J.1 plots the optimal response to a an increase in risk in RANK and HANK (with Q > Q¢). In
RANK, since households can trade Arrow securities, an increase in the cross-sectional dispersion of income
does not result in any increase in consumption inequality. Since risk shocks do not affect y;*, the RANK
planner keeps output fixed at y; = y}* = 0, implying zero inflation m; = 0 (dashed red lines).

In contrast, in HANK with © > Q¢ monetary policy cuts nominal interest rates on impact (panel e)
to raise output above its natural level yp > y = 0 in response to a positive risk shock (panel a). In
the acyclical or countercyclical case (2 > Q¢ > 0), higher output tends to reduce consumption inequality,
partially offsetting the effect of the risk shock (see equation (32) in the paper). Lower interest rates and
higher output (which implies higher wages) also makes it easier for households to self insure, lowering the
passthrough from income to consumption risk, i.e., fig < 0 (panel f). Monetary policy trades off the benefit
from mitigating the increase in inequality against the cost of higher inflation (panel b) and productive
inefficiency (y: # yy"). To mitigate this inflation, the planner commits to mildly lower output and inflation
in the future. If instead, monetary policy implements y; = y;* = 0 and m = 0 (which was optimal under

RANK), this would result in higher inequality (dotted black curve in panel c).

(a) output (b) inflation (c) ¢

% pts

R = N N

% pts
IS

0 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 8 10

Figure J.1: Optimal policy in response to risk shocks in HANK with > 0 (solid blue curves) and
RANK (dashed red curves). Black-dotted lines denote outcomes in HANK under non-optimal policy which
sets yr =y =0, m = 0 Vt > 0. All panels plot log-deviations from steady state x100.
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Discount factor shock A decrease in households’ discount factor (Et < 0) increases 77, the interest rate
consistent with y; = y* = 0 and m; = 0. Consequently, the RANK planner raises interest rates one-for-one
with 7}, keeping inflation and output unchanged. However, in HANK, this rise in interest rates would
increase passthrough p; and hence consumption inequality. Thus, as with a positive risk shock, monetary

policy deviates from the flexible-price allocation (7; = y}* = m = 0) to mitigate this rise in inequality.

Proposition J.3. Under optimal policy with acyclical or countercyclical income risk, following an decrease
in households’ discount factor (Eo < 0), Yo and my both increase. In addition, IT > 0 such that for all

te (T,00), m <0 and gy < 0. Following a rise in households’ discount factor, all these signs are reversed.

Figure J.2 plots the optimal dynamics following a negative discount factor shock. As in RANK, the
HANK planner raises rates (panel e), increasing passthrough p; (panel f). This in turn tends to increase
consumption inequality (panel ¢). However, the HANK planner does not increase rates one-for-one with
r; (panel d) as this would result in a larger increase in inequality (black-dotted line in panel c). This lower
path of interest rates increases output on impact (panel a), reducing the level of risk faced by households
(when risk is countercyclical) and further curtailing the increase in inequality. To mitigate the rise in date
0 inflation, the planner commits to lower output and inflation in the future (panel b). However, these

differences relative to RANK are fairly small given our calibration.
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Figure J.2: Optimal policy in response to discount factor shock in HANK with € > 0 (solid blue
curves) and RANK (dashed red curves). Black-dotted lines denote outcomes in HANK under non-optimal
policy which sets gy — yj* = m = 0 V& > 0. All panels plot log-deviations from steady state x100.

Absence of self-insurance channel in zero-liquidity HANK models The optimal response to
discount factor shocks highlights an important difference between our economy with 2 > Q¢ > 0 and
zero-liquidity HANK economies (in which households cannot borrow and government debt is in zero net
supply). In zero-liquidity models, interest rates do not affect households’ ability to self-insure via the bond
market, since they always consume their income in equilibrium. Thus, as in RANK, interest rates perform
a single task in these economies: implementing the planner’s desired path of output growth, which in turn

affects inflation via the Phillips curve. Consequently, the planner can first choose output and inflation to
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maximize welfare subject to the Phillips curve, ignoring the IS curve. After this, the planner can use the
IS equation to back out the interest rates implementing the desired path of output and inflation. Since
discount factor shocks only affect the IS curve which can be dropped as a constraint, the planner in a
zero-liquidity or RANK economy leaves output and inflation unchanged following such a shock, raising
interest rates one-for-one with ;.

In our HANK economy, the IS curve cannot be dropped as a constraint since the interest rate performs
two tasks: (i) it affects output via the IS curve (21) in the paper and (ii) it affects the passthrough
from income to consumption risk g through (18) in the paper. Formally, Appendix D.2 shows that the
multiplier on the IS equation is non-zero in our HANK model but zero in RANK; it would also be 0
in a zero-liquidity HANK model. Our planner, therefore, faces a tradeoff absent in both RANK and
zero-liquidity economies: when choosing what path of output to target, they must also consider how the
interest rates which implement the desired path of output affect consumption inequality. Thus, in response
to a negative discount factor shock, the HANK planner raises interest rates less than one-for-one with
ry, tolerating higher output and inflation to curtail the rise in inequality. While this difference relative
to zero-liquidity HANK models is easiest to see with discount factor shocks, the same difference is also
present in response to other shocks as well. For example, one reason the planner does not let output fall as
much as y;* following a negative productivity shock, is that this would require a steeper increase in interest

rates, impairing households’ ability to self-insure using the bond market.
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