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Appendix A. Perturbation Theory
A.l. General framework

Perturbation theory is a method for finding an approximate solution to a complicated
problem by starting with the exact solution of a related, simpler problem. The problem is
thus not solved exactly, but instead so-called ‘small’ terms are added to adjust the solution
of the simpler, exactly solvable problem. Perturbation theory provides a formal framework
to control how small these adjustment terms are.

In general, after substitution of the optimality conditions for the forward-looking variables,
any HJB equation takes the form

(ALl)  F[I(x),x]=0,

where the ‘operator’ F  is typically nonlinear, includes first- and second-order derivatives
of the value function J with respect to the vector of states X, which may include time,
and is also a function of x directly. Provided a (single) small parameter ¢, defined so that
we return to the simpler, exactly solvable problem in the limit ¢ — 0, can be identified,
we can solve this HIB for the value function J(X) using perturbation theory. Following
practice in perturbation theory (e.g., Van Dyke, 1975; Kevorkian and Cole, 1996; Bender
and Orszag, 1999; Nayfeh, 2004), the solution for the value function then takes the form
of aseriesin ¢

(AL2)  J(X)=JOx)+eIP(X)+O(),

where the dependence of the value function on the states X continues to be nonlinear. To
be clear, (A1.2) is not a Taylor-series expansion. Instead, (Al1.2) expresses the solution as
a series of adjustments (depending on the small parameter ¢) to the so-called zeroth-order

solution J@(x), which corresponds to the solution of the simpler, exactly solvable

problem referred to above. In the limit e -0, J(x) = J©(x). The zeroth-order solution
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is said to be O(1) since €° =1 and thus ‘not small’. The subsequent terms in (A1.2) adjust

the solution if € =0, where the first-order term €J® (x) is the so-called ‘leading-order’

adjustment to the solution. Formally, in the limit of an infinite number of terms in (A1.2),
the solution of the simpler problem plus all its adjustments, provided the series is
convergent, become equal to the exact solution of the complicated problem J(X). In

practice, only a finite number of terms gives a reasonable approximation, and the series
solution is truncated. In (A1.2), the series solution is accurate up to first order in ¢, and the
error is thus O(e?).

Having expanded the value function in (A1.2), we also expand the operator F :
(AL3) F=FO+eFD1+0(),
where F@ contains all operations that leave the order unchanged and eF® contains all

operations that increase the order by €. Combining (Al.2) and (A1.3), the general form of
the HIB (Al.1) becomes

AL4)  (FO+eFO +0E))[IOX)+dP(X)+O(?),x | =0,which  can  be
expressed as a series solution itself by expanding out the brackets
AL5)  FOLIO0),x]+e(FO[I9x),x]+ FO[IOx),x])+O(?) =0.

o) 0(¢)
We note that the term ¢2F® [ 3@ (x),x ] that arises from (A1.4) is small and of the same
order as terms previously ignored in (A1.2) and (A1.3), and can therefore also be ignored
in (A1.5); this term is contained in the O(¢?) error in (A1.5). Solving the HIB equation

using perturbation theory then amounts to solving (A1.5) successively at each order. For
the first two orders the resulting two equations are

(AL6) OQ): FO[IO(x),x]=0,

AL7)  O(e): FOLIOX),x]+FO[IO(x),x]=0.
We first solve (A1.6) for the zeroth-order solution and then solve (A1.7) for the first-order

solution J®(x) using the (now known) zeroth-order solution J® (x) from (A1.6).

A.2. Perturbation theory applied to our model

To apply the framework introduced in section A.1, we take several steps. First, we
identify the small parameter ¢, which we find by writing the problem in non-dimensional
form (section A.2.1). Second, we must choose the structure of our perturbation expansion,
depending on how and where the small parameter ¢ appears in the HIB equation (section
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A.2.2). Third, we perform the perturbation expansion and then solve the HIB equation at
zeroth order (section A.2.3) and first order (section A.2.4), respectively.

A.2.1. Non-dimensional form and identification of the small variable

Following standard practice in the physical sciences, we begin by writing the HIB
equation (14) in non-dimensional form*. To do so, we normalize the four states K, E, ¥

and A by their initial values (at t =0):2

y; A
A

so that all four hatted variables are equal to 1 at t =0. We define non-dimensional time

~ K -~ E
A2.1 K=s— E=—, %
(A2.1) K. R

t= gt with g,=9(E=E;, ¥ = %,,4=4,) the growth rate of the economy without

additional climate change (this growth rate is constant in time). We define the non-
dimensional forward-looking variables as

(A22) F=

1 1
where F, = A(E, )« ((1-a)/b)« K, and C,=g,K, (these are not the initial values of F

and C, as initial values of the forward-looking variables are not known at this stage in the
solution procedure). In accordance with the non-dimensional form (A2.1)-(A2.2), we

further define jzgoJ/Cé"’, 1=1/c,, d=d/C,, Y=Y/C,, $=4/g, and i=i/g,,
where g=®/K and i=1/K.

In non-dimensional form, the HIB equation (14) now becomes

Ly
Cr—pl@-md)yr . o
0 = max 11 ( - ) +J + 3, p()K + I, (aFe™ — oE)
F — -1
(A2.3) T (a-miyr
A 1. ~5. 1. ,, 1. A
+J,7, (7-2)+J Vi(ﬂ /1)+§ K?6% EJEO' EJ f{ EJ“ }

! Through normalizing all variables by typical values these variables may take, we remove the
physical dimensions (e.g., time) and therefore the measurements units (e.g., years) of these variables
in a process known as non-dimensionalization.

2 We do not distinguish between ,, 2 and max(z,0) , max(4,0) here for simplicity, as we show in

section IV that the probabilities of » and 2 becoming zero or negative are negligibly small.
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+J . Kpeoy G + JK;ZKpKZ&K&Z +3::Kp,6¢0, + ‘]é;szz&E6z
+J.::06,060, + Jﬁpﬁ&lo‘ﬂ,
where =Y -bBF—C=AE, 7, )RF _bE-Cand J=i-@/2)adi -4 with

A= AF}* /g,K¥“. The resulting non-dimensional parameters are

A ~ 1%
Ibzﬁs bE bl:g ’ AEgoa)! 5E£l gEi! ;[IE /ulzj ’ @Eﬂy ‘;ZE_ly
(A2.4) B 9 9o s 9 9 9oEo 3 9 0
2_X 5 _Vi 7 ~ _ 9% . _ Og A X ~ _ 9,
y==,v, ==, l=—,6,= , O = , 0, = , 0, =—F=%—.
Xo ! 9 A ‘ xjia - 9.y ’ 90 X0 ’ \mﬂo

Except for b, i, y and 2 , Which respectively measure the relative cost of fossil fuel use,

the relative contribution of new emissions to the total atmospheric carbon stock, and the
ratios of the steady-state and initial values of the climate sensitivity and the climate damage
parameters, the non-dimensional parameters in (A2.4) measure the different rates in the

economy relative to the growth rate g, . We assume all these non-dimensional parameters
are O(1) . That is, they are not small parameters, and their effects must be fully accounted
for in our solutions and cannot be approximated using perturbation theory.

Having assumed that all non-dimensional parameters in (A2.4) are O(1), it is not

immediately obvious how we can use perturbation theory to simplify the solutions to the
HJB equation (A2.3). However, one additional non-dimensional parameter arises when we
define non-dimensional damages and total factor productivity?

(A25) D(E,7,4)= A" 3" E"% and A= A"(1—eD) = A (1— % p70 BN,
where D =D/D, =DJe, A= AR /(g,K™) and A'= AR /(g,Ke ™).

Assumption A: The final additional non-dimensional parameter, which we will assume to
be the small parameter of our problem, is defined as

1+6:1
o, [ E
(A26) =Dy =21 1, (8—0] .
PI

3 The term ‘normalization’ or ‘scaling’ is perhaps more appropriate than ‘writing in non-dimensional
form’ for the damage ratio D, which is already non-dimensional. We avoid this ambiguity by using
the three terms interchangeably.
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The small parameter e equals the initial damage ratio D,, which is known a priori and

empirically also small (see section 1V). The limit ¢ — 0 thus corresponds to the case in
which climate damages are zero. In this limit, the value function does not depend on the

climatic states E , 7 and A, and all terms in the HIB equation (A2.3) involving derivatives

with respectto E , 7 and A disappear:

1-y

¢ —pla-mi)~
(A2.7) max 1 ( 1_y)
1

i Rt (@-mijr

+jf +jk¢(i)}€+

N |-
~

7 242
Ji aK}zo,

which can be solved for the value function in closed form (e.g., Pindyck & Wang, 2013) to
give the solution to the simpler, exactly solvable problem we perturb here. Note, however,
that a small but non-zero value of the small parameter ¢ reduces total factor productivity

via the damage ratio according to (A2.5) and introduces the solution’s dependence on E ,
7 and 2. Inthe original HIB equation (A2.3), ¢ will change the investment level i,WhiCh

directly affects the term J ¢ ¢(i) K and indirectly all others. Perturbation theory now allows

us to re-introduce e into (A2.7) in a controlled fashion. Before we do so, we emphasize
that except for the small variable e, all (hatted) variables in the HIB (A2.4) are O(1).

A.2.2. Perturbation expansion

We now seek a perturbation series solution for the value function of the following form:

A

(A2.8) J(K,E, 7,4,6)=3O (R,eb(é,;g,i))+ea O(K,E, 7,4,6)+0(?),

where the structure of the solution is based on the underlying HIB (A2.3), as explained
below. Because the zeroth-order solution will only be affected by the climatic states E , 7

and 1 through the total factor productivity of capital (A2.5), the zeroth-order solution only
depends on these three states through the damage ratio D=1 7% E™% _ Moreover, in
the functional dependence of the zeroth-order solution J© , the O(1) damage ratio D is
always multiplied by the small parameter ¢ (i.e. the functional dependence is on D = eD).

Importantly, as a result, changes in the climatic states E , # and J have a smaller effect
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on the zeroth value function than changes in the capital stock K . To illustrate this, consider
the expected rate of change of the zeroth-order value function through its total derivative:

(A2.9) %EA [dJOK,E 7,46)]=30 + jg’%Et [dK]

o) o) ——~—
o)

v e 30 PLeael+ P e a7+ L L1E (a4l ]+,
o) oq) OE dt oy dt o4 df
oM oM o@) o) o o)

where we have left out the stochastic terms for ease of exposition. The contributions to the
rate of change of the zeroth-order value function (left-hand side of (A2.9)) from changes

intime t= gt (the first term on the right-hand side) and in the capital stock K (the second
term) are O(1), whereas the contributions from changes in the climatic states E , 7 and
A (the remaining terms on the right-hand side) are O(¢) and thus smaller than the first two
terms by a factor ¢. The functional dependence of J on the climatic states is said to be
‘slow’. When solving the HIB equation (A2.3) using perturbation methods, this means that
some of the derivatives of J© with respect to the climatic states E, 7 and A can be
ignored because their order in ¢ is too high. For the first-order term J® in (A2.8), we do
not assume a slow dependence on any of the states a priori. Precisely which terms in (A2.3)

will be included at which order is considered in detail in sections A.2.3 and A.2.4 below,
where we set out to find the zeroth- and first-order solutions.

To cast the HIB equation (A2.3) into the form F[J(X),X] =0 in (A1.1), we must first
find solutions for the forward-looking variables. The optimality conditions of (A2.3) with
respect to C and F are, respectively,

1n-y

)?E
)
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A211) 3, ((1-a)ARE“—b)g (i)+.e%a=0 = B=| 2% A,
(211 3 ((1-e) Jo (i)+ e [b+Pexp(—@f)]

where we define the optimal SCC in non-dimensional form as P= F,P/(9,K,), which is
given by
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NN
(A212) P=-pu— AE .
¢ ()3,
Upon substituting equations (A2.10)-(A2.11) into the HIB equation (A2.3) and recognizing

A

that J, C, F, A I and P are functions of the state variables collected in x, We obtain

an equation of the form f[J (X),X] =0 asin (A1.1).
By substituting our series solution for the value function (A2.8) into (A2.12), the leading-
order estimate of the optimal SCC is given by:

39
(A213) P=—g~E——E +0(),

~(0)

(NI

which is accurate up to ©(c?). For completeness, we note that both j(éo) and J él) are

O(¢). We therefore need to obtain both the zeroth- and the first-order solution for the value
function to obtain a consistent leading-order estimate of the SCC.

A.2.3. Zeroth-order solution (see also appendix B)

Substituting the series solution for the value function (A2.8) into the HIB equation
(A2.3), in which we have substituted for the forward-looking variables from (A2.10)-
(A2.11), and collecting zeroth-order terms in ¢, we obtain a nonlinear second-order
ordinary differential equation (as the dependence on time has disappeared) given by (B1)

in Appendix B, which we can write generally as F [J ©(x), X] =0 (cf. (A1.6)). We
can solve F© [J @ (x), X] =0 to give a solution of the form (see Appendix B):
(a2.14) 3 =y (DK,

where the function ¥, (eD) captures the slow dependence on the climatic states through

D=2 " 7% E% (see explanation in beginning of section A.2.2) and is given by (B3)
in Appendix B.

A.2.4. First-order solution (see also Appendix C)

We proceed to collect terms in the HJB that are first order in ¢ (cf. (A1.7)). First, we
ignore those derivatives of the zeroth-order value function with respect to the climatic states
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E , 7 and / that result in terms of ©(¢c?) and higher. Second, we perform Taylor-series

expansions in ¢ (about €¢=0) of any nonlinear function of the value function, again
ignoring those terms of order ®(e2) and higher. To illustrate this second step, consider the

optimality condition (A2.10), which becomes at O(¢)

h ] @ 7
(A215) 66(1) :é(l) _£¢ (I(O))Gn(l) _lﬁ:\]K _377—7/ 69 &)
A y 39 y1l-n 3O

where we have used the product and chain rules of differentiation repeatedly ((A2.10) is
the product of three functions), noting that we have used the expansions

C=CP+cCY+0(), =19+ +O(e), J, =39 +d® +0() and, of course,

J =1+ +0(¢%). Asingle nonlinear term in the HJB equation can thus give rise to

multiple terms upon expansion. Performing the first and second step explicitly and
consistently is straightforward yet cumbersome, and details are given in Appendix C.

W0 140
WS
X

Because we have chosen D=1 E*% to be a product of power functions, we can

solve the resulting partial differential equation in closed form.
A.3. Result A

Combining the zeroth- and first-order solutions for the value function according to
(A2.13), we obtain the following (dimensional) leading-order estimate of the optimal SCC
(corresponding its non-dimensional equivalent (C3.19) in Appendix C). We present results
in dimensional form here, so that they can be referred to directly by the reader of the main

paper.

Result A: The optimal risk-adjusted SCC is:

1 OE, 7, )Y|, 9
(A3.1) P= = P01 B e K +0O(e),

where ® =D, /(1-D) and r" =r® - 9@ = p+ (y -1)(g” —no? 1 2). Further,

(A3.2) Q:EtDFe“*(“)ds} with 1, =r"—(-1)(4() - nog 12)+,
t

where ¢=®/K =i—wi’/2-5, i=1/K . The term I is given dimensionally by
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I'=((+05)pXA-v, (7 - )X, A-v, (A -)XA,

1 1
-=o°X A—EXAMo-j —-(1-n)X, Ap 00,

2 X XX

(A3.3) -(1-n)XA, p,0¢0; _XZAM)MGZGA)KH]EQET

1
171 \a .
—0,. uA“ [170[] XAK g% 1 o™ —%GET (0. ~1)o2XAK 7E %2

~((1-7) 0 XApeoy 0 + X, Ape 0.0, +XA, pp 000, ) KTTER 2,

where X= "% and A=1"%. o

The term in (A3.1) in front of the brackets is the net present value of marginal damages
if only economic growth or asset return uncertainty is considered, and the atmospheric
carbon stock does not decay; the second term in the large brackets is the mark-up for carbon
stock, climate sensitivity and damage ratio uncertainties and carbon stock decay. The
integral to evaluate Q is discounted with a rate r,, that differs from r” in that it corrects
for net growth in the capital stock (including a term depending on risk aversion and the
volatility of the capital stock) and the rate of decay of atmospheric carbon.

The optimal SCC given in (A3.1) is proportional to world GDP, which is given to leading
order by its value when there is no climate policy (P =0) and depends on the stock of
atmospheric carbon and the climate sensitivity and damage ratio parameters through the
function O(E, y, 4) . It depends on preferences (o, yand 7), geophysical parameters (u, ¢

and vl), and the properties of the stochastic processes driving GDP, the carbon stock,

climate sensitivity and damages. The optimal SCC depends on the growth-corrected return

on capital r”, which is given to leading order by its value when there is no climate policy

P =0). The expected return on investment r® is the risk-free rate, r'® = p+yq®
p i pTY

~(L+y)nos 12, plus the risk premium 7072 .4
Result A indicates that the absolute error in our expression for the optimal SCC is O(e?)

and that the error as fraction of the SCC (which is O(e) itself) is thus O(e). Consistently,

we can ignore the slow dependence of the discount rate on the atmospheric carbon stock
(viathe marginal productivity of capital) when evaluating the discounting integral in Result

4 The investment and growth rates of GDP are given to leading order by their values without climate policy (cf. (C7)).
Implicitly, we get from the Euler and capital accumulation equations i =Y, |, -q (p+ (y—l)(qﬁ(i‘o)) -nol /2)) with

Yo loo = AE, 2,2 (A-a) D) and g@ =i® — w(i®)?/2-6 =¢(i®). Tobin’s qis q(i)=1/ ().
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A. As ¢ — 0, the SCC in Result A becomes exact. Generally, a closed-form solution to

the 5-dimensional integral (over time and to evaluate the 4-dimensional expectations
operator over the stochastic states in Q) is unavailable, so Result A must be evaluated
numerically.’

A.4. Results 1 and 2 (see also Appendix D)

To simplify Result A, we make three additional assumptions.

Assumption I: The future atmospheric carbon stock does not inherit any of the uncertainty
from new emissions through its dependence on the stochastic capital stock.

Assumption I1: We include only the leading-order effects of uncertainty by performing an
additional perturbation expansion.®

Assumption I11: We set the initial and steady-state values of the damage ratio parameter
A, and A to be equal, so deterministic damages are not subject to a delay. (We do not
make the same assumption for the climate sensitivity parameter y).

Owing to Assumptions I-111, we can derive closed-form solutions for the optimal risk-
adjusted SCC by evaluating the 4-dimensional integral in Result A explicitly with all details
in Appendix D. In doing so, we derive Results 1 and 2. We show in Appendix F that Results
1 and 2 only have minimal quantitative errors compared to Result A and that Assumptions
I, Il and Il are therefore justified ex post.

A.4.1. Result 1

Result 1 gives the simpler case under two additional assumptions.
Assumption 1V: Proportional reduced-form damages (6., =0).
Assumption V: An initial climate sensitivity parameter that is equal to its steady-state
value (x, = 1)

So-called reduced-form damages (or simply ‘damages’ below) are obtained when the
temperature-carbon stock relationship T(E) is substituted into the damage-temperature
relationship D(T), and damages become a direct function of the carbon stock: D(E).
Under Assumption IV, damages are proportional to the atmospheric carbon stock (i.e.

® This requires five-dimensional numerical integration over the probability space corresponding to the four states and with
respect to time. If the processes are independent, the integrals over the probability space of states can be evaluated
independently.

6 For completeness, we note that in the limit of small uncertainty in which Results 1 and 2 are valid, the atoms of probability
associated with all non-negativity constraints disappear.
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D o« E), and marginal damages are constant (i.e. D. # f (E) ) and thus unaffected by future
emissions. Under Assumption V, the deterministic climate sensitivity parameter does not
vary with time (i.e. M, = X =Y ). We emphasize that expected climate sensitivity

(E.[T,]=E. [ 2(5)"* ])) does increase the further we are looking into the future (s >t)
due to increased uncertainty on longer horizons and the convex dependence of climate
sensitivity T, on the climate sensitivity parameter y . Under Assumption V only

deterministic delays in the climate sensitivity are thus ignored motivated by simplicity
alone. Result 1 and its ‘risk adjustments’ are given in dimensional form in (17) in the paper.

A.4.2. Result 2

Result 2 allows for convex damages (6 ; #0) and an initial climate sensitivity
parameter that differs from its steady-state value (x, # ¥ ) and thus relaxes Assumptions

IV and V. In addition to ‘risk adjustments’, the SCC in Result 2 given by (20) in the paper
includes additional so-called ‘correction factors’, which can be evaluated as simple, one-
dimensional integrals. We distinguish two types of so-called ‘correction factors’, denoted
by the symbol Y with subscripts again denoting the state variable(s) from which the risk
originates: for 6., #0 and for y, # x .

Result 1 and 2 are different in three ways. First, the correction factors in Result 2, Yy .o
and Y, ., provide deterministic corrections for 6., #0 and y,# 7, respectively.
Second, in Result 2, the adjustments for uncertainty in the carbon stock, climate sensitivity,
the damage ratio and the interaction between the two are now multiplied by their respective
correction factors (Y'). Third, the effective discount rate r” in Result 1 is replaced by
r'=r +@1+6,)p (and r** =r" +(p-1)o —¢) in Result 2. The risk adjustments in
Result 2 are given by:

1 oV 1

(A4-1) Age = _EQET (1_ 9ET)[EE] r_ Z(P YEE |

2 2

1 o,/ 1 o,/ %

(A42) A;(l :EHZT (1+61T)%Ylll AZ,Z, zzgl(l—i_el)%y‘lﬂa

X 2

1 oo’
2

(A4.3) Bys =70 (1+6,1)6,(1+6,) 2 2; Y,

All



The adjustments for correlated climate and economic risk are

O O
pKEﬁ Pry }; Pmﬂj

(A48) Ay =—(7-Do | Oy —E- T + (146, ok OY e e O
(r —o) v, r+v,

The adjustment for correlated climate sensitivity and damage ratio risk is

pE;(O-EO-;(/ZO rr
(r'+v,)E -9

(1+€) 0 pElo-EGl/ﬂ’O r YE1+(1+0T)p}MO-ZO-l/(ZOAO)Y/1 .
(r'+v))E r"—9p “ r+v,+v, “

Agc = gET (l+ HZT)

Ex

(A4.5)

The correction factors (Y') in (A.4.1)-(A4.5) multiply a risk adjustment (A) and must

be linearly combined with unity, so that, for example, Y, =1+7Y o+ Y . These

21Ot # XX X0*X

combined correction factors are equal to unity when 6., #0 and y, =y (e.g., Y, =1).

We give the correction factors in terms of dimensional quantities given in (D3.4)-(D3.5) in
Appendix D.

O

Convexity of damages (6., >0) (Assumption 1V) causes Result 2 to be different from

Result 1 in four ways. First, it changes the normalized marginal damage ratio ®(E). From

(6), we obtain O (E) =(1/S,, )’ (L+ 6 )0y (E/ Spy )™ 1% 24 to leading order in our
small parameter. With convex damages (&; > 0), the normalized marginal damage ratio

thus rises with the stock of atmospheric carbon. The time path for the carbon price is then
steeper than that of world GDP. Its effect on the deterministic SCC is captured through the
correction factor Y, _, >0, reflecting the more harmful effect of future emissions (when

the stock is higher). Second, convex damages boost the effective discount rate
r'=p+( -9 +(@1+6., ), because the marginal damage of a unit of CO, decays

more quickly than the unit itself, depressing the SCC. Combining the first and second
effects, the net effect on the SCC is positive for small decay rates of atmospheric carbon.
Third, a new adjustment (A4.1) needs to be made for carbon stock uncertainty. For damages

that are not too convex (0<6, <1), this adjustment is negative, reflecting concave
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marginal damages Dg oc (1+ 6., )E% with Dy oc O, (0 —1)(L+ 6., )E* ? <0,which
holds for 0<#.; <1 (see section 1V). We emphasize that with proportional damages
(6z; =0), the adjustment to the SCC for carbon stock uncertainty is zero in Result 1.

Fourth, the adjustments for the other two climatic uncertainties in (A4.2) are now
multiplied by correction factors that are greater than unity, reflecting rising marginal
damages due to future emissions, as in the deterministic case. The same applies to the terms
adjusting for correlations in (A4.4)-(A4.5), with new correlation terms with the carbon
stock arising there. Finally, Result 2 allows for a higher-order term (A4.3), which is may
be non-negligibly small if &, is large enough (see also Appendix D).

The effect of the initial climate sensitivity parameter differing from its steady-state
value (y, # 7) (Assumption V) is captured as follows. The normalized marginal ratio ®

is evaluated at the initial (low) temperature. The term multiplying Y_ __ >0 is positive and

Xo#*X
captures this delayed deterministic temperature rise. Similarly, all the adjustments are
corrected by their respective correction factors to take this delayed deterministic
temperature increase into account.

A.5. Comparison with other types of perturbation theory in economics

The type of perturbation theory we apply is different (but not fundamentally so) from the
types of perturbation theory that are commonly applied in (macro-)economics and finance
(e.g., Judd, 1996, 1998). Typically, in this literature, the value function is expanded in

N
powers of the states themselves (e.g., J (K) = ch (K—K,)"), sometimes preceded by
n=1

a transformation of variables using a logarithm or power function). Examples are Judd and
Guu (1997), Schmitt-Grohé and Uribe (2004) and van Binsbergen et al. (2012). Our
approach is different, as we retain the nonlinear dependence on the states without
approximation at every order in ¢, which is made possible because of our use of power
functions. Sometimes in the literature, the relative standard deviation of the stochastic
process is the small parameter of the perturbation expansion (e.g., Judd and Guu, 2001).”
Both methods (expansion in the states and expansion in the small relative standard
deviation) can be combined (e.g., Boragan Aruoba, Fernandez-Villaverde and Rubio-
Ramirez, 2006). Although we choose a different small parameter, our approach is similar
to Judd and Guu (2001) with one fundamental difference: we also make use of the concept
of slow functional dependence and slow derivatives (from slow-fast dynamics in the

7' We also use this type of perturbation expansion to take only leading-order climatic uncertainty
into account (i.e. Assumption Il) when we obtain Results 1 and 2 from Result A.
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differential equations literature), which we have not seen applied in economics although it
has been used in financial mathematics (e.g., Fougue, Papanicolaou and Sircar (2000)).
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Appendix B: Derivation of Zeroth-Order Solution (For Online Publication)

After substituting the series solution for the value function (A2.8), the Hamilton-Jacobi-
Bellman equation (A2.3) can be written at O(1) as

Ly RN =4 4 =4
FANIC) 7 (A-n)3@) 7 —p(A-m)IO
( K) ( ) — ( ) +Jf(0)+J}(<O)¢(i(O))K
A L1
(B1) L-7)(a-n)3 @)
+2 0K =0,

where we have substituted for the forward-looking variables C and F at OQ1) from
(A2.10) and (A2.11) and we have used

1 = A(FOVK
(B2) EE{dK]—gb(l K.
o)
In (B1)-(B2), 12 is the (constant) optimally chosen investment rate. We note that there is
no variation with time f in equation (B1), so J =0, and (B1) is a second-order ordinary

differential equation in K . Equation (B1) has a power-law solution of the form

© 5 . . . . .
J =w,K"", and following some algebraic manipulation we obtain

e/l
",

(89) 3O = R with v, = (¢ <°>))'“"”[/s—(1—y)[é(f 0)-2n6; j] ,

where y, =, (D) is aslow function of D through i =i (cD). From the first-order

optimality condition for C, i.e. (A2.10), at O(1) , we obtain

A O A 1 . ~ e 1 .
(B4) C9=¢OK with ¢© = 50 [p— @-») [¢(' @) —5770';‘; D

where q(7) :]/¢’(f) denotes Tobin’s g, the price of capital in consumption terms.?

We can thus write the value function (B3) as

® The value of the capital stock is GK, or dimensionally gK, where §=1/4'(}) =1/¢'(i) is already a fraction and is left

unchanged by the normalization (cf. G=0 or wi=ai ).
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85 17 = i(cf?’(f‘“))'iz RGE
1

Substituting in for F from the first-order optimality condition (A2.11), we obtain from
(=Y -C-bF:

& A a A A a A A e 1 A
(B6) i¥=fn+o-CV=f0+5-9° [p—(l—y)(w @) -5n6% D

l-a
a

1 . .
where £ (D)=Y - &= aA(elﬁ)“ ((1—a)/b) — &5 denotes the marginal productivity

mpk

of capital net of depreciation® at zeroth order, which is a slow function of D through its
dependence on the total factor productivity. Equation (B6) implicitly defines the optimally

chosen investment rate 1®. From (B4), the leading-order endogenous growth rate of
capital and hence of consumption is

(B7) ¢© =iA—AE[dK]=¢3(i”<°>) and hence § =g(i”)=1.

o)
In equilibrium, the marginal propensity to consume ¢/ q“” equals the expected return on
investment £ minus the growth rate of the economy §”. The expected return on

investment 7 in turn, equals the sum of the risk-free rate £ and the risk premium
A A (O N A N A A . . .
AP, Hence, ¢9/4° =F@ —g@ =¢® +AF® —§®, and with a risk premium of

AF® =62 in the absence of any climate risk at zeroth-order, the risk-free rate is:

B8) iV =p+y°-Q+y)méi/2.

Although jg’) can be computed from (B5), a consistent leading-order estimate of the

optimal SCC also requires J él) and thus the next order in the perturbation expansion.

® Dimensionally, we have (% =£0g,.
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Appendix C: Derivation of First-Order Solution (For Online Publication)

To derive the first-order solution, we follow the following steps. We first find the

evolution equations for K and E (section C1). We then solve the multi-variate Ornstein-
Uhlenbeck process that describes all our states (section C2). In section C3, we will
substitute all these results into the HIB equation and retain only terms at O(e). It will

become clear there that we only need to derive the evolution equation for K up to O(e)

and for E at O(1) in section C1. The terms associated with uncertainty of the climatic
variables and their covariances only need to be derived at O(1) in section C2.

C1. Expected evolution equations for K and E

We consider the expected evolution equations of the states K and E at O(c) and O(1),

respectively. At this order, we have for the expected evolution of K:

A(0) 41 7(0) _ 7(0)
o Jo 1-n1

2 P A A s A 20a0 [ JO _ LX)
(C1.1) %Eflidl(]zqy(l ©@)ef® = _ ([ @)eCW = ¢'(1™)¢ KLE K 17 €J J
P

o(c) 4

where the first identity makes use of ® =cl® — @l TO/K =l Pg'(i@) at O(c). We

further note from [ =Y —bF —C that ® =-C®, since production net of fossil fuel costs
is unaffected by the SCC in our formulation:

SV-te] -

oP P=0

(C1.2) . = .
Ol ae| 1= |"g_p|—1=¢  ["a&k| =o
oP b+ Pexp(-gt) b+ Pexp(-§t)

P=0

The identity in (C1.2) relies on the Cobb-Douglas nature of the production function. The
third identity in (C1.1) follows from a Taylor-series expansion of C, given by (A2.10),
with respect to the small parameter ¢ (about ¢ =0):
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" 1) 2
€Ly  «0—c0| L o 1% Ln-ydY

Noting that 1® = —¢®, we can rearrange this linear equation to give

(CL.4) eo __ ¢ _li_luﬁ
' _1_1 Oy | 73O y1-5 3O )
7&/(?(0))

which is used in the third identity in (C2.1).
For E, we have at O(1):

1
a

~ _ (0) A/\
Ke ' —GE.

(C1.5) iEf [dE = g(l‘ﬁaj

C2. Solution to multi-variate Ornstein-Uhlenbeck process at O(1)

A A A ~T
We define k=k=log(K/K,), so the vector of states dx={dk,dE,d;2,d/1} is

described by a multi-variate Ornstein-Uhlenbeck process (9), which in non-dimensional
form is

(C2.1) dX:udt—vo(x—ﬁ)df+Sde,

where we note that we have not included time f in the vector X (unlike in Appendix A).
The growth rate vector (10), relevant to the capital and atmospheric carbon stock processes
only, is given in non-dimensional form by

:
_ [%%E{dlﬁ]—%c}i,%E{dé]0,0j ,

(C2.2) 1 :
~a 1, (l-«a o L, gt
¢(l)—§UK,,u z A“Ke™% 0,0 ,
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.
the mean reversion rate vector by vz(O,gb,vZ,m) , the vector of means by

7" =(0,0,%,2)", and the covariance matrix SS _has the form

~2 A A A A A A
Ok PkeOkOe  Pk,0k%, PkiOk0,
A A ) A A A A
1 T T Pre%k Ok Ok Pe,0e0, Pr,0e0;
(C23) —E;|dxdx |=SS = o N £, i
dt Px,O9«x%, Pe,0e0, o, P20 ,9,
A A A A A A A2
Pxi%k0;  PeiOeOir  Pu09,0, o,

We begin by integrating the multi-variate Ornstein-Uhlenbeck process (C2.1), including
only terms at zeroth order, so that the coefficients are constant, and a closed-form solution
is available. It will become apparent in section C3 that O(1) solutions to (C2.1) are
sufficient to obtain the HJB equation at O(¢). Specifically, we have at O(1) that

T

©) . . . 1_ la R - -
a =(¢(I(°))—G§ /Z,ﬂ[ 6“] A0, 0] , where we have relied on the solution for

K from the zeroth-order problem (cf. (B7)). The slow dependence of productivity A on
the states E, 7 and A can be neglected when integrating with respect to time at O(1) .
For constant coefficients, (C2.1) can be integrated to give:

_ t

(C2.4) x(t)=p+at+e" O(Xo —p)+_[ev(a‘f) SAW,.

0

The quantity x(f) is therefore normally distributed with covariance matrix X(t) :

T

(C2.5) X(t) = j(ev(“) o s)(ev(ﬁ*f) o s) du =
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op ,oKEoA'K O (1_ e_¢f) Prz%« 9, (1_ e—V‘,f) IOKA?-KGA (l— e—v}f)

oyt
4 Vi Vi
A A ) AoA . A A
pKEO:KO-E (1—6_‘%) O'E (1—6_2‘2’{) pEAzO-EAGl (1_9*(43*@)‘) pIiAO-EAO-A (1_e7(¢+v}-)f)
7 2¢ P+, p+v,
A A A A A2 A A '
Pk, OO, (1_ e—v”lf) pli;(JEo-z (l— e_((M*)f) 0'1\(1_ e—zl?lf) PAMUZA% (1_ e-(olw;.)f)
Vy O+v, 2v, v, tv,
pKA?A-KOA-l (1_6—&};) pli/l&EAoA-l 1_e7(¢3+\%)f) pjﬂ&zi&ﬂ (1_e—(ﬁz+"i)f) O? (1_e72v}f)
v, p+v, v, +Vv, 2v,

C3. The Hamilton-Jacobi-Bellman equation

Substituting for the forward-looking variables C from (A2.10) and F from (A2.11), the
Hamilton-Jacobi-Bellman equation (A2.3) becomes at O(e):

. . s ¢§/ [ ©) a0
(€31 ' ()+dP +dPKp(i)+ ( )

¢ _ 10
© y— ¢© ¢ / ér(f(o)) (EK\] &t (77 7/)6\] )
Oc

. . A 1_a la S it o A . . i
+(Jé°)+e\]él))(,u(—6 j AV*Ke t—¢E}+(J§20)+6J§21))VZ(;(—}()
20, 30V (7Nt gorese 1o, s0)g2s2
+HIP + e )vi(ﬂ—ﬂ)JrEeJKKK 62 +E(Jéé +eJQ)E%6?
1 7(0) 10 52 1 7(0) 1@ 42 7(0) LORT% L
+§(Jjﬁ2 +6Jﬁ)al+§(3ii +eJ2)67 +(IQ + Q)R pee6icSe
+(Jf$ +eJ§;)KpKl&K&Z +(Jg’g +eJS§)KpKloA'K6'l
- )

+(j§0.) +eJ® )pEz&E&;{ +(JA$1) +ejéi

~ A 70, .30 ~oa
£ by ),oEicrEa,1 +(in 4—6\1%),07[,1010,1 =0,

where we have used the identity 8/6k = K 8/6K (chain rule), substituted the evolution
equations for K at subsequent orders ((B2) and (C1.1)) and E at zeroth-order (C1.5),
and defined f"(J)= f(é*,j) with C optimally chosen. From (1) and (A2.10), f*(J)

is

(C3.2) fr= —(;;Sf(i‘)jK )7((1—;7)3‘);1'7 =T 53,
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A Taylor-series expansion of f*(J) in ¢ (about e=0) gives

(C3.3)
1y -1
21503 (0) © )y X ) .
o (#G03) 7 (-] & T N B LA RSV P
00 y g(i™) JO T a-na-n 3® | 1-y
1(£(0)y&(0) " A(0) R n A A — A
g(7)E | . ¢_A(0) CA(O) - (eKJS) +(ﬂ—7)6J(1))—€KJS) +—7]/-_77 J® —1_77 HeJ @,
y #(i )7_c ¢ (1-7) y
#(i?)

where we have substituted for 1 =—¢® from (C2.4) and used the identity:

(¢(|(0))J(0>)’7y((1 n)J(O))ylf’; )

= ¢ (’(0)) O)
¢ K

(C3.4)

P

Substituting from (C3.2), two of the terms in (C3.1) simplify to

€35 i +iol E[dK |=- L = [FA)E (-7 +Q-m)p|ed®.
0 dt 1-y
| —

0(e)
Using (C3.5), (C3.1) can be written as an equation with (derivatives of) the unknown first-
order value function on the left-hand side and (derivatives of) the known zeroth-order value
function on the right-hand side (cf. (A1.7)):

_L[&'(f(o))é(o) (n=r)+ (1—77)/3}65(1) +eJ® +JPKP(I)
-7
ejél) f‘(l_Taja AeRe 9"t —(pE +6J(l) (;( ;() J (j ,{)

1 1 " Za 1 (1) 2 1 "(1) ~2
(C36) EEJ K EEJ E EEJZZ P EEJ):}:O-A
J(l)KpKEaKO'E +6J K,OKZO'KG +6J K,OMO'KGi

+6jé;,051‘750;( +€‘]E"ipEzGEO',1 +€J(),OZ,10 G, ——G(t,K,E,;(,}:),

where we will refer to the right-hand side as (minus) the ‘forcing’. The forcing is defined
as
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1

G, K E 7,4)=J0 ﬂ[l 6“)“ AeRe- NGB |+I%, (- 2+

(C3.7) 3%, (1 - z)+ J0> 2 Ljos +;J‘°) 2+ IR pee6 6 + 30K py 66,

2 XX Z
+J(°)K,oma,<cr/1 + J pEZo*Ecr + ‘]ElpEiO-EO-/I + J pﬂo“ G,.
To obtain derivatives of the zeroth-order value function with respect to E , 7 and A4,

we first differentiate with respect to the marginal productivity of capital £

mpko Which slowly

depends on these three variables via D (i.e. the chain rule of differentiation). From (B5),
we obtain:

aJ@ . $"(¥)  1-p)ai®
C3.8 =JO
(©39) R e

Since the investment rate is implicitly defined, we obtain from (B6) by implicit
differentiation:

£(0)
(C3.9) a_ _ L

e R AT

Combining equations (C3.8) and (C3.9), we obtain

aj(o) 1 1 1-n_. o
= =J© C‘O? (¢ (i (o>)) - 7(C(0)) LR

mpk

(C3.10)

Using the chain rule of differentiation, we find the individual terms that contribute to the
forcing (C3.7) at O(e):

1-n S of©
¢ (I 0)) ( 0)) i Kl— “mpk and
Cca.11 a0 e &
( . ) "(0 (0) 1_'] (0) e ¢1-n 82 mgL
3 (¢(| )) 7(6@) 7 'R =

O(f)
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and similarly for derivatives with respect to 7 and A, as well as cross-derivatives. From

\Va Na)a .
the zeroth-order solution £ = aA( ,/1) ((1—a)/b) —J, We obtain

mpk

7 (0)

l-a
A, 5y (17"‘] A (1460, ) E% K(DAGD),
(C3.12a) 1
aZAn(w(;k l-a o A 20er 15 ANA (4
—_A(E, 7, /1)& - A0 (1+ 0o, ) E* ' X(D)A (),
£(0) - = X L
ampk _ 6A A(E Z ﬂ,)“ ( 6 j E1+6'ET Xf( (/%)A(ﬂ),
(C3.12b) X .
Thot __ i A(E, /1)“ (1 “] aE“f’Hf{ (NAG)
al Z 6 V74 X !
An('lol l-a l;a Mg & A A
o _ _A"A(E, Z,l)“ ( - j ¥ X(2)A,(A),
(C3.12¢) »
Tl __ i AE; ,i)ll(l_“ B X(P)A (D)
= —c , , a — ET . ,
oA o b A
zA(c;)k A NEEYE Jpy %a o P
= = _eA(E, 7,4) - A(l+6,)EFX A1
E07 (E.x.4) ( b J ( ET) ()AA)
l-a
©312d) L AE 50 (1 “j“A (1+6e ) E“X(DA, (1)
. =—¢ a _ + ET
OEDA 4 b = o
l-a
0%f F© 1-a )z =~ A ~ A
mpk 1+6, ~
— _A"A(E, ,z)a ( _ j EXe R ()AL (1),
0704 d b . ‘( )
where have used the following short hands X= 3"

and A=A"",
D=E

S0
E™% X(7)A(A). Equations (C3.11) and (C3.12) can be substituted into (C3.7)
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1-a)e A
G(K,E,;Z,A,)——eA(E,;()“ ( ; j A () (¢'(i(°))) -y

| =

16X A+iki s

27{7(){

[(-(1+ O )PXA+V, (7 - DX, A+0,(1 - DHXA, +=

N |

¢ 1-17 El+0er
(C3.13) +L-mX;Ap 66, + U-mXA p,6,6, + XA p,6,6,)KTE

;eﬁ (L+0. )62 KAR TEs

+@1+ GET)/l(l baj A”‘X/\K2 TE%r g %
+(@=mA+ O )XApye6y S + 1+ 0 )X Ape 66, KT TES
HL+ 0 ) KA o, 606, KMTE |RYTE S ]
Because we are ultimately interested in j‘él) for the computation of the social cost of

carbon, we first differentiate (C3.6) with respect to E and seek a solution for j‘él) of the

form J© =y, (1+ 6., )UK, E, 7, 4,€) , which gives (from (C3.6)):1°

o
+

(C3.14) 39 =y, (146, )UK, E, 7,4,E) =, Ef[dQ]z—f“(K, E, 7,4,0),

where we have introduced the effective discount rate
(C3.15) =0 g (1 n)[¢(n<°’)——n jw,

and the coefficient

1-a

@10 e A 2 (5] ) )

|||
)>>

The normalized forcing is defined by*!

10 Dimensionally, we have Q=E% 4" 3¥%K () .
1 Dimensionally, we have T =E}% 4" j%K g "
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A A A A AR A A A A AlAA 1.~ =~
(C3.17) I'(K,E, 7, ,t)E((1+eET)(pXA—VZ(Z—;()X}ZA—W(;L—/I)XAi—— 2% A

2 x XX

XA ;61 - A-mX;Ap 66, ~(1-mXA; p, 66, - XA 196,60, | KTES

1

- 1
_Q”ﬁ(lﬁa] A“XAKZWE%T%”mf—%«%T—negééﬁAkrwé%T2
_eET ((1_ U)X pKEd-Ké-E + X)?APEZGAEGAZ +XAipElé\-E&)~ ) K1777E0ET *1.

Equation (C3.14) has the closed-form solution:

—38

(C3.18) Q=E, { I'(K,E, 4,1, §)e_f"(§_f)d§}.

—

: N - ONP
We can now compute the SCC according to P = —,u(JéO) +eJ )/¢ (i )P

éﬁé (Ié,f(,}:)

(C3.19) P= - =
1—D(E,;2,ﬂ,)

ﬂéﬁijL{L O(K,E, 2,4,)
=

s with © =
E% X()A(A)K”

where we have introduced £ =f#® —§® . Dimensionally, equations (C3.17), (C3.18) and
(C3.19) correspond to Result A.
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Appendix D: Leading-Order Effects of Uncertainty (For Online Publication)

To evaluate the 4-dimensional integral in Result A in closed form and thus derive Results
1 and 2, we take three steps. First, we evaluate the expected carbon stock dynamics as a
function of time in section D1. Second, in section D2, we evaluate the forcing (C3.17)-
(C3.18) of the first-order problem in Appendix C. In this section, we invoke three
assumptions: we ignore the uncertainty in the carbon stock arising from the uncertainty of
future emissions (Assumption I), we take account of climatic uncertainty only to leading
order (Assumption 1), and we set 4, = A (Assumption I11). Finally, we combine the zeroth-
and first-order value functions and evaluate our leading-order estimate of the SCC in
section D3. This is known as Result 2. Result 2 further simplifies to Result 1 for
proportional damages (6;; =0) (Assumption IV) and with the initial climate sensitivity

parameter equal to its steady-state value ( x, = ¥ ) (Assumption V).

D1. Expected carbon stock dynamics

The expected value of the carbon stock is governed by the differential equation (C1.5)
with solution

(DL.1) E, [é(é)] = E(f)exp(-pAS) + 4 K (£) [1—exp(-pA$)]/ ¢ = E(£) exp(-pas)é(AS),

§—f and

11

with  new  short hands & E/}((l—a)/b)“ Ac . AS
8(A8) =1+ (2K (£)/E(f)) (exp(pAS) —1)/p. Dimensionally, we define x* so that
uF® = 'K, where u does not have units and " has units TtC$year. We can then

R * Va A *
obtain =/1(A(1—a)/b) or i =(Ky/90E, ) i -
D2. Forcing of the first-order problem with only leading-order uncertainty

To identify only leading-order contributions of uncertainty, we expand in
Ap=x-E[2], AA=i-E, [/1} and AE=E-E[E| with the corresponding
covariance matrix given by (C2.5) (Assumption I1). As in footnote 15 of the paper, we will

use short-hand notation for the expected values of 7 and A namely

i, =E [ 7]=exp(- f)+ ;?(1— EXP(—Vlf)) and
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i, =E; [ﬂ] =exp(—v,f) + j(l—exp(—ﬁlf)), and we note that &z, =1 (Assumption 111).12

We begin by considering terms that only involve capital stock uncertainty, which are
evaluated without approximation. The probability density function for time §, but with the
expectation operator evaluated at time f, is

1 1( (k—4,8)?
(D2.1) f oo exp| - ||
< J2r62As 2| 6¢As

where @, =¢(@i”) - 6% /2. Combining with the discount factor exp(-Ff,A$) in (C3.18)

and an additional factor accounting for the decay of the atmospheric carbon stock, we have
without further approximation

E [ K7 Jexp(~(F, +6er$)28) = (K(6)) " exp(-#"4) and

(D22) L,
E, [KZ’”]exp(—(fg +49 + (0 ~DP)AS) = (K(f)) exp(=F**A9),

where £* =f" +(1+ 0, )p=F" - ¢ + (1+6,, )¢ and
poxx ~(0)

P =FO 4O —(1-7n)6Z +0-¢ +F* —(1-7)62 —¢. We use alternative star symbols

* as superscripts to denote rates corrected for atmospheric carbon stock decay. To leading
order, we have for the terms involving the carbon stock:

e (£ ]=(E[E])" |1+20

2

) .
—E | |+ OEY),

E | E]
zA"E 2 4
2){Ef[é] +0O(ZL),

E{é”v‘ﬂ:(lzf[é])gﬂ 1+%('95T ~2)(6; -3) Ze +OEY),

£ €]

(D2.3)

ET (GET 1)
E[E%]=(g [EA])&“*l 1+%(0ET ~1)(6.; -

12 Consistent with the other non-dimensional variables, ﬁz = IUZ/ZO and t; = U, //10 .
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2
where we let the subscript on £ denote the relevant elements of the covariance matrix X
(C2.35) and we have ignored any contributions to uncertainty from new emissions through
their dependence on uncertain future GDP (Assumption I). Making Assumption Il more

precise, we retain terms up to second order in a perturbation expansion in X.!* The
following terms also make a contribution to the forcing (C3.17)-(C3.18): XA, X,A,

(;2—/}1)5(;2/&,5(/&&,(i—/}l))ﬂi/\j,f(ﬁ/\ and XA.. Keeping only those terms

contributing to the leading-order effect of climatic uncertainty, we have

A

B[ X(2) |= """ |1+ ( +1)9ﬂ[z—l] +O(24),

(D2.4a) 2
N 0 1 ) .
a[xgzﬂ ﬁ/%9ﬂ+1+—wﬂ+n@4@¢—n(f] +0O(EY),
2 a,
. SY| .
E.|(7 X, (2) =47 Do .| == o),
(D2.4b) [(-m)%:(2))= O 6, [AQJ +OR)
E [ X, (D)]=4," [0+, ]+OE)),
[Au{} A“@%+ a9+na[A J +OEY,
H,
(D2.53)

Ef [[\4 (i)] = /2/161 [(0/1 +1)+ %(0/1 +1)9/1 (0/1 -1) [%J + O(ii),

E.|(A A) (=i, | (0, +1)0, A
(D2.5b) ‘[( A ()] [( = (/a]

E A, (D)]=0"7[0, +10,]+ 0E2).

+OEh),

Using (D2.2)-(D2.5), we now consider the terms in the forcing (C3.17) consecutively
and let the subscript indices correspond to the sequence of terms in (C3.17) (left to right).

. . &2 82 - - . -
13 We also retain the term proportional to lel , which is fourth order, although this is inconsistent from a perturbation

theory perspective. We know from comparison to Result A, which we can evaluate exactly numerically (see Appendix F),
that this term is the largest higher-order term (notably, in the case of highly convex damages) we otherwise ignore. We thus
increase the accuracy of Results 1 and 2 by a few percent (see Appendix F).
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To consider the covariance terms in the forcing (C3.17), we also expand in
AIZzIZ—(q?(f“”)—&K /Z)f and only consider deviations from the zeroth-order mean

consistent with our search for leading-order terms only. The following terms arise:
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where elements of the covariance matrix have been substituted from (C2.5).
D3. Leading-order solution (Results 1 and 2)

Combining all the leading-order terms in the forcing equation (D2.6)-(D2.18) and
substituting into (C3.19), further assuming A, =4, so that [, =1 (Assumption 1l1), we
obtain Result 2 after considerable manipulation (including integrating by parts).

Result 2: The optimal risk-adjusted SCC is

(D3.1)
5 (E'f’/l)Yﬁox
r
[1+9ET;3*%;*YQH¢O+(1+ )11/ Y, tAx tA, A, +AN+ACK+ACC},
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where we distinguish six so-called ‘risk adjustments’ denoted by the symbol A with
subscripts denoting the state variable(s) from which the risk originates.

D3.1. Risk adjustments

The risk adjustments for atmospheric carbon stock uncertainty (A ), climate sensitivity
uncertainty (A, ), damage ratio uncertainty (A, ), the interaction of climate sensitivity

and damage ratio uncertainty (A, ,), the correlation between economic risk and all three

XA
climatic risks (A ), and the correlation between the three climatic risks themselves (A..)
are respectively

(D3.2)
1 6t 1 1 c 1
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D3.2. Correction factors

In addition to ‘risk adjustments’, we distinguish two types of so-called ‘correction
factors’, denoted by the symbol Y with subscripts again denoting the state variable(s) from
which the risk originates: for 6.; =0 and for y, # ¥ . In equation (D3.1), the correction

factors Y, ,, and Y are deterministic corrections for 6, #0 and y,#71,

Xo* X
respectively. The remaining correction factors (Y) in (D.3.2) multiply a risk adjustment
(A) and must be linearly combined with unity, so that, for example,
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Y, =1+Y,, .otY, . .;- These combined correction factors are equal to unity if

O 20 and x, # 7 (e.g., Y,, =1). We give the correction factors in terms of dimensional

guantities below (using the definitions in Appendix A.2.1), so that they can be used directly
in Result 2 given dimensionally in Appendix A.4.

The correction factors for 6., #0 are

(D3.4)
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where I (i)=1 for i=y and L, (i)=0 for i= y (cf. indicator function), the function
that takes into account future changes to the mean carbon stock
e(As) =1+ (1 K (t)/E(t)) (exp(pAs) —1)/¢ , and the time-varying mean climate sensitivity
w,(As) = u, () exp(-v,As) + i, (1—exp(-v,As)) .

The correction factors for y, # y are:
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(1)
We do not explicitly give the correction factors for the correlation terms involving

carbon stock uncertainty. Equation (D3.1) together with (D3.2)-(D3.5) gives the optimal
SCC according to Result 2.
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Appendix E: Calibration (For Online Publication)
E1. Asset returns, risk aversion and intertemporal substitution

We follow the calibration of Pindyck and Wang (2013), but ignore the effect of
catastrophic shocks.***> Using monthly asset data from the S&P 500 for the period 1947-

2008, we obtain an annual return on assets (capital gains plus dividends) of r©® =
7.2%l/year with annual volatility of o, =12%. For a return on safe assets of 0.80%/year
based on the annualized monthly return on 3-months T-bills, we obtain a risk premium of
Ar® =r©® _r© =g 49/year and calibrate the coefficient of relative risk aversion as
n = 4.3 (cf. Ar” =5c? ). Taking the growth rate to be equal to the historical growth rate
of g = 2.0%lyear, the equation ¥ = p+yg® —(1+y)nc? /2 (cf. (B9)) defines the
combinations of p and y that are consistent with historical asset returns. Setting the
coefficient of elasticity of intertemporal substitution EIS=2/3, we obtain y =EIS™* =15

and thus a rate of time preference is p = 5.8%/year. In section V.A we also consider an
alternative calibration where EIS = 1.5 (larger than one as is assumed in asset pricing
theory) and adjust p = 4.8%/year, so that the same risky and risk-free financial returns are
matched.

E2. Productivity, fossil fuel, adjustment costs and the depreciation rate

To calibrate total factor productivity, we consider the production function in the absence
of climate damage that can be obtained by setting P =0 (i.e. at zeroth order), namely

YO =A'K with A"= A" (L-a)/ b)(l_a)/a . Pindyck and Wang (2013) use empirical
estimates of the physical, human and intangible capital stocks and find A" =0.113/year,

which we adopt. Based on emissions of F{”) = 9.1 GtC/year in 2015, energy costs making
up a share 1—a =4.3% of world GDP at PPP in 2015 of $116 trillion/year, we estimate the

1 pindyck and Wang (2013) use Poisson shocks to capture small risks of large disasters (cf. Barro, 2016) and thus match
skewness and kurtosis of asset returns. These shocks are responsible for approximately 1%-point of the risk premium.

15 The alternative is to calibrate our AK-model to the observed volatility of consumption or output (cf. Gollier, 2012), which
are generally much less volatile than capital (asset returns). Because the volatilities of capital, consumption and output are
equal to the volatility of capital in an AK-model, this alternative calibration gives a much lower volatility and, consequently,
a higher coefficient of relative risk aversion to match the equity premium (see also the discussion in Pindyck and Wang,

2013). Historical data for the growth rate of world GDP for 1961-2015 imply a volatility of o, = 1.5%l/year'? and thus a
much higher value of risk aversion of 7 = 2.8 x10% for an equity premium of 6.4%/year. Kocherlota (1996) obtains oy =

3.6%fyear*? from US annual consumption growth during 1889-1978, which gives 7 = 49. We use o, = 1.5%/year"?, but
not the corresponding high values of risk aversion.
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fossil fuel cost to be b=Y®(1-a)/F) =$5.4x10°#C The gross marginal
productivity of capital is thus Y,f’)‘t_o =aA =0.11/year.” Using Pindyck and Wang’s
(2013) consumption-investment ratio ¢©/i® =2.84 and the identity A" =c@ +i® we

obtain initial values of c¢©® = 80%/year and ¥ =2.8%lyear. Using
g9 =c@/(r® —g®@)= 1.5and ¥ =(1-wi?)™, we get the adjustment-cost parameter
w =125 year. Finally, we find the depreciation rate that is consistent with the assumed rate
of economic growth: 6 =i® —w(i”)?/2 - g =0.33%/year.

E3. Atmospheric carbon stock and uncertainty

Here we calibrate our carbon stock model (4) to the Law Dome Ice Core 2000-year data
set and historical emissions. The first column of Fig. E1 shows maximum-likelihood
estimates, from which it is evident that estimates displaying a certain linear relationship
between ¢ and u are of comparable likelihood.

These loci of maximum likelihood are shown separately in Fig. E2, with the overall
maximum denoted by a red circle and corresponding values given in Table E1. The
remaining columns in Fig. E1 show the predicted and observed rate of change of the
atmospheric carbon stock (second column), the predicted and observed atmospheric carbon
stock (third column) and the remaining variability (fourth column).t®

16 We estimate the share of energy costs from data for energy use and energy costs from BP Statistical Review of World
Energy 2017. Data for emissions are obtained from the same source available online at
https://www.bp.com/en/global/corporate/energy-economics/statistical-review-of-world-energy.html. Our estimate of energy
costs as a percentage of GDP is in good agreement with data from the U.S. Energy Information Administration available
online at https://www.eia.gov/totalenergy/data/annual/showtext.php?t=ptb0105.

17 This is in line with Caselli and Feyrer (2007), who estimate annual marginal products of capital of 8.5% for rich countries
and 6.9% for poor countries, and an observed annual risk premium of 5-7%. They use a depreciation rate of 6.0% to calculate
the capital stock from investment, include the share of reproducible capital rather than the share of total capital, account for
differences in prices between capital and consumption goods and correct for inflation.

BAnnual data from the Law Dome firn and ice core records and the Cape Grim record are available online at
ftp://ftp.ncdc.noaa.gov/pub/data/paleo/icecore/antarctica/law/law2006.txt. This data is based on spline fits to different dataset
with different spline windows across time reflecting changes in the temporal resolution of the data. The discrete nature of the
fitted data is evident for the early years. Annual carbon emissions from fossil fuel consumption and cement production are
available online at http://cdiac.ornl.gov/trends/emis/tre_glob_2013.html.

19 By setting ¢ = 0, we can estimate the fraction 2 of emissions that stays in the atmosphere forever, whilst the remainder
is instantaneously absorbed by the oceans and other carbon sinks. Calibrating to this data, we find x = 0.68, 0.64, 0.56 and
0.43 for the periods 1750-2004, 1800-2004, 1900-2004 and 1959-2004, respectively. Performing a similar analysis, Le
Quéré et al. (2009) find that, between 1959 and 2008, 43% of each year's CO, emissions remained in the atmosphere on
average.
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FIGURE E1. HISTORICAL ATMOSPHERIC CARBON STOCK CALIBRATION
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FIGURE E2. LOCI OF BEST FIT OF ATMOSPHERIC STOCK CALIBRATION

Fig. E1 indicates that our model (4) captures the observed historical variations in the
atmospheric carbon stock reasonably well, including for very long time periods. The final
column in Table F1 shows volatility as percentage of the initial carbon stock, from which
we note that the stochastic carbon stock adjustment to the optimal SCC will be tiny if
estimated from historical emissions.

TABLE E1. ATMOSPHERIC CARBON STOCK CALIBRATION

Time u o [Wyear] op [GitC/year’?] | og /Sy [%/yea2]| og /By [%/year!?]
1750- 1.0 0.66 0.31 0.036 0.12
2004

1800- 0.75 0.00 0.26 0.029 0.10
2004

1900- 0.59 0.00 0.21 0.025 0.081
2004

1959- 0.79 0.91 0.23 0.027 0.089
2004

E4. Calibration of the curvature of the temperature-carbon stock relationship

The curvature of our temperature relationship (5), T(E, )= " (E/S,)"%, is

constant: 6; = ET.. (E, x)/T:(E, x) . The radiative law for global mean temperature,
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TocIn(S/S;)/In(2) cIn((E+S,)/S,)/IN(2)  (Arrhenius,  1896)*°  gives
6. =—E/(E+S,,). If we evaluate the temperature relationship at double (quadruple) the
pre-industrial stock E=S,, (E=3S,,), we obtain . =-0.50 (or . =-0.75).2 For S, =
0.854 TtC or E,=0.258 TtC (Fiven S, =0.596 TtC), we get 6. =-0.30. We set

6. =-0.36 for our base case calibration.
E.5. Climate sensitivity and uncertainty

If climate sensitivity parameter y is normally distributed with mean K, and standard
deviation Zl, the climate sensitivity T, =;(1+‘91 is described by the probability density
function
0, 1 2
1 “140

(ED) f,, (Tz;‘ul’zz’gz):\/gz (1+0 )T2  exp| — T21+9* y
x Z

2
257

V4

Unlike for fat-tailed distributions, which typically have algebraically decaying tails, all
moments of (E1) are defined due to its exponential tail (for &, > 1), so that Weitzman’s

(2009) “dismal theorem’ does not apply. Positive values of ¢, result in a positively skewed

(non-Gaussian) distribution with more probability mass at high temperatures. Leading-
order central moments of climate sensitivity can be obtained from performing Taylor-series

expansions of T, = ;(Ml about its mean ¢, :

(E2a) E[T,]=x" (1+%91(1+ 0)=,/ ,,ll)zjm(zjt),

€20) var[T,]=E|(T,~E[L]) |-+, ki (£, 1 1) +O(),

2 In their table 6.2, IPCC (2001) propose a logarithmic relationship for radiative forcing as a function CO,, also given in
IPCC (1990, chapter 2, where original sources are cited), among two other non-logarithmic, but generally concave
parametrizations. IPCC (1990, chapter 2, page 51) note that for “low/moderate/high concentrations, the form is well
approximated by a linear/square-root/logarithmic dependence”, where the limit of validity of the logarithmic calibration is
said to be 1000 ppm. For other greenhouse gases alternative parametrizations are proposed: a square-root dependence for
methane and a linear dependence for halocarbons.

2l Whereas the normalized curvature of Arrhenius’s (1896) logarithmic radiative law with respect to the atmospheric carbon

stock S, namely ST (S)/Ts(S) is constant and equal to -1, this limit is only reached for large carbon stock in our case, in
which 6, =ET(E, x)/T:(E, 2).
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(E20) skew[T,]=E| (T, ~E[T,])’ |=36,@+0,)"4* (=, 1 ) + O,

(E2d) skew’ [T,]=skew([T,]/(var[T,])"" =30,(=, / u,) + O(=2).

Our calibration of the distribution of the climate sensitivity are based on a wide range of
distributions reported and used by the IPCC (2014, ARS5) (see Fig. 2 in section IV.B).
Combining (E1) with the expected carbon stock dynamics in our model, Fig. E3 shows the
exceedance probability of temperature in our model as a function of time. The rapid
broadening of the distribution with time reflects our calibration to the TCR for short time

and the ECS for long time (see section IV.B).
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FIGURE E3. CONDITIONAL EXCEEDANCE PROBABILITY OF TEMPERATURE
IN OUR MODEL

The skewness of the temperature distribution is evident from the expected temperature
(dashed line) being greater than the median temperature, which is shown by the contour
with an exceedance probability of 0.5.

E6. Climate damage uncertainty

In addition to the two calibrations of our model in Fig. 3, two additional calibrations have
been considered in footnotes 60 and 61: a calibration based on Ackerman and Stanton

(2012) that is of form D =T*** (C,,1)""* and a calibration that is of the form D = D,T*

with 2~ N(u,,Z?) (see footnotes 60 and 61 for details). Fig. E4 illustrates these two

alternative calibrations with the continuous lines corresponding to expected damages, the
shaded areas to the 90% confidence intervals, and the blue dashed line labelled AS12 to
the original damage function of Ackerman and Stanton (2012). Also shown are the
expected damages for the convex damage case of our model as continuous red lines and
the corresponding 90% confidence bands as dashed red lines (cf. Fig. 3b).
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FIGURE E4. ALTERNATIVE DAMAGE FUNCTION CALIBRATIONS
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Appendix F: Accuracy of Results 1 and 2 (For Online Publication)

Result A is evaluated numerically by discretization in time before evaluating the
expectation operator numerically exactly and summing up the discounted contributions of
every time step. Whereas the stochastic processes for y and A are autonomous, the

stochastic process for K remains autonomous in Result 1, and all three have (independent)
probability distributions available in closed form, the probability distribution of E at any
time period in the future must combine all uncertain emissions (proportional to K ) before
that time. As the time integral of a Geometric Brownian motion does not have a closed-
form solution, we update the probability distribution function of E every time step with
the stochastic emissions and the decay in that period according to the differential equation
for E and project on a fixed grid for E to enable transfer of the probability density
function between time periods. Of course, the validity of Result A itself still relies on the
parameter ¢ being small. Consistent with our perturbation scheme, all our optimal risk-
adjusted carbon prices in Results A, 1 and 2 are evaluated along the business-as-usual path
for which P =0. We assess the accuracy of Results 1 and 2 for some of the calibrations
examined in section V. By choosing the grid size sufficiently small and the grid sufficiently
large in each case, we ensure that discretization errors for Result A are negligible.

TABLE F1. ACCURACY OF RESULT 1 OR 2 COMPARED TO RESULT A

Impatience p [/year] 5.8% 1.5% 0.1% 0.1% 0.1%
Economic volatility oy 12% 12% 1.5% 1.5% 1.5%
[lyear'?]

Proportional Proportional Proportional | Convex Highly
Damages convex

(AS12)

Total error in risk-adjusted -0.02% -2.0% 0.73% 1.9% -1.3%
SCC

Two factors determine the accuracy of using Result 1 or 2 instead of Result A. First, in
Results 1 and 2 we ignore any uncertainty in the atmospheric carbon stock that arises
because of the uncertain nature of future economic growth and thus of future emissions
(Assumption 1) For our base case calibration with proportional damages (6 =0)

(Assumption 1V), the stochastic nature of E does not lead to a change in the SCC. Second,
in Results 1 and 2 we only consider leading-order terms in the climate sensitivity
uncertainty (Assumption I1). We can confirm from Table F1 that the combined effect of
these two errors is sufficiently small to be ignored for all practical purposes. As expected,
it is larger for low discount rates, higher economic volatility, and convex damages.
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Appendix G: Carbon pricing with some common calibrations

In Table G1, we evaluate the optimal risk-adjusted SCC for different calibrations in the
literature. Golosov et al. (2014) use proportional damages, logarithmic utility (Il1A = RRA
=1), and p = 1.5% per year, which gives a risk-adjusted discount rate r® of 3.5% per year.
With logarithmic utility, neither the expected rate of growth nor uncertainty about the
future rate of growth influences the optimal SCC. Gollier (2012) uses RRA = 1A =2 and
p=0and calibrates to GDP volatility, which gives a risk-adjusted discount rate r® of 4%
per year and a risk-adjusted SCC of $18.5/tCO.. If the model were to be calibrated to asset
return volatility, the risk-adjusted discounted rate drops to 2.5% per year and the risk-
adjusted SCC rises to $62.6/tCO.. The discount rate is only substantially lowered for asset
return uncertainty; asset return uncertainty depresses the discount rate and increases the
risk-adjusted SCC as IIA >1 in this calibration.

TABLE G1. ESTIMATES OF THE SCC: COMPARISON WITH OTHER CALIBRATIONS

Golosov et . Stern (2007)

Model Base al. (2014) Gollier (2012) +AS12

Volatility based on asset - asset GDP GDP
returns returns

Deterministic SCC ($/tCO,) 115 19.0 144 144 51.6
Risk-adjusted SCC ($/tCO,) 39.8 24.6 62.6 18.5 102.9
Economic risk mark-up 163% 0% 225% 1.1% 0.3%
Carbon stock risk mark-up 0% 0% 0% 0% -1.1%
Climate sensitivity risk mark-up 41% 13% 57% 12% 66%
Damage ratio mark-up 43% 16% 54% 16% 21%
Total risk mark-up 247% 29% 336% 29% 90%
Discount rate r'® (per year) 2.9% 3.5% 2.5% 4.0% 3.0%
Estimates in this table are for proportional damages (6, = 0), except for the final column, which assumes
highly convex AS12 damages. The base case is for p = 1.5%/year (ethics-based calibration).

Our analytical results can also be used for stochastic carbon pricing with very convex
damages, i.e., those used in Ackerman and Stanton (2012). The last column of Table 8 uses
1A = RRA = 1.45 and a very low rate of time preference of p = 0.1%/year corresponding
to a discount rate r'® of 2.5% per year (for GDP-based economic volatility). These choices
reflect the low discount rate and convexity of damages used by Stern (2007). This gives a
very high deterministic SCC of $52 and an even higher risk-adjusted SCC of $103/tCO..
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