
Numerical Investigation : Model and Algorithm

1 Model: money investment model
1.1 steady state without shock
- correction: F (K,H) = KαH1−α: fortran program B = 1
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1.2 Agent’s problem

v(k, h,A) = maxk′,su((1 + r)k + wh− k′ − x′h) + βEη′v(k′, η′{(1− δh)h+Axφhh
φ}, A) + λk′ + θxh

(FOC1) u′((1 + r)k + wh− k′ − xh) = βEη′v1(k′, η′{(1− δh)h+Axφhh
φ}, A) + λ

(FOC2) u′((1 + r)k + wh− k′ − xh) = gxh(A, h, xh)βEη′η′v2(k′, η′{(1− δh)h+Axφhh
φ}, A) + θ

⇒ θ = 0 : (∵ lim
xh→0

gxh =∞)

Envelope conditions are following.

(Env1) v1(k, h,A) = (1 + r)u′((1 + r)k + wh− k′ − xh)
(Env2) v2(k, h,A) = wu′((1 + r)k + wh− k′ − xh)

+gh(A, h, xh)βEη′η′v2(k′, η′{(1− δh)h+Axφhh
φ}, A)

= [w + gh(A, h, xh)
gxh(A, h, xh)h]u′(((1 + r)k + wh− k′ − xh)
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Then, using the (FOC)’s and (Env)’s we can get following Euler equations

(EE1) : ((1 + r)k + wh− k′ − xh)−σ = (1 + r)βEη′((1 + r)k′ + wh′ − k′′ − x′h)−σ

(EE2) : ((1 + r)k + wh− k′ − xh)−σ

= Aφxφ−1
h hφ−1βEη′

[
η′{

1− δh +Aφx′φh h
′φ−1

Aφx′φ−1
h h′φ

}((1 + r)k′ + wh′ − k′′ − x′h)−σ
]

1.3 Agent’s problem Algorithm (EGM)
1. Guess initial derivatives of value functions

cbdd = max{0.0001, kr + hw}
dval1(0)(k, h,A) = (1 + r)(cgdd)−σ

dval1(0)(k, h,A) =

w +
(1− δh) +Aφhφ−1xφh,ss

Aφhφxφ−1
h,ss

 (cgdd)−σ

where xh,ss =
[
δhh

1−φ

A

] 1
φ

2. Fix Am, hj . For each k′l ∈ kgrid (k′l ≥ 0), solve for xh(k′l, hj , Am).
x1−φ
h Eη′v1(k′, η′{(1− δh)h+Axφhh

φ}, A) ≤ AφhφβEη′η′v2(k′, η′{(1− δh)h+Axφhh
φ}, A)

⇒ Eulers(s : k′l, hj , Am) = x1−φ
h Eη′v1(k′, η′{(1− δh)h+Axφhh

φ}, A)
−AφhφβEη′η′v2(k′, η′{(1− δh)h+Axφhh

φ}, A)
⇒ solve for xh and get xh(k′l, hj , Am)

3. c(k′l, hj , Am) = max{0.01, [βEv1(k′l, η′g(s∗, hj , Am), Am)]−
1
σ }

4. k(k′l, hj , Am) = c(k′l,hj ,Am)−whj+k′l+x
∗
h

1+r

5. kgridend(l, hj , Am) = k(k′l, hj , Am)
polkend(k′l, hj , Am) = k′l
polxhend(k′l, hj , Am) = xh(k′l, hj , Am)

6. interpolation on kgrid
-for j1 = 1 : ngrid (Am)
- for j3 = 1 : dimgridh (hj)
- for j2 = 1 : dimgridk (ki)
- k = kgrid(j2)
- if k > kgridend(1, j3, j1)
- polk(ki, hj , Am) = interp(kgridend, polkend, k)
- polxh(ki, hj , Am) = interp(kgridend, polsend, k)
- else
- polk(ki, hj , Am) = 0
- polxh(ki, hj , Am) = solution of
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- 0 = Eulerkink(xh)
- = u′((1 + r)k + wh− xh)−Aφhφxφ−1

h βEη′v2(k′ = 0, η′g(A, h, xh), A)
- end

7. Evaluate new derivatives
dval1new = (1 + r)(k(1 + r) + wh− polknew − polxhnew)−σ
dval2new = (w + ((1 − δh) + Aφhφ−1xφh)/(Aφxφ−1

h hφ)) ∗ ((k(1 + r) + wh − polknew −
polxhnew)−σ

1.4 Main algorithm for competitive equilibrium
1. random number generation for ηshock

2. Guess for K
H ⇒ get price r, w

3. Solve for HH’s problem for given r and w

4. compute Knew and Hnew using simulated data and compute new rnew

5. Check if |r − rnew| < tol. If not, update K
H and go back to 2.

1.5 Planner’s problem

Ω(Φ) = max k′(k, h,A)
s(k, h,A)

∫
S=K×H×A

u((1 + r)k + wh− k′ − xh)dΦ+ βΩ(Φ′)

=
∫
S=K×H×A

V (k, h,A)dΦ

(FOC1) u′((1 + r)k + wh− k′ − xh) = βEη′v1(k′, η′{(1− δh)h+Axφhh
φ}, A) +∆k + λ(k, h,A)

where ∆k = β

∫
S
u′((1 + r)k′ + wh′ − k′′ − x′h)[k′FKK + h′FLK ]dΦ′

(FOC2) u′((1 + r)k + wh− k′ − xh)
= gxh(A, h, xh)βEη′η′v2(k′, η′{(1− δh)h+Axφhh

φ}, A) + gxh(A, h, xh)∆h

where ∆h = β

∫
S×η′

η′u′((1 + r)k′ + wh′ − k′′ − x′h)[k′FKL + h′FLL]dΦ′+η′

Envelope conditions are following.

(Env1) v1(k, h,A) = (1 + r)u′((1 + r)k + wh− k′ − xh)

(Env2) v2(k, h,A) = [w + gh(A, h, xh)
gxh(A, h, xh) ]u′(((1 + r)k + wh− k′ − xh)
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1.6 Planner’s problem Algorithm - HH problem (EGM)
- For fixed ∆k,∆h, KH , r, w

1. Fix Am, hj . For each k′l ∈ kgrid (k′l ≥ 0), solve for xh(k′l, hj , Am).
Eulers(s : k′l, hj , Am) = x1−φ

h

{
βEη′v1(k′, η′{(1− δh)h+Axφhh

φ}, A) +∆k
}

−Aφhφ
{
βEη′η

′v2(k′, η′{(1− δh)h+Axφhh
φ}, A) +∆h

}
2. c(k′l, hj , Am) = max{0.001, [βEv1(k′l, η′g(Am, hj , x∗h), Am) +∆k]−

1
σ }

3. k(k′l, hj , Am) = c(k′l,hj ,Am)−whj+k′l+x
∗
h

1+r

4. kgridend(l, hj , Am) = k(k′l, hj , Am)
polkend(k′l, hj , Am) = k′l
polxhend(k′l, hj , Am) = xh(k′l, hj , Am)

5. interpolation on kgrid
-for j1 = 1 : ngrid (Am)
- for j3 = 1 : dimgridh (hj)
- for j2 = 1 : dimgridk (ki)
- k = kgrid(j2)
- if k > kgridend(1, j3, j1)
- polk(ki, hj , Am) = interp(kgridend, polkend, k)
- polxh(ki, hj , Am) = interp(kgridend, polxhend, k)
- else
- polk(ki, hj , Am) = 0
- polxh(ki, hj , Am) = solution of
- 0 = Eulerkink(xh)
- = u′((1+r)k+wh−xh)−Aφhφxφ−1

h {βEη′v2(k′ = 0, η′g(A, h, xh), A) +∆h}
- end

6. Evaluate new derivatives
dval1new = (1 + r)(k(1 + r) + wh− polknew − polxhnew)−σ
dval2new = (w+((1− δh)+Aφhφ−1polxhnewφ)/(Aφpolxhnewφ−1hφ))∗ ((k(1+ r)+wh−
polknew − polxhnew)−σ

(Main algorithm)
- Given ∆k, solve for K

H .
- Search over ∆k (fixed point).
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