Bubbles, Crashes, and Economic Growth: Theory and
Evidence

By PABLO A. GUERRON-QUINTANA, TOMOHIRO HIRANO, AND RYO JINNAT*

We analyze the ups and downs in economic growth in recent
decades by constructing a model with recurrent bubbles, crashes,
and endogenous growth. Once realized, bubbles crowd in invest-
ment and stimulate economic growth, but expectation about future
bubbles crowds out investment and reduces economic growth. We
identify bubbly episodes by estimating the model using the U.S.
data. Counterfactual simulations suggest that the IT and housing
bubbles not only caused economic booms but also lifted U.S. GDP
by almost 2 percentage points permanently, but the economy could
have grown even faster if people had believed that asset bubbles
would never arise.

JEL: E/4, 040, G01

A decade after the Great Recession, economic observers seem to agree on a
few points. First, an asset price bubble emerged in the years leading up to
the crisis. Second, economic growth was strong when the bubble was present.
Third, the implosion of the bubble triggered a financial crisis, resulting in severe
contraction (Brunnermeier and Oehmke, 2013). Fourth, the recovery from the
crisis was slower than the recovery from typical recessions. Recent empirical
studies find that these observations are far from unique to the Great Recession
or the U.S. Specifically, bubble-driven financial crises have happened in other
countries; the emergence and the bust of asset bubbles were not extremely rare
but repeated over time, with an interval of a few decades in many cases; and
they were accompanied by ups and downs in economic growth (Kindleberger,
2001; Cerra and Saxena, 2008; Blanchard, Cerutti and Summers, 2015; Jorda,

* Guerron-Quintana: Department of Economics, Boston College, 140 Commonwealth Avenue, Chesnut
Hill, Mass 02467 (pguerron@gmail.com). Tomohiro Hirano: Department of Economics, Royal Holloway,
University of London, Egham Hill, Egham, TW20 0EX, United Kingdom, and Center for Macroeco-
nomics, London School of Economics and Canon Institute for Global Studies (tomohih@gmail.com). Ryo
Jinnai: Institute of Economic Research, Hitotsubashi University, 2-1 Naka, Kunitachi, Tokyo, 186-8603
Japan (rjinnai@ier.hit-u.ac.jp). We benefited from useful comments by Levent Altinoglu, Gadi Barlevy,
Susanto Basu, Fernando Broner, Bernard Dumas, Andrew Foerster, Masashige Hamano, Takashi Kami-
higashi, Michihiro Kandori, Nobuhiro Kiyotaki, Nan Li, Alberto Martin, Kiminori Matsuyama, Masaya
Sakuragawa, Jose Scheinkman, Joseph Stiglitz, Dongho Song, Jean Tirole, Vincenzo Quadrini, Rosen
Valchev, Jaume Ventura, and seminar participants at Aoyama Gakuin University, Bank of Canada,
Bank of Japan, Beijing University, Boston College, Canon Institute for Global Studies, CREI, Emory,
Espol, Hitotsubashi University, Japan Center for Economic Research, Keio University, Kobe University,
Michigan State University, Monash University, National University of Singapore, Norwegian Business
School, Okayama University, Osaka University, RIETI, Royal Holloway, University of London, Shang-
hai Jiao Tong University, Tokai University, Tohoku University, University of Birmingham, University of
Tokyo, Waseda University, Wuhan University, and the NBER Summer Institute. Part of this work is
supported by JSPS Kakenhi 18H00831, 18KK0361, 20H01490, and 20H00073.

1



2 AMERICAN ECONOMIC JOURNAL MONTH YEAR

Schularick and Taylor, 2015). Motivated by these empirical findings, we construct
a model with recurrent bubbles, crashes, and endogenous growth that can account
for the aforementioned empirical regularities and that can be taken to the data
for structural estimation.

In order to estimate periods of asset bubbles, we employ a regime-switching
model and introduce two regimes: a “fundamental regime” and a “bubbly regime.”
The fundamental regime is characterized by the absence of bubbles (bubbleless
economy), in which investors are unable to obtain funds as they wish because of
financial frictions. An asset bubble may emerge when the economy switches to
the bubbly regime. Under some conditions, we show that there exists an equi-
librium in which asset bubbles emerge and collapse recurrently as the economy
switches back and forth between the two regimes.

Theoretically, recurrent bubbles produce two competing effects in our frame-
work. First, bubbles mitigate the investor’s lack of funding problem once they
appear, speeding up capital accumulation, which in our endogenous growth model
speeds up economic growth. This is the so-called crowding-in effect of realized
bubbles.! Second, there is a novel crowding-out effect generated by expectations
of future bubbles. Households in our model are long-lived and experience the
emergence and the collapse of bubbles recurrently. Importantly, they fully an-
ticipate these dynamics. Therefore, even if bubbles are absent today, households
expect their emergence in the future. Likewise, when bubbles exist, households
rationally anticipate their future collapse and re-emergence. These expectations
about future bubbles affect households’ decisions and, crucially, are a drag on
economic growth. The underlying mechanism is a wealth effect. That is, house-
holds will be wealthier when bubbles arise in the future. With this anticipation,
households increase both consumption and leisure, which crowds out investment
and reduces economic growth today.

We show that the crowding-out effect of future bubbles is quantitatively im-
portant. If bubbles do not appear frequently and the economy’s financial market
is severely under-developed, the standard crowding-in effect of realized bubbles
could still dominate. On the other hand, if the financial market is relatively de-
veloped, the crowding-out effect of future bubbles can dominate. In this case,
recurrent bubbles reduce average growth and welfare over the long run. Im-
portantly, if bubbles emerge more frequently, the crowding-out effect becomes
stronger. Therefore, high-frequency bubbles can be undesirable even in finan-
cially under-developed economies.

Empirically, we estimate the model using U.S. data for the period 1984-2017.
We identify bubbles by exploiting the model’s robust predictions that both GDP
growth and the stock-market-to-GDP ratio are simultaneously high when bubbles
exist. Using these observables, we find that at least two bubbly episodes are very

IThere is a crowding-out effect of realized bubbles too. But we do not emphasize it in our paper for
two reasons. First, it is not new but has already been discussed in the literature; see Kocherlakota (2009),
Farhi and Tirole (2012), and Hirano and Yanagawa (2017), for example. Second, it is quantitatively small
in our model.
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likely in our sample: the first one from around 1997 to 2001, and the second one
from around 2006 to the onset of the Great Recession. Both the asset market
and GDP growth were strong in these periods, which our model attributes to
the emergence of bubbles. But not all the booms are estimated to be bubbly.
For example, our model attributes the strong GDP growth in the mid-1990s to
favorable productivity shocks, for the stock market was not strong enough to
justify the existence of bubbles. By the same token, a strong stock market alone
does not necessarily imply a bubble in our estimation. This is the case in 2014
when the stock market was booming but growth was relatively weak.

A counterfactual simulation reveals that the U.S. economy significantly bene-
fited from the realized bubbles for two reasons. First, it directly enjoyed bubble-
driven economic booms. Second, investment booms during the bubbly episodes
permanently raised the output level even after the bubbles had gone. We esti-
mate that the two bubbly episodes combined permanently raised the level of U.S.
GDP by about 2 percentage points. However, another counterfactual simulation
suggests that the U.S. economy could have grown even faster. That is, if the econ-
omy were in a different equilibrium in which bubbles never arose and were never
expected to emerge, GDP growth would be higher than the actual on average.
This is because the crowding-out effect of future bubbles is absent.

The rest of the paper proceeds as follows. After highlighting the contributions
of our paper to the existing literature, we describe the baseline model in Section
2. Section 3 provides both analytical solutions to a special case and intuitions. In
Section 4, we calibrate the baseline model for quantitative exercises in subsequent
sections. Section 5 discusses both the crowding-in and the crowding-out effects
of recurrent bubbles. Section 6 discusses empirical findings. Section 7 concludes.

Related Work in the Literature

This paper is related to the seminal work on asset price bubbles in an infinite
horizon economy, e.g., Bewley (1980), Scheinkman and Weiss (1986), Woodford
(1990), Kocherlakota (1992, 2009), and Kiyotaki and Moore (2012). They con-
sider either deterministic bubbles, which are expected to survive forever, or the
stochastic bubbles developed by Weil (1987), which are expected to collapse but
once they do, their re-emergence is not expected at all.? In contrast, we consider
recurrent bubbly episodes in an infinite horizon economy. Infinitely lived house-
holds rationally expect that bubbles will repeatedly emerge and collapse in the

2The same applies to the landmark papers on rational bubbles in an overlapping generations model;
e.g., Samuelson (1958), Shell et al. (1969, Section 3), Townsend (1980), Tirole (1985), Diba and Grossman
(1988), Farhi and Tirole (2012), and Martin and Ventura (2012). Martin and Ventura consider recurrent
bubbly episodes, but agents in their model live for only two periods, and in addition, everyone supplies one
unit of labor inelastically in the young period and consumes only in the old period. These assumptions
make expectations about future bubbles irrelevant to labor supply, consumption, and investment in the
young period, as well as to welfare. It does not matter whether the emergence of future bubbles is
expected or not. In this sense, their bubble model is essentially the same as Weil’s stochastic-bubble
model.
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future. These expectations about future bubbles will affect households’ decisions,
even when bubbles are absent today.

Following Weil (1987), we assume that bubbles will collapse all at once when
it comes to a crash moment. This assumption is strong if it is taken literally,
but is convenient to capture large nonlinear effects of the crash. Large asset
price movements are a common feature of bubbly episodes,® and they will have
large nonlinear effects on the economy, a point emphasized by studies on finan-
cial crises such as Mendoza (2010), Brunnermeier and Sannikov (2014), He and
Krishnamurthy (2013), Gertler and Kiyotaki (2015), and Gertler, Kiyotaki and
Prestipino (2020). In order to capture large nonlinear effects, we assume complete
collapses as in Weil (1987).4 See Gali (2014) and Miao, Wang and Xu (2015) for
a local analysis around the bubbly steady state using a linearization technique.
The local analysis may be suitable to analyze the bubble economy without a large
crash. As discussed in the Section F in the Online Appendix, the local analysis
is not suitable to study the economy experiencing large crashes, for their effects
are highly nonlinear.

Our work also relates to the recent papers highlighting the downside of asset
bubbles. This is interesting research because, as Barlevy (2018) articulates, there
is a concern that the theoretical literature on bubbles traditionally emphasizes
their upside disproportionately and as a result does not address the types of issues
policymakers care most about.? Specifically, Allen, Barlevy and Gale (2021) and
Biswas, Hanson and Phan (2020) show that stagnation in output occurs after the
bursting of bubbles in models without growth. The stagnation in output makes
the welfare impact of bubbles nontrivial even if bubbles raise the output level
when they are present. Their arguments, however, hinge on mechanisms that
are not necessarily related to bubbles; namely, Allen, Barlevy and Gale (2021)
introduce default costs exogenously associated with the collapse of bubbles, and
Biswas, Hanson and Phan (2020) introduce downward nominal wage rigidities.
Our model abstracts from such mechanisms or other frictions, including nomi-
nal price rigidities or fire-sale externalities. Nonetheless, an interesting cost still
emerges endogenously, just because infinitely lived households anticipate future
bubbles.

Our paper is also related to the news shock literature (Beaudry and Portier,
2006; Jaimovich and Rebelo, 2009; Schmitt-Grohe and Uribe, 2012) and a recent
paper by Schaal and Taschereau-Dumouchel (2021), in which expectations play a

3For example, in the 1980s asset price bubble in Japan, stock prices rose by more than 3 times
between 1985 and 1989, and the urban land price rose by almost 4 times between 1985 and 1990; then,
stock prices fell by 60 percent by 1992, and the urban land price fell by 80 percent by 1999 (Okina,
Shirakawa and Shiratsuka, 2001).

4A similar assumption is made by Gertler and Kiyotaki (2015) and Gertler, Kiyotaki and Prestipino
(2020); a bank run in their models is the entire collapse of the banking sector, with which they capture
large nonlinear macroeconomic effects of the run.

5The classic argument is that bubbles improve welfare because they help consumption smoothing
(Samuelson, 1958; Bewley, 1980; Scheinkman and Weiss, 1986; Farhi and Tirole, 2012; Hirano and Yana-
gawa, 2017).
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key role in generating business cycles. There are two crucial differences from our
paper. First, in the news shock literature, expectations about future fundamen-
tals, typically the productivity level, are the key driver. In contrast, expectations
about nonfundamentals, i.e., asset bubbles, are important in our model. Second,
in the news shock literature, both positive news and negative news are equally
likely. Because their unconditional means are zero, the presence of the news shocks
has no impact on the model’s deterministic steady state. In contrast, economic
agents in our model rationally anticipate how bubbles will evolve from now on; in
the fundamental regime, they expect a new bubbly episode to begin, and in the
bubbly regime, they anticipate the crash. These regime-dependent expectations
about asset bubbles have a significant impact on the regime-dependent steady
states.6

Our empirical contribution is related to the growing body of work on quantita-
tive models with endogenous growth. Comin and Gertler (2006) is a seminal con-
tribution; they propose a model with endogenous productivity that can account
for medium cycle properties of the U.S. data. More specifically, they demon-
strate that an otherwise standard macroeconomic model with both research and
development (R&D) and adoption stages reproduces the procyclical movements
in technological change and R&D, while delivering reasonable business cycles.
Guerron-Quintana and Jinnai (2019) examine the causes of the post-war U.S. re-
cessions through the lens of an estimated dynamic stochastic general equilibrium
model with both financial frictions and endogenous growth. In their framework,
adverse financial shocks account for the severity of the Great Recession, but the
same shocks could not account for why GDP growth slowed down after the cri-
sis by about 1 percentage point. The reason is simple: the data counterpart of
the financial shocks lacks persistence (Stock and Watson, 2012), and many fi-
nancial indicators temporarily deteriorated but recovered after the bankruptcy of
Lehman Brothers (Guerron-Quintana and Jinnai, 2019). In contrast, the current
paper accounts for the growth slowdown intuitively. Namely, to the extent that
the high growth in the 2000s was boosted by asset bubbles, the collapse of these
bubbles led inevitably to slower growth. Furthermore, a new bubbly episode has
not occurred yet according to our estimates.”

In a similar line of thinking, Anzoategui et al. (2019) propose and estimate an
endogenous growth model with nominal frictions. The authors find that the slow-
down in productivity in the 2010s resulted from a contraction in demand. This
decrease in consumption triggered a reduction in R&D and hence the decline in
productivity.® Anzoategui et al. (2019), Comin and Gertler (2006), and Guerron-

6Computing regime-dependent steady states is difficult in general. But in our model, endogenous
growth simplifies the task. We will discuss it momentarily.

"Hysteresis is another literature studying the growth slowdown. Blanchard, Cerutti and Summers
(2015) and Jorda, Schularick and Taylor (2015) document this phenomenon not only for the U.S. but for
other countries. Gali (2016) studies hysteresis in labor markets and the design of monetary policy. We
view our work as complementary to this literature.

8Mian and Sufi (2015) argue that an elevated household debt was important for the contraction in
demand. They discuss a bubble in the housing market, but they do so in a behavioral finance framework.
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Quintana and Jinnai (2019) reach their conclusions based on models linearized
around a unique steady state. As we show in the next sections, our model is more
complex due to regime switching that affects steady states and growth rates.
Moreover, the solution and estimation techniques adopted in this paper are novel
in the endogenous growth literature and bubble literature. The regime-switching
feature in turn relates our contribution to the work on the solution and estimation
of models with Markov regimes extensively reviewed by Hamilton (2016).

I. Model
Our model description consists of regimes, firms, and households.
A.  Regimes

Let z; € {b, f} denote a realization of the regime, where b and f denote the
bubbly and fundamental regimes, respectively. Their defining characteristics are
the existence or lack of bubbly assets. They are intrinsically useless, contributing
neither to production nor to households’ utility directly. In the fundamental
regime, there are no bubbly assets in the economy. When the regime switches
to a bubbly one, M units of (a new vintage of) bubbly assets are created and
given to households in a lump-sum way. There is no bubble creation in other
contingencies. Bubbly assets last without depreciation as long as the economy
stays in the bubbly regime. They physically disappear at once when the regime
switches back to the fundamental one.?"19 We assume that z; follows a Markov
process satisfying

Pr(zi = flzg-1=f)=1—o0y
and
Pr(z: =blzi—1 =0) =1—0y.

Here, oy and o3, are bounded between 0 and 1.
B. Firms

Competitive firms produce output from capital and labor services denoted by
KSP and LP, respectively. The production function is

11—«

Y, = A (KSP)* (LP) ™7,

9 Alternatively, we can assume that the prices of the bubbly assets become zero all at once. They are
isomorphic.

10We assume complete collapses in order to capture the large nonlinear effects associated with the
bursting of a bubble. In Section F in the Online Appendix, we examine an alternative assumption,
replacing the fundamental regime with a low-bubble regime in which a small fraction of bubbly assets
survive from the previous regime. This model behaves quite differently from our baseline model, because
when the economy moves to the low-bubble regime, demand for the surviving bubbly assets shoots up,
pushing up their prices and hence mitigating the impact of the crash. The details are in the Online
Appendix.
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where Ay is the technology level that agents in the economy take as given. Firms
maximize profits defined as Y; — r K SP —w; LP by choosing K'SP and LP, where
r¢ is the rental price of capital and w; is the wage rate. The production technology
is freely available to potential entrants. Firms make zero profits in equilibrium.

We assume that, while all the economic agents in the model take it as given,
the technology level A; is actually endogenous:

Ay = A(K) e,

Here, a; is an exogenous productivity shock and A is a scale parameter. Following
Arrow (1962), Sheshinski (1967), and Romer (1986), we interpret the dependency
of A; on K; as learning-by-doing; namely, knowledge is a by-product of invest-
ment, and in addition, it is a public good that anyone can access at zero cost.
With this assumption, the long-run tendency for capital to experience diminishing
returns is eliminated. Long-run growth is sustained by both capital and knowl-
edge accumulation. Moreover, the growth rate is endogenous and influenced by
not only the state of the economy but also actions taken by economic agents. This
implication is crucial for our study, because we are interested in factors causing
ups and downs in economic growth.

The AK structure is important for tractability too. As we show in Section
C.3 in the Online Appendix, once we detrend the model by K, the equilibrium
conditions depend only on the exogenous state variables. The resulting system is
computationally tractable. Importantly, we can find the regime-dependent steady
states and estimate the model in reasonable time.

The analysis is way more complicated if the aggregate production function has
diminishing returns to scale in capital. This is because not only capital becomes
a state variable but also the number of possible cases for the level of capital grows
over time for the following reason. First, the stock of capital today depends on
the one yesterday, but capital yesterday could take different values depending on
the regime yesterday. The same reasoning applies for the stock of capital on the
day before yesterday. This means that we need to track the entire history of
regime switches up to time ¢ in order to solve the model. The possible levels of
capital explode as time evolves, making the solution effectively unfeasible.

C. Households

The economy is populated by a continuum of households, with measure one.
All households behave identically. Each household has a unit measure of members
who are identical at the beginning of each period. During the period, members
are separated from each other, and each member receives a shock that determines
her role in the period. A member will be an investor with probability 7 € [0, 1]
and will be a saver/worker with probability 1 — 7. These shocks are i.i.d. among
members and across time.
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A period is divided into four stages: household’s decisions, production, invest-
ment, and consumption. In the household’s decision stage, all members of a
household are together and pool their assets: n; units of capital and m; units of
bubbly assets. Aggregate shocks are realized. The head of the household decides
the capacity utilization rate wu;, i.e., how intensively to use the capital it owns.!!
Because all members of the household are identical in this stage, the household
head evenly divides the assets among the members. The household head also
gives contingency plans to each member as follows. If the member becomes an
investor, he or she spends #; units of final goods to invest, and brings home the
following items before the consumption stage: z! units of final goods, n’ |1 units
of capital, and ! 41 units of bubbly assets. Likewise, if the member becomes a
saver, he or she supplies [; units of labor, and brings home the following items
before the consumption stage: zj units of final goods, n{, ; units of capital, and
my,, units of bubbly assets. After receiving these instructions, members go to
the market and remain separated from each other until the consumption stage.

At the beginning of the second stage, each member receives the shock that
determines her role in the period. Markets open and competitive firms produce
final goods. Compensation for productive factors is paid to their owners. A
fraction of capital depreciates. Following Greenwood, Hercowitz and Huffman
(1988), we assume that a higher utilization rate causes a faster depreciation of
the capital stock either because wear and tear increase with use or because less
time can be devoted to maintenance. Specifically, the depreciation rate 0 (u) is
given by

01 ut1+c
1+¢

5(ut) = 50 +

where ¢ > 0.

Investors seek finance to undertake investment projects in the third stage. Fi-
nancing comes through different channels: own resources, selling of new and
existing capital, and, if in the bubbly regime, selling of bubbly assets. Investors
have access to a linear technology that transforms any amount of final goods into
the same amount of new capital. Asset markets close at the end of this stage.
Members of the household meet again in the consumption stage. An investor con-
sumes ¢, units of final goods and a saver consumes ¢ units of final goods. After
consumption, members’ identities are lost. They start a new period as identical
members.

The instructions must meet a set of constraints. First, they have to satisfy an

11The variable capacity utilization rate is needed to generate a boom when the bubble emerges and
a recession when the bubble bursts. Our key insight regarding the crowding-in effect of realized bubbles
and the crowding-out effect of the future bubbles, however, does not crucially depend on the variable
capacity utilization rate. The same applies for asset price implications. This point will be clearer in
Section II, in which we present an analytical characterization under simplification assumptions. As we
will see, the capacity utilization rate is fixed in the section.
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intratemporal budget constraint. For an investor, it is

(1) I‘é + ’L't + qt (ni_i_l — it — (1 —0 (ut)) ’I’Lt) + l{zt:b}ﬁt (’I’hi_,'_l — Tht) = UtT¢Ny,

J/

net capital purchase net bubble purchase

and for a saver, it is
(2) 1’? + qt (nf_H - (1 -9 (’LLt)) 7’Lt) + 1{zt:b}ﬁt (fan — ’I?N’Lt) = wgreng + wely.

Here, ¢; and p; denote prices of capital and bubbly assets, respectively. 1 is an
indicator function to be discussed momentarily. In addition, the instructions must
satisfy a feasibility constraint in the consumption stage given by

(3) mxt + (1 —7)zf =nct + (1 —7)cf.

In the fundamental regime, there are neither spot nor future markets for bubbly
assets, and in addition, future bubbles cannot be used as collateral for loans.'?
The indicator function in the budget constraints (1) and (2) captures this idea;
the bubbly assets are worthless in the fundamental regime, because they are
intrinsically useless and no one can sell them in the fundamental regime. We also
impose the following restrictions:

(4) Liopymysr = L pymiy g =0,

meaning that no one can purchase bubbly assets in the fundamental regime be-
cause there are no markets for bubbly assets.

Following Kiyotaki and Moore (2012), we assume that an investor can issue new
equity on, at most, a fraction ¢ of investment. In addition, she can sell, at most,
a fraction ¢ of existing capital in the market too. Effectively, these constraints
introduce a lower bound to the capital holdings at the end of the period:

(5) Mier 2 (1= ¢) (it + (1= 8 (ur)) ne) -

A similar constraint applies to nj, |, but we omit it because it does not bind in

.1 . . .« . . 7, . 'L s s
equilibrium. We also omit non-negativity constraints for w, cf, i¢, ny, 1, x{, ¢,
lt, ng,q, and m§, | for the same reason. However, there are two exceptions

(6) ity >0

12Tirole (1985) made an identical assumption regarding rent creation. He wrote: “An important
feature of rent creation is that most rents are not capitalized before their “creation.” For example a
painting to be created by a 21st century master cannot be sold in advance by the painter’s forebears.
Similarly patents cannot be granted for future inventions.” Our assumption regarding bubble creation is
the same; we assume that bubble creation is exogenous, and bubbles cannot be capitalized before their
creation.
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and

(7) xi >0,

which mean that the investor can’t short sell bubbly assets and must bring a
non-negative amount of consumption back to the household.

The household’s problem is summarized as follows. A sequence of uy, %, ci, iy,
niﬂ, mg'H, xi, ¢f, ly, ni, 4, and My, is chosen to maximize the utility

3) Eo |32 5 (mog (c) + (1 = m) log () +n (1 — )
t=0

subject to (1), (2), (3), (4), (5), (6), (7), and the laws of motion for assets given
by

(9) ner1 =gy + (1= m)niy

and ‘

M1 = Wmé—i—l + (1 - 7T) m§+1 + 1{2t:f,2t+1:b}M
for all ¢ > 0. d; is a preference shock temporarily influencing the household’s
patience. It is a stylized demand-side shock to the economy. In addition, its
effects resemble the effects of shocks originating from the financial sector in many
ways (Fisher, 2014; Smets and Wouters, 2007). The initial portfolio is {ng, mo} =
{Ko, 1{Zt:b}M} where K; denotes the capital stock in the economy in period t.

D. Market Clearing

Competitive equilibrium is defined in a standard way; all agents optimize given
prices, and the market clearing conditions are satisfied for capital

N1 = Kiqq,
labor services
D
Lt = (1 — 7'[') lt,

capital services
KStD = uth,
and final goods '
wei+(1—m)ci +miy =Y,

for all ¢. If it is the bubbly regime (z; = b), the market clearing condition for the
bubbly assets 4
i+ (L —m)mi =M
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is also satisfied. The law of motion for aggregate capital stock is
KtJrl = (1 -0 (ut)) Kt + ﬂ'it,

which automatically holds by Walras’ law.

E. Solving the Household’s Problem

The financial constraint (5) does not bind if ¢ is sufficiently large. In this case,
the price of capital is equal to one, and the price of bubbly assets is equal to zero,
as we show in Section A.l in the Online Appendix. The household’s problem
becomes standard; it chooses a sequence of uy, ci, cf, I;, and 141 to maximize
the utility subject to

mep+ (L =) ¢f +npr = [uere + (1= 6 (wg))] ng + wy (1 —7) .

The first-order conditions are also standard. We show them in Section A.l in the
Online Appendix.

If ¢ is small, the financial constraint (5) binds. The price of capital exceeds one,
because capital is not only used as a production factor but also provides liquidity
to its owners. Because capital creation is profitable, investors will increase i; as
much as possible, implying that the following feasibility constraint for investment
holds in equilibrium:

(10) (1 — oqr) i = wring + ¢qr (1 — 6 (wr)) ne + Loz, —py i -
————
minimum cost to conduct it maximum liquidity an investor can attain

We derive this equation in Section A.2 in the Online Appendix. The left-hand
side is the minimum cost investors have to finance in order to conduct i;, which is
smaller than i; because a part of the costs can be covered by selling newly created
capital. The right-hand side is the maximum liquidity an investor can attain.

Combining (1), (2), (3), (9), and 1, P, = 0, we obtain the budget
constraint at the household level:

(11)
mep + (1 =) ¢ + mie + qe [y — (1= 6 (ue)) ne] + LpzpmpyBr [(1 — ) 100y — 1]

= TNy + T + (1 — 7T) wily.
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Substituting (10) into (11), we obtain

(12) me + (1= m) ¢ + qurugr + Ly pyBe (1 — m) 1 4
= TNy + (]. - 7T) wtlt + (]. -4 (ut)) qinyg + 1{zt:b}ﬁtmt
+ Ao [wgring + ¢qe (1 — 6 (ug)) ne + Ly —py Beii

maximum liquidity an investor can attain

where
g —1

1— g

This is an important equation. The left-hand side is gross spending, consisting
of consumption and gross asset purchases. The first line in the right-hand side is
gross income, consisting of dividends, labor income, and the market value of the
portfolio. The second line in the right-hand side is the total profit from capital
creation. The reason is the following. An investor can create 1/ (1 — ¢g;) units
of capital from a unit of liquidity. A fraction ¢ of the investment is sold, and
the rest is added to the investor’s portfolio, which is worth (1 — ¢) g:/ (1 — ¢qy).
Finally, subtracting the costs of the investment from it, we find

/\tE

1 _
( ¢)Qt_1:% 1 —
1 —oq 1 —o¢q

Hence, A\; measures how much value an investor can create from a unit of liquidity.
Finally, because investors as a group have 7 [utrtnt + éqr (1 — 6 (ug)) ny + 1y Zt:b}ﬁtmt}
units of liquidity, the second line in the right-hand side is the total profit from
capital creation at the household level.

The household’s problem is now simplified. It chooses a sequence of uy, ¢, cf,
lt, n4y1, and ™7, to maximize the utility (8) subject to the budget constraint
(12), the law of motion of bubbly assets

M1 = (1= m)miy + L=y =) M,
and the absence of the bubbly-asset market in the fundamental regime

The first-order conditions are

T .S
C = Cy,
&
n = Wy
1-1 ’

re — 60 (ue) g + 7w (re — dqed’ (ug)) =0,
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(13)
CS

@ = E [edzf—dt (cst ) (uer1rer + (1 =60 (uer1)) @1 + Th41 (U171 + GG (1 — 0 (wh1)))) |
t+1

and

S
Ct

) (1+ 7r)\t+1)ﬁt+11{Zt+1=b} )

edt+1—dt

(14) 1{Zt:b}ﬁt = 1{Zt:b}Et |:ﬁ < S
Ct+1

The first equation states that the marginal utility from consumption has to be
equalized across members of the household. The second equation states that
the marginal rate of substitution between leisure and consumption has to be
equal to the wage. The third equation states that the marginal benefit of raising
the capacity utilization rate (the rental rate of capital) has to be equal to its
opportunity cost (the value of the depreciated capital at the margin). The fourth
equation is the Euler equation for capital, in which \; appears because capital is
not only a production factor but also a means of providing liquidity to investors.
The fifth equation is the Euler equation for the bubbly assets. The left-hand side
of this equation is strictly positive only if there is a chance that the bubbly assets
in period ¢ will be traded at a strictly positive price in the next period. In other
words, it is the resalability of bubbly assets that justifies their positive prices.

On the optimal feasible plan, the transversality conditions must be satisfied

too, which are given by
: gt(1
tlggo Eo Ldt 075 K1) =0

for the capital stock and

. g1
JHm 104y Eo e \ o Pl —pyM| =0

for bubbly assets. We show that they are satisfied along the balanced growth
path.'? See Section E in the Online Appendix.

13Kocherlakota (1992) explicitly derived the economic conditions for which asset bubbles can arise
in infinite horizon economies in a manner fully consistent with the transversality condition. He showed
in an endowment economy that if bubbles exist at any date, then everyone faces borrowing constraints
that bind currently or at some point in the future. Furthermore, the economy needs to grow as fast as
bubbles, so that agents can always afford to buy the bubbly asset. As in Kocherlakota (1992), in our
model, on the balanced growth path with positive bubbles, the liquidity constraint and the short-sale
constraint bind, and the economy grows at the same rate as the bubbles. The transversality condition is
satisfied. See Kocherlakota (1992) for a more general discussion.
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II. Analytical Solutions in a Simplified Model

Before the quantitative analysis of the full model, we study a special case in
which analytical solutions are available. With the analytical solutions, we can
see what the crowding-in effect of realized bubbles and the crowding-out effect
of future bubbles are, and how they materialize in our setting. To this end, we
make the following simplifying assumptions. First, the capital share « is equal
to one. Second, the capacity utilization rate u; is fixed at one. Third, capital
fully depreciates every period. Fourth, both productivity and preference shocks
are turned off.

Finally, we consider only one bubbly episode. That is, we assume that the
economy initially stays in the fundamental regime, from which the economy will
transition to the bubbly regime at a positive probability oy and people correctly
recognize this possibility. Once the bubble emerges, it may persist for a while,
and then may burst with a positive probability o,. After the bursting, no bub-
bles arise, i.e., the economy will stay in the fundamental regime forever. People
rationally anticipate it too.

A. Capital Growth

We derive the growth rate of capital accumulation before, during, and after the
bubbly episode first—derivations are presented in detail in the Appendix. Let’s
start with the economy after the bubbly episode. The Euler equation for capital,
equation (13) above, is written as

(15) PO PO
a5 = B— T,
Vg 1— ¢g;

where g% is the growth rate of capital (9t = Ky11/Ky) and r is the rental rate,
which is constant in this simplified model. The subscript “f” indicates that the
variable is determined in the fundamental regime, and the asterisk indicates that
it is determined in the fundamental regime after the bubbly episode but not
before. Because both K;y1 = mi; and ny = K; hold, the feasibility constraint for
investment, equation (10), is written as

(16) (1- gbq;‘e) gy =mr.

We solve equations (15) and (16) for ¢} and g}, obtaining

B —m)

" U5+ o
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and
(1-8)(1—7)

1—-p+p¢
The price of capital decreases with ¢, because capital is less valuable as a source
of liquidity if the financial constraint is loose. The growth rate of capital increases
with ¢, because investors obtain more liquidity.

gr=r1|1-

Next, we consider the economy during the bubbly episode. The Euler equation
for capital is written as

~ *

r q— 1 Cp Qf_]-
18 @ =—|(1—o0p ﬁ<1+w>+abﬁ ey 1+777* ,
( ) ( ) 1 — oqp C¢ 1_¢Qf

where the subscript “b” indicates that the variable is determined in the bubbly
regime, and ¢, and é} are aggregate consumption relative to the capital stock
(¢t =Yy —miy and ¢ = ¢;/K}) in the bubbly regime and in the fundamental regime
after the bubbly episode, respectively. The feasibility constraint for investment
is written as

(19) (1—oq) gy =m(r +mp),

where my, is the size of the bubble relative to the capital stock (m; = pr1y,,—p M/ Ky)
in the bubbly regime. Finally, the Euler equation for the bubbly assets, equation
(14), is written as

-1
(20) my = (1—o0p) glivr 2= | my
N~—— 1- (be
bubble’s survival probability S——

liquidity services

We assume that bubbles grow at the same pace as the economy as long as they
persist. !4

M Focusing on the stationary bubble is a standard practice in the literature. As discussed in previous
studies (Tirole, 1985; Farhi and Tirole, 2012; Hirano and Yanagawa, 2017), there are multiple equilibria
with bubbles in this class of models. Specifically, there is a continuum of asymptotically bubbleless
equilibria, in each of which the bubble starts at a smaller size than the stationary one, then shrinking
relative to the economy and converging to zero even if the economy is staying in the bubbly regime. The
stationary bubble is the largest bubble that can be sustained in equilibrium; if the bubble starts at a
larger size, it grows faster than the economy, and eventually becomes too large to be sustained.
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We solve equations (18), (19), and (20) for endogenous variables,'® finding

_ B8 1 B
S Al -Brope-m |0 " g @rol-m)

my

From this equation, it is clear that for positive bubbles to exist, ¢ + o3, (1 — ) <
2—m— % has to be satisfied. Let us discuss this condition intuitively. First, the fi-
nancial constraint has to be tight (low ¢); otherwise, liquidity services are low, and
bubbles have to offer high capital gain to be held, eventually becoming too large to
be sustained. Second, bubbles cannot be too risky; otherwise, they have to com-
pensate for the risk by capital gain, eventually becoming too large to be sustained.

El% |:2—7T—l—¢:| for
™ B

mp to be positive. We assume that this condition is satisfied throughout this
section.

We can rewrite the existence condition using the structure of the economy.
Namely, my, is strictly positive if and only if

The bursting probability o has to be smaller than &

(1 —O’b) g;i >
~~—

growth rate

(s

interest rate

If bubbles are deterministic (o, = 0), there can be a bubbly equilibrium if and
only if the growth rate is greater than the interest rate in the bubbleless economy.
The condition is harder to be satisfied if bubbles are risky, because risky bubbles
have to offer high capital gain to exist and hence are easier to explode.

Combining equations (16) and (19), we find that capital growth during the
bubbly episode is given by

b ¢ * *
9y = |1+ — 1+17(Qf_Qb) gy
bubbl h 7: o
ubbly growt e ~~ i
crowding-in effect crowding-out effect growth after bursting

This equation shows that realized bubbles have two effects on growth. First,
realized bubbles crowd investment in because they provide liquidity to investors.
This effect is strong if the financial constraint is tight; the proof is in the Appendix.
Second, realized bubbles crowd demand away from capital and reduce its price;
the poof is in the Appendix. Low capital price is harmful to investment because
it decreases investors’ wealth and in addition increases 1 — ¢¢q, which is the “down

15We assumed that my, # 0 and obtained the solution. {my, gy, gp} = {O, q;, g;} solve equations (18),

(19), and (20) too. The bubbleless equilibrium exists because bubbly assets are intrinsically useless.
Needless to say, we are interested in a bubbly equilibrium now.
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payment” investors have to pay to conduct a unit of investment. The crowding-
out effect, however, is weak if ¢ is small, because investors do not rely on capital to
obtain liquidity much. Hence, bubbles enhance growth if the financial constraint
is tight, because the crowding-in effect is large, while the crowding-out effect is
moderate. We summarize the result in the following proposition. The proof is in
the Appendix.

PROPOSITION 1: In the simple model described above, suppose that the econ-
omy is now in the bubbly regime; i.e., the economy has a stochastic bubble.
Then, there exists a value of ¢ below which the crowding-in effect dominates the
crowding-out effect. Asset bubbles are growth-enhancing in this parameter region.
If ¢ is larger than the threshold value, the crowding-out effect dominates and asset
bubbles are growth-reducing.

Finally, we consider the fundamental regime before the bubbly episode starts.
The feasibility constraint for investment is written as

(21) (1 —¢qy) gf = 7.

Combining equations (16) and (21), we find that the growth rate of capital in the
fundamental regime before the bubbly episode is written as

_d) * *
g = |1+5—— (4 —q g
i gy W) 7
growth before emergence growth after bursting

crowding-out effect
There is the crowding-out effect alone. We obtain the following proposition.

PROPOSITION 2: In the simple model described above, suppose that the econ-
omy is now in the fundamental regime before the bubbly episode. Bubbles are
expected to arise at a positive probability. Then, the growth rate of capital is
lower than the one in the fundamental regime after the bubbly episode in which
no future bubbles are expected. Moreover, the growth rate of capital before the
bubbly episode is reduced if the bubbly episode arises at a higher probability.

PROOF:
In the fundamental regime before the bubbly episode, the Euler equation for
capital is written as

o Qf—l éf CIb—l
B Y= |

where ¢ satisfies ¢y = r — gy. We solve equations (21) and (22) for ¢ and gy,
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obtaining

(-mB+or(-m) (-B+ L 2)
7 (1—B) + B+ 0y (ﬁ(w—qb) 1_‘1’%@%).

(23) q =

Taking a derivative, we obtain

2
an _ ].—7'(' /Bﬂ'

Oor  \m(1-p)+86+0s (B(r o)+ r252) ) A=)

1_¢) (Ub_6b)7

which is negative because we assume that o}, is smaller than &,. Hence, g7 de-

creases with o, and so does gy = 1_”7(;(”. In addition, as is clear from equations

(17) and (23), g converges to q}i as oy converges to zero. Because we assume

that oy is positive, gy is smaller than q;, and so is gy = lfdqu than g;Z = 1_’;’;(1;;.

The top panel of Figure 1 illustrates the growth rate of capital before, during,
and after the bubbly episode, displaying time along the horizontal axis. The
crowding-in effect dominates the crowding-out effect of the realized bubble in this
example, raising capital growth during the bubbly episode. Importantly, capital
growth before the bubbly episode is lower than the one after the bubbly episode,
and this result is robust to the parameter values. Intuitively, it is caused by the
wealth effect of the future bubble. An asset bubble will increase wealth once
it emerges in the future. Expecting its emergence, people increase consumption
even before the bubbly episode begins, which crowds demand away from capital
and reduces its price, thereby reducing the speed of capital accumulation. A
bubble that has not been realized yet will have an impact on the current economy
through expectations.

B. Stock Market to GDP Ratio

We discuss the stock market to GDP ratio next, for this is an important variable
for our empirical investigation. The stock market value is defined as follows;

stocky = ¢ [qe K1) + Prliz,— M.

In Section B in the Online Appendix, we discuss the micro-foundations of the fi-
nancial frictions following Kiyotaki and Moore (2012). The microstructure allows
us to define the stock market value clearly. Not all of the capital stock is publicly
traded in our model,'® but the fraction of capital traded in the stock market in-

16This is due to the lack of the investors’ commitment power. Please see Section B in the Online
Appendix for details.
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creases with financial development measured by ¢. This implication is consistent
with the empirical literature (Sahay et al., 2015). In contrast, asset bubbles are
traded in the stock market, because they are attached to the equity issued by
final goods firms. This is an interpretation of bubbly assets proposed by Tirole
(1985).17 Specifically, we assume that a new final goods firm is established when
the economy switches to the bubbly regime, and it issues M units of equity and
distributes them to the households exogenously. The firm’s equity is intrinsically
useless because it makes zero profits from production, but nonetheless serves as
a bubbly asset traded in the stock market.

The bottom panel of Figure 1 illustrates the stock market to GDP ratio before,
during, and after the bubbly episode. It rises when the bubble emerges, and
collapses when the bubble bursts. This result is robust to the parameter values.
We analytically prove it in the Appendix, and summarize it as a proposition.

PROPOSITION 3: In the simple model described above, the stock market to
GDP ratio rises when the bubble emerges, and collapses when the bubble bursts.

C. Comovement Problem in the Simple Model

While the simple model’s tractability is useful to obtain analytical solutions,
it has an empirically relevant limitation: it is unable to generate a boom when
the bubble emerges, or a recession when the bubble bursts as we prove in Section
D.3 in the Online Appendix. The intuition is simple. Because we set o = 1,
Y:/K; is constant. Because output is predetermined, an increase in investment
must be offset by a decrease in consumption to satisfy the goods market clearing
condition. In short, the simple model suffers from a comovement problem.

To overcome this problem, we need mechanisms to change output in the short
run.'®  Our baseline model has both an endogenous labor supply and a vari-
able capacity utilization rate for this purpose, both of which are standard in the
business cycle literature. They play crucial roles in overcoming the comovement
problem as we explain in Section IV.

III. Calibration

Table 1 summarizes the parameter values used for the quantitative analysis.
We set the discount factor at 8 = 0.99, the capital share at @ = 0.33, and
the elasticity of ¢' (u¢) at ¢ = 0.33, following Comin and Gertler (2006). The
probability of having an investment opportunity is set at m = 0.06, following Shi
(2015).

1"He wrote: “In reality some of these “useless” pieces of paper are likely to pertain to [...] that of
some firms producing with a constant returns to scale technology that is freely available” (see Tirole,
1985, pp. 1502).

8Hirano and Yanagawa (2017) change productivity in the short run. There are both productive and
unproductive investors in their model. Hence, shifting resources between the two groups acts like a
productivity shock. A similar mechanism is seen in Ajello (2014).
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The rest of the parameters are chosen as follows. We assume that if the financial
constraint is sufficiently loose and does not bind, the growth rate of the economy
would be 2% per year, hours worked would be 27% of the available time, and
the depreciation rate would be 5% per quarter along the balanced growth path.
We then solve for the three parameters dg, d;u'T¢, and 7 using the equilibrium
conditions.'® We set the capacity utilization rate along the balanced growth path
in the same unconstrained economy at v = 1, which is just a normalization. The
scale parameter A is determined once we set the value of .20

One may find that the target depreciation rate (5% per quarter) is high, but
remember that this is the depreciation rate in an extreme situation in which the
financial constraint never binds. Previous studies in the literature assume that
the financial constraint is relevant. If we follow Kiyotaki and Moore (2012) and
set it at ¢ = 0.19, the implied depreciation rate in the bubbleless equilibrium is
2.4% per quarter. However, we are agnostic about the value of ¢ at this point. We
show comparative statics with respect to this parameter in the following section.

IV. Comparative Statics

In this section, we discuss the implications of recurrent bubbles in the calibrated
model. To focus on their role, we shut down the supply and demand shocks
a; = dy = 0 for all £ > 0 throughout this section.

A.  Growth Implications

The blue line in Figure 2 shows the growth rate of capital if the economy is
always in the fundamental regime. Relaxing the financial constraint (horizontal
axis) raises the growth rate of capital if it is initially tight. But interestingly,
relaxing the financial constraint decreases the growth rate of capital if it is initially

19We find dp and §;ulT¢ as follows. The Euler equation along the balanced growth path is
1
1=8-(ur+1—-4(u)).
g

Because we have set the values of 3, g, and d(u), we can solve this equation for ur. In addition, the first
order optimality condition for the utilization rate along the balanced growth path is

ud’ (u) = S1ulTC = ur.

Knowing ur, we can solve this equation for d;u't¢. Finally, the depreciation rate function along the
balanced growth path is
51u1+4
1+¢
Because we have either set or found the values of §(u), ¢, and 51ulT¢, we can solve this equation for d.
20 Along the balanced growth path, we have

é(u) =d0 +

ur =a¥ =« [Aua (1=m) l)lfo‘] .

The first equality come from a firm’s optimality condition. The second one comes from the definition of
the production function. Knowing ur, a, 7, and [, we can solve this equation for Au®.



VOL. VOL NO. ISSUE RECURRENT BUBBLES 21

loose. For this result, the endogenous capacity utilization rate is important.
Capital is relatively cheap in an economy with an advanced financial system
as shown in Figure 3. Low capital price induces households to choose a high
utilization rate because the opportunity cost to do so is low, reducing both net
investment and capital growth.

The green diamonds in Figure 2 show the growth rate of capital if the economy
has a stochastic bubble. We assume that the probability of bursting is 1.5% per
quarter, but the results are robust to other choices. The stochastic bubble raises
the growth rate of capital except for a small parameter region near the existence
threshold. This result is consistent with Proposition 1 in Section II.

Finally, the red circles and crosses in Figure 2 show the regime-dependent
growth rate of capital in the recurrent-bubble equilibrium. We assume that the
probabilities of regime switches are 1.5% per quarter in both directions, but the
results are robust to other choices. We see both the crowding-in effect of realized
bubbles and the crowding-out effect of future bubbles. Because of the crowding-
in effect of realized bubbles, capital accumulation is faster in the bubbly regime
than in the fundamental regime. In addition, because of the crowding-out effect
of future bubbles, capital accumulation is slower in the recurrent-bubble equilib-
rium than in the stochastic-bubble equilibrium, conditional on being in the same
regime (red circle versus green diamond for the bubbly regime, and red cross
versus green asterisk for the fundamental regime).

Figure 3 shows the same effects in detail. In the recurrent-bubble equilibrium,
people invest more, consume more, work harder, and use capital more intensively
in the bubbly regime than in the fundamental regime. Intuitively, the bubbly
regime is a favorable time for investment, and households, recognizing it, op-
timally allocate both time and resources not only across time but also across
regimes. This is the crowding-in effect of realized bubbles. In addition, peo-
ple consume more, work less (spend more time on leisure), and invest less in
the recurrent-bubble equilibrium than in the stochastic-bubble equilibrium, con-
ditional on being in the same regime. People understand that future bubbles
will make them wealthier, and this optimistic expectation makes them lazy now,
loosely speaking. This is the crowding-out effect of future bubbles.?!

Because the two effects offset each other, it is not obvious if recurrent bubbles
raise long-run growth. The red triangles in Figure 2 show that in economies with
under-developed financial systems, recurrent bubbles are beneficial to economic

21Tn reality, the wealth created by bubbles is unequally distributed in the economy. For example, a
stock market boom will benefit equity holders disproportionately. Based on this observation, one may
argue that the crowding-out effect of future bubbles is relevant to a small group of people and hence its
impact on the macroeconomy is limited. We have two counterarguments to this claim. First, even though
ex post direct beneficiaries are limited, ex ante optimism may be widespread, because it is hard to tell in
advance exactly in which markets, in which assets, and in what forms bubbles will appear and develop.
Second, the potential beneficiaries may be more productive and wealthier on average, and if so, their
decisions will have large macroeconomic impacts even though they are relatively small in population.
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growth in long run.?? But in economies with advanced financial systems, recur-
rent bubbles are harmful to long-run growth. In both cases, the growth in the
recurrent-bubble equilibrium is bumpy, because it is disrupted by the occasional
bursting and emergence of bubbles.

B.  Welfare Implications

The welfare impact of recurrent bubbles can be different from their growth
impact for at least two reasons. First, there are other variables affecting utility,
specifically, leisure and consumption. Second, volatility matters for utility too.
This section takes these factors into account and evaluates the welfare impact of
recurrent bubbles.

Our welfare measures are derived from the utility function (8). We rewrite it
in the recursive form and detrend the value function by K, making it stationary
and free from the “scale effect” of capital stock.?> We then obtain the regime-
dependent welfare levels by solving the Bellman equations.?? Intuitively, the
welfare levels calculated this way tell us how much lifetime utility the household
expects to obtain in the fundamental regime and in the bubbly regime. Impor-
tantly, it is forward looking, since it is derived from the value function which is
defined under the assumption that the household correctly recognizes both the
possibilities of regime switches and their impacts to the utility.

Figure 4 plots the welfare levels.?’ It resembles Figure 2, suggesting the impor-
tance of economic growth as a determinant of welfare. Comparing the uncondi-
tional welfare levels in the recurrent-bubble equilibrium (red triangles) and in the
fundamental equilibrium (blue line), we see that recurrent bubbles improve wel-
fare if financial systems are under-developed, but the opposite is true if financial
systems are developed.?S

22 ong-run growth is given by
b of
_ orto, orto
g=g;7 " g "
where g5, and gy denote capital growth in the bubbly and fundamental regimes, respectively.
23Rewriting the utility function in the recursive form and detrending it, we obtain

Vi= (1= B) {logled] + (1= m)mlog[1 — L]} + Blogloe] + AL Vi ],

where \7,5 is defined as Vt = Vi — log K¢ and V4 is the continuation utility value.
24We obtain regime-dependent welfare levels V¢ and V,, by solving the following equations:

\% _( @=8){log[éf] + @ —=m)nlog [1 —Is]} + Blog [g/] l1—0o o BV,
(7 )= ot b i s )+ (57 27 ) (5 )

where the subscripts f and b denote the fundamental and bubbly regimes, respectively.

25Without loss of generality, we subtract the welfare level in an economy in which the financial con-
straint is too loose to bind when we plot the welfare levels in Figure 4.

26We calculate the unconditional welfare level in the recurrent-bubble equilibrium by

A o}
o b Vi + !
b+a'f Ub+0f

<51
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Interestingly, bubbly-regime welfare in the stochastic-bubble equilibrium (green
diamonds) is higher than bubbly-regime welfare in the recurrent-bubble equilib-
rium (red circles) even though people in the former equilibrium will have fewer
bubbly episodes in the future (in fact, none). This observation highlights that
the stochastic bubble is special; the bubble exists from the beginning, but the
analysis abstracts from the periods before the bubbly episode starts. Therefore,
it inevitably emphasizes the crowding-in effect of realized bubbles. This is part
of the reason why bubbles tend to be welfare-improving in the literature. In
contrast, the analysis with the recurrent bubbles considers periods before bub-
bly episodes start too. As a result, it gives us a more balanced view of bubbles,
for the crowding-out effect of future bubbles naturally emerges and offsets the
crowding-in effect.

The tradeoff between the crowding-in effect of realized bubbles and the crowding-
out effect of future bubbles becomes even more transparent by analyzing the wel-
fare impact of high-frequency bubbles.?” Specifically, we change the frequency
of bubbles (of) while keeping the other parameters, including the probability of
bursting, constant. Results are shown in Figure 5. Blue signs show the wel-
fare gains of high-frequency bubbles, and pink signs show the welfare gains of
low-frequency bubbles relative to the benchmark calibration.?

We see a shape like a flounder. The fact that its belly is blue and its back is
pink implies that the welfare-maximizing frequency of bubbles decreases with the
level of financial development. The intuition is simply put. If the economy’s fi-
nancial system is severely under-developed, high-frequency bubbles are preferred
because they can mitigate the liquidity shortage. But as the financial system grad-
ually develops, the liquidity shortage becomes less important, and instead, the
crowding-out effect of future bubbles emerges as a new problem. Low-frequency
bubbles are preferred in this situation, because the crowding-out effect of future
bubbles is weak if bubbles emerge less frequently (see Proposition 2 in Section
II).

C. Comovement

Remember that the simple model discussed in Section II had the comovement
problem. This section shows that our baseline model is able to overcome it.

27The authors thank Jean Tirole for the discussion that led us to this exercise.

28We plot 1% (af) — V(1.5%) in Figure 5, where v (of) is the unconditional welfare level in the
recurrent-bubble equilibrium given o.



24 AMERICAN ECONOMIC JOURNAL MONTH YEAR

Analytically, output growth in the recurrent-bubble equilibrium is given by

g5, i {zmona} ={ff}
Y, V% K Y B %gf, if {z—1, 2} = {f,b},
Vit YKt a0 \ow i {mona) = {50},
o if {22} = {b S}

where Y} is output to capital ratio (}Aft = Y;/K;), and subscripts b and f indi-
cate that the variables are determined in the bubbly and fundamental regimes
respectively. As shown in Figure 3, Y} is larger than Y}, because both labor
supply and the capacity utilization rate are higher in the bubbly regime than in
the fundamental regime. As a result, output growth rises when bubbles emerge
(in period t with {z;—1,2:} = {f,b}), and plunges when bubbles burst (in period
t with {z_1,2} = {b, f}). Similar arguments hold for both consumption and
investment. Therefore, the economy has a recession when a bubble bursts, and a
boom when a bubble emerges.

The stock market value moves in the same way. As shown in Figure 3, the
stock market value to capital, stock;/Ky, is larger in the bubbly regime than in
the fundamental regime. Applying the same argument as we applied to output
growth, we see that the stock market value drops when a bubble bursts, and
rises when a bubble emerges. This is an important observation for our empirical
investigation, which we discuss next.

V. Taking the Model to the Data

In this section, we revisit the recent U.S. economic data through the lens of
our model. We are particularly interested in identifying when the economy had
a bubble and when it did not.

A. Data

We use quarterly U.S. data on GDP growth and the stock-market-to-GDP ratio
for the period 1984.Q1-2017.Q4 to estimate the likelihood of bubbles as well as
the paths of productivity and preference shocks in our model, which is discussed
at length in Section G in the Online Appendix. We choose these observables
because our model has robust predictions about them. That is, not only is GDP
growth high but also the stock market booms when bubbles exist as we discussed
in the previous sections.

Figure 6 shows the observables. It is clear from the 10-year rolling-window
average (red line) that GDP growth is slowly declining, going from 0.7% (2.8%
in annual terms) in the 1990s, to 0.87% (3.5%) in 2005, to less than 0.4% (1.6%)
after the Great Recession. Three boom episodes in the stock market-to-GDP ratio
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are also clear: before Black Monday in 1987, the IT bubble in the late 1990s, and
before the Great Recession.?? Our identification strategy exploits the connection
between these two variables to uncover the presence of bubbles in the data.

For example, during the years leading up to the Great Recession, GDP growth
was high, averaging 3% per year (black circles), and the stock-market-to-GDP
ratio expanded aggressively. We observe the opposite during the post-crisis years:
lackluster growth of 1.6% per year (black diamonds) and a sharp contraction in
the stock market. These observations suggest that the economy was in the bubbly
regime before 2007, but the bubble crashed in 2008, and since then, the economy
has not had a new bubble. But this is only one possibility. It is also possible
that the ups and downs in GDP growth and the stock market had nothing to do
with bubbles but were driven by real factors, namely, productivity and preference
shocks. The estimation exercise is informative, for it tells us the likeliest account
in light of the data.

B. Method

The model is estimated using Bayesian methods (Fernandez-Villaverde, Rubio-
Ramirez and Schorfheide, 2016) and a nonlinear filter (Kim and Nelson, 1999).
We estimate the model in which the economy switches freely between the funda-
mental regime and the bubbly regime, i.e., the recurrent-bubble equilibrium in the
previous section (see Section H in the Online Appendix for details on the solution
and estimation of the model).?® We impose the condition that the productiv-
ity and preference shocks follow an AR(1) process, and estimate the persistence,
pi, and standard deviation, SD;, of these stochastic processes (i €{productivity
(a), preference (d)}). Except for ¢, o, and oy, all parameter values are those
calibrated and reported in Table 1. We set both o and o, at 1.5% as in the
previous section. Recall that we treated ¢ as a free parameter in the previous
section to inspect the model’s mechanisms. In this section, we choose ¢ = 0.19
as in Kiyotaki and Moore (2012).

We also estimate the regime-dependent average capital growth. Specifically, we
assume that it is determined by the sum of the model’s implied capital growth
(1y,) and a constant (fiy.), and estimate jiy. = pg', + fig» for z € {f,b}. The
reason is the following. Our model predicts that capital growth is high in the
bubbly regime. Once calibrated, it has a quantitative prediction too, but it may
not match the “data counterpart,” which would be calculated from the data only
if we perfectly knew when bubbles existed in the U.S. economy. Moreover, we
do not want to use them as calibration targets, because that exercise needs to

298tock-market-to-GDP ratio is de-trended. The resulting data indicates that this ratio was 20%
above its HP-filtered trend before the Great Recession. By 2009, the ratio was almost 35% below its
trend.

300ur model falls within the class of MS-DSGE models discussed in Farmer, Waggoner and Zha
(2009). We find a minimum-state-variable equilibrium. The absence of endogenous state variables
greatly simplifies the solution method, as otherwise we would have to rely on the methods in Farmer,
Waggoner and Zha (2011).
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take an a priori stance on the timing of the regime switch before estimating it.
To work around this issue, we estimate the regimes and the regime-dependent
average capital growth at the same time. A similar strategy is imposed on the
regime-dependent average stock-market-to-GDP ratio.

C. Priors and Posteriors

Table 2 presents both the priors and posteriors (mode and 90% credible bands).
We impose standard beta and inverse-gamma priors for parameters regarding the
productivity and preference shocks (see Fernandez-Villaverde, Guerron-Quintana
and Rubio-Ramirez (2015) for priors on persistence parameters and Fernandez-
Villaverde, Rubio-Ramirez and Schorfheide (2016) for priors on volatility parame-
ters). We use normal priors for the means of capital growth and the stock-market-
to-GDP ratio in the fundamental and bubbly regimes, g ¢, fstock/GDP, 15 Hg,bs and
stock/GD P, Tespectively. The choice of their prior means is guided by the model’s
robust predictions that both capital growth and the stock-market-to-GDP ratio
are high in the bubbly regime.

The priors and posteriors are different, which points to the informativeness of
the data. Importantly, the posterior modes indicate that both capital growth and
the stock-market-to-GDP ratio are higher in the bubbly regime. For example, the
average capital growth is estimated to be about 52 basis points higher in annual
terms in the bubbly regime. In terms of the structural shocks, the preference
disturbance is volatile but lacks persistence. The productivity shock is relatively
persistent and stable.?! Interestingly, the estimated persistence of the productiv-
ity shock (pg) is lower than the typical number in the literature (=~ 0.95). This
is because both the endogenous growth mechanism and the regime switching add
persistence to the model.

D. Impulse Response Functions

Figure 7 plots impulse response functions to both productivity and preference
shocks. Responses to one-standard-deviation shocks are plotted. The two shocks
cause distinct dynamics on the observables. A positive productivity shock (a
rise in a;) raises GDP growth temporarily but has a mild impact on the stock-
market-to-GDP ratio. This is because the shock raises both GDP and the stock
market value simultaneously. In contrast, a positive preference shock (a rise in
dy) raises the stock market-to-GDP ratio by making people effectively patient,
but its impact on GDP growth is weak in the short run.3> Becoming patient,
households increase investment, which raises GDP growth in subsequent periods.

31'We tried alternative means and standard deviations for the priors. Our results are robust to these
variations. This is not surprising given how tightly estimated the parameters are.

32 After the shock, households end up putting large weights to the utility flows in the distant future
relative to those in the near future because the preference shock is mean reverting.
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Impulse response functions are modestly regime-dependent.?® In Section I in the
Online Appendix, we report the responses of other variables.

E. FEstimated Regimes and Shocks

Figure 8 presents the estimated probability of the bubbly regime. The econ-
omy spent most of the time in the fundamental regime before 1997, with a brief
exception prior to 1987, which was abruptly terminated by Black Monday. Rel-
atively strong economic growth during the first 10 years or so of the sample was
mainly driven by the real shocks plotted in Figure 9. This result is not surpris-
ing given the moderate stock-market-to-GDP ratio observed in the data in this
period. During the second half of the 1990s, a combination of positive productiv-
ity shocks and the emergence of the bubble raised both GDP growth and stock
market value. This bubble started around 1997 and ended in the second quarter
of 2001 according to our estimate. Because of this timing, we call it the “IT
bubble.”34

After the IT bubble crash, the probability of the bubbly regime rose again
in 2006, raising both GDP growth and the stock market. By mid-2006, the
probability exceeded 50%, and between 2007 and mid-2008, it came close to 100%.
We call it the “housing bubble” because of its timing. Importantly, robust growth
in this period is mainly driven by the bubble; notice that productivity shocks are
unfavorable in this period. This is different from the economic boom in the
mid-1990s, which was driven by favorable real shocks. The Great Recession was
caused by the collapse of the housing bubble and highly unfavorable real shocks.
Particularly large and adverse preference shocks were observed in 2008. We think
that they reflect adverse financial shocks that we do not model explicitly in this
paper.3?

The return to the fundamental regime mixed with adverse productivity shocks
explains the lackluster performance of the US economy during the last decade.
In the final part of the sample, our approach assigns some probability that the
economy experienced a new bubble. In the data, growth was relatively strong in
2014, and so was the stock market in the midst of ultra-loose monetary policies
around the world. But as the Fed moved to normalize its monetary policy in 2015,
both the stock market and GDP growth cooled down. Our model concludes that
the evidence is not strong enough to judge that a bubble was present. The chance
was less than 50% according to our estimate.

As we can see, the estimation exercise delivers bubbly regimes that are consis-
tent with the historical narrative. But we can say more about the quantitative

33We do not consider the effect of regime switch in Figure 7. For example, the solid blue line is plotted
under the assumption that z; = b for 1 <t < 8.

34Gtrictly speaking, our one-sector model has no reason to connect this bubble to the information
technology sector. We nonetheless use this term for convenience. The same applies to the “housing
bubble.”

35See Guerron-Quintana and Jinnai (2019) for more discussion on the financial shock and the Great
Recession.
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predictions of our theory. For instance, one implication of the model is that the
labor market is strong during the bubbly regime because of the crowding-in effect
(Figure 3). Consistent with this prediction, employment in the data had peaks
of 1.7 pp and 2.5 pp above trend in the late 1990s and before the Great Reces-
sion, respectively. A similar validation is possible if one considers the dynamics
of capacity utilization, which is above average during bubbles both in the theory
and the data.

It seems natural to ask whether the estimated regimes coincide with other rele-
vant economic shifts in the U.S. To answer this question, we compare our results
to three classes of regimes reported in the literature. First, the estimated regimes
in Figure 8 are different from those in Sims and Zha (2006), who fit US data
to a regime-switching VAR with drifting coefficients and variances. They report
the existence of four distinct regimes: the Greenspan state prevailing during the
1990s and early 2000s; the second most common regime emerges in the early
1960s and parts of the 1970s; the last two regimes correspond to sporadic events
such as 9/11. Our estimates are not similar to those estimated to account for
the Great Moderation, with a high-volatility regime prior to 1984 and a calmer
one post-1984 (Stock and Watson, 2002). Finally, our estimates bear little resem-
blance to recession regimes (Chauvet and Piger, 2008). See Hamilton (2016) for
an extensive review of regime switching in macroeconomics.

Before moving to the counterfactual exercises, we want to stress that our find-
ings are robust to alternative calibration and identification strategies. They in-
clude 1) using the liquidity parameter ¢ to match the means of GDP growth and
the credit-to-GDP ratio in and out of the Great Recession, with the caveat that we
impose the dates when bubbles exist a priori; 2) a longer sample; 3) using credit
market data or the Shiller-Case house price index in lieu of the stock market data;
4) a third regime featuring high growth and a high credit-to-GDP ratio driven by
non-bubble forces; and 5) GDP growth and the consumption-to-investment ratio
as observables. See Section J in the Online Appendix for details.

F.  Counterfactual Simulations

How important were bubbles for the U.S. economy? We answer this question
by two counterfactual simulations. The first one is the “no-bubble-by-chance”
simulation, in which the probability of the economy being in the bubbly regime
was artificially set at zero. But the economy is still in the recurrent-bubble
equilibrium; it is only the realization of the regime that we change. The dashed red
line in Figure 10 shows the trend of log GDP under this counterfactual scenario.?¢
The solid blue line shows the GDP trend in the benchmark scenario. The bubble
has both short-run and middle-run impacts on the economy. The short-run impact

361t is normalized to 0 in 1997 in the upper panel and in 2005 in the lower panel. To facilitate the
comparison across simulations, we shut down the structural shocks. Its impact on the result is minor
because responses to structural shocks are only mildly regime-dependent (see Figure 7).
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is the economic boom directly caused by the realized bubble, i.e., a “plateau”
made by the solid blue line and the dashed red line in the middle of each panel.
According to our estimate, the short-run impact is already sizable; by about 6
to 7 percentage points more goods and services were produced during the bubbly
booms.

The medium-run impact is visually subtle but economically important. Notice
that the solid blue line is higher than the dashed red line even after the bubble
is gone. This is because the solid blue line has a steeper slope than the dashed
red line during bubbly episodes, which is a graphical confirmation that capital
growth is higher in the bubbly regime than in the fundamental regime. As for the
IT bubble, the GDP trend is about 1.2 percentage points higher in the baseline
scenario in the years after the bubble burst. For the housing bubble, it is about
60 basis points. Combined, the two bubbles permanently raised the level of U.S.
GDP by about 2 percentage points more than in the scenario in which bubbles
were not realized by chance.

Our second exercise is the “no-chance-of-bubble” simulation, by which we mean
that the economy is in the fundamental equilibrium. Hence, bubbles were neither
realized nor expected to do so. The trend line under this scenario corresponds to
the dotted black line in Figure 10. Clearly, the economy would have grown at the
fastest pace in this scenario. This is because of the absence of the crowding-out
effect of future bubbles; had people not expected bubbles to emerge, they would
have consumed less, worked more, and invested more, all of which would have
contributed to higher growth. So our model suggests that realized bubbles are
better than no realization, but if we could move to a different equilibrium in which
economic agents do not expect bubbles, that would be better.37

VI. Conclusions

We have developed a model with recurrent bubbles, crashes, and endogenous
growth in an infinite horizon economy. Theoretically, we have shown that there is
a novel crowding-out effect of future bubbles because infinitely lived households
anticipate that bubbles will emerge in the future. Empirically, we estimate the
model using U.S. data for the period 1984-2017 and find that at least two bubbly
episodes are very likely in the sample. The U.S. economy benefited from these
bubbles, but our model suggests that it would have grown faster in the long run
if it had been in a different equilibrium in which bubbles never arose and were
never expected to emerge.

One direction for our future research would be examining government policies.
Various forms of “leaning-against-the-bubble” policies are particularly interesting
to study, which both economists and policymakers have been discussing for many

37The economy in the fundamental equilibrium would have grown faster in the long run even if either
the IT or the housing bubble had never burst. This is possible because in the recurrent-bubble equi-
librium, the crowding-out effects of both the realized bubble and future bubbles offset the crowding-in
effect of the realized bubble.
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years (Barlevy, 2018). It would be fruitful to examine how the effects of such
policies depend on the nature of recurrent bubbles such as frequency and duration.
Because our model can be estimated, we can quantitatively assess the costs and
benefits of the policies based on the estimated structural model too.

TABLE 1—PARAMETERS AND CALIBRATION TARGETS

Parameter Value Calibration Target
B 0.99 Exogenously Chosen
« 0.33 Capital Share=0.33
¢ 0.33 Comin and Gertler (2006)
m 0.06 Shi (2015)
0o 0.001 Frictionless Growth g* = 1.02
Srutte 0.065 Frictionless Depreciation 6 (u) = 0.05
n 2.67 Frictionless Hours | = 0.27
Ay 0.49 Equilibrium Condition
U 1 Normalization

TABLE 2—ESTIMATED PARAMETERS

Parameter Prior Posterior
N(0.5,0.1 0.65
Ha.f ( ) [0.56,0.75]
HKstock/GDP,f N(007 1) —1.67
[—2.95,—0.45)
N(0.75,0.1 0.78
Hab ( ) [0.63,0.93]
stoc N(10,1 10.25
Hstock/GDP}b ( ) [8.81,11.87]
B(0.15,0.05 0.50
pd ( ) [0.40,0.58]
SDy I1G(6,1) 0.08
[0.07,0.09]
o B(0.75,0.05 0.89
P ( ) [0.85,0.92]
SD, IG(6,1) 0.01
[0.01,0.02]
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APPENDIX

This appendix shows how to solve the simple model considered in Section II.
It also shows the proofs of Propositions 1 and 3.

Al. After Bubbly Episode
The Euler equation for capital, equation (13), is written as

qr —1
(A1) ¢ == (1+7t—].
gf 1_¢Qf

The feasibility constraint for investment, equation (11), is written as

g‘;;:ﬂ-l i * °
_Cbe

(A2)

Substituting (A2) into (A1) and rearranging terms, we obtain

. BQ-—m)
A3 YT 0=p)+ 50
Substituting it into (A2) and rearranging terms, we obtain
1— 1-—
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A2.  During Bubbly Episode

The Euler equation for bubbly assets, equation (14), is written as

(A5) my = (1 — o) B (1 + ”1qb—_¢>;> m

The Euler equation for capital, equation (13), is written as

_r B @ —1 @ q;_l
oy e =y l“ o (14555 *”l’ﬁ<é}> (””1—@;@)]'




VOL. VOL NO. ISSUE RECURRENT BUBBLES 37

Because Yf = r holds in the simplified model, we obtain é? =r— g}. Similarly,

}A/}, = r holds and we obtain ¢, = r — gp. The feasibility constraint for investment,
equation (11), is written as

4+ my
=T .
1— o

(AT) 9o

We solve equations (A5), (A6), and (A7) for my, gy, and gp. {mp, @, g} =
{O,Q;Z, g;‘c} solve these equations. But we are not interested in this bubbleless

equilibrium now. So we assume that my # 0 holds.
Dividing both sides of (A5) by m; and rearranging terms, we obtain

(1—m) B+ (op — ) 2=

A8 — = 7
) U R (= B) + Bo+ (o — o) DI

where 5, = [2 -7 = % - qb] Using (A1) and (A5), we simplify (A6) as

follows;
A~ q*g*
1+0b <i€j> 7f f] .
3 r

Substituting ¢ = r — g, and (A7) into this equation and rearranging terms, we
obtain

r

9b

ab

m q;97 m
o (14 ™) :1_¢%+0b< J;f) (10— (14™)).
T Cf T

Substituting ¢} = r—g}, (A3), and (A4) into this equation and rearranging terms,
we obtain

_ rB
S Br+1-B+onB(p—7)

(A9)  m, 2on-l-Gra-m)|.

Substituting (A8) and (A9) into (A7) and rearranging terms, we obtain

(1-p) (-
L= B+ B¢ + (o — o) 2020

(A10) gp=r|l—

A8.  Proposition 1

We show Proposition 1. From equations (A4) and (A10), it is obvious that
gp converges to g;‘i as oy, converges to oy, namely, limg, 5, gp = g}i. In addition,
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gp decreases with o if and only if ¢ < m, which is obvious from the analytical
solution (A10). Because we assume that oy is less than ay, gy is larger than g} if
and only if ¢ < .

A4. Before Bubbly Episode

The Euler equation for capital, equation (13), is written as

T _ qr—1 éi @1
(A1) g = [(1 Uf)ﬁ(1+7r1—¢Qf>+ofﬁ(éb) <1+W1—¢%>]'

The feasibility constraint for investment, equation (11), is written as

,
v .
1—oq

(A12) g5 =

We solve equations (A11) and (A12) for ¢; and g;. Using (A5), we can simplify
(A11) as follows;

o _ qf—l él 1
U=y [(1 ”fw(””l—qbqf)”f(éb) 1—oJ'

Substituting ¢; = r — gy and (A12) into this equation and rearranging terms, we
obtain

(1-mB+or(-m (-B+Z)
qf = o )
7 (1= B) +Bo+op (B(r—9) + 1% £)
Given gy, capital growth gy is determined by equation (A12).

Ab.  Proposition 3

We show Proposition 3. The stock market to GDP ratio before, during, and
after the bubbly episode is, respectively, given by

24191 if 2. = f and for all 7 < ¢,
stock dapgptme _ $B(1—7)—(op—03) B(1—m)* if 2 —=b
v, ar 4(1-B(-9)+(oy—ay) FA=pLe=m ) > T 7 T

$4797 _ _ $B(1—m)
4r 4(1-p(1-9))’

otherwise.
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The stock market to GDP ratio during the bubbly episode decreases with oy
because

a<¢ngb+mb):_1 5(1—7:)7 2<1_5+¢(1_W)><0.

0oy, 4r 4\1_ B(1— )+ (op — o) ﬁ(l—fr_)gf—ﬂ) Ié] 1—-¢

In addition, the ratio during the bubbly episode converges to the one after the
bubbly episode as o, converges to 5, namely,

. davgy +mp\ P4y
im = .
oy /Ty 4r 4r

Because we assume that oy is smaller than &3, the stock market to GDP ratio
during the bubbly episode is larger than the one after the bubbly episode. In
addition, the stock market to GDP ratio after the bubbly episode is larger than
the one before the bubbly episode because Proposition 2 implies that both ¢y < q;i
and gy < g}i hold. Therefore, the stock market to GDP ratio during the bubbly
episode is larger than the one before the bubbly episode too.
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FIGURE 3. RECURRENT BUBBLES AND MACROECONOMIC VARIABLES
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FIGURE 4. RECURRENT BUBBLES AND WELFARE
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FIGURE 5. BUBBLE FREQUENCY AND WELFARE
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FIGURE 6. GDP GROWTH AND STOCK MARKET-GDP RATIO IN DATA
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FIGURE 7. IMPULSE RESPONSE FUNCTIONS
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FIGURE 9. ESTIMATED PREFERENCE AND PRODUCTIVITY SHOCKS
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FIGURE 10. COUNTERFACTUAL SIMULATIONS



