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A. Proofs for Section 2

Proof of Lemma 1. Let us first recall our rationalizability notion. Given an incentive
scheme 0 = (g, x) we define the sets {17 (k)}iennez, as follows. Let T7(0) := 0, and
then, recursively for k € N, let T7(k) be the set of all ¢; € T such that every n €
A (2N % T, x Q) with margpe o = ¢;(-[t;) and {j € N\ {i}: t; e T7(k = 1)} C J, V(J,t,w) €

supp(n) has

Z n(Jtoi,w) fu; (J Ui}, xa(t), w) — wi (J, xa(ti), w)] > 0.
JCN\{i}, t—;€T?,, weQ

By definition of interim correlated rationalizability (Dekel et al., 2007), incentive scheme o
is UIF if and only if ., 77 (k) = T} for every i € N.

Now, in what follows, say a type profile ¢ has no ties if I # tf for all distinct 7,7 € N.

To prove the first assertion, suppose o = (g, x) is a strict ranking scheme. Let us prove
by induction on k € Z that, if i € N and t; € T} have tI = k, then ¢; € T7(r)—from which
it will follow directly that ¢ is UIF. The claim holds vacuously for x = 0, so take k € N and
i € N, and assume the claim holds for all i' € N and all ¥’ € {0,...,x — 1}. Next observe
that x;(t;) € X (u!(k)) because o is a strict ranking scheme; and the inductive hypothesis
implies t_; € T, (x — 1) for every t_; € T, such that (¢;,¢_;) has no ties and 7;(t) < m;(¢).
Hence, by definition, t; € T7 (k) as desired.

To prove the second assertion, suppose o = (g, x) is an arbitrary UIF incentive scheme.
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For each ¢ € N, define the map k¢ : T — N by letting k7 (¢;) := min{x € N: ¢, € T?(k)}.
It is easy to see some one-to-one function \ : Uien i} x Tf] = N exists such that, for any
i,j € N and t; € Tf, t; € T with k7 (t;) > k{(t;), we have Xi(t;) > Aj(t;). Then, define
A Ujen i} x T7) — N2 by letting A (t:) := (\i(t), 1).

Now, define the incentive scheme o* := (¢*, x*) by letting

¢ (t"w) =g ((Afl(t:))iGN’ w)

for every t* € (N*)N and w € Q, and letting x; () = x; (\;'(¢;)) for every i € N and
t* € TT . That the modified scheme is UIF follows from the original scheme being UIF (Dekel
et al., 2007, by Proposition 1) given that type t;’s hierarchy of beliefs over X x € under o
are the same as type \;(¢;)’s under o*. Further, because o* generates the same distribution
over X x Q as o does, it follows directly that V(o*) = V(o). All that remains is to see
o™ is a strict ranking scheme. That ¢* exhibits no ties is immediate from the construction.
Moreover, given any 4, j € N, observe any t! € Tiq* and t} € Tf* have k¢ (t) > k;’ (t7) if and
only if kZ(A;'(£7)) > k9(A;'(t;)), which in turn implies ¢/ > ¢#*. Tt therefore follows from

tre Ty (k7 (t7)) that x;(t]) € X (u? (1)), and so o* is a strict ranking scheme.  Q.E.D.

Proof of Theorem 1. We first show that sup, s yir V() < SUD,epmi(pe) 2oien Ui (1) Given
Lemma 1, it suffices to show that the principal’s value for a strict ranking scheme (g, ) is no
greater than sup,,c vi(,0) 2oien Vi (). Bayesian updating implies that a given agent 4’s belief

is, on average, equal to the true distribution over total states:

D a®ulClt) = > ailt)ul(|t:) = p* € M(po).

teTq t; €T

Hence, the belief distribution 7; € AA(IL x Q) given by >, e qi(ti)d,a(.r, is feasible in the



program defining v} (). It follows that

Yo altw)or (1) <o (1),

teTd, we

and so summing over ¢ € N yields V(q) < > ..y 05 (19).

To show sup, ;s uir V(0) > SUDLepm(py) 2oien Ui (1), consider an arbitrary u € M(po)
and ¢ > 0. We will construct a strict ranking scheme o = (g, x) such that V(o) >

> ien [0 (1) — 3¢]. To do so, observe

v is bounded above by some constant L; € R for

each i € N because v; is. In what follows, let m € N be large enough that m > |N| and
% [L; — v (T;,w)] < e for each i € N and w € ().

Consider any i € N. Some 7; € AA(II x Q) exists such that [ j; d7i(p;) = p and

[ v dr; > 07 (p) — e. For each p; € supp(7;), the definition of v} implies some 24" € X (u;)

i
7

exists such that > .y cqpi(m,w) vi(2]",w) > v*(;) — €. By the splitting lemma, some
v; : [Ix 2 — AN exists such that, when the prior distribution over I x €2 is p and the results
of Blackwell experiment v; are observed, the induced distribution of beliefs over II x € is
7;. Letting 5; € N denote the number of positive-probability signals in N given prior p and
experiment 7;, we can assume without loss that the positive-probability signals are exactly
{1,...,3;}. For each s; € {1,...,5;}, let zi* denote x!", where p; is the belief induced by
signal realization s; from this experiment.

Now, we construct our incentive scheme o = (g, x). Define the prior ¢ € A[(N?)Y x Q]

by letting, for each ¢t = (tf*,9)icy € (N*)N and w € Q,

177

(t.) Lp(m,w) [Liew vt |mw) = 3 €{0,...,m—1} with tf = ¢+ for all i € N,
q(t,w) =

0 . otherwise;



and the allocation rule x = (x;)ien via

S
i o 9 <5 and N <t <m,

() =4

T; . otherwise.

By construction, this scheme has no ties: ¢ # tf for all distinct 4, 5 € N and any supported
type profile t € T9. Moreover, for each i € N, a direct Computation shows every type t; € T}

= M"S and thus has y;(t;) = :U € XF(ul(-]t;)). Because

with |N| < t® < m has belief pf(-|t;) = p;
every other ¢; € T} has x;(t;) = %; € (,,caqixq) 4 (1), it follows that o is a strict ranking
scheme. Finally, let us bound (from below) the value of this scheme to the principal. To

do so, consider any agent ¢ € N and s; € {1,...,5;}, and observe that o generates belief

€ A(Il x Q) for agent i with probability

v

m—1
Z Z szlIN\SngmM(?T, w)yi(s;|m, w)

well, weQ £=0

> (1-20) 3 pmw)ulsimw)

S
marg,q {t; = (¢F,t5) € 7+ ul(ft:) = " }

Hence, the principal’s payoff from this strict ranking scheme is

Vi) > ;{%M[ggv:@}(l—%m);n e ngu v >}
> Z{%N'Li—s+<1—2'%)§n(uf’)[ () - 1}
> ZN {2057 () — e+ (1 - %ﬁ)_([)ﬁm — 2]}
> :ﬁ;[a:<u>—35],
as required. Q.E.D.



Proof of Fact 1. Let P denote the set of Borel probability measures on A(II x ), a com-
pact space when endowed with its weak™ topology.

Take any ¢ € N. Because an upper semicontinuous function over a compact space
attains a maximum, for any p € A(II x ), the program sup,. cp. [ i dri(ud)=n J v dr,—which
relaxes the program defining v7 (1) by allowing distributions with infinite support—admits an
optimum. Moreover, by the upper semicontinuous version of Berge’s theorem, this optimal
value is an upper semicontinuous function of u. Now, Carathéodory’s theorem tells us some
optimum to the aforementioned program has affinely independent (hence, of cardinality no
more than N!x|Q|) support. It follows that the program defining v} (x) admits an optimum,
and that v} is upper semicontinuous.

Finally, because .., v} is upper semicontinuous and M(py) is compact, the program

—k

SUD e M(po) Dien U; (1) admits an optimum. Q.E.D.

B. Proofs for Section 3

Toward proving the results of Section 3, some preliminary claims will be useful.

Claim 1. Suppose i € N and p € A(Il x Q). If 7; is an optimal solution to

min (i) dri(p;) subject to dri(p) =
TEAA(IIX) LZ(MH) i\ Hi AV} H,

(3

then no @,& € Q with ¢;(@) = ¢;(&) and distinct 3, € AIl have both § ® 65 and f ® 0, in

the support of ;.

Proof. Suppose w,w € Q with ¢;(0) = ¢;(©) =: ¢ and distinct 3, 3 € AlI have both 3 ® 45

and 3 ® 8 in the support of 7;. Then, some & € (0,1] and 7; € AA(II x Q) exists such that

i={01-ef+ 39506, T 39520,



The alternative belief distribution

/I — .
n=(l=e)fi+ 85%(5@5@%@6@)

is then feasible in the given program. Moreover, by strict convexity of L%’ﬁ) in f € All, the

latter attains a strictly lower loss, so that 7; is not optimal. Q.E.D.

Claim 2. Suppose i € N and [y € All. If 7; is an optimal solution to the program

. Cz‘(M?),, ; Y dr(u) =
Lo [ ) bt to [ ) dre) = o). (@

7

then some alternative optimal 7; exists such that

e Fachw € Q admits a unique B, € AIl such that %i(Bw ® 0y) = po(w);

o Any u; in the support of 7; and any w,& €  in the support of st have B, = Be.

Proof. Let 7 := [ [0,ngs, duit(w) dri(is) € AA(IT x Q).
Various features are immediate from the construction. First, the average marginal distri-

butions under 7; are the same as those under 7;, making 7; feasible in the program. Second,

ci(ps)
vi(pgh)

value in program (4) as 7; does, and so is optimal too. Third, every fi; in the support of 7;

because the fraction

is affine in 1 when holding u!! fixed, we know 7; yields the same

admits some 3 € AIl and w € Q for which ji; = 3 ® 8,,. Fourth, for any y; in the support of
7; and any w, @ € Q in the support of xS}, some 3 € AIl has both 3® 6, and 8 ® 8 in the
support of 7,—indeed, B = i1 has this property.

The claim will then follow if we know that no w € ) and distinct /5’, B € AIl have
both 8 ® 4, and B ® 0, in the support of 7;. And indeed, this fact follows directly from
Claim 1. Q.E.D.

Claim 3. For any cyg > cp > 0, the program

: c c . H L _
(B4 BE)ej0.1]2 {(1—6H)<P1—P5+ﬂH<P2—P1> + (1—5L>(P1—P0L)+5L(P2—P1)} subject fo f7 + 07 =1
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has a unique optimal solution (B, B%). It has

VeH—pVCL .
T oentyen) & PVEH < VL

1 . otherwise.

B =

Moreover, if cg > cr,, then B > %

Proof. Substituting in ¥ = 1 — B, we can view the program as an optimization over
BH € ]0,1]. The loss is continuous in ¥ so that an optimum exists, and it is strictly convex
in B so that this optimum is unique. Direct computation shows that the given form of ¥
satisfies the first-order condition, and hence is the optimum.

Finally, supposing cy > ¢z, let us show g% > % Indeed, in this case,

2(vVen —pv/er) = (L= ) (Veu +ver) = (L4 9) (Ve — Vew) > 0,

so that gH > min{l, %} > 3. Q.E.D.

B.1. Toward Proposition 1

Proof of Proposition 1. Some optimal solution to program (3) exists by Fact 1. Moreover,
by Claim 1, any optimal solution (4, 71, 72) has 7{* (p") = 7' (u!) = 1.

Hence, all that remains to see is that the program

. Ci
min
BeAII N Lz(ﬂ)

is uniquely solved by setting

NN
(—p)(Ventyer) — PVCH < VL

1 . otherwise,

o) =



which follows directly from Claim 3 (with 8(7!) corresponding to 3 in that claim). Q.E.D.

B.2. Toward Proposition 2

Claim 4. Suppose ¢1(1) = ¢3(2) > (1) = ¢1(2). Let i € N, let By € All be uniform, and
suppose T; is a feasible solution to the program (4) from Claim 2’s statement. Then, some

feasible solution to program (3) exists that generates loss 2

Proof. Let ¢ : II x  — II x Q be the involution that changes every coordinate.® Define
U A(IT x Q) — AT x Q) by letting ¥(ji) := 1ot for every i € A(Il x ). Let j be

such that N = {7, j}, and define 7; := 7; 0 U~1. Tt follows from v} = v} o ¥ that

Q
Z/L my A7 (k) _2/ iﬁ dri(p;)-

keN

If some p € A(Il x ) is such that (u,7,72) is feasible in program (3), we will have a
feasible triple with the desired property. To that end, define p := [ p; dr;(p;), and note
that [ p; dj(p;) = ¥(w) by construction. It then suffices to observe that pu = U(u).
But this property follows from both marginals p™, 4 being uniform on their respective

domains.” Q.E.D.

Claim 5. Suppose ¢1(1) = c2(2) =: cyg > ¢, = c2(1) = ¢1(2). Let i € N, let By € All be
uniform, and suppose T; is an optimal solution to the program (4) from Claim 2’s statement.
If ri{p € AT x Q) p(w) =1 for some w € Q} =1, then (B @ &) = 7:(0; ® 62) = 3,

where

NN A
. \ (—p)(Ventver) — PVCH < VCL
B (') = Bi(x?) = Plvertden
1 . otherwise
1
> 5

®So, if N = {i,j} = {¢',j'}, then ¢(x*, i) = (a7, j').
9 Consider the 2 x 2 matrix whose (i’,j') entry is pu(x®,j’) — 1 for each 7/, j' € N. Every row and every

. . o . 1 -1
column of this matrix sums to zero, and so it is proportional to + (1 1 )

8



Proof. Assume 7; has the hypothesized properties. First, observe no w € € and distinct
B,B € AII have both 8 ® 6, and B@ 0, in the support of 7;, by Claim 1. Hence, some
P1, B2 € Al exist such that 7,{f1 ® d1, f2 ® d2} = 1. Optimality of 7; for program (4) then
tells us (B;(7*), B;(77)) is an optimal solution to

) oH ct
(BH,g%;Iel[o,l]z {(176H)(P17P0)+5H(P27P1) 1 AP R P

} subject to B + gt =1.

The claim then follows directly from Claim 3. Q.E.D.
Now, we prove Proposition 2.

Proof of Proposition 2. Let (p,71,72) be any optimal solution to (3) (which exists by
Fact 1).

Our first step is to construct an alternative optimum that satisfies a symmetry property.
To construct such an optimum, recall the map ¥ : A(IT x Q) — A(II x Q) defined in the
proof of Claim 4. Symmetry of py implies ¥(u) € M(py) because u € M(pg); because
M(po) is convex, it therefore also contains fi := 1 [+ ¥(u)]. For each {i,j} = N, define
Tii=3m+ 7100

Some properties of (ji,71,72) are immediate from the construction. First, the mean of
7; is fi for each i € N, so that (fi, 71, 72) is feasible in program (3). Second, 7| = 75 0 U1,
Third, that v] = v oW implies (i, 71, 72) attains the same value as (u, 71, 72) does in program
(3), and so is optimal too.

Now, let 5 € AII be the uniform distribution and ¢ € N. Let us show, for gy = 5

and ¢ € N, that 7; solves the program (4) defined in Claim 2’s statement. Assume oth-

erwise for a contradiction. So some % € AA(IL x Q) has [(pl, p$) dFi(ps) = (B, po) and

J fél‘: ;2; d7i(w) < [ ':((Z ﬁ; d7;(p;). By Claim 4, some feasible solution to program (3) gener-
ates loss 2 [ % d7;(u;), contradicting the (previously established) optimality of (i, 71, 7o)

in program (3).



Having established 7; is optimal in program (4), for Sy = f and i € N, let 7; be as

delivered by Claim 2. So 7; is optimal in program (4), and
e BEach w € Q admits a unique 3 € AIl such that 7(3] ® d,,) = po(w);
e Any y; in the support of 7; and any w,® € € in the support of u$¥ have 5@ = BZJ

We can then apply Claim 5 to 7;, to learn 7; is the uniform distribution over {5} ®0d1, 55 ®0ds}.
That 8 # B3 (which holds because 8;(7') = 35(n?) > 3) then implies (by the second bullet
above) no y; in the support of 7; has pf* putting positive probability on both values for the
fundamental state.

Given the previous observation, for each i € N, we can now apply Claim 5 to 7;, to learn
7; is the uniform distribution over {87 ® 61, 5 ® d>} too. But then, by construction of 7;, it
would follow that 7, € A{S; ® 61, 8; ® 62} too. Finally, because [ u$* dr;(1;) = po, the only
possibility for 7; is that it is uniform as well. Because the pair (71, 72) determines the total

state distribution, the proposition follows. Q.E.D.

B.3. Toward Proposition 3

Claim 6. Suppose cy is constant. If (u, 11, 7T2) is optimal in program (3), then some alter-

native optimal (fi, T1, Te) exists such that
o The distribution T is degenerate;
o Eachw € Q admits a unique B,, € ATl such that 7(B., ® 6,) = po(w);
o Any uy in the support of T and any w,& € Q0 in the support of ust have B, = Bs.

Proof. Let 71 be as delivered by Claim 2 for ¢ = 1 and 5y := p'". Then, let 7y := [ pq d7i (1)
and 7, := d;. By construction, (f, 71, 7») is feasible in program (3), so all that remains is to

see (fi, 71, T2) attains a weakly lower loss than (u, 71, 72) does.

Let us observe [ Z((Zﬁi d7i(w) < fz((l’jgi dr;(u;) for each agent ¢ € N. For i = 1, the

inequality follows from optimality of 7; in program (4) from Claim 2’s statement. For i = 2,
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the inequality follows from 7 being degenerate, the identity g'! = u!!, and the integrand

CQ(P’%) _ [ . . . I
20d) = B0 being a convex function of the marginal ps . Q.E.D.

Claim 7. Suppose cy is constant and a unique E € (AI® minimizes

c1(w) c
/ t1(Bw) dpo(w) + w2(f Bo 2dpo(w))’

and B, # Bg for all distinct w, & € €, then every optimal solution (p, 1, T2) to program (3)

has
o 71(8, ®d,) = po(w) for every w € Q;

o 3 ([ Bu dpo(w)) =1;

o 71l is a strict mean-preserving spread of 7o', and 7'1Q 1S a strict mean-preserving spread

of 5.

Proof. The third point follows immediately from the first two given that the entries of 5 are
distinct: the first point implies 7§* is maximally informative and 71! is strictly informative,
while the second point implies 74! is uninformative and 75! is not maximally informative.
Moreover, the second point follows directly from the first because the entries of 5 are all
distinct, given Claim 1. So we turn to showing every optimal (i, 7y, 72) for program (3)
satisfies the first point.

Consider first any optimal (ji,71,72) for program (3) with the property that 7; reveals
the fundamental state—that is, such that every belief in the support of 7, takes the form
B@ 0 for some ﬁA € All and w € Q. By Claim 1, no w € Q and distinct B,B € Al can
exist such that §® d; and B@ 0z are both in the support of 77. Said differently, every w € )
admits a unique f; in the support of 7; with fi$}(&) > 0. The uniqueness property of E then
directly implies that 71(8; ® d;) = po(@) for every @ € Q.

In light of the above paragraph, it suffices to show, for any optimal (u, 71, 72) for program

(3), that 7 reveals the fundamental state. To that end, apply Claim 6: some optimal solution
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(fi1, 71, 72) to program (3) exists such that:

e The distribution 71! is degenerate;
e Bach w € Q admits a unique j3,, € AIT such that 7 (3, ® d,) = po(w);

e Any sy in the support of 71 and any w,@ € € in the support of u$® have B, = Ba.

Now, the uniqueness property of 5 , together with optimality of (fi, 71, 72), implies (5. )weq =
[3 . Hence, because the entries of 6’ are distinct, it follows that every p; in the support of 7
admits some w € € such that p$}(w) = 1. Said differently, 7; reveals the fundamental state,

as required. Q.E.D.

Claim 8. Take ¢1(1) =: ¢y > cp := co(1) = c2(2) = ¢1(2). The program

. c1(w) —a

has a unique optimal solution (57, 55%). It has

((2+so)\/a—3so\/a (%so)ﬁ—wa) . Ve o3

( ik*(ﬂ_l)’ ék*(ﬂ_l)) _ (I—¢)(B3v/er++v/cu)’ (1—¢)(3v/cL++/c<H) overn — 1429
(1,1/3) . otherwise.

In particular, BT # B5*.

Proof. Substituting in 3,(7?) = 1 — B,(7!) for each w € 2, we can view the program as
an optimization over (5;(w!), B2(7')) € [0,1]?. The loss is continuous so that an optimum
exists, and it is strictly convex so that this optimum is unique. Direct computation shows
that the given form of (87*(w'), 83*(7!)) satisfies the first-order condition, and hence is the
optimum.

Finally, let us verify that 87" # (5*. Given the form of the solution, we need only check

that the numerators differ in the case that YL < 2 And indeed,
Ver = 1429

[(2+@)Ver —3pyer | = [(2 = w)Ver —oven | = 2(1+¢) (Ven — y/er) > 0.
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Q.E.D.
Now, we prove Proposition 3.

Proof of Proposition 3. Some optimal solution to program (3) exists by Fact 1. Moreover,
any two triples that satisfy the conditions of the proposition’s statement—which yield the
same total state distribution, provide the same information to agent 1 about the total state,
and provide the same information to agent 2 about the ranking state—generate the exact
same loss (and so are either both optimal or both suboptimal). Hence, given Claim 7, we

need only see that (5%°).eq is the unique solution to the program

1 cL(w) R - N
ger(nAllr‘Il)Q/ Ll(ﬂw) de(W) + L2(f,8w dpo(UJ))7

and that g # (5*—exactly what Claim 8 proves. Q.E.D.
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