Oligopoly Competition in Fake Reviews

Yuta Yasui* Hisayuki Yoshimoto!

December 30, 2025

Abstract

How does hidden review manipulation alter oligopoly market outcomes? We model strategic ma-
nipulation of reputations in price and quantity competitions. Each firm has private information
about its product quality, which consumers need to infer before purchasing. Consumers observe
a noisy review rating for each firm, which is the combination of authentic and manipulated (fake)
reviews, and is thus the subject of strategic manipulation. A firm’s review manipulation action,
though costly, could inflate the rating of its product, increase consumers’ willingness to pay, and
upwardly shift the firm’s demand function. By focusing on a linear strategy with private infor-
mation, we establish a monotone equilibrium review manipulation strategy. When consumers
rationally conjecture review manipulation, we show that expected prices and quantities become
invariant to a non-manipulation environment, and severe competition diminishes the amount of
manipulated reviews. Furthermore, due to the signaling role of manipulated reviews, expected
consumer surplus increases. By contrast, when consumers naively believe observed ratings are
genuine, strategic substitutability emerges among firms’ review manipulation actions, and equi-
librium oligopoly market outcomes are distorted accordingly. With naive consumers, severe

competition can increase the amount of manipulated reviews and damage consumer surplus.
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1 Introduction

Despite considerable public concerns about hidden review manipulation, such as fake re-
views, there are few theoretical studies modeling review manipulation with an oligopolistic
market structure. Specifically, the number of economic articles that model strategic review
manipulation is scarce, and this may hinder the regulatory discussions for anti-competitive
policies.!»?

By proposing a review manipulation model under the classical Cournot and Bertrand
differentiated product competition, this article aims to contribute to the literature and assist
in policy discussions. Notably, for each firm, we introduce the asymmetric information of
producer type (i.e., product quality for each firm).

Specifically, we contribute to the literature by reporting the review manipulating oligopoly
equilibrium properties, welfare characterizations, and welfare comparisons, with a rational
and naive consumer. We show that oligopoly market outcomes with rational consumers are
drastically different from those with naive consumers, as the former involves consumer sur-
plus improvement, while the latter is associated with damaged consumer surplus. In contrast
to classic advertisement or investment competition in the literature, with a rational represen-
tative consumer, the firm’s profit-maximizing review manipulation strategy does not depend
on other firms’ review manipulation strategy. This key property stems from the rational
conjecturing process: A rational representative consumer, who observes a rating for each
product, rationally conjectures the product quality of each project, and makes consumption
choices. In equilibrium, given the review-manipulation schedules of each firm, a rational
representative consumer downwardly assesses (or curve) the observed ratings and forms the
expected product qualities. Based on this rational conjecturing process, at the simultaneous
review-manipulating action stage (i.e., fake-review-writing stage), a firm chooses its review-
manipulating action, anticipating that such consumer nullifies the other firms’ manipulative
behavior in expectation. In other words, the firm chooses its own review-manipulating strat-

egy as if other firms are not making any review manipulation. Thus, there is essentially

!The pioneering and empirical study is Mayzlin et al. (2014), which reports a stylized Hotelling com-
petition promotional (fake) review model in its Appendix. In their appendix, the authors assume that no
economic agents (i.e., neither of the two firms at both ends of the Hotelling space, nor the consumers) know
the true product quality until the end of the game (thus, information is incomplete but symmetric among
all agents), leaving room for further model development.

2Focusing on book reviews and book sales on Amazon.com, Reimers and Waldfogel (2021) report that
crowd ratings on the platform have a ten times larger impact on consumer welfare, compared to those
provided by professional reviewers. As online crowd ratings are relatively cheap to manipulate (which is
frequently done through anonymous accounts) compared to the cost of manipulating professional reviews,
Reimers and Waldfogel (2021) findings further raise concerns about the role of manipulated reviews under
differentiated-product oligopoly competition.



no competition in the review-manipulation stage even though there exist competitors in the
market. Furthermore, as pointed out by Dellarocas (2006) in a monopoly setting, the review-
manipulation in the oligopoly market has a signaling role, resulting in the improvement in
rational consumer’s expected surplus with manipulated reviews.

In the latter half of this article, we explore the behavioral analyses of manipulatied reviews
with a representative naive consumer. Our motivation is as follows: A consumer may naively
believe that observed (and publicly displayed) ratings are genuine and does not fully perceive
the existence of manipulated reviews. If the market consists of such a naive representative
consumer, a firm could exploit manipulated reviews to extract more profit. Particularly,
the effect of manipulated reviews on a representative naive consumer’s potential welfare loss
would be of interest to market authorities and policymakers. In addition, to the best of our
knowledge, welfare analyses of the manipulated reviews in varying-demand Bertrand and
Cournot competitions with naive consumers have not been investigated in the literature.

In our behavioral model, a naive consumer cannot comprehend firms’ review-manipulating
activities, and they naively believe that an observed rating genuinely comes from the true
product quality distribution without strategic manipulation. One notable advantage in our
definition of a behavioral consumer is its nesting property: The proposed representative naive
consumer nests that of the fully rational consumer as an extreme case, as well as nesting the
fully naive consumer as another extreme case, enabling researchers to pursue comparative
statics, notably welfare comparisons.

Under the behavioral model setting, review manipulation has two new effects: (i) an
exploitation effect to extract surplus from a representative naive consumer and (ii) a business-
stealing effect from the other firms. The first effect simply comes from biases caused by
the manipulated reviews. The consumer purchases over-rated products excessively. The
second effect arises as a naive consumer is attracted by a product with inflated rating with
manipulated reviews. Then, strategic substitutability across review-manipulating actions
emerges in contrast to the case with a rational consumer.

Because the only difference between a rational and naive consumer is the beliefs they
form from an observed rating, the rational and naive consumers’ surpluses are comparable.
We numerically report the welfare implications of consumer naivete. Due to the naive con-
sumer exploitation role, naive consumers experience large welfare losses compared to rational
consumers.

Regarding the numerical analyses, we also quantify the amounts manipulated reviews
generated under various competition measures, such as varying degrees of product sub-
stitutability. With rational consumers, we report that severe competition diminishes the

amount of manipulated reviews, because harsh competition decreases each firm’s profit and



marginal gain from costly review manipulation also shrinks. However, with purely naive
consumers, we have a different story. Severe competition can increase the amounts of ma-
nipulated reviews, notably because the excessive purchases by the biased consumer and high
product substitutability can increase the marginal gain from review manipulation.

The remaining sections are organized as follows: Section 2 reviews the literature re-
lated to reviews and review manipulation. Section 3 explains our main review-manipulating
oligopoly model with rational consumers. In this section, we mainly focus on a Bertrand
duopoly competition model for expositional simplicity. Section 4 reports our main results
with rational consumers, such as equilibrium properties and welfare analyses. Section 5
extends the model with behavioral consumers, who naively believe observed review ratings
are genuine and thus cannot perceive firms’ review-manipulating activities. In Section 5, we
numerically analyze the welfare implications of review manipulation, and we assess welfare
loss among naive consumers. This section also reports the amount of manipulated reviews
generated by various competition measures. Section 6 extends the model in a few directions:
firms with asymmetric priors of quality distributions, quantity competition, and an n-firm
oligopoly. Lastly, Section 7 summarizes and concludes this study. Proofs and supplemental

materials are reported in the Appendix sections.

2 Literature Review

Our study relates to several fields of literature. First, this article is related to the reputation
studies. Specifically, our linear review rating model stems from the linear output framework
proposed by Holmstrém (1999), which has recently and actively been applied to the design
of dynamic rating systems with a single agent (Bonatti and Cisternas (2020) and Horner
and Lambert (2021)).?

Second, our paper is related to the theoretical literature on the properties of promotional
reviews, including manipulated (fake) reviews. Under a monopoly market structure, broader
aspects of manipulated reviews have been analyzed. Glazer et al. (2021) and Yasui (2020)
analyze the dynamic roles of the platform dealing with fake reviews, and Akoz et al. (2020)
study the potential signaling role of the monopolist’s price combined with fake reviews. Re-
garding oligopoly, even though consumers use ratings to compare a product with others, and
manipulated reviews are used to distinguish their product from competitors’, the literature

only occasionally studies the interaction between competition and review-manipulating be-

3See the survey of Bar-Isaac and Tadelis (2008) for the reputation literature. In addition, the rating
design is also closely related to the literature of certification design, which was pioneered by Lizzeri (1999),
currently an active research area. Closely related to our study, Zapechelnyuk (2020) reports that under some
standard moral-hazard model settings, a simple binary quality certification is optimal.



havior. Under focused oligopoly competition settings, the early pioneering studies of Mayzlin
(2006) and Dellarocas (2006) establish a new research field and analyze whether promotional
reviews by sellers can benefit consumers. We contribute to this literature by analyzing re-
view manipulation by multiple firms, which subsequently compete in a traditional Bertrand
(or Cournot) competition market. This study also departs from the existing literature by
introducing naive consumers and by reporting behavioral welfare implications.*

Third, this study also relates to the literature of advertisement with hidden types. The
seminal studies of Nelson (1970) and Nelson (1974) introduce the concept of costly pro-
motional activities conveying product quality information. Milgrom and Roberts (1986)
formalize that, in a separating equilibrium, consumers rationally infer the seller’s type after
observing the advertising effort levels. In line with this argument, advertisements are often
assumed to be perfectly observable, and models with imperfectly observed advertisements
are relatively limited. Focusing on the duopoly market with a unit demand, Grunewald and
Krikel (2017) apply the Holmstrom (1999) model to imperfectly observed advertisements for
vertically differentiated products.” The model in our study can be interpreted as the imper-
fectly observed advertisement in a flexible oligopoly model with vertically and horizontally
differentiated products. Our contribution to this literature is that we reconcile two opposing
views about the signaling role of the advertisement. While Nelson (1970) and Nelson (1974)
argue that high-quality type provides more ads, Schmalensee (1978) argues that low-quality
type provides more.® In the equilibrium of our model, ez-post high-quality type provides

more promotional activity while ez-ante weak seller (with low-quality in expectation) might

4The empirical literature provides evidence of the existence and impact of review manipulation. Mayzlin
et al. (2014) exploit a gap in the review process of two online accommodation platforms, indicating the
existence of review manipulation. He et al. (2022a) combine data of fake-review offers on a social network
platform and product sales rankings on Amazon.com to report a positive causal effect of fake reviews on
Amazon sales, as well as pricing. In addition, He et al. (2022b) propose machine-learning methods to detect
fake reviews, based on directly observed paid review manipulation activities. Yoshimoto and Zapechelnyuk
(2023) report a dynamic review manipulation model of a monopoly seller, and test theoretical predictions
by comparing restaurant reviews provided by online reviewers and professional guidebook reviewers. Using
detected fake review data, Gandhi and Hollenbeck (2023) model consumer beliefs related to fake reviews,
and then demonstrate structural estimations, reporting the intricate welfare consequences caused by fake
reviews. Here, other relevant studies on the topics of ratings and reputation manipulation should be credited.
An incomplete list of such studies is as follows: Chevalier and Mayzlin (2006) is a representative study of
online reviews, investigating the effect of online book reviews on sales. Ratings and reviews are also closely
related to dynamic reputation. With a dynamic model, Campbell et al. (2017) carry out a theoretical study
on the relation of word-of-mouth and advertisement activities. Chevalier et al. (2018) study the dynamic
response to reviews by managers. Hollenbeck (2018) provides an analysis of online reputation mechanisms,
focusing on value chains.

®Some recent field experiments suggest that fake reviews and advertisements have distinctively different
roles. Sahni and Nair (2020) show that consumers called restaurants more when the listing is revealed
as “paid-advertisements” rather than non-paid listings. The study of Akesson et al. (2023) shows that
consumers tend to be attracted to low-quality products if their reputation is inflated by fake reviews.

6The empirical results are not decisive about this issue. See ?? for a summary.



put more promotional efforts.

Fourth, our study is related to behavioral economics literature, in which economic agents
exhibit restricted conjecturing processes. Eyster and Rabin (2005) establish the epistemic
game foundation with economic agents who do not fully consider other people’s information.
In this context, Kartik et al. (2007) study strategic communication, Murooka and Yamashita
(2025) investigate an optimal trading mechanism in the presence of adverse selection, and
Yasui (2020) applies the framework to a continuous-time monopoly market. However, to the
best of our knowledge, an extension to oligopoly markets of this actively researched literature
has not been reported, warranting a careful investigation. Our study bridges this behavioral
literature and the classical oligopoly competition models, thus enabling researchers and prac-
titioners to assess policy implications of competition in reputation manipulation against the

behavioral consumer.

3 Model

In this section, we introduce our main model with rational consumers in a differentiated
product oligopoly market, in which each firm produces one brand of products.” The game
consists of five stages: (1) the drawing of hidden product quality types, (2) review manipu-
lation (fake review writing actions), (3) the realization of product ratings with rating noises,
(4) price (or quantity) choices, and finally, (5) consumption choices. After introducing some
basic model background and notations, each of these stages is explained. Our basement is an
ex-ante asymmetric Bertrand duopoly model with a representative rational consumer, yet it
is flexible, allowing us to expand our model to Cournot competition and n-firm oligopoly.®
Firm i’s profit (i € {1,2}) is defined as

@F?

Wi:(Pi—Ci)Qi— 5 1

where p;, ¢; and F; are firm i’s price, quantity, and manipulation (fake-review) effort level,
respectively. In addition, ¢; and ¢; are costs for producing a unit of its product and a cost

parameter for manipulation, adaptable to become asymmetric and heterogeneous.’

“We interchangeably use the terms “the representative consumer” and “consumers”, as all are charac-
terized by a quasi-linear utility function.

8In Section 6.2, we introduce a Cournot competition version of our model. In Section 6.3, we analyze
n-firm oligopoly model. In Section 6.1, we provide our asymmetric model with a flexible interpretation
regarding whether a high-quality or a low-quality seller provides more manipulated reviews, which could be
viewed as imperfectly observed advertisements (see Nelson (1970), Nelson (1974), and Schmalensee (1978)).

9Following the precedent of Mayzlin et al. (2014), as well as traditional informative advertisement litera-
ture, the review manipulation (fake review writing) cost parameters (¢;s) and marginal production costs (¢;s)



Given the qualities of each product, #; and 6, we define the ez-post utility function for
a representative rational consumer, as in Dixit (1979):

U=01q1 + gz — %q% — %qu — $q1G2 — P1G1 — P2Ge, (1)
where b; and by, and s are constants, representing slope and substitution parameters. We
suppose b1by — s? > 0 for concavity of the utility function. We assume that ¢;, ¢;, and b; of
firm ¢ € {1,2}, as well as s, are common knowledge among all market participants.

In the equilibrium analysis in the subsequent sections, this ex-post utility function spec-
ifies the linear differentiated product demand system, notably with the expected qualities
in its intercepts. More specifically, at the beginning of Stage 5, the consumer observes a
publicly posted rating of each product, denoted as R;, as a noisy signal of brand quality, al-
though they cannot directly observe the underlying quality #;. In other words, the products
are experience goods, so the true quality is revealed only after the purchase of the product.
Given sellers’ prices and ratings, at Stage 5, the representative rational consumer chooses
the quantities to purchase to maximize interim expected utility, as described in the next
section. Having described the last stage, we now outline the earlier stages in order.

At Stage 1, each firm draws its quality type 6; from a normal distribution with its mean
p; and variance o ;, that is:

0; ~ N (i, 03 ).

The distributions of 6;s are independent of each other. Although the distributions of 6;s are
common knowledge, the drawn type is private hidden information for each firm. We assume
;> ¢; for all 4.

At Stage 2, firm ¢ makes the inflating manipulation (fake-review writing) effort, F;.'% At
this stage, each of the two firms simultaneously decides to put some effort into manipulating
its reviews, notably without knowing the opponent firm’s hidden type.'!

At Stage 3, the information on each product is gathered, and ratings for each product

are revealed to the public. The rating for firm i’s product is denoted as R; and defined by

are public information. In addition, review manipulation cost parameters are heterogeneous. For example,
some firms (e.g., large and brand-affiliated) could have higher costs, as, when revealed, review manipulation
(fake reviews) damages their brand-wide reputation, while small and independent firms may have relatively
smaller costs as their exits and entries are less costly. Note that, when ¢; goes to infinity, the cost of re-
view manipulations becomes prohibitively high, and the payoff function is qualitatively equivalent to that of
standard price (or quantity) competition with differentiated products.

10T the analysis, we will focus on linear strategy equilibrium, where the review manipulating effort is a
linear function of each firm’s type.

' This setting follows the tradition of a standard auction model, in which a bidder submits a bid without
knowing the opponent bidders’ valuations (or signals).



following Holmstrom (1999), as in Dellarocas (2006)"?
Ri=0;+ F; + ¢, (2)

where ¢; is an i.i.d. random review noise drawn from a normal distribution with its mean
zero and variance o2, that is:

€,1)

e ~ N(0, ‘762,2')-

Intuitively, if the product quality is high, genuine customer reviews tend to be good, even
though there will be some fluctuation due to taste heterogeneity of reviewers. A rating
calculated from such genuine reviews is captured by (6; + ¢;) in Equation (2). However, firm
i can inflate its rating R; by review manipulation, summarized as F; in Equation (2).

Notably, the realization of ¢; and R; in Stage 3 comes after the choice of F; in Stage 2.
In the context of online ratings, it is interpreted that, upon its entry, the seller distributes
(unincentivized) product samples to consumers and, in addition, writes manipulated (fake)
reviews. The sample-experienced consumers write genuine reviews (6; + ¢;), which may
or may not result in a high rating (R;). On the other hand, manipulated reviews (F;) are
provided by hired fake reviewers (or in-house fake reviewers), who are incentivized to provide
high ratings, although it becomes increasingly costly to compensate them, as represented by
the convex manipulation cost function.!?

At Stage 4, given the publicly available revealed ratings (R;s), each firm chooses its own
price, p; € [0,00) to maximize its profit.

Lastly, at Stage 5, the representative consumer chooses consumption quantities ¢; and ¢,
and the market clears. The demand function is derived from the representative consumer’s
interim expected utility maximization, conditional on the observed ratings of products (R;s)
and prices (p;s). Note that, before their consumption choices in Stage 5, the consumer
can observe R; for each firm, but not the realization of F; or ¢;, so they cannot precisely

disentangle the exact value of quality #;. Rather, consumers form conditional expectations,

12G8ee also the survey of Bergemann and Bonatti (2019). In addition, potentially negative ; and R; could
be questioned due to the assumption of normal distributions, as well as a potentially negative manipulated
(fake) review action F;, which is linear in 6; at equilibrium. In fact, this negativity in the review-manipulating
action is not a nuisance in this study. We can replace a normal distribution with an elliptical distribution
(Cambanis et al., 1981; Gémez et al., 2003; Ball, 2025) in a non-negative domain. See the Appendix for
details.

13 Alternatively, in the fashion of traditional non-online reviews, such as newspaper and consumer product
magazine reviews, Equation (2) could also be interpreted as a combination of bribed and non-bribed profes-
sional reviews. For instance, if a new restaurant opens, the management may offer bribes to some but not
all professional reviewers (e.g., local newspaper writers) to write favorable review articles for the restaurant,
which is represented by the costly review manipulation activity, F;. On the other hand, in general, it is not
possible to bribe all reviewers: Other non-bribed reviewers (e.g., town magazine editors) honestly report
genuine evaluations (; + ¢;), but their honest reviews come with their taste heterogeneity (¢;).



as analyzed in the next section.

4 Equilibrium

In this article, we focus on a perfect Bayesian equilibrium where the seller’s manipulation
strategy is linear in its hidden type 6; where ¢ € {1,2} is a firm index. To express the
idea formally and concisely, we introduce a few vector notations: p = (p1,p2), 4 = (¢1, ¢2),
and R = (Ry, Ry). In addition, to analyze welfare, we also consider ez-ante expectation,
variance, and covariance, with the notations of E|[-|, Var[-|, and Covl-, -] in which integrals
are calculated over all stochastic variables (0, 0,5, €1, and €3) before the game starts (i.e.,
before Stage 1), although we often omit the term of “ex-ante” when the meaning is clear.
By construction, ex-ante expectations, variances, and covariances are unconditional. The

equilibrium is defined as follows.

Definition of Equilibrium Manipulated review equilibrium is characterized by the fol-

lowing conditions:

1. Expected utility mazimization:

(¢1(p; R), ¢2(p; R)) = argmax E.[U|R, p};

41,92

2. Profit-mazimizing pricing: Given p_; = p*,(R),
pi(R) = pi(p—i,0;, R) = arg YT;&X Eil(pi — ci)ai(p; R)) — EFiQWh RJ;

3. Profit-mazimizing reputation manipulation strategy: Let ¢f(R) = ¢;(pi(R), p5(R); R).
Then,

F7(0:) = Fi(0; FZ()) = argmax Ei[(p; (R) — ¢i)g; (R) — @EQ|91'];

‘ ; 2
4. Linear reputation manipulation strategy: For some constant «; and ~;

F*(HZ) = CYZ'QZ‘ —+ Yis

5. Passive belief: For any p; and po,

E[0:|R, p1,po] = Ec[0:|R, pi(R), p3(R)] (= E.[0:|R]) .

9



Related to the second condition, at any equilibrium, the profit-maximizing price does not
vary with own quality #;, and does not convey any information in addition to the rating. This
is an immediate property derived from the model assumption, rather than an equilibrium
restriction. Recall that, at the pricing stage, 6; does not appear in the profit function, and
all other components in the formula are already realized. Therefore, there is no single-
crossing property at the pricing stage.!* Thus, on the equilibrium path, the consumer does
not infer the underlying quality from the prices. The last condition is imposed to complete
the analysis off the equilibrium-path, which characterizes the shape of the residual demand
for each product. Because the consumer does not extract any additional information of the
quality from the price at equilibrium, it is natural to suppose that they cannot do that
off-equilibrium.'® Then, the consumer’s belief is characterized enough to solve the model
(almost) backwardly.
At the beginning of Stage 5, conditional on the observed ratings and prices, the interim
expected utility of the representative consumer is defined as:
by 5 by

E.[UR,p] = E.[0:|R,p]q1 + E. [02|R,p] g2 — S0 5(13 — 5192 — P1q1 — D2G2- (3)

That is, the interim expected utility is deterministic, except for each product’s quality.
Specifically, for firm ¢ € {1,2}, the rational consumer forms the conditional expectation of

the true product quality 0; as'

OOUC [017 Rz] .
W(Ri — E[R]) = i (4)

firm 4’s reputation

E.[0;|R,p| = E.[0;|Ri] = o +

To promote intuitive understanding, we introduce the shorthand notation of Y; and broadly

call it firm 4’s (rational) reputation. Note that, the first equality holds because the prices

M\More explicitly, suppose that there exists an equilibrium where the prices signal the underlying quality,
ie., pi (R, 0;) £ p? (R, 91) for some 6; and §; such that 8; # ;. Still, the consumer’s utility maximization
gives the demand for product 4 as in the first condition of the equilibrium: ¢; (p,R). Then, firm ¢ with 6;
and 6; faces the same objective function at the pricing stage. This results in the same profit maximizing
price, p; (p—i, 0;, R) = p; (p,i, 0;, R). Thus, the price at equilibrium does not depend on the underlying
quality ;. This property depends on the timing of the game. See Akoz et al. (2020) for a model with pricing
before the rating realization and a signaling role of the prices.

5Dellarocas (2006) imposed the same condition for the off-equilibrium belief implicitly. Bonatti and
Cisternas (2020) imposed limit sensitivity condition to pin down off-equilibrium response in a continuous
time model.

16Gee the Appendix Section A.1 for the derivation steps, in which we use the linear conditional expectation
property of a joint normal distribution (DeGroot, 2005). This linear conditional expectation property also

holds with a joint elliptical distribution, notably with a nonnegative domain (Cambanis et al., 1981; Gémez
et al., 2003; Ball, 2025).

10



convey no additional information on top of the ratings, and the other product’s rating R; of
firm j # i does not depend on 0; (see Equation (2)). Thus, the consumer’s expectation of
each product’s quality is calculated by the projection of 6; only on R;.

Moreover, because the consumer takes firm i’s review manipulation strategy F;(6;) =
a;0; + v; as given, the consumer evaluates the equilibrium rating as R; = 6; + F;(0;) + ¢, =
(1 + a;)0; + v + €;. Then, as 0; and ¢; are i.i.d., and the consumer knows it, the ratio of
unconditional variance-covariance is written as

Cov, [0;, R;] _ (14 ai) oz, _ (1+a;) _ ) (5)

Var.[R;] (14 a)’ 03, +0%  (L+) +(00i/0e) <~ ’

curving coefficient for firm ¢

and we label \; as the consumer’s curving coefficient for firm i (or, for a rating of firm i’s

product). In addition, the consumer’s unconditional expectation of firm i’s rating is
E[R| = E[0;] + Ec[F5] = (1 + o) oo + i (6)

In Equation (5), the quotient term of oy/0, is a signal-to-noise ratio, representing the ac-
curacy of the rating system without review manipulation (i.e., without fake reviews). The
curving coefficient )\; is increasing in this ratio. The intuition is that, when this ratio is
large, the consumer finds that the review rating (R;) is relatively more informative about
true product quality. Thus, the reputation Y; becomes more sensitive to the rating R;.

By arranging Equations (4), (5), and (6), firm i’s reputaton among the rational consumers

at the beginning of Stage 5 can be intuited as

~~ —

where reputation Y; and manipulation effort F; have a linear relationship. Equation (7)
also manifests the rational consumer’s curving process: In equilibrium, the rational con-
sumer deduces their conditional expectation of product quality 6;, notably by filtering the
manipulated (and noisy) rating R; through the curving coefficient \;.'7

At Stage 5, given the reputations, Y1 = E.[0;|R,] and Yo = E.[01|Rs], the first-order

conditions for the consumer’s interim utility maximization in Equation (3) with respect to

"In addition, regarding the ex-ante (before Stage 1) expectation of reputation, E[Y;] = p holds at
equilibrium as long as the consumers are rational.

11
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Figure 1: Graphical Explanations of Reputation (Y; = E. [0;|R;]) and Positive «;
¢1 and ¢ are:

p1 =Y —biqi — sq2
(8)

p2 = Y — baga — s5q1,

and we obtain a linear inverse demand system of Equation (8),'® where the constant terms
are determined by the reputation of each product, Y; = E. [¢;|R;]. Note that, after ratings
are publicly announced at Stage 3, the reputations are constant for firms at Stage 4, as
consumers do not infer hidden quality from prices. Figure 1 depicts the review manipulation
incentive of firm ¢ based on Equation (7) and (8), in which the reputation term is a part of
the intercept of the inverse demand function. Because the reputation (Y; = E. [0;|R;]) and
manipulated reviews (F;) have a linear relationship in Equation (7), given the consumers’
belief, when firm ¢ increases Fj, it linearly pushes up the intercept of the inverse demand
function, resulting in a larger markup (or revenue).

At Stage 4, as an equilibrium outcome of price competition with a linear demand system,
firm 1’s profit function becomes quadratic in its equilibrium quantity ¢;, which is then linear
in its reputation (Y; = E.[6h|R;]). Specifically, firm 1’s profit function is reduced to the

following;:

1

L2
Bi

T (Q:y

where
Bi = b;/(biby — 5%

I8Even if the actual choices consumers face are discrete, the decisions across the whole consumers can be
aggregated into a smooth demand function system derived from a representative consumer’s decision-making.
See Armstrong and Vickers (2015), for the details of aggregating condition.
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is a slope of the demand for product . The Bertrand outcome ¢ is further decomposed as

g =L (Vi —¢;) = M (Y; — ¢) (10)
b (2b1b2—5%) bibas 19 T4
where L; = @by =55 (b1bs 5 and M; = @b (b0 Intuitively, as the market becomes

more competitive (with s close to b;), the equilibrium quantity becomes more sensitive to
own and other’s reputation (higher L; and M;), and other’s reputation becomes relatively
more important (higher M;/L;).

At Stage 3, the rating R; is realized with the review shock ¢;. Thus, at Stage 2, when
firms simultaneously set their manipulation levels F}, they are uncertain about the realization
of their respective reputations, Y; = FE. [0;|R;]. Therefore, the profit function for firm 1 is

evaluated with an expectation conditional on its own product’s quality

E[m|6;, F] = B7'E [(qz*)Q |0;, FJ - %Ff (11)

o
2

1

Here, the manipulation of firm ¢ does not affect the conditional variance of the equilibrium

quantity.
Lemma 1. 0Var (¢|0;, F;) /OF; = 0.

Proof. By Equations (7) and (10), ¢ is linear in 6;,0;, F;, Fj, ¢; and €;. Furthermore, from
the viewpoint of firm i, Fj is given by F; = F}(0;) = a;0; + ;. Thus, given 0; and F;, the
remaining sources of variations in ¢} are 8;,¢; (j # i) and ¢;, which are uncorrelated with 6;
and additive separable with (6;, F;) in the expression of ¢f. Therefore, F; does not change

the variation of ¢ given 6; and F;. O
Then, the first-order condition w.r.t. F; is written as

0=25;" 9F

E ¢ 10, F}] — ¢ F;

Here, recall that ¢f = L; (Y; — ¢;)—M; (Y; — ¢;) and E'[Y;|6;, F;] = E'[Y;], and note % =
%Wg—ﬁ = L;\;. Then, the marginal gain from the manipulation is decomposed into

19Gee Appendix C for the derivation. Furthermore, by replacing L; and M;, we can obtain a similar
quadratic profit function for a firm in a Cournot quantity competition and apply the same logic. See also
the Appendix C for details.
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Figure 2: Graphical Explanation of Equations (16) and (17)

two parts regarding whether it depends on the hidden information of the firm i (6;, F;):

0 =23 "LiNE [Li (Yi — ¢;) = M; (Y; — ¢) |0;, F] — & F
=26, 'Li)i (B [qf] + Li (E [Yi|0;, F] — E[Yi]))) — ¢:F; (13)
=287 "L\; (E lqf] + Lixi (0, — E[0,] + F; — E[F}])) — ¢;F; (14)

By rearranging it, the firm ¢’ optimal manipulation strategy F; satisfies
(¢i — 2B, LIN;) F; = 2B, LiN0; + 2B, Li; (E [qf]) + Lid (—E [6;] — E [F])) (15)

On the one hand, a; is determined by matching the slope coefficient in the above first-
order condition with that in the linear strategy, F;(6;) = «;0; + ;. On the other hand, the
rational consumers’ curving coefficient (J;) is reported in their inference process of Equation
(5). Consequently, we have the system of

N 26; 1[_“?)\?2 R 2)\?_1 (16)
¢i - 26@ L@' )\i (ﬂz IL?/@) - 2)\?
(1+ ai)
(00./0ci) 2+ (1 + )

A=

(17)

Regarding optimality, the second-order condition for the profit maximization is satisfied if
and only if ¢; — 28, ' L?\? > 0. That is, the review manipulation cost parameter (¢;) is large
enough relative to the marginal benefit related term of business-stealing effect (5;'L2).
Given this condition, «; > 0 holds for firm 1’s profit-maximizing strategy. Furthermore,

this condition also implies A; > 0 in the consumers’ equilibrium curving process. Figure 4
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illustrates the mutual interactions between Equations (16) and (17) with varying signal-to-

noise ratio (09;/0c;) and benefit-cost ratio (8; ' L?/¢;) values, numerically exemplifying the

(2

equilibrium relationship between o; and \;.?" E [F}] is characterized by the expectation of
the equation (14).

0=28"Li\i (E[g]] + Li\i (E 6] — E[6i]) + E[F)] — E[F))) — ¢:E [F}]
=267 Li\E |g;] — 6. [F]

If the consumer is rational (i.e., E.[0;|R;] = E[0;|R;]), then E[Y;] = E[0;] holds and E[F}| is
explicitly characterized as

M;
E0;)] —c)— —
(( [6:] — ) 7

7

287N LEN

E[F] %

(E16)] - ) (18)
For completeness of the equilibrium characterization, ~; is characterized by

v = EF] — o E0]. (19)

4.1 Equilibrium Properties

First, we can observe that Equations (16)-(19) do not depend on firm 2’s strategy, Fa(-).
Thus, if another firm is taking the equilibrium manipulation strategy Fy(-) and the consumer
has a rational belief on it, firm 1’s profit-maximizing manipulation strategy Fi(-) does not
rely on the shape of Fy(-), resulting in the following proposition.?!

Proposition 1 (Unresponsive Best Responses in Manipulated Reviews). If the consumer

has a rational and passive belief that sellers implement linear strategies, seller i’s profit-

mazximizing strateqy is linear and does not depend on seller j’s strateqy (j # i).

This seemingly paradoxical proposition can be intuitively understood as follows. Suppose
that firm 2 finds manipulative behavior costly given a strict regulation by the government
or the consumer’s strict attitude against manipulative behavior (i.e., high ¢5). Firm 2
becomes (known to be) relatively truthful to the consumer and reduces the intensity of
manipulation (low E.[F3]). The unresponsive property in the above proposition implies that

such truthful behavior does not propagate firm 1’s strategy, given the rational consumer’s

20A larger B 'L3}/¢; roughly implies that the (marginal) benefit part of the conditional expected profit
function is relatively more influential compared to the (marginal) cost part, based on the first-order condition
of Equation (?7).

21Tn contrast, if consumers are naive, a strategic substitutability property emerges among review-
manipulating actions (see Proposition 8).
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curving process. This might be surprising given that the reputation of firm 2 (Y3) shifts
the demand for firm 1’s product. In fact, if firm 2 reduces the manipulation intensity, it
decreases its own expected rating (low E.[Rs]). However, as long as the consumer is rational
and knows that the manipulation is costly for firm 2, the consumer can rationally expect that
firm 2’s manipulation is reduced (low E.[F3]). Therefore, the reputation of firm 2 remains
the same on average (same F.[Y3]) even after the reduction of the manipulation. Thus, on
average, firm 1’s demand curve and incentive to manipulate its rating do not change.
Furthermore, signs of the coefficients for the equilibrium strategies are determined by

observing the first-order conditions.

Proposition 2 (Signs of the Coefficients at Equilibrium). At any linear equilibrium with a

passive consumer’s belief, a;, A\; are positive.

See Appendix B.2 for a proof. Intuition is explained as follows. As depicted in Figure
1, the manipulated review linearly raises the intercept of its own demand curve, and that
then linearly increases the equilibrium quantity and price. Thus, the manipulated review
quadratically increases the firm’s variable profit from the market competition, as depicted
in the rectangle areas in Figure 1. Furthermore, given the linear rating of Equation (2), if
the seller privately observes high quality (high 6;), then the seller expects a high reputation
(i.e., high Y; = E.[0;|R;]) even without writing manipulated reviews (i.e, F; = 0). Because
of the quadratic feature of the profit function, the marginal effect of review manipulation
on profit is higher when the seller obtains high quality. Thus, the seller with a high quality
(the right-hand panel in Figure 1) has a greater incentive to produce manipulated reviews
than the seller who gets a low quality (the left-hand panel in Figure 1).%?

Given the equilibrium manipulation-strategy F;(6;) = «;0; +; for any 6;, other parts of
the equilibrium can also be straightforwardly characterized. The existence and uniqueness of

equilibrium hinges on the existence and uniqueness of «; and ~; characterized by Equations
(16)-(19).

Proposition 3 (Existence and Uniqueness of the Equilibium). If 04;/0.; > 1, then the

linear equilibrium with a passive consumer’s belief always exists and it is unique.

Graphically, in Figure 4, Equations (16) and (17) intersect at least once. By assuming the
informative rating condition of oy ;/0.; > 1, we obtain a monotonically decreasing graph of
Equation (17), which uniquely intersects with a monotonically increasing graph of Equation

(16). See Appendix A.2 for a formal proof.

22This signaling mechanism behind the positive «; is in line with the study of Dellarocas (2006), which
analyzes the online opinion forums without oligopolistic price (or quantity) choices.
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Now, we perform comparative statics on the key (combinations of) parameters to the
equilibrium variables. In the rest of the section, we focus on the parameter set where
the unique equilibrium is guaranteed (og;/oc; > 1). First, we report the behavior of the
equilibrium coefficient «; and curving coefficients \;, which will play key roles in the welfare

analysis in Section 4.2.
Proposition 4. At equilibrium,
1. oy and \; do not vary with ¢;, E[6;], ¢;, ¢j, nor E[0;] (j #1i),
2. «a; 1s increasing in (L?/Bid;) and N; is decreasing in (L?/Bid;),
3. a; and \; are increasing in (0g,/0.;), and
4. E[F}] is increasing in (0g,;/0c;) and (E[0;] — ¢;), decreasing in ¢; and (E[0;] — c;).

The proposition is proved by observing Equations (16)-(18). See Figure 4 for a graphical

explanation and Appendix 77 for a formal proof.
Proof. O]

The first result shows that the prior quality level or production cost, and the other firm’s
manipulation cost do not alter a; or A\;. The second result shows that the effects of the
slope of the inverse demand b, the substitution parameter s are captured by the slope of the
demand function §; and the marginal effect of reputation on the equilibrium quantity L;.

Regarding regulatory design, the second and fourth results clarify the distinction between
seemingly similar regulatory treatments: (i) the stringent censorship and severe punishment
against the manipulated reviews (a higher ¢;) and (ii) improvement of authentic customer
review accuracy (a smaller o ;).

Intuitively, an increase in (L?/3;¢;) implies a rise in the marginal impact on the seller’s
profit in the market competition stage (Stage 4) relative to the marginal cost of review
manipulation (in Stage 2). Then, in equilibrium, as the amount of manipulated reviews (F;)
increases, the signaling property of manipulated reviews is enhanced (i.e., higher «;). Taking
the increased number of manipulated reviews, the consumers in the equilibrium curve the
observed rating even more (i.e., smaller )\;).

By contrast, a higher (oy;/0;) implies a precise rating system even without manipulated
reviews. Therefore, the consumers’ purchasing behavior is highly responsive to the ratings
of each product (higher )\;). By taking this into account, the sellers in equilibrium create
more manipulated reviews and the signal effect of manipulated reviews (higher F;) is also

enhanced (higher «;).
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Because the demand substitution parameter s appears in 3;, L;, and M; in Equations
(16)-(18), a natural question emerges as to how the equilibrium variables behave as the
market becomes competitive (with higher s). Figure 3 reports a numerical analysis on «;,
Ai, and E[F;] with the substitution parameter s on the horizontal axis (left panels), along
with the relevant analysis with ¢; on the horizontal axis (right panels).??* In all panels, the
blue line shows the equilibrium numerics with the representative rational consumer, while
the dotted red line shows those of the representative naive consumer (which will be explained
in Section 5). In this section, we focus on the interpretations of the representative rational
consumer.

As the products become more substitutable (higher s), the expected amount of review
manipulation (E[F;]) increases in the bottom-left panel. Intuitively, high product substi-
tutability shifts down residual demand and shrinks the (marginal) benefit from manipulating
reviews.

By contrast, the slope of the linear review manipulation strategy («;) increases when s
goes up (top-left panel). In other words, the ratings react sensitively to the underlying qual-
ities when products are similar. Intuitively, as s goes up, the difference in qualities becomes
more crucial and the mechanism behind Proposition 1 works strongly. Then, as reported in
the middle-left panel, given high fluctuations of R; caused by high «;, the rational consumer
curves ratings more (lower J);) so that the rational consumer can compatibly interpret the
distribution of inflated R; and the known distribution of 6,.

The center column of Figure 3 illustrates results from Proposition 4 related to the manip-
ulation cost parameter ¢;. As ¢; increases, both the slope of the linear review manipulation
strategy («y in the top-center panel) and the expected amount of manipulated reviews (E[Fj]
in the bottom-center panel) decrease. This is because, regardless of the firm’s type, when
the marginal cost of manipulation becomes relatively high, manipulative activity becomes
unattractive. Thus, both the variation («;) and the level (E[F;]) of the manipulated re-
views diminish. Then, because a lower «; implies less fluctuation in R;, the representative
rational consumer does not curve the observed ratings largely (higher \;) as reported in the

middle-center panel.

2 25
€,1°

The right column of Figure 3 reports the effect of decreasing review noise variance o

28ee the Appendix D for the extreme cases of s — 0 (no substitute) and s — b (perfect substitute).

24Tn Figure 3, b; is fixed to 1, as is the maximum level of s.

*Regarding the i.i.d. review noise e ~ N'(0,0?;) in Equation (2), the magnitude of its variance (i.e, o2 ;)
could be of interest to both platforms and market-regulating authorities. For example, during the aggregation
of genuine reviewers’ ratings for a product, a platform may decide whether to exclude (or include) the ratings
of infrequent or inexperienced reviewers, or those who provide ratings but do not leave comments. In this way,
a platform can tune the reviewer population, thus modifying the review noise variance. A market authority
could encourage (or discourage) this review noise tuning process. In this vein, in this and subsequent
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Figure 3: Comparative Statics - Equilibrium Coefficients

Next, to promote further understanding of the welfare analysis, we consider the properties
of equilibrium prices and quantities, as well as variances of reputation terms (Y;’s). Because
equilibrium quantities and prices are linear in the sellers’ reputations (Y;’s) (see Equations

(8) and (10)) and the rational consumer correctly curves the inflated ratings in expectation

sections, we will analyze the policy implications for rational and naive consumers’ surpluses, notably with
respect to the magnitude of review noise variance. With a higher signal-to-noise ratio, a rating conveys more
accurate product-quality information. Then, the consumer reacts more sensitively to the ratings (i.e., higher
Ai)-

Thus, the marginal gain of manipulative behavior increases, and then, both the level of manipulative
behavior (E[F;]) and its signaling effect (o;) are enhanced.
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(i.e., E]Y;] = E[6;]), the ex-ante expected equilibrium prices and quantities are the same as

ones without review manipulation as long as consumers are rational.

Proposition 5. If consumers are rational, E[pf] and E[qf] are the same as ones without

manipulated reviews.

It is worth noting that, by contrast, ex-ante variances of equilibrium prices and quantities

are largely altered by manipulated reviews, which deviates from the previous literature.
Proposition 6. Var[p}] and Var[g}] are larger than those without manipulated reviews.

Proof. Because ¢f and p! are linear in reputations (Y;, i = 1,2 ) and the reputations are
uncorrelated (i.e., Cov[Y], Ys] = 0), the Var[p;] and Var|q] are linear in the variances of the

reputations (Var[Y;]’s). By using Equation (7), we have the ex-ante variance of reputation:

Var[Yi] = \2Var [R;
B ( (1+a;)oj,

(1+ Ozi)Qagyi + o2

€,1

_ ( (1 + Oéz')2 ) 0_2 '
(14 )2 + (0gi/0e) 2 ) "

As the equilibrium coefficient «; is positive, Var|Y;] becomes larger with manipulated reviews

) Var [(1+ a;)0; + €]

than without manipulated reviews (i.e., the case of a; = 0 and ; = 0). Thus, Var[g;] and

Var[p;] are larger with manipulated reviews than without manipulated reviews. ]

These propositions result in some key welfare consequences of the manipulated reviews

in the oligopoly market as described in the following Subsection.

4.2 Welfare Analysis

In this section, we analyze the effects of review manipulation on ez-ante surpluses “at equi-
librium”. At the core, the ex-ante rational consumer surplus is reduced to a function of

moments of ¢;’s by inserting the inverse demand functions into the surplus:

by

2
+ sq; -
9 qs q1 - q2

b
EU] = E |54t +
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By replacing the second moments in the above equation with the variances and the first

moments, we can decompose the surplus into the manipulation-variant and invariant parts:*°

B = 2B+ 2B + s Blo) Bla)

(. J/
-~

review-manipulation invariant part

b b
+ Elvar (1] + 52‘/(17" [q2]) + 5 - Cov [q1, o) (21)

J

Vv
review-manipulation variant part > 0

With rational consumers, as manipulated reviews do not change the ez-ante expected reputa-
tions, prices, and quantities at equilibrium (Proposition 5), the first three terms in Equation

(21) do not change. Thus, the following lemma holds.

Lemma 2. Review manipulation affects the ex-ante consumer surplus only via the ex-ante

variances and covariance of (g;)s.

Intuitively, the ex-ante variance in the consumption of each product (g;) positively con-
tributes to the ex-ante consumer surplus. This is because the varying consumption means
that the rational consumer manages to extract some information from ratings, updates their
beliefs on the product qualities, and then, adjusts their consumption levels accordingly.?”%®

Furthermore, in contrast to previous studies, the covariance between ¢; and ¢, appears
in the last term. In the extreme case of s = 0, the two products are not substitutable, the
consumption of product ¢ (¢;) depends only on the reputation of product i (Y;). However,
if the products are substitutable (s > 0), the consumer adjusts their consumption level (g;)
not only based on one product’s reputation (Y;), but also according to the other product’s
reputation (Y}, j # ¢). For instance, even if Y5 does not vary, high (low) Y; implies high (low)
¢; and low (high) go. Thus, even without the variation in Y5, the variance in ¢y is caused
by substitution,?” which does not contribute to the consumer surplus, but is accounted
for (by/2)Var|gs] in Equation (21), thus over-counted in terms of the consumer surplus.

Therefore, the last term (s - Cov [q1, 2] < 0) exists to adjust such an over-count caused by

26This ex-ante consumer surplus decomposition applies to both Bertrand and Cournot competition, al-
though the ex-ante expectations, variances, and covariances vary across different competition environments.

2"In other words, as the signal (R;) becomes more informative, the posterior-mean (Y;) and the action
of the receiver (g;) distribute more. This argument is well known in the information design literature (e.g.,
Bergemann and Bonatti (2019)).

28Gee Dellarocas (2006) and Bonatti and Cisternas (2020) for the same properties in simplified monopoly
settings.

29Note that, regardless of Bertrand or Cournot competition, the equilibrium quantities are increasing in
the intercept of the own product (Y;) and decreasing in the intercept of the others’ product (Y;) as long as the
products are substitutes. In other words, the demand substitute property dominates, even with the strategic
substitute or complement that arises depending on whether the competition is in prices or quantities.
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the product substitution.
Even with such product substitution and covariance term, which is specific in the oligopoly
setting, we can show that the positive «; in the manipulation strategy increases the summa-

tion of the last three terms in Equation (21), resulting in the following proposition.

Proposition 7 (Consumer Surplus Comparison: With and Without Review Manipulation).
If there exist manipulated reviews in the market and the representative consumer is rational,
the ex-ante expected consumer surplus becomes higher than the one without manipulated

reviews.

See Appendix ?7 for a formal proof.
The effect of the reputation manipulation on the profit is more subtle. While the existence
of manipulation makes the rating more informative, the manipulation is costly for the seller.

From numerical analysis reported on the bottom panels in Figure 4, we observe the following.
Remark 1. Sellers face lower profits with reputation manipulation than those without.

Even though the signaling role of review manipulation benefits the seller, the effect is
relatively minor. Thus, the review manipulation is essentially wasteful for the firm, as in the
previous research using career concern models.*

The effects of the substitution (competitiveness) parameter s on the surpluses are also
analyzed numerically. Figure 4 reports the ex-ante variance of reputation (Var(Y;)), ex-ante
utility of the representative consumer (E[U]), and ex-ante profit per firm (E|[m;]). Those
variables of interest are on the vertical axes, while the substitution parameter (s), review
manipulation cost parameter (¢), and signal-to-noise ratio (oy/o) are on the horizontal axes.
Below, we focus on the blue lines, which illustrate the representative rational consumer.

As s increases, the ratings become more informative (the top-left panel) due to the
increased «; (on the top-left panel in Figure 3). Then the ex-ante consumer surplus increases
(middle-left panel). Lastly, the bottom-left panel shows the ex-ante profit per firm, where
a relatively higher product substitutability has two channels. First, on average, a higher
product substitutability leads to severe competition in the pricing stage, resulting in a smaller
in variable profit. Second, however, the amount of manipulated reviews decreases (the
middle-left panel of Figure 3), and the firm can save on the manipulated-review writing cost.
In a reasonable range of parameters, the first channel is dominant and profit is decreasing

in s.%!

30As long as the manipulation is possible, the consumer discounts the ratings, expecting the seller’s
manipulative behavior. Then, the seller has to manipulate the ratings to keep its reputation level.

31When the products become almost homogeneous, the price competition tends to predict negative quan-
tity for a less attractive product. In the numerical analysis, we only report results where the probability of
the negative quantity is sufficiently small (less than 10 percent).

22



In the center column in Figure 4, we report the equilibrium outcomes with respect to
the review manipulation cost parameter (¢). This illustrates that, as ¢ increases, both
the positive effect on the consumer surplus and the negative effect on the profit diminish.
The top-center panel shows that the informativeness of the rating captured by the variance
of reputation (Y; = E.[0;|R;]) decreases as ¢; goes up (and then, «; decreases). Then,
the ez-ante consumer surplus slightly decreases, while a degree of such an effect is almost
negligible in the numerical analysis (see the middle-right panel). The bottom-center panel
shows that the ex-ante expected profit increases when the review manipulation cost goes up.
The manipulated reviews do not increase the expected price or quantity for any ¢ as shown in
Proposition 5. The positive effect of the manipulation on the revenue via Var(Y;) is limited.
The firm can commit to save the manipulation cost when the cost parameter becomes large
(see the bottom-center panel of Figure 3), resulting in an increase in its expected ex-ante
profit.

In the right column of Figure 4 reports the effect of signal-to-noise ratio. In the top-right
panel, when the signal-to-noise ratio increases (i.e., when a rating conveys relatively more
accurate information), as a natural consequence, the informativeness of the rating (Var[Y;])
increases even in a benchmark without manipulation (black dash-dotted line). Furthermore,
a positive «; slightly shifts up the informativeness. Those effects result in a slightly increasing
consumer surplus in the middle-right panel. By contrast, firms’ profits are decreasing in the
signal-to-noise ratio (bottom-right panel). While the firm tries to manipulate the reputation
more as the signal-to-noise ratio increase (see the bottom-right panel of Figure 3), rational
consumers curve ratings (thus, the expected revenue remains almost unchanged). Thus, the

firm’s profit decreases on average due to the increased manipulation cost.

5 Behavioral Consumers

In this section, we report the analyses of oligopoly models with naive consumers, who do not
recognize the hidden review manipulation activities strategically conducted by firms. Given
the existence of such naive consumers, firms adjust their review-manipulation strategies, and

resulting market outcomes could be largely different from those with rational consumers.

5.1 Naive Consumers

We consider consumers who do not take the existence of manipulated reviews into account,

while they understand that the reviews are noisy signals of underlying product qualities.*”

32Gee also Eyster and Rabin (2005), Kartik et al. (2007), Murooka and Yamashita (2025), and Yasui
(2020), who apply similar definitions of naive consumers. Upon considering behavioral consumers, for sim-
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Such a consumer’s naive conjecture in products’ qualities corresponds to a belief in 6;, given
a; = 0 and v; = 0. Even with such a belief in strategies, the naive consumer perceives
a hidden type 6; and rating R; to be normally distributed. Therefore, we can still apply

the projection (i.e., inversion) formula for the conditional expectation (of hidden product

Substitution Parameter: s

Fake Review Cost Parameter: ¢

Signal-to-Noise Ratio: o4/0. (given ay)

Figure 4: Comparative Statics - Equilibrium Welfare

plicity, the main part of this article focuses on the purely naive representative consumer, who faces limitations
in curving an inflated rating. However, in the descriptions and proofs reported in the Appendix, to ensure
comprehensiveness, we explore a partially naive representative consumer, who nests both rational and purely
naive consumers as extreme cases. Specifically, a partially naive representative consumer’s belief is repre-

sented as a convex combination of rational and purely naive representative consumers’ beliefs.
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quality) with the naive belief as

OO’U(]:V [9“ Rl]

EN10,IR,, Ry] =
o 0| Ry, Ro) =+ Var) [R)]

(R — B [Ri)) (22)
where superscripts N represent moments based on the naive consumer’s conjecture on a
seller’s strategy (a; = 0 and v; = 0 in F; = o;0; + ;). Now, recall that the actual rating
consists of R; = 0; + F; + ¢;. However, with the naive belief in a seller’s strategy (a; = 0 and

v = 0), the naive consumer does not curve an inflated rating in their expectation,
EY[R]=EY[0;+ F +e]l = E0] = n, (23)

indicating that the naive consumer believes an observed rating is genuine. Similarly, the naive
consumer views CovlY [0;, R;] and VarY [R;] as coming from a joint normal distribution of 6,

and R; with a; = 0 and 7; = 0. Thus, we have a curving coefficient of the naive consumer,

N 2
OOUC [9“ Rz] . Oy o 1 . )\N
2 2 —_9 — i )
Varl [R;] o tol;  1+4(0i/0c:)7? ~—~
curving coefficient for firm ¢
among naive consumers

(24)

which contrasts with that of the rational consumer (see Equation (5)). Then, given Equations

(23) and (24), the conditional expectation formed by the naive consumer (Equation (22)) is
rewritten as

EX 0By, Ro] =+ N (B — p) = v : (25)

~—

firm 4’s reputation
among naive consumers

which we call naive reputation (or reputation among naive consumers). Such a naive reputa-
tion is biased by AN E[F;] on average (i.e., E[EN [0;|R1, Ry]] = p+ AN E[F}] # u = E[6;]). In
addition, the marginal effect of rating on the reputation is greater with the naive consumer
than with the rational consumer (i.e., YN /JOR; = AN > \; = 0Y;/OR;).

Given the observed ratings, at Stage 5, the naive consumer maximizes their interim
expected utility with their naive reputations (Y;Vs) described in Equation (25), which is

written as

b b
EY [UR,p] = EY [6:|R,p| 1 + EY [65|R, p] g2 — Elﬁ - 52(]; — 5q1q2 — P11 — D2G2-  (26)
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Naive consumer’s interim utility maximization results in the following first-order conditions:

N
p1 =Yy —big1 — sq
1 1N 141 2 (27)
p2 =Yy —baga — sqi.

Thus, the only difference from the demand system with the rational consumer (Equation
(8)) is the definition of naive reputations Y;s. Based on the above demand system, given
the opponent’s strategy, each firm chooses its optimal price (or quantity) in Stage 4. This
results in the profit function quadratic in ¢/ as in Equation (9), but with a slightly different
expression of ¢f

= L (=) = Mo (1 = ), 29)
where ¢ is now a linear function of (Y;¥ —¢;) and (Y}¥ —¢;). Then, at Stage 2, as in the case
with the rational consumer, a seller maximizes its conditional expected profit in Equation
(11), where ¢ is now characterized by Equation (28). Consequently, the same algebra up to
Equation (15) holds, with a different expression of E[q;]

Elq;] = Li (E[0:]] + ME[E] — ¢;) — M; (E[0;] + \;E[F;] — ¢5) (29)

the first-order condition w.r.t. F; characterizes the equilibrium strategy F;(-). Next, «; and
A; are characterized by matching the relevant coefficient in Equation (15), combined with
Equation (24), which now become (are) irrelevant to firm j’s parameters. By contrast, E[F}]
is characterized by taking expectation of Equation (15) and inserting Equation (29), we have
LI E[F) = 287 L2 | (B[ M B E[F.

(¢ = 287 LiX)BIE] = 28 Lidi | (Bl6] — i) — T-(El0;] + N EIF] —¢) ). (30)
In contrast to the model with the rational consumer, the above equation is a decreasing
function of E[6;](j # ¢). Finally, ; is characterized by Equation (19). The characterization

of the equilibrium manipulation strategy is now summarized in the following proposition.
Proposition 8 (Best response with the naive consumer). If the consumer is naive, then

1. «; is positive and uniquely determined, and does not depend on the other firm’s review

manipulation strateqy;
2. E[F}] is decreasing in E[F}| (j # 1)

The second property elucidates that, with the naive consumer, the amount of manipulated

reviews shows a strategic substitute property. The intuition is as follows. When the opponent
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firm (firm j) generates a relatively large amount of manipulated reviews, naive consumers
are credulously attracted by the opponent’s product due to the inflated review rating of R;.
Then, the residual demand of firm ¢ falls, resulting in a smaller marginal gain from a costly
review manipulation effort, and firm ¢ carries out less manipulation.

Regarding the existence of equilibrium, similar to the case with the rational consumers,
in our analysis, we consider an equilibrium where firms’ best responses intersect at once,

described in the following proposition.
Proposition 9. If the representative consumer is naive, the equilibrium exists and is unique.

Note that, in contrast to the model with the rational consumer, we do not need a condition
for the signal-to-noise ratio (which isoy/o. > 1). We can show this by slightly modifying the
proof of Proposition 3. The equilibrium is unique because a curving coefficient AY among
naive consumers is invariant to a; (see Equation (24)), while in general «; is increasing in
Ai (c.f., Figure 4). Given the unique «; and \; for ¢ = 1,2, now E[F;] is determined as a
solution of mutual best responses in Equation (30), which gives a unique solution due to the
strategic substitute property.

The consumers’ naivety also alters the equilibrium variables and properties. Notably, the
effects of competitiveness on the firm’s review manipulating behavior are largely different

from those with the rational consumer (see red dotted lines in Figure 3), as articulated below.

Proposition 10. If the representative consumer is naiwve, «; and \; are greater than with

the rational consumer.

A sketch of the proof is as follows. The curving coefficient for the naive consumer A\ is
an upper-bound of the curving coefficient for the rational consumer, and thus, \; is greater
with the naive consumer. Furthermore, because q; is increasing in A (or );, depending
on a naive or rational case), «; is greater with the naive consumer. Intuitively, the naive
consumer does not curve the inflated rating and reacts to the rating more sensitively than
the rational consumer does.

As to the expected amount of the manipulative effort E[F;], there are two channels.
Assuming the opponent’s strategy is fixed, the high sensitivity to the ratings incentivizes
firm ¢ to manipulate its own rating. However, in equilibrium, the other firm faces the same
incentive and would also do so, which could diminish firm ¢’s profit, as well as reduce firm
1’s incentive to manipulate the rating. The following remark summarizes the properties of

the ex-ante expected amount of manipulated reviews from the numerical analysis.
Remark 2. If the consumer is naive, E[F;] is larger than one with the rational consumer.

Thus, the incentive to attract the naive consumer dominates the strategic substitute
effect.
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5.2 Welfare Analysis with Naive Consumers

Finally, we analyze the effect of manipulated reviews on the naive representative consumer’s
surplus, notably by making the comparison with that of the rational consumer. On one
hand, because «; is still positive in equilibrium, manipulated reviews enhance the correlation
between a firm’s product rating R; and the underlying hidden quality 6;, which benefits the
naive consumer. On the other hand, unlike the rational consumer, the naive consumer suffers
from the bias in products’ reputations (Ys). Such a trade-off is summarized in the following
expression of the ez-ante (before Stage 1) expected consumer surplus of the representative

naive consumer, which is**

ElU]= —=FE [q{v]2+b2—2E [qéV]Q—l—S'E[qﬂ E[Qé\q

- ElVar [qﬂ + %VCLT‘ [qév] +s-Cov [Q{V;Qé\[]

~ B -V g+ (% - v &, (31)

(. /

~
damage caused by biases

where we use the notation of ¢Vs for the naive consumer’s equilibrium consumption levels,
and Y;®s for reputations formed by rational consumers (see Equations (4) and (7)), which
serve as benchmarks. The first and second lines, which are essentially the same formula as
those for the rational consumer (see Equation (21)), are interpreted as the consumer surplus
observed via the consumption. As explained in Figure 4, these terms are even larger than
those of the rational consumer. The naive consumer consumes larger amounts and reacts
more strongly to ratings,and thus, from the viewpoint of revealed preference, they seemingly
gain a higher consumer surplus. However, such a reaction is partly due to the biases caused
by manipulated reviews. In the third line, the term of Y,V — Y;® captures the bias, and
(YN =Y. B¢V corresponds to the surplus damage caused by manipulated reviews. The naive
consumer places higher (and biased) reputations on the products’ qualities than the rational
consumer does. The harm to the naive consumer is even greater if the consumer purchases a
larger volume of the products with biased reputations. In the numerical exercises reported in
Figure 4, such biases (in the third line of Equation (31)) dominate the positive effect (in the
first and second lines) of manipulated reviews on the naive consumer. We also implement
numerical comparative statics with respect to the competitiveness (product-substitution)

parameter s and review-manipulation cost parameter ¢;, resulting in the following remark.

Remark 3. If the consumer is naive,

33See the Appendix for the derivation.
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1. the consumer surplus is lower with manipulated reviews than without them;
2. the consumer surplus increases in ¢;.

The first point shows that the damage caused by biased reputations dominates the pos-
itive effect of manipulated reviews. Thus, the naive consumer, on average, faces a lower
consumer surplus compared to that of the rational consumer. The second point is a natural
consequence of the increase in the marginal cost of review manipulation. As the cost for
writing manipulated reviews increases, a firm writes fewer manipulated reviews, resulting in
less damage to the naive consumer surplus.

We now report comparative statics on the equilibrium coefficients with naive consumers,
in comparison with rational consumers. In Figure 3, dotted red lines depict the properties of
equilibrium coefficients with naive consumers, and solid blue lines depict those with rational
consumers, as described in the previous section.

First, in the left column of Figure 3, we report the effects of the product substitution
(competitiveness) parameter, s, which a market regulator may have leverage over.** In the
Left-Middle Panel, as articulated in Equations (22) and (24), the curving coefficient (AY) is
constant at one without the manipulation, as the naive consumers cannot take the manipu-
lation into account. In the Left-Top Panel, however, a firm in equilibrium reacts more to its
type through its linear strategy (i.e., F; = ;0; + ;). This firm-side behavior is because a
slightly higher rating can attract relatively more demand from naive consumers when prod-
ucts become more substitutable, notably compared to the case with rational consumers. In
the Left-Bottom Panel, the ex-ante expected amount of manipulated reviews with naive con-
sumers (dotted red line) exceeds that of those generated with rational consumers (solid blue
line). This predominance is because the naive consumer capturing role of the manipulated
reviews (as depicted in the Left Top Panel) far exceeds the signaling role of the manipu-
lated reviews, as manifested by the widening gap between the dotted red line (with naive
consumers) and the solid blue line (with rational consumers) with respect to the product
substitution parameter, s.

Second, in the center column of Figure 3, we report the equilibrium coefficients with
respect to a varying review-manipulation cost (¢;).>> In the Center-Middle Panel, for the
same reason as in the Left-Middle Panel, the curving coefficient is constant. As a matter
of course, the linear strategy coefficient («;) and the expected level of manipulation (E[F;])

with naive consumers diminish when the review manipulation cost moves up (Center-Top

34For example, a regulator may instruct online platforms to make product comparison more salient by
redesigning the platform website display.

35For instance, the authority could regulate online platforms to hire more programmers to detect and
remove manipulated reviews, which increases the cost of the review-manipulation.
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and Center-Bottom Panels).

Third, in the right column of Figure 3, we illustrate the comparative statics when the
review noise (o;) in a rating becomes smaller. Given the variance of quality (Ugﬂ-) type is
fixed, a regulatory intervention to impose a smaller review noise is equivalent to making the
signal-to-noise ratio (oy,/0.;) larger. In the Right-Middle Panel, when the naive consumers
are exposed to smaller review noise (i.e., larger og;/o¢;), they believe that the observed
rating (R;) transmits relatively more accurate information about the true product quality
(i.e., higher AN). From the viewpoint of sellers, given such a curving process by naive
consumers, the marginal gain of manipulative behavior increases as the rating becomes more
accurate, and then, both the level of manipulative behavior (E[F;]) and its signaling effect
(cv;) are enhanced.

Next, the welfare consequences of manipulation reviews are vital for market regulation.
In Figure 4, reports the informativeness and welfare-related numerics as red dotted lines
with varying model primitive parameters. Moreover, we report the naive consumer surplus
seemingly revealed via observed prices and quantities (i.e., the first and second lines of a
representative naive consumer’s ex-ante surplus in Equation (31)) as the dashed yellow line,
and define the shaded area as a representative naive consumer’s utility loss caused by their
behavioral bias (see the third line in Equation (31)).

First, in the left column of Figure 4, we report the comparative statics with respect
to the substitution parameter, s. In the Left Top Panel, when the product becomes more
substitutable with a larger s, a firm reacts more to its type (see the Left Top Panel of
Figure 3) by choosing a higher «; (in linear strategy F; = «;0; + 7;), and the variance of
reputation Var[Y;] (i.e., informativeness of rating) increases. However, as depicted in the Left
Middle Panel, naive consumers overreact to the observed rating, causing overconsumption
(see the first and second lines in Equation (31)). This overconsumption results in lower utility
compared to that of rational consumers (the solid blue line), although their utility improves
as the substitution parameter becomes larger (i.e., as a rating becomes more informative). On
the other side of the market, as depicted in the Left Bottom Panel, when products become
more substitutable, the ex-ante expected profit of a firm with naive consumers becomes
smaller due to the intensified competition.

Second, in the center column of Figure 4, we consider the increase in review manipulation
cost (¢;). In the Center Top Panel, when the review manipulation cost goes up, the firm
becomes less reactive to its type as the marginal cost of review manipulation increases.
As a result, naive consumers are exposed to fewer manipulated reviews (see the Center
Bottom Panel in Figure 3), leading to a smaller surplus loss from reduced behavioral bias,

as reported in the Center Middle Panel of Figure 4. In consequence, in the Center Bottom
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Panel, the firm’s profit diminishes when the review manipulation cost goes up, as it can
generate smaller profit from the exploitation of naive consumers with fewer manipulated
reviews, and this smaller exploitation of naive consumers effect exceeds the cost saving effect
through generating fewer fake reviews.

Third, in the right column of 4, we analyze the effect of diminished review noise (o),
which is equivalent to the effect of increased noise-ratio (i.e., an increase in oy ; /o ;, given the
0p,; fixed). When the review noise diminishes (and noise-ratio increases), the firm becomes
more reactive to its type, represented by a larger «; (see the Center Top Panel in Figure
3). As a result, in the Center Top Panel in Figure 4, the variance of reputation Var[Y]
(informativeness of the rating) goes up when the review noise shrinks. However, the naive
consumers largely overreact to the observed rating, which is now more informative, resulting
in a larger utility loss, as reported in the Right Middle Panel. On the other side of the market,
in the Right Bottom Panel, the firm earns a higher profit as the informativeness of ratings
increases, notably due to naive consumers’ overreaction to ratings and their overconsumption.

Lastly, regarding market regulatory policies for improving naive consumers’ surplus, the
middle row of Figure 4 reports the drastic difference in the consequences of regulatory inter-
vention, notably by clarifying several channels for either improving or inadvertently damaging
naive consumers’ surplus. The most notable contrast is that, while the interventions to in-
crease product substitution (s) and review manipulation cost (¢;) improve naive consumers’
surplus, the reduction of review noise (o.;) damages it. Moreover, even when surplus im-
provement occurs, the channels of improvement differ considerably, particularly in terms of
the amount of manipulated reviews and how informative an observed rating (R;s) is. Specif-
ically, greater product substitutability (s) increases the amount of manipulated reviews and
positively influences how much information a rating provides (i.e., a larger Var(Y;)) for naive
consumers. However, the increase in review manipulation cost (¢;) decreases the amount
of manipulated reviews and reduces how much information a rating provides (i.e., a smaller
Var(Y;)), again for naive consumers. Lastly, and most drastically, although the informa-
tiveness of ratings increases, the regulatory intervention to make review noise (o ;) smaller
damages naive consumer surplus. This damage occurs because naive consumers ingenu-
ously follow more informative (but more manipulated) ratings, resulting in overconsumption
(dashed yellow line in Right-Middle Panel in Figure 4) with a larger bias (shaded area in
Right-Middle Panel).
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6 Extensions

In this section, we report the three extensions of our baseline model with rational consumers
introduced in Section 3. First, we discuss a competition between two ez-ante asymmetric
firms, where firms draw their product qualities from asymmetric distributions.We report a
condition where ex-ante lower-quality firms write more manipulated reviews than ex-ante
higher-quality firm does. The second extension analyzes the Cournot quantity competition
among two ex-ante symmetric firms. The third extension regards an oligopoly competition
among n ez-ante (semi-)symmetric firms. This extension allows us to report some asymptotic
(when the number of firms becomes n — oo) results. In this section, we report the extended
models with the rational consumers for simplicity, while the proofs in the Appendix are in a

general form including both the rational and naive consumer cases.

6.1 (Ez-Ante) Asymmetric Quality/Signal

In this section, we discuss ez-ante asymmetric distributions of qualities, as well as rating
shocks, for sellers. In a two-firm price competition with rational consumers, each seller
draws its quality type (;) independently from N (j;, ngi), as well as drawing the noise of
the rating (e;) independently from N(0,0?2;). We can interpret that one firm has established
its reputation better than the other. For an online sales example, if firm i € {1,2} has
established a better reputation than firm j # ¢, outside this online market, the asymmetry
is captured by p; > p;. If firm ¢ collects more reviews on the platform than firm j, that is
captured by og;/0.; > 09 ;/0c;. Importantly, the construction of ratings, payoff functions,
and the definition of equilibrium do not change from the main model in Sections 3 and 4.
Even under this ex-ante asymmetric firms environment, 0; is independent from R;, as 0;
is independent from 6; and €;. Thus, the seller i’s reputation by the rational consumer (Y;)

is rewritten as

(1+ O‘i)ag,i

[0:|R, p] = E[0;] + L+ oo, + 0%,

(R; — {E[6;] + E.[F}]}).

Qg o2 .
Now, by redefining \; = | (1+ai)og ,

1+O‘i)2‘7(%,i+052,i )
hold. This leads to the straightforward extension of Proposition 1 to ex-ante asymmetric

all the equilibrium characterizations in the main part

firms.
Proposition 11. Suppose the consumers are rational. Then, at equilibrium,

1. a; and A; depend neither on p; nor og;/o.; of the opponent firm j # i, and
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Figure 5: Asymmetric Firms: Given the Opponent’s Quantity and Reputation Fixed

2. E[F} is decreasing in pj, but it does not depend on og;/o.; for j # i.

As in the main part (Section 3), the first property comes from the fact that, in expecta-
tion, rational consumers can correctly curve the opponent’s review-inflating manipulation.
Thus, the opponents’ parameters that affect Fj*() do not affect seller ¢’s sales not firm i’s
incentive to manipulate its reputation.

Regarding the second point, nevertheless, if the opponent has a high prior reputation, the
seller i’s expected revenue and the marginal revenue of manipulated reviews become small.
Thus, seller ¢ does not manipulate reviews much.

Regarding the anecdotal observation that a low-quality firm is more likely to write ma-
nipulated reviews, which looks to contradict the positive «; at equilibrium, our asymmetric
model provides an explanation.”® Suppose 1 < po and 641/0.1 = 0g2/0. 5. That is, firm 1
has a better prior than firm 2. We label firm 1 as (ez-ante) weak and firm 2 as (ex-ante)
strong.

Suppose also that the marginal review-manipulation costs are the same across two firms
(¢1 = ¢2). Given the opponent’s quantity, Figure 5 depicts a situation in which a weak firm
writes more manipulated reviews. In this setting, while the strong firm (firm 2) has a higher
expected product quality, it also exhibits a higher marginal production cost ¢, resulting in a
relatively smaller expected variable profit, depicted as a square area in the right diagram. On
the other hand, the weak firm (firm 1) has a relatively low expected quality, yet its marginal
production cost ¢y is also low, resulting in a relatively larger expected variable profit, as
illustrated on the in Figure 5. As discussed in Section 4, the marginal gain from writing

an additional manipulated review depends on the size of the expected variable profit (refer

36Note that, with the observational data of a market where the ratings play key roles, it is a challenging
task to test whether a high-quality or low-quality seller manipulates reviews more. A limited number
of empirical studies, such as He et al. (2022a), indicate that lower-quality firms write more manipulated
reviews.
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to the square function part in Equation (11). Thus, the ex-ante weak firm can have more
incentive to manipulate reviews in this asymmetric duopoly situation, resulting in generating
a relatively larger amount of manipulated reviews, given the same marginal manipulated
review writing cost.

Alternatively, even when the production cost ¢;’s are the same among two firms, the
review manipulation cost is relatively higher for the strong firm. In a case where reputa-
tion manipulation is revealed to the public, it might damage the strong firm’s established

reputation, resulting in less manipulative behavior by the strong firm.

6.2 Quantity Competition

In our main model explored in Section 4, we focused on the Bertrand price competition in
a two-firm differentiated-product market. We now straightforwardly extend our model to
a two-firm Cournot competition, by minimally modifying the profit function at the market
competition stage (at Stage 4, see Equation (9)) with the Cournot version of the coefficients
as explained in the Appendix C. Then, the equilibrium characterization and the comparative

statics with respect to ¢; and oy ;/0c; are robust to the Cournot specification.

6.3 n-Firms Oligopoly

In this section, we extend our models to n-firm oligopoly competition, in which firms engage
in price (or quantity) competition. We use the firm index of i € {1,---,n}, and each
firm draws its hidden product quality type 6; from an i.i.d. distribution of N (u,o2).*" For
the sake of tractability, we focus on a linear demand system with symmetric slope and
substitution parameters (i.e., common b and s across all firms). On the other hand, we allow
the demand intercepts and marginal production costs to be asymmetric (i.e., heterogeneous
marginal production costs, ¢;s). Timing and other assumptions (such as the linear rating of
R; = 0;+ F; +¢;) remain the same as those in the main model presented in Section 3. Then,
similar to the two-firm case, the profit function for each firm (at Stage 2) is still reduced
to a quadratic function of its own reputation (Y; = E. [6;|R;]) and other firms’ reputations
(Y; = E.[0;|R;]s, where i # j).*® As before, we can solve the equilibrium by focusing on

linear strategies, F; = a;0; + 7;, for each firm.*

3"The i.i.d. assumption can be easily extended to asymmetric independent distribution as in Section 6.1.

381f we allow asymmetric demand slope and substitution parameters across firms, the profit functions
can still be expressed in a quadratic form (of firm 4’s reputation or its review-manipulating action) with a
heterogeneous demand slope matrix, although the analysis becomes more intricate. See Choné and Linnemer
(2020) for a summary of price or quantity competition with a general linear demand function.

39As in the main part with two firms, firms’ strategy space in review manipulation is not restricted to
linear strategies. We guess a linear strategy equilibrium and such an equilibrium is verified to exist.
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Under this n-firm oligopoly setting, we assume a representative consumer with the fol-

lowing ex-post utility function:

1
U=0q+5dBa-pQq, (32)

where 0 = (04,...,0,), a = (¢1,--,¢), P = (p1, .., pn)’, and B is n-by-n symmetric matrix
with b’s in its diagonal elements and s’s in its off-diagonal elements. Then, at the beginning
of Stage 5, given the ratings R = (Ry,..., R,)’, the consumer faces the interim expected
utility as in Spence (1976):

1
E.JUR,P]=Y'q+ §q’Bq - pq, (33)
where we use the notation of Y = (Y7,...,Y,) = (E[01|R1], ..., Ee[0n|Ry])’. The inverse
demand function for product i is derived by the first-order condition of the representative

consumer with respect to ¢;:

pi=Yi—bg—5Y g (34)

J#i

Given the above demand function, the price (or quantity) competition results in a profit
function quadratic in its own equilibrium quantity ¢, which is linear in own and others’

reputation:

¢ =Li(Yi—c) = MY (Y;—c) (35)

JFi

where L; and M; are positive constants, although their exact values vary across different
model primitive parameter settings and whether the competition is in prices or quanti-
ties.”’ Then, by replacing M;(Y; — ¢;) in Equation (9) in the main part (in Section 4) with
M; > ; 7éz( — ¢;), we can generalize all the results so far to the n-firms oligopoly setting.
Furthermore, we can analyze how the review manipulation strategy and the surplus change
as the number of firms increases.

Note that if we keep the parameters in Equation (33) constant and increase the number of
sellers n, given the prices fixed, the total consumption and the consumer surplus mechanically
increase, because of the increased variety of the products. We eliminate such an effect and
focus on strategic effect of the increased number of sellers by replacing b with (n—(n—1)s)/8

and s with s/3 where 8 is an diagonal element of B™! (i.e., the own price effect on the

40Gee the Appendix C for the derivation.
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Figure 6: n-Firm Bertrand Competition with Rational and Naive Consumers

demand)."!

In Figure 6, we illustrate the quantified equilibrium outcomes with varying numbers of
competing firms in an oligopoly market. With this figure, we question whether the tradi-
tional market-competition policy of encouraging more competitors would improve consumer
surplus, notably from the perspective of naive consumers. Before proceeding, as a strong
caveat, even without manipulated reviews, consumer surplus must increase simply because
of the intensified strategic interaction in a Bertrand differentiated-product oligopoly market.
Thus, from a consumer protection perspective, the core question is whether an increase in
n would bring the naive consumers’ surplus closer to that of rational consumers (which is
the the solid blue line in Figure 6), or close to a consumer surplus level in a market without
manipulated reviews (which is the dotted black line in Figure 6). We quantitatively address
this policy question, though we need to pay attention to the welfare-improvement channel
related to the informativeness of observed ratings.

In the top-right panel of Figure 6, when the number of firms increases, the amount of
the manipulated review generated decreases, as summarized by the following remark, which

is directly relevant to competition policy.

Remark 4. With both rational and naive consumers, when there are n firms in a Bertrand

41See Shubik and Levitan (1980) for a summary of their work related to this, and see also Choné and
Linnemer (2020) for a summary of the literature.
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competition, ex-ante expected amount of manipulated reviews E[F;| shrinks as n goes up.

This remark implies that the traditional market competition policy, encouraging more
competitors, deters the manipulated reviews. This decrease is because, given tighter product-
market competition, the marginal gain function shrinks with n, while the marginal cost of
manipulation (¢;F;) remains the same due to its invariance to n. Regarding the marginal
gain, as n increases, while an additional manipulated review can steal demand from a larger
number of competitors, each oligopoly firm’s expected markup (i.e., the markup after gener-
ating an additional manipulated review) shrinks due to tighter competition. As the number
of competitors increases, the latter shrinks faster than the former, resulting in a declining
marginal gain from review manipulation.

In the bottom-center panel of Figure 6, we observe a gradually increasing naive con-
sumers’ surplus (dotted red line) as consumers are less exposed to manipulated reviews for
each firm. Eventually, when the number of competing firms becomes large enough, the ex-
ante expected naive consumer surplus (dotted red line) becomes quantitatively similar to
that of rational consumers (solid blue line), as well as the level without review manipulation
(dotted black line). On the other side of the market, in the bottom-right panel, the ex-ante
expected profit per firm shrinks faster with naive consumers, as the firm generates fewer
manipulated reviews and thus cannot exploit their naivety, as n increases. However, regard-
ing the channel of consumer surplus improvement, when n goes up, as each firm generates
fewer manipulated reviews, the variance of reputation Var[Y;] (informativeness of a rating)
declines, indicating the signaling role of a review rating dwarfs in the oligopoly market, as

illustrated in the bottom-left panel.

7 Conclusion

We analyze reputation manipulation, such as fake reviews on online transaction platforms,
in an oligopoly model with hidden information on product qualities, which have not been
reported in the literature. The presence of review manipulation could alter the oligopoly
asymmetric information market competitions and their outcomes. Resulting market conse-
quences are of the interest among researchers, as well as informative to market regulators and
competition authority policymakers. In our models, each firm engages in a costly review-
manipulating action, inflates its review rating, and attempts to make its product look more
attractive than others. On the other side of the market, given available rating information,
consumers rationally or naively infer the quality of the product offered by each firm. Specifi-

cally, with an inflated rating, a firm could raise consumers’ expected willingness to pay for its
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product, potentially upwardly shifting its demand function. Given such an inflated demand
system, firms then engage in a standard static oligopoly market competition.

Analytically, we propose a linear rating specification with an idiosyncratic review noise
(see Holmstrom (1999)): A product rating consists of the linear combination of (1) a true
product-quality type, (2) manipulated reviews, and (3) an idiosyncratic review shock. (1)
and (3) are from independent normal distributions, while (2) is the subject of strategic
manipulation by a firm. Then, given a linear demand system, and by focusing on a linear
strategy in private information of product quality type, we report that linear equilibrium
review manipulation strategies exist in Bertrand (and Cournot) competitions. Moreover, we
apply the model to the market with both rational and naive consumers. Notably, regardless
of price or quantity competition, and regardless of the consumers’ rationality, there exists a
positive monotone strategy for each firm: the equilibrium amount of manipulated reviews
generated by an oligopoly firm increases with respect to a firm’s hidden quality type.

With rational consumers, we report our benchmark result that manipulated reviews par-
tially alter market outcomes: expected prices and quantities remain unchanged with review
manipulation, while the second moments of prices and quantities and expected surpluses are
altered. With rational consumers, we report the following four findings.

First, we report that a firm’s profit-maximizing review manipulation strategy does not
depend on other firms’ review manipulation strategies. In equilibrium, after rational con-
sumers observe a firm’s rating, they rationally conjecture its product quality type, forming
their willingness to pay for this firm’s product. The rational consumers correctly curve the
inflated review ratings. Given this conjecturing process, each firm chooses its manipulated
review writing action based on the ex-ante expected type(s) of opponent firm(s) because the
opponent’s manipulated reviews affect only via consumers’ expectation on the opponent’s
quality, which is correctly curved by rational consumers. Accordingly, in equilibrium, a firm
does not need to condition its review manipulation strategy on the other firm’s (other firms’)
manipulated reviews. In addition, manipulated reviews have a signaling property, indicating
that a high-quality firm engages in more review manipulation, because high-quality leads to
large sales even without its manipulated reviews, which then implies a large marginal impact
of manipulated reviews.

Second, stemming from the signaling role of manipulated reviews with rational consumers
described above, we report that expected market quantities and prices remain the same with
and without manipulated reviews, regardless of the Bertrand or Cournot competition. Third,
counter-intuitively, manipulated reviews improve rational consumers’ surplus, as rational
consumers could recognize observed ratings as signals and could infer the process for inflat-

ing ratings with costly review manipulation activities. In other words, ratings inflated by
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manipulated reviews could better signal product quality than ratings based only on authen-
tic reviews. This surplus improvement is related to the consumer surplus (expected utility)
with variance terms. The existence of manipulation results in a higher variance of review
ratings, which is more informative to rational consumers for conjecturing product quality,
compared to a no-manipulated-review environment. Fourth, with rational consumers, we
report some competition policy implications, such as increased review manipulation costs.

Next, given the benchmark results with rational consumers, we extend our model to (par-
tially) naive consumers, who cannot fully comprehend review-manipulating actions done by
oligopoly firms. Note that partially naive consumers nest both rational and naive consumers
as extreme cases. With (partially) naive consumers, the existence of manipulated reviews
results in large distortions in oligopoly market outcomes. Specifically, we report a following
takeaway.

With (partially) naive consumers, a strategic substitution property emerges in firms’
review-manipulating actions, which is a contrast to the market outcome with rational con-
sumers. When rival firms write a large amount of manipulated reviews, (partially) naive
consumers believe that inflated reviews are genuine and are attracted by those rival firms’
products. As a result, the firm in question faces a relatively diminished residual demand
function due to the product substitutability. Then, the marginal return from a review manip-
ulation action for this firm is now relatively smaller (than the one with rational consumers),
resulting in a relatively smaller amount of review manipulation effort. Similar logic applies
to the vice-versa case, consisting of strategic review-manipulation substitutability.

To illustrate these differences in oligopoly market outcomes with rational or (partially)
naive consumers, we report numerical comparisons under duopoly competition. Specifically,
under the Cournot and Bertrand competition, respectively, we quantify the ex-ante measure-
ments of welfare: consumer surpluses (for representative rational or pure naive consumers)
and profits. In addition, we calculate the amount of manipulated reviews generated. Our nu-
merical comparison confirms a decreased consumer surplus among the pure naive consumers
caused by manipulated reviews, compared to the rational consumers. We also confirm a large
increase in profits of manipulation-review-writing firms when they sell their products to pure
naive consumers. These quantified numbers have not been reported in previous oligopoly
market studies and could be informative to the market regulating authorities.

Lastly, it is worth mentioning that the equilibrium oligopoly market outcomes crucially
depend on consumers’ rationality in conjecturing the costly review manipulation process.
Given this, we would like to report that the scope of consumer rationality regarding the
inflated ratings formation is the subject of experimental and empirical investigations (for

example, see Akesson et al. (2023)), and we leave such applied topics for future studies,
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which are currently and actively being researched.
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Appendix A Proofs

A.1 Derivation of the Consumer’s Belief

The representative consumer rationally believes that the sellers are taking the linear strategy
F; = a;0; + ;. That is, the consumer believes that the true quality ; and the rating R; are

interacting as follows:

0] 0, - 0,
R; O+ Fit e (I+ )b+ + €
[0 1 o]
— +
L

NN<

Q:' 1 o][e2 0

7Q>7

0 1

(14 i) p+ 7

where

o3 1+ a;) o}
(14 )03 (1+ )0} + 0

Thus, the required property is derived as the conditional expectation of multivariate
normal distribution. Given this multivariate normal distribution, the reputation of firm i’s

product (Y;) is written as

1+Oéi 0'2
B[Oy, Ba) = it — 00T (g (14 0 it i),
— (14 ;)" 03 + 02 - ~ -
=Y; ~~ 4 E[R;]
=\

where ); is a discounting parameter.

A.2 Proof of Proposition 3

Proof. On one hand, \; satisfying Equation (16) changes from 0 to \/Wfl[f) as
changes from 0 to co. On the other hand, ); in Equation (17) changes from 1/(1 4+ (o./09))
to zero as «; changes from 0 to oo. Thus, those equations intersect each other at some
point. The corresponding E[F;] is determined by Equation (18), and then, ~; is determined
by Equation (19). Thus, there exist a; and 7; which satisfy the equilibrium condition.
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The uniqueness is obtained from the unique intersection of Equations (16) and (17) when
0g > 0. With this parameter requirement, \; from eq. (17) is decreasing in o > 0 while \;

from eq.(16) is always increasing in «. ]
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Appendix B Equilibrium with a General Specification

In this section, we provide an equilibrium analysis for a general specification with n-firms,
rational or naive belief by the consumer. Each of the 2-firm, n-symmetric-firm, rational

belief, naive belief case is derived as a special case of the general specification.

B.1 Demand and Consumer Surplus

Given the observed ratings and prices, the consumer maximizes the following the interim

expected utility by adjusting the consumption quantities, q:

/ 1,
E [UR,p]=(Y —p)q— ;4Ba (36)

where Y = (Y7, ..., Y,) and Y; = E. [6;|R,p] = E.[0;|R;]. Then, by taking the first-order-

condition with respect to q:

p=Y —Bq (37)
& q=B' (Y -p) (38)

Note that the expectation by the consumer at the point of the purchase decision, E. [-|R, p],
can be potentially biased by the manipulative behavior depending on whether the consumer
is rational or naive. To evaluate the consumer surplus, we insert the inverse demand function

(37) into the ex-post utility function (36) and take the unbiased objective expectation of it.

CS=E[U]=E|(® - (Y -Bq)q— -qBq

2
— %E [ABq]+ E [(6 —Y) q]
= %tr (Bq) + %E [ BE[q] - E (Y - 6)'q]

where ¥ is the variance-covariance matrix of q. Note that the last term is the effect of the

bias caused by sellers’ manipulation. By the Law of Iterated Expectation, it is reduced to
E[(Y~-6)dqd]=E[(Y-E[6R,p])dq].

This term disappears for the rational consumer because their conditional expectation matches
with the objective conditional expectation, Y = E.[0|R,p| = F [0|R, p]. In contrast, if the
consumer is naive, the reputation Y is inflated and greater than E [@|R, p]. Thus, the last
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term represents a negative impact of the manipulation.

B.2 Manipulation Strategy

Given the demand function in Equation (38), firms compete in prices or quantities. This
leads to the equilibrium profit as a quadratic function of ¢ and the equilibrium quantity as
a linear combination of (Y; — ¢;)’s:

— * (bz
™ =P, ! (%’)2 - EF;

q =L; (Y —¢;) — M, Z Y —¢) (40)

J#i

(39)

for some constants L; and K;. See the Appendix C for the derivation. Given the own quality

f;, firm ¢ maximizes a conditionally expected profit in the following
E[m|6;, F] = 87 {Var (¢}16;, F;) + E[q; 10;, F})° b - %Ff

Because Lemma 1 holds regardless of the number of firms or consumer’s naivete, the first-

order condition w.r.t. F; is written as

0=28" o

Eq0;, F;] — ¢ F;

Here, recall that ¢f = L; (Y; —¢;) — M; 32, (Y; — ¢;) and E'[Y;|0;, Fi] = E[Y)], and note
8E[§Igi’ﬂ] = BE[qggi’Fi] g—?ﬁ = L;)\;. Then, the marginal gain from the manipulation is de-

composed into two parts regarding whether it depends on the hidden information of firm
(Qi, Fz)

0=28""LNE | Li ( )= MY (Y =) |0:, Fy| — 6,
J#i
=26,'Li)i (B[] + Li (E[Yi|0;, F] — E[Yi))) — ¢:F; (41)
= 26, 'Li)i (B[] + LiXi (0; — E[6)] + F, — E[F)])) — ¢: F; (42)

Thus, regardless of whether the consumer is rational (E, [F;] = E [F}]) or naive (E, [F;] = 0),

the firm ¢’ optimal manipulation strategy F; saisfies the above equation. By rearranging it,

(¢ =267 LINY) Fy = 287 LIN;0; + 267 Lk (E [qf] + Lidi (- E [6:] — B [F)))
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On the right-hand side, the only term that varies with 6; is the first term, which is linear in ;.
28, 1 L2)2

Thus, for some ~;, the manipulation strategy satisfies F; = «;0; + ~; where a; = pRR TRy vE

E [F}] is characterized by the expectation of the equation (42).

0=28"L\i (Elq]] + LiXi (E[0;] — E[0;] + E [F}] — E[F})])) — $:E [F}]
=26, '\ LiNE ;] — 6. B [F]

By stacking the above equation for all i =1,...,n

0 = 2diag(3; 'L\ E [q] — dlag(qb)E [F|
= 2diag(B; ' L;\;) (B + diag(8)™")~ 1 E|Y| —c) — diag(¢)FE [F]

In general, E [Y] can be a function of F [F|. Explicitly,
CO’UC (9“ Rl)
Var. (R;)

Yi=E6:] + (Ri — E¢[Ri])
and E, [0;] = E [0;] hold. Thus, the expectation of the reputation E [Y;] is written as
EY] = E[0:]+ X\ (E[F] — E. [F])

Then, the above stacked FOC is written as a formula with E [F| as the only endogenous

variable:

= 2diag(6; ' Li\,) (B + diag(8) ") " (E[0] + diag(\,) (E [F] - E.[F)) - ¢) — diag(¢)E [F)
= 2diag(6;'Li\,) (B + diag(8) ") " (E[0] - ¢)
+ 2diag(5; 'L\ (B + diag(8) ™) " diag(\,) (E[F] - E. [F]) — diag($)E [F]

If the consumer is rational (i.e., E. [F] = E[F]), E [F] is characterized by
diag(¢) E [F] = 2diag(6; ' L;i\:) (B + diag(8)™!) ' (E[6] - ¢) (43)

Note that the right-hand side is constant for each firm and E[F] on the left-hand side is
multiplied by an diagonal matrix. Thus, the above equation is separated with each row as

¢ B [F;] = 6; for a certain constant ¢;. Thus, a change of ¢; (j # i) does not propagate to
E[F).
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In contrast, if the consumer is naive, (i.e., E.[F| = 0), E [F| must satisfy

(diag(@) — 2diag(s; ' Lix) (B + diag(8) ") " diag(\,)) B[F] (44)
= 2diag (5, Lihi) (B + diag(8) ") " (E10] - ¢) (45)

Now, on the left-hand side, £ [F] is multiplied by a non-diagonal matrix. Thus, a change
of ¢; (j # i) propagates to E[F;] via a strategic concern in the manipulation stage. More
specifically, if the products are substitute (s > 0) and only two firms or n symmetric firms are
competing in the market, E [F] is multiplied by a matrix with only positive elements. The
signs of the off-diagonal elements are verified by the espression in Subsection C, and the sign
of the diagonal elements are supposed to be positive for the second-order condition of each
firm’s profit maximization in F;. Thus, E[F;] is expressed as a linear decreasing function
of E[F;] (j #1), and then, the manipulation stage has a strategic substitute property in
E[F]’s. Thus, a high ¢; implies a low E [F}], which then implies a high F [F}].

For completeness of the equilibrium characterization, «; is characterized by
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Appendix C Derivation of L; and M,

This subsection derives L; and M; from the pricing stage. First, we discuss the general
case and introduce 2-firm case and n-symmetric-firm case as special cases. L; and M; in a

quantity competition are also derived by a slight modification of the derivation.

C.1 Bertrand Equilibrium

Once firms observe all ratings, and given the other firms’ prices, each firm expects that the
consumer forms a reputation vector Y and behaves following the demand function (38).

Then, try to maximize (p; — ¢;) ¢ — %E by adjusting its price. The first-order condition

w.r.t. p; is
0
0=(pi — ) o, T4 = —Bi (pi — i) + qi (46)
where 3; is the i-i-element of B™!. By stacking first-order conditions for all i = 1, ..., n,

0 = —diag(8) (p —c) +q
&£ 0=Y —Bq-c—diag(p) 'q
Sq= (B + diag(ﬁ)’l)_1 (Y—-¢c)=q"

Furthermore, (46) implies

p* —c =diag(f)"'q"
& pf— ¢ =B g for all i

Thus, the firm’s profit from the price competition stage given the realized rating is m; =
— *\ 2 i
5; ' (¢7)" — %FZZ-

Two Firm Example Because ¢ is a linear combination of (Y; —¢;) and (Y —¢;), the

profit function is rewritten as m; = J; (Y; — ¢;) — K; (Y; — cj))2 - %Ff for some constans J;

B:-bl S].

S bg

and K;. More explicitly, let

Then,

—s b - biby—s?2 | 0 b

Bil 1 [ bg —S ,dlag(ﬂ) 1 [bg 0 ]
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and
by + 5;1 s

. 1y
(B +diag(8) ") = . e

1 1

(B +diag(8)!) = bt Byt

(by+ B7") (bo + B71) — 2 —s by + Bt
Thus,
bj + 6;1 s
¥ = Y, —¢;) — Y, — c.
v (b1+/81_1) (524-/62_1)_32( ‘) (514—51_1) (b2+52_1>—82( i)
Note that
' -1 _ 1 b1b2 — 82 . 2b1b2 — 82
Thus,

% 1 2()1[)2 — 82
q; = 2b1by—s2 2biby—s2 2 ( b: (Y; - Ci) — S (Y; - Cj)
bo by !

_ ble 2b1b2 —_ 32
N (4b1b2 — 32) (ble _ 82) < bz (YZ Cz) S (}/J C]))

=L; (Yi — ;) = M; (Y} — ¢)

b (2b1bo—s2)
4b1b2—52)(b1ba—s?)

and M; = hifos

where L; = i (4b1bo—s2) (bibz—s2) "

n-firm Example with Symmetric For n-firm case with symmetric substitution pattern,
by employing an n-by-n identity matrix I and an n-by-n matrix J with 1’s in all elements

(as in Chone and Linemmer (2020)), B is written as
B=(b—-—35)I+sJ

and its iverse is characterized as

50



which is easily verified by BB™! = I. Thus, for any i = 1, ..., n,

1 (b+r(n-2)s
ﬁz‘Z[B L’i_(b—s) (b+(n—1)3)
(b—s)(b+ (n—1)s)

_1:
=0 b+ (n—2)s '
Then,
B+diag(B) ' =(b—s)I+sJ+ 8 T=(b—s+ 3 ") I+s]
_ 1 S
& (B +di ) e e — g J
( tag(#)™) B{l—i-b—s( Bl-_l—i-b—i-(n—l)s)
Therefore
R S SR s> (Y5 —¢)
T s\ T B T b (n—1)s

~ (B +b—s) (531+b+(n—1)8) <(ﬁil+b+(n_2)s) (Yi_Ci)_S<Z<Yj_Cj>>>

j#i
=L (Yi — ;) = M; <Z (¥ — Cj))

J#i

(8 '+b+(n—2)s)

B +0—5) (B, b+ (n—1)s) and M; =

where L; = ( (87 +b—s) (B T+bt+(n—1)s) °

C.2 Cournot Equilibrium

If firm ¢ believes that the consumer’s behavior is characterized by the inverse demand function
(37), and if it adjust the own quantity given the others’ quantity, the first-order condition

with respect to ¢; is

opi
0= 90,0 + (pi — ci) = =bigi + (pi — ci) (47)
where b; is the i-i-element of B. By stacking first-order conditions for all : =1, ..., n,

0= (p— c) - diag(b)a
< 0=Y — Bq — c —diag(b)q
& q=(B+diag(b)) ' (Y —c¢)=q°

Thus, we can obtain L; and M; for Cournot competition by replacing 3; ' with b;. More

explicitly, L; = 2% and M, = m for 2-firms Cournot, and L; = (ngb)g: J:(i)f)l

4b1by—s2

5 and
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M; = ) for n-firm Cournot competition with symmetric substitution.

(2b—s) (2E;S+(n—1)s

Appendix D Limit Analysis

Proposition 12 (Limits of the Equilibrium). The equilibrium strategy has the following

properties:

1. As s — 0, the second stage is reduced to the monopoly for each product (i.e., Dellarocas
(2006)).

2. Ass = b =by=b, a; = 00 and X\ — 0 in price competition, and o, \i — @&, X for

some finite @, A in quantity competition.
3. As ¢; — o0, a;,v; — 0. (Thus, E[F;] — 0.)
4. Asog/o. — 00, oy and X — &, \ for some finite &, \ and Cor(0;,Y;) » 1

5. Asogfo. — 1, o and A — @, \ for some finite G, A
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Appendix E Partially Naive Consumer

E.1 Definition of the Partially Naive Consumer

If the consumer is partially rational with degree 7, the product i’s reputation can be defined

as follows:

E 0| R =Y =nY"+ (1 —n) YN
= n{E[0;] + A\ (R — {E[0;] + E[F]}) } + (1 —n) {E[0;] + A (R — E[0]) }
= E[0;] + ] (R — E[0;]) — n\[E [F}]

where Y;® and YV are the reputation formed by a rational and naive consumer, respectively,
and \] = nAf + (1 —n) AY. Such a convex combination of beliefs can be interpreted that
either (i) the representative consumer (each consumer in a mass) is partially rational, or (ii)
there are a mass 7 of rational consumers and a mass (1 — n) of naive consumers. See the
Appendix 77 for the second interpretation.

Given the above definition of the partially naive consumer’s belief, we can still charac-
terize the equilibrium. See Appendix ?? for the characterization. The rationality parameter

1 smoothly connects the results of two extremes of rational and naive.

E.2 Interpretation of the Partially Naive Consumer

If the market is filled with a mass 7 of rational consumers and a mass (1 —7) of naive
consumers, the market for product i is defined as ¢ = nqf + (1 —n)¢" where ¢ is the
demand from a rational consumer and ¢V is the demand from a naive consumer, each of

which is defined so far. Then, the market demand for product i is

G =ng"+(1-n)q"

. bj}/zR — S)Z-R b] S
=7 bzb] — 82 B bzb] — 82pZ + bzb] — Sgp]

b, YN — sYN b S
1 — J1 Jj_ i ; 2
1 =n) { bt — 52 biby — 20 by, — 2
WYYy s
bibj — 82 blbj — 82pZ blbj — 82p]

where V" = nY:® + (1 — n) YV, Thus, the demand function is equivalent to the one from the

partially rational representative consumer.
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Figure 7: Examples of Elliptical Distribution

Appendix F Model with a Joint Elliptical Distribution

Note that we actively use the normality assumption when we calculate the rating as a linear
combination of quality and noise, and we calculate the conditional expectation of quality
given the rating’s realization. Those properties of the jointly normal distribution are robust
in the general elliptical distribution in a sense explained below. For the normative analysis
in Subsection 4.1, the surplus functions, which is characterized by second moments, are just
multiplied by a scalar. Therefore, the ordinal property of the surplus function is robust with
the general elliptical distribution as well. Thus, the results in the main part is robust with
a non-negative elliptical distribution whose tail is truncated.

Suppose that z; = [ ' ] follows elliptical distribution with a location parameter i =

€
o5 0

2

O¢

l(;i ] , scale parameter Y = [ ] , and a density function g (-) (Cambanis et al., 1981;

0;
Goémez et al., 2003). That is, the probability density function of is characterized as
€

fi (x;) = gi (x}Xx;). More precisely, we suppose that x; and z; are jointly follow an elliptial
distribution with ¥’s as block diagonal elements and 0’s off-diagonal elements of scaling
parameters. Therefore, (i) z; and x; are not correlated, (ii) an affine transformation of [z, 2]
follows an elliptical distribution, whose location and scaling parameters are characterized as
in a joint normal distribution, but (iii) z; and x; are not necessarily independent each other
(e.g., If the support of (6, 0,) is an area enclosed by a circle with a finite radius, the support
of (01|02) depends on the value of 65).

Let a rating on Seller ¢ as a noisy and potentially biased signal of the underlying quality,

R; =0, + F; + ¢;. Suppose that Seller i uses a linear strategy in fake reviews, that is,

F, = o0; + i

o4



Then, a rating on Seller ¢’s product is written as
Ri :61—1-0416@—1-71—!—@

0|
€; ‘

Now,

] is written as a linear transformation of

1

0; 1 0|6 0
= +
R; 14+ 1 € Vi
0; e e
Then, by Theorem 5 of Gomez et al (2003), R follows an elliptical distribution with a
. 1 0 2% ] 0 [ i .
location parameter, + = , scaling parameter
Ita L] & | [ (Lt ai) g+

1 o6z 01 1+
(14+a;) 1] 0 o2]]0 1

O'g 03(1+ai)

o2 (1+a;) 02 (1+a) + 02

[N \V)

with some density function g; (-).
Then, by Theorem 8 of Gémez et al. (2003), (6;|R;) follows an elliptical distribution with

a location parameter

o3 (1+ ay)
o2 (1+ a;)” + o2

(R — (1 + ) pi + 1))

%

op(l+a,)?

2 (tanito? with some density function g (-).

scaling parameter oj —

%)
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