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Abstract

We extend the continuity-based framework to Regression Discontinuity De-
signs (RDDs) to identify and estimate causal effects under interference when
units are connected through a network. Assignment to an “effective treatment,”
combining the individual treatment and a summary of neighbors’ treatments, is
determined by the unit’s score and those of interfering units, yielding a multi-
score RDD with complex, multidimensional boundaries. We characterize these
boundaries and derive assumptions to identify boundary causal effects. We
develop a distance-based nonparametric estimator and establish its asymptotic
properties under restrictions on the network degree distribution. We show that
while direct effects converge at the standard rate, the rate for indirect effects
depends on the number of scores fixed at the cutoff. Finally, we propose a
variance estimator accounting for network correlation and apply our method to
PROGRESA data to estimate the direct and indirect effects of cash transfers

on school attendance.

Keywords: Causal inference, regression discontinuity, interference, networks,

local polynomials, statistical dependence.

1 Introduction

In a Regression Discontinuity Design (RDD), the treatment assignment is determined
by whether an observed variable— known as “score” or “forcing” variable—exceeds
a given cutoff. For instance, in conditional cash transfer (CCT) programs, eligibility
for financial aid hinges on the household’s poverty index relative to a predetermined
threshold (e.g. Battistin and Rettore, 2008; Attanasio et al., 2021). Beyond CCT

programs, RDDs have been applied across diverse domains, including education (e.g.,
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Jacob and Lefgren, 2004), the labour market (e.g., Battistin and Rettore, 2002), and
medicine, where eligibility for treatment is often determined by clinical thresholds
such as age for vaccination (Basta and Halloran, 2019).

The deterministic nature of the RDD assignment mechanism violates the overlap
assumption and prevents the use of covariate adjustment methods, common in obser-
vational studies (e.g. Hernan and Robins, 2023). However, since its early development
(Hanh et al., 2001; Lee, 2008), the analysis of RDDs has relied on an assumption of
continuity of the outcome regression functions to allow the identification of the aver-
age treatment effect at the cutoff. RDDs have gained renewed interest in recent years,
leading to significant methodological advancements (e.g., Diaz and Zubizarreta, 2023;
Imbens and Wager, 2019; Calonico et al., 2014; Kolesar and Rothe, 2018).

However, the role of interference in RDDs remains underexplored. Interfer-
ence arises whenever the “treatment” on one unit affects the outcome of another
unit (Cox, 1958), a common occurrence in settings where units interact physically
or socially. Interference can affect RDD settings. Exploiting the two-stage partial
population design, Angelucci and De Giorgi (2009) show that the Mexican PRO-
GRESA /Oportunidades program increased consumption levels among ineligible house-
holds through informal loans from beneficiaries, while Lalive and Cattaneo (2009)
find spillover effects on school attendance among ineligible children living in villages
assigned to the program due to social interactions. Interference can also emerge in
health and education interventions with eligibility cutoffs. In public health, providing
vaccines to eligible individuals can indirectly protect ineligible individuals by lowering
the community viral load. In education, retaining students based on standardized test
score can affect other students’ academic performance through classroom dynamics.

While interference is sometimes viewed as a nuisance when estimating treatment
effects (e.g., Sobel, 2006), spillover effects have been recognized to be of substantive
interest. Positive spillover effects can be leveraged to achieve cost-effective inter-
ventions: designing optimal policies allocating financial aid to a targeted subset of
families can increase overall school attendance in a village through beneficial spillover
effects (e.g. Viviano, 2024), and partial vaccination can achieve community-wide im-
munity (Halloran and Struchiner, 1995). Conversely, negative spillovers, such as re-
duced employability among those excluded from job training programs (Crépon et al.,
2013), highlight the need for preventive measures to preserve policy effectiveness.

The literature on causal inference under interference has grown rapidly in recent



years. A common assumption is partial interference, which allows interference within
clusters but not across clusters (Sobel, 2006). Partial interference is used in two-
stage randomized experiments to estimate direct and spillover effects (Hudgens and
Halloran, 2008; Liu and Hudgens, 2014; Baird et al., 2018). In observational stud-
ies, inverse-probability-weighted (IPW) estimators have also been derived under the
partial interference assumption (Tchetgen Tchetgen and VanderWeele, 2012; Perez-
Heydrich et al., 2014; Papadogeorgou et al., 2019). Other works have analyzed more
complex interference mechanisms, such as when units are connected through a net-
work, in experimental studies (Bowers et al., 2013; Aronow and Samii, 2017; Athey
et al., 2015; Leung, 2020; Viviano et al., 2025) and observational studies (Sofrygin
and van der Laan, 2017; Forastiere et al., 2021, 2022; Ogburn et al., 2022). In ex-
perimental studies with network interference, several methods of analysis have been
used, such as randomization tests (Bowers et al., 2013; Athey et al., 2015; Basse
et al., 2019), IPW-type estimators and cell-means estimators (Aronow and Samii,
2017; Vazquez-Bare, 2022), and regression-based approaches (Leung, 2020). While
approaches to observational studies on networks include generalized propensity score-
based estimators (Forastiere et al., 2021, 2022), IPW estimators (Liu et al., 2016),
targeted maximum likelihood estimator (TMLE) (Sofrygin and van der Laan, 2017;
Ogburn et al., 2022), and graph neural networks (GNN) (Leung and Loupos, 2023),
little attention has been paid to interference in the context of RDDs.

This paper develops a methodological framework that extends the continuity-
based RDD paradigm to accommodate interference. We formalize interference via
exposure mappings (Sofrygin and van der Laan, 2017; Aronow and Samii, 2017;
Forastiere et al., 2021), defined over specified interference sets (e.g., networks or
clusters), allowing each unit’s potential outcome to depend on a bivariate “effective
treatment”, i.e., the binary individual treatment and a spillover exposure, resulting
from applying the exposure mapping to the neighbors’ treatments.

Our framework’s key feature is that, although each unit is characterized by
a single score, interference induces a multiscore structure: the effective treatment
assignment becomes a deterministic function of both the individual score and the
scores of units within the interference set. As a result, RDDs under interference can
be reframed and analyzed as a multiscore RDD characterized by multidimensional
boundaries, allowing us to build on and extend existing methodological tools from

the literature on multivariate RDDs (Imbens and Zajonc, 2011; Keele and Titiunik,



2015). Unlike in standard multivariate RDDs, however, these boundaries arise from
the interference mechanism and the RDD individual treatment rule, rather than be-
ing given ex ante. Within this framework, we provide a characterization of these
multivariate boundaries and define new causal estimands, i.e., boundary direct ef-
fects at a given spillover exposure and boundary indirect effects comparing values of
the spillover exposure. We further define the overall direct effect at the cutoff and
an overall indirect effect of having one treated neighbor. We provide identification
results by extending the standard RDD continuity assumptions. In addition, we show
that the traditional RDD approach identifies the overall direct effect at the cutoff,
even if interference is not accounted for.

We propose an estimation method that collapses multivariate scores into a uni-
variate distance from the boundary, which is then used as the running variable in
a local polynomial regression. Our estimator builds on the distance-based approach
commonly used in multivariate RDDs (e.g. Keele and Titiunik, 2015). To our knowl-
edge, however, the distance-based estimator in multivariate RDDs has not yet received
a formal analysis in the literature. Our results thus offer theoretical insights of in-
dependent interest for multivariate RDDs beyond interference, especially in settings
with complex multiscore structures. We show that the convergence rate of our es-
timator is determined by the codimension of the effective treatment boundary, that
is, by the number of individual and neighbors’ score components fixed at the cutoff.
Our analysis shows that direct effects can be estimated at the same convergence rate
as standard no-interference RDD estimators, whereas indirect effect estimators may
converge more slowly. We also develop bias-corrected versions of these estimators.
For estimation of the overall direct effect at the cutoff, we rely on the canonical local
linear RDD estimator and show its convergence at the standard RDD rate. We fur-
ther introduce a local polynomial estimator of the overall indirect effect, which can
likewise be estimated at the standard RDD rate.

A characteristic of our setting is the dependence induced by network structures in
both outcome and score variables, as well as by overlapping interference sets. In line
with the literature on local polynomial estimation with dependent data, we establish
that under a weak dependence condition limiting the growth rate of network links,
our estimators maintain the same asymptotic distribution as under independent data.
Despite this result suggesting that inference may proceed as with i.i.d. data, we argue

that network-induced dependence must be explicitly accounted for. In particular, the



possible presence of a non-negligible fraction of individuals sharing the same distance
measure and the fixed bandwidth perspective of bias-correction methods can distort
conventional inference. We therefore develop a novel variance estimator that accounts
for network-induced correlation. To the best of our knowledge, aside from Bartalotti
and Brummet (2017)-who analyzes clustered settings where all units in a cluster
lie on the same side of the cutoff- this is the first contribution to address network
dependence in RDDs, even regardless of the presence of interference.

Our analysis is complemented by a simulation study and an empirical application
using data from PROGRESA /Oportunidades, where we estimate the direct and indi-
rect effects of the program on children’s school attendance, defining interference sets
by village, grade, and gender. We find an overall direct effect of about 0.07, closely
matching the direct effects reported by Lalive and Cattaneo (2009) and Arduini et al.
(2020). In contrast, the overall indirect effect is notably larger than the indirect ef-
fect of about 0.02 found in these studies. Importantly, our estimates capture local
boundary effects within treated villages, whereas existing estimates, relying on on
village-level randomization, compare eligible and ineligible individuals across treated
and untreated villages, thus reflecting average effects over broader populations.

To our knowledge, the only works that address interference in RDDs are Aronow
et al. (2017), Auerbach et al. (2024), and Borusyak and Kolerman-Shemer (2024).
Aronow et al. (2017) propose a difference-in-means estimator for the average di-
rect effect near the cutoff under a local randomization assumption. In contrast,
our approach provides an identification and estimation strategy for direct and indi-
rect effects within the continuity-based framework. Auerbach et al. (2024) analyzes
a linear-in-means model where a unit’s neighborhood consists of units with scores
within a specified radius from that unit’s score. Our framework instead defines inter-
ference sets based on a specified network structure rather than proximity in the score
space, and does not impose linear-in-means assumptions on the potential outcome
model. However, unlike linear-in-means models, which allow interference to decay
with path distance, our framework restricts interference only within the interference
set. Moreover, we formalize interference as a multiscore RDD, defining causal effects
conditional on individual and neighborhood scores at boundaries where the effective
treatment changes discontinuously, whereas Auerbach et al. (2024) focuses on the
linear-in-means direct and spillover coefficients, which are functions of the individual

score evaluated at the cutoff. Finally, Borusyak and Kolerman-Shemer (2024) stud-



ies RDDs where units’ treatment status is an aggregate across multiple discontinuity
events. Their estimation method recovers in a simple way a local marginal effects of
changing the treatment of lower-level units on the upper-level units’ outcome. In con-
trast, our formalization of interference as a multiscore RDD accommodates a richer
set of direct and spillover effects, albeit with greater methodological complexity.
The paper is organized as follows: Section 2 introduces the notation and method-
ological framework; Section 3 illustrates our identifying assumptions and results; Sec-
tion 4 describes our estimation method; Section 5 includes the simulation study;

Section 6 provides the empirical illustration; and Section 7 concludes.

2 Framework

2.1 Interference

Let us consider a set N of n units, indexed by 7 = 1,...,n. Such units are connected
through a set of edges, or links, & with generic element (i,j) = (j,4) representing the
presence of a link between ¢ and j. The pair G = (N, £) is an undirected network that
can be represented by an adjacency matrix A, with generic entry A,; = 1 if unit ¢ and
j are linked and equal to 0 otherwise. Each unit is associated with a set of random
variables, including a score variable X; € X C R, a binary treatment assignment
D, € {0,1}, and an outcome variable Y; € R. We denote by X, D, and Y the n-
vectors collecting the score, the treatment, and the outcome variables, respectively,
for all n units. Let us denote as Y;(d), with d € {0,1}", the potential outcome we would
observe on unit 4 if the treatment vector were set to d in the sample A/. Because units
are causally connected in this setting, in their most general form, potential outcomes
depend on the complete treatment vector.

We introduce an interference assumption that restricts interference within spec-
ified interference sets and uses an exposure mapping function to describe the inter-
ference mechanism. Specifically, for each unit i € A/ we define an interference set
S; € (M \ {i}). The interference set S; may contain all units that are connected to i
by a link in A, i.e., the network neighborhood (network neighborhood interference,
Forastiere et al. 2021). When units are grouped in clusters, such as villages, and
schools, §; can include only units in the same cluster as i (partial interference, Sobel

2006). This scenario is a particular case of neighborhood interference represented by



a block-diagonal adjacency matrix. The interference set S; can also be defined based
on network (or cluster) features and covariates. For example, in school settings, chil-
dren may interact more with classmates of the same gender (Shrum et al., 1988), so
that S; consists of individuals within the same school and gender group. We refer to
elements of S; generically as neighbors of i, and we let D;, and Xg,, with values ds,
and xs,, collect the treatments and the score variables of units in S;.

Additionally, we define the exposure mapping as a function that maps the treat-
ment vector within §; to an exposure value: g : {0,1}/5il — G, where G, is a discrete
space of equal or lower dimension than {0,1}/*:!l. Let G; € G; be the resulting ran-
dom variable, with G; = ¢g(Ds,). Without loss of generality, we refer to G; as the
neighborhood treatment. Common examples of exposure mapping functions include

Zj i DJ'
Djand G; = =43—. An-

D; > 0}, which takes

value one if there is at least one treated unit in S;, and zero otherwise. Our defini-

the number or proportion of treated neighbors, G; = 3",

other type is the one treated exposure mapping, G; = 1{>_ s
tion also accommodates vector-valued exposure mappings that classify neighbors into
types (e.g., parents, influencers), as in Qu et al. (2021), allowing outcomes to depend,
for instance, on the proportion of treated units in each type. However, we require
that the range G; be discrete, and we therefore rule out continuously valued exposure
mappings, such as weighted averages of neighbors’ treatments with weights based on

continuous covariates. We make the following assumptions.
Assumption 1 (Consistency). For alli e N, if D =d then Y; = Y;(d).

Assumption 2 (Interference). For all i € N, and for all D, D' € {0,1}" such that
D; = D; and g(Ds,) = g(DY,), the following holds: Y;(D) = Y;(D").

Assumption 1 is the standard “consistency” assumption, which ensures that po-
tential outcomes are well-defined by excluding multiple versions of the treatment.
Assumption 2, “interference,” is our interference assumption which allows the poten-
tial outcomes of unit ¢ to depend on the treatments within S;, but not outside of it,
and only through the exposure mapping. Assumption 1 and Assumption 2 together
constitute an extended version of the SUTVA under which potential outcomes can
be indexed by the value of the individual treatment D; and by the value of the neigh-
borhood treatment G;. The tuple (D;,G,;) is then a bivariate treatment where D; is
the binary treatment assigned to each unit i, and G; is a summary of the treatment

vector in the interference set. Following Manski (2013), we refer to this as effective
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treatment. Thus, under Assumptions 1 and 2, Y;(d,g) denotes the potential outcome
of unit i if D; = d and if G; = g, i.e., if the summary of treatment vector within the
interference set of i has value g through the function g(-)*.

The number of potential outcomes for each unit under interference depends on
the specification of the interference set and the exposure mapping. For instance,
with one treated exposure mapping, G; takes only two values. Finally, Assumption 2
implies that the interference sets and the exposure mapping are correctly specified.

We assume that the network A is fixed and constant during the study; it is
not affected by the treatment vector D and is fully observed, ensuring that the in-
terference sets are also observed and unaffected by the treatment. In addition, the
data (X, D,{Y;(d, 9) }ien, def0,1}, geg;) are jointly distributed according to P(A), a data-
generating distribution depending on A, that is, we assume that we have access to
a random draw of these variables from this distribution for our population of n con-
nected units. Our approach, which treats potential outcomes as random variables, is
known as a model-based perspective (Hernan and Robins, 2023), and is similar to,
e.g., Ogburn et al. (2022), and Leung and Loupos (2023), who consider an interference
setting where the observed data are generated from a random process conditional on

the network.

2.2 Effective Treatment Rule

In RDDs, the treatment is assigned to each unit according to whether the individual
score X; exceeds a known cutoff c. We express the individual treatment assignment

through the following individual treatment rule:

Assumption 3 (Individual treatment rule). For all i € N

Under Assumption 3 the treatment assignment is a deterministic function of the score

variable, and only units scoring above the cutoff are assigned to the treatment. In

!'Note that potential outcomes for units whose interference set is empty are not defined. In this
work, we leave such potential outcomes undefined. However, other assumptions are possible, such
as defining outcomes of the form Y;(d) for these units.



sharp RDDs, when the treatment receipt coincides with the assignment, the treatment
receipt follows the same individual treatment rule as in (1) (e.g., Hanh et al., 2001).
On the contrary, in fuzzy RDDs, when some units do not comply with the assignment,
the treatment receipt is no longer a deterministic function of the score (Trochim,
1984). This paper focuses on the causal effect of the treatment assignment D;, referred
to as the intention-to-treat (ITT) effect in fuzzy settings. For simplicity, we still refer
to D; as the treatment variable.

Assumption 3 leads to the following property:

Property 1 (Non-probabilistic individual assignment). For alli e N, P(D; =1| X, =
xi)ZOfOTfL’i <c and]P’(DlzllXZ:a:l) =1 f07”$i > c.

With a non-probabilistic individual assignment, it is not possible to observe both
treated and untreated units with the same value of the individual score X;.
Crucially, the non-probabilistic nature of the individual assignment mechanism
induces a non-probabilistic assignment mechanism of the effective treatment in our
interference framework under interference. For each unit j; € S;, the treatment is
assigned according to the individual treatment rule in Eq (1), i.e., D; = ¢(X;). There-

fore, G; can be rewritten as follows:

Combining Eq (1) and Eq (2), we obtain a deterministic effective treatment rule:

(D, Gi) = (H(X3), e(Xs,)) = F(X;, Xs,) (3)
From Eq. (3), it is clear that the effective treatment is governed by multiple scores.
Therefore, RDDs under interference can be reframed as a “multiscore design” (Rear-
don and Robinson, 2012). As opposed to typical multiscore RDDs, where the individ-
ual treatment is assigned based on multiple individual scores (e.g., math and reading
test scores, Matsudaira, 2008), here the first component of the effective treatment,
the individual treatment D;, is determined by the individual one-dimensional score
X;, and the second component, the neighborhood treatment G;, is determined by the
scores of units in the interference set Xs,. Thus, the effective treatment is determined
by multiple scores of the same variable on different units.

Let us define the multiscore space X;s, C RISi+1 as the space of all elements



(z;,xs,). The effective treatment rule defines a partition of X, into effective treatment

regions, defined as
XZSl(dmg) = {(:Bi7m5i) S Xisi : F(xivmsi) = (dvg)}

where the probability of receiving the effective treatment (d,g) is equal to one. For-
mally, we can state the following property of RDDs under interference, characterized
by a non-probabilistic individual treatment assignment (Property 1) and an interfer-

ence mechanism defined in Assumption 2.
Property 2 (Non-probabilistic effective treatment assignment). For all i € N, for

all d € {0,1}, and for all g € G;

1 (z,s,) € Xis,(d, g)
O (xi7 msi) ¢ Xisi (d7 g)

P(D;=d,G; = 9‘ (Xi,XsJ = (v, xs,)) =

An immediate consequence of Property 2 is that conditional on the individual score X;
and neighborhood X, potential outcomes are independent of the effective treatment,

as stated in the following property.

Property 3 (Unconfoundedness). For all i € N, for all d € {0,1} and for all g € G;
it holds that Yy(d,g) 1L D;, G;| X;, X,

Therefore, conditional unconfoundedness, is an inherent characteristic of the RDD
with interference under Assumption 2 resulting from the deterministic dependence of

the effective treatment on X; and X, .

2.3 Effective Treatment Boundaries

The non-probabilistic effective treatment assignment results in a structural lack of
overlap, as units with the same value of X; and X, are never observed under differ-
ent effective treatments. Therefore, unconfoundedness cannot be exploited directly
as in other observational studies with interference (Perez-Heydrich et al., 2014; Pa-
padogeorgou et al., 2019; Ogburn et al., 2022; Forastiere et al., 2021, 2022). However,
as in no-interference multiscore RDDs, causal effects can be identified at common
boundary points between effective treatment regions. We next characterize these

boundaries, while identification results are presented in Section 3.
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Formally, the boundary of a region X (d,g), denoted by X, (d,g), is the set of
points (z;,zs,) such that for any e > 0, a neighborhood of radius e around (z;,z,))
contains elements in X5, (d,¢) and in its complement, i.e. X, (d,g)¢. We define the
effective treatment boundary Xis,(d,g|d’, g') as the intersection of two such boundaries,
Xis,(d,g|d',g') = Xis,(d, 9) N Xis,(d’, g'), which captures the set of points where a small
change in the score vector induces a change in effective treatment from (d, g) to (d',¢’).
For example, Figure 1 depicts the multiscore space for a unit with one neighbor,
S; ={j}, and G, = D;. Here, the multiscore space Xs,, represented on the Cartesian
plane with X, on the z—axis and X; on the y—axis, is partitioned into four effective
treatment regions where the effective treatment boundary is either a segment (e.g.,
between the top-left and bottom-left treatment regions) or the point (c,c) (between
the bottom-left and top-right regions).

The geometry of X;s,(d, g|d', g’) depends on the interference set and the exposure
mapping. Figure 2 illustrates two scenarios for a unit with two neighbors (S; = {j, k}):
one under the “one treated” exposure mapping and the other under the “sum of
treated” mapping. Here, the complete multiscore space X5, is three-dimensional, but
for clarity, we represent the effective treatment regions for D; = 0 by fixing X; at z; < c.
With the “one treated” exposure mapping, there are two effective treatment regions
(for D; = 0), and their boundary consists of two intersecting segments. With the
“sum of treated” exposure mapping, (for D; = 0) there are three effective treatment
regions, separated pairwise by segments, except for X, (0,2) and X;s,(0,0), where the
boundary is (¢, c).

Identifying X;s.(d,g|d’,¢') may be challenging in high dimensions. In such set-
tings, even determining whether two regions are adjacent, i.e., whether their bound-
aries intersect, may not be obvious. For example, suppose G; is the sum of treated
neighbors, and consider the boundary between X, (0,3) and X;s,(0,7) for a unit with
10 neighbors. Understanding whether boundary points between these regions exist
and identifying them is not trivial. We address this by providing an explicit charac-
terization of the effective treatment boundary as the set of points where one or more
inequalities describing the effective treatment regions switch direction.

Let Dis,(d,g) = {(d;,ds,) € Dis, s.t.(d;,g(ds,)) = (d,g)}, with generic element
di? = (d;,ds,)®?, the set of individual and neighbors’ treatment that yield the effective
treatment (d, g). Then the effective treatment boundary X, (d,g|d’, ¢’) can be written
as Xis.(d,g|d,g) = UDiSi(dy)XDiSi(d,,g,)E(dd’g d‘f;;"/), with the set-valued function ¢ :

1S;)
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Disi (d,g) X Disi (d/,g,) — Xisi being

r,>c d¥9=d¥9 =1

Ude,di?) = (m,m,,) € Xis, | Vz € ({IUS), o < dbo =dis =0 (4)

7;5»;

’ ’
T, =c d;i,g + dg 9

(see Supplementary Material S.1 for the derivation). The effective treatment bound-
ary Xis,(d,g|d',g') can be identified by applying £(-) to each pair of elements df;f and
df;;g/ and taking the union of the resulting sets. For example, when in our empirical
application (Section 6) we compare G; = 1 (having all treated neighbors) to G; = 0
(having no treated neighbor) for untreated units (D; = 0) with 4 neighbors, we must
identify the boundary X, (0,1]0,0) between the regions corresponding to the effec-
tive treatment values D, (0,1) = (0,1,1,1,1) and D;s,(0,0) = (0,0,0,0,0), respectively.
Our procedure yields the boundary X;s,(0,110,0) = {(z;, ) € Xis, : 2; < c and z; =
¢ for j € §;}, that is, including untreated units with all neighbors at the cutoff.

The characterization of X;s,(d,g|d’,g') via £(-) implies that X;s (d,g|d’,g') is al-
ways non-empty. Moreover, X;s,(d,g|d’,g') can be written as a finite union of linear
pieces /(d}, df;;gl), each associated with a specific number of score components fixed
at the cutoff, which we denote by Syats alo) = > e(tius) 1(d%9 # d¥9"). Specifically,
each linear piece is a (|S;|+1— sy(.))-dimensional submanifold of X5, with codimension
s¢(.), defined as the difference between the dimension of Xs,, i.e., |S;| + 1, and that of
the linear piece. Consequently, X;s,(d,g|d’,¢') admits a well-defined surface measure,
allowing us to define boundary average causal effects as integrals over X, (d,g|d’, g').
Formally, X5, (d,g|d',¢') is a (|S;| +1—5,)-rectifiable set (see Appendix S.2 for the def-
inition), with dimension |S;|+ 1 — 5; and codimension 5;, where 5, is the minimal value
of sy across all score configurations generating boundary pieces between effective

treatment regions, i.e., 8; = minp, (4,9)xD;., (@'.g') For example, in Figure 1,

e(dko,ak 9"y
X5, 1s 2-dimensional and the boundary X;s, (0, 0|0(, 1) iswt?hza 1-dimensional (2 —1) piece
where X; < 0 and X; = ¢. In Figure 2, the multiscore space is 3-dimensional, and the
boundary X;s,(0,0]0,1) is formed by two planar pieces, where either X; = ¢ or X, = c,
both 2-dimensional (3 — 1), and their intersection, where X; = X} = ¢, of dimension 1
(3 —2). Hence, the union of these pieces forms a subset of dimension 3 — 1 = 2, with
5; = 1. As shown in Section 4, the dimension of X5, (d, g|d’, ¢') crucially determines via

5; the convergence rate of the proposed distance-based local polynomial estimators.
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D;=0,G =1 Di=1,G;=1

Score X;

Di=0,Gi=0 Di=1,Gi=0

c
Score X;

Figure 1: Score space for unit ¢ with interference set S; = {j} and G; = D;.

One treated Sum of treated
Di=0,Gi=1 Di=0,Gi=1 D=0, Gi=2

Score Xy
C

Score Xy
Cc

D;=0.G;=0 D;=0.G;=0 D;i=0,Gj=1

c c
Score X; Score X;

Figure 2: Score space for unit ¢ with interference set S; = {j, k} fixing X; = z; with z; < c.

2.4 Causal Estimands

Here, for simplicity, we concentrate on the case where units have equally-sized inter-
ference sets and homogeneous effective treatment boundaries, as well as homogeneous
outcome and score distributions. That is, |Si|, 5;, E[Y;(d, g) | (X;, Xs,) = (x;, 2, )], and
f(z;,xs,) are homogeneous across units. Our main causal estimand of interest is
the boundary average causal effect, defined as the difference in the average potential

outcomes under different effective treatments at the effective treatment boundary:
Taglag (Xis,(d,g|d',g")) = E[Yi(d,g) - Yi(d',g) | (X, Xs,) € Xis (. g|d',g)] ()

with d,d" € {0,1}, g,¢' € G;. Here, the expectation is taken with respect to the
distribution of potential outcomes conditional on the individual and neighborhood

score being at the boundary and on the network under our model-based perspective.
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Boundary average causal effects can be written as weighted averages of causal

effects across the effective treatment boundary:

f Td,gld’,g’ (wi? ZIZSi)f(fEi, wSi)d’].USHJFl*E
Xis; (dg| d'.g")

Td,g|d' g’ (‘)Ei&:(dvg’d/vgl)) = ff(l' z )d’]—[\siHl*g (6)

Xis; (d,g|d’,g")

where f(z;,zs,) is the joint density of X; and X, and 7444 o (2;, x,,) = E[Yi(d,g) —
Yi(d',g')| (X, Xs,) = (x;,2,,)], is the the average causal effect of the effective treat-
ment (d,g) compared to (d’,¢') at a point (z;,«,)>. The integral in (6) is taken
with respect to the |S;| + 1 — 5-dimensional Hausdorff measure. Specifically, because
Xis,(d,g|d',g') is a union of linear pieces, the integral can be written as a sum of
integrals with respect to the |S;| + 1 — 5-dimensional surface measure over each linear
component (see Supplementary Material S.2 for more details).

We can further distinguish between boundary direct average effects and boundary

indirect average effects. Specifically, boundary direct average effects, defined as

7_179\079(‘)21'871(179 ‘ 079)) = E[}/i(lvg) - Y;(O,g) ‘ (XivXSi) € Xisi(lhq ’ 079)] (7)

for g € G;, isolate the (local) impact of the individual treatment for a fixed level of

G;. In contrast, boundary indirect effects, given by
Tuglay (Xis,(d,gld,g') = E[Yi(d, g) - Yi(d. ¢') | (Xi, Xs,) € Xis,(d,g]d,g)]  (8)

for d € {0,1}, g, ¢ € G;, capture the indirect effects of changing the neighborhood
treatment G; for a fixed level of the individual treatment.

For example, in our empirical application in Section 6, we estimate the direct
boundary effect 710/00(X;s,(10]00)), which captures the impact of being eligible for the
PROGRESA /Oportunidades program for individuals at the poverty threshold who
have friends that are below the threshold. This effect reveals whether the program
directly benefits children whose peers are situated below the eligibility cutoff. In

contrast, the indirect boundary effect 74100(X;s,(01|00)) measures the effect of having

2We refer to Appendix C.1 for discussion on the identification and estimation of causal effects
at a point of the effective treatment boundary.
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all eligible friends versus no eligible friends, for ineligible individuals whose peers are
at the threshold. This estimand helps assess whether implementing such a program
indirectly benefits those who are themselves ineligible but connected to eligible peers.

Furthermore, we define the boundary overall direct effect as

Tijo = Z Tigl09(Xis, (1,9]0,9)) - P(G; = g| Xi = ¢) (9)

9€G;

which averages boundary direct effects over the probability distribution of G; condi-
tional on X; being equal to the cutoff. This effect can be written as a weighted average
of point direct effects 7 g04(z;, 25,) = E[Yi(1,9) = Yi(0,¢') | (X;, Xs,) = (z;,x,,)] across
the union of all boundaries of the type X;g,(1,9|0,9)3. Thus, the boundary overall
direct effect summarizes the effect of the individual treatment at the cutoff*. In the
example in Figure 1, the overall direct effect at the cutoff corresponds to the bound-
ary point direct effects averaged along the line X; = ¢, the union of the boundaries
Xis,(1,1]0,1) and X;s,(1,0]0,0).

Finally, we also define a boundary overall indirect effect, which can be considered
a measure of the marginal effect of having an additional treated neighbor. We define

the boundary overall indirect effect as

Tondirect = 3 Y Y E[Yi(di,g(dL) — Yi(di, g(ds,)) | (X, Xs,) € £((d;, ), (di ds,)) ]
di dsi d‘;z
dj>d;VjEs;, / y )
= wla P(D;=d, Dl =d. |3 eS:X;=c)
(10)

where £(-) is the function defined in Eq. (4). The overall indirect effect takes the

3SpeCiﬁcaHY> ')2157(1ag|oag) = {<xzv ms,,) € Xi$1 P X =C, T, € XS«; (g)} where thi (g) is the set
of all elements xs, such that e(xs,) = g. The union of such boundaries across g then corresponds
to {(z;,x5,) € Ays, : x; = c}. It can be shown that 7|9 can be equivalently written as

Tijo = Z/ E[Yi(1,9) =Y (0,9) | Xi = ¢, X5, = x5, | M

: dzs,
g€g; i (9) f(C)

4The boundary overall direct effect is similar to the overall main effect defined by Forastiere
et al. (2021), which is the average causal effect of the individual treatment marginalized over the
(empirical) probability distribution of G;. Here, however, the boundary overall direct effect is an
average of boundary (conditional) direct effects over the probability distribution of G; at the cutoff.
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average of boundary indirect effects comparing neighborhood treatment vectors that
differ by one treated neighbor marginalized over the distribution of the individual
treatment and neighborhood treatment conditional on having at least one neighbor
at the cutoff, that is, the probability of having the individual and neighbors’ scores
(X;, Xs,) with at least one neighbor at the cutoff. Note that the effective treatment
boundary ¢((d;,d,,), (d;,ds,)) has at the cutoff the score of the neighbor j € S; whose
treatment is assumed to switch from 0 to 1 between d,, and d . This estimand
appears cumbersome in its general form. However, it reduces to a simple form once
we specify the interference set and exposure mappings. In the example of Figure 1,
with a single treated unit, 7;,4ircc¢ cOrresponds to a weighted average of the boundary
indirect effects on X;g,(0,10,0) and X;s, (1,1 | 1,0)—or, equivalently, to the weighted
average of boundary point indirect effects along the line X; = ¢, which constitutes the
union of these boundaries. We discuss identification and estimation of this estimand
in Supplemental Appendix C.2, where we also provide its form under specific exposure
mappings.

Our definitions of causal effects assume equally-sized interference sets and homo-
geneity of the effective treatment boundaries, as well as identical outcomes and scores
distribution. However, units may have different numbers of neighbors, and heteroge-
neous effective treatment boundaries, and the outcome and score distributions may
depend on the network. Under such heterogeneity, causal effects are unit-specific and
causal estimands should be defined as the average of expected potential outcomes
across the sample units (e.g. Ogburn et al., 2022). We extend our analysis to account

for such heterogeneity in the Supplemental Appendix A.

3 Identification

3.1 Identification of Boundary Average Causal Effects

Due to the lack of overlap (Property 1), at the boundary between two effective treat-
ment regions X5, (d,g|d’,g'), all units are either observed under effective treatment
(d,g) or (d',g'). Therefore, at least one of the two conditional expectations in the
definition of causal estimands in Eq. (5), which requires some form of extrapolation.
Following the RDD literature (Imbens and Lemieux, 2008), we assume that units near

the boundary, and thus having similar own and neighbor scores, also have similar po-
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tential outcomes on average. This idea is formalized by a continuity assumption on
E[Yi(d,g)| (X;, Xs,) = (z;,x,)] for all (d,g), which allows to use observation just on
one side of the boundary to estimate the unobserved average potential outcomes. A
key limitation of this continuity-based identification is that it can only identify local
causal estimands, i.e., conditional on the individual and neighbors’ scores lying on the
boundary. This locality is a feature of RDDs, which rely on discontinuities in treat-
ment assignment and cannot identify broader effects without stronger assumptions
beyond continuity.

We now formalize our identification result. Let us first introduce the following
notation, which we adapt from Imbens and Zajonc (2011). Let I(p,q) be the Eu-
clidean distance between two generic points p and ¢. Define the minimum distance

of a point (z;,z; ) € A5, from the effective treatment boundary X, (d,g|d’,g’) as

l;rirz?d’,g’ (xi, $Si) = min;gisi (d,g|d’.g") l((.ﬁz, wsi), (.i'“ j&;)); and let
B.(Xis,(d,g|d', g") = {(z;,25,) € Xis, : 14w o (w0, s5,) < €}

be the e-neighborhood of X, (d,g|d’,¢'), that is, the set of points within distance e
from X, (d,g|d',¢). Lastly, let B*9(X;s.(d,g|d',g")) and B¥9 (X5, (d,g|d’,g")) be the
intersections of the effective treatment boundary e-neighborhood with the effective
treatment regions X, (d,g) and X, (d', ¢'), respectively.

We make the following identifying assumptions, building on Imbens and Zajonc
(2011).

Assumption 4 (Identification). Assume that X; has bounded support. For allie N,
for all d, d € {0,1} and for all g, ¢’ € G;:

a) Score density positivity: f(z,, x, ) >0 for all (z;,zs,) € B-(Xs,(d, g|d', g')).

b) Outcome continuity: E[Yi(d,g)|(Xi, Xs,) = (wi,®s,)] is continuous at all
(xi7$$i) € Xis, -

c) Score density continuity: f(z;,xs,) is continuous at all (z;,xs,) € Xis, -
d) Boundedness: |E[Y;(d,g)|(X:, Xs,) = (z;,xs,)]| and f(z;, xs,) are bounded.

Combined with the extended SUTVA (Assumptions 1 and 2) and the RDD treatment
assignment rule (Assumption 1), Assumption 4 enables the identification of average

causal effects at the effective treatment boundary, as shown in the following theorem.
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Theorem 1 (Identification). Suppose assumptions 1-4 hold. Then for all d, d' €
{0,1}, 9. 9 € G

Td,g\d’,g/(-)a‘si(d,g | dlvg/)) = lg%E[K | (XHX&) € ng(fisi(dvg | dlag/))]

L (11)
—lImE[Y; | (X;, Xs,) € BYY (X, (d, g |d',g))]

e—0

Proof. See Supplementary Material S.1.

Theorem 1 states that the boundary average causal effect 74 4. (Xis,(d,g|d’,g')) is
identified by taking the difference between the limits of the conditional expectations of
the observed outcomes on B»9(X;s,(d, g |d',¢')) and BY9' (X;s,(d, g| d’, ¢')) as e shrinks to
zero. This result relies on Assumptions 4. Specifically, Assumption 4.a) ensures well-
defined conditional expectations near an effective treatment boundary by requiring
a non-null score density near that boundary. Assumption 4.b) extends the conti-
nuity requirement from standard multivariate RDDs and enables the approximation
of unobserved potential outcome expectations at boundary points using sufficiently
close observations, thereby restoring a form of overlap. This assumption implies that
individuals sharing similar scores and also having neighbors with similar scores have,
in turn, similar potential outcome expectations. In our application, when estimating
the effect of having all versus no neighbors eligible among the ineligible, it means
that individuals with the same poverty index and neighbors just above or below the
cutoff have comparable expected outcomes. Although untestable and more restric-
tive than the standard RDD continuity assumption, this assumption’s plausibility
can be assessed, for example, by checking for covariate balance near the boundary,
as significant imbalances may cast doubt on its validity. Since boundary effects are
weighted averages of point effects with weights determined by the scores density, As-
sumption 4.c) ensures that the weighting scheme is also continuous on each side of
the effective treatment boundary. This guarantees that a change in the distribution
of the baseline score variables does not spuriously determine the difference in the po-
tential outcomes’ conditional expectations. For instance, this assumption would be
violated in PROGRESA /Oportunidades if ineligible individuals with all eligible peers
had a different poverty index distribution—such as a higher concentration of lower
values—than those with no eligible peers. In principle, this assumption can also be
assessed empirically by estimating the score density near the boundary, though this

would often require multivariate methods. Finally, Assumption 4.d) is a technical
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condition allowing the interchange of the limit and integral operators.

3.2 Identification of Boundary Overall Direct Effects

In no-interference RDDs, the local average causal effect at the cutoff is identified as
the difference between the right and left limit of the observed outcome regression
functions as X; approaches the cutoff c¢. In our framework, such an identification
strategy does not identify the average causal effect at the cutoff as potential outcomes
of the form Y;(1) and Y;(0) are ill-defined under interference. However, the following
theorem shows that the identification strategy used in standard RDDs identifies the
boundary overall direct effect at the cutoff provided that Assumptions 1-4 hold.

Theorem 2 (Identification of boundary overall direct effect). Under assumptions 1-/

Proof. See Supplementary Material S.1.

lim,,  E[Y;| X; = z;] — lim,,+.E[Y; | X; = z;] is precisely the quantity that identifies
the average treatment effect at the cutoff in the standard RDD without interference.
This result crucially relies on Assumption 4.c (score density continuity), which ensures
that the distribution of X, conditional on X; is balanced on each side of the cutoff c.
This, in turn, implies that the (conditional) distribution of G, is equal on each side
of the cutoft.

4 Estimation

In no-interference RDDs, the average causal effect at the cutoff is typically estimated
using local polynomial regression, which fits ¥; on a low-order polynomial of the
centered score (X; — ¢) on each side of the cutoff using observations within a fixed
bandwidth h, (Hanh et al., 2001). However, estimating boundary average effects
in our setting is more complex due to the multidimensional nature of the effective
treatment boundaries.

Several estimation strategies for multivariate RDDs without interference reduce

the multivariate score to a one-dimensional variable and then apply univariate lo-
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cal polynomial techniques using this variable as the one-dimensional score®. This is
done either by subsetting the data by treatment region (frontier estimation) (Mat-
sudaira, 2008) or by computing a summary score (binding approach) (Reardon and
Robinson, 2012). A widely used method in this class is the distance-based approach,
which replaces the multivariate score with the shortest Euclidean distance of each
unit to the treatment boundary (Dell, 2010; Keele and Titiunik, 2015). The distance-
based method offers several advantages. Unlike frontier estimation, it estimates ef-
fects over the entire treatment boundary without subsetting the data, and unlike the
binding approach, it applies to more general boundary shapes. Moreover, its local
non-parametric approach potentially avoids the misspecification pitfalls of a global
model and retains the visually appealing properties of univariate RDDs (Imbens and
Zajonc, 2011).

We adapt the distance-based local polynomial estimator to our framework for
estimating boundary average effects, and derive its asymptotic properties. To our
knowledge, the distance-based local polynomial estimator in multivariate RDDs has
not, to date, received a thorough formal analysis. The only exception is the re-
cent work of Cattaneo et al. (2025), which studies causal effects at boundary points
in settings without interference. In contrast, we develop an asymptotic theory for
distance-based estimators of aggregate interference effects over treatment boundaries,
where distance is measured from the entire boundary rather than individual points.
Furthermore, while conventional multivariate RDDs typically feature boundaries of
dimension d — 1 (with d denoting the dimension of the forcing variable), we consider
effective treatment boundaries of dimension |S;| + 1 — 5, where § may exceed one.
Under homogeneity in the interference-set size and in the outcome and score distri-
butions, we show that the distance-based local polynomial estimators converge at
rate nh?P™275 where 5 depends on the causal estimand and p denotes the polynomial
degree. Finally, we extend our analysis to the case of heterogeneous effective treat-
ment boundaries and heterogeneous outcome and score distributions (Supplemental
Appendix A).

For the boundary overall direct effect, 79, we propose using the standard RDD

5 Alternatives to these methods include, for example, integrating numerically estimates of point
effects, obtained by multiple local linear regression, over the treatment boundary (Imbens and Za-
jonc, 2011)
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local polynomial estimator, as justified by our identification result in Theorem 2. In
the Supplemental Appendix C.2, we show that the overall indirect effect 7;,qirecr CaN
be estimated via univariate local polynomial regression using as the one-dimensional
regressor the score of the neighbor closest to the cutoff.

A key characteristic of our setting is the statistical dependence in the data,
which may arise from interference among observations with overlapping interference
sets and from network-induced correlations in outcomes and scores. For example, in
networks linked observations tend to be more similar, a phenomenon known as ho-
mophily (McPherson et al., 2001). Standard asymptotic theories for local polynomial
estimators based on i.i.d. data, are therefore not applicable. However, kernel esti-
mators have been shown to be asymptotically equivalent to their counterparts with
independent data under forms of weak dependence. Bartalotti and Brummet (2017)
establish this result for clustered RDDs where all units within a cluster lie on one
side of the cutoff, while Masry and Fan (1997) and Jenish (2012) show similar equiv-
alence for time- and spatially-dependent data modeled as random fields on Euclidean
lattices. However, a generic network is not necessarily embeddable in an Euclidean
lattice (Kojevnikov et al., 2021). Therefore, we develop a new asymptotic theory
that builds on Leung (2020) under restrictions on the growth of network links. We
establish the asymptotic equivalence with the independent data case when units do
not share the same distance variable. However, dependence is non-vanishing when
units have the same distance variable, which can occur with overlapping interference
sets. In addition, data dependence can affect the distribution of the estimator in finite
samples with non-zero bandwidth. We develop a variance estimator that is robust to
these sources of dependence. This will also be applied to the the standard RDD local

polynomial estimator for the boundary overall direct effect, 7.
4.1 Potential Outcome Model
We write potential outcomes for generic (d, g) as
K(d,g) :md7g(Xi,X5i)+€i7d7g, 7 = 1,77’1, (12)

where mq4(z;, x, ) = E[Y;(d,g9)| (X;, Xs,) = (z;,x,,)] and ¢ 4, is an error term with
El€iay| Xi, Xs,] = 0. By design, mgy(z;,x,) is only observed within the effec-

tive treatment region X, (d,g). Under consistency the observed outcome is Y; =
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m(X;, Xs,) + € where m(X;, Xs,) = >,  L((Xi, Xs,) € Xis,(d,9)) - may(Xi, Xs,) is the
observed outcome conditional expectation, and ¢; = >, 1((Xi, Xs,) € Xis,(d, 9)) €ia,9-
Identification of effects at the effective treatment boundary therefore relies on the con-
tinuity assumption of my 4 (z;,x ) (see Section 3)

Here, dependence may arise through G; due to overlapping interference sets and
through scores and error terms correlated over the network. We model this depen-
dence for the collection of random variables {({Y;(d,g)}4,q, Xi, Xs,, Di, G;)}7-, using
dependency neighborhoods, determined by the network A°. The dependency neigh-
borhood of a unit ¢ is a collection of indices of observations potentially dependent
on observation i. Formally, a collection of random variables {Z,;} , has dependency
neighborhoods N; C {1,...,n},i=1,...,n,ifi € N;, and Z; is independent of {Z;}¢n, .
(Ross, 2011).

Assumption 5 (Dependency neighborhoods). {({Yi(d, 9)}a, X, Xs,, Di, Gi)}imy has
dependency neighborhoods N; C {1,....,n}, i =1,...,n, where N; is a function of A.

Letting O; = (Y}, X, Xs,, D;, G;) be the observed data for unit i =1, ...,n, then, under
Assumption 5, {O;}", also has a dependency neighborhood N; . Dependency neigh-
borhoods can be represented by a dependency graph W, a binary n x n matrix with
entry W;; = 1if j € N; and W;; = 0 otherwise. The dependency graph determines the
amount of independent information available in the data as by construction, for any
two disjoint subsets I, I, C {1,...,n} where W;; = 0 for all i € I} and j € I, we have
{0;:ie L} 1L{0;:j € L}.

The results in this Section do not depend on the exact form of W, but only on
certain restrictions on its empirical degree distribution (see Subsection 4.3). However,
inference requires knowledge of W, whose form will generally depend on the data-

generating distribution and the assumed interference mechanism?.

6Under our model-based perspective outcome, scores and treatments are sampled from a data-
generating distribution conditional on A. Given the deterministic assignment rule, the randomness
of the treatment thus arises from the randomness of the score.

"For instance, IN; can contain observations that are two links away in the network (e.g. Leung,
2020; Ogburn et al., 2022), which is consistent with network neighborhood interference when the
score and error variables are i.i.d.

22



4.2 Distance-based Estimator

We now introduce our distance-based estimation method for the boundary average
causal effect 74444 (Xs,(d,g|d’,g')). The approach reduces the multivariate score
(Xi, Xs,) to the shortest Euclidean distance to the effective treatment boundary and
performs a local polynomial estimation using this distance as the one-dimensional
score (e.g. Keele and Titiunik, 2015).

Let ¢ = 0 without loss of generality and let X 4,4, = Lty o (Xi, Xs,) be min-
imum Fuclidean distance from X, (d,g|d’,¢’) of a random point (X;, Xs,). with
realization Z; 4,4 ,. The distance-based linear local regression estimator uses this
one-dimensional distance variable X 4,4 4

The estimation of the boundary average effects will not rely on the direct esti-
mation of m(X;, Xs,) but on the estimation of u(X;444.9) = E[Yi| Xiaga.qDi, Gil,
the expectation of the observed outcome conditional on the one-dimensional distance
variable and the effective treatment assignment. Taking the expectation of model
(12) with respect to X, 4,4, and D;, G; yields

Yvi = ,U(Xi,d,g,d’,g/) + WUi.d,g,d" g 1= 17 w1 (13)

where w; 40,9 = m(X;, Xs,) — p(Xiaga.q9)+ €-

For convenience, let us denote X; 4,4, by X; when it is not ambiguous. The
outcome regression functions of interest are g, (z;) = E[Y; | X, =7.D;, =d,G; = 9]
and pg (%) = E[Y;| X, = ,D; = d',G; = ¢']. Let pg,(0) = iinjréﬂd}g(@) and
tar o (0) = 11513+ pa o (Z;). Here, the cutoff point #; = 0 represents the effective treat-
ment boundary X, (d,g|d',¢'). The idea is to approximate in a flexible way the re-
gression functions p,,(Z;) and pg o (2;) close to Z; = 0 to estimate p4,,(0) and pa 4 (0),
and the target estimand 74 g0,y (Xis,(d, 9| ', g')) = 114,4(0) — par, ¢ (0).

Assuming that the regression functions pg,(Z;) and ug ,(Z;) are at least twice
differentiable at the cutoff, a first-order Taylor expansion of the functions around

Z; =0 yields

fag(E:) 2 pag(0) + pG(0) - Toy g (83) & par, g (0) + 1l (0) - 7 (14)

where ,ugf;(o) and ug??g,(o) denote the ¢ derivative of pq,(%;) and pg 4 (%) in &; = 0.

To simplify exposition, here we focus on a local linear estimator. However, in the

23



Supplementary Material, S.3, results are stated for polynomials with generic degree p.
Setting £44(0) = [1a4(0), ugl,;(O)]T and By 4 (0) = [far.4(0), ugﬁ?g/(O)]T, the distance-based

local linear estimators for g,,(0) and B4 ,(0) are obtained as

Bugp(hn) = argmin Y 1(D; = d, G; = g)(Yi — 7,(X,)Tb)” - K (X))

beR X
: oo i (1)
By g p(hn) = arg Iginz 1(D; =d,G; = g)(Y; —r,(X,)"b)? - Kps (X,)
€

where h,, is a positive bandwidth and K, (u) = K(u/h,)/h, for a given kernel func-
tion K(-). We assume that the kernel function has support [—1,1] and is positive,
symmetric, and continuous, as is common in RDD literature (e.g., Calonico et al.,
2014).8

We now introduce some useful notation, adapting the notation in Calonico et al.
(2014). Let us set Y = [¥3,..,Y,]" and X, = [Xi,..., X,]", and let r(u) = [1,u].
We define X (h,) = [r(X1/hy),...,7(X,/hy,)], that is, the matrix containing the linear
expansion of the distance variable, the diagonal weighting matrices W, ,(h,) with
generic diagonal element w; 4,(h,) = 1(D; = d,G; = g) - K, (X'l-), and Wy . (h,) with
generic diagonal element w; 4, (h,) = 1(D; = d',G; = ¢') - K, (X;). Finally, we define
Ty, (hn) = X (hy)TWag(ha) X (hy)/n and Ty, (hy) = X (ha)"War g (ha) X (hy)/n. Letting
H(h,) = diag(1, h; '), for h, > 0, the solutions to (15) are

Bd’g(hn) = H(hn)rg;,;(hn)X(hn)TWd,g(hn)Y/n

. ~ (16)
ﬁd’,g/(hn) = H(hn)rc;?g’(hn)X(hn)TWd/,g’(hn)Y/n

The final estimator for 7440, (X5, (d,g|d’,¢')) is given by the difference in the esti-

mators of the intercepts of the transformed outcome regression functions
%d,g\d’,g’(h") = flag(hn) = frar.g (hn) (17)

Whel"e ;&/d,g(h‘n) == e,{deg(hn) and /ld’,g/(h’n) == B?Bdgg/(hn) Wlth €1 = [170]T

8Common choices include the uniform kernel which assigns equal weights within the bandwidth,
and the triangular kernel, which assigns weights decreasing with the distance from the cutoff.
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4.3 Asymptotic Theory

We consider an asymptotic framework where n — co. Because all causal estimands
and estimators are conditioned on A, our asymptotic framework assumes a sequence of
networks A,,, preserving fundamental aspects of the network topology as in Ogburn
et al. (2022). The analysis of the asymptotic properties of g,y (hn) TEQUITES A

constraint on the asymptotic growth of the dependence in the data.

Assumption 6 (Local Dependence). n™' Y7 [N;,|* and n=' 35, 3" (W), are
bounded.

The quantity n='>",|N;,|* is the empirical third moment of the degree distribution
—1
of W, whereas n™' 3.,

from unit . Bounding these quantities ensures that most units have a sufficiently

(W3),; is the average number of walks of length 3 emanating

small degree in the dependency graph with respect to the sample size, limiting the
amount of dependence in the data as n becomes large. Assumption 6 is analogous to
Assumption 4 in Leung (2020), although here the dependency graphs are fixed.

Throughout this section, we maintain the assumption of homogeneous interfer-
ence sets, boundaries, and outcome and score distributions across units. In Sup-
plemental Appendix A, we relax these restrictions and analyze the estimator under
heterogeneous settings.

Define f4,.4.,(0) = ffisi(d,gwxg') f(z;, g, )dHIS 1175 Additionally, let @wq,(0) de-
note the integral over X5, (d,g|d’,¢’) of the conditional variance of Vle; 4,|(X;, Xs,) =
(z;,x,,)] plus the squared approximation error, [mg,(z;, x,) — E[Y;(d, g) | (X;, Xs,) €
Xis,(d,g|d',g")]]?, weighted by f(z,, @,,). Define @z ,(0) analogously but replacing
(d,g) with (d’,¢'). Let 5 denote the common codimension of X, (d,g|d',g’) across

units.

Theorem 3. Suppose Assumptions 1-6, and Assumptions S.5.1, S.3.2, and S.53.3
(see Supplementary Material S.3). If nhj, — oo, h, — 0, and h, = O(n=Y/4+))  then

(hn) = Tagla.g (‘)E’L'Si(d?g |, 9/))) - thBd’g’d/gl(hn) LN N(0,1),
Vd,g,d’,g’ (h’n)

(A
;Zl, il’q/
\/ nh/,fl gl

where By g4y (hy) = B+ o0(1), and Vg4 4 (h,) =V +o0(1),

2 2 _ _
_ /“Ld,g(o) - Md’,g’(o) T /5\—1p5 _ Wa,g(0) + @a g (0)\ T v 15 o8y -1
B= ( S >e1 ([5)-1¢5, V= ( T )el (05) =105 (0%) e,
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The exact form of T'5, 65 and V* s given in Supplementary Material S.3.
Proof. See Supplementary Material

Theorem 3 indicates that 7, ., . (h,) is asymptotically normal with asymptotic bias
h2 B and asymptotic variance (nhf)='V.

Several considerations emerge from this result. First, the asymptotic bias de-
pends on the second-order derivatives of the target outcome regression function,
reflecting the linearization error; its contribution to the asymptotic distribution of
Taglar. () vanishes provided that nhi* 4 — 0% Second, the convergence rate of the
asymptotic variance is governed by the dimension of the effective treatment boundary
through the parameter s, i.e., the number of score components (z;,x, ) fixed at the
cutoff in X;s,(d,g|d’,g"). This arises because the volume of the boundary neighbor-
hoods B{9(X;s,(d,g|d',¢")) and Bi ¢ (Xis,(d,g|d’,g)) is proportional to h, as shown
in the proof of Theorem 1. Consequently, the probability that an observation falls
within such neighborhoods is proportional to A, and thus, the estimator effectively
uses approximately nh? observations.

As a consequence, the convergence rate of 7, ., ., (h,) exhibits a curse of dimen-
sionality driven by the parameter 5. Importantly, this curse does not depend on the
full dimension of the multiscore space, i.e., |S;| + 1, but rather on 5, which captures
the number of components of the score vector (X;, Xs,) that must simultaneously fall
within a bandwidth h,, of the cutoff in order for an observation to contribute to the
estimator.

To illustrate, consider an indirect effect comparing potential outcomes under
zero versus all treated neighbors, for untreated units with two neighbors. The es-
timator assigns positive weight only to observations within Bi’ng (Xis,(d,g|d',g")) or
Bff:g/()?isi(d,g|d’,g’))), that is, with X; < h, and under either effective treatment
assignment. This condition requires that both neighbors’ scores lie within the band-
width—i.e., || X5, —¢|| < h,—and that X; —c < 0. The effective treatment boundary in
this case has dimension |S;|+1—2 = 1, with 5§ = 2, and the convergence rate is y/nhS.
When instead only one component must be near the cutoff (i.e., s = 1), as in standard

univariate RDDs, the estimator averages over approximately nh, observations and

9With generic p-order distance-based local polynomial estimator this condition becomes
nhit2r+2 5
s .
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achieves the standard univariate rate y/nh5 (Fan and Gijbels, 1996). This is the case
for boundary direct effects 71 4/0,4(X:s,(1,910,9)), which require only that X; be near
the cutoff, and Xj, is such that e(Xs,) = g. Since these effects always satisfy 5 = 1,
their estimators retain the standard rate. The codimension can also be one for for
some boundary indirect effects, e.g., 70,1}0,0(X;s,(0,1]0,0)) with sum-of-treated expo-
sure mapping, which compares untreated units with zero versus one treated neighbor.
However, as seen before, boundary indirect effects 744, a4 (Xis, (d, g| d, ¢')) may involve
higher 5, depending on the exposure mapping and the values g and ¢’ that are being
compared, and thus converge more slowly!°.

Finally, the asymptotic variance is unaffected by the data dependence due to the
local nature of the estimator and the weak dependence by Assumption 6 (see also
Jenish, 2012; Bartalotti and Brummet, 2017). The reason is that each observation
within the boundary neighborhoods is approximately connected to at most |N; ,|h,
other observations, so the average degree of the subgraph induced by proximity to the
effective treatment boundary shrinks to zero as h,, — 0 (see Lemma S.3.4). As a result,
the sum of covariances in the estimator’s asymptotic variance at most O(nh3**) while
the sum of the variances is O(nh?), meaning that dependence vanish asymptotically.

We also note that while nhi*! is the rate of convergence of the sum of the co-
variances, the covariance rate of decay for two specific observations depends on the
effect of interest and the clusterization of the network, which determine the extent
of overlap of the arguments of the distance function. Specifically, for any two obser-
vations X; and X are functions of (X;, Xs,) and (X;, X,,) which may have common
elements when units have overlapping interference sets. If the distance variables of
two dependent observations depend on a disjoint set of scores, their covariance is
O(h%). In contrast, if their distance variables depend on the same subset of scores,
their covariance is O(h®). If this is the case for a non-negligible fraction of observa-
tions, then the sum of the covariances is of the same order as the variances, and data

dependence affects the asymptotic variance of the estimator (see also Section 4.4).

Remark 1. The bias properties of 7, , ..(h,) hinge on Assumption 5.3.1.c (see Ap-

pendix S.3), which imposes smoothness of p4,(Z;) and pe . (%;). While continuity

ONote that throughout we assume a common codimension 5 across units. Appendix A shows
that under heterogeneous codimensions the estimator converges to a weighted average of boundary
effects for units whose boundaries have the lowest codimension in the network.
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of mg4(x;, z,,) and my o (x;, . ) is sufficient for consistency of the estimator (see
Lemma S.3.1-S.3.3), achieving the quadratic rate of bias decay, h2, requires con-
tinuous differentiability of p.,(Z;) and pa 4 (2;). Verifying this condition may be
challenging in practice due to the geometry of the effective treatment boundary. In
Appendix S.3.6, we show that the assumption is readily satisfied for boundary direct

effects if my 4(x;, ), mo4(x;, ), and f(z;,x, ) are continuously differentiable.

Remark 2. Our estimator requires choosing a bandwidth h,. Appendix B.1 de-
rives the asymptotic MSE-optimal rate hoPt oc n=1/+4 . Because this bandwidth does
not satisfy nhj** — 0, we also consider a bias-corrected version, 73, . (hy,b,) which
subtracts from 7, . .(h,) an estimate of the leading bias using an auxiliary band-
width b,. We further derive confidence intervals robust to large bandwidth following

Calonico et al. (2014) (see Supplemental Appendix B.1 for details).

4.4 Variance Estimation

The results of the previous sections suggest that the use of standard variance esti-
mators assuming independent data (e.g. Calonico et al., 2014) might be appropriate
when h,, is small. This irrelevance of data dependence is in sharp contrast with the
parametric case, where dependence typically affects the asymptotic distribution of
the estimators and must be accounted for to ensure valid inference. In our nonpara-
metric setting, the asymptotic irrelevance of network dependence arises from h,, — 0.
However, in finite samples where the bandwidth h,, is not zero, the effect of network
dependence may not vanish completely. Therefore, building on Leung (2020), we pro-
pose the following Eicker-Huber-White type variance estimator to account for such

finite-sample dependence:

~ 1 N N N
Vd,g,d’,g’(hn) = ﬁeﬁv:i,g(hn) + Vd’,g’(hn) - 2Cd”g”d,g(hn)]el (18)
where
‘A/dyg(hn) = F;;(hn)@d,g(hn)rié(hn)a \fld,g(hn) = Md,g(hn)TWnMd,g(hn)/n
Virgr () = Ty (ha) W g ()T (), Ui g (hn) = M (h) " Wo Mg (h) /1
éd,g,d/,g'(hw = F;};(h")@&%d'ﬂ/(hn)rc;’}g/(h") \T}d,g,dﬁg'(hn) - Md,g(hn)TWnMdhg/(hn)/n
(19)
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In (19) W, is the dependency graph, and My . (h,) and My 4 (h,) are n x 2 matrices
with i-th row given by the weighted linear expansion of X;/h, times the regression
residual 4,;. This estimator captures the covariance of observations within the band-
width on each side of the cutoff, i.e., in region X, (d, g) and X;s,(d’,g"), as well as the
covariance of observations across the cutoff.

There are two main justifications for this variance estimator. First, when a
non-negligible fraction of connected units share the distance variable, 7, . (k) re-
mains asymptotically normal, but its asymptotic variance includes the covariance of
observations sharing the same distance measure, breaking the equivalence to the inde-
pendent data case. (see Lemma S.3.7 and Theorem S.3.3 in Supplementary Material
S.3). This situation may arise mechanically due to overlapping interference sets. For
example, in Figure 2,, the minimum distance for observations in region X, (0, 0) is the
perpendicular distance given by X;. Thus, observations sharing the same neighbors
will have the same distance measure. This differs from the no-interference multiscore
RDD, where typically observations have distinct distance measures.

Second, the variance estimator in (18) consistently estimates (nh3)='V,, 4, (hy)
in Theorem 3, which can be seen as the variance arising from a “fixed-bandwidth” per-
spective, which treats 7, , .(h,) as locally parametric, holding the bandwidth fixed.
Under such a perspective, each observation ¢ within the bandwidth is approximately
related to at most other |IV; ,,|h,, where h,, is now constant. Therefore, contrary to the
setting where h,, — 0, the term involving the observations’ covariances is now of the
same order as the term involving the variances.!! The estimator in (18) is consistent
for the asymptotic variance (nh)~'V when h, — 0 (see Theorem S.3.2). Moreover,
by indirectly estimating the asymptotic variance, it avoids estimating the unknown
quantities @, 4(0), @a o (0) and fy 44, (0). Similar arguments favoring Eicker-Huber-
White type variance estimators can be found, for instance, in Kim et al. (2017) in
kernel-smoothing regression in time series. This type of variance estimator should also
be used for bias-corrected estimators (see Subsection B.1), as the typical asymptotic
regime used for the bias-corrected estimators, due to Calonico et al. (2014), allows

one of the two bandwidths used for the construction of the estimator to be fixed.

HQpecifically, the average degree of the subgraph within the bandwidth is asymptotically
bounded, but does not converge to zero.
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4.5 Estimation of Boundary Overall Direct and Indirect Ef-

fects

In this subsection, we summarize the estimation results for both the boundary overall
direct and boundary overall indirect effects; full details are provided in Supplemental
Appendix B.2 and C.2, respectively.

Theorem 2 show that the boundary overall direct effect 7y, s identified by
lim,, . E[Y;| X, = z;] — lim, 1. E[Y; | X; = z;], precisely the quantity estimated in stan-
dard RDD using local polynomial regression (e.g., Hanh et al., 2001). This justifies
the use of the conventional local polynomial RDD estimator to ;0. Importantly,
we show that, under Assumptions 1-6, the estimator 7y0(h,) is consistent for 7y,
meaning that even when interference is ignored, it retains a meaningful causal inter-
pretation. Moreover, it is asymptotically normal and attains the no-interference RDD
convergence rate. However, contrary to typical RDD applications, where observations
are assumed to be i.i.d., the data may exhibit statistical dependence in our setting
due to interference and network correlation, and, as shown in Section 4.4, accounting
for data dependence can improve inference relative to conventional variance estima-
tors in finite sample. For this reason, we also construct a network-robust variance
estimator, analogous to Eq. (19). This variance estimator coincides with the standard
heteroskedasticity-robust estimator (e.g., Calonico et al., 2014) when W is diagonal
but diverges as data dependence increases.

In the Supplemental Appendix C.2, we show that the boundary overall indirect
effect Tingirec: 18 identified by limw;m W EB[Y | X = gin] — limxg;ich[K | X = g ]
where X denotes the score within 4’s interference set that is ’closest to the cutoff ¢,
taking values z2™. Hence, we estimate the effect using a univariate local polynomial
regression with X" as the forcing variable. Notably, this estimator attains the no-
interference RDD rate of convergence, whereas estimators of boundary indirect effects
typically converge more slowly, thus providing a practical alternative to estimating

single boundary indirect effects.

5 Simulation Study

We report the results of a simulation study demonstrating the finite-sample prop-

erties of #o(h,) and 7, . . (h,), and their bias-corrected version 77 (h,,b,) and
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~bc

T4%1a o (hns Do) In this exercise, units are clustered in groups of size 3 (A is a block
diagonal matrix). Interference occurs within clusters, so that |S;| = 2 for each i. We
use the sum-treated exposure mapping, common in the literature (see, e.g., Aronow
and Samii, 2017), resulting in G; € {0,1,2} and a partition of the multiscore space

into six treatment regions. Outcomes are simulated from the model
Y; =05+ 1.5D; + G; + 0.5X; +4.3D; X7 — 1.5(1 — D;)X? 4+ 0.3Xs, + € (20)

where X, is the average score within S;. Here, X; is independently and identically
distributed as a truncated normal with mean -0.3 and variance 1, and upper and lower

Zjesi uj
s tw) —14(1-D,)-

bound -5 and 5, while the error terms are given by ¢, = D; (2

Zjes; Wi
(2 ‘\esi|

of two neighbors depends on their treatment. Observations are then dependent only

+ uz) with w; RN (0,1), so that the correlation between the error terms

within each cluster with a block-diagonal dependency graph. In addition, Model (20)
is non-linear in the individual score, which enables us to evaluate how the estimators
differ with and without bias correction.

We simulate 1000 datasets with increasing sample size n = {750, 1500, 3000, 6000}
and increasing number of clusters Z = {250,300, 1000,2000}. For each, we estimate
the boundary overall direct effect 71y using the estimator in Eq.(B.3), the boundary
direct effects 71000(Xis,(10]00)) and, the boundary indirect effects 79190 (X;s, (01|00)) and
To2100(X;s, (02]00)), using the estimator in Eq.(17) (Table 1). For the first two effects,
the effective treatment boundaries has dimension |S;| + 1 — 5§ with 5 = 1. In contrast,
the effective treatment boundary for 7ps00(Xis,(02(00)) has 5 = 2, implying a slower
convergence rate for the corresponding estimator. We compute the standard error
and confidence intervals using the variance estimator in Eq. (18). For comparison,
we include the heteroskedasticity-robust plug-in residuals variance estimator without
weights assuming i.i.d. data, and the cluster-robust variance estimator of Bartalotti
(2019) accounting for dependence among observations on the same side of the cutoff,
both implemented in rdrobust R package (Calonico et al., 2017). We estimate a
different bandwidth for each sample size and effect following the plug-in procedure in
Calonico et al. (2014). In addition, for sample size n = 3000, we estimate the same
causal effects using the bias-corrected estimators defined in Eq. B.2 (Table 2).

Table 1 presents the results for the estimators without bias correction. Several

considerations emerge from this simulation exercise. First, the estimators 7yo(h,) and
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Bias S.D. S.E. SElld SAE.CZ C.R. C'R'I.Ld. C.R.d Nd,_q Nd/,_q’

T1j0(hn) -0.184 0.643 0.577 0.536 0.561 0.912 0.886 0.899  148.341  177.908

0= 750 Tio00(hn) -0.189 0.939 0.812  0.780 0.823  0.902 0.890 0.906  57.658 69.806
To1j00(hn) -0.031 1489 1.340 1.117 1.357  0.933 0.872 0.940  98.904 96.580

To2100(hn) -0.064 4294 2.982 2.932 3.060  0.855 0.847 0.862  22.952 34.422

71j0(hn) -0.156  0.446 0.423 0.395 0.411 0.918 0.891 0.907  279.640  330.839

0 = 1500 Tio00(hn) -0.141  0.644 0.588  0.565 0.592  0.911 0.897 0.912 113.016  135.519
To1j00(hn) -0.030 1.052 0.943  0.781 0.949 0.928 0.851 0.928 203.788  198.410

7:02‘0(](%) 0.146  2.840 2.259 2.187 2.285 0.920 0.912 0.921 48.221 72.686

T1j0(hn) -0.137  0.337 0.314 0.295 0.306  0.909 0.883 0.896 512.603  596.299

1 = 3000 T1o00(hn) -0.166  0.463 0.433  0.415 0.435 0.907 0.895 0.907  216.641  255.929
To1j00(hn) -0.042  0.737 0.669  0.549 0.671  0.935 0.864 0.935 418.464 404.431

To2100(hn) -0.016  2.070 1.642 1.574 1.651 0.913 0.896 0.915  97.101 146.636
T1j0(hn) -0.106  0.245 0.235 0.222 0.229  0.908 0.893 0.901  920.610 1051.498

1 — 6000 Tro00(hn) -0.127 0.364 0.322  0.310 0.323  0.890 0.872 0.890  399.292  464.010
To1j00(hn)  0.015  0.511 0.475  0.389 0.475  0.942 0.873 0.943 840.688  811.067

Tozi00(hn) 0.046 1384 1.184 1.127 1.187  0.930 0.920 0.931  197.973  299.199

Table 1: Simulation results with groups of size three and one treated exposure mapping. One thousand replica-
tions. S.D. = empirical standard error. S.E. = estimated standard error. S.E.;; 4 = estimated standard error
with i.7.d. heteroskedasticity-robust HCO plug-in residuals variance estimator. S.E..; = estimated standard error
with the cluster-robust variance estimator. C.R. = coverage rate. C.R.; ;4. = coverage rate corresponding to the
i.1.d. heteroskedasticity-robust HCO plug-in residuals variance estimator. C.R..; = coverage rate corresponding to the
cluster-robust variance estimator. Ng 4 and Ny o = effective sample size on each side of the treatment boundary.

T10j00(hn) exhibit some bias which decreases slightly with increasing sample size. In
contrast, the estimator 7y1j90(h,,) exhibit small bias. This discrepancy arises from the
different degrees of non-linearity of the target outcome regression functions. In addi-
tion, the standard deviation of 7y1j00(h,) is consistently higher than that of 71400 (hn),
due to clusterization at the distance level. As expected, 7o 00(h,) has the highest
variance among all estimators.

Second, our variance estimator generally provides more accurate estimates of
the standard deviation than the i.i.d. estimator, with the magnitude of improvement
depending on the degree of clustering induced by the treatment assignment. The
improvement is substantial for 7100(%,), due to the presence of a relevant average
fraction of units with a common distance measure. The performance of the cluster-
robust variance estimator is nearly identical to that of our variance estimator for
710100 (7 )5 To1j00(Rr) and 7ooi00(hy). This is expected: under cluster dependence, these
two estimators tend to coincide when the dependent observations are located on the
same side of the zero-distance cutoff, as is the case here. In contrast, for 7(h,), our
variance estimator outperforms the cluster-robust alternative, as it properly accounts
for the covariance between units on opposite sides of the cutoff.

Lastly, the coverage of 7ys00(h,) improves with larger sample sizes, while the
coverage of 7y1j00(h,,) approaches the nominal level in smaller samples, reflecting the
slower convergence of 7ys00(hn). Coverage also stabilizes for 71)0(h,) and 7igj00(hy) in

smaller samples due to their faster convergence. However, for these two estimators,
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Bias S.D. S.E. SEIid S.E.Cl C.R. CR,ld C.R.Cl Nd,g Nd'.’gf

%fﬁ)(h,,,, bn) 0.007 0.349 0.338 0.320 0.331  0.940 0.926 0.934 512.878 596.780
n = 3000 ?fg‘oo(hn,bn) 0.035 0.505 0.483 0.467 0.484  0.949 0.939 0.950  215.830 255.597
ﬁl{f‘(](l(hn,bn) 0.005 0.845 0.788 0.651 0.791  0.938 0.875 0.938  417.212 404.337
%35‘00(}1,,“1)“) 0.101  2.553 2.161 2.090 2.173  0.931 0.918 0.931  97.388  147.831

Table 2: Simulation results using bias correction with groups of size three and one treated exposure mapping. One
thousand replications. S.D. = empirical standard error. S.E. = estimated standard error. S.E.; ; 4 = estimated stan-
dard error with i.i.d. heteroskedasticity-robust HCO plug-in residuals variance estimator. S.E..; = estimated standard
error with the cluster-robust variance estimator. C.R. = coverage rate. C.R.; ; 4. = coverage rate corresponding to
the 7.i.d. heteroskedasticity-robust HCO plug-in residuals variance estimator. C.R..; = coverage rate corresponding to
the cluster-robust variance estimator. Ng 4 and Ny o = effective sample size on each side of the treatment boundary.

coverage settles below the nominal level because the selected bandwidths do not fully
eliminate the leading bias in their distributions.

Table 2 presents the results for the bias-corrected estimators. The estimators for
110 and Ti0)00(Xis; (10]00)) effectively remove the leading bias from the estimate. In
addition, the estimated confidence intervals also provide better coverage of the true
values across effects, reaching a rate close to the nominal level. Here, our standard
error estimator and the i.i.d. estimator perform similarly, with the largest difference
observed in the estimation of the standard error of 73, (hn, b,) and 755,50 (hn, bn).-

Supplemental Appendix D presents two additional simulation studies: one with
network data featuring varying degrees of overlap across interference sets, and one
with grouped units and varying group sizes. In the network setting, we vary the like-
lihood that two units sharing a common neighbor are also directly connected, thereby
inducing different levels of overlap across interference sets. Our estimators show low
bias across scenarios, with variance increasing under a higher degree of overlap due to
the increased proportion of observations sharing the distance variable. Our variance
estimator outperforms the i.i.d. alternative, particularly when the overlap degree
is high. In the group setting, our method yields less accurate inference for larger
groups—and thus higher-dimensional multiscore spaces—because of sparse observa-
tions within effective treatment arms. Nevertheless, the boundary overall direct effect

remains accurately estimated.

6 Empirical Illustration

The governmental program PROGRESA /Oportunidades, launched in 1997, targeted
poverty in rural Mexico by providing subsidies to poor households, conditional on

children’s regular school attendance and health clinic visits. Among the 506 selected
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villages across seven rural states, 320 were randomly assigned to treatment and 186 to
control. In treated villages, eligible households received subsidies based on a house-
hold poverty index. Several studies have leveraged the initial randomization to ex-
amine the spillover effects generated by the program on educational outcomes using
linear-in-means models (e.g. Lalive and Cattaneo, 2009), and incorporating heteroge-
neous externalities (Arduini et al., 2020). Here, we do not leverage the village-level
randomization and only analyze data from the 320 treated villages, where eligible
households received subsidies according to a regression discountinuity design with
the score being the household poverty index.

Our data comprises repeated observations for 24,000 households over three aca-
demic years (1997-1998, 1998-1999, and 1999-2000), with each academic year starting
in August and ending in June. Baseline characteristics were collected in October
1997, while subsidies began in August 1998. The first wave of post-treatment data
was collected in October 1998, and a second post-treatment survey was conducted
in November 1999. We select children from treatment villages'? who live with their
mothers, for whom we have completed school enrollment data for 1997 and 1998, and
who had completed grades 3 to 6 by October 1997, as in Lalive and Cattaneo (2009).
However, we only include those children who were enrolled in school for the 1997-1998
academic year, as they are more likely to have interacted in the village school during
that academic year.

For the interference sets, we consider clusters defined by village, grade completed
in October 1997, and gender, as homophily in children’s friendship networks is espe-
cially strong along these dimensions within villages (see, e.g., Shrum et al., 1988). For
valid inference, it is necessary to assume stable friendship links among children over
time. This assumption is supported by the program’s timing, the absence of evidence
for relocation across villages between 1997 and 1998, and the enrollment in school for
the year 1997-1998 for all the children in our sample. Our final sample consists of
5,174 observations with unequally sized interference sets!'3.

The score variable is the centered household poverty index, and the outcome is

12We focus exclusively on villages in regions 3 (Sierra Negra-Zongolica-Mazateca), 4 (Sierra Norte-
Otomi Tepehua), and 5 (Sierra Gorda), where the cutoff values were nearly identical to avoid pooling
observations with different cutoff values.

13To increase the sample size, in addition to the untreated children without treated peers in the
treated villages, we also add to our sample children in control villages.
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All observations Treatment Control

Boundary N Range N Range N Range

o X, =0, X;€RYjeS, 5174 [-54250,467.00] 3316 [0.00, 467.00] 1858 [-542.50, -0.10]
Tondirect X €R, S X, =0 4783 [-54250, 379.50] 2789 [0.00, 379.50] 1994 [-542.50, -0.10]
Tiopo(Xis, (1000)) X, =0, X; <0Vj €S, 597 [-527.75, 365.50] 233  [0.00, 365.50] 364 [-527.75, -0.50]
T (Xe (11001)) X, =0, X, >0Vj €S, 1303 [-542.50, 379.50] 957 [0.50, 379.50] 346  [-542.50, -0.50]
Toro0(&is, (01[00)) X, <0, X; =0Vj €S, 710 [-700.72, 478.44] 346 [0.00, 478.44] 364 [-700.72, -0.50]
Tno(®s, (11[10)) X, >0, X, =0Vj €S, 1190 [-542.50, 575.94] 957 [0.50, 575.94] 233 [-542.50, -0.50]

Table 3: Boundaries and sample sizes for each effect for PROGRESA data. The range refers to the individual score
variable in the first line and the minimum distance score in the remaining lines.

school enrollment in academic year 1998-1999. Note that PROGRESA is considered

a sharp RDD, as the fraction of eligible households that do not receive the subsidies is

negligible. Therefore, the treatment variables D; should be considered the receipt of

the subsidies, and the estimands should be interpreted as effects of the subsidies. We

define the exposure mapping as the fraction of treated units in the interference set:
2jes,; Di

G; = =45 Using our method we estimate (i) the direct effect of the cash transfer

on school enrollment in the academic year 1998-1999 when having all treated peers

(G; = 1) and no treated peers (G; = 0); (ii) the spillover effect of having all treated
peers (G; = 1) versus no treated peers (G; = 0), both for treated and untreated units;
and (iii) the boundary overall direct effect of receiving the cash transfer, and the
boundary overall indirect effect of having an additional peer receiving the subsidies.
We estimate these effects restricting to children with at most four neighbors (3,111
observations), as for larger groups the number of units with G; = 0 is extremely small.
The associated effective treatment boundaries are described in Table 3, along
with the range of the computed minimum distance measure and the number of ob-
servations on each effective treatment region. The boundary associated with the
boundary direct effects is of dimension at most 4 with 5 = 1, as discussed in Section
4, while that for the indirect effects also has dimension up to 4 but varying s;. Hence,
the estimates for these latter effects apply only to units in the smallest groups (see
Supplemental Appendix A), while the other estimated effects apply to all units.
Estimates are reported in Table 4. Bias-corrected estimates are very similar in
magnitude but less precise, so they are omitted and provided in the replication files.
Standard errors and confidence intervals are computed using the variance estimator
described in Subsection 4.4. Our estimates indicate a positive boundary overall di-
rect effect, suggesting a significant marginal impact of eligibility to PROGRESA on

children’s school enrollment. The boundary direct effect for children with ineligible
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Estimate S.E. C.L p-value Ngg, Ng g

710100 ("rn) 0.238 0.072  (0.097, 0.378) 0.001 202 129
711j01 (M) 0.024 0.043 (-0.061, 0.109)  0.577 216 325
To1j00(hn) 0.077 0.098 (-0.115, 0.269)  0.433 170 158
711110 (M) -0.046 0.043 (-0.131, 0.039)  0.286 158 353

F1j0(hn) 0.076  0.030 (0.017,0.134)  0.011 741 1010
Fimdivect(hn)  0.046 0.027 (-0.007,0.100)  0.090 924 1079

Table 4: Estimates for PROGRESA data with conventional and robust confidence intervals, MSE-optimal bandwidths.
S.E. = estimated standard errors, C.I. = Normal approximation confidence intervals. p-value = Normal approximation
two-sided p-value. Ny 4, Ny o = Effective sample sizes.

neighbors is also positive and significant, but the direct effect is small and non-
significant for those with eligible neighbors. The boundary indirect effect estimates
suggest a larger impact of having all eligible neighbors versus all ineligible neighbors
for ineligible children than for eligible children. The estimate for 7;,4i e 1S statisti-
cally significant at the 10% level, suggesting a (local) positive spillover effect of the
program'*. These results imply that the program directly increased school attendance
among children with untreated peers and also generated a positive spillover effect for
children with at least one peer at the eligibility cutoff. This, in turn, suggests that,
thanks to spillover effects, the program is able to achieve a higher increase in school
attendance. Policymakers wishing to improve the effectiveness of the program with-
out increasing resources could then use a subsidy assignment strategy among eligible
children stratified by clusters defined by village, grade, and gender. Note, however,
that we focus on estimating individual-level estimands using RDD data from treated
villages, and do not address village-level “overall effects” of assignment strategies
(e.g., comparing village-level mean outcomes if all eligible households in a village
were treated versus none). In principle, one could express such village-level effects as
a combination of individual-level total and spillover effects, as in Hudgens and Hal-
loran (2008). Establishing this link within our framework would require additional
assumptions due to the local nature of our estimands. We view this as an important
direction for future research.

The varying effect sizes may reflect local factors. A lower poverty index corre-
lates with better living conditions and more educated parents (Lalive and Cattaneo,

2009). Children with non-poor friends, who are more likely to attend school, may

14The bias-corrected estimate is nearly identical (0.044 vs. 0.046) but less precise, removing 10%
significance.
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be more encouraged to attend school upon receiving a subsidy, explaining the larger
estimate of 719j00(h,) compared to 7i1j01(h,). The estimators 7oijo0(hn) and 711j10(hn)
estimate a spillover effect on ineligible (non-poor) and eligible (poor) children, re-
spectively, whose friends have a poverty index near the cutoff. Non-poor families,
facing less economic burden, may find it easier to send their children to school if their
friends attend due to the subsidy. Conversely, children from low-income families
might experience negative incentives if their beneficiary friends attend school more
frequently, incentivizing poor children to seek employment over education (Attanasio
et al., 2011).

Finally, our results may depend on the chosen exposure mapping. Here, we use
the share of treated peers— also known as stratified interference, which is common
in the literature on interference effect estimation (Sévje, 2023)— and is reasonable
when spillovers are expected to increase with the number of treated peers. This choice
is also related to prior analyses of PROGRESA using linear-in-means models (e.g.,
Arduini et al., 2020). However, alternative exposure mappings are possible and, when

feasible, should be informed by domain knowledge (see also Section 7).

7 Conclusions

In this paper, we have provided an analytical framework for interference in the
continuity-based approach to RDDs. Here, potential outcomes are influenced by
the treatment of units within interference sets through an exposure mapping func-
tion. We have shown that the non-probabilistic nature of the individual treatment
assignment results in a non-probabilistic assignment of the effective treatment, allow-
ing us to interpret RDDs under interference as multiscore RDDs. In this context, the
effective treatment depends on both individual scores and the scores of units in the
interference set. We have characterized the resulting multiscore space in terms of ef-
fective treatment regions and boundaries and introduced novel causal estimands. We
shown the identification such effects through continuity assumptions. An important
finding is that the overall direct effect at the cutoff is identified as the difference in
the right and left limit of the outcome conditional expectation at the cutoff point,
which coincides with the identification strategy in the no-interference RDDs.

Our identification strategy relies on treatment unconfoundedness conditional on

the individual score and the scores in the interference sets, a property resulting from
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the assignment rule. One might replace this general property with a stronger uncon-
foundedness assumption conditional on some summary statistics of the scores of the
interference set instead of the complete vector. However, this assumption rests on
the correct choice of such summary statistics. We leave the identification implications
and the development of an estimator under such assumption to future work.

We have proposed a distance-based local polynomial estimator for estimating
boundary effects and the standard RDD local polynomial estimator for estimating
the boundary overall direct and indirect effects. We have considered these estima-
tion strategies with and without bias correction and have derived their asymptotic
properties under the assumption of local dependence. In addition, we have developed
a variance estimator that accounts for network-induced dependence, providing more
accurate inference than conventional estimators that assume i.i.d. data. A key re-
sult is that the convergence rate of our distance-based local polynomial estimators
depends on the codimension of the effective treatment boundary, which reflects the
number of individual and neighbor scores that must simultaneously lie at the cutoff.
In particular, the conventional RDD rate is recovered when the codimension equals
one. Our formal analysis generalizes beyond our interference framework and is of
independent interest to the multivariate RDD literature. To our knowledge, this is
also the first work to study local polynomial estimation with network-dependent data,
thereby also indirectly contributing to the statistical literature on local polynomial
estimation (Fan and Gijbels, 1996).

Our framework does have some limitations, which also present opportunities for
future research. First, we assume a fixed, fully observed network. While this is plausi-
ble in a short time window—as in the PROGRESA application—networks may evolve
or respond to treatment, leading to biased estimates of the causal effects. Extending
the framework to jointly model stochastic network formation and outcomes would be
valuable (e.g., Johnsson and Moon, 2021). Second, we assume a correctly specified
exposure mapping, which is plausible when domain knowledge is available. In many
cases, however, the true exposure mapping is unknown, and its misspecification may
lead to misspecification of the multiscore space. Yet, if the chosen exposure mapping
is a coarsening of the true one, the resulting estimand could still remain interpretable
as a summary measure of interference effects (Vazquez-Bare, 2022). Moreover, Sévje
(2023) argues that a misspecified exposure mapping can still support valid inference

while helping researchers focus on relevant aspects of the applications at hand. In
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an RDD setting, we conjecture that a misspecified exposure mapping could lead to
simplified effective treatment boundaries while still identifying causally interpretable
quantities. For instance, the identification of the boundary overall direct effect can
be considered as relying on a misspecified constant exposure mapping that disregards
interference. Exploring these possibilities would be worthwhile.

In the case of non-compliance to treatment eligibility /assignment (fuzzy RDD),
we have focused on intention-to-treat effects. In fuzzy contexts, different spillover
effects are possible, including spillovers from treatment assignment to treatment re-
ceipt, from treatment receipt to outcomes, and directly from treatment assignment to
outcomes. For instance, in a conditional cash transfer program such as PROGRESA,
having eligible peers—regardless of the treatment receipt—may encourage school en-
rollment through increased awareness among households. While ITT effects capture
the overall presence of such spillover effects, they cannot disentangle these different
channels. In standard fuzzy RDDs, identifying the average effect of treatment receipt
for compliers requires additional assumptions (Imbens and Lemieux, 2008). Under
interference, non-compliance adds several complexities (Imai et al., 2021; DiTraglia
et al., 2023). In addition, generalizing monotonicity assumptions from univariate to
multivariate settings has proven challenging in RDDs (Choi and Lee, 2023). However,
our formalization of interference might offer a foundation for exploring these complex
scenarios.

We have shown that the convergence rate of the distance-based estimator de-
teriorates when the effective treatment boundary has low dimension relative to the
multiscore space—as in the case of boundary indirect effects—since the data become
sparse in neighborhoods of such boundaries. Furthermore, this method relies on a
data transformation that might not be optimal because it groups all observations with
the same distance from the boundary to the same point in the one-dimensional dis-
tance space, potentially increasing bias (Imbens and Wager, 2019). Existing literature
on multiscore RDDs has predominantly concentrated on simpler scenarios featuring
bivariate scores and two treatment regions. However, interference in large groups or
networks may lead to boundaries with high and heterogeneous dimensions. There-
fore, another direction for future research is developing alternative non-parametric

estimation methods to handle this new setting effectively.
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A Heterogeneous Effects

We extend the analysis to scenarios where units can have heterogeneous cardinality
of the interference sets and, thus, heterogeneous effective treatment boundaries, as
well as heterogeneous outcome and score distributions. In general, both outcomes
and score distributions can depend on network characteristics,such as the number
of neighbors, and other fixed covariates, (e.g. Ogburn et al., 2022). In addition,
the dimension of the multiscore space, and the geometry of the effective treatment
boundaries may vary across units. When such heterogeneity arise, boundary causal
effects must be defined as finite ample averages of the outcome expectations across

the network nodes:

Td,gld’,g’ (‘;E‘lsl(da g ’ d/a / Z Ti,d,g|d’ g zs d g | d/’g )) (Al)

| g| ieVy
where Ti,d,g\d’,g’(/?isi (dvg ’ dlv g/)) = El[yl(d7 g) - }/;(dlﬂ gl) |(Xl? XSi) € X_is'i (d7 g ‘ d/hg/)] is
the i—specific boundary causal effect, and V, = {i € N : g € G;} the set of units whose
neighborhood treatment G; can attain the value g, and for which then potential out-
comes Y;(d, g) are well-defined. Here, the effective treatment boundary has potentially

different dimension and codimension for each 4, given by |S;| + 1 — 5; and 5;.



Identification of boundary average causal effects is achieved under Assumptions
1-4 as

Taglar.g (Xis (d:g|d',g') it thE Vil (Xi, Xs,) € B2(Xis, (d, g| d', g'))]

| V
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by analogous arguments as in Theorem 1.

Under such heterogeneity, the estimator 7, . .(h,) defined in Section 4 is, in
general, no longer consistent to (A.1). Instead, it converges to a weighted average of
unit-specific boundary causal effects. Moreover, when the codimension of the effective
treatment boundary 5; is heterogeneous, assuming that for n large enough inf; 5; = 5,
independent of n, only observations with 5; = 5 contribute in the limit, because the
number of observations within distance h,, of X;s,(d, g|d’, g'); scales as nh?. Hence, the
contribution of higher-codimension observations (5; > 5) vanishes, and the estimator
converges to a weighted average of boundary effects for units whose boundary has the
lowest codimension in the network.

Formally, in Theorem S.5.1 we show that under similar assumptions to Theorem

Zi; 5,=5 Ti,d,gld/,g’(‘)zisq; (d,g|d, g/)) fi,d,g-,d’,g/(o)
Zi: 5,=5 fi’d’%d’,g’ (0>

as nh® — oo and h,, — 0, where the summation is implicitly taken over units in the

(A.2)

7/\—d7g|d/’gl (hn) &

feasibility set V,, and

fidga.qe(0) = / fi(;, mSi)dH‘SiH‘l—E

Xis, (d,g | d'.g")

The RHS of (A.2) corresponds to the weighted average of unit-specific boundary
effects, with weights depending on the integrals of the score densities at the effective
treatment boundary.

Depending on the source of heterogeneity, we distinguish two notable cases:

1. Homogeneous |S;| and X, (d,g|d’,g'), and heterogeneous E;[Y;(d,g)|X; =
r;, X5, = zs,] and fi(z;, x, ): the estimator converges to the weighted average in
(A.2) but defined for the entire network. If, in addition, the score distributions

are homogeneous, then 7, ;. .(h,) converges to the network average defined in

(A.1).



2. Heterogeneous |S;| and X, (d,g|d’,g’), and homogeneous E[Y;(d,g) | X; =
z;, X, = xs,]: when 7, 4 0.9 (2, Ts,) =  is constant across all i, z;, and x,, the
estimator converges to the network average in (A.1), equal to s, regardless of
the score density. This corresponds to a limiting case where causal effects are
invariant to individual and neighborhood scores, and network characteristics,

which we view as an unlikely scenario in practice.

Finally, we note that one method to recover the estimand (A.1) under hetero-
geneous |S;| is to estimate boundary effects separately via distance-based local linear
estimation for units with the same interference set cardinality, and then average the
estimated effects across the sample units. However, this procedure may yield high

variance, as it aggregates potentially noisy estimates.

B Additional Estimations Results

B.1 MSE-optimal Bandwidth, Bias Correction and Robust

Confidence Intervals

As remarked in Section 4, the proposed estimator requires selecting a bandwidth 4,,.
The standard approach in RDDs for bandwidth selection minimizes the asymptotic
Mean Squared Error (MSE) (Imbens and Kalyanaraman, 2012). In our setting, the
MSE-optimal bandwidth is easily derived based on Theorem 3:

sV N\,
hoPt = <:2;) n= (B.1)
where

Wa,g(0) 4+ War,¢ (0)
fd,g,d’,g’ (0)

B_ (Mi,g(o) _2!“3"9’<0)>ef(F8)—193, v (
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The optimal bandwidth can be estimated using the plug-in selection procedure pro-
posed by Calonico et al. (2014), which employs preliminary estimates of bias and
variance with pilot bandwidths, or using plug-in estimators of the unknown quanti-
ties entering the asymptotic bias and variance (Imbens and Kalyanaraman, 2012).
In principle, as discussed in Section 4.3, the contribution of the asymptotic bias of

our RDD estimator, shown in Theorem 3, would go to zero if the condition nh$** — 0



is met (Fan and Gijbels, 1996). However, the MSE-optimal bandwidth does not
meet this requirement, analogously to no-interference RDDs (Calonico et al., 2014).
In RDD applications, bias-corrected estimators are then commonly employed. The
standard method proposed by Calonico et al. (2014) recenters the RDD estimator by
subtracting an estimate of the leading bias and rescales it with a variance estimator
that accounts for the additional variability introduced by the bias-correction term.
This approach yields confidence intervals that are robust to large bandwidths. We also
consider bias correction in our setting. Following Calonico et al. (2014), an estimator
of the term B, 4,4 (h,) in Theorem 3 can be obtained by using the local-quadratic

) .. 2 @ (0 . )
estimators of the second derivatives “d’g!(o) and ’29!( ) with bandwidth b,,. Let us

denote this estimator as By, 4 o (ha,b,). The bias-corrected estimator of 7, 44 ,(0) is
given by
#0100 Py 00) = 7 giar o (B) = Bag.ar g (M, bi) (B.2)

The estimator ﬁ?fg' &, g,(hn, b,) is asymptotically normal with zero mean and asymp-
totic variance coincident with the independent data case under a similar asymptotic
regime to Calonico et al. (2014), (Theorem S.3.4, Supplementary Material S.3). This
is unsurprising given that 73, . (hn,,by,) differs from 7, ., (h,) by a term depending
on local quadratic estimators, to which all previous considerations, mutatis mutan-
dis, apply. Finally, the variance of ﬁ;’;‘ a.g(Pn;b,) can be estimated similarly as for
Taglar.o (n), but with an extension to incorporate the additional variability induced

by the bias correction term (see Supplementary Material S.3.7 for details).

B.2 Estimation of Boundary Overall Direct Effects

The boundary overall direct effect ), is identified as the difference between the right
and left limit of the observed outcome regression functions conditional on the indi-
vidual score X; as X; approaches the cutoff under continuity assumptions (Theorem
2). Letting a(X;) = E[Y;| X;], Theorem 2 yields 7 = lim,, o i(z;) — lim,, 0 fi(2;),
with ¢ = 0. A natural choice is then to estimate the limits f,(0) = glclrf(l) fa(x;) and
f(0) = }EHTJ% i(x;) by local linear regression using the individual score variable as the

univariate regressor and without considering Xg,, as in the standard no-interference



RDD. To do so, we solve

Bi(hy) = argmin Y~ 1(X; > 0)(Y; — by — by X,)? Ky, (X,),
b0,b1€R

Bo(hn) = argmin Y " 1(X; < 0)(Y; — by — b X,)* Ky, (X,),

bo,b1€R

The final estimator of 7y is given by
7A—1|0(hn) = 6’?51(’%) - efﬁo(hn) (B-3)

The following results establish consistency and asymptotic normality of 71jo(hy).

Theorem B.1. Suppose Assumptions 1-6, and Assumptions S.53.1, §.5.2, and S.5.3
in Supplementary Material S.4 hold (with Assumption S.3.1.c replaced by Assump-
tion S.4.4). If nh, — oo, h, =0, and h, = O(n=%/%), then

(’fl\o(hn) - 7'1|0) - hiBl,0<h/n) d

’I’Lhn V(hn) — N(O7 1)7
where
iy — i Wy Wo T/1y\—1,1/71\—1
Bualh) = (PO 0 o), i) = OO e e e o)

The exact form of T, ' and V' is given in Supplementary Material S.3.
Proof. See Supplementary Material S.4.

The asymptotic distribution of 7;9(h,) matches that under independent data in no-
interference RDDs, with a bias depending on the second-order derivatives of fi;(x;) and
fo(z;) at z; = 0, and an asymptotic variance depending on @;(0) and w,(0), which are
the right and left limits of the variance of Y; conditional on X; = z;, and the marginal
density f(0) = fx,(0). Notably, this estimator achieves the nh? rate since the overall
direct effects is defined on a subset of the multiscore space with codimension 1.

A variance estimator can be constructed analogously to the estimator in Eq. (19),
replacing the distance measure with X; and using the corresponding regression residu-
als. This estimator accounts for the dependence among observations on each side and
across the cutoff using the dependency graph. The difference between this estima-

tor and the typical RDD heteroskedasticity-robust variance estimator (e.g. Calonico



et al., 2014) increases with the level of dependence in the data. These estimators
coincide when W is diagonal (independent data).

Finally, a bias-corrected version of #o(h,), denoted by 77 (%, b,), can be ob-
tained using local quadratic estimators of the second-order derivatives of i(X;), as
described in Calonico et al. (2014).

C Additional Causal Estimands and Results

C.1 Boundary Point Average Causal Effects

In Section 3, we have introduced boundary average causal effects as our main esti-
mands of interest. These effects can be rewritten as averages of point effects, defined
as the difference of potential outcome expectation conditional on specific points of
the effective treatment boundary. Formally, we define boundary point average effect

as follows:
Td,gld’ g’ (xivxsi) = E[K(dv g) - Y;(d/ag/) ’ (Xiv XSf,) = (fia jsi)] (Cl)

with d, d' € {0,1}, g, ¢ € G, (#:,Zs,) € Xis,(d,g|d',g'), where the expectation is
taken with respect to the distribution of potential outcomes conditional on the in-
dividual and neighborhood score, and the observed network under our model-based
perspective. While boundary effects are informative about treatment effects on larger
subpopulations than point effects, they aggregate over potentially heterogeneous in-
dividuals. Therefore, boundary point effects can be of interest to uncover individual
treatment heterogeneity.

Boundary point effects can be identified by a similar strategy as in Theorem
1 for boundary effects, by taking the difference of the observed outcome expecta-
tions conditional on the neighborhood around specific points of decreasing radius.
Specifically, let B. g 44, (Z:, ®s,) be a neighborhood of radius € around (z;,s,), for
(7, Zs,) € Xis,(d,g|d',g'), containing all points within distance ¢ around (z;, Zs,).

Further let B (&, @s,) = Beaglar g (i, 8, )N Xis, (d, g) and BES (55, 24,)) =
Be agla g (Ti, s, )N Xis,(d', g'). Then if assumptions 4.a and 4.b hold, as well as assump-

tions 1 and 2, it can be shown that boundary point effects are identified as:



Td»g\d’,g/(xwmsi) :ll_I)l'(l)]E[}/Z ’ (XHXSl) -~ Bi’ig\dgg'(fivjsi)]

BV | (X, Xe,) € B (7,26 )

for all d, d’ € {0,1}, g, ¢’ € G;, and for all (z;,%s,) € X;s,(d, g|d', g").

Finally, estimation can be conducted by local polynomial regression using the
distance from the point of interest as the one-dimensional forcing variable. We refer to
Cattaneo et al. (2025) for the analysis of such point effects estimators in multivariate
RDDs. The variance can be estimated using our network-robust variance estimator

using the one-dimensional distance measure to the point of interest.

C.2 Overall Indirect Effect

In Section 2, we have defined the boundary overall indirect effect as

Tondirect = 3> Y E[Yi(di,g(dL) — Yi(di, g(ds,)) | (Xi, Xs,) € £((d;, ), (di ds,)) ]
d; dsi déi:
d;>d;Vjes;,

e, ldj—dj|=1 P(D; = delsi = dfsi |[3j €S8 X;=c)
To clarify the interpretation of this estimand, consider the case of the sum-of-

treated exposure mapping such that G; = > . ¢ D;. Under this mapping, the estimand
simplifies to

Tindirect = Z T(Xisi(dy g+1|d7 g))P( (XlaX-Sl) € ‘)E‘z-sq(da g+1‘d7 g) | 3] €S Xj = C)

de{0,1}
9€{0,...,|si| -1}

(C.3)
which represents the weighted average of the boundary indirect effects 7(Xs, (d, g+1 |
d,g))—that is, the effect of increasing the neighborhood treatment level from g to
g+ 1 for units lying on the corresponding effective treatment boundary—weighted by
the probability of being at such boundary conditional on having at least one neighbor
at the cutoff.

Under one-treated exposure mapping, the estimand becomes:

Tindireer = Y, T(Xis,(d, 1]d, 0)) - P((X;, Xs,) € Xig, (d, 1]d, 0)|Fj € S; - X; = ¢),
de{0,1}

(C.4)



i.e., the weighted average of the boundary indirect effects of having at least one treated
neighbor versus none, for both treated and untreated units.

Let X" = Xj., where j* = argmin,,, |X; — c| denote the score of the neighbor
closest to the cutoff. We denote its generic value by z2™". Geometrically, | X2™ — ¢|
represents the orthogonal distance from the point X, to the subspace of X5, where
at least one component of x, equals c.

The overall indirect effect is identified by

Jm B[V, X3 =a2] — lim B[Y|X2" = 27"
under Assumptions 1-4. This result follows easily from arguments analogous to those
in Theorem 1 and Theorem 2, and is thus omitted. Based on this identification,
Tindirect Call be estimated via univariate local linear regression using X7 as the one-

dimensional regressor:

%indirect(hn) = e,{/él,indirect(hn) — e{BO,indirect(hn) (C5)
where
Bl,indirect(hn) = arg min Z ]l(X;’ji" >0)(Y; — by — b1X§fi")2Kh" (X;’jm),
b0,b1€R
Bo,indirect(hn) = arg min Z ]l(X;’ji" <0)(Y; — by — b1X§fi")2Kh" (ngm)’
b0,b1€R
letting ¢ = 0.

Let piingirect(@8™) = E[Y; | X7 = 2] for 2™ > 0, and po,indirect(z8") =

Si Si
E[Y; | X" = azin] for a7 < 0.

Theorem C.1. Suppose Assumptions 1-6 hold. Further, suppose that Assumptions
S.8.1, 5.3.2, and S.3.3 in Supplementary Material S.4 hold, but replacing Assump-
tion S.3.1.c with: py(a2") and po(x2) are 3-times continuously differentiable. If

nh, — 00, h, — 0, and h, = O(n='/%), then

Ain irec hn — lindirec - h2 Bl’rL irec hn
(T d t( ) Tind t) n d t( ) i}N(O, 1)’
‘/;ndirect(h’n)

nh,

where Bindirect(hn) = O(l) and ‘/indirect(hn) = O(l)

Proof. The proof follows analogous arguments as those in Theorem 3 and B.1, and



thus, is omitted for brevity.

Importantly, this estimator achieves the nh® rate. Specifically, 7;,girect(hn) aver-
ages observations in a neighborhood of the subset of X5, where at least one component
of X, equals ¢. Since this subset is itself a boundary formed by a union of linear
pieces, its properties follow from arguments analogous to those used for estimating
boundary and overall direct effects. The codimension of this subset is one, implying
an asymptotic variance of order O((nh,)™') and the usual RDD convergence rate.
Thus, while estimators of boundary indirect effects 74 g0 o (Xis,(d, g| d', ¢')) compar-
ing specific values g and ¢’ may converge more slowly, this aggregate measure attains

the canonical fast rate of standard RDDs.

D Additional Simulation Results

D.1 Network Data

In this subsection, we present a simulation study to evaluate the finite-sample perfor-

mance of 77 (hn,b,) and 735 4 . (hn,b,) under network interference with overlapping
interference sets. Specifically, we consider scenarios where each unit’s interference set
coincides with its network neighborhood—that is, the set of nodes directly linked to
it. The neighborhood treatment G; is defined via the one-treated exposure mapping.

For sample sizes n = {750, 1500, 3000}, we simulate small-world networks (Watts
and Strogatz, 1998) using the sample smallworld() function from the R package
igraph. Small-world networks are characterized by high clustering, meaning that
two nodes sharing a neighbor tend to be connected. We fix the average node degree
at 4 by setting the argument nei = 2, and vary the rewiring probability to generate
networks with different levels of clustering, as measured by the global and average
local clustering coefficients. The global clustering coefficient is defined as the ratio
of the number of closed triplets (triangles) to the number of connected triplets in
the network. The average local clustering coefficient averages the local clustering
coefficients for each node, which is the ratio of the triangles connected to the node
and the triples centered on the node.

This simulation design allows us to assess the performance of the proposed esti-
mators in network settings and to investigate how network clustering affects perfor-

mance—particularly through the induced clustering in the distance variable.



We consider two scenarios:

Scenario A: Rewiring probability p = 0.15, resulting in a global clustering
coefficient of approximately 0.16 and an average local clustering coefficient of
about 0.20.

Scenario B: Rewiring probability p = 0.05, resulting in a global clustering
coefficient of approximately 0.35 and an average local clustering coefficient of
about 0.37.

Outcomes are simulated from the model
Y, = 0.5+ 1.5D; + G; + 0.5X; + 4.3D,X% — 1.5(1 — D;)X? + 0.3X, + ¢ (D.1)

where X; is i.i.d. a truncated normal with mean -0.5 and variance 1, and upper and

lower bound -5 and 5, while the error terms are given by ¢; = D; (2 Zf;j Yoy ui) —
1.4(1 — Dy) - (22’"‘?’_!" =+ u;) with u; "% N(0,1). Observations are thus dependent

up to second-order network neighbors (second-order dependence), and the boundary
average effects are homogeneous across units.

Simulation results are reported in Tables D.1 (Scenario A) and D.2 (Scenario
B). Each table reports the empirical bias, empirical standard deviation, estimated
standard error (using both our proposed variance estimator and the standard i.i.d.
estimator), and the associated confidence interval coverage rates. We also report the
average effective sample sizes (N, and Ny ;) and the proportion of units with unique
score variables and minimum distance values (column “% Unique”). Values less than
one in this column indicate overlapping distance variables among units.

According to the results, the proposed estimators are virtually unbiased across
all sample sizes and scenarios. The standard deviation decreases substantially with
sample size in both settings. Notably, 7 (h,,b,) consistently has the lowest standard
deviation, due to a larger average effective sample size. In contrast, 7i900(hs,bs)
exhibits the highest standard deviation, driven by a smaller fraction of units with
(D, = 1,G; = 0).

The estimator 7oij00(hn,b,) has a relatively large effective sample size but still
exhibits high variance. This is explained by the clustering structure of the distance

variable: in Scenario A, approximately 80% of units have unique distance values,
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while in Scenario B only 74% do. This increase in overlap leads to higher standard
deviation in Scenario B.

Our proposed variance estimator performs well, approaching the empirical stan-
dard deviation in large samples. Coverage rates using this estimator converge to the
nominal level. In comparison, the i.i.d. confidence intervals tend to undercover the
true value, especially for smaller samples, although the coverage improves with larger
sample sizes. For 7y1)00(hs, b,), however, the coverage does not improve in large sam-
ples and it is substantially worse in Scenario B, with higher clustering in the network.
Overall, our variance estimator appears more accurate than the one relying on the
i.i.d. assumption, especially in Scenario B with higher clustering.

In conclusion, this simulation study demonstrates an overall good performance
of the proposed distance-based estimators and the associated variance estimator. The
study also highlights how increased clustering in the network can induce higher clus-
tering in the distance variable. When this occurs, relying on the i.i.d. variance
estimator leads to consistently poor coverage, whereas accounting for dependence

significantly improves coverage.

Scenario A

Bias S.D. SE. SE.,.. CR. CR... Nuy Ny % Unique

711 (s bn) 0.027 1.156 1.053 0.960 0.933 0.910  134.551 183.500 1.000
n="750  7f54(hn,by) 0.027 2.539 2.060 2.054 0.880  0.877 30.739  41.192 1.000
7i00(Pnsba)  -0.027 2,313 1.974  1.893  0.902  0.900  113.716  76.904 0.795

e (haby)  0.047 0787 0756 0.680 0944 0906 263.448 357.809  1.000
n=1500 #0,(haiby) 0038 1674 1474 1441 0920 0913  64.333 87.464  1.000
Fteo(haby) 0039 1588 1414 1317 0927 0915 234410 159.957  0.798

71 (s bn) 0.038 0.571 0.541 0.487 0941 0913  500.205 662.241 1.000
n = 3000 7{5(hn,b,) 0.032 1149 1.050 1.024 0.934 0929 129.772 175.393 1.000
Toti00(ns0)  0.038  1.059  0.982  0.900 0.948  0.925  504.572 334.086 0.797

Table D.1: Simulation results using bias correction with small-world network and one treated exposure mapping

with rewiring probability p = 0.15. One thousand replications. S.D. = empirical standard error. S.E. = estimated
standard error. S.E.;; 4 = estimated standard error with i.i.d. heteroskedasticity-robust HCO plug-in residuals
variance estimator. C.R. = coverage rate. C.R.;; 4. = coverage rate corresponding to the i.i.d. heteroskedasticity-

robust HCO plug-in residuals variance estimator. Ng 4 and Ny 4 = effective sample size on each side of the treatment
boundary. % Unique = percentage of unique distance variables.
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Scenario B

Bias S.D. SE. SE.. CR. CRu.a N Nyy % Unique

7o (hn,b) <0019 1.077 1.036  0.943  0.930  0.906  134.216 184.242 1.000
n="750  7(ha,ba) 0.036 2461 2.005 1.992 0.901  0.904 29.272  39.542 1.000
7oi00(hns b)) 0.046 2.609 2133 1.942  0.897  0.875  102.775 73.005 0.741

e (hesba)  -0.031 0792 0.739  0.667 0.928  0.899  263.827 355.330  1.000
n=1500 #go(ha,b,) -0.103 1.627 1427 1399  0.903 0.897  61.228 83298  1.000
oolha,by) -0.070 1722 1.531 1355 0.922  0.888 213.644 149.110  0.741

71 (s b)) 0.002 0.555 0.532 0.477 0943 0.909  501.494 663.855 1.000
n = 3000 7{500(hn,by) -0.028 1.068 1.015 0.985 0.941 0.934  123.655 168.285 1.000
7oi0(ns ba) - 0.016  1.198  1.083  0.942  0.937  0.887  445.984 305.441 0.738

Table D.2: Simulation results using bias correction with small-world network and one treated exposure mapping
with rewiring probability p = 0.05. One thousand replications. S.D. = empirical standard error. S.E. = estimated
standard error. S.E.; ;4. = estimated standard error with ¢.i.d. heteroskedasticity-robust HCO plug-in residuals
variance estimator. C.R. = coverage rate. C.R.;; 4. = coverage rate corresponding to the i.i.d. heteroskedasticity-
robust HCO plug-in residuals variance estimator. Ng 4 and Ny o = effective sample size on each side of the treatment
boundary. % Unique = percentage of unique distance variables.

D.2 Varying Group Size

In this simulation study, we consider a scenario with equally sized groups. We keep
the total sample size fixed at n = 3000 and vary the cluster size, denoted by M. Data
are generated as Section 5, but using the one-treated exposure mapping.

The objective is to assess the performance of our proposed bias-corrected estima-
tors in settings with larger group sizes, which correspond to higher-dimensional mul-
tiscore spaces and effective treatment boundaries than those considered in Section 5.
The dimension of the multiscore space for each unit is, in fact, given by M. Under
this data generating process, although the total sample size remains constant, the
probability of observing certain neighborhood-treatment configurations (e.g., G; = 0)
decreases with M, reducing the effective sample size available for estimation near each
boundary.

We simulate 1,000 datasets with group sizes M € {3,4,5,6} and total sample size
n = 3000, corresponding to {1000, 750, 600, 500} groups, respectively.

We consider, for brevity, the estimators %ffo(hm bn), %{’g‘oo(hn, b,), and
75100 (Fns bn)," and report the results in Table D.3. All estimators are approximately
unbiased across different group sizes. The estimators 77§00 (hn, bn) and 750 (fon, bn)

remain approximately unbiased for M = {3,4,5,6} but exhibit increasing standard

!The bandwidths h,, and b,, are computed using the plug-in procedure by Calonico et al. (2014).

12



deviations as the group size grows. The increase in the empirical standard deviation
is more pronounced for %é’floo(hn, b,), due to the high percentage of observations sharing
the same distance measure, as indicated in column “% Unique.” Our variance estima-
tor for 7750 (P, bn) and 7350 (hn, b,) is accurate for smaller group sizes (M = {3,4}) but
worsens in performance for larger groups, resulting in lower coverage rates. In con-
trast, the variance estimator for 77 (h,,b,) remains relatively accurate across group
sizes.

The high standard deviation of 7{§,,,(hs,bn) and 735,00(hn, b,), together with the
worsening performance of their variance estimators, arises from the reduced effective
sample size. In our data generating process, larger groups lead to lower observed
probabilities for some neighborhood treatment configurations. In particular, the ob-
served probabilities Pr(G; = 0) equal approximately {0.38,0.23,0.14,0.09} as group size
increases.

To illustrate the impact of the effective sample size, we repeat the simulation

focusing on 75,44 (hn, b,) but choose the cutoff
c=—0.3+ @ 1(0.351/M=1),

which ensures that the observed probability Pr(G; = 0) ~ 0.35 for each group size
M. This adjustment keeps a larger effective sample size for estimation. As shown
in Table D.4, this modification substantially reduces the estimator’s standard error
relative to Table D.3. Moreover, our variance estimator provides more accurate vari-
ance estimates and improved coverage, even in the presence of substantial clustering
at the distance-measure level.

Overall, the results show that while our estimation method yields accurate infer-
ence when the effective sample size is sufficient, large groups may lead to sparse data
within each effective treatment arm and thus less precise inference. Nevertheless, our
results indicate that even if specific boundary effects cannot be precisely estimated
due to limited observations, the boundary overall direct effect can still be estimated

accurately when the total sample size is large, as in this setting.
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Bias S.D. SE. CR. Ny, Nao g % Unique

#6(hayb,)  -0.013 0.651 0.639 0.950 603.549 723.666  1.000
M =3 #6(hab,) 0.009 1.032 0.987 0.950 243.326 294.503  1.000
it o(hsb,)  0.039 1402 1280 0.929 481.672 411.999  0.637

7110 (s bn) 0.010 0.552 0.552 0.944 585.236 695.398 1.000
M =4 7%4(h,b,) 0036 1104 1.069 0.946 150.242 181.642 1.000
75100 (Bns bn) - -0.065  1.638  1.568 0.931 393.081 271.343 0.455

o(hn,by)  -0.026 0.509 0.504 0.958 575.230 681.489 1.000
M =5 #e(hnbn) -0.034 1.324 1221 0.928 92.785 111.590 1.000
Totoo(hnsbn) - 0.094 2,375 1.952 0.885 281.102 169.292 0.350

o (hnsby)  -0.018 0.482 0473 0.938 565.136 668.042 1.000
M =6 7%4(hn,b,) -0.020 1.507 1.408 0.929 56.543  68.610 1.000
7500 (hns b)) -0.016 2.939  2.388 0.888 188.998 105.040 0.284

Table D.3: Simulation results over one thousand replications. S.D. = empirical standard error. S.E. = estimated
standard error. C.R. = coverage rate. Ng 4 and Ny o = effective sample size on each side of the treatment boundary.

Bias S.D. SE. CR. Ny, Nuy % Unique

M =3 7fi(hn,b,) 0018 1438 1.344 0.942 448.701 368.789 0.642

M =4 75(hn,b,)  0.041 1.382 1.280 0.942 526.895 436.620 0.439

M =5 #(hb,) -0.015 1.327 1252 0.941 562791 474.355  0.330

M =6 75(hn,b,) 0.010 1.369 1.243 0.935 580.149 498.828 0.264

Table D.4: Simulation results over one thousand replications. S.D. = empirical standard error. S.E. = estimated
standard error. C.R. = coverage rate. Ny 4 and Ny o = effective sample size on each side of the treatment boundary.

References

Calonico, S., Cattaneo, M. D., and Titiunik, R. (2014). Robust nonparametric confi-

dence intervals for regression-discontinuity designs. Econometrica, 82(6):2295-2326.

Cattaneo, M. D., Titiunik, R., and Yu, R. R. (2025). Estimation and inference in

boundary discontinuity designs.

Fan, J. and Gijbels, 1. (1996). Local Polynomial Modelling and Its Applications.
Chapman and Hall, London.

Imbens, G. and Kalyanaraman, K. (2012). Optimal bandwidth choice for the regres-
sion discontinuity estimator. The Review of Economic Studies, 79(3):933-959.

14



Watts, D. J. and Strogatz, S. H. (1998). Collective dynamics of small-world networks.
Nature, 393(6684):440-442.

15



Supplementary Material to “Regression

Discontinuity Designs Under Interference”

Elena Dal Torrione!, Tiziano Arduini?, Laura Forastiere!

'"Department of Biostatistics, Yale University
“Department of Economics and Finance, Tor Vergata University of Rome

S.1 Effective Treatment Boundary Derivation

We  provide the derivation of the equality X, (d,g|d,g") =
UDW( 4,9) % Die, (d'9") odgy, dfsg ) in Subsection 2.3. The derivation uses the fact
that given the 1nd1v1dual treatment rule in Eq. (1), each element d%’ € D;s,(d, g) can
be mapped back to the set Xisi(dfs’f) ={(z;,z,,) € Xis, :Vz € {i}US)), . > cif d¥9 =
1, =, < cif d» = 0}, and that each treatment region is the union of such sets over
Dis,(d, g), i.e

X5, (d, g) U Xis, (d2?)

is; (d,9)
Proof. Recall that the closure of a set is the union of its interior with its boundary.
In addition, the closure of a union of sets is equal to the union of their closures.

Therefore, denoting the closure of a set A as Cl(A), we have

Cl(Xis,(d,9) = | Cl(Xis,(d))

zs,(d 9)

where clearly Cl(Xs,(d%)) = {(z;,z,,) € Xis, 1 Vz € ({i}US),2, > cif d¥9 =1, 2, <
cif d*9 =0} .
Now by definition X, (d,g|d’, ') = Xis,(d,g) N Xis,(d',g'), where Xis,(d,g) and
X;s,(d',g') denote the boundary of X (d,g) and X, (d',¢’). Moreover, because
X;s,(d,g) and X5, (d',g’) are disjoint, the intersection of their closure is equal to the
intersection of their boundaries, Cl(X;s,(d, 9)) NCU(X;s,(d', ¢')) = Xis, (d, 9) N X, (d', ¢').
Note that Cl(X;s,(d, g)) N Cl(X;s,(d', ")) is equal to

U ca@))N( U @)

’Disi (d,g) Dzs (d/ g’)



which in turn is equal to

U (e e @)

Dis; (d,9)xDis; (d',g")

Finally, we note that the intersection Cl(X;s, (d?)) NCU(X;s, (df‘;’f’/)) is equal to the set
{(z;,xs,) € Xis, 1 V2 € ({i}US), 2. > cifdb9 =d?9 =1, z, <cifd?9 =d9 =0, x, =
cif d%9 # d¥¢'} which is the definition of £(d%, d%"). O

1857

S.2 Proofs of Main Results in Section 3

Let us formally define the notion of n—rectifiable set. Let H" denote the n-dimensional

Hausdorff measure.

Definition 1 (n-rectifiable set (Simon, 1984)). A set M C R"™ is said to be countably
n-rectifiable if
M C My U (U2, F; (R))

where H™ (My) =0 and F; : R" — R"™* are Lipschitz functions for j =1,2,....

An equivalent characterization is the following: a set M is countably n-rectifiable
if and only if M C U;’io N;, where H"(Ny) = 0 and each N;, j > 1, is an n-dimensional
embedded C* submanifold of R"** (Simon, 1984, Lemma 11.1).

As discussed in Section 2.3, the effective treatment boundary Xis,(d,g|d’,g’) is
the union of finitely many linear pieces in the multiscore space X,s,. Therefore,
Xis.(d,g|d',g') is (|S]; + 1 — 5;)—rectifiable set, with dimension |S|; + 1 — 5;, and codi-
mension 5;, where §; is the minimum codimension across the linear pieces.

Thus, we can write the boundary average causal effect as

> f Td,g\d’,g’(%'amsi)f(xi’msi)dﬁl&lﬂ_gi
dii?dis? e(ads dl )

7—d,g|d’7g’ (/?isi (d7 g ‘ d/v g/)) =

S, |+1—5.;

flag, @ )dHISI+1=s:
d, d,’," N /, ’
disf"iisiq f(d:‘,isj’d:‘,isig )

(S.2.1)

where the summation ranges over all pairs d: dd 9" in Dy, (d, g) X Dis, (d, ).

185

Note that integrals over pieces ¢(d’ dd 9 Wlth codimension s

1S5

ats ats) 1aTger

than 5; vanish since their #IS:+ 1*gi—dlmenslonal Hausdorff measure is zero. Hence,



the expression above is equivalent to summing over only those pieces ¢(d.’, df;;g/) with

codimension s;.
For each ¢(d%?

18

df;’f'), define the following index sets:

o F, % the set of indices z € (S;U{i}) such that 2, = ¢ on £(d®?

1857

’ .
dfsfig) (i.e.,

d,g gd’.9’
(disi 7di5i

the constrained components);

° Ra 4o g’ o'’ the complement set of indices where z, is free to vary within some

interval.

The codimension s .. equals the cardinality ]Fé( ae, d?;;g/)|.

dis die

We henceforth drop the arguments d{/ and df;;g/ and simply write ¢; for each
piece. We also use ), and |J,, to denote summation and union over the relevant set
d;?") indexed by d%¢ and df.” .

We partition each (z;,x, ) into xp, , where each component is fixed at ¢ on /;,

of pieces £(d:?

1847
and xg, , which ranges over the domain

Re = ] L)
ZGRei
where I,(¢;) = [a,¢], if x, <con ¢, and I,(¢;) = [¢,b] if 2, > c on ;.

The structure of each ¢; leads to the following simple parametrization of (S.2.1):

2 f Td.gld'.g' (Cng » LRy, )f(cFI{i » LRy, )dmRei

l;: Slngi Re.
i

Z f f(chi » LRy, )diL’Réi

fi:SgiIEi Re.
i

(S.2.2)

Each integral is taken over the bounded rectangular domain corresponding to the

“free” components of (z;,x, ) for a given piece ¢; of dimension |S;| + 1 — 5;.

Proof of Theorem 1. We start by proving convergence of
E[Yi(d,g) | (Xi, Xs,) € B (Xis,(d, g|d',g))]
Define the conditional mean function

md,g(xiﬂmsi) = E[Yz(d79) ‘ (Xi7XS¢) = (xiﬂwsi”



The expectation E[Y;(d, g) | (Xi, Xs,) € Xis,(d,g|d’,g’)] can be written as
> f md,g(CFuaszi)f(cFeiamRzi)dmRzi

Li:s;=5iRy,

Z f f(cFe,- 3 wRei )dszi

l;: Se; =5; Re.
i

(S.2.3)

For a piece ¢; with constrained components Fy, fixed at cp, and free components R,
denote by B%9(¢;) the e-neighborhood around ¢;, restricted to the region

Xisi(dd’g) = {(xl,:cs) € X, Vze ({i}US), z, >cifd™ =1, 2, < cif d*9 = 0}

Equivalently,

Bd’g(&) = {(xiﬂwsi) S Xisi F Lry, € Ng’g(chi% LRy, € R&}v

€

where

Ng’g(Cng) = {szi Ner, —cp || <& x.>cif d%9 =1, z. < cif d*9 = 0}.

€

Geometrically, N*9(cp, ) is the intersection of a s,,-dimensional ball of radius ¢ cen-
tered at cp, with the orthant determined by the threshold ¢ for each constrained
coordinate. Hence its volume depends on ¢; only through the codimension s,,. De-
note

Vol(N&¥(er,,)) = V=, Ve =k, %,

where x,, > 0 is a constant depending only on the orthant fraction of the s,,-

dimensional ball.

Since the neighborhood B9 (X,s.(d,g|d',g")) is the union of B»9(¢;), we can write
E[Yi(d,9) | (Xi, Xs,) € B (Xis,(d, 9| d', 9'))] as

> | mag(xr, ,xr, ) f(xp,, TR, )dxr, deg, + I

b Rey N&9 (er,, )
i

Z f f(wF[7 ) lei)dwF(i dngi + Ié

£; ,R'ei Ng’g(

(S.2.4)

CFZi)

and the terms I. and I’ include the integrals over the intersections of the neighbor-
hoods B9 (¢;).



We first establish the limit of the average integral

1
Se, / f<wFl7~ ’ szi ) der1 ) (825)
‘/5 Nd’g(cFe ) ) ) ‘

for fixed xp, .
By Assumption 4.c, the density f is continuous. Hence, given xx, and any ¢ > 0,

there exists 7 > 0 such that whenever |zp, —cp, || <,

|f(szi ’ szi) - f(chi s LRy, )‘ < 4.
Therefore, for e < r,

1

Sy¢.

v
g

g

/Nd’g( ) (f(szi' ’ sz"') B f(chi, » LRy, )) dwFu
CF[

1
S‘/ngi/alg( )‘f(mFeiawRei)_f(cFeiawRei)‘dwthi
cr,
<é.

Thus, (S.2.5) converges to f(c, ,xr,, ) as e — 0. Moreover,

1
lim — / /facpz TRy, dazpe d:BR,Z :V%/lim /f(sziaszi)da:in d:chi

e—0 V0 e—0
Re; NE CFe ) Re; Ned’g(CF[i)

= /f(chivagi)dez“

by the Dominated Convergence Theorem, since the score density is bounded by As-
sumption 4.d.

By the same argument, we also obtain convergence of

1
W / / mfiﬂ(szi » LRy, )f(szi ) szi) dez,, dwRei
g

Ry, Nsd’g(CFei)

to

md,g(cFei ) mRzi) f(Cin ) mRzi) d'mRei'
Re,

because m,, and f are continuous and bounded by Assumptions 4.b-4.c and 4.d.
Hence, each element of the numerator and denominator in (S.2.4) is of order

O(e®), which implies that both summations are O(¢°). Moreover, since both the score



density and the conditional mean of potential outcomes are bounded by Assumption
4.d, and the region of integration of I. and I has volume O(&%*"), we obtain |I.| < %!
and |I| < esitt 1

By dividing numerator and denominator of (S.2.4) by V& = k;,e%, we obtain

Z fRzi md,g(CFei » LRy, )f(Cng ) mRzi) d$Rei

S.2.4) » & ’
( ) ZZ fRzi f(Cin ’ wRei) dngi

where only terms with s, = 5; contribute in the limit, since %4~ — 0 for S5y, > Sie
Hence,
(S.2.4) = E[Yi(d, 9) | (Xi, Xs,) € Xis, (d, g |d', g)],

by the Dominated Convergence Theorem and Assumptions 4.b—4.c, 4.d. Anal-
ogously, one can show E[Y;(d,¢)|(X:, Xs,) € B9 (X, (d,g|d',¢"))] converges to
E[Yi(d,¢') | (Xi, Xs,) € Xis,(d,g|d',g')].
Therefore,
Td,g|d' g’ (‘)Elsz(dvg | d/vgl)) = E[Y;(d7g) - K(d/7g/) | (XHXS) € ‘)E‘Zsl(dmg | dlvg/)]
= Im E[Y(d,0) | (X.. X..) € B (X, (d,g| ' g'))]
— ImE[Yi(d',¢) | (X;, Xs,) € B (X, (d.g| d' g))]
=lmE[Y; | (X;, Xs,) € B (X,s,(d,g|d,g"))]

e—0

~ I E[Y; (X, X,,) € B (Xs (dg | d' )
e—

where the last equality follows from Assumptions 1-2 and Property 3. m

Proof of Theorem 2. Let us define X, C RI5!| as the set of elements z,. Further, for
all g € G; define Xs,(g) = {xs, € Xs, : e(xs,) = g}

!To see this, note that each tubular neighborhood B%9(¢;) is contained in a rectangular box
R&9(l;) = {(z;,2s,) € Xis, - TR, € Re;, |v2 —cf < eforallz € Fy,}, with volume O(e™).
The mtersectlon of tubes {B%9(4;) : ¢; € C’} for any collection C' of pieces is then contained in
the intersection of the correspondlng boxes {R*9(¢;) : ¢; € C}. This set is described as follows:
x, € la,c] if z € NgWy,, z. € [¢,b] if z € NPy, where Wy, and P, are index sets collecting the
indices of the components Varying in [a,c] and [c,b], respectively, in each ¢;, and |z, — ¢| < ¢ if
z € NaFy, or if z does not lie in all positive or all negative index sets. Hence, the intersection set is
rectangular with volume O(g%T1).



Note that X, (1,9]0,9) = {(xi, ®s,) € Xis, : ¥ = ¢, T, € Xs,(g)} for all g € G;. By

Assumption 4.c we have that lim,, .. f(z;, @s,) = f(c, xs,). Moreover,

T;—cC

lim [ f(z;,xs,)dxs, —/f ¢, s, )dxs,

i

by the Dominated Convergence Theorem following from Assumption 4.c and 4.d.

Therefore, because f(z;) = [ ., f(zs, xs,)dxs, it follows that lim,, .. f(x;) = f(c).
We have
LmE[Y; | X; = 2;] —hmZ/ E[Y;| X: = 21, Xo, = ws |- LE0Z) g
z;lc zile vt Xs, (9) f($1)
. f(xia a:S')
= lim / Yi(1,9) | X; =z, X5, = x5, | - ———=dxs,
ziirgezg s (9) f(xz)
=S [ ENOgIX =a X = o) o2,
965, 7 ¥e: (@) /()

where the first equality come from the Law of Iterated expectations, the second
equality from Assumptions 1-2, and the third equality follows from the Dominated

Convergence Theorem, since £ fzm ; ) is continuous, and E[Yi(1,9)| X; = x;, Xs, = @, |

is continuous and bounded by Assumption 4.b and 4.d.

Note that P(X,, € Xo,(g)| X =¢) =P(Gi=g| X, =¢) = [ L=z and
X5, (9)

[ BV X =X, - w]f(ff;)dw —E[Yi(Lg)|(Xone,) € Bos, (1,9 ]0,9)]

Xs; (9) Xs; (9)

Hence, by multiplying and dividing each element of the summation in the last line of

(S.2) by [ flc,ms,)dxs,, we obtain

qu-, (9)

By analogous arguments

hmE[YHXi:l'z ZE Xz,xs)€.?\_,’isi(l,g,](),g)]-P(Gi:g|X¢:C)
zife 9€g;
from which the conclusion follows. O]



S.3 Proofs of Main Results in Section 4

This section provides the asymptotic theory for 7, , .(h,). Recall the expression for

the observed outcome

Yi=p(Xiaga,y) + tidggag, i=1..,n

with M( idgd.g) = E[YHXi,d,g,d’,g’aDivGi]; Uidga,y = M(Xy, Xs,) — M(Xi,d,g,d/,g’) +
€, where m(X;, Xs,) = >, 1((Xi, Xs,) € Xis,(d,g)) - may(Xi, Xs,), and ¢ =
Do L(Xi, Xs,) € Xisi(d,9)) - €09 We denote Xi’d,g,d/,g/, and ;44,9 DY X, and
u; for convenience.

The outcome regression functions of interest are
,ud,g(i‘l):E[K|)~Q:5~U“Dz:d,Gz:g], ,U,d/’g/(i') [Y‘X —.’E“ —d/ Gz:g/]

In what follows, results are stated for 7, , . ,(h,), the distance-based p—order local
polynomial estimator for 7, g4 o (2?1-51. (d,g|d, g’)). Here, we assume that all units have
equally-sized interference sets |S;| and common codimension 5. The data are identi-
cally, although non independently, distributed, so that E[Y;(d, g) | (X;, Xs,) = (z;,x,,) ]
and f(z;,z, ), and thus the boundary average causal effects, are homogeneous for all
i. The case with heterogeneous interference sets and data distributions is treated in
Section S.5.1.

S.3.1 Notation

Let p,q € Z,. Define r,(u) = [1,u,u?,...,u?] and let K;(u) = K(u/h)/h*, where K(-) is

a kernel function. The estimator 7, , ; . ,(hy) is given by :

ngd’g p( )_elﬁdgp( ) _e{Bd’,g’,p(hn)

Bagp(hn) = arg min Y 1(D; =d,Gi = g)(Vi — 7,(X,)Tb)” - Ko (X,)
bR+
ﬂd, o plhn) = B;JrgRrrim E =d,G;=¢")(Y;,— rp(X'l-)Tb)2 - Kps (X’Z)
ERP+1

where h, is a positive bandwidth and e; is the (p + 1)-dimensional vector with the

first entry equal to 1 and O elsewhere. We set I, ,, = 1(D; = d,G; = g) and I, o o =



]]_(D,L = d/,Gi = g/), and Y = [}/17

,Y,]7. In addition, we define

Xp(h) = [rp(Xi/R), ooy mp (X /D]
Wd,g(h) = diag(Il,d,g . th (Xl), ceny In,d,g . Kh5 (Xn)),
Wd/7g/(h) = diag(ILd/,g/ . th (Xl), vy In,d’,g’ . th (Xn))

and the following sample quantities:

Lagp(h) = Xp(h) Wae(h) Xy (h)/n,
tagp(h) = X, () Way(R)Y /n,
0d,g.0,4(h) = Xp(hn)TWd,g(hn)Sq(hn)/na

La g p(h) = Xy (h) War g () X, (R) [,
tdhg’,p(h) = Xp(h)TWd’,g’(h)Y/na
9d/7g’,p,q(hn) = Xp<h)TWd’,g’(hn)sq(hn)/n7

with S,(h) = [(X1/h)9,...,(X,/h)Y]. Denote by f’d’g’p(h), f’d/’g,’p(h), tagp(h)y targ p(h),
Ougp.q(Pn), Our g p.q(hy) their respective expectations. Let H(h,) = diag(1,h™}, ..., h7P).
Then:

Bd,g,p(h”) = H(hn)r(;,_}],p(hn)tdg,p(hn% Bd’,g’,p(hn) = H(hn)rg’}g’,p(hn)td’,g’,p(h")

Next, we define the population linear projection coefficients:

Bd,g,p(hn) :H(hn)f‘;;,p(hn)fdygyp(hn)a /Bd/,g’,p(hn) = H(hn)rcﬁg’,p(hn)fd/,g’,p(hn) (S'B‘l)

where

Bayp(hy) =argminE [ Y 1D =d, Gy = g)(Yi — 1, (X)Tb)? - Ko (Xi)}

beRr+1

/Bd/,g’,p(hn) =arg mlnE[Z ]l(Dl = dl, G1 = g/)(Y; - ’l"p(Xi)Tb)2 . Khs’l (Xl)]

beRpr+1 P

and introduce the following centered quantities:

tfi/7g/7p(hn) = p(hn)TWd/’g/(hn)Vd/’g//n
ﬁ;,g,p(h’n) = H(h‘n)rgz‘;,p(h‘n)t;,g,p(hn)’ B;’,g’,p(hn) = H(h’n)l—‘;’%‘q/,p(hn)t:;’,g’,p(hn)
t:;,g,d/,g’,p(hn) = t;,g,p(hﬂ) - t:l’,g’,p(hn)?

- 6{13;’,g’,p(hn>'
(S.3.2)



with vy, = V1.4, s Vnoag) @0d Vg g = V141,475 .., Un.ar o] Where for each i:
Vie = Y, - T;D(Xi)TB%p(hn)ﬂ °c {<dvg)7 (d/vg/)}
We denote the scaled variance and covariance of ¢} , (h,) and ¢}, ,, (h,) by

\Pd,g,p(hn) = nth[t:Z,g,p(hn)]a qjd’,g’,p(hn) = nhfLV[tsl,g/,p(hn)]7
\i’d,g,d’,g’,p(hn) = nhic[tz,g,p(hn)’ t;’,g’,p(h’ﬂ)]

We further define the kernel-weighted subgraph for units with (D; = d,G; = g),
W (h,) with entry W9 (h,) = Wi;Tiagl 0, K (f}) K (;L) Let D%9(h,) denote the
expected sum of its diagonal elements and let N%9(h,,) be its expected average degree
without the diagonal terms. Similarly, define W-9'(h,), D9 (h,) and N9 (h,,).
Finally, let W4 (h,) with entry W o%9 (h,) = WL gy Iy 0 o K (fff) K (fff) and
expected degree N%949'(h,).

Lastly, let N* be the intersection of the s-dimensional unit ball centered at zero

0, with a generic orthant in R* and let:

= [ Bl Dy ) .
b= [ Bl )] D

W= [ R e Dy ) e

For short, we will denote by fs 4.4 .4 (0) = f/‘?isi(d79|d/7g') [z, @, )dHIS =S,

Note. In the main text, we report our results for p = 1 and therefore drop the
subscript p indexing the polynomial order to simplify notation (e.g., we write T'®
instead of T’} and Bag(hy) instead of By,,(h,)). In this appendix, we retain the full

notation with p.

S.3.2 Assumptions

In addition to Assumptions 1-4, we make the following assumptions.

Assumption S.3.1. For some positive r the following holds for (x;,z,) €
BK(‘)EiSi(dag ’ d/vg/)) fOT' all i

a) E[Y* | X; =z, X5, = x5, | 1s bounded.

10



b) oc,,(zi,xs) = VIYi(d, 9)|Xi =z, X, = &5 | and o, (2, 25) = V[Yi(d',g)|X; =

x;, Xs, = xs,] are bounded away from zero and continuous. .

c) pag(Z;) and pa o (Z;) are S-times continuously differentiable with S > p + 2.

Assumption S.3.2. For all i, j € N; , |F,, U F,,| > min{5,,5;} = 5 for any piece {;,
(;, where s; and s; are the codimension of X;s,(d,g|d’,g') and X;s,(d,g|d’,q').

Assumption S.3.3. The kernel function K : R — R has support supp(K) = [—1,1],

1s bounded and non-negative on [—1,1], and is positive, symmetric and continuous on

(—1,1).

S.3.3 Asymptotic Theory

In this section we establish the asymptotic distribution of our estimator. Recall that
the boundary Xjs,(d,g|d’,g’) is the union of pieces ¢; (Section 2, Appendix S.1), and
that each neighborhood B%9(Xs,(d,g|d’,g')) decomposes into tubular neighborhoods
B9(¢;), with

Vol(BE(£)) = O™, Vol(BX(Xis, (d g|d',g')) = O(™),

and analogously for B9 (X,s,(d,g|d',g')) (see proof of Theorem 1).

We decompose Bd’ g.p(Pn) as follows:

Bd,g,p(hn) :/Bd’g’p(hn) + H(h )Fd ; p(hn)Xp(hn)Wd,g(hn)Vd,g

) (S.3.3)
:Bd,g,p(hn) + /B:jk,g,p( n)

Under Assumption S.3.1.c a (p 4 1)-order Taylor expansion of p4,(X;) to the right of
the cutoff yields

(p+1) (O)

U
Ba,g.p(hn) =Ba,g.(0) + hp+1 d.9

W‘H(h )P;g p(hn)§d797p7p+1(h’n) + Td,g(hn)

where By,(0) = [114,4(0), 1) (0), .., n)(0)/p!]" and

Td,g(hn) = H(hn)ri_};,p(hn)E[Xp<hn)Wd7g(hand,g,p/n]v Td-,gyp = [Td,gJ’ s 7Td79,n]

11



with each Taylor reminder component satisfying [Ty, ;| < sup; ]u;’j;r2) (2)]-| XP2]/ (p+2)!.

An analogous expansion holds for B4 , ,(h,). Combining the two, we obtain

7A_d,g,d’,g’,p(h’ﬂ) :Td,g\d’,g/ ()E'is1 (d7 g ’ d/v g/)) + h€1+1Bd,g,d’,g/,p,p+1 (hn) + Td,g,d/g’ (hn)

(S.3.4)
+%;,g,d’7g’,p<h")

(p+1) (p+1)
g g (O) 12 /g’ (0) .
L(ll’j+1)! Bd,g,p,erl(hn) - ?p+1)! Bd’,g’,p,erl (hn)v with

where By a.g pp+1(hn) =

Bd,g,p,p+1(hn) - e{f;;,p(hn)gdg,p,pﬂ(hn)7 Bd',g’,p,p-s-l(hn) - e?fcﬁg/,p(hn)éd/,g’,p,pﬂ(hn)a

and Td,g,d’g’(hn) = eip (Td,g(hn) — Td’,g’(hn))'

The proof proceeds as follows.  For effective treatment e € {(d,g),(d,¢")}
Lemma S.3.1 establishes convergence in probability of T, ,(h,) to T,,(h,), and
shows that T, ,(h,) has deterministic limit f, 44 (0)T5 as h, — 0. Lemma S.3.2
establishes convergence in probability of t,,(h,) to t.,(h,), and that t,,(h,) —
050 fxiSi(d7g‘d,7g,) mae(z;, x5, ) f(r;, 2, ). Lemma S.3.3 that 6,,,(h,) converges in prob-
ability to 0, ,4(hy), and that 6, , ,(h,) converges to fqg.4.4(0)05 ,,. Combining Lem-
mas S.3.1 and S.3.3 implies that the bias term By g 4 g pps1(hn) = (I3) 7105 , as h,, — 0.
Lemma S.3.4 shows that the kernel-weighted dependency subgraphs has vanishing av-
erage degree, and Lemma S.3.5 derives the limiting variance of ¢} , , . (h,). Finally,
Theorem S.3.1 establishes the asymptotic normality of the rescaled and recentered

estimator 7, , » ., (h,) using Stein’s method and the dependency graph bounds of
Leung (2020, Theorem A.4).

Lemma S.3.1 (Convergence of Ty, (h,) and Ty, , (hs)). Suppose Assumptions 1-8,
4.a, 4.c, 5-6 and S.3.3 hold. If nhi — oo and h, < K then

Fd,g,p(hn) = Fd,g,p(hn) + OP(1)7 Pd/,g’,p(h’ﬂ) = Pd/,g’,p(h’ﬂ) + OP(]')

. where Ty, (h,) and Ty , (h,) are bounded and bounded away from zero.

d,g,p
Moreover, if h,, — 0

I_\d7g(hn) = fd,g,d’,g/<0)F;S; + 0(1)7 I_\d',g'(hn> = fd,g,d’,g’ (O)Fi + 0(1)~

12



Proof. Expectation of T'; , (h,). The generic element of T'; , (h,) is

~ k
X
thLdg ( ><h> k=0,..,2p

We expand ngp( n) =BTy, ,(hy)]

o = ~ T

1 Xi(w;,x) Xi(z;, x,) Xi(z,,xg)
= — K 7S r i) S; r NNTO TS f(:cl,a: )d(wl,a} )
h;’ Bi.g(‘/?isi (dvg I dln‘]’)) ( hn > P ( h'n P hn Si Si

~ ~ T
T, Ts,) Xi(z;,xg,) Xi(z;,xg,)
B Z/“ (h) ’ <h> K (h flzns) (e, zs,) +
nmpe [ lzr, | ler, I1NT 1
a fL Z/ /Nd 9(0p,. hn >7"p ( hnl > "p < hnl ) f(wp’fi’mR’»’i) dszz‘ dwR@i + ﬁjih
S[ —5 1
=2 /R /. K(Hun>rp<||uu>rp<uu||>Tf<hnu,wmgdudmmi + I,
£ €; ° n

ngk

where the second equality comes from decomposing By (Xis,(d,g|d',g')) as the union
of By?(¢;), with I;,, collecting overlap terms; the third equality follows from B29(¢;) =
Ry, x N*u and X; = || X |l on B9(¢;); the last equality follows by the change of
variables ¢r, = h,u, which maps N;f,’;q(Ong) to the normalized domain N*¢.

Hence, T, (h,) is bounded and bounded away from zero by Assumptions 4.a,
4.c and S.3.3.

Variance concentration We now show that the variance of Fj 4,(h,) converges to

Zero:

_ o\ k
V[Fia,9(hn)] = WZV Tia gl (h) <h>

~ ~ ~ ~ k

X\ [ X, X; X;
I S S I )(h) () ()
ndi jEN\{i} " "

13



Expanding,

2 ~ 2k
%\ (%
ViBrag(hn)] = WSZE falt ( ) (h)

. Kk
X, X;
n2 QSZ Z ENLiagK <n><hn>

™od jeNi\{d}

~ k ~ ~ k
X; X\ (X
o n2h2sz Z B fiaqK <h ) (%) E Ij,d,gK<hn> <hn>
i jeN\{i}

The first term is O((nhi)™') = o(1), by the same arguments used in computing the
expectation. The second term is also O((nhf)~'): by the arithmetic-geometric in-

equality it is bounded by

~ ~ k
1 X X; 1 s\—1
ks max B | [ 4K <hn> <hn> o Z: |INi| = O((nh,) "),

since £ 3~ |N;| = O(1) by Assumption 6. The last two terms are O(n™") by Assumption
6, since each expectation term is O(h$). Hence, the component-wise variance of

L'y ,(hn) converges to zero, which yields the first conclusion.

Limiting expectation computation We show the limit of fd’g,p(hn) for h, — 0 by

the following decomposition

1 B
opplhi) = 30 /R / Kl ()l (b, ) dud, + L, + 15, > 5)

Liis¢; =5

with

I >5)= 3 il / / Kl (), ()T f(uho, @n,) du dos,
N7

iez>s

Both I(s,, > 5) and the overlap terms are O(h,,) (I;,, are O(h:*!), as shown in Theorem

14



1). Moreover, by Assumption 4.c and the Dominated Convergence theorem we have

) /R /NSK(HUH)rp(Hu”)7410<H’U/H)Tf<'u,hm:I:Rli)dude’BRzi = fagarg (0T + 0(1)

[iisgi=(>
Hence, Ty, ,(hn) = faga.g(0) -5 4 o(1). The conclusions for T, (h,) follows by
analogous arguments. O
Lemma S.3.2 (Convergence of t, , (h,) and t, , ,(h,)). Suppose Assumptions 1-6,
S5.3.1.b and S.3.3 hold. If nhi — oo and h,, < k then

td,g,p(hn) = Ed,y,p(hn) + Op(1)> td',g’,p(hn) = Ed’,g”p(hn) + Op(l)

where tq4,(h,) and ty 4 ,(h,) are bounded.

Moreover, if h, — 0
Fag () = 65, / M@ ) [ (00w ) 40(), g plhn) = 05, / M g (@ ) (@ g, )0l L).
X.isi (d,g I dl’g,) ')215 (d,g | d’,g')

Proof. Since the procedure is analogous to Lemma S.3.1 we only sketch the proof.

We first compute the limiting expectation of ¢, , ,(h,):

Sp.—S8 1
Bl () =Y [ [ Kl iy on, ) f (s n, ) duden, + 5L,
ZT', Rl{i N Zi n
050 | Mgl @) f(a ) + o)
Xis; (dsg | d'.g")

by Assumption 4.b, 4.c and S.3.3 and the Dominated Convergence Theorem. Simi-
larly, one obtains the limiting expectation for ¢, , (h,).

Convergence to zero of the component-wise variance of ¢, , ,(h,) and t, . ,(hy)
can also be shown similarly to Lemma S.3.1 using boundedness of the conditional

variance (Assumption S.3.1.b). O

Lemma S.3.3 (Convergence of 04,,,(h,) and 04 4, ,(h,)). Suppose Assumptions
1-8, 4.a, 4.c, 5-6 and S.3.3 hold. If nhi — oo and h, < k then

Hd,g,p,q(hn) = éd,g,p,q(hn) + Op(1)7 Hd’,g’,p,q(hn) = gd’,g’,p,q(hn) + Op(l)
. where 04 4,.4(hn) and 04 4, 4(hy) are bounded and bounded away from zero.
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Moreover, if h,, — 0

edgpq( n) = faga.q(0 ) +0(1)7 ed/g pa(Pn) = faga.g(0 ) +0<1)-

Proof. Since the procedure is again analogous to Lemma S.3.1 we only sketch the
proof. We first compute the limiting expectation of 6,,, ,(h,) by a similar decompo-

sition as in Lemma S.3.1:

1
Fuapalto) = 35 [ Rl o, ) s, + o, + 1o > )

4; 180, =5

where I(s,, > 5) collects the sum of the integral terms over the pieces ¢; : sy, > 3,
and I;,, contains the overlap terms. Hence, since I(s,, > 5) and I;,, are O(h,),

Assumption 4.c and the Dominated Convergence theorem yield

> / /Kuuu ()] (twho, r, ) dtsdz, = figay (065, + o(1)

£ 180, =3

Hence, 04,9p.(hn) = faga,y(0)05, + o(1). Similarly, one obtains the limiting expecta-
tion of 0,4 4, 4(h,). Convergence to zero of the component-wise variance of 6, ,, ,(hy)

and 04, ,.4(h,) is shown analogously to Lemma S.3.1. ]

Lemma S.3.4. Suppose Assumptions 1-3, 4.a, 4.c, 56, S.3.2, and S.5.3 hold. If
nhi — oo and h, < K, then for each o € {(d,g),(d’,¢")},

— >y D* () + N*(hn) + 0,(1).

" =1 jeN;

where D*(h,,) is bounded and bounded away from zero and N*(h,) is bounded.
Moreover, if h,, — 0,

D*(h,) = fd,g,dug/(O)/ K([lull)? du +o(1), N*(h,) = o(1),
N3
and for the cross-side case e = (d,g;d',q'),

D9 (h,) =0, N9 (h,) = o(1).

16



Proof. Expectation calculation. We start with W9(h,,).

~ 2
X,

n,;zE[zW“ ] nhszﬁ[mq (h)
"i 46 n

Do (ha) (S.3.5)
~1- e
hs Z Z ng ]d9K< )K h]
ha, i jeN;\{i} n n
Nd.9(hy,)

where D%9(h,,) is bounded away from zero and bounded by Assumption 4.c and S.3.3,
and N%9(h,) is bounded by Assumption 6 and S.3.3.

Variance bound. We now show concentration of variance of —- Z > ien, (hn)

Expanding the second moment:

2
1
E[(nhs Z Z Wi(j”g(h")) ] = 2p2s Z Z Z E
no 4§ JEN; " i#j kEN,; lEN;
1
+ n2h2§ Z Z E

no 4 jeN;

i jJEN; ke N;\{j}

The last two terms in (S.3.6) can be bounded by
X 4

~ 4
which is O((nh%)~!) by Assumption 6 and since E [K (%) ] = O(hi).

Z (’Nv,n’ + ’Ni,n‘2)7

i

17




The first term is bounded by

(e X D W k) vl Y Y =

” i jEN; i jeN; ke N;UN; le N;UN;UN
K|Z2|K|>= K| |K|=

By the arithmetic-geometric mean inequality, (S.3.7) is bounded by

e[

—-E E

(S.3.7)

~ 4
Y S W)+ m f(E) TS X munm

h i jJEN; i jEN; ke N;UN;
~\ 4
)] Sl + 3w,
dg Ag i i,j J
<2[(5i 2 3w+ e |1 () n

where the second summand is O((nh3)~!) by Assumption 6. Hence, because

Vi 2 3 witon)] =E[(G 3 3 wiee) | - B[ 32 3 wi]

no§ jEN; i jEN; i jEN;

we obtain

[nhs

noi jeEN; i

=0((nhi)™h =0

Diagonal limiting contribution. We now establish limit of (S.3.5) as h, — 0. The
first summand limit in (S.3.5) is established using analgous arguments as in Lemma S.3.1,
yielding

D) = fugary 0) [ K () du+ o(0).

Average degree limiting contribution. Consider

X; X, o
E [Ii,d,gfj,d,gK <hn> K <hi>] , i 7.

18
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The domain of integration of this expectation is the intersection of the two neighborhoods

d, d d d
By (Xis,(d g | ', ¢') N By (Xjs,(d, gld', g') = | (B} () 0 BA(¢y)).
Ll
Moreover, the functions X; = X;(X;, Xs,) and X; = X;(X;, Xs;) may have common
arguments if the index sets S; = (S; U {i}) and S; = (S; U {j}) overlap. Let X3,03; be the
random vector collecting the scores of units in S; U Sj.

We can bound

Xi X . X .
lid,g1j,d.9 8 <hn> <]> u < Z /dg dea K(}%) K(Ej)‘ f(wsiuﬁj) dmfsq;uéj‘

Ll

E

where f(zz,us,) is the joint density of X3 3, Thus the intersection domain Bi’ng(&-) N

Bz;f(ﬁj) is contained in a hyper-rectangle of the form

[T zw x I L5,

ZGng Ung ZGR@,L. Ujo

where the interval I, (¢;) = O(1) and the interval I, (¢;, hy) = O(hy,).
Fy UF,,
The total volume of this rectangular set is O(hll 6 F|

X; X
Ii,d,ng,d,gK (Mj) K (;LTZ)‘

since |Fy, U Fy,| > 5+ 1 by Assumption S.3.2. Hence, the second term in (S.3.5) is

). Therefore, we obtain the

uniform bound

Fp UFy. _
<Y m i S omst,

L b5

E

N (hy) = O(hy),

using the fact that 1 3, |N;| = O(1) by Assumption 6.
The  proof for  the convergence of  —=3. 3" JEN; Wi?,’g , (hn,) and
nhs DD jeN; de 49 (h,) can be shown analogously. O

Lemma S.3.5 (Variance of t;, , . (h,)). Suppose Assumptions 1-6, S.5.1.b, S.3.2,
and S.3.3 hold. If h, < k,

nhiV[tZ,g,d',g'(hn)] = qjd,g,p(hn) + \I’d”g’,p(hn) - \I’d,g,d’,g’,p(hn),
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1s bounded and bounded away from zero. Moreover, if nhi — oo and h,, — 0
@d797p(hn) + \I/d’,g’yp(hn) - \de,gyd’,g/w(hn) - (‘Dd,g(o) + ‘Dd’,g/<0)>\Pi + 0(1)-

where for e € {(d,g),(d',¢')} where

Jx (g | gy Moo (T s ) [ (25 25,) \ 2
“.(0) = / o (), 25, )+ Mm@, 5, ) = — o : - [z, zg,)d(z;, zg,)
< 1 ( 1 ffisxdmd',g') fla; zg,) ) ) ' '

)eis,i (d7g ‘ d/’g/)
Proof. We start from
V1L gt ()] = VIt g ()] + VIt ()] = Clti g (), i )]
We establish the result for V[t; (h,)]; the arguments for VIt , (h,)] and

C[t;,g)p(hn),t§,7g,7p(hn)) are analogous.

Decomposition of the variance Expanding the variance yields

~ 2 ~ ~ T
X Xi
nhiV(ts, (h, nhs ZE i dig () Tp <h> Ty (h) Vidg)

-~

T

X, X, X, X,
Z Z qu jdq (h) K <h]> Tp (h) TP(#)T V@d,gyj,d,'g’] :

it i jeN\{i}

(S.3.8)

Both terms are bounded and bounded away from zero under Assumptions 4.c and
S.3.3. Moreover, by Assumption S.3.1.b |T3| < C N%9(h,,) for some constant C' > 0,
and N%9(h,) = o(1) by Lemma S.3.4.

Limit of 7i. Expanding v}, , gives

~ 2 ~ ~ T
- Xi(z,,x Xi(z,,x Xi(z,;, x5,
T, =h;° / K <(}: S’)> rp <( = S”)> Tp <( 0 5")) [Oag(@is ®s,) + Mag(z;, x5,)°

B9 (Xis; (dug | d',9"))

+ (rp(X(xia msi))TBd-,g,p(hn))2 —2ma, (z;, ms) TP(X(xiv msi))Tﬁd,g,p(hn)] f(z;, msi) d(x;, ms)
Using the boundary neighborhood decomposition and change of variable u = zp, /hy,
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we obtain
Ti=> hff"'s/R /w K (lul)*rp(lwl)ry () [mag(whn, g, )? + 0ag(wha, g,
hi £ ¢
+ (rp(lwllhn) " Bagp(hn))? = 2mag(whn, @, ) rp(|wllhn)” Bagp(hn)] f(why, g, ) duday, .

As h, =0

f)&sx (d,g | d/,g’) md,g(xi’ ms,)f(xﬂ $51‘,)

Tp(”uth)/Bd,gm(hn) —

f/'\?isi(d,g\d’,g’) f(xiuwsi) ’

since Tp(Huth)Tﬁd,g,p(hn) - Tp(HuH)Fd,g(h'rb)fd,gm(hn) and

T n s\—1n35 f?zis.(d,g|d/,g’) md,Q(xﬂmsqy)f(xi?wsi)
Ly (hn)td,g,p(hn) = (FS) ‘o) 0 -
9 p) Yp fzas,.(d,gld’xg’) flz;,x,)

+0o(1)

by Lemma S.3.1 and 5.3.2, and (I'})~'6;, = e1, where e, is the p-dimensional unit
vector with first entry equal to 1 and all others equal to 0.

Then by continuity of mg,(-), f(-), 0ay(-), (Assumptions 4.c-4.b and S.3.1.b), and by
the Dominated Convergence Theorem, Ty = @q,4(0)¥; + o(1).

By the same arguments we obtain
nhy Vit o, (ha)] = @a o (0)¥ + o(1), nhy Clty , (hn), th o, (ha)] = o(1).

Combining the above yields the conclusion. O]

Theorem S.3.1. Suppose Assumptions 1-6, S.3.1, S.53.2, and S.3.3 hold. If nh® —

0o, h, — 0, and h, = O(nfl/@p”“)), then

\/TW‘Z (%dvgad’,gﬂp(h”) — Td,gld’ g’ ()Eisi(da g | dluql))) - hszBd»g-,d’,g/,p,erl(hn) i) N(07 1),
‘/d,g,d,,g/,p(hn)

where Bd,g,d”g’,p,pﬂ (hn) = Bd,g,d’,g’,p,zﬂrl + 0(1) and Vd,g,d’ﬁg’p(hn) = Vdﬁg,d’,g/,p + 0(1):

Byoy o= (uﬁfi (0) — Ky <0>>6T(Fs)1 5 ©u4(0) + B (0)
29,d’,9",p,p+1 — ( ] 1 \tp
p+1)!

p.p+1° Vd;g,d’«,g’m: Faoa ,(0)2 ef(ri)*lq;i( ,
,9,d’,9
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Proof of Theorem S.3.1. Define

~ X; X,
Zi,dyg,p(h ) =¢€ ngp(h ) n}ls I g, K <h> Tp (h ) Vi d,g

n

hn v; ,d',g"

Z Zi,d,g,d’,g’,p(h‘ ) = el F;gp (hn)t;g,p(hn) - eff‘;’?‘q/p,(h‘n)t:;’,g’,p(hn)

_ X
Zia g p(hn) = e{Fd’%g’,p(hn) % Ligr g K <h> Tp

and set Zi,d,g,d’,g’,p(hn) = Zi,d,g,p(hn) — Zz d'g' p( ) Then

Variance. Denote nh} V[Zi Zi,d,g,d,ﬂ,,p(hn)] = Viga g p(hy). By Lemmas S.3.1 and
S.3.5,

@d,q(0)+w /g/(O) 3\ — 3 3\ —
‘/d,g,d’,g’,p(hn) = % (F;) 1\112(1—‘;) ! + 0(1)'

CLT via dependency graph. By Assumption 5, the collection {Z; 4,4 4 ,(hn)}: ad-
mits dependency graph W,,. Let 62 =V, , a.47.p(hn)/nhi, the variance of Z; 4 g 4 o p(hn),
and set &, = Y. Ziag.a.9p(hn)/5,. Applying the Wasserstein bound of Leung (2020,
Theorem A.4),

A(gnvN(Oa1>) S %ma’XEHZZde'Q sP Z|N |2

+ 2 (L maxElZy 0,0, (h ) (Z|N\3+3Z w? U)

(S.3.9)
Moment bounds. Using the c,-inequality,
B[ Zi"] < A(E[| Zi,4.9,5(ha)I*] + E[| Ziar.gr p(ha) [']) = O(n by, ),
and similarly,
E[Z{] < 8(E[Zia,g,p(hn)"] + E[Zia,g p(h0)"]) = O(n™"hy, ).

using boundedness of the third and fourth conditional moment of the outcome (As-

sumption S.3.1.a), Assumptions 4.b and the fact that the domain of integration has
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volume proportional to h, as shown, for example, in Lemma S.3.1.

Rate of convergence. Plugging these bounds into (S.3.9) and using Assumption 6,

we obtain

A&, N(0,1)) = O((nhy;) ) = o(1).
Hence &, % N(0,1).

. 3 D) -k
Conclusion. By Lemma S.3.1, /nhg - \/h = &0+ 0p(1), 80 754w g p(hn)

(rescaled) has the same asymptotic distribution as &,. Moreover, by Lemmas S.3.1
and S.3.3, k2 By, a9 ppr1(hn) = O(hp“) and Ty, a4 (h,) = O(h2™?) since the term

su 2 x
E|X, (ha)Wag(ha)Tugp/n| < hp+2W0dyg,p,p+2(hn), and analogously for the term

E|X,(ha)Wa g (ha)Tu g »/n|. Then Eq.(S.3.4) and h, = O(n~/@+2+9) yield the con-

clusion. O
Proof of Theorem 3. The result follows from Theorem S.3.1 by setting p = 1 and, for

notational simplicity, writing B = By ga. g2 and V =V g a 4.1 O

S.3.4 Variance Estimation

Define

‘degp( n) = Magp(hn)W Ma,g,(h ) /n,
\I’d’ ') = Mar g p(hn) WM g, p(hn)T/n (S~3~10>
\I/dgd’g p(hn) = Ma g, (h) WM g (R ) /n,

where W is the dependency graph and

X, X\ . X, X\ .
Magh)” = ook <h> ’ ( o ) o et <h> ! <h> s
X1 Xl ~ Xn X’n A~
Mg ()" [Il v K <hn> r (m) tvwry o Loy K (m) " (hn ) unyd,yg,},

with 4, 4, and 4, 4, denoting the regression residuals.

Let
Vd,g,d',g’ (hn)

degydﬁg’-,p(hn) = nh?
n
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where Vg 4.0 p(hy) is defined in Theorem S.3.1. V,, 4 4 ,(h,) can be seen as the
“fixed-bandwidth” asymptotic variance of 7, s . ,(hn)-

An estimator of V4 g p(hy) is

~ 1 ~ N ~
Vd,g,d’:gﬂp(hn) = ﬁ €1T [Vd,g,p(hn) + thg’,p(hn) -2 Vd,g,d’,gﬂp(hn)} €1, (8-3-11)
where
‘A/;l,g,p(hn) = Fd,g,p(h”)71 \i/d,g(hn) Fd,g,p(h")717
Vd’,g’,p(hn) = Fd’,g’,p(hn)il \i]d’,g’(hn) ]‘_‘d’,g/,p(hn)717
Vd’g)d/,g/7p(hn) = Fd,g,p(hn)_l \i’d,g}dﬂg’(hn) Fd’,g/,p(hn)_l'

We show that this estimator is consistent for V, 4 4 ,(h,). Convergence of this es-
timator to h the asymptotic variance (nh3) 'V a4, follows since Vg a g p(hn) =
Viga.gp+o(1) for h, — 0 by Lemma S.3.1 and S.3.5.

Lemma S.3.6. Suppose Assumptions 1-6, S.3.1, §.3.2, and S.3.3 hold. If nhi — oo,

\ijd’g,p(hn) = \I’d,g,p(hn) + Op(l)
\ijd’yg’,p(hn) = \de’yg’,p(hn) + 0,(1)
\ild,g,d’yg’,p(hn) = @d,g,d’yg/,p(hn) + 0p(1)
wh@r@ \ild,g,p(h’n) = (Ddg(o)\l’g +0(1), \de’,g',p(hn) = @d/7g/(0)1112 +O(1), and q’d,g,d',g’,p(hn) =

o(1) if h,, — 0.

Proof. The generic element of W, , ,(h,) is

~ ~ ~ l ~ v
1 . . X; X X; X
e Yo aglag liaglia K (h) K <hJ> (h) (hj) ; Liv=0,...,p.

4 jEN;
(S.3.12)

We prove the claim for I,v = 0. The proof for the other elements is analogous. We

have
Uidg = (Bd,g,p(hn) - deg,p(hn))Trp(Xi) +Vigg, 1=1..,n
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Expanding the product ; 4,144, expression (S.3.12) becomes

L |

i jEN;

(S.3.12) =

(Bagp () = Bag p () 15 (Xi) (Bag p(n) = Bag () Tr(X;) (1)
+ Vjidg(Bagp(hn) — qup(h ))TTP(X) (H)
+Vzdg(5dgp( n) = /Bdgp (A, ))TTP(X) (HI)

X,
+ Vi,d,gyjyd,g} Lia.g15a, (h ( > (IV>

Leading term (IV). For (IX), we have E[(IX)] = e;V[t}, ,(hn)]ler = €] V4, (hy)er by

Lemma S.3.5. Moreover, using the same bounding arguments as in Lemma S.3.4,

(Nl + N ) )+ D IN 3 )ii)

i ]

- 4
since E [Vﬁd,gK (ff—) ] is bounded by Assumption S.3.1.a, 4.b, 4.c and S.3.3. Hence

(IX)=e; \I]dgp(hn)el + 0p(1).

where el Wy, (hn)er = @ay(0)e] Uier + o(1) if h,, — 0 by Lemma S.3.5.
Remaining terms (I)-(III) Define

~ ~ T ~ ~
o a2 () () e () ()

Term (I) is equal to

(1) = [H™ (ha) (Bagp(hn) = Bagip(hn))] M (b)) [ () (Bag (i) = Bty ()]

The term M(h,) is O,(1), since for some C > 0 it is bounded by
. nh DD e, de(hn) which is O,(1) by Lemma S.3.4. Furthermore,
() Bargp(hn) = Bayp(hn)) = 0,(1) by Lemma S.3.1 and S.3.2 as nh — co. Thus,
(I) = 0,(1). Convergence in probability to zero of (II) — (I1I) can be proved similarly
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by factorizing H*(h,)(Ba.gp(hn) — Bd_’g,p(hn)), yielding the conclusion. The proofs for

Uy g p(hy) and Wy, 4 o o(hy) are analogous. L

Theorem S.3.2. Suppose Assumptions 1-6, S.3.1, S.3.2, and S.3.3 hold. If nh — oo
and h, — 0

nhif}d,g,d’yg’,p(hn) = Vagag'p(hn)
where Vd,g,d’,g/,p(hn) = ‘/:i,g,d/,g’,p + O(l) Zf hn — 0.

Proof. The proof follows from Lemma S.3.1 and S.3.6. O

S.3.5 Common Distance Variable

We consider the case where a non negligible fraction of connected units can share
the same distance variable. Define K; C (N, \ {i}) as the set of indices such that for
j € K;,, |F,, UF,| = min{s,,5;} for some pieces ¢;, ¢;, forming X, (d,g|d', ¢') and
Xjs,(d,gld', g').

Lemma S.3.7. Suppose Assumptions 1-6, S.3.1.b, and S.3.3 hold. If nh — oo and
h, — 0
nhiv[tz,g,d',g'(hn)] = (@a,4(0) + Oar ¢ (0))\1115_7 + R, + o(1)

where R,, = O(1) collects the covariance contribution from i,j, with j € K.
Proof. Consider V[t , (h,)]. As in Lemma S5.3.5, we can write

N2 - NG,
5 * 1 XZ Xz Xi
7mﬂ“w#“”:nm§:@h“K<h> %<h)%<h> ut]

%

T

5 ~ ~ - \T
Xi X; Xi X;
ST 23E@%JM”(QM>K<mﬁTfQ%>%<mﬁ ]

i jeN\{i}

T>

The first term T; is exactly as in Lemma S.3.5, giving

Ez@MQLKWM%WMWFM+M)
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For Ty, decompose neighbors j € N; into those in K; and the remainder:

n;ﬁZZE[”' nsZ >, E[ (S.3.14)

ni jek; " ENA{IUKY)

2 =

The second sum is o(1) by the same arguments as in Lemma S.3.5, since for such pairs
with |F, UF,,| > 5+ 1 for all ¢;, ¢;.
For j € K;, for some ¢;, ¢; |F,, UF,,|=35. Thus

since all terms in E[---] are uniformly bounded. Moreover, R;,, is O(1) because
LYK < 237 |V = O(1). Hence

nhiv[t;g,p(hn)] = @d,gm)\yi + Rd,g,n + 0(1)'

Analogous arguments yield nh}V[ty . (h,)] = @a g (0)¥ + Ry gn + o(1) and
nhyClth , o (ha), th g o (hn)] = Ragar g + 0(1) with each R.,, = O(1). Assume R,, — R,.
Letting R, = Ry,.4 + Ruag — 2R 44,44 yields the conclusion. ]

Theorem S.3.3. Suppose Assumptions 1-6, S.53.1, S.3.2, and S.3.3 hold. If nh? —
00, h, = 0, and h,, = O(n=Y/#*+2+9) then

m (’f_d,g,d’,g’,p(hn) — Td,gld’ g’ (/?isq:(da gl d/7gl))) - hszBd,g-,d’,g/,p,pH(hn) i> N(O, 1),
‘/d,g,d,,g/,p(hn)

where By g4 g ppi1(hn) 15 as in Theorem S.53.1 and

wd,g (0) + War .9’ (O)

V;)(hn) N fdg,d’,g’ (O)

el (03)71 (W2 + R))(I3) "er + o(1).

Proof. The proof follows from analogous arguments as Theorem S.3.1 and using
Lemma S.3.1, S.3.3 and S.3.7. m

S.3.6 Differentiability of 1,,(Z;) and pa 4 (Z;)

The bias properties of 7, ;. ,(h,) hinge on Assumption S.3.1.c, which imposes

smoothness of juq4(%;) and pa 4 (%;). Continuity of mg,(z;, x; ) and mg o (z;, )
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(or a stronger version continuity condition when causal effects are heterogeneous)
is sufficient for consistency of the estimator, i.e. convergence to the estimand (see
Theorem S.5.1). However, obtaining the quadratic rate of bias decay, h2+?, requires
differentiability of 4 ,(Z;) and pa . (Z;). Verifying this condition can be challenging.
Here, we illustrate a simple case where this assumption is satisfied—namely, in the
estimation of boundary direct effects.
Consider
p,(Zi) = E[Y;(l,g) ‘ Xi =z, D;=1, G;= 9} .

For direct boundary effects, the Euclidean distance to the effective treatment bound-

ary is X; = | X;|, so we may parametrize

fxsi (9) my 4(€, xs,) f(€, Ts,) dxs,

szi (9) f(67 msi) dmsi

pg(€) =

where X, (g) is the set of 5, where e(zs,) = g. Assume that, in a neighborhood
B.(X:s,(1,9,]0,9)) of Xis,(1,9,]0,9), both f and m,, are s-times continuously differen-
tiable in € for all d,g. For 0 < k < s, the map (e,zs,) — 9"mg, (e, zs,) is continuous
and bounded on B, (Xs,(1,9,]0,9)). Therefore, by differentiating under the integral

sign we obtain for e < x

o [ mleea)flema)don = [ obmi(ewa)flees) da.,

Xsi (9) Xsi (9)

which is continuous as € — 0 by the Dominated Convergence Theorem. Similarly,
o [ flewdw. = [ oftee.)da,
Xs; (9) X5, (9)
Hence, p 4(€) is s—times continuously differentiable being the ratio of two continu-

ously differentiable functions. Analogously, p,4(€) is also s-times continuously differ-

entiable.
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S.3.7 Bias Correction

In this section, we establish the asymptotic normality of the bias-corrected estimator
’]A_cll)iﬂd' g'\p, p+1(hn7 bn) Of Td,g\d’,g/ ()2151 (d, g ’ d/, g/))

N

%cllwg|d’ g’ pp+1(h’ﬂ7 bn) = %d,g,d’,g’,p(h’ﬂ) - Bd,g,d’,g’,p,p—i—l(h’n’ bn)’

where Bd’g’d, hn,b,) is equal to

,g’,p,erl(
hp+1 §+1 [ﬂd’,g/,p—i-l (bn)Bd’,g’,p,erl (hn) - /Bd,g,p+1(bn)Bd,g,p,p+1 (hn)] )

ﬁdng( ) and 5d,g »11(bn) are the (p + 1)-order local polynomial estimators with
bandwidth b, e, is the p + 2 -dimensional vector with the p 4+ 2-th entry equal to 1
and all other zeros, and B, 1(h,) = eI T.1(h,)04 p11(hy) (see Subsection S.3.1 for
the related definitions).

Since most passages are similar to the derivations for the asymptotic normality
of 7, 4 o (hn) Without bias correction, we only sketch the proof.

We consider the centered estimators.

,f-é%;‘d/ g’,p,p+1 (hn) b’n) = %;,g,d’,g/,p(h"> - B;,g,d/,g’,p,p-i-l (hn7 bn)

where 77, v ,,(hn) is defined in Subsection S.3.1, and B;g & hn,b,) uses the

centered versions of £, gpt1(bn) and By o o'pr1(bn), obtained by replacing Y; in their

.9’ pp+1(

expressions with
Vimp-i-l(bn) = Yl - rp+1(Xi)T /Bv,p-i-l(bn)v °cC {(da g)? (d/gl)}

with Ba.1(b) = arg min}E{Zi Lo(Y; — 1yt (X,)7H)? - Kb;.(fg)]
beRrt2
Under Assumption S.3.1.c, if max{h,,b,} < k, a Taylor expansion yields

7A-(li)cg\d’ g’ ,p,p+1 (hnv bn) :Td7g|d’,g’ (/?isi (dv g | d/’ g/)) + hﬁ+1Bd7g,d',g’,p,p+1(hn) + Td,g,d’g’(hn)
_h/p+1Bd’g7d/’g/’p’p+1(hn) - h2/+1anZ?g,d/,gl,P,P+l(hn’ bn) + T(;),Cg,d/,g/ (hn7 bn)

~bex
+7q 9ld’ .9’ .p, p+1(hn’ bn)

(S.3.15)

where By, a0 ppi1(hn) and Tyga4(h,) are defined in Subsection S.3.3,
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(P+1)(0) N (P+1)(O) R

» d.g Kar gt 3 5 _
Bd,g,d/,g’,p,erl(hn) = lL(%;T)!Bd,g,p,p+1(hn) — WBd’,g’,p,erl(hn)? Wlth Bo,p,p+1(hn> =
T Ty p(hn)0agppii(hy), and BY, 4 oo (B, by) s equal to
2 2
Bl 7O g i) Bsnraln) WO B ()
(p+2)! TR )t (et TR (p 1)
with E°,p+1,p+2(hn) = efrzzla+1(hn)907p+1,p+2(hn)7 and Be ppt1 (hn) =

e{F:;+1 (hn)é',pyp-i-l (hn)'

We denote the variance and covariance of t; ., (b,) and t, , . ,(b,), multiplied

by nb3, by Wa,pi1(bn)s Yargpr1(bn) and Wu, pr 0 pi1(by), and we let

@d,g,d/,g,,p,p+1 (hn7 bn) = Tc[t:’;,g,p(hn)’ tz/,g’,p+l(b’ﬂ)]

T n(h”bn ° * *
\Ild,g,p,anl(hm bn) = Tns)(c[td,g,p(hn)7 td,g,p-}-l(bn)]
\Pd”g’,p,erl(hna bn) = Tc[td’,g/,r(hn)vtd’,g/,p+1(bn)]

n(h,b,)*

where m, = min{h,,b,}. Further define V}¢ , ., . (h,,by) = V75 0 (hayby) +

Vil ppi1(ns 0n) = 2C5, 40 v oy (i, by) Where
c ]‘ mn— T ——
de,g,p,erl(hm by) = %efrd,;,p(hn)\I/d,g,p(hn)rd,};,p(hn)el
L oRpPt2 oy T, o1 TH-1 ] 2
+ %W6p+1rd,gw+1(bn)\pd,g,p—i-l(b'rz)rd,g,p+1(bn)ep+l) X (61 Pd,g,p+1(bn)edagd),p-i-l(hn))

3 p+1
my hn

22—
n(hnby,)® bi

X (G{F;;,Ml (hn)gd,g,p,erl(hn))

1 T — T e

nhg e{]‘—‘d’}g’,p(h’n)‘I]d,yg/,P(hn)]‘—‘d’?g’,p(hn)el
1 hip+2 T -1 7 A1 TH-1 ) 2

%mel)ﬁ-lrd’,g’,zﬂrl (bn)\yd”g’erl(bn)rd',g’,p+1(bn)€p+l x (e Fdf,g',p(hn)ed’,g’,p,p+1(hn))

mi hf;rl _

— QWW(e,{l—‘;’}g/’p(hn)\ijd/’g/’p’p+1 (h'n,a bn)f‘;’}g/,p+1 (b’n)ep+1

X (e{f;}g’ P (hn>§d’ o ot (b))

(e?f;;,p(hn)@d,g,p,p-ﬁ-l (P bn)fc?,_}],p—&-l (bn)eps1)

de’c (hny b)) =

,9,p;p+1

The first two terms represent the asymptotic variance, for nmin{h%,b5} — oo of the

(centered) bias-corrected estimator to the right and left of the cutoff respectively,

which includes the variance of the original centered estimator, the variance of the
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centered bias correction, and their covariance. CJ%, , ., .1 (hn,by) is given by

Cg?g,d',g’,pvp-s—l (hm bn) = Cd,g,d’,g’,p(hn) + hi(pﬂ)cd’g,d’,g’,pﬂ (bn)Bd,g,p,pH (hn)Bd’,g’,p,pH (hn)
- hﬁ+1Cd,g,d/,g’,p+1,p,p+1 (hn7 bn)Bd,g,p,erl (bn)

- hiHCd,g,d’?g’,pH,p,pH (bm hn)Berp,pH (hn)

where

(g _ -
Cd,g,d’,g’,p(hn) = %efrd,;,p(hn)\de»gvd’,g/yp(h")rd’,lg’,p(hn)el

ms - = =
Cd,g,d/,g’,p+1,p.,p+l(hm bn) = n(h b )gﬁ(p + 1)!e{rd,;,p(hn)qjd,g,d’,g/ypyp-i-l(hnv bn)rd,_}),P+1(b”)eP+l
ms = = =
Cag.dg pr1ppr1(bns hn) = n(hnb )gW(p"‘ 1)!e§+1rd,;,p+1(bn)\pd,gd’,g’,p,p-&-l(bmhn)Fd/?g/,p(hn)el

By similar arguments as Lemma S.3.5, for nmin{h%, b5} — oo and max{h,,b,} < K

n’n

nh nbs

_ - 1 - — 1
‘I’d,g’p(hn)v ‘Pdﬂg’,p(hn) = O( ) ) qjd,g,p(bn)v ‘I’dﬂg’,p(bn) = O( —) :
and the cross—bandwidth terms satisfy

- - m; . it
Wd,g,p,q(hn7 bn)? \Ildﬂg’,p,q(hm bn) = O<n(hnbn)§> s \Pd,g,d',g’,p,q(hm bn) = O(n(hnbn)g) ’

Theorem S.3.4. Suppose Assumptions 1-6, S.3.1, S.3.2, and S.3.3 hold. If

nmin{hs, b5} — oo, nmin{A2PT3+S p2rH2HSt max{h? b2} — 0 and max{h,,b,} < k:

n'“n n’’n

Uit nnlIe) = iy (Bl |89) oo
\/devzvd”g’-,p,wrl (hnv bn)

PT'OOf. Consider Zi,d,g,d’,g/,p(hna bn) = Zi,d,g,p(hru bn) — Zi,d/,g’,p(hna bn), where Zi,d,g,p(hn) =
Zi,d,g,p,l(hna bn) - Zi,d,g,p,Q(hTU bn) Wlth

Zi7d7g7p,1(hmbn) :efriz,p(hn)ji,d,gK (h) Tp (h) Vi,d,g,p(hn)/(nhZ%

hﬁ“b;pfl
Zi,d,g,p,2(hna bn) :nibi

. X, X,
Bagppi1(hn) X €Z+1Fd,;,p+1 (bn)Ii,dgK(b*)Terl( )Vi,d,g’p+1(bn)
and Z; 4 4 »(hn, b,) is defined analogously. Here we denote v; . .(h) =Y; —rr(f(i)ﬁ.,r(h),
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the residual obtained from the outcome linear approximation using the population

linear projection coefficient g, .(h). Then
1 h2(p+1)
— be —
VY Zugasrallins b)) = Vil s () = O (nhn) +0 <W)

Let & = 30 Ziaga.g p(hn,bn)/on With o2 = V0o 1 (hayb,). By Assumption 5,
{Ziaga.gp(ha, by}, has dependency graph W,,. Stein’s method and Leung (2020,
Theorem A.4) then yield

1
A(Snw/\/’(ov 1)) HZldgd’ g’ p hnab Z |Nl n|2

Tl

+%<%E[Zldgd/gp(hn,b ) (Zmey?’HZW?’U)”

Un

(S.3.16)

By the ¢,-inequality,

E|Ziag.a.g (hn; b)) < (B[ Ziag.0(hns b) '] + Bl Zia g5 (s b) [']).

where by decomposing Z; 4 4, (hn, b,)

3(p+1)
Bl Z: a0 b)) < A Zi g1 (s bo) PHEN Zs 2 s b)) = O st ) +O( bt ).
and E[|Z; 4.4 »(hn, b,)|?] has a bound of the same order. Similarly,

4(p+1)
E[Zi»d’g’d’,g’ﬁp(hm bn)4] - O( 4h35> + O(W)'

1/2

Let po = hy/by. Since Y, [Niul? = O(n) and (43, [N [* + 33, ,(W2),)"* = 0(n'/?)

by Assumption 6, the first and second terms in (S.3.16) are

O (nh)~* min{1, p, """ : }) + O(nb) 2 ming1, Pl }) = o(1),
and

Op<(nhi)_1/2 min{1, p, 2= 5}) +Op((nbi)_1/2 min{1, p2(”+1)+‘5}> =o(1).
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Hence &, % N(0,1). The condition nmin{h$,b5} — oo combined with
#hex (hn,bn)
d,gld’.g’ ,p,p+1

nyYn
= 0,(1 SO
\/de,cg,d’,g’,p,p+1(h"“bn) fn T p( )’

Ty o ppi1(nsbn)  (vescaled) has the same limiting distribution as ¢,. By

nmin{h,b5} — oo and Lemmas S.3.1 S.3.3 we have Ty, a,(h,) = O(h2?),

hﬁ“(Bd7g7d’,g’,p,p+1(hn) - Bd,gﬁd’,g”p,zﬁl(hn)) = Op(hg—i_l)’ h£+1bn33?.g,d/,g’ypﬁp+l(hn’bn) =
Op(h2*'b,) and Ty, 4 (B, bn) = 0,(A5*'D,). The conclusion follows from decompo-
sition (S.3.15) and nmin{h2PT2+5 p2PT2+5} max{h2, b2} — 0. O

n’-n

Lemma S.3.1 and Lemma S.3.3 gives

An estimator of the asymptotic variance of ﬁ’fgl o h,,b,) can be obtained

,9’7p7p+1(
as follows by plugging the following estimators

\Tjd,g,p,q(hm by) = Md,g-,p(hn)WnMd,g,q(bn)T/n

\ildhg’,p,q(hm b,) = Mdﬁg’,p(hn)WnMdhg/,q(bn)T/n

ijd,g,d’yg/,p,q(hnv bn) = Md,y,p(hn)WnMd’yg/,q(bn)T/n

as well as the estimators defined in (S.3.10) for the corresponding quantities in the

expression for V;© , By ).

,g’7p7p+1(

S.4 Estimation of Boundary Overall Direct Effects

We now provide the asymptotic theory for the estimator 7;0(h,) defined in Eq. (B.3).

The outcome regression functions of interest are
fn(z;) =E[Y; | Xi =], 20, fio(w:) =E[Y; | Xi = x], ;i <O,

with cutoff ¢ = 0 without loss of generality.

Let 7110, (hy,) denote the generic pth-order local polynomial estimator of 71)9. Be-
cause this estimator can be viewed as a local polynomial estimator on a boundary
with codimension s = 1, its asymptotic analysis follows similar steps as in Section S.3.

For brevity, we only sketch the arguments.
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S.4.1 Notation

We define the boundary overall direct effect of pth-order local polynomial RDD esti-

mator:

%Hom(hn)::efﬁlm(hn)"e?gom(hn%
By p(ha) = argmin > 1(X; > 0)(Y; — r(X,)b)* Ku(X,),

beRp+1
By p(ha) = argmin > 1(X; < 0)(Y; — r(X,)b)* Ku(X,),

beRp+1

where h, >0, r,(-), Ki(-), and e; are defined as in Section S.3.
We set 1(X; >0)=1;; and 1(X; < 0) =L, Y = (Y1,...,Y,)", and define

Xp(hn) = [T(Xl/hn)a s vT(Xn/hn)]Ta
Sp(hn) = [(X1/ha)Ps oy (Xn/ha)P],
W (ha) = ding(1(X2 > 0)Ku(X), ..., 1(X, > 0)K(X,)),
Wo(hn) = diag(1(X) < 0)Ku(X1), ..., (X, < 0)Kn(X.)).
Then set
Fl,p(h”) = Xp(hn)Twl (hn)Xp<hn)/n7 121 p(h”) = Xp(hn)Twl (hn)Y /n,
FO,p(h’ﬂ) = Xp(hn)TWO(hn)Xp(hn)/n7 ty p(h’ﬂ) = Xp(hn)TWO(hn)Y/na
We have

Bl,p(h’n) = H(hn)rl,p(hn)iltl,p(hn% Bo,p(hn) = H(hn)ro,p(hn)71t0,p(hn)'
Finally, we define the linear projection coefficients
Bl,p(hn) = H(hn)f‘l,p(hn)t_l,p(hn)v ﬁO,p(hn) = H(hn)FO,p(hn)EO,p(hn) <S41)

and define the centered quantities tip(hn),tap(hn),Bf,p(hn),ﬁ&p(hn), and 77, (h,) ob-
tained by replacing Y; with v; 4 =Y; — r,(X;)Ba,(hy), d € {0,1}.
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S.4.2 Asymptotic Theory

Under Assumptions 1-4

~ [z, xs,) _ f(zi,xs,)
H (ml) = my, (whx 7) ~dx PR ($z> = My, (xiam 7> ~dx i
1 ggg:i %, (0) 1,9 s f($z) s 0 gg:gi %, (0) 0,9 s f(.%) s

are continuous in z; = 0, where Xs,(g) is the set of elements x,, such that e(xzs,) = g.

We further adopt the assumptions from Section S.3, replacing S.3.1.c with:

Assumption S.4.4. [(z;) and jg(x;) are S-times continuously differentiable with
S>p+2.

Under Assumption S.4.4, we obtain the decomposition

~(p+1) ~(p+1)
) [ (0) o (0) .
71\071)(}1’”) =T1)0 + hffl (mBl,p,p+l(h7z) - mBO,,p,zﬁl(hn)) +T1,O(hn) + Tl\o,p(hn)

~~
Bi,0,p,p4+1 (hn)

(S.4.2)

where Bl,p,erl(hn) = eTfi;(hn)gl,p,erl(hn) and BO,,p,erl(hn) = e{f‘a,;zla(hn)e_om,ﬁl(hn)v
with

Oopg(hn) = E[ X, (hn) "W (ha) Sy(h)/n],  Sy(hn) = [(X1/hn)?, s (X / )]

for e € {0,1}, and T ¢(h,) depends on the Taylor reminders.

Because the estimator uses only observations with |X;| < h,,, we have

1 X\ /x\"| 1 ! X
E[m@*’@“(m) () ]Z/ RO [ Ao @a) e, du

1
:/ K (u)u” f(uh,) du,
0
for nonnegative integer k, where f(z;) = fx, (x;) is the marginal density of X;,
k
and analogously for E [n}ln YoilioK (%) <2(T) ] Moreover, by similar arguments to

Lemma S.3.1, one obtains

\Y%

i Sen() ()| - o)



for e € {0,1}, from which for nh, — oo and h,, = 0, T's ,(h,) = f(0) T} + 0,(1) and

tep =0, Z M g(Ti, s, ) [ (24, s, )dxs, + 0,(1),

geg Xs (g)

1 1
= / K(u)ry(u) du, 0,,= / K (u)uP™ du,
0 0

recalling the notation in Subsection S.3.1. Additionally, similarly to S.3.3 6,.,, =

(06, +o(1).
Finally, nh,V[t; o, (ha)] = (01(0) + @o(0)) ¥

with

!+ 0(1) where for e € {0,1}

p

0= 3 [ (Oupl0.20) + (may(0.20) = 1a(0)) F0, ),
geg; ¥ Xsi(9)

Theorem S.4.1. Suppose Assumptions 1-6, S.3.1, S.3.2, and S.53.3 hold (with As-

sumption S.3.1.c replaced by Assumption S.4.4, S >p+2). If nh, — oo, h, — 0, and

h, = O(n=Y/@P+3)) " then

721\0, (hn) — T1j0 — hﬁHBl,O, , +1(hn)
(P = >$N<o,1>,
‘G,O,p(hn)

vV nh,

where

AP (0) — ﬂé”“)(m) .

Buogpnih) = (M= i )L Ghpatoll), Vigy(hn) =

Proof. The proof parallels Theorem S.3.1. Define

Zi1p(hn) = €T (ha) I, K< )rp< )V,l/n Zi0p(hn) = €T3 (B )IO,K(%>rp(%>Vi,o/n,

and set Z;10,(hn) = Zixp(ha) — Ziop(hn).

Then, nhV[ 32, Zirop(hn)] = Vioy(ha) = (@1(0) + @o(0))1/£(0)* + o(1). Denote
02 =Viop(hn)/nh, and &, = >, Z;1,0,p(hn)/0n. By Assumption 6 and applying Stein’s
method with the bounds of Leung (2020, Theorem A.4), one obtains A(&,, N (0,1)) =
O((nh,)*) = 0. Thus & 4 N(0,1).

Since y/nh,, et Tl'“ P(h =&, + 0,(1), the decomposition (S.4.2) and convergence of

_ VY
Ty,(hy,) and depﬂ( ) for d € {0,1} to f(0)T} and f(0)8; ., gives the conclusion. [J
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S.4.3 Variance Estimation and Bias Correction

Define

X X, X, X\ ;
Miyp(h)" = |11 K (;) " <hl> iy o LaK <h> ) <h> s
(S.4.3)

X X\ - X, X, \ -
Mo,p(hn)T = [Il,oK <h1> Tp <h1> fl,o In,oK (h) Tp (h) §n,0]7

where éi,l and éi,o are the regression residuals to the right and left of the cutoff,
respectively.

An estimator of the asymptotic variance 7 ,(h,) denoted by Vi g ,(h,) is

R 1 . . R
Vioo(n) = = e (Vip(ha) + Vo (hn) = 2Vi0,(ha) ) er, (S:4.4)
with
Vl,p(hn) = Fl_gla(hn)\ill p(hn)rl_zl)(hn)v
Voo (hn) = Tt (h) o (R T b (o), (S.4.5)
Vl 0,p(hn) = Flez(hn)\ijl 0 p(hn)Fa}n(hn)a
where

(k) = Ml,p(hn)Wan,p(hn)T/nv

\Iloap(hn) - MO,p(hn)WnMO,p(hn)T/n, (846)
U105 (ha) = My (h) WMo, (ha)” /1.

Finally, we give the expression for the bias-corrected estimator of Tl(IUO) (0):

A~

7A—lb\cfhm(bm hn) = 721\07p(hn) - Bl,o,p,pﬂ(hm br)

where B, .1 (ha,b,) uses el B, 1 (b,) and el By,,.(b,), where 5, .. (b,) and
BOJJ +1(b,) are the (p+1)-order local polynomial estimators to the right amd to the left
of the cutoff with bandwidth b,
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S.5 Proof of Results in Online Appendix

S.5.1 Heterogeneous Effects

In this section, we show the convergence properties allowing for heterogeneous in-
terference sets, effective treatment boundaries and outcome and score distributions.
Hence, notable quantities including, |S;.,| and X;s, , (d, g, |d,¢’) are i-specific and in-
dexed by n through their dependence on the network.

Let

fin.d,g.d' g (0) = / fi(xivwsi,n)dH‘SiHl_g

XiSim, (d797 ‘ d)g/)
be the boundary density, and denote for short m;,.(0) = E;[Yi(e)|(X;, Xs,,) €

Xis, . (d,g,|d,g)] for e € {(d,g),(d,¢')}. We require the following assumptions to

establish convergence of the estimator under heterogeneity.

Assumption S.5.5. The interference sets satisfy sup, , |Sin| < oo. Moreover, for

some integer n, 5, = § for n > n, where 8, = inf; 5, ,,.

Assumption S.5.6. For some x > 0 the following holds for (z;,x,) €

BN(XiSi,n (d7 g, ’ da gl)) 3

a) fi(z;,xs, ) is bounded away from zero and continuous (and thus uniformly con-

tinuous) with common modulus of continuity over i and n. Moreover, asn — oo

1 rs
ﬁ Z fz‘}n,d,g,d';g' (O) - f&,g,d’,g’(o)‘

1:5;,=8§

b) VZ[Y;(d,g) | Xl = .’ITZ‘,XSL" = il»'si,"] Cbnd Vz[K(dl,gl) | Xl = CCZ‘,XSL" = azsi,”] are

uniformly bounded and bounded away from zero over i,n.

¢) miag(z,@s, ) and m; gy (z;, x, ) are continuous (and thus uniformly continu-

ous) with common modulus of continuity over i and n. Moreover, as n — oo

% 3 maa(0) = mi ).
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Theorem S.5.1. Suppose Assumptions 1-3, 5-6, 5.3.3, andS.5.5 S.5.6 hold. If

nhf — oo and h, — 0, then

) p mj,g (_0) - mg/,g’ (0)
f;,g,d’,g’ (O)

Tdgld' g’ (h”

Proof. Expectation of T, , (h,). For n >n,

TP / o By ey ) £, ) i, + T,

3
T ieVy Lin

where we recall V, is the set of units for which g is achievable. For brevity, we will
just use the subscript ¢ in summation and leave the belonging in this set implicit.

Partition the sample into i € Z; :={i: 5;,, =5} and i € Z.5:= {i : §;,, > 5}.

81/ 1
Bl = S0 [ [ Gl ulrlad) o on,) duden, + g,
ln R@ n
S( 1
D) I /R / (Il (lul)” f (wha, @n,, ) dwdar, + L,
Iss lin £ n

The terms in the summation over Z.; are O(h,) by Assumption S.5.6.a, S.3.3, and
because hn" = O(h,) and >0, . Vol(Ry, ) is uniformly bounded (Assumption S.5.5).
Hence, it suffices to study the first summation over Z;. By an analogous decomposition

as in Lemma S.3.1

DYDY / Bl ) S, ) i, o+ TG, >

Is lin:se,

i,n=

where I(s,,, > 5) collects terms depending on higher-codimension pieces, each O(h,,)
uniformly in ¢ and n.
By Assumption S.5.6.a, there exists a common modulus of continuity w : [0, co] —

[0, 0] such that, uniformly over i, over pieces ¢; and over xzz, ,

filhaw, @, ) = Fi(0.2x,, )| < w(ha|lul)-
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Hence,

X, X[ sy

(hnl\ull

n

fi(h,u, TR, ) — fi(0, TR, ‘dudazm .

ZVol(?@si,n(dvgld’,g’))/N K(ull) |lul*du — 0,
Ts °

as n — oo and h,, — 0 since Vol(Xis, (d,g|d',¢")) = >, ., _;Vol(Ry,,) is bounded

uniformly over i,n by Assumption S.5.5. Moreover,

lz Z / f(0,zg,,  )dzr, — figa.4(0) by Assumption S.5.6.a.
Re;

Is lin:Se, =5

,m

Therefore,

5 Z / / K(lal) ry () ([l filhow, @r,, ) du das,,

Is €7n 9(

= T 0) | Kl [l du

Hence, E[Ty, ,(ha)] = f§ . o (0)T5 + 0(1).

Expectation of ¢, ,(h,). We expand E[t,, ,(hy)]

= o [ Rl may s, s, ) dudon, o,

zGV Lin

Dividing and multiplying by fi .44, (0), which is positive by Assumption S.5.6.a,

and using common modulus of continuity of m, 4 ,(z;, @, ) and fi(z;, z,, ) yields
E[td,g,p(h”)] — 0;;,0 ' mi,g(o)

Convergence in probability Under Assumptions 56 and bounded conditional
variances (Assumption S.5.6.b) the element-wise variance of T, , (h,) and t, , (k) is

O((nhi)~') by analgous arguments as in Lemma S.3.1) and S.3.2
Fd,g,p(hn) = fj,g,d’,g’(o)rf) + Op(l)v td,g,p(hn) = 0;,0 + Op(1)7
Limit of the estimator. By continuous mapping and the identity e) (I'5)~'65 ; = 1,
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A 3 m5 (0)
elTBd,g,p(hn) :elTFd7g7p(hn) 1td,g,p(hn) Ly de o

fd7g7d’,g’ (O)
Repeating the argument for (d’,¢’) and taking the difference gives the stated
probability limit for 7y, 4 ¢ p(hn)- O
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