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1 Introduction

Since the World Health Organization officially declared an end to the COVID-19 health crisis,
companies have shifted their focus towards creating workplace policies for a post-pandemic
economy. In this, the preferences of employers and employees often seem diametrically
opposed. That opposition has expressed itself most notably in the debate around the effects
of the return to office (RTO). This debate is far from settled: as of June 2023, an estimated
75% of tech and 28% of all companies in the United States were still “fully flexible” — either
fully remote or with a voluntary in-office option (Scoop, 2023). Most business executives
expect this number to grow (Bloom, Barrero, Davis, Meyer and Mihaylov, 2023a). In this
paper, we provide causal evidence that RTO mandates at three large tech companies—
Microsoft, SpaceX, and Apple—had a negative effect on the tenure and seniority of their
respective workforces. In particular, we find the strongest negative effects at the top of the
distribution, implying a more pronounced exodus of relatively senior personnel.

To do so, we estimate the composition of the workforce in the counterfactual reality where
the company did not implement an RTO mandate. We document changes in the employee
composition that can profoundly impact a company, especially since these changes occur at
the top of the hierarchy. Senior employees and those that have been at a company for a
long time possess invaluable human capital and tend to have elevated productivity levels
(Lazear et al., 2015), which they take with them when leaving the company. They also
represent a significant investment in terms of hiring and training costs (Blatter et al., 2012).
Indeed, the central tenet of resource-based theory, one of the most prevalent and empirically
well-supported human capital theories, is that human capital is key to explaining why some
firms outperform others (Crook et al., 2011). Changes in the employee distributions can,
moreover, have ripple effects in the larger economy, by affecting the distribution of skilled
workers across different types of companies (Lise and Robin, 2017; Eeckhout and Kircher,
2018).

We uncover these results by estimating the distributional causal effects of a return-to-
office mandate on the makeup of a company’s workforce using a synthetic controls approach
(Abadie and Gardeazabal, 2003; Abadie et al., 2010). Since our object of interest is the
heterogeneity in the composition of the workforce of a company, we employ the distributional
synthetic controls estimator proposed in Gunsilius (2023). Our ability to account for the
heterogeneity in the organizational structure of companies is of fundamental importance in
this setting. This estimator is also ideally suited for this setting, since it does not require
observing the same individuals over time and as such allows for the very changes in workforce

composition that we are interested in. Furthermore, it provides a nonparametric estimate



of the effect of an RTO on the entire tenure and seniority distribution of a target company.
As a theoretical contribution, we propose a modified distributional permutation test and
provide conditions for the validity of bootstrap-based uniform confidence bands.

Our case-study approach focuses on Microsoft, Apple, and SpaceX because they were
among the first large American tech companies to implement RTO mandates. In particular,
they did so before a wave of layoffs started hitting the tech industry from late 2022 onwards,
allowing us to cleanly disentangle the causal effects of the RTO mandates. Our synthetic
controls approach, moreover, allows us to study in detail what happens within each company
after an RTO, which would not be possible with an aggregate cross-company approach. This
guarantees the internal validity of our estimates. Their external validity is twofold. First,
we consider some of the largest companies in a sector where the discourse over the return to
office was most heated. Together, the three companies account for over 2% of employment
in the tech sector and 30% of its revenue. What happens at these companies matters for the
American economy, and sets the precedent for the wider debate around the return to office.
Second, we estimate nearly identical effects for all three companies despite their markedly
different corporate culture and product gamut, suggesting the effects are driven by common
underlying dynamics.

Our paper contributes to several branches of the literature. First, it addresses the rel-
atively understudied impact of RTO mandates. For instance, Ding and Ma (2023) analyze
the determinants and effects of RTO mandates for a sample of S&P 500 companies by exam-
ining company balance sheets and Glassdoor reviews. They suggest that RTOs are used by
managers to reassert control, which in turn reduces employee satisfaction. Using a voluntary
survey of managers and their employees, van Triest (2023) demonstrates that work-from-
home (WFH) levels are 50% lower when managers have the discretion to set RTO policies,
as opposed to being constrained by organization-wide rules. Barrero et al. (2021) report
that four out of ten employees working from home would find a new job under an RTO
mandate, based on a large-scale survey of American workers. Several business and industry
reports have also studied RTO. For example, a large-scale survey by Unispace (2023) found
that almost half of firms with mandated RTOs experienced higher than usual difficulties in
retaining employees and lost “key” staff members, in line with our findings. In another sur-
vey of over 3,500 employees, one in three executives said they would leave their job if faced
with an RTO mandate, compared to 19% of non-executives (Gartner, 2024). Our paper
complements and extends this literature by estimating a significant outflow of more senior
employees after the implementation of an RTO mandate. Unlike these previous studies,
we rely on large-scale resume data rather than surveys, allowing us to study the realized

consequences of RTO policies rather than self-reported behavior, intentions, or preferences.



Moreover, the richness of our data and estimation approach allows us to speak to causal
rather than merely descriptive effects. It also allows us to study what happens to the or-
ganizational structure of companies that return to the office, which is a first-order effect of
such a return.

Second, our paper relates to the large literature on WFH. Focusing on the impact of WFH
on employee tenure and seniority, this body of work provides several insights relevant to ours.!
Mas and Pallais (2017) estimate, using an experimental design, that workers had a willingness
to pay for hybrid work arrangements of around 8% of total pay before the pandemic, with a
fat tail of high-valuation workers. Emanuel et al. (2023) find that proximity to coworkers in
the office increases the feedback software engineers receive but reduces their programming
output, especially for senior engineers. Hansen et al. (2023) study hybrid work options in
large-scale job postings data and find substantial heterogeneity within occupation and even
company. Mischke et al. (2023) and Barrero et al. (20230) find that office attendance is lower
in larger firms, in line with our finding that employees leave for such firms at higher rates
after an RTO. Barrero et al. (2022) find that a shift to remote work puts downward pressure
on wages due to lower employee turnover, which may have reduced the college wage premium
as highly educated workers are more likely to WFH (Barrero et al., 2023a). Finally, Bloom,
Han and Liang (2023) document lower attrition rates under a hybrid work model compared
to a fully-in-person one.

An important distinction between our focus on RTO mandates and the WFH literature
is that we consider the effects of a mandatory shift to (partial) office attendance from an
optional hybrid model, while the WFH literature has mostly focused on static comparisons
between fully-remote, hybrid, and fully-in-person work. Moreover, while several of the pa-
pers mentioned have documented a positive relation between employee attrition rates and
degree of required office attendance, our results illuminate how this attrition realizes across
the employee distribution, with senior and long-tenured employees leaving at higher rates.
Considering the pivotal role such employees play in a company’s development and com-
petitive edge, along with the significant costs involved in replacing the firm-specific human
capital accumulated over their tenure (Gerhart and Feng, 2021), our findings indicate that
such “uneven” attrition should be a major concern for any company considering a return to
office.

The rest of this paper is structured as follows. In Section 2 we discuss our empirical
approach in terms of data and estimation and present some descriptive evidence; in Section 3

we present our causal results and discuss their implications in light of the academic literature;

'For a comprehensive survey of the effects of WFH, we refer to Ding and Ma (2023, §2.3) and Barrero
et al. (2023a).



before concluding in Section 4.

2 Empirical Approach

2.1 Data

People Data Labs We study the impact of RTO across the employee distribution using
data provided by People Data Labs (PDL) (https://www.peopledatalabs.com/) via the
Dewey Data platform (https://deweydata.io/). The dataset consists of global resume
data for nearly 1 billion unique individuals, with 1.2 billion person records in North America
from over 300 million resumes. At the companies of interest, Microsoft, Apple, and Spacex,
we observe over 50, 30, and 3 thousand resumes in a given quarter, respectively. The data
contain information on the start and end date of a person’s position at a given company, as
well as the role (trainee, entry, partner, etc) of the position.

The data are obtained from a wide variety of sources, comprising two main categories:
first, publicly available data, which includes career websites such as LinkedIn (over 700 mil-
lion profiles globally), social media platforms such as Facebook (over 1 billion profiles) and
Twitter (over 50 million profiles), as well as public records and publicly available government
data; second, PDL’s “Data Union”, which is a proprietary data-sharing co-op through which
some of PDL’s clients share their internal data in a confidential and secure manner. These
clients include companies in HR and Real Estate tech as well as in the identity and anti-
fraud industries, which guarantees accurate and comprehensive resume records as they are
often obtained from the source in these industries rather than from incomplete or inaccurate
online records. Moreover, many of the clients in the Data Union are software companies,
which means that, in practice, we observe over 50% of employees for most companies in our
sample of tech firms. PDL cross-references all these sources, deduplicates them, and assesses
their quality through a battery of tests.®> Taken together, the data should provide a compre-
hensive and accurate picture of employment at the tech companies in our estimation sample.
To further verify this, we manually collected data on the reported US headcount in 2022 at
the 32 firms in our main estimation sample. We collected these data from public company
statements and SEC filings, using information from company statements about US-specific
growth to estimate the US-specific headcount when only global headcount figures were avail-
able. Comparing these “true” headcounts to the corresponding resume counts in the PDL
data, we find that our dataset covers 52% of a firm’s employment in our sample, on average,

with a median of 57% and a minimum of 8%. For Microsoft, Apple, and SpaceX specifically,

2See https://docs.peopledatalabs.com/docs/data-sources for more details.
3See https://docs.peopledatalabs.com/docs/data-accuracy for more information.
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we observe resumes of 52%, 31%, and 32% of their US work force, respectively. This high
degree of coverage should provide us with ample power to detect accurate distributional
effects.

We estimate the tenure distribution within a company during a given quarter by calcu-

lating

t— TU,ij if Ej >t
,-Tz'j — TO,ij else

(1) Tenure;;; =

where ¢ indexes the end of the quarter, 7} ;; is the start date of employee ¢ at company j, and
T;; is the end date. We further sum this variable across multiple subsequent employment
episodes at the same company for the same individual, to calculate total tenure for a single
employment spell. This is needed because employees tend to list a single employment spell

at the same company under separate resume items to indicate promotions.

Table 1: Seniority Titles

Title Unpaid Training Entry Manager Senior Owner Partner Director VP CXO
Ranking 1 2 3 4 5 6 7 8 9 10

Note: table displays seniority levels and corresponding numeric code of employees’ positions as classified in
the People Data Labs data.

As another proxy for seniority within the company, we use the discrete distribution of job
titles in the PDL data. The lowest level is “unpaid” and the highest “CXO”, corresponding
to a C-suite title. The full list of titles and their corresponding numeric codes is shown in
Table 1. We define an employee’s title within a given quarter as the highest title it held

within the company in that quarter.

Return to Office We collect data on the return to office dates of tech firms from two
sources. First, we manually collect information on the month a return-to-office mandate was
implemented for 55 large tech firms (e.g. Google, Apple, IBM) based on news reports and
leaks on a popular anonymous employee forum, Blind. Firms were selected based on market
capitalization and availability of public information on their RTO policies. Of the firms
considered, 19 implemented an RTO mandate, while the other 36 continued to allow remote
work to varying degrees as of February 2023. Here, “RTO mandate” denotes any degree of
mandated office attendance, from 1 day a week to full-time. We depict the chronology of the
return to office dates we collected in Figure 1. Though this is not necessarily a representative

sample, we can see that RTO implementations only picked up more rapidly from spring 2023



onwards.

IBM -

Meta -

Lyft-

Zoom Video Communications -
Google -

Alphabet Inc. -

DocuSign -

Dell Technologies -

Amazon -

Oracle-

Salesforce -

Return to Office

Snap Inc. -

Uber Technologies -
Citrix -

SpaceX -

Tesla, Inc. -

Apple -

Microsoft -

Samsung Electronics America

Figure 1: Return to Office Dates of Large Tech Firms

Note: figure shows return to office dates of major tech firms, ordered chronologically at a frequency of 7
weeks. Dark blue color indicates the firm has implemented an RTO mandate.

Second, we supplement this list with data scraped from the Flex Index by Scoop Tech-
nologies, a hybrid working platform (https://www.flex.scoopforwork.com/). At the time
we scraped them (Feb 2024), these data provided information on the remote work arrange-
ments of more than 8,000 companies. While they do not contain information on the date
these companies returned to work (if at all), we leverage these data to expand our set of
“never-treated” companies that never returned to the office. These serve as our control
units, together with companies that were “not-yet-treated” until 6 months after the end of
our sample period. We were able to match these data directly to the PDL data based on the

company name and website domain, as both fields had accurate coverage in the two datasets.
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Tech Layoffs The tech sector in the United States has experienced persistent rounds of
large-scale layoffs since late 2022 that continued well into 2024. As these layoffs were in gen-
eral independent of companies’ RTO mandates, they are likely to confound our estimates. Of
course, an employee’s refusal to comply with an RTO mandate could affect their likelihood
of being laid off, but this does not affect the independence of the implementation of both
policies. To address this concern, we leverage data from layoffs.fyi, a website that has
tracked the near-universe of tech sector layoffs since the start of the COVID-19 pandemic.
The website aggregates information on layoffs from news reports, company announcements,
and crowdsourced employee reports. We match these data to the PDL data with a combi-
nation of fuzzy string matching and manual checking to ascertain we capture all layoffs in
the data.

Sample Construction We begin by identifying the relevant set of “treated units” used in
the main estimation. To avoid concurrent shocks during the estimation window, we restrict
the set of firms to companies without layoffs during the two quarters before and one quarter
after their RTO mandate. This restriction yields three firms: Microsoft, SpaceX, and Apple.
We emphasize that the synthetic control method used in this paper, introduced below, is
fundamentally a case-study approach, which emphasizes internal over external validity. As
such, it is natural to focus on a small number of influential firms for which we can validly
identify causal effects (see the discussion in the introduction). To that extent, note that all
three companies implemented their RTO mandate relatively early, before both layoffs and the
larger return to office debate heated up in the American tech sector. They all implemented
several rounds of layoffs as well, but, as mentioned, only did so at least one quarter after
their return to office. Moreover, they are all large tech firms that produce both hardware
and software and employ several thousands of people. All three companies also shifted from
an optional hybrid model to mandatory office attendance. The degree of office presence
mandated varied, with Microsoft mandating 50% attendance (O’Loughlin, 2022; Tilley and
Cutter, 2022; Rosenblatt, 2022; Cohen, 2024), Apple requiring 1 day a week (O’Loughlin,
2023; Lyons, 2022), and SpaceX demanding full-time attendance (40 hours per week) (Mac,
2022). We replicate our main results for these three companies, but focus on Microsoft
throughout the paper as it has the largest numbers of resumes in our data, it was the first
to implement an RTO among the three companies, and its RTO was the “cleanest” and
most clearly announced — with Apple postponing its increase from 1 to 3 days a week until
September 2022 (O’Loughlin, 2023) and SpaceX announcing its policy through an internal
email (Mac, 2022). Finally, note that enforcement intensity of the mandates likely differed

across the three companies. This is hard to know with certainty because it concerns internal
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company policy. However, it is immaterial to the extent that the policies constituted a
credible threat when announced. Indeed, while the media reported that office attendance
at Microsoft did not reach its 50% target in the first few months after their RTO (Roberts,
2024), suggesting lenient enforcement, we nonetheless estimate a significant counterfactual
decrease in senior employees following the mandate.

For each of the three companies, we construct a sample of control units by retaining only
those firms that 1) had no layoffs in the sample period of three quarters around the RTO;
2) either never implemented an RTO or implemented it at least two quarters after the end
of the sample period; 3) fell under the three NAICS codes most commonly associated with
the tech industry — Information (51), Professional, Scientific and Technical Services (54), or
Manufacturing (33) —; and 4) had at least 5% of the total number of resumes observed for
the treated unit, to guarantee comparability. Together, these restrictions leave us with a
sample size of 1,141,518 employment-by-quarter observations for 32 total companies in our
sample for Microsoft.* An “employment” here means a single employment of an individual

at a given company, where an employee changing job can have two employments within a

quarter.
2.2 Descriptives

Table 2: Summary Statistics: Variation Across Companies
Statistic Mean Min Pctl(25) Median  Pctl(75) Max
Median Tenure 918.078 304.000  602.375  853.000  1,226.500  2,009.000
Median Title 4.844 4 5 5 5 5
Number of Resumes 12,411.410 2,764 3,468.5  4,738.5 10,707 79,570
Quarterly Turnover 0.126 0.066 0.093 0.111 0.154 0.250
Share Female 0.315 0.156 0.274 0.310 0.365 0.516
Share Leaving to Startups 0.057 0.000 0.040 0.048 0.070 0.185

Note: table shows summary statistics for main outcome variables in sample of companies comprising Mi-
crosoft and 31 control companies in quarter before Microsoft’s RTO. Summary statistics were first aggregated
within companies and then the spread of their distribution across companies were reported.

The data reveal several descriptive patterns that speak to our main results. In Table 2,

we report cross-company summary statistics for our main variables of interest in the quarter

4Note that LinkedIn and GitHub, two subsidiaries of Microsoft, are in the sample, but they only imple-
mented an RTO over a year after Microsoft did (Stewart, 2023; Heisman, 2020; Kelly, 2022) and are fully
independent.



before Microsoft’s RTO. Specifically, we first aggregate several variables across employees
within each company in our main sample and then report the dispersion across companies.
This shows that the average tenure at the companies in our sample is around 2.5 years, and
the title held by the median employee at most of the companies is at either the manager
(4) or senior (5) level. We observe between 2,700 and 80,000 resumes at any of the firms,
giving us ample statistical power to estimate the empirical tenure distribution. Moreover,
the quarterly turnover is in line with estimates for the information and professional sectors
from the Bureau of Labor Statistics’s Job Openings and Turnover Survey (https://www.
bls.gov/jlt/); while the share of female employees aligns with other estimates of around
30% (Bureau of Labor Statistics and NCWIT, 2021). Finally, 5% of employees that left their
company within the quarter of interest took up positions at startups, which we classify as
firms with less than 50 employees.

A preview of the main descriptive results is shown in Figure 2. There, we display the
observed distributions of our main outcome variables, seniority and tenure, in the quarter
before (“Pre”) and after (“Post”) Microsoft’s RTO. Looking at the tenure distribution in
the top row, we can see that both the probability density function and the quantile function
shift leftward after the RTO, suggesting a decrease in the total days tenured across the
distribution. Similarly, in the bottom row, we observe an increase in the histogram density
for employees at the trainee level and a decrease at the senior level. This corresponds to a
leftward shift in the cumulative density at seniority levels below “manager” in 2d. Overall,
the patterns in the raw data already suggest a decrease in tenure and seniority at Microsoft
after its RTO. Of course, these patterns are only correlational insofar as they do not account
for how the distributions would have evolved in the absence of a return to office. As such,
they fail to account for confounding shocks unrelated to the RTO mandate. This is the
purpose of our synthetic controls approach, which we describe and estimate in the next
section.

Finally, we show the network of companies to which Microsoft employees left in Figure
3, for the quarter before and after its RTO. Each vertex indicates a company to which
an employee moved. The vertex sizes correspond to the median tenure the newly hired
employees had accumulated at Microsoft before leaving. Thus, the networks draw a picture
of the outflow of experience from Microsoft to its competitors. That way, one can observe
a marked increase in the median tenure of employees hired at several large tech companies
that compete directly with Microsoft for labor, such as Meta, Snap Inc., and Intel. In
other words, after Microsoft’s RTO, several senior employees appear to have moved to large,
direct competitors that did not have an RTO mandate in place. We find causal support for

these descriptive patterns by estimating a counterfactual decrease in employees’ tenure and
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Figure 2: Distribution of Tenure and Titles

Note: 2a shows probability density functions (pdf) of tenure (in days) of Microsoft’s employees in quarter
before (“Pre”, light blue) and after (“Post”, dark blue) RTO, computed using Epanechnikov kernel with
bandwidth of 90 days; 2b shows empirical quantile functions of same outcome. 2c shows histogram of
seniority titles; and 2d shows cumulative distribution functions of the same, with title levels mapped to
ordinal variable betwen 1-10 in same order. Tenure distribution is restricted to bottom 90 quantiles.

seniority at Microsoft, as well as an increase in the share of employees departing for larger

companies instead of startups.
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Figure 3: Quarterly Employee Outflow Network from Microsoft, by Median Tenure

Note: figure depicts flow of employees leaving Microsoft one quarter before and after their RT'O. One vertex
corresponds to one destination company, with the size of the vertex scaled according to the median tenure
of the employees leaving for that company. Destination company names for vertices in top 20% of vertex
sizes indicated by labels.

2.3  FEstimation

The descriptive patterns documented above can only provide correlational evidence, as they
do not account for counterfactual changes that would have affected Microsoft’s employee
distribution in the absence of an RTO. In particular, one could expect companies to im-
plement an RTO mandate because of pre-existing issues with employee retention, leading
to endogeneity concerns. In order to estimate the counterfactual distribution, we use the
distributional synthetic controls estimator from Gunsilius (2023). The idea is to extend
the classical synthetic controls method (Abadie and Gardeazabal, 2003; Abadie et al., 2010;
Abadie, 2021) to settings where the policy change of interest is implemented at an aggregate
level, but the researcher has access to disaggregated data. This is exactly our setting, where
the level of intervention is at the company level, but the heterogeneity of the treatment is
of fundamental interest. The distributional synthetic controls estimator is ideally suited for
this setting as it estimates the heterogeneous treatment effect for the entire company and
not an individual treatment effect for each unique worker. In particular, the method does
not make the common assumption that individuals can be tracked over time. Relaxing this

assumption allows for changes in the composition of workers due to both entry and exit into
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the company, which is a crucial aspect of within-firm employee distributions.

The classical synthetic controls method was developed for observational settings where
treatment is not randomly assigned to units. Furthermore, the pool of control units is suffi-
ciently dissimilar from the treated unit that simple before-and-after comparison of outcome
trends, as in the difference-in-differences design, are hard to defend. The method proposes
to solve these challenges to causal inference by closely replicating the behavior of the treated
unit prior to treatment. This becomes feasible when the pool of control units is sufficiently
large. This is exactly the setting considered in this paper, where RTO policies are non-
random, strategic decisions by firms, and employment trends at firms that do and do not
return to the office are likely to differ. The argument is that, if one can construct a “synthetic
Microsoft” that replicates the employment trends at Microsoft well enough in the months
before their RTO, one can use it as a “synthetic control” unit afterward.

We briefly review the idea behind the distributional version of synthetic controls. For
more detailed information, we refer to Gunsilius (2023) and the R implementation (Van
Dijcke et al., 2024). Denote by Fj; n(y) the cumulative distribution function of the outcome
of interest Y—in our case seniority or tenure—for company j at time ¢ in the absence of the
intervention. The distribution in the presence of intervention is denoted by Fj; ;. We write
t* for the last time point before the policy’s implementation. By construction, the observed
distribution Fj; coincides with Fj, 5 for all ¢ < ¢*. We denote the corresponding quantile

function by
Fi'(a) = inf {Fye(y) 2 q}, g €[0.1].

In our setting the distributions F}; are estimated from individual level data Yjy)j:, where
i(t) is the individual ¢ at company j at time ¢. Individual observations are only used to
estimate the distributions Fj;, and corresponding quantiles Fﬁi, where n is the number of
cross-sectional observations in time period ¢, which is allowed to vary with both ¢ and j.

In the synthetic controls setting, we pick a target company 7 = 0 that at a point t* 4+ 1
implements the RTO mandate. We focus on Microsoft as our target company but replicate
our main results for SpaceX and Apple. We only use companies as potential controls that had
not implemented a form of RTO six months after the end of the sample period, or equivalently
nine months after the target company’s RTO. Our goal is to estimate the counterfactual
distribution Fy y for time periods ¢ > t* to see what would have happened to the outcome
distribution of the target company had it not implemented the RTO mandate.

We have two main outcomes of interest, tenure at the company in number of days and

seniority in terms of an employee’s title. We treat tenure as a continuous variable. Therefore,

we estimate the counterfactual tenure distribution by obtaining the optimal weights X;‘ =
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(Mg, -+, Ayg) in each time period ¢ < t*, by solving

J 2
> NiFy'(g) = Fy'(g)] dg.
j=1

1
Af = argmin /
xead Jo

From the resulting time-specific weights, we form one set of time-averaged weights =
= Zi;o X;f , and construct the counterfactual quantile function for the time periods ¢ > ¢*
via

J
Foon(a) =D A F5 (a):
j=1

Here, A7 — {(/\lt, ) ERT A A 20, TN = 1} is the probability unit
simplex in R’. In this sense, the distributional version is the perfect analogue of the classic
synthetic controls estimator, which also generates one set of time-invariant weights by aver-
aging. The other outcome variable is seniority, which is a discrete variable with 10 ordinal
values. Since the outcome is ordinal and not cardinal, it makes sense to use mixtures of
distributions instead of mixtures of quantiles, as distributions preserve the ordinal structure.
Therefore, in line with the arguments in Gunsilius (2023), we compute the optimal weights

A; in this case via

(2) X = argmin/
R

AeAd

J
Z NieFe(y) — For(y)| dy,
=1
and construct the counterfactual distribution in ¢ > ¢* via
J
Fon(y) =Y NFuly).
j=1

We also use this mixture of distributions approach to estimate the counterfactual share of
leavers with a certain characteristic in Section 3.2.

To obtain an unbiased causal effect of RT'O on the tenure distribution using the synthetic
controls, we rely on the causal model for distributional synthetic controls introduced in
Gunsilius (2023, Appendix A). The model assumes that the outcome of an individual i at
company j at time ¢ can be written as Yj;; y = ay + BUsjt, for Uije = v + 0:U;ju—1), where
i indexes the individual, j indexes the company and ¢ indexes time. U;;; contains all the
unobservables that affect the individual and company. This model relies on the linearity
assumption to identify the treatment effect—analogously to the classic synthetic controls

model (Abadie et al., 2010) but without the need to observe infinite pre-treatment periods
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because of the lack of a factor structure. Moreover, unlike changes-in-changes (Athey and
Imbens, 2006), this approach identifies counterfactual distributions at the company level
j rather than the individual level 7, which means the method works with repeated cross-
sections where the individuals ¢ observed within each unit j can vary over time. Gunsilius
(2023) contains a formal proof that the causal effect in this model is identified from the
proposed distributional synthetic controls estimator.

To construct confidence intervals, we rely on a version of the bootstrap. The bootstrap
algorithm we use as well as conditions that guarantee its uniform convergence. The proof
of this is relegated to B. It is different from existing results since we only prove that the
bootstrap works almost everywhere if we pretend that the quantile functions are sampled
via some measure that is absolutely continuous with respect to a Gaussian measure. While
this assumption is unconventional in the classical asymptotic theory, it is reasonable in our
setting since we work with entire quantile functions. In fact, this allows us to address ideas
of randomness at the level of the quantile function, which fits out functional data framework.
We report uniform confidence bands throughout to account for simultaneous inference.

Finally, we perform inference via a permutation test, analogous to the classical setting
(Abadie et al., 2010). The intuition is the same as in the classic case: we apply the same
synthetic control method to each control unit, pretending it is the treated unit. If there’s a
treatment effect, the actual treated unit should be among the units with the most dramatic
post-treatment change compared to these 'placebo’ tests. Since we work with distributions
instead of vectors, we rely on the same distance we used to replicate the pre-treatment
trends: the Wasserstein distance. To account for suboptimal fits in the replications of the
pre-treatment distributions, we augment the proposed test in Gunsilius (2023) and construct
a novel permutation test as the ratio of post-to-pre-intervention distances following Abadie
et al. (2010); Abadie (2021) by computing the statistic

R;(t* +1,7)

@) TR L)

when treating company j as the target and calculating the p-value for the permutation test

as
J

H(r; —
U1 Z; 7o)
where H(z) is the Heaviside function, which takes the value 1 if x > 0 and 0 if z < 0. Here,

to

1 1/2
Rj(ty,ty) = —E d?
j(h 2> <t2_t1+1tt t)
=t
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Table 3: Top 10 Synthetic Controls Weights: Microsoft

Company Weight Company Weight
Amazon 0.1925 Protiviti 0.3185
Autodesk 0.1282 Linkedin 0.2054
Dell Technologies 0.1098 Intuit 0.1753
Slalom Consulting 0.0884 Dell Technologies  0.1547
Motorola Solutions 0.0859 Cisco 0.0567
3m 0.0805 Deloitte 0.0469
Cisco 0.0674 Intel Corporation  0.0422
Docusign 0.0497 Hp 0.0003
Citrix 0.0364 Broadridge 0.0000
Cox Automotive Inc.  0.0328 Nvidia 0.0000
(a) Tenure (b) Titles

Note: table shows names of 10 companies with largest synthetic controls weights for Microsoft’s RTO results
shown in Figures 4 and 5.

is the root mean squared prediction error in the distance d;, which we take to be the 2-

9 Jdmax
d; = /
Gmin

between the predicted distribution using the optimal weights A7 and the target. ¢mi, and

Wasserstein distance )

J
> NF;Ng) - Fo'(9)] dg
j=1

(max are set equal to 0 and 1, respectively, for permutation tests on the full distribution, but

can be restricted to a smaller interval to test inference on parts of the distribution as well.

3 Results

3.1 The causal effects of an RTO on tenure and seniority

Using the method described above, we estimate synthetic counterfactual tenure and title
distributions for Microsoft. For the tenure distribution, we restrict the distribution to the
bottom 90 quantiles as the top 10 quantiles are very sparse, leading to unstable estimates.
In Table 3, we report the top 10 largest control weights for each of the two outcomes of
interest separately, together with the name of the corresponding control unit. Most of the
companies receiving the largest weights in both outcomes of interest are highly similar to
Microsoft, being large diversified tech firms that produce both hardware and software, such
as Amazon, Dell, Motorola, and Cisco.

With these weights in hand, we construct a distributional synthetic control for Microsoft.

We find that the implementation of a return-to-office mandate in April 2022 led to significant
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employee outflows at Microsoft, with more senior staff leaving at higher rates. Figure 4

depicts this through the counterfactual changes in employee tenure.
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Figure 4: Tenure at Microsoft After RTO

Note: (a): counterfactual change in quantile functions of tenure in days at Microsoft for two quarters before
its RTO and one quarter after; (b) counterfactual change in CDF's of tenure in years for the same. Facet titles
indicate first month of respective quarters. Estimated change is depicted by dark blue solid line and 95%
bootstrapped uniform confidence intervals (see Appendix B) by light blue shaded area (1,000 bootstraps).

Permutation test p-values are (see (3)): left panel 0.03, right panel 0.06. N=1,141,518, J+1=32.

For the left panel, the y-axis captures the difference between the observed distribution
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of tenure in number of days and the counterfactual one, estimated using the distributional
synthetic controls method. The x-axis represents quantiles of these distributions. The syn-
thetic control can accurately reconstruct the pre-RTO tenure distribution, as the difference
between the two distributions is close to and not significantly different from zero at all quan-
tile grid points. Following the return-to-office (RTO) mandate, we estimate a reduction in
tenure among Microsoft’s employees that escalates with tenure duration, and only becomes
statistically significant for the top 2 deciles. With pointwise confidence bands, this becomes
the top 5 deciles (not reported). In terms of magnitudes, tenure at Microsoft decreased by
two months at the top deciles. Our permutation test supports the validity of this inference,
with a p-value of 0.03.

For an alternative perspective, we discretize the tenure measure into years and estimate
the counterfactual change in the CDF of this discrete variable using the mixture of distri-
butions approach in (2). Thus, we can interpret the y-axis as capturing the increase in
probability mass at a given year of tenure. The resulting estimates are shown in the left
panel of Figure 4. We replicate the pre-treatment distributions nearly perfectly. After treat-
ment, we estimate a 6% increase in the probability mass of employees that have 0 to 3 years
of tenure, corresponding to a relative decrease in the share of employees with longer tenure.
Again, the permutation p-value of 0.06 supports the validity of the inference.

In Figure 5, we consider a different measure of the employee distribution: seniority. The
figure depicts an increase in the mass of workers with lower-ranking titles at Microsoft after
its RTO, using the mixture of distributions approach in (2). We estimate a statistically
significant increase in the mass of employees in training, entry, and manager positions of
over 4%. The estimator replicates the pre-treatment distribution well, with the confidence
intervals including zero everywhere. We obtain nearly identical results when restricting the
distribution to only the senior level and below, where most of the mass is concentrated. The
permutation test once again supports the validity of the inference, with a p-value of 0.03.

We replicate these results almost identically for Apple and SpaceX in Figure 8. The result
for the continuous tenure distribution does not replicate, likely because we observe fewer
resumes at these companies, which makes it harder to accurately estimate the continuous
tenure distribution. This explanation is supported by the bad pre-treatment fit of the tenure
distribution for these companies (not reported). However, when we discretize it into 5-year
bins, we estimate an increase in the mass of workers with less than 5 years of tenure of
1.5%. To replicate the result for the title distribution, we focus on the titles below the senior
level at these companies, as there is very little mass at the higher titles.® Interestingly, the

magnitude of the results appears to increase with the stringency of the RTO, with Apple

5The results for Microsoft replicate identically when restricting the distribution in this way.
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Figure 5: Titles at Microsoft After RTO

Note: figure shows counterfactual change in cumulative density functions of title distribution at Microsoft
for two quarters before its return to office (RTO) and one quarter after. Facet titles indicate first month
of respective quarters. Estimated change is depicted by light blue solid bar and 95% bootstrapped uniform
confidence intervals (see Appendix B) by dark blue whiskers (1,000 bootstraps). Permutation test p-value
(see (3)) is 0.03. N=1,141,518; J+1=32.

seeing a leftward shift in mass of under 4% and no significant effects for managers, while
up to 15% of the SpaceX distribution shifts leftward. This correlates with these companies
mandating 1 and 5 days of office attendance each week, respectively, compared to Microsoft’s
50%.

Several points merit further discussion. First, the distribution of some of our control
units may be affected by spillover effects, if one of the employees leaving Microsoft takes up
employment at a control unit. We do not believe this will meaningfully bias our estimates,
as only 5% of employees leave a company in a given quarter, on average. Of those, we
typically see only a handful of these leaving for the same, usually large, firm. Furthermore,

we restricted our control sample to companies with at least 5% of the number of employees
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observed at Microsoft, so the number of employees joining any single control unit will be
trivial relative to that unit’s total number of employees. Together, these facts imply that
any bias due to potential spillover effects to control units is likely negligible.

Second, there could be anticipation effects that bias the magnitude of our estimates. For
all three companies we consider, however, the RT'O mandates were announced less than 2
months prior to their implementation.® Given that a typical job search takes around 4.5
months on average (Bureau of Labor Statistics, 2024) and resignations usually only take
effect at the end of the month, this left essentially no room for anticipation that is not cap-
tured by our research design. Of course, employees may have heard rumors before the official
announcement. Both Microsoft and Apple, however, delayed several prior RT'Os indefinitely
due to pushback from employees and pandemic conditions (O’Loughlin, 2023, 2022). Survey
evidence from May 2022 indeed suggested that such pushback to office attendance require-
ments had been common and effective (Bloom, 2022). Thus, it seems likely that employees
only acted on the mandates once they were actually implemented due to the uncertainty
surrounding them as well as their previous successes in pushing back the dates. This does
not contradict the possibility that employees planning to leave had already started their job
search before the actual RTO, which would explain the sizeable tenure effects we observe
only 3 months after implementation.

Third, due to the interference of layoff dates with RTO mandates, we are only able to
study these mandates’ effects one quarter after their implementation. It is possible that
firms try to mitigate the documented shift in their tenure distribution after their RTO by
increased hiring or internal promotions. This does not negate the significant costs associated

with this shift and any mitigation thereof, which we discuss in more detail below.

3.2 Where Do Employees Go After an RTO?

Our main results provide robust evidence that long-tenured and senior employees depart
from Microsoft at higher rates after it implements a return to office mandate. A natural
follow-up question to ask is: where do these senior employees go? To answer this question,
we construct a set of distributional synthetic controls for the employees who leave Microsoft
in a given quarter. Since the leavers comprise a far smaller sample than the total number of
employees, we focus on replicating an aggregate distributional statistic (Abadie et al., 2010),

the share of leavers who have characteristic X, rather than the entire distribution.

SMicrosoft announced plans for a phased return to the office in early February 2022 with mandatory
office presence from April 2022 onwards (Tilley and Cutter, 2022). Apple announced its RTO mandate,
which took effect in April 2022, in early March (Haring, 2022); while SpaceX’s RTO was announced with
immediate effect via an internal email from Elon Musk to employees (Mac, 2022).
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This way, we find that Microsoft’s RTO led to a counterfactual decrease in the share
of its employees departing for startups, as shown in Figure 6. In particular, we proxy for
whether a firm is a start-up in two ways: whether it has less than 50 employees, and whether
it is below the Hth quantile in terms of its industry labor share. For both measures, we
estimate an increase in the mass of workers leaving to non-startups of around 5% that is
significant at the 95% level. Moreover, the permutation test for both measures indicates
the inference is (marginally) valid, with p-values of 0.03 and 0.09, respectively. Combined
with our main finding that more senior employees are leaving at higher rates, this result
confirms the descriptive evidence in Figure 3 that the RTO caused a departure of senior
employees to direct, large competitors. Thus, Microsoft’s RTO appears to not only have
had important human capital costs due to the hiring and training costs required to replace
the senior employees lost, but also potential competitive side effects due to these employees

taking operational knowledge with them.
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Figure 6: Share of Employees Leaving to Startups

Note: figure shows counterfactual change in share of employees leaving Microsoft by size of the company
they leave to, measured by number of employees (larger or smaller than 50, left panel) and the company’s
labor share (number of employees as a share of total industry employment, right panel). Estimated change
is depicted by light blue solid bar and 95% bootstrapped uniform confidence intervals (see Appendix B) by
dark blue whiskers (1,000 bootstraps). Pre-treatment fits are depicted in the top two bar plots, while the
post-treatment counterfactual is shown in the bottom box plot. Permutation p-values (see (3)) are 0.03 and
0.09, respectively. N=1,846, J+1=32.

Finally, in Figure 9 we further test for, but fail to find any evidence of, distributional

differences in: the share of men vs. women leaving Microsoft; the share of leavers that go
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into unemployment; the share of leavers that accept a demotion in their title at their new
job; and the share of leavers changing roles at their new job. The lack of gender differences is
interesting insofar as it suggests women are not acting on their stronger preference for working
from home that was documented in several surveys (YouGov, 2022; Pelta, 2021) and academic
studies (Mas and Pallais, 2017). The lack of counterfactual changes in unemployment status,
demotions, and job roles suggests that the senior employees leaving Microsoft have good
outside options, in the sense that they appear to find employment in similar roles and levels
of seniority. Of course, given employees’ well-documented willingness to pay for remote work
(Mas and Pallais, 2017), they may have accepted wage cuts. Unfortunately, the PDL data
does not contain accurate salary information, so we cannot test for this. Nonetheless, our
other findings align with the fact that Microsoft implemented its RTO mandate much earlier
than most tech companies, which meant there were still many fully remote companies the
leavers could go to. As such, we can expect the value of employees’ outside option to shrink
as more companies implement RTOs. At the same time, this also suggests that the share
of companies in an industry that have returned to office will determine the negative impact
of an RTO mandate on the company that implements it. That is because, all else equal,
we can expect that the outflow of senior employees that we have documented will be larger
when these employees’ outside options are better. This hints at the existence of a tipping
point where companies implement RTO mandates at increasing rates when the value of
employees’ outside options has diminished sufficiently. As a counterpoint, many companies
started explicitly coding the degree of hybrid work allowed into new joiners’ contracts, which
may generate path dependence both for fully remote companies as well as those that returned

to the office. Exploring these dynamics could be a fruitful avenue for future research.

3.8  Discussion

This article estimates that a return-to-office mandate at Microsoft led to a significant out-
flow of senior employees to large competitors. What does this suggest about the larger
ramifications of such mandates for the companies that implement them? To start, consider
the reasons for implementing an RTO mandate. Managers tend to believe work-from-home
decreases productivity (Bloom, Barrero, Davis, Meyer and Mihaylov, 2023b) and diffusion of
knowledge within the firm (Barrero et al., 2023a), and face difficulties monitoring employ-
ees in remote-work settings (Microsoft, 2022). The academic literature provides support for
some, but not all, of these concerns — see Barrero et al. (2023a) for an overview. On the
other hand, employee satisfaction and retention have been found to be lower in in-person
work settings (Bloom et al., 2015; Choudhury et al., 2024). Our results suggest that such
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retention issues may be more serious than previously thought, as senior employees and, in-
deed, the (senior) managers themselves are leaving. Moreover, the sudden shift induced by
an RTO mandate may cause a large, temporary spike in employee attrition, which can have
quantitatively and qualitatively different effects from chronic but gradual attrition. Thus, a
firm returning to the office with the aim of increasing productivity or innovation may end
up doing so in a narrow sense, improving the output metrics of those who stay, but harming
them for the company as a whole.

In support of this, the academic literature provides ample evidence on the value of se-
nior and long-tenured employees to the companies they work at. In broad terms, human
capital has been theorized to be a key factor determining firms’ competitive advantage and
estimated to be strongly related to firm performance (Crook et al., 2011). More specifi-
cally, worker output has been found to be monotonically increasing in tenure (Shaw and
Lazear, 2008), with bosses estimated to be almost two times as productive as the average
worker (Lazear et al., 2015). These effects are driven by (costly) employee training (De Grip
and Sauermann, 2012; Konings and Vanormelingen, 2015) and the more general accrual of
firm-specific human capital with tenure (Becker, 1962). Moreover, senior employees tend
to not just be productive; they also strongly affect a firm’s wider productivity. Managers
and management practices have been found to explain a large share of the variation in firm
productivity (Bender et al., 2018; Metcalfe et al., 2023; Fenizia, 2022), especially in com-
bination with higher-quality human capital (Bender et al., 2018). Employees working in
research and development (R&D) not only increase a firm’s innovation rates, but also take
their accumulated knowledge with them when they move to competitors (Palomeras and
Melero, 2010; Cassiman and Veugelers, 2006). Relatedly, lower employee turnover has been
found to increase firm investment and decrease new firm entry (Jeffers, 2024). Replacing
skilled employees also incurs substantial hiring costs, equal to around 2—4 months of pay,
that increase with the skill level (Blatter et al., 2012).

As discussed above, RTO mandates are implemented strategically by firms. Hence, it
is natural to ask to what extent the employment consequences we document in this paper
were intended. While it possible that this was partially the case, it seems unlikely that
this fully explains the effects we document, for two reasons. One, their magnitude. In
the absence of large-scale layoffs, which we manually ascertained did not happen for any of
the firms in our sample, it seems unlikely that firms intended their RTO mandate to cause
5% of senior employees to leave. Two, firms’ forecasting abilities. Given the unpredictable
nature of employee response, and limited forecasting technology, it seems unlikely that firms
were able to predict precisely how their employees would respond to an RTO mandate. This

hypothesis appears to be supported by the many articles documenting employee resistance to
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announced mandates, and subsequent backtracking on the firm side. It thus seems reasonable
to consider the employment effects documented here as mostly unintentional side effects of
RTO mandates.

Taken together, this large body of literature implies that increased attrition of senior
employees can substantially impede firm output, productivity, innovation, and competitive-
ness. This provides an important perspective on the implications of the return to office for
the broader functioning of a company. Moreover, the downstream outcomes of the “uneven

attrition” we document may be a fruitful avenue for future research.

4 Conclusion

The workplace revolution brought on by the COVID-19 pandemic continues to reverberate
across offices globally, even as the pandemic itself retreats into history. While some companies
have returned to the office, many others have gone fully remote. This paper has provided
novel evidence on the implications of this bifurcation for the distribution of employees across
and within companies. In particular, we provide causal evidence that three of the largest
US tech companies — Microsoft, SpaceX, and Apple — faced a significant outflow of senior
employees after implementing an RT'O mandate. We do this using a distributional extension
of the classical synthetic controls estimator (Abadie and Gardeazabal, 2003; Gunsilius, 2023),
for which we derive conditions for the uniform validity of the bootstrap. Moreover, we provide
both descriptive and causal evidence that these senior employees left for larger companies at
higher rates than usual. Taken together, our findings imply that return-to-office mandates
can imply significant human capital costs in terms of output, productivity, innovation, and
competitiveness for the companies that implement them. Furthermore, the sorting of skilled
labor across companies that our findings imply can have important consequences for the

employment landscape, which we leave to future work.
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A Additional Results
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Figure 7: Tenure After RTO, Robustness

Note: figure shows counterfactual change in cumulative density functions of seniority levels at SpaceX and
Microsoft for two quarters before its return to office (RTO) and one quarter after. Estimated change is
depicted by light blue solid bar and 95% bootstrapped uniform confidence intervals (see Appendix B) by
dark blue whiskers (1,000 bootstraps). Permutation test p-values (see (3)) are: Apple 0.25, SpaceX 0.04.
Apple: N=1,080,159, J+1=44; SpaceX: N=935,060, J+1=220.
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Figure 8: Titles After RTO, Robustness

Note: Estimated change is depicted by light blue solid bar and 95% bootstrapped uniform confidence intervals
(see Appendix B) by dark blue whiskers (1,000 bootstraps). Permutation test p-values (see (3)) are: Apple
0.07, SpaceX 0.05. Apple: N=1,080,159, J4+1=44; SpaceX: N=935,060, J+1=220.
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Figure 9: Gender, Employment, Demotions, and Role Changes Among Employees Leaving
Microsoft

Note: Figure shows counterfactual change in share of employees leaving Microsoft by gender, new employ-
ment status, whether they accepted a demotion in their new job, and whether they changed roles in their
new job. Estimated change is depicted by light blue solid bar and 95% bootstrapped uniform confidence
intervals (see Appendix B) by dark blue whiskers (1,000 bootstraps). Pre-treatment fits are depicted in the
top two bar plots, while the post-treatment counterfactual is shown in the third bar plot in each graph.
Permutation test p-values (see (3)) are: gender 0.44, employment status 0.41, demotions 0.69, role change
0.88.
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B Bootstrapping confidence intervals for the constructed

quantile functions

In this section we provide assumptions on the data under which a canonical bootstrap proce-
dure is valid for obtaining statistical uniform confidence intervals on the constructed quantile

functions
(4) F[IEN _Z)\;k‘th17

where )} are the optimal weights (Gunsilius, 2023). In the case where ¢t < ¢*, this is the
“replicated” quantile function of the observable Fy,'; in the case ¢ > t*, it is the counterfac-
tual quantile function. The bootstrap procedure is captured in Algorithm 1.

In the following, to simplify notation, we assume that for all elements j = 0,...,J and
for all time periods ¢ we have the same amount of observations nj = n. This restriction
serves only to save on notation and the results can be extended to the case where we allow

for different number of observations nj; as long as they are asymptotically balanced, i.e., as

long as Z’;t — Nikst With 0 < st < 400 for all j, k € {0,...,J} and all s,¢ <T.
Formally, validity of the bootstrap means that the bootstrapped empirical process

G = Vi (Bt = Fout) = <Z XnF =3 A;anJ»;) ,

converges weakly to the standard empirical process

Gn = \/ﬁ <F(;7%,,N Otn) - (Z /\;nF};n Z /\] ﬁn) ’

where :\jn and F;!

i are the bootstrapped optimal weights and quantile functions; A, and F !

itn
are the estimated optimal weights and quantile functions; and A} and th are the optlrrjlal
weights and quantile functions in the population.

Our approach to proving bootstrap validity is not to assume that the population objects
Fj;l are fixed. In this case, we would have to work with points of non-differentiability directly,
like in, e.g., Diimbgen (1993); Fang and Santos (2019), but in abstract Banach spaces.
Instead of this, we think about a more abstract sampling setting that includes randomness at
the level of quantile functions. This means that we assume the quantile functions are random
objects themselves, which is the correct setup for our setting. This simplifies statement and

proofs but only allows us to make statements that the bootstrap works “almost everywhere”

32



Algorithm 1 The Bootstrap for Distributional Synthetic Controls

1: Input: Outcome data {<Yijt)¢—1 th} , quantile grid Q@ = {% : ¢ =
=be =0y, 5 t=t,., T
.,G}, empirical quantile functions Fj! = (ij( )iq€ Q) , index set
=0,....]
Z;; = {0,...,Nj;;}, number of bootstrap draws B, significance level a € (0,1),
time-specific weights estimators A%, (F;f) = ()\;‘m(pj;n)> , the derived aver-
=1

age weights Ao = (A% ... A ) = = S A, and counterfactual quantile estimator
Pl Tk e
FOtn,N = Z /\]nF}tn

10:

11:
12:

Output: Confidence bands for the average weights X:L, counterfactual quantile function

{Fomll N} , and counterfactual quantile differences { b — F&n N}
t=1,...,

for b=1to B do

t=1,.,T

fort=1toT do )
For each j =1,...,J, draw a new sample Ij’-’t of size Nj; without replacement from
L )
Estimate the new empirical quantile functions Ft_nl’b from the resampled data
{(}/;jt>ieijt }jZO,...,J .
Compute the optimal time-specific weights Af,’f (F;}’b> from the resampled quantile
functions
end for ~
Calculate the resampled average weights A from the resampled time-specific weights
Construct the counterfactual quantile function {F‘O_til])\f} and quantile differences
{ﬁ’&i’b —F, 1’b} from the resampled average weights and quantile functions
t=1,..,T
end for
Construct confidence intervals for each object of interest X and its corresponding esti-

mate X,
C(Oé) = X — tl—a; X + tl—a:| y

where t;_, is the 1 — a quantile of the maximum absolute difference between the boot-
strapped estimates and the main estimate X°.
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in the abstract space of random quantile functions we consider. The space we consider is the
Hilbert product space X;.IZO L?([a, b]) equipped with the Euclidean product topology. We
turn it into a Polish space, by equipping this space with the Borel o-algebra induced by the
corresponding norm-and product topology, which we denote by ®j:0 B(L*([a,b))).

The idea is to pretend that for randomly sampled quantile functions {F];1 37:0 from
X;]:O L*([a, b]) with respect to some Gaussian measure v on X;.IZO L*([a, b]), then the proba-
bility that the A} are not Hadamard-differentiable is y-null. Of course, this is a weaker result
than the existing pointwise results; however, it makes sense in our functional data setting, as
we care about the quantile functions directly. It hence makes sense to assume some random
sampling at a more abstract level. This also provides a new angle to the problem, which we
argue is valuable in practice. We therefore state the result here.

Since we work in infinite dimensional spaces, this almost everywhere statement is differ-
ent from the classical “almost everywhere” statements, as an analogue to Lebesgue measure
does not exist in infinite dimensional spaces. We rely on existing results showing that this
is a Gauss-null set for any non-degenerate Gaussian measure v on Xj:o L?([a, b]). For prac-
tical purposes, this means that the data-generating processes that can make the bootstrap
invalid will not occur with y-probaility 1. We require the following assumption on the data
generating process, the first part of which is a standard assumption for bootstrap validity of

quantile estimators (van der Vaart and Wellner, 1996, Lemma 3.9.23).

Assumption 1. Forallj =0,...,J and all time periodst <'T', we have the same number of
observations n and all observations Y;; are iid draws from the distribution Fj. In addition,

the data-generating process is such that the corresponding distribution functions Fj, either

(i) have compact support [a,b] and are continuously differentiable with strictly positive

density or

(ii) have infinite support and for every 0 < q1 < g2 < 1 there exists an € > 0 such that
Fjy is continuously differentiable on the interval [a,b] = [F;;'(q1) — €, Fj;' (q2) + €] with
strictly positive density f.

Moreover, the inverse quantile functions are square-integrable in the sense that
-1 2
/|th (q)’ dg < +©
for all j,t and the J x J Hessian matrix Hy with jk-th entry
.0 = [ F@F (01
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1s strongly positive definite for all t in the sense that there exists o > 0 such that
(Hyz, ) > aljz|l3

for any v € R7, where || - ||o denotes the Euclidean norm.

This assumption allows us to prove validity of the bootstrap for obtaining confidence
intervals on the constructed quantile function; in the compact support case we can do this
for the entire quantile range [0, 1], while in the case of unbounded support we can only do it
for any compact subinterval of the open interval (0,1). One can interpret the assumption on
the matrix H; as essentially a “variance” condition. It requires that there is enough variation
in the quantile functions and mirrors the classical variance condition for the invertibility of
the design matrix in classical linear regression.

The following proposition is key to proving bootstrap validity. It proves that if the quan-
tile functions are randomly sampled from X;.IZO L*([a, b]) with any non-degenerate Gaussian
measure -y, then FO’t}N, which is constructed based on the observable quantile functions F ng
is y-almost surely Hadamard differentiable. Hadamard differentiability lets us apply the
Delta method (van der Vaart and Wellner, 1996, chapter 3.9) to derive bootstrap validity
for y-almost every constellation of quantile functions. Since Fo’t}N is a function of F; !, we
work in the product spaces ijo L*([a,b]) and Cla,b] = ijo Cla, b], the product space
of square integrable functions on [a,b] and the product space of continuous functions on
la, b], respectively, which we equip with the standard Euclidean product norm. Note that we
assume without loss of generality that all quantiles have the same support [a, b]; this can of

course be relaxed at the cost of a significant increase in notational burden.

Proposition 1. Let Assumption 1 hold and suppose that the quantile functions F;' =
(Fyt, ..., FY) are randomly sampled from some Gaussian measure v on (X;.IZO L?([a,b]),
®‘j]:0 B(L*([a,b])). Then the constructed quantile functions (4) are Hadamard differentiable
in X;-]:[) L*([a, b]) tangentially to Cla,b] up to a y-null set.

Proof. Under Assumption 1 the quantile functions F' ng are all Hadamard differentiable tan-
gentially to Cla,b] in the space L?*([a,b]) of square integrable functions with respect to
Lebesgue measure (van der Vaart and Wellner, 1996, Lemma 3.9.23). Since C|a,b] and
L?([a,b]) are Banach spaces, we can use the chain rule for Hadamard derivatives in Ba-
nach spaces (van der Vaart and Wellner, 1996, Lemma 3.9.3) and can therefore focus on
the Hadamard differentiability of the optimal X;f(Ft_ HYinF; ' = (F,', ..., F;') in each time
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period t, obtained via

2

1
N(F; 1) = argmin f(\, F; 1) = argmin/
AeA XeA’ Jo

dg.

J
> NiFta) — o' (q)
j=1

Step 1: Rewriting the constrained problem:
To show Hadamard differentiability “almost everywhere”, we use the fact that the opti-
mization problem is strictly convex since the objective function is a squared L?-norm. This

implies that the optimal solution X;f is unique. Then we write the constrained problem as

2

1
X (F;!) = argmin / dg + xas(N),
0

AERY

J
Z )\jtFﬂl(Q) - Fo_tl(Q)
j=1

where y4(z) is the indicator function that is zero if z € A and +o00 otherwise.
The weights X;‘ are optimal if and only if they satisfy the first order condition (Parikh
and Boyd, 2014, p. 149)
0 € I f(N;, B + 95 xar (X)),

where J; denotes the vector subgradient with respect to X € R’. This is equivalent to the
fixed point condition (Parikh and Boyd, 2014, p. 150)

—

(5) N(FY) = mar (Xi(F) = O3/, F ).

where 7 is the standard metric projection onto A’ using the Euclidean norm, which follows
from e.g. Clarke (1990, Proposition 2.4.12).
Since f is differentiable in X its subgradient Oy is single-valued and coincides with the

standard gradient. It is a 1 x J-vector, with j-th entry computed via

2

J
%/ZM%W%%WMM
j=1
7 2
- / o, |3 NeFi(a) — Fir'(a)| d
j=1

:2/ (Z Myt (q) — FO_tl(Q)) Fj,'(q) dg,
k=1

where the second line follows from the dominated convergence theorem in conjunction with

the boundedness of the quantile functions under Assumption 1.
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We now want to take the Hadamard derivative DF;1 of this first-order condition at
an optimal X! with respect to the J + 1-dimensional vector F;' = (F;,', ..., F;'). The
projection mas is only Lipschitz continuous in its argument (Aliprantis and Border, 2006,
Lemma 6.54d) and hence by Rademacher’s theorem only differentiable almost everywhere.

We therefore analyze the right-hand side of (5). Formally, using the chain rule of
Hadamard derivatives in Banach spaces (van der Vaart and Wellner, 1996, Theorem 3.9.3),

we have

Der (N(F ) = 0/ (R )
= Dyp X (F; 1) = D105 f(N, B Y) — 9% (A, By ) D X(F ),

where Dg-105 f (X, F;) is arranged as a Jacobian of dimension J x (J + 1), 82 of (X, F ) s
a Hessian of dimension J x .J and DFt—l/\<Ft ') is again a Jacobian of d1men81on Jx (J+1).

We now compute the jk-th element in the Jacobian DFt—laX f (Xt, F, 1) and the jk-th el-
ement in the Hessian 8)?\. f =H; . The Hadamard derivative of 0y, f (Xt, F;!) tangentially to
Cla, b] with respect to Fy,' for k=1,...,J is A [ Fy,' (q) F!
application of the dominated convergence theorem in conjunction with the square integra-

(q¢) dg, which follows from an

bility of the quantile functions and Holder’s inequality. For k& = 0, the Hadamard derivative
is [ Fo,'(q)F};'(g) dg. The jk-th entry in the Hessian 0% f takes the form [ Fi;'(q)F};'(q) dg,
again using the dominated convergence theorem.

The object of interest is Dyg- X(Ft_ 1), which is the Hadamard derivative of X with respect
to the quantile functions at the optimal value A\;. We want to use the fixed-point condition

(5) to show that it is Hadamard differentiable up to a negligible set.

Step 2: Analyzing Dy Xt(Ft_l) at X;"
To fix ideas, consider the case where the term inside the projection in (5) lies inside A7. In

this case the projection is the identity mapping and a rearranging of (5) gives
Dyp—105f (A, Fy 1) + 02F (A, F ) Dpa X(F 1) = 0.

Hence, D X (F; 1) is Hadamard differentiable if o2f (X, F;!) = H, is invertible.

We now consider the general case. We first show that Xf (F; ') defined via the fixed-
point relation (5) is Lipschitz continuous in F;* (Dafermos, 1988). Then we rely on infinite-
dimensional analogues of Rademacher’s theorem (Aronszajn, 1976; Lindenstrauss and Preiss,
2003; Zajicek, 2015) that guarantee that the optimal weights are Hadamard differentiable in
F,; ! up to a small set in the Banach space ijo L?([a,b]), which will be y-null.
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The Lipschitz continuity of Xj in F; ! follows from the exact same argument as Lemma
2.4 in Dafermos (1988), but in a Banach space setting; since the proof of Lemma 2.4 only
works with norms, this argument directly extends to the Banach space setting. We only have
to check the corresponding (Lipschitz-) continuity conditions. For this, define g(X;k FY =
Oy f (Xr, ;') and note that the restriction on Hy implies that g(Xf, F;!) is strongly monotone
in X in the sense of equation (1.3) in Dafermos (1988). Indeed,

J J
GOFF) =g F7D N = A0 =2) 0> (= ) (N — ) / Fi.'(q)F;'(q) dg
j=1 k=1

=2(XF — AVH, (X — AT
>allA; — Afll3

for some a > 0.
Analogously, the Lipschitz continuity of ¢ in X;‘ for fixed F; ' as required in equation
(1.4) in Dafermos (1988) follows from

J ) V2re 2] /2
o (S (v )\kt)Z) [ZZ (/ Fa (@) Fj (q) dq) ]
=2 X5 — Aol He |,

where the inequality follows from Cauchy-Schwarz and || - || denotes the Frobenius norm,
so that the Lipschitz constant is 2||H,||z. This Frobenius norm is finite under Assumption
1 by Jensen’s inequality since all quantile functions are square integrable.

We also need to show that g(x:f, F, ') is Lipschitz continuous in F;'. Since F;' is an
element in a product space, we can show Lipschitz continuity with respect to every entry

separately. Indeed, denoting F_;; the vector where we fix every Fj;l except F, k_tl, we write

Hg(xfa F—kt) - Q(X:a F—kt)

2
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=)> (/| ! kf<q>>F];1<q>\dq)2]

Lj=

<2 |, [0 - dqz [ ]m

1/2

1/2

=2l [ Fi' = il 2oy ZH T

by Cauchy-Schwarz and Holder’s inequality, which by the fact that F,* i are square-integrable
for all j,¢ implies Lipschitz continuity in each Fk_t1 separately and hence in the product
topology.

Finally, since A7 does not vary with F; !, the projection is trivially Lipschitz continuous
with respect to F;'. Since all four criteria are satisfied in our case, the same argument as
in Lemma 2.4 of Dafermos (1988) then implies that X;* (F, ') is Lipschitz continuous in F; '

Based on Lipschitz continuity, we now show Hadamard-differentiability up to a Gauss-
null set. First, it follows from classic results (Aronszajn, 1976; Lindenstrauss and Preiss,
2003), that X;‘ is Gateaux-differentiable up to a Gauss-null set A. Since the space we con-
sider is Polish, there exists a closed set X C X;.IZO L*([a, b]) with v(X) = 1. Now only focus
on X. Since A} is Gateaux-differentiable for every point in X, it follows from Zajicek (2015)
that X;‘ is Hadamard differentiable on X up to a o-porous set, which is itself y-null. This
implies that XI is Hadamard differentiable up to a y-null set.

Step 3: From Hadamard differentiability of Xjf to FO’t}N. The above argument was for each ¢.
Since the optimal X* used in the construction of FO_t,lN is averaged over time periods t < t*,
this immediately implies that \* is Hadamard differentiable tangentially to Cla,b] at F; ! at
C-almost every F;'. Applying the chain rule of Hadamard derivatives in form of the product
rule once more (e.g. van der Vaart and Wellner, 1996, section 3.9.4.4) then implies that FO_t,lN

is Hadamard differentiable at every ¢ tangentially to C[a,b] at F;* up to a y-null set. [

Based on Proposition 1 we can then show that the bootstrap up to a ~-null set. In the
following, we assume for the sake of simplicity that for all units j and time periods ¢t we have
the same number of observations n;; = n, which is only done to simply the statement. As
mentioned earlier, if the number of observations are asymptotically equivalent, this result

can be extended to this setting.
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Theorem 1. Suppose that nj = n for all j,t and let Assumption 1 hold. Then the bootstrap

works in probability at ~y-almost every F; ' in the sense that

sup |Egh(G,) — Eh (G,)| 5 0.
heBL
In this result BL denotes the set of bounded Lipschitz functions, Eg denotes the condi-
tional expectation with respect to the data process (based on the number of resamples Bjy,
for every observation Y;j), «B» Jenotes convergence in probability, and all probabilities and
expectations are considered to be outer measures (e.g. van der Vaart and Wellner, 1996,
section 1.2). In words, this implies that asymptotically, the distributions of the empirical
bootstrap process conditional on the data and the true empirical process are equivalent in
probability, and that one can use the bootstrapped empirical process to obtain the confidence

intervals.

Proof. The result follows immediately from the fact that under Assumption 1 the empirical
quantile processes corresponding to F ng are bounded Donsker classes, which implies that
the bootstrap procedure works for them in the sense written out in the theorem; this follows
from Example 3.9.24 in van der Vaart and Wellner (1996). Then Proposition 1 implies the
Hadamard differentiability of the constructed quantile functions at F; ' at y-almost every
F,;!. The conclusion then follows from the Delta method for bootstrap (van der Vaart and
Wellner, 1996, Theorem 3.9.11). H
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