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Abstract

Propensity scores near zero or one, a condition known as weak overlap, distort the coverage of standard
confidence intervals. This paper shows that a remedy is available by applying the common practice of
thresholding to doubly robust estimators. The key is to threshold at a rate shrinking slowly enough
to restore asymptotic normality, but quickly enough to only introduce second-order bias. I characterize
the added burden in terms of nuisance function accuracy and smoothness conditions, and show these
conditions are achievable without specifying the degree of overlap weakness. The theoretical results
motivate a data-adaptive procedure for threshold selection, which exhibits near-exact coverage in large
simulated samples, and yields comparable precision in an empirical application to a heuristic 10% fixed-

trimming approach that changes the target parameter.

1 Introduction

This paper studies statistical inference on treatment effects when there are covariate regions in which
the distributions among treated and control units only overlap weakly. Under weak overlap, it is difficult to
find enough units in one population to predict counterfactual outcomes in the other population, weighting
approaches may fail to be asymptotically normal, Wald “estimate + 1.96 standard error” confidence intervals
may exclude the treatment effect asymptotically, and there may be no semiparametric estimator capable
of achieving the usual consistency rate (Khan and Tamer, 2010). A burgeoning literature has proposed
strategies for adjusting confidence intervals for the possibility of weak overlap, but empirical practice has
favored fixed-thresholding strategies that allow Wald confidence intervals to cover some treatment effect, at

the cost of targeting a new and less interpretable population.
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This paper shows that a simple extension of the standard practice of thresholding can restore nominal
coverage of Wald confidence intervals. The intuition is as follows. Thresholded inverse propensity weighting
(IPW) estimators in the presence of weak overlap are known to be biased but asymptotically normal, provided
the threshold tends to zero slowly enough (Ma and Wang, 2020). The usual double robust estimator,
Augmented IPW (AIPW), can be interpreted as leveraging an outcome regression estimate to reduce IPW’s
bias under strict overlap. If AIPW is thresholded at a rate tending to zero quickly enough, then thresholding
bias will be of a lower order than sampling uncertainty. The main task of this paper is to establish when
there exists a Goldilocks region of thresholds that are neither too small nor too large, so that Wald confidence
intervals constructed assuming an appropriate central limit theorem will be well-calibrated.

I derive sufficient conditions for coverage under two frameworks. First, I follow the literature on semi-
parametric estimation (Chernozhukov et al., 2018) and derive sufficient convergence rates for the nuisance
functions used in AIPW to ensure validity of “estimate + 1.96 standard error” confidence intervals. These
results are “black-box” in the sense that they are agnostic towards the details of the nuisance estimators and
specific distribution beyond assuming a lower bound on the degree of overlap weakness. Second, I establish
sufficient conditions for those black-box rates to be attained under possible weak overlap. In establishing the
feasibility of achieving the black-box rates, I follow the nonparametric statistics literature in deriving suffi-
cient conditions under Holder smoothness assumptions (Stone, 1982), and propose a data-adaptive estimator
that can achieve optimal regression rates without knowledge of the degree of overlap weakness.

I follow Ma and Wang (2020) and measure overlap weakness with a tail parameter . Values of 4o above
two guarantee that the density of propensity scores tends to zero at zero, a case which I call somewhat weak
overlap. Under somewhat weak overlap, it is known that AIPW can achieve the best possible consistency
rate available under semiparametric assumptions (Newey, 1994; Hahn, 1998). My analysis shows that semi-
parametric efficiency continues to hold when the true nuisance functions are replaced by estimated nuisance
functions, so long as the nuisance estimates achieve an appropriate product rate and the threshold is chosen
appropriately. However, the required product rate can be stronger than the usual sufficient condition that

1/2. when only L?-norm nuisance guarantees

the product of nuisance error rates goes to zero faster than n~
are available, the analogous requirement is that the product goes to zero faster than n~7/2(0=1)  This is
because convergence rates on the estimated propensity score do not imply the same convergence rates on
the estimated inverse propensity score.

Values of 7y below two allow the density of propensity scores to be unbounded at zero, a case which I
call very weak overlap. It is the very weak overlap case in which semiparametric estimators fail to achieve

their usual consistency rate and unthresholded IPW estimators fail to be asymptotically normal. This paper

establishes that semiparametric guarantees are sufficient to establish validity of Wald confidence intervals



under very weak overlap. However, I show that n~'/2 error products for even L°°-norm errors are insufficient
to establish the validity of Wald confidence intervals, and the associated estimates converge at a slower rate
than is available under somewhat weak overlap.

Both regimes require stronger smoothness guarantees to ensure a given black-box error rate is feasible.
The reason is that under any degree of weak overlap, there are covariate regions with few samples available
for use in outcome regression. I quantify this added difficulty for the case of regression within a Holder
smoothness class of order 8, > 0. I show that weak overlap degrades the effective outcome smoothness by
a factor of 1 — 1/49, exhibiting a cost of weak overlap even in the somewhat weak overlap regime in which
the other asymptotic results carry through nearly unchanged. I show that this rate can be attained through
a data-adaptive estimator that does not use knowledge of vg, and leverage a novel partitioning argument to
show that the optimal pointwise rate can be achieved uniformly without the usual polylogarithmic factor.

Taken together, these results provide a precise answer to the question posed by this work’s title: doubly
robust t-statistics can handle weak overlap of tail bound 7y, provided the outcome and propensity nuisance

functions are in Holder smoothness classes of order 3, and 3. and
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In this case, the threshold b, = n=f/(2Betd) Jog(n)BPetd)/(2Be+d) guffices, regardless of the weak overlap
parameter 9. When the outcome and propensity smoothness orders are the same 3 > 0, then thresholded

ATPW can handle weak overlap of order g, so long as:
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Under Lipschitz continuity of both nuisance functions in one dimension, doubly robust t-statistics can handle
weak overlap of order vy > % In higher dimensions, there is always some sufficient smoothness order that
yields valid t-statistics for any fixed tail bound.

The conditions yield new rules of thumb for thresholding in applied work. In my favored regime, the
econometrician is willing to posit a minimal consistency rate for one of the two nuisance function estimates.
Given such a minimal rate, a simple plug-in procedure predicts the threshold with the laxest restriction
on the other nuisance function needed to achieve well-calibrated Wald confidence intervals. In the absence
of any such information, a third rule of thumb derives a threshold that imposes the laxest equal minimal
consistency rate on both nuisance estimates. None of these rules of thumb depend directly on knowledge of

the tail bound parameter ~q.



In simulations, I find that thresholded AIPW achieves the promised properties asymptotically. I consider
a setting of very weak overlap with nonparametric outcome regression and propensity estimates, and focus
on clipping (Winsorizing) extreme propensity scores. Unthresholded IPW and AIPW estimators perform
poorly, with large errors and nonnormal asymptotic distributions. In this setting, clipped IPW displays its
known first-order bias, and clipped AIPW displays the second-order bias justified by the theoretical analysis.
With access to 1,000 or 10,000 observations, I find that p-values based on clipped AIPW t-statistics exhibit
moderate overrejection. In large samples with 100,000 observations, a Kolmogorov-Smirnov test based on
5,000 simulations is unable to reject a null hypothesis that clipped AIPW p-values on the true causal effect
are exactly uniformly distributed.

I apply the clipped AIPW estimator to data on right heart catheterization. I consider the setting of
Connors et al. (1996), which has become a canonical setting with weak overlap, including providing the
empirical application for Crump et al. (2009)’s proposal of a 10% fixed-trimming rule of thumb. I compare
the clipped AIPW estimator that targets the full-population effect to estimators that apply AIPW to a sample
trimmed based on a fixed rule. I find that by including observations with small estimated propensities, the
clipped ATPW strategy increases the estimated harm of the procedure by 0.17 standard errors relative to the
10% fixed-trimming rule, while increasing the estimated standard error by only 5.1%. These results show that
targeting the full-population treatment effect does not need to introduce a major efficiency loss, and show
that thresholded ATPW can easily be added as a robustness test when practitioners apply a fixed-trimming
rule.

Weak overlap is a common and serious problem for statistical inference (Khan and Tamer, 2010; D’ Amour
et al., 2021). Existing approaches for statistical inference involve either targeting nonstandard estimands
or leveraging a nonstandard estimator. The standard inverse propensity estimator in the presence of weak
overlap involves trimming: dropping samples with small propensity estimates in order to estimate average
effects within a better-behaved population (Imbens, 2004; Currie and Walker, 2011; Bailey and Goodman-
Bacon, 2015; Galiani et al., 2005), typically following the 10% rule of thumb from Crump et al. (2009), or
clipping strategies that Winsorize weights (Ionides, 2008; Lee et al., 2011).! These and other proposals that
reweight towards higher-precision populations (Yang and Ding, 2018; Li et al., 2018; Goldsmith-Pinkham
et al., 2024) allow standard Wald confidence intervals based on standard estimators to cover some treatment
effect, but come at the cost of discontinuously targeting a nonstandard and often less interpretable estimand.
An important theoretical literature has proposed novel point and confidence interval estimators with desirable

properties for statistical inference on the standard average treatment effects under weak overlap (Rothe, 2017;

I Awkwardly, the epidemiological literature sometimes refers to the Winsorization strategy as “trimming.” My results hold for
both dropping or Winsorizing extreme propensities, so the confused reader can view this as a work deriving simple asymptotics
for trimmed AIPW regardless of their preferred meaning of “trim.”



Armstrong and Kolesér, 2017, 2021; Ma and Wang, 2020; Hirshberg and Wager, 2021; Heiler and Kazak,
2021; Sasaki and Ura, 2022; Ma et al., 2023; Chaudhuri and Hill, 2024). However, these proposals introduce
new and less familiar estimators in the presence of weak overlap, and there has been little take-up by
practitioners.

This paper instead shows that a standard estimator (thresholed AIPW) can provide valid confidence
intervals on the standard average treatment effects. As a result, the analysis here builds most directly on
work studying the behavior of inverse propensity estimators under weak overlap: Ma and Wang (2020) and
Khan and Ugander (2022) show that thresholded IPW and AIPW can remain asymptotically normal, but
at the cost of introducing first-order bias. My work is also related to work showing unthresholed AIPW
can be oracle-equivalent with either parametric propensity estimates (Chen et al., 2008; Heiler and Kazak,
2021) or direct estimates of inverse propensities (Hirshberg and Wager, 2021). My analysis of nonparametric
regression rates is also relevant to the literature on regression with degenerate designs; to my knowledge,
the possibility of a uniform regression rate with no polylogarithmic penalty is new (Stone, 1982; Hall et al.,
1997; Gaiffas, 2005; Mou et al., 2023).

The plan of the paper is as follows. Section 2 presents the setting and main theoretical results. Section 3
interprets these results in terms of minimal black-box consistency or smoothness rates, and presents a table
summarizing some key results. Section 4 considers implications for parametric estimators and derives some
rules of thumb for empirical use. Section 5 presents numerical results for simulations and the empirical
application to right-heart catheterization. Section 6 concludes.

Notation. I use the notation Ep[] and E[-] to refer to the expectation under the maintained distribution
P over data Z. I abuse notation and write v for the target causal estimand under P, which in the technical
analysis is the average potential outcome, and use suppc 4 B to refer to the supremum of B over distributions
P in A under any maintained restrictions on the distribution and nuisance functions. I write 4, <p B, to
refer to the case that for all e > 0, P(A,, > B, +¢€) — 0. I write P (E,) for the probability of event E,
occurring under the distribution P, with the number of draws n sometimes left implicit. I use the notation
¢n K dy, for nonnegative sequences ¢, d, to indicate that d,, > 0 for all n large enough and ¢, /d, — 0. 1
use the notation ¢, < d, and d,, 7 ¢, to indicate that there is some 6 > 0 such that d,, > ¢, for all n large
enough. I write ¢,, = op(d,,) for sequence of d,, > 0 to indicate that for all 6 > 0, P(|c,|/d, > §) — 0; if there
is only one distribution in a statement, ¢, = o(d,,) should be understood to mean ¢, = op(d,). I use log to
refer to the natural logarithm and aVb to indicate max{a, b}. I define Holder smoothness using a multivariate
version of the notation of Tsybakov (2009): a function f is in the Hélder smoothness class X(5, L) if the | 5]-
order multivariate derivatives D f = % satisfy | D f(x)—D* f(2')|| < L||z—2'||?~?), where I write

D= f(z) for D% f evaluated at x. For simplicity, I use local polynomial regression to refer to specifically kernel



regression with uniform bandwidth: gNW)(z | h) = ZZDDIH‘H{;fﬂ”%l }3/ when feasible and g(N") (2 | h) = 0

when no nearby treated observations are available. I write the LP norm as || f||r»(py = Epl[| f|P]'/? for finite

pand || fllzepy = limpsoo || fllr(p)-

2 Setting, Consistency, and Asymptotic Normality

This section presents asymptotic results under black-box nuisance conditions.

2.1 Setting

I follow the standard semiparametric setup with a binary treatment. I assume the econometrician has
access to n samples Z of data (X, D,Y), where X € R? are covariates, D € {0,1} is a binary treatment,
and Y € R is an observed outcome. Often, the econometrician is interested in the average treatment effect
Ep|EplY | X,D=1]—-Ep[Y | X,D =0]].

For simplicity, T focus the theoretical analysis on estimating the average potential outcome ¥ (P) =
EplE[Y | X, D = 1]]. The average treatment effect follows as a corollary. I assume that the propensity score
e(X)=P(D=1] X)isin (0,1) almost surely, so that the average potential outcome can be identified as
Y(P) = Ep[DY/e(X)]. 1 refer to regions of the covariate space in which the propensity can be arbitrarily
close to zero as singularities. Strict overlap rules out singularities.

I derive uniform convergence rates under lower bounds on overlap weakness. I follow Ma and Wang
(2020), who provide important building blocks in my analysis, and parameterize overlap weakness through
a tail parameter vg. I extend their results to a model family &2 over distributions whose overlap is at least

as strong as that tail parameter, in addition to some regularity conditions.

Assumption 1 (Distribution moments and tail bound). Let &2 be a nonempty family of distributions, and
write e(X) = P(D =1 | X) and p(X) = Ep[Y | X,D = 1]. Then every P € & is a distribution over
(X,D,Y) € R? x {0,1} x R satisfying the following conditions for some ¢ > 3, M, omin, C > 0, and 7o > 1:
(a
(b

Conditional moments. E[|Y — u(X)|? | X, D = 1] < M? < co almost surely.
Unconditional moments. Var(u(X)) < M.

(c) Residuals. Var(Y | X, D) > o2,

m*

)
)
)
(d) Propensity tail. P(e(X) <) < Cr~! for all 7 € [0,1].

Definition 1 generalizes Ma and Wang (2020)’s slowly varying tails assumption. Assumptions 1(a) through
1(c) are regularity conditions that rule out cases like perfectly predictable outcomes. Assumption 1(d)

provides the substantial restriction on &2: overlap may be weak in the sense that ~q is finite, but there
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Figure 1: Simulations of 10,000 observations of e(X) with P(e(X) < 7) = 77~ for increasing values of 7o.

is some minimal v9 and C' that provides a lower bound on the propensity’s tail behavior. As g shrinks
below 2, overlap is permitted to be increasingly weak. 7y < 1 corresponds to no bound on the propensity
distribution.

I distinguish between three cases of the degree of overlap weakness. I follow Heiler and Kazak (2021) and
use strict overlap to refer to the case in which the propensity score is bounded away from zero almost surely,
in which case Assumption 1(d) holds for any finite 79 > 1, and most results here hold after replacing vy with
infinity. T use “weak overlap” to refer to the case in which the infimum of the support of the propensity score
is zero, which is sometimes called “limited overlap” (Khan and Tamer, 2010; Chaudhuri and Hill, 2024). In
particular, finite values of vy allow the inverse propensity distribution may be heavy-tailed. Within weak
overlap, I distinguish between the case of somewhat weak overlap (yo > 2) and very weak overlap (yo < 2).2

Figure 1 illustrates behavior for simulated data with various values of 79. When the propensity score
e(X) has a well-defined density, 79 = 2 corresponds to a roughly uniform distribution of propensity scores
(Ma and Wang, 2020). When ~q is above two, the density of propensity scores tends to zero at zero; when
o is below two, the density of propensity scores can tend to infinity at zero. Heuristically, there are never
too many treated observations with very small propensity scores, but vy governs the degree to which there
can be many untreated observations with very small propensity scores.

A phase transition occurs when g crosses two. Above two, the semiparametric efficiency bound is finite
and /n-consistent estimation is feasible without parametric knowledge. Below two, the semiparametric

efficiency bound is infinite and IPW with known propensity scores fails to be asymptotically normal (Khan

?Distributions satisfying somewhat weak overlap are sometimes said to satisfy “strict overlap” or “overlap” (Heiler and
Kazak, 2021; Bruns-Smith et al., 2024), and distributions that exhibit very weak overlap are sometimes called “heavy tailed”
(Chaudhuri and Hill, 2024).



and Tamer, 2010; Ma and Wang, 2020).
I will require certain rates on the estimates of the nuisance functions e(X) and u(X). I write the worst-

case rates as re ., and 7, 5.

Assumption 2 (Cross-fitting). The nuisances i and é are estimated with cross-fitting with a fixed number
of folds K: the observations Z; are partitioned into K folds at random such that the distribution of the fold-k
nuisance function estimates {fi;, é; }x,=x for each k is degenerate conditional on the other-fold data {Z; }x, k-
If ny, is the number of observations per fold, then infy ny/sup, niy — 1. Further, there exist p,,, pe > 2 and

sequences 1, , = O(1) and 7., = O(1) such that

}EU%P (||/)£L_k) — pllen Py > T OF e — ellzre Pyl > 7en for any k;) =o(1).
€

Cross-fitting is a common strategy for simplifying the analysis of Neyman-orthogonal estimators like
ATPW (Chernozhukov et al., 2018). T assume that rates hold uniformly rather than in high probability to
simplify the guarantees for uniform performance across a family of distributions in &. Under strict overlap,
it is standard to assume that i + p% < 1. The version here is slightly stronger, and is much weaker than
the sup-norm assumption (p. = p, = 0o) that is standard when studying semiparametric estimators under

irregular identification (Semenova, 2024).

2.2 Estimator and Consistency

My formal analysis considers the clipped AIPW estimator with cross-fit nuisance function estimates.
Guarantees for the other standard thresholding procedure, trimming, generally follow by the same arguments.
I begin by providing sufficient conditions for consistency.

The clipped AIPW estimator of the average potential outcome 1) is:

DY — p(X))

) 1 &
A0 =D 8 (zi | bn,f%*’@)) - where 9(Z | b.1) = B(X) + TEmre Ty

k=14eF*

(3)

In that equation, F¥ is the set of observations i randomly partitioned in fold k, /(=% = (ﬂ(*k),ﬂ(*e)) is
the nuisance function estimates constructed only on observations in folds other than k. The unthresholded
AIPW estimator is the special case of b,, = 0.

A standard result for the unthresholded AIPW estimator is double robustness: when e(X) is bounded
away from zero, unthresholded AIPW is consistent for v if either r., or r, , tends to zero. The existence

of weak overlap introduces a subtlety to double robustness.



Proposition 1 (Consistency). Suppose b, satisfies n='/? < b, < 1, the conditions of Assumption 2 hold,

Yo—1+pe _ (o—D(Pupetl—pu—re)tre
and either (i) T, < by D Erret e e i) Tun < bnTen Yot . Then for all € > 0,
sup P( ATPW () — w(P)‘ > e) 0.
pPeZ

When at least one of vy, p,, or p, is finite, these conditions are stronger than the classic double robustness
result that 7., or r, , tending to zero implies estimator consistency under strict overlap. For example, with
an inconsistent propensity score, a meaningful fraction of the data may be thresholded asymptotically even

under strict overlap.

2.3 Sufficient Rates for Confidence Interval Coverage

This subsection presents the main theoretical claims of the paper. It shows that under suitable rate
restrictions, the clipped AIPW estimator is first-order equivalent to an oracle clipped AIPW estimator,
both estimators are consistent and asymptotically normal, and simple Wald confidence intervals are well-
calibrated.

A common strategy for justifying Wald confidence intervals for unthresholded AIPW under strict overlap
leverages Neyman orthogonality. It is useful to write the oracle AIPW estimator with known nuisance
functions as 1;2401 k9 Ié‘l/e)(bn) = L3 ¢(Z | b,n). Under strict overlap, the difference between the feasible
ATPW estimator with estimated nuisance functions and the hypothetical oracle AIPW estimator with known
nuisance functions is

GO~ R0 = 2 Y - (2 1)+ (2 2). ()

n € €

The first term debiases the inverse propensity estimate % of the number one with the regression error

[t — p; the second term is zero-mean, and second-order under minor consistency conditions. As a result,
slowly consistent nuisance estimates can yield a combined causal estimate whose difference from the oracle
estimator is small. When all nuisances are consistent at o(n~'/%) rates and é(X) is bounded away from zero,
inverse propensity errors are of the same order as propensity errors, classical AIPW estimates are first-order
equivalent to oracle estimates with known nuisances, simple Wald confidence intervals cover the true causal
effect by appeal to the asymptotically normal oracle AIPW estimator.

Under very weak overlap, thresholded ATPW does not obtain the standard debiasing benefit. The anal-



ogous decomposition to Equation (4) for clipped ATPW is

A 0) = HE 0 = 2 3 - (g — 1)+ O ) (o L)

n max{eé,b,} max{é,b,} max{e, by}
(5)

Intuitively, clipping can be viewed as introducing a systematic error in propensity estimates in the direction
of stability. Above the clipping threshold b,,, thresholded ATPW’s nuisance estimation error enjoys a product-
of-errors character that is similar to classical settings, albeit with multiplication by weights as large as b;,*.
Below the clipping threshold, the regression errors are not debiased by any inverse propensity estimate.
Instead, there is a subtly different form of debiasing: as the threshold tends to zero, increasingly little mass
is thresholded. If the threshold b, tends to zero quickly enough, the bias from outcome regression error in
the thresholded region can be adequately debiased by the threshold itself.

My results for asymptotic normality and statistical inference will proceed under the following rate re-

quirements.

Assumption 3 (Sufficient rates). Assumption 2 holds, with the following rates on the regression error r, ,

and the propensity error rc ,:
min{yg—1,1}

(a) Outcome consistency. ry, , < b, ™ or 34, — 0such that suppc 5 P (maxk |a=R) — ,U,H%OO(P) > §n) =

o(1).
min{~yg—1,1}
(b) Asymptotically known thresholding. re, < by pe

. o (ro—1) =2 4 mox(? 70,01
(c) Second-order bias near singularities. Either b0~ < n=%2 or r,, b T ’ < n Y2

min{~yq,2

_ ¥ _
(d) Second-order bias away from singularities. v, nTen <bfL 2 —|—log(1/bn)1{<_1}) < n~ Y2, where

_ 1) PuPe—Pu—Pe
¢ = (o — )= ==

—1/2

Under strict overlap, the usual product rate condition is 7, ,7e,n <K n . The conditions here are more

stringent if either p, or p. is finite, or if both are infinite (so that rates are sup-norm) but 7, is below
two (so that there is very weak overlap). For example, when 79 > 1.5, p, = p. = o0, and ry, , = n~/4
then 7., < n~1/3 will suffice, provided r., < b, < n~1/3, However, these conditions never require

—1/2 consistency rates: shared L? regression rates of n~/3 will always suffice for these conditions,

parametric n
provided the clipping threshold b, goes to zero at a rate sufficiently close to n~/3. Condition Under
somewhat weak overlap, (c) allows for thresholding bias to be second-order from the combination of fi being
bounded and b,, tending to zero quickly enough. Condition (d) is weaker than the naive sufficient condition

TunTenby, 1 « n=1/2 that allows every observation to be thresholded, and reduces to the usual product rate

condition provided at least one of p, or p. is above two and o is large enough.

10



Certain technical possibilities call for one of two alternative further assumptions: a distributional smooth-

ness assumption or a stronger rate assumption.
Assumption 4 (Tail lower bound or faster rates). One of the following two conditions hold:

(i) Tail lower bound. There exists some C’ > 0 such that P(e(X) <) > C’'77~! for all 7 € [0, 1].

1
(ii) Faster rates. ry, < bi" or 36, — 0 such that supp P(maxy [|[10%) — p||pepy > 6,) = 0o(1), ren <

Petl min{yo—1,1} 22!
bn" , and rumbn o n=1/2,

Assumption 4(i) is a uniform version of Ma and Wang (2020)’s regularly varying tails assumption that
lim;_,o+ % = 770~ for all fixed 7 > 0. Most acutely, 4(i) rules out distributions that place a large
point mass of propensities at points tending to zero slowly. When -y < 2, Assumption 4(ii) is stronger than

Assumption 3(c).

I now provide the main theoretical result.

Theorem 1 ((Slow) Asymptotic Normality). Suppose b, satisfies n='/? < b, < 1, and Assumptions 1, 2,

3, and 4 hold. Then the clipped AIPW estimator is oracle-equivalent in the sense that with high probability:

R _ 2
1Lm sup U;2Ep [( g}{;w(bn) - 1/)240]7{212116)(b7l)) :| =0,
n—oo peyp

where o, = n—l/Q\/% S(Z | bp,n)? — z/;féﬁ‘ge)(bnﬁ is the oracle sample standard deviation. Further,

clipped AIPW is asymptotically normal:

lim sup sup
N0 pep teR

. ( A (0n) —0(P) _

On

where G, = n~1/? \/% S A(Z by, hi)?— (2 0(Z | bn,ﬁ))2 is the feasible sample standard deviation. As a
result, the Wald confidence interval C, (o) = {Aﬁi]fw(bn) + Za/g&mzﬁg}{ppw(bn) + Zl_a/g&n:| for any fized

a € (0,1/2) has asymptotic coverage equal to .

Theorem 1 is the core theoretical claim of this paper. The first result shows that thresholded AIPW is
first-order equivalent to an oracle estimator with known nuisances: the effect of nuisance estimation error
on the treatment effect estimate tends to zero faster than the standard deviation of the oracle estimator.
The second result leverages this first-order equivalence to characterize the asymptotic distribution of the
clipped ATPW estimates and t-statistics: the estimator is asymptotically normal, estimated t-statistics are
asymptotically standard normal, and Wald confidence intervals constructed using these t-statistics are well-

calibrated.
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These results are standard for AIPW under strict overlap, but substantial care is required to handle
unbounded inverse propensities under weak overlap. The argument for normality builds on Ma and Wang
(2020)’s proof that aggressively-trimmed oracle IPW with known propensities achieves asymptotic normality
with first-order bias. I extend their argument to a uniform family of distributions using the Berry-Esseen
Theorem and note that oracle AIPW must have zero finite-sample bias.

The main task of Theorem 1 is to show that replacing the true nuisances with estimated nuisances has
a second-order effect on clipped AIPW estimates under appropriate conditions. This is nontrivial even with
sup-norm convergence (p = 00), because under weak overlap, there is an asymptotically unbounded number
of observations with arbitrarily large inverse propensities with even known nuisance functions. The task
is even more delicate with finite-norm convergence, which allows the estimated propensity distribution to
exhibit weak overlap under strict overlap, and allows unbounded outcome regression bias near singularities
under weak overlap. Nevertheless, by taking appropriate care and leveraging that clipping introduces bias
by reducing inverse propensities, I am able to show that the effect of nuisance estimation is second-order
even under the very weak overlap case in which unthresholded ATPW fails to be asymptotically normal and
no regular root-n estimators exist.

Under somewhat weak overlap, unthresholded AIPW is semiparametric efficient. I now show that under

moderate conditions, thresholding is also unnecessary in this case.

Corollary 1 (Semiparametric efficiency under somewhat weak overlap). Suppose Assumption 2 holds for

1 pe(pPp—1)
T et1l)pp — . . .
some o > 2, ren — 0, Tyn K n?Pu, and ru,nre(,pn P« 2 Let AV, be semiparametric asymptotic

variance bound (Hahn, 1998). Then there is a sequence of b, — 0 such that the thresholded AIPW estimator’s

variance is asymptotically optimal in the sense that for any d > 0, suppc 5 P (‘nVar ( AAIPW(bn)) JAV,, — 1‘

clip
—(Petr9=1) N
o(1). If in addition re, < n 70, then the unthresholded AIPW estimator Q{iW(O) also has this

property.

Corollary 1 shows that it is possible for an unthresholded AIPW estimator to be semiparametrically
efficient under weak overlap with unbounded propensity errors. The logic involves first verifying that there
is a sequence of b, — 0 satisfying Assumption 4(ii), and then showing that the probability of there being
a treated observation with a small estimated propensity score is asymptotically negligible. Further, as the
nuisance norms p. and p,, become large, these conditions approach the standard 7, ,,7c n < n~1/2 condition,
coupled with a requirement that 7., < n=/7%.

Taken together, this subsection yields a remarkable result for practice. The distribution P may place so
much propensity mass near the origin that the semiparametric efficiency bound is infinite, the lower bound

on the density of propensity mass near the origin can be so weak that identification nearly fails, the and the
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Table 1: Summary of degradation of asymptotic behavior and requirements as overlap is permitted to be
increasingly weak under either L2-norm or L*-norm consistency guarantees. Black box requirements are
conditions for a sequence of valid b,, to exist.

Overlap Phase Strict (inf e(z) > 0) Somewhat Weak (79 >2) Very Weak (7 < 2)
Double Robustness
Consistency Conditions (L?) T;“” — 0 or Tmn% —0 Tl‘;'" — 0 or rmnrg‘—‘” -0 Tg'" — 0 or T’u,n%" =0
Consistency Conditions (L>) Tem — 0 0L T, Tg =0 Tem—0o0r7,, Tb -0 Tesm — 0 OL 7y Tb -0

Oracle ATPW Asymptotics

Unthresholded Distribution Normal Normal Nonnormal
Thresholded Convergence Rate n1/2 n=1/2 n*1/2b£,7°72)/2
Semiparametric efficient? Yes Yes No

Nuisance Requirements

gy 1 1
Black Box (L2) n1/2rlt.,n7"e,'n —0 n20o-1 TpunTen — 0 nl/QTu,nTe,/TE%_F ) —0
1
AND n3Go=Dr, , — 0
1/3
OR n1/27'uynre,/n -0
2
Black Box (L) nl/Zru,nre,n -0 nl/Qrwtreyn —0 nl/zrwnrgf‘,{ -0
a- Bu Be 1 B Be 1 Bu FBe 1
Smoothness: 55,5 T 35,974 > 2 2Bprd2; T 2Bctd 2 Btd—o; T 2B4d 7 2
Regression Rates
—Bu —Bu(1—-1/70) —Bu(1=1/70)
Pointwise optimum: n2Butd 7 2B (I=1770)+d n2Bu(1=1/70)+d
~8y —Bu(1=1/70) —Bu(1=1/70)
Uniform optimum: (n /log(n))2Putd n2Pu(=1/70)+d n 2P (T=1/70)+d

nuisance estimator may be so poorly designed that it pushes all observations’ estimated propensities towards
the origin at a slower-than-parametric rate. Nevertheless, Neyman orthogonality is sufficiently powerful to
ensure the validity of the simple t-test.

The next section interprets the rate requirements of Assumption 3.

3 Interpretation of Nuisance Requirements

This section interprets the rate requirements for Wald confidence intervals to cover asymptotically. I
summarize the results in Table 1. Under somewhat weak overlap, thresholded and unthresholded AIPW with
known nuisance functions remain semiparametric efficient and /n-consistent, and the traditional product
of errors nuisance condition is sufficient with a modification to an L°° on errors. Under very weak overlap,
clipped AIPW achieves a slower consistency rate and the required black-box nuisance rates are more stringent
even with L°°-norm guarantees. Both cases make outcome regression more difficult, but never so difficult as
to require parametric assumptions. As a byproduct of this analysis, I show that the optimal pointwise and
uniform regression rates under weak overlap are the same, without the usual polylogarithmic factor in the

uniform rate.
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3.1 Degradation of Consistency Rate

The previous analysis suggests that smaller values of b,, are preferable because they admit weaker black-
box requirements. However, under very weak overlap, larger values of b,, correspond to faster AIPW rates.

I characterize the consistency rate of any oracle-equivalent estimator as follows.

Proposition 2 (Consistency rate). There exist positive constants cmin and cmax such that Cminn 'Ep [Wg)b}z} <
02 < cpaxn 'Ep {W} for all P € P, where 02 =n~! (% SN d(Z | bpym)? — ~E4017Z‘ge)(bn)2) is the
oracle sample variance.

If the estimator were trimmed instead of clipped, Ep [W} would be replaced by Ep {%} .

Weaker overlap corresponds to larger values of Ep[D/ max{e(X),b,}?] and slower consistency rates. Con-
ditional on P, larger values of b, correspond to a smaller value of Ep[D/max{e(X),b,}?], faster oracle
consistency, and greater asymptotic power.

Proposition 2 implies a worst-case consistency rate over distributions in £2. 1 focus on the case of very
weak overlap, because Corollary 1 shows that under somewhat weak overlap, clipped and traditional AIPW

achieve the usual /n consistency rate.

Corollary 2 (Worst-case consistency rate). Write v, (b) = n~1 (b%_2 + log (1/b)1{%:2}). Then for any

Pe P, suppeyp o’ =0 (v,(by)). If in addition Assumption 4 (i) holds, then infpe gz o2 7 vy, (by).

The rate v, is a worst-case consistency rate in b,: every distribution in &2 achieves a consistency at least
as fast as n 107072, and it is possible to find a distribution for which the consistency rate is no faster. The
combination of Corollary 2 and Theorem 1 yields a trade-off under very weak overlap: smaller values of b,

yield laxer requirements on i, but lead to larger variance and slower consistency.

3.2 Degradation of Black-Box Nuisance Requirements

Under very weak overlap, the black-box rates of Assumption 3 are more stringent than the usual

_ .. . . . i 2,1
TunTen KN 1/2 condition. The main requirement is that rﬂynré%n{’m/ b goes to zero faster than n

-1/2.
As a result, outcome regression rates are more valuable than nominally equivalent propensity rates under
very weak overlap.

The usual product-of-errors condition under strict overlap often takes a form like 7, ,,7c , < 0y, Where
oy, is the standard deviation of the Oracle estimator. For example, Heiler and Kazak (2021) argue that this
condition is sufficient for unthresholded AIPW with parametric nuisance function estimates to be first-order

equivalent to an oracle estimator. An alternative characterization of the usual product-of-errors condition

that 7, nren < n~1/2; this requirement is equivalent under somewhat weak overlap, but is more stringent
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under very weak overlap. Under very weak overlap, even this stronger product-of-errors requirement is

insufficient for Wald confidence intervals to be valid.

Corollary 3 (Under weak overlap, faster rates can be necessary). Take some vo > 1,p,,pe > 2 such that

(70 — 1)”;f:1 < 1. Then for any sequence b, satisfying n="/? < b, < 1, there is a family & and cross-fit

nuisance estimators i and € such that:
1. Overlap is not too weak. & satisfies Assumption 1 for this ~q.
2. Nuisances satisfy cross-fitting and separate rates. Assumptions 2 and 3(a),(b) hold.
3. The usual product rate holds. nl/zr#,nreﬁn — 0.

4. Wald inference fails. For any fized target coverage level o € (0,1), the Wald confidence interval C,,(cv))

based on AIPW with clipping at by, has the zero-coverage property suppc g P(¢(P) € Cn()) = 0.

The condition (v — l)p;—_1 < 1 ensures that ¢ < 1 even under sup-norm rate guarantees; otherwise, the
conditions for Wald confidence interval failure are more subtle.
A sufficient condition for the existence of a sequence of b,, such that Wald confidence intervals are valid

. in{y0,2}/2 _ . . .
under sup-norm rates is rmnr?};n{w’ 12 « n=1/2 When 7o < 2, there is a range of nuisance estimates

such that 7, ,re, < n~Y2 & r, preine2}/2

and estimation bias can be of a higher order than the oracle
variance. Under L? rates, the associated condition is rwnri,/nminh”l’?’} < n~Y2 for r., 7 n~Y2. There
is a blessing of very weak overlap: with L? nuisance guarantees (or otherwise if p, + pe > pupe/2), smaller
values of vy yield a more lax product of errors condition, and therefore a slightly more copacetic black-box
requirement to achieve valid Wald confidence intervals. Nevertheless, as I show later, this blessing of very
weak overlap is likely outweighed by the added difficulty of outcome regression.

I calculate the black-box rate requirements under Assumption 4(i) in a few special cases. I omit an

analysis of the stronger rate requirements in Assumption 4(ii) that would be needed to handle degenerate

distributions.
Assumption 5. Assumptions 1, 2, and 4(i) hold, p, = pe = o0, and re , 7, — 0.
I characterize the following special cases.

Example 1 (Somewhat weak overlap). Suppose Assumption 5 holds, v > 2, and 7, ,7¢,n < n~Y2. Then

there exists a b, — 0 such that clipped AIPW t-statistics are asymptotically well-calibrated.

Example 2 (Second moments barely fail to exist). Suppose Assumption 5 holds for 9 = 2 and there is
some 7 > 0 such that 7, ,7c.,log(1/re,) < n~/2. Then there exists a b, — 0 such that clipped ATPW

t-statistics are asymptotically well-calibrated.
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Example 3 (Very weak overlap, shared rates). Suppose Assumption 5 holds for some v > 1 and ry , 7e,n <

n~1/3. Then there exists a b, — 0 such that clipped AIPW t-statistics are asymptotically well-calibrated.

Example 4 (Parametric rates). Suppose Assumption 5 holds for some o > 1 and either (i) r, , = O(n™/?)
and 7., = o(1) or (ii) 7e, = O(n~Y2) and 7, ,, = o(n?0=2)/4). Then there exists a b, — 0 such that clipped

ATPW t-statistics are asymptotically well-calibrated.

I now unpack the black box and quantify the degree to which weak overlap makes a given outcome

regression rate more difficult to achieve.

3.3 Necessary Smoothness Conditions

Weak overlap makes outcome regression more difficult: there may be few treated observations in precisely
the regions in which thresholded AIPW depends most acutely on outcome regression. In this section, I show
that for pointwise rates, even somewhat weak overlap degrades the effective outcome smoothness for optimal
local polynomial estimators. There is a slight blessing of weak overlap: the optimal uniform rate is equal to
the optimal pointwise rate, without the usual polylogarithmic penalty.

I characterize optimal nonparametric regression rates under Holder continuity. For convenience, I fix the

covariates to be uniform over a specific hypercube in R? with constant variance.

Assumption 6 (Holder smoothness and fixed domain). &2 satisfies Assumptions 1 and 4(i), and for all

Pe 2 X ~Unif(-1,1]") and Y | X,D ~ N(Dup(X) + (1 — D)pp(X), 0

min)’

with p, ¢/ in the Holder

smoothness class 3(f,,, L) for some fixed 3, L > 0.

Most of these assumptions are standard assumptions for studying local polynomial regression under strict
overlap (Stone, 1982). I assume normal outcomes in order to simplify the characterization of the optimal
rate. It is known that in this case but under strict overlap, the optimal pointwise rate is n#ﬁifl, and the
optimal uniform rate (n/ log(n))% has a polylogarithmic penalty, in the sense that the optimal uniform
rate is worse by some polynomial factor of log(n).

I require that treated observations cannot concentrate in small regions.

Assumption 7 (Non-trivial concentration). There are parameters p,v > 0 such that for all & > 0 small

enough and all P € & and x¢ € [-1,1]¢, P(e(X) > PSUD||y—gli<n €(T) | D =1,[|X — a0l < h) > v,

I show in Appendix Proposition 4 that this condition holds if the propensity function is sufficiently
smooth. When the propensity function is nonsmooth, it is possible for nature to choose a distribution with

better local overlap properties that induces local polynomial degeneracy issues. It is likely that the feasibility
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proof could bypass Assumption 7 through use of some hypothetical degeneracy-robust estimator, but that
would be outside the scope of this work.
In the worst case, weak overlap of order 7y > 1 plays a role equivalent to scaling the effective outcome

smoothness downward by (1 — 1/vp).

—B*
Theorem 2 (Weak overlap reduces effective outcome smoothness). Define ¢, = n26+d, where f* =

By (1 —1/7v0). Then

(i) 1y is a pointwise (and uniform) rate upper bound. There exists a ¢ > 0 and a & satisfying Assumptions
6 and 7 such that

liminf inf sup P (|@(0) — u(0)] > cip,) > 0.
n—=oo b peyp

(#) 1, is an achievable uniform (and pointwise) rate. Suppose P satisfies Assumptions 6 and 7. Then

there exists an estimator fi(z) such that for all € > 0, there is a finite c(€) such that

limsup sup P (||g — ull =) > cle)tbn) < c.
n—oo PeP

Further, the estimator can be computed without knowledge of the overlap bound ~g.

Recall that under strict overlap, the optimal pointwise convergence rate for a Holder-smooth regression
function is n""gu% Theorem 2 shows that weak overlap has the effect of degrading the effective smoothness
rate from 5, to B,(1 —1/7v0). As overlap is allowed to become increasingly weak and other parameters are
held constant, there can be regions of the covariate space with increasingly few treated observations so that
the optimal pointwise regression rate is slower. This penalty occurs even under somewhat weak overlap.
In the limit in which 7y tends to one, the rate in Theorem 2 can become arbitrarily poor. For example,
the difficulty of estimating a twice continuously differentiable function when vy = 2 is comparable to the
difficulty of estimating a Lipschitz-continuous function under strict overlap.

At a high level, the construction follows a standard framework by constructing a grid over [—1, 1],
choosing bandwidths for each gridpoint to balance the local polynomial bias (increasing in bandwidth) and
variance (decreasing in bandwidth), estimating fi(x) at each gridpoint via local polynomial regression, and
then interpolating between gridpoints. However, the construction here avoids knowledge of vy by exploiting
that for any fixed « with the worst possible overlap under &, taking h to solve Y . 1{||X; — z|| < h,D; =
1} = h=28u yields a bandwidth on the order of nWM*U I construct a data-adaptive grid by starting
with a hypothetical grid that would be appropriate under strict overlap, but otherwise is too dense. I then

use the dense grid’s implied weak overlap bound to shrink the gridpoint density until I can ensure that every
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gridpoint has sufficient treated observations within some hypothetical largest gridpoint. I then adapt each
gridpoint’s bandwidth downward to solve Y, 1{||X; — z|| < h, D; = 1} = h=2A«, which allows the estimator
to exploit better overlap properties away from singularities.

This construction turns out to avoid the usual polylogarithmic penalty. Intuitively, this is because
no distribution can have too many separated points with the weakest possible overlap; the implied global
overlap bound would be even weaker. Formally, I partition the gridpoints into increasingly large groups with
increasingly small bandwidths (and therefore increasingly strong overlap guarantees). I show in Appendix
Proposition 5 that when the groups are constructed appropriately and the first group is large enough, the
expected largest regression error in each subsequent group shrinks geometrically. As a result, the expected
largest regression error across groups is controlled by the sum of the expected largest group errors, which in
turn is controlled by the large, but bounded, expected largest error in the smallest group.

Theorem 2 yields minimal smoothness assumptions for Wald confidence interval validity.

Corollary 4 (Minimal smoothness conditions). Suppose Assumption 6 holds and there is a Be > 0 such that

e(X) € X(Be, L) and

Bu n min{vo/2, 1},
2By +dvyo/(v0 — 1) 28, +d

> 1/2. (6)

Then there is a sequence of nuisance estimators and thresholds that are independent of vo such that for all
Yo > 1, the associated Wald confidence interval én(a) constructed using QZJSZ-I;W (bn) satisfies

lirr;sup gggp P(P) € Cp(a)) — (1 —a)| = 0.

Further, this estimator can be computed without knowledge of the overlap bound ~yy.

In one dimension, thresholded AIPW with Lipschitz-continuous conditional outcome mean and propen-

sity function can handle weak overlap of order 7y > %. In multiple dimensions, the econometrician

must assume stronger smoothness restrictions than Lipschitz continuity in order to achieve the necessary
nuisance rate guarantees under even strict overlap. When the propensity function is infinitely-differentiable,

thresholded ATPW with a Lipschitz-continuous conditional outcome mean can handle weak overlap of order

d (\/ Y8 +4v0 *4+2*’Yo)

4(v0—1)

Yo > 22‘{:21). More generally, under very weak overlap, if 5, 8 >

, then it is feasible to
achieve standard inference with thresholded AIPW.
This concludes the substantive theoretical analysis. In the next section, I use these results to infer lessons

for empirical practice.
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4 Lessons for Empirical Practice

This section leverages the theoretical analysis to consider misspecified parametric estimators and some

rules of thumb for empirical use.

4.1 Parametric Estimators and Misspecification

When both nuisance functions are estimated nonparametrically, then consistency is achievable and AIPW
is generally preferable under strict overlap. When both nuisance functions are estimated parametrically,
then it is possible for one or both nuisance function to be inconsistent and the choice of estimator may
be ambiguous. I now provide some intuition on the two estimators when nuisance functions are estimated
parametrically and through cross-fitting. I consider IPW and AIPW with the same sequence of thresholds
b,, satisfying 1 > b, > n~'/2. T write that a nuisance estimate 7 is consistent if it tends to the correct limit
7, and I write that 7 is inconsistent otherwise.

In this subsection, I will assume that parametric nuisance estimators 7 achieve an L°° error relative
to a limiting nuisance function 7 that is the order of n='/2. For example, consider logit estimation of

cxp(X'f )) for a pseudo-true parameter 3. If the support of X

a propensity model of the form e(X) = Treap(X7F)

1/2 1/2

is bounded, then n~'/“-consistent estimate of 3 is sufficient to achieve n~'/“-consistent estimation of e(X)
everywhere. However, weak overlap may emerge from unbounded tails, in which case the L rate may not go
to zero. Unbounded covariates are an important case in general. For example, Ma and Wang (2020) motivate
weak overlap tails through the distribution of covariates under a logistic propensity model. Nevertheless, a
careful treatment of parametric estimation of nuisances with unbounded covariates is outside the scope of
this work.

The analysis above is easiest to extend when either both or neither nuisance function is consistent. If
both nuisance estimates are consistent, then the AIPW and IPW estimators will be consistent and will have
variance on the same order, but the IPW estimator may have higher-order bias than the AIPW estimator.
This higher-order bias follows because IPW can be viewed as a particular case of AIPW with an inconsistent
outcome regression estimator. If both the propensity and outcome regression estimates are inconsistent,
then both the IPW and AIPW estimators fail to be consistent, and as in the case of inconsistent nuisance
functions with strict overlap, there is no general reason to prefer one or the other.

When the outcome regression estimate is inconsistent, there is no general reason to prefer IPW or

ATPW, but both estimators may have bias that is of a higher-order than the estimator’s standard deviation.

When [i is inconsistent, both IPW and AIPW can be viewed as instances of AIPW with an inconsistent
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outcome regression estimate. Suppose P is a distribution from the second half of Corollary 2, which has
P(e(X) < ) ~ m°~! for all 7 small enough. The bias in the thresholded region with an inconsistent outcome
regression estimate is generally on the order of P(e(X) < b,,) ~ b)°~!. However, by Corollary 2, the oracle
AIPW (and oracle IPW) standard deviation is on the order of n=*/ 2027 « by0o~1. This heuristic analysis
suggests that in many cases, IPW or AIPW-with-inconsistent-outcome-regression will have bias that is of a
higher order than the estimator’s standard error. That intuition is similar to Ma et al. (2023)’s analysis of
trimmed AIPW with a tailored debiasing procedure.

The case of a consistent outcome regression estimate with inconsistent propensity estimates is more
interesting. In this case, AIPW should have lower-order bias than IPW, because IPW will be inconsistent.
The Berry-Esseen argument for AIPW asymptotic normality with known nuisance functions only requires
cross-fitting and b,, to go to zero slower than n~1/2, so that thresholded AIPW should also be asymptotically
normal under appropriate error product conditions. However, it is unclear how the bias compares to sampling
error. In any event, this robustness intuition is useful, because I apply parametric nuisance estimators in the
application to right heart catheterization. Careful treatment of the parametric case is left for future work.

Before proceeding to apply clipped AIPW, I derive some rules of thumb for choosing a threshold.

4.2 Choice of Threshold

The theoretical analysis above provides conditions under which there is some sequence of thresholds for
which ATPW is asymptotically normal and centered around the true causal estimand. I now provide guidance
for how to choose the threshold.

I propose different rules of thumb based on whether the econometrician is willing to provide an upper
bound on the rate of convergence for the propensity estimate, the outcome regression estimate, or both. The
combined proposal is presented in Algorithm 1.

In practice, it is often relatively easy to identify an upper bound on the propensity rate of convergence.
For instance, if the propensity score is estimated with local polynomial regression of order p., then the
econometrician is implicitly asserting a Holder smoothness of some order 8. > /., and a feasible uniform
consistency rate of (n/log(n))~P/(28+d) (Stone, 1982). In this case, the econometrician can safely conjecture
that if their estimator is well-founded, then it will achieve a uniform consistency rate ¢, < nte/(2betd)
and a threshold of b,, = n=te/(2te+d) — “Pe,n,””. This rule of thumb is practical and the safest rule with respect
to outcome regression that does not impose stronger requirements on the propensity estimate, but also often
corresponds to a relatively slow consistency rate with relatively little power.

Three alternative rules of thumb target faster consistency rates and laxer propensity requirements.
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Input: Rate upper bounds 7, , and 7, (maybe null), data {D;,é;}1"
Output: Rule-of-thumb threshold b,

Function calculateRuleofThumb (7, p,Ten, {Ds, € }1—q):
if is.null(7, ») and lis.null(7. ) then
| bn < Ten
else
Ay, lisnull(Fy )
Ae «lisnull(Te )
b, <~ supb : 0 >errorBoundDiff (b, 7y n,Ten, {Di;€i}ieq, Aus Ac)
end
return b,,
Function errorBoundDiff (b, 7y pn,Te,n, {Di, € }jey, Ap, Aed:
Tun & ApTpn + (1 —AL)b
Tem < AeFen + (1 — A)b
n D;
- i=1 r‘x}ax{éi,b}2
error_bound fu,n% + TynTe,nVsecond moment
—1/2

second moment + + >
n

return error_bound — n
Algorithm 1: Rule-of-thumb for choice of threshold b,, given (possibly null) rate upper bounds 7, ,, and
T, to ensure that LP-norm guarantees of the form 7, , < 7, (or 1y, < by if no bound is given) and
Ten K Ten (O Ten < by, if no bound is given) is sufficient to achieve well-calibrated Wald confidence
intervals.

While the main text focuses on black-box requirements on consistency rates in terms -, the proof goes
through weaker and less interpretable conditions in Assumption 3’. However, these conditions can be trans-
lated into data-adaptive sufficient conditions on b, by leveraging the inequality b)°~'log(1/b, ) {70=2} <
b, Ep[D/ max{e(X),b,}?). For example, when p, = p. = 0o, I obtain sufficient conditions that b,, tends to

zero slower than n’l/z, Ten <K by, and

Pe(X) < by) D _
LTRD) + TunTent| Ep W <n V2,
\/EP |:max{eD

(X),bn }?

In these alternative cases, I propose replacing b, in the right-hand side with the putative threshold b and
Tun and 7., in the left-hand side with predicted upper bounds 7, , and 7., where feasible and with the
putative threshold b otherwise. This yields an empirical function error_bound(b). I then solve for the

/2 The result is a threshold b, aimed to target

putative threshold b where error_bound(b) crosses n~
maximal efficiency and minimal propensity consistency requirements, calculated without use of the outcome
data or direct knowledge of ~y, and with the property that if the nuisance errors go to zero faster than
the specified upper bound (or estimated threshold), then the resulting Wald confidence intervals will be

well-calibrated. Alternative rules of thumb can be constructed using Appendix Assumption 3’ when only

finite-order consistency rate guarantees are available. An interesting avenue for future work is whether there
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is a convenient choice of context-dependent constant multiples in the error_bound function.

This rule of thumb is also always feasible, for example in the case of nonspecified upper bounds.

Lemma 1 (Well-defined rule of thumb). Suppose é € (0,1] and > D/é > 0. Let f,(b) be the error_bound
function with no upper bound nuisance rates given. Then there is exactly one b,, such thatlim Sup;, ;- fa(d) <

0 <liminf, .+ f5(bn).

A rule of thumb with nonspecified rates seems particularly attractive, since it is an entirely data-driven
way to choose the AIPW threshold. However, in practice, a given outcome regression rate is more difficult
to achieve than a given propensity rate under weak overlap, so that rules of thumb with specified nuisance

rates is more appropriate for nonparametric outcome regression estimates.

5 Applications

In this section, I present simulated results for the clipped AIPW estimator as well as empirical results
from an application to right heart catheterization. I find that clipped AIPW performs well asymptotically,
producing near-perfect calibration of p-values with 100,000 observations, but exhibits some undercoverage in
small samples. When studying the right heart catheterization data, I find that the rule of thumb approach
increases the estimated harm of the procedure by 0.17 standard errors relative to the usual 10% trimming

rule, while increasing the estimated standard error by 5.1%.

5.1 Simulation Evidence

I now study the performance of the clipped AIPW estimator in simulations.

My simulation design is based on the design in Ma and Wang (2020). As in their work, I simulate data
with P(e(X) < 7) =77~ and DY = kD(1 —e(X))+ D(c —4)/V/8, where ¢ | X, D ~ £ is scaled to achieve
zero mean and unit variance. However, I increase 7y from 1.5 to 1.8 to ensure feasible outcome regression
rates, set Kk = 2 rather than x = 1 to avoid coincidental offsetting bias of IPW lower and upper tails in small
samples, and reduce DY by «E[D(1 — e(X))] so that the true average potential outcome is zero. I achieve
this propensity distribution by taking X ~ Unif(]0,1]) i.i.d. and setting e(X) = X'/00=1) T present results
for 5,000 simulations of increasingly large samples.

I estimate both the propensity and outcome regressions with five-fold cross-fitting. I use shrinkage cubic
splines and REML estimation, as implemented by the mgcv package in R. In this setting, Theorem 2 establishes
that kernel regression can achieve a pointwise rate of n=1/(3+1/(00=1) T conjecture that 7, ,, < n~'/, which

is feasible if 79 > 1.5, and choose the clipping threshold b,, based on Algorithm 1.
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Figure 2: Histograms of point estimates in simulations for the various methods considered in the simula-
tions. Vertical dotted and solid lines indicate true causal effect and median estimate, respectively. Clipped
estimators achieve much better performance than unthresholded estimators, and clipped AIPW’s debiasing
property is also apparent.

I begin by summarizing point estimates in Figure 2. The unthresholded estimators are approximately
median-unbiased, but possess sufficiently heavy inverse propensity tails that the mean performance degrades
with increasing sample size. The clipped estimators perform much better, but the clipped IPW estimator
exhibits its known first-order bias. The clipped AIPW estimator exhibits less bias than the clipped IPW
estimator, and has slightly better performance in terms of mean squared error.

I find in Figure 3 that the clipped AIPW estimator’s t-statistics are reasonably well-calibrated. The plot
presents t-statistics on the true average potential outcome. The t-statistics of unthresholded TIPW and AIPW
estimators are visibly non-Gaussian, and often exhibit a multimodal distribution. This poor performance is
unsurprising: unthresholded estimators are known to fail to be asymptotically normal in this setting. Both
thresholded estimators are known to be asymptotically normal in this setting when the propensity score is
known, and both the asymptotic normality and the clipped IPW estimator’s first-order bias are visible to

the naked eye, although the clipped IPW estimator also exhibits visible skew in small samples. I test for
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Figure 3: Histograms of simulated t-statistics on the true null hypothesis for various sample sizes. Vertical
solid and dotted lines indicate mean t-statistic and target mean t-statistic of zero, respectively. Dashed line
corresponds to the calibrated Gaussian density targeted in the Shaprio-Wilk test for normality.

t-statistic normality using a Shapiro-Wilk test. The test rejects normality for both clipped estimates. Still,
the clipped ATPW estimator’s violations are less severe by this criterion.

I find in Figure 4 that the clipped AIPW estimator’s p-values are well-calibrated in large samples. I use
Wald confidence intervals to calculate two-sided p-values on the null of the true average potential outcome.
If Wald confidence intervals are well-calibrated, then the simulated p-values on the true average potential
outcome will be exactly uniformly distributed. The unthresholded IPW and ATPW estimators exhibit known
poor performance. The clipped IPW estimator exhibits overrejection even with large samples, as even oracle
clipped IPW would provide well-calibrated inference for a biased estimand. The clipped AIPW estimator
also overrejects in small samples, but the bias is less severe: with 1,000 observations, clipped IPW rejects
the true null in 12.0% of simulations, while clipped AIPW rejects in 8.8% of simulations. As the sample
size increases, the asymptotic calibration of Theorem 1 becomes apparent. With 100,000 observations,
clipped IPW rejects the true null hypothesis in 12.8% of simulations, while clipped AIPW rejects in 5.3%

of simulations. The Kolmogorov-Smirnov p-value on exact calibration of the two-sided test statistics for
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Figure 4: Histograms of simulation p-values on null hypothesis of true average potential outcome for various
sample sizes. Dotted lines correspond to the target Uniform(0, 1) density. P-values in labels correspond to
Kolmogorov-Smirnov tests for the Uniform(0, 1) distribution.

clipped ATPW with 100,000 observations is 0.692. This is a remarkable result: despite the known extreme
difficulty of statistical inference in this setting, 5,000 simulated draws are insufficient to detect a meaningful
failure of Wald confidence intervals based on the clipped AIPW estimator.

In moderate samples, clipped AIPW can undercover due to the difficulty of outcome regression in this
setting. Figure 5 presents an example with 1,000 observations. It is rare to have treated observations with
small values of e(X). As a result, when such observations are treated, a small number of observations can
receive substantial leverage in outcome regression, and the predictions of E[Y | X = 0, D = 1] can be driven
by a small number of observations. In Appendix B (Figures 9 through 11), I conduct the same experiments,
but with the estimated outcome regression function replaced by the true outcome regression function. The
root-mean-squared error and failures of normality are comparable, suggesting these non-inferential patterns
are driven by propensity estimation and clipping. However, the two-sided p-values exhibit better performance
in small samples, and if anything slightly underreject with 100,000 observations.

In Appendix B (Figures 12 through 14), I show that these conclusions would largely carry through
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Figure 5: Simulated treated observations for one simulation of 1,000 observations. It is rare to see treated
observations with small X, which corresponds to small values of e(X) = X /(-1 As a result, such
observations can have high leverage when predicting E[Y | X = 0, D = 1], and can yield to important errors
between the true (dashed) and predicted (solid) regression lines.

if clipping were replaced by trimming. The notable differences are that trimmed AIPW exhibits slightly
better estimation performance in small samples, while if anything trimmed IPW is slightly worse; trimmed
t-statistics exhibit less severe violations of normality; and p-values based on trimmed propensities exhibit

more severe undercoverage for both IPW and AIPW.

5.2 Application to Right Heart Catheterization

T apply the clipped AIPW estimator to study the effect of right-heart catheterization (RHC) on survival.
This dataset was first analyzed by Connors et al. (1996), and is a common benchmark in the weak overlap
literature (Crump et al., 2009; Armstrong and Kolesdr, 2017).

I analyze a version of the dataset from Armstrong and Kolesdr (2017). The dataset is comprised of
5,735 adult patients, and the treatment D corresponds to receiving RHC within 24 hours of admission.
The target causal effect is the average treatment effect of RHC on 30-day survival. The data includes 52
covariates X (72 covariates if counting factor levels separately). I estimate the nuisance functions e(X) and
w(X) using five-fold cross-fitting. I estimate nuisance functions with logistic regression to align with Crump
et al. (2009)’s empirical application. I estimate standard errors by bootstrapping the procedure. I keep fold
assignment fixed in bootstraps to minimize the risk of over-fitting.

Crump et al. propose a weak overlap rule of thumb that estimates the treatment effect for the sub-
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Figure 6: Histogram of estimated propensity scores for treated (left) and control (right) observations in right
heart catheterization data. The plot is designed to parallel Figure 1 in Crump et al. (2009). Slight differences
reflect the use of cross-fitting.

population with propensity scores between 10% and 90%. This rule-of-thumb trimming rule is chosen to
approximately minimize asymptotic variance. This strategy ensures asymptotic normality, but changes the
target estimand even asymptotically. By comparison, the clipped and trimmed AIPW estimators I analyze
have thresholds b,, that tend to zero asymptotically. As a result, the estimators proposed here are able to
target full population average treatment effect, potentially at the cost of increased variance. I compare these
procedures to the 10% rule and other fixed trimming rules using the same nuisance estimates.

I present the distribution of estimated propensity scores for treated and control units in Figure 6. The
figure is an analog of Crump et al. (2009)’s Figure 1. There is a meaningful density of units with estimated
propensities near zero, suggesting weak overlap. This pattern is similar to the findings of Crump et al.,
although there are slight differences, presumably due to my use of cross-fitting.

I compare AIPW estimators for various trimmed subsamples to the clipped AIPW estimator. I choose
the clipping threshold b,, through the no-specified-upper-bound version of Algorithm 1 because I estimate
both nuisance functions parametrically. I plot the functions used in choosing b,, in Figure 7. The estimated
lower clipping threshold is 0.068 and affects 10.5% of observations. The Crump et al. 10% rule of thumb
would exclude 16.3% of observations below. The estimated upper clipping threshold is 0.09 below one: there
are few observations with large estimated propensities, so the rule of thumb concludes there is no need
to trim observations with large estimated propensities. This upper threshold affects 1.4% of observations,
comparable to the 1.8% of observations excluded above by the 10% rule of thumb.

I present estimated effects and confidence intervals for various potential fixed trimming rules in Figure 8.

The 10% trimming rule yields an estimated reduction in survival rates of 5.79 percentage points among the
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Figure 7: The value of error_bound(b) from Algorithm 1 for e(z) and 1 —e(x) thresholding with no specified
nuisance upper bounds, which corresponds to an error bound implied by 7, ,,7en < b,. The procedure
chooses b,, to set this function equal to n~1/2, which corresponds to the horizontal line. n~1/2 is indicated
by horizontal dashed line. The more favorable distribution of estimated treatment propensities allows for a
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Figure 8: Estimated effects (solid line) and 95% confidence interval (shaded region) for AIPW applied
to various trimmed subsamples. FEstimate and confidence interval for clipped AIPW with rule-of-thumb
bandwidth are represented by the dashed and dotted horizontal lines, respectively. Clipped AIPW produces
similar estimates and standard errors as the fixed-trimming procedure while targeting a more interpretable
estimand. A threshold of zero is omitted from the graph because the resulting confidence interval of [-568.8,
581.3] would make the graph difficult to read.

trimmed sample, with an estimated 95% Wald confidence interval of [-9.14, -2.43]. Other trimming rules
would yield larger confidence intervals, as expected because the 10% rule is chosen to roughly minimize
asymptotic variance over target populations.

I compare the fixed-trimmed-sample AIPW estimates to a clipped AIPW estimator that targets the full

population treatment effect. The estimated harm increases to -6.07 percentage points, a change of 0.168
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standard errors under the 10% rule of thumb estimator. The clipped ATPW confidence interval of [-9.6,
-2.55], has a 5.14% larger width than the 10% trimmed sample interval. The clipped ATPW point estimates
are similar to the point estimates under a 1% or 5% trimming rule, but the associated confidence interval
is narrower under the full-population estimator. Part of the added width is driven by inverse propensities
among clipped observations: if I used a trimmed, rather than clipped, AIPW estimator, the estimated effect
would move by 0.256 standard errors, and the standard error would only increase by 0.54%. However, the
simulation results of Section 5.1 suggest that trimmed AIPW may slightly undercover.

Taken together, these results illustrate that under weak overlap, targeting the causal effect within the full
population need not come at a large precision cost. In this application, clipped AIPW with a rule-of-thumb
clipping rate yields similar estimates to estimators that target a fixed trimmed sample, while targeting a

population that is often more relevant and adding only a small precision cost.

6 Conclusion

This work shows that standard Wald confidence intervals for clipped AIPW can achieve target coverage
for standard causal effects under plausible conditions. I provide sufficient conditions on nuisance regression
rates for clipped (or trimmed) AIPW to be uniformly valid over distributions with even very weak overlap.
I use these theoretical results to derive new rules of thumb for choosing a threshold. I find that Wald
confidence intervals perform well in simulations, especially in large samples, and can achieve comparable
precision to a fixed 10% trimming rule in practice.

These results can be extended in many interesting directions. This work exploits Neyman orthogonality to
achieve standard statistical inference in the presence of a small region of irregular identification. Sasaki and
Ura (2022) and Ma et al. (2023) propose estimators for ratio estimands beyond IPW; the arguments here are
likely to extend to their more general framework. Issues of weak overlap hold for inverse propensity and other
importance sampling estimators in settings like difference-in-difference estimation (Callaway and Sant’Anna,
2021) or statistical inference for parameters that are identified at infinity (Andrews and Schafgans, 1998;
Khan and Nekipelov, 2024); the results and rules of thumb here can likely be adapted to those settings.
Semenova (2024) applies thresholding strategies to intersection bounds, where at a high level a margin
condition plays the role of the minimal overlap bound here. Perhaps similar ideas could apply to other forms
of irregular identification.

The results here suggest that thresholded AIPW is a viable alternative to fixed-trimming rules. I provide
rules of thumb that enable practitioners to easily report results that target the population average effect.

When, as in my empirical application, the fixed-trimming and sequence-of-thresholds approaches yield similar
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causal conclusions, then there is strong evidence that causal conclusions are driven by causal effects, and not

how the researcher treats observations with extreme propensity scores.
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A Key Technical Assumptions and Claims

I make use of the following assumptions.
Assumption 3’. Assumption 2 holds, with the following rates on the regression error r,, ,, and the propensity
error r. , for any sequence of P(n) € Z:
1
(a) Outcome Consistency. 1, < (bnEP(n) [WQMVDE or || — ,u||%DO(P(n)) =o(1).

(b) Asymptotically known thresholding. re, < by (bnEP(n) [W} ) Pe

min r“’nP(n)(e(X)gbn)p":’iu1 ,P(n)(e(X)Sbn)}
(¢c) Regression error near singularities. <«<n Y2,
\/ S =]
(d) Product of errors. ry, nTen— in < n Y2,

VEren (i)

These conditions adapt to the distributions in the sequence P(n). Note that condition (d) can often be
relaxed for specific P(n), but the form here suffices to bound the product-of-errors term using a relatively
simple optimization problem.

The conditions of Assumption 3’ are weaker and less interpretable than the conditions in the main text.

Corollary 5 (Sufficiency of Assumption 3°). Suppose Assumption 2 holds, and either Assumption 4 (ii) holds
or both Assumption 3 and Assumption /(i) hold. Then Assumption 3’ holds.

AIPW

I will show that the feasible clipped estimator 1[)0”1) (bn) is first-order equivalent to the oracle clipped

estimator ijgﬁz‘g@)(bn)' The oracle clipped AIPW estimator is asymptotically normal by the trimmed IPW
arguments in Ma and Wang (2020). By construction, the oracle clipped AIPW estimator is finite-sample

unbiased. The following asymptotic normality follows as a result.

Proposition 3 (Oracle asymptotic normality). Suppose b,, satisfies n='/? < b, < 1. Then the oracle

clipped AIPW estimator has uniform convergence to a normal distribution in the sense that

lim sup sup sup

n—oo PeP teR On

» (iféﬁﬁﬁ)(bn) —¢(P)

Proposition 3 will be an extension of the following claim. In addition to this modified theorem, Theorem 1
replaces the oracle standard deviation o, with the estimated standard deviation &,, when constructing t-

statistics.

Theorem 1’ ((Slow) Asymptotic Normality). Suppose the conditions of Theorem 1 hold, and P(n) is a

P(n)

sequence of distributions P € Z. Then o,,! ( Aﬁffw (bn) — 1/;”) ~»" N(0,1), where o, is the oracle standard

deviation defined in Proposition 3.
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Next, I describe the key new results for nonparametric regression. This result shows that in nonparametric
regression, if the propensity function is sufficiently smooth, then nature cannot severely concentrate treated
observations within a given bandwidth of any point. The non-concentration ensures that the eigenvalues of

the local polynomial regression matrix are nondegenerate.

Proposition 4 (Sufficient conditions for non-trivial concentration). Suppose Assumption 6 holds and there

isan L > 0,8, > ,m%'l_l such that P(D =1 | X) € X(Be, L) for all P € &2. Then Assumption 7 holds.

Note that ’Yod—l is also a key parameter in Mou et al. (2023). A broader connection is outside the scope

of this work.
The next result presents the main construction involved in avoiding a polylogarithmic penalty under

weak overlap. At a high-level, the idea is to eventually choose gridpoints of a grid covering [—1, 1]¢, and then

L\ 28k
‘n
) )

split these gridpoints into increasingly large groups of up to m%k) gridpoints with at least (hﬁf)
treated observations nearby, where for mg,k ) and tg,k ) increase in k, hEP is an initial bandwidth hg,,l) I specify
later, and “nearby” depends on the gridpoint’s associated bandwidth. I show that under certain conditions,
mSLk ) increases in k and increases slowly enough to ensure that the conditional expected largest local polyno-
mial regression error in class k, which is on the order of log (m%’“)) (hSP%)%, shrinks geometrically (in
particular by factors of one-half). The key requirement turns out to be that the number of gridpoints in the

smallest class must be large enough to achieve sustainable growth of m%k) to infinity.

Proposition 5 (Inductive grouping). Fiz some 5, > 0, 70 > 1, and d > 1. Then there is a § > 0

and a 7 € (0,27Y8u] such that if § > &, then the sequence defined by m® = 0, mi) = exp(6/2), and
_ d —

mit = exp <52(k+1) (mﬁlk)/m;m)%”o 1/ @Bu+dro/ (o 1)))

B (vo—1)/ (2B, +do/ (10—1)
MO (mﬁf 1>/m$?>> ’ PR satisfies tTY > ¢ ir fork =1,2, ...

diverges to infinity, and the sequence of

B Other Simulation Evidence

In this section, I presented simulated evidence for trimmed estimators.
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Figure 9: Histograms of point estimates in simulations for the various methods considered in the simulations,
but using the oracle p regression function instead of the estimated ji regression function.
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Figure 10: Histograms of simulation t-statistics for various sample sizes, but using the oracle u regression
function instead of the estimated ji regression function.
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Figure 11: Histograms of simulation p-values on null hypothesis of true average potential outcome for various
sample sizes, but using the oracle y regression function instead of the estimated i regression function.
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Figure 12: Histograms of point estimates in simulations for the various methods considered in the simulations,
but with trimming instead of clipping.
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Figure 13: Histograms of simulation t-statistics for various sample sizes, but with trimming instead of
clipping.
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Figure 14: Histograms of simulation p-values on null hypothesis of true average potential outcome for various
sample sizes, but with trimming instead of clipping.
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C Proofs

The proofs, including proofs of the claims in Appendix A, are split into sections showing asymptotic
properties of oracle clipped AIPW (Appendix C.1), consistency of estimated clipped AIPW (Appendix C.2),
and black-box consistency rates (Appendix C.3). Note that Appendix C.3 is out of order from the perspective
of the main text and corresponds to claims in Section 3.1, but Proposition 2 is used to show claims that
appear earlier in the main text. Appendix C.4 presents proofs for the main claims: the black-box asymptotic
properties of estimated clipped AIPW. Finally, Appendix C.5, Appendix C.6, and Appendix C.7 prove claims
about black-box nuisance rates, outcome regression rates, and rules of thumb, respectively.

Additional Notation. In these proofs, I use P(n) to refer to an arbitrary sequence of distributions
for the purposes of computing suprema; for such sequences, I use 1, = ¥(P(n)) to denote the sequence of
average potential outcomes. I use P, [¢,] to refer to the average of ¢,, over n draws from P (sometimes abusing
notation and including nuisance functions in ¢, ), and I use Plc,] to refer to the expectation of ¢, over P.
This can occasionally lead to unfortunate notation like P(n),, (E,) for a sequence of event probabilities under
a sequence of distributions. I write lim,_, .+ f(z) and lim,_,,- for the right- and left-hand limits of f at z.
I write ¢, = op(y)(1) if for all § > 0, P(n)(|ca|/d, > ) — 0, and if no P(n) is defined, I use ¢, = op(yn)(dy)
to mean that for any sequence of P(n) C &, ¢, = 0p(n)(dy). 1 write ¢, = Op(y)(1) if for all € > 0, there
exists a ¢ > 0 such that P(n)(|c,|/dn > §) < €. If there is a sequence of distributions to be considered,
then I use o(d,) and O(d,) to implicitly refer to op)(d,) and Op(,)(dy). 1 write that c, i N(0,1) if
sup;cp |P(n)(c, <t) — ®(t)| — 0, where ® is the standard normal cumulative distribution function; I write
that ¢, = pm) ¢ if ¢, —c = 0p(ny(1); and I write that c, 2, ¢ if for all sequences of P(n) € &, ¢, = pn) C-
I write ¢, = ©(d,,) if there exists a k1, ko > 0 such that P(n) [c,, € [k1dn, k2dy]] — 1, and I write ¢,, = Q(d,)

if there exists a k; > 0 such that P(n)[c, > kid,] — 0.

C.1 Oracle Normality

Lemma 2. Define Ty, = Q%C’ﬁ. Then P(e(X) > 2mmin) > 1/2 and infpe g P(D = 1) > mpin > 0.

“1 \vo—1
Proof of Lemma 2. For any P € &, P(e(X) < 2mmin) < C ((20) W0*1>7 = 1/2, so that P(D=1) >
P(e(X) > 2mmin, D = 1) > (1/2)(2Tmin) = Tmin.

Lemma 3. Assume b, — 0. Then for all large n, the following inequalities hold throughout & :
(i) P(e(X) > Tmin/2) > Tmin/2

(ii) Ele(X)/{e(X) V bn}?] = Tunin/2
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(iii) Ellén — Ep(m)[énl|?] < (AM)?E[e(X)/{e(X) V bn}?]/b47

(iv) Ell¢n|?] < (8M)7E[e(X)/{e(X) V ba}?]/b572
Proof of Lemma 3. 1 take these proofs one at a time.

(i) Start from the following inequalities:

Tmin < E[B(X)]
= Ele(X)1{e(X) < Tmin/2}] + Ele(X)1{e(X) > mmin/2}]
< (Mmin/2)[1 = P(e(X) > mmin/2)] + P(e(X) > Tmin/2)

< 7Tmin/2+P(€(X) > 7Tmin/2)

Subtracting mmin/2 from the far left- and right-hand sides of this inequality gives the desired conclusion.

(ii) If by, < Tmin/2 (which happens for all large n), then:

Ele(X)/{e(X)Vb,}?] > E[1/e(X)1{e(X) > b,}] > P(e(X) > by) > P(e(X) > Tmin/2) > Tmin/2.

(iii) By Jensen’s inequality:

Ell¢n = Epn)[6a]]7] < 2771 (Bl1(X) = Epuy[u(2)]|*] + B[IY — u(X)|"D/{e(X) V ba}])
< 297N 29B (X)) + E[E[)Y — u(X)|? | X, D = 1]e(X)/{e(X) V b, }7)
<2071 (299 + 29E[E[|Y 7| X, D = 1]e(X)/{e(X) V b,}9])
<2971 (29M 1 4+ 2T MIEe(X) /{e(X) V by} x 1/{e(X) V b, }17?])

< 2071 (21M 4 2UME[e(X) /{e(X) V ba}]/b577).

Since Ele(X)/{e(X) V by }?]/b%72 > Tpin /20972 — oo by Item (ii), I may further bound the above
quantity by 229M9IE[e(X)/{e(X) V b2}]/b%~2 once n is large enough.

(iv) By Jensen’s inequality:

< 27N (Ell¢n — Epn)[@nll*] + [Ep(m) [6n]]])
< 297 (AM)I B[e(X) {e(X) V b} /BL2 + 2771 | Ep oy ()] |7 (Item (iii))

< 2 (M) ELe(X)/{e(X) V b }2/W2) + 2 BBV | X, D= 1] (Jensen)
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<2971 (4M)IE[e(X) /{e(X) V by }2]/ba2 4 2971 M,

As before, since Ele(X)/{e(X) V b,}?]/b9~2 — oo, the first term in the upper bound is eventually
larger than the second and I may bound the whole expression by (8M)4E[e(X)/{e(X) V b, }?]/b% 2

once n is large enough.

Lemma 4. Let ¢(y) = 77_1071/(7*1) > 0. Then for any P € &,
Epe(X)1{e(X) < by} > c(y)P(e(X) < b)Y, (7)

This lower bound is attained when P(e(X) <t) = Ctro~1,

Proof of Lemma 4. Let p = P(e(X) < b,). If p = 0, then the bound holds trivially so I will assume

throughout that p > 0. Then I may write:

S bn bn
Eple(X)1{e(X) < bp}] = /O Ple(X)1{e(X) < by} > t)dt — / Pt < e(X) < by)dt = /O p— P(e(X) < t)dt

bn

b7l
=b,p— / P(e(X) < t)dt > bpp — min{p, Ct° 1} dt
0 0
1

(B)v-T bn = Yokress
=b,p — ’ ot 1q — = _ bt Cro — o T — =
= bnp o dt L pdt="byup bpp +p70-TCo0=T = c(yo)pToT.
0

(g)ﬁ Yo

This proves the lower bound. When P(e(X) < t) = Ct7°~1 a direct calculation gives Eple(X)1{e(X) <
b} = [(vo — 1)/70]07° = [(70 — 1) /7] P(e(X) < by,)?/(0=1) Therefore, the lower bound is also sharp. [

Lemma 5. For any P € &2,

Varp(¢(Z | bn,n)) > 0 Bp [e(X)/ max{e(X), b, }]

2 Urznin[c(’YO)P(e(X) < bn)’YO/(mjil)/bgL + ’/Tmin/2]

2
Z Omin

7Tmin/2 > 0.
Proof of Lemma 5. For the first line:

Varp(¢n) = E[Var(én | X)] + Var(E[¢, | X]) = E[Var(én | X)]

SO ]

=F E[\Y—M(X)|2|X7D:1]W min [{e(X)\/bn}2
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Since Definition 1 implies e(X) > 0, Varp(¢,) > 0.

For the second line, T assume n is so large that b, < Tmin/2. Then:

Ele(X)/max{e(X),b,}?] = E[e(X)/b21{e(X) < by}] + E[1/e(X)1{e(X) > by}]
> Ble(X)/b31{e(X) < bp}] + P(e(X) > bn)

> Ble(X)/01{e(X) < b, }] + P(e(X) > Tin)

> Ele(X)/b21{e(X) < bp}] + Tmin/2 (Lemma 3.(1))
> c(70)(1/bn)?P(e(X) < b,) /0070 4 /2. (Lemma 4)
The final line is immediate. O

1 < 1 )
VVar(@(Zlbnm) ~ \/02mErm D] max{e(X),bn}?]

Lemma 6.

Proof of Lemma 6. By Lemma 5, I have:

out <02/ \ [0 Bpn) [D/ max{e(X), ba}?).

where 0,1 = nil/Z/\/Varp(n)(an). O
Lemma 7. Define ¢(Z | b, P) = ¢(Z | b,n(P)) — Ep|u(X)] for P € 2. Further define p(b, P) = Ep[|¢(Z |
b, P)|?] and o(b, P) = \/Varp(qg(Z | b, P)).

Then the following hold:

1. Epld(Z] b, P)] =0

2. 0(b,P)>0

3. p(b, P) < 0o (though it may be arbitrarily large)

4. Ifb, be a sequence of positive real numbers such that n=/? < b, and P(n) be a sequence of distributions

i (bn,P(n)) _ _
m gz, then m = 0(1)

Proof of Lemma 7. Ep|d(Z | by, P)] = 0 is immediate.
Varpl¢(Z | b, P)] > 0 follows by Lemma 5.

For the third moment being finite:

p(b, P) = Ep[l6(Z | b, P)]’] < 8Ep [|n(X) — Ep[w(X)]]° +07°|Y — u(X)P’] < O(M?) +16bEp [[Y]*] .
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This is finite (and O(b=2)O(M?)) by assumption.
Finally, I have the claim for sequences. Recall that by Lemmas 5 and 3, m = o(1) and

EP(n) {W} mm/2 As a result:

plba, P(n) SEP(n) [ﬁ +1(X) — Epn) [M(X)]Iﬂ
o(by, P(n))*/n — o (by, P(n))3/n
Ep P(n) [max{e(X) bn}2:| O(Mq)

bno (b, P(n))3y/n o(bn, P(n))*vn

—1/2
= O(Mq,aﬁlm)Ep(n) LW{B(DW} (bfln)flm +o(l)=0(1).

<O(M7)

O

Proof of Proposition 3. Let P(n) be a sequence of distributions in 2. By Lemma 7 and the Berry Esseen

TAIPW _ ~
Theorem, the difference between the CDF of oracle clipped AIPW t-statistic Yelip Y _ 3 6(Z1bn,P(n)
on V/Var(¢(Z]bn,m)vn
3p(bn,P(n))

and the standard normal CDF @ is uniformly bounded above by W By Lemma 7.4, this difference

tends to zero. Therefore:

= limsupo(1) = 0.

n— oo

lim sup sup sup
n—oo PeZP teR

TAIPW —
» (%ﬁ(omcze)(bn) VP _ t) — (1)

C.2 Consistency

Lemma 8 (Worst-case distribution simplification). Suppose p is finite. Then:

max{e, b, }

MAXE, Ont 4
max{é, b, }

p i p e>b, a.s.,
]_ sup Ep [( min{d.,e — b, } )] op €2

PEP,d.€[0,e—by] e — min{d., e — b, } Ep [dPe] < rPe,

sup sup Ep [
PeZ Ep|lé—e|re]<rPs,

Proof of Lemma 8. First, suppose P(e(X) < b,) > 0 for some P € . Then consider P’ constructed by
drawing (X, e, é,y) ~ P and returning (X, e + max{é — b,,0}, é + max{é — b,,0},y). It is clear that P’ is

in the constraint set because P'(e < w) < P(e < 7) and Ep/[|é — e|Pc] = Ep[lé — ¢

max{et+max{é—b,,0},bn} 1
max{é+max{é—b,,0},bn}

max{e,by } _1| =
é+max{é—b,,,0},b, }

Pe]. But also not that

max{e,b, }

is equal to axlebly T 1| if e > by, or é+max{é—b,,0},b,} < b,, and is equal to

T 2 1—%" otherwise. Therefore suppe 5 SUP g [jc—e|pe)<,re, EP H

_ bn
é+max{é—by, max{é,by, }

b P
SUP pe g SUP B [|e—epe] <rPe, P [ % — 1‘ ] s.t. e> b, as..
Now consider P with e > b,, almost surely. Then consider P’ constructed by drawing (X, e, é,y) ~ P and

returning (X, é,e,y). It is once again clear that P’ is in the constraint set because P'(e < 7) < P(e < m) and
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max{e,b, }

Ep/[|é—e[P<] = Ep[|é—e[P<]. But notice also that P’ weakly increases |5z — 1‘ = |max{e.bn}maxfébn}|

max{é,by, }

max{e,b,

bn P
Therefore SUp pe g SUP (¢ —epe]<r2e, EP Hm 1‘ } = SUDP pe » SUD B, [|o—ere|<r2e, EP [ % - 1‘ ] st.e>
b, a.s., € < e a.s..
But then in this new problem, adding a constraint d. = e — é > e — b,, yields the desired optimization

problem and has no effect on the objective. O

Lemma 9 (Expectation constraint for scaling propensity error). Suppose b, — 0 and 7 > b, solves
—(vo=1) =(vo=1)

(7% = by )PeC(n*)0~t = r2e . Then n* — b, = O (re,n (bn EEEE A )) and for every finite p,

d. \P r Pe—P 1 1{(vo—1)2s=2=p}
sup Ep- [( - ) ] s.t. de < T —by, Ep« [db¢] <rle, =0 [ 1P, 0,7 (e"> + P, log () .
PEP,d.>0 e/2 T — by, ; b,

Proof of Lemma 9. First, I bound the order of 7* — b,,. Notice that if 7* < 2b,,, then rfs, >= C270~!(z*

by )Peb)o—L so that 7*—b,, = O (reynb;(wofl)/pe) . On the other hand, if 7* > 2b,,, then r£s, > C27Pe (g*)Petr0-1,
1—_Jo—1 —(vo—=1) *(1{1*71)1
so that 7* = O <re ple o 1>- As a result, 7" — b, = O (re,n (bn S A ))

Now, write the worst-case objective as Byg. The relevant Lagrangian is dfn—? — p%)\”_pe (d’c?e — ré’fn),

with first-order condition dP¢=P = AP<~Pr~P. Thus, for the worst case d., d. = Moo and dBm™P =
—p—(pe— Pe
AP (7‘(‘ pPéziP p>) = \P (7Tpﬁ pp) — Ap_pedge_
Therefore a worst-case objective is fl AP P10 2dr = fl AP=Pe e 0=2dr = XP~PerPe  where to

- 1/pe
Pep d7r) . Therefore:

(pe—p)/pe
e 1)% T then fa =0 ( (f s pdﬂ) ) O (r2,, log(1/7*) )Pe=P)/Pe) =
O (r?,,10g(1/bn)) because b, < 7* and (p. —p)/pe € [0,1]. Similarly, if (yo — 1)25=2

ensure [ dPemo 2dr = rPe | the Lagranglan multiplier is A = rc ( f o2

p=Le— >0, then By = O (r?,) = O (r?, log(1/b,)). Finally, if (yo — 1)2==2 < 1, then:
Pe—P emn en Pe

- e Pe—P
By =0 (rgn(ﬂ*)(%_l)pi’ep_p) =0 (Tﬁynbﬁp(w*)«%_l)ppf)) -0 <r§nbnp (W*’“e_,nb > ) '

O

Lemma 10 (Scaled propensity error bound). Fiz some p € (1,p.] and write ¢ = (7o —1) (1 - p%). Then if

bn, — 0:
b é_ < Pe
sup sup max{e,b} 1 =0 (re,n <b7’{ + log(1/by,)He=P/P 4 2 28 +7°_1bnp>> :
PeZ |lé—ellLre (P)<Te,n max{e bn, } Lp(P)

In the special case of p = pe, this bound is O ((Ten/bn)).
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Proof of Lemma 10. First, suppose p is infinite, so that p. is infinite and ¢ = 0. Then the largest feasible

max{e,b, }
max{é,by }

max{e,b, }

value of max{E 0T

—1lis e = b, + e and € = by, yielding — 1| = ren/by as claimed. Now
proceed assuming p is finite.

By Lemma 8, it suffices to bound

min{d.,e — b, }
e —min{d.,e — b, }

P
“Big” = sup Ep [( ) ] st. e>b, as.,d. € [0,e—by,] as., Ep[di] <rbe,.

PeZ.d.

It is clear that the claim holds by B = O (r£,,b,?) if p. = p > ¢, so I proceed assuming pe > p.

Now let 7* be the largest propensity at which P can place a point mass with é —b,, and Ep[(é — b, )P¢] <

e,n’ e,n

—(vo—1) —(v—=1)
rPe ie. , 7" is as in Lemma 9. Recall that 7* — b, = O (rem (bn”e 4ot ))

Let P* be a distribution in & with P*(e(X) < 7) = min{l,Cr"~'1{w > 7*}}, i.e. which has the
smallest distribution of propensities subject to e(X) > 7* almost surely. I then split the optimization
problem between the events (i) with d. either above 7* —b,, or equal to zero, and events with d, € [0, 7* —by,]
and either (ii) e < 27* or (iii) e > 27*. These events are mutually exclusive. Then (with almost sure caveats

implicit for space):

i de7 B bn b
By < sup Ep mm.{ ¢ } s.t. e > by, de € [0,e —by,), Ep [dBe] < rPe,
e —min{d.,e — b, } ’

PePd.
min{de,e — b,} \” )
< E 4. e> by, do & (0,7 —b,), Ep [dPe] < 1P
< s B | (2Ol N ] st ez b £ 0r° = 00 Be ] < ()
min{d.,e —b,} \"]
E b e>bp,d, € [0, (7" — by)1{e < 20*}Y], Ep [dP] < 1P
+ s By | (e =t ) ] s s b € 0 - bte < 20 Bp ] < %,

(i)

+ sup FEp
PcP.d.

[/ min{d.,e—b,} \"]
t.e> *— H{e > 2n"}], Ep [dPe] < rPe .
_(e—min{de,e—bn}> st. € > bp,de €[0,(7" —b,)1{e > 2n"}], Ep [db] < 1P,

(iii)

The term (i) is bounded above by constraining P = P*: on the event e(X) < 7*, the objective of (i)
can be increased by increasing e(X) to 7* and not changing d., and if P(e(X) < 7) < Cx7~! for some
7 € [r*,C1/(1=7)] then the objective of (i) can be increased by reducing those values of e(X) without

‘ P
changing the value of d.. Then the remaining problem sup, - Ep- {(M) } st. de € (0,7 —

e—min{d.,e—by }
bn), Ep~ [d2¢] < rls, is solved by setting d. = (7* — b, )1{e = 7*}: this distribution has Ep« [d8<] = rP¢, by

n n

construction, and any other assignment of d. would place d. less adversarially and have a smaller value of

Bp. [ (2nlteebed ) But then (5) = P*(e(X) = 1) (w2225 ) " = Oyt (£522). The term

e—min{d.,e—b,} n
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(ii) is bounded by the same order via a simpler argument:

* p * P * p
(i) < sup Ep|1{e<2m) (=02 | = @yt (200 2o ((mryo-t (T20e) )
PeP d. bn bn bn

For the term (iii), note that e > 27*, d. < 7* —b,, implies e —min{de,e —b,} > e— (7*—=b,) > e—7* > ¢/2.

Also note that one can replace the first two constraints with e > 27*,d, € [0, 7* — b,] without changing the

objective, and then replace e > 27* with e > 7* while weakly increasing the objective. As a result,

7 — by \? d. \*
B =0 (w*)%_l () ) b K) } 5.8 de <7 = by, Ep- [dEf] <75,
by PeP,d.>0 e/2 ’

_— ror \PeP 1\ Hé=r}
=0\t 0" p— +1?, log i . (Lemma 9)

Notice that

b, e,n’n
r pe—p pe 1 1{¢=p}
=0 |r?,b*? on =0 |72, b7 by +rd5 " +b,Plog | — .
’ T — by, ’ ’ by,

Pe—p 1{¢=p
As a result, By = O (rP b—P ( Teun ) + 7L, log (%) { }> But then because by, 7., = O(1),

* p
(7.(-*)’}’0—1 (7’(’ bn) — (W*)"/o—l(ﬂ_* _ bn)pe (ﬂ-* _ bn)p—peb;P — C—lrpe b—p(ﬂ-* _ bn)l)—l’e

en’n T —by,

o \PP 1\ Hé=r} N fpe 1\ H=pt
Bio=0 |, b7 ( - ) + P, log <b> =0 [ b7 (06 4770 112 log (b> .
s T — by, s " s N

Taking this bound to the power of 1/p, which is feasible because I am proceeding under the assumption that

p is finite, completes the claim. O]

Lemma 11. Under cross-fitting, for any sequence of P(n) € 2, there is the bias bound in terms of ¢ =

(y0 — 1)% with probability tending to one:
Pu

‘EPW (D45 (bn) = u | 1,¢]

n

Pu—1 1\ He=1 ¢—Pe
=0 R PEX) < 0) 5 e (057 10 () ).

where 7., = min {7, », P(e(X) < b,)Y/P«} and the constant is uniform over P € 2.

Proof of Lemma 11. Let a sequence of P(n) be given and left implicit. Proceed under the high probability

event under Assumption 2.
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ey < pe, and:
u

Recall that by the assumption p,,p. > 2, so that T

B [0457 (bn) = v | 1 ¢]

B (4177 (bn) = 02t ™ (ba) | ]

‘ clip clip
B ) max{e,b,} — D ) D D R
o ‘E {(,u ) max{e, b, } =R (max{é,bn} max{e,bn}) | u,e}

< Blli—ul (1{e < b} + |max{e,bn}/max{é,bn} —1)) | {,e)]

<Tun (P( (X)<b ) T —l— |lmax{e, b, } / max{é,b }—1||Lrle(P))

pp—1 1 1{< 1} C Pe
= TunP(e(X) <bp) 7 +7pnTen | 05! +log <b> reye o gt ,

with the final line holding by applying Lemma 10 to p = pf—‘il < Pe, where ;: (vo—1) <7 — p%) = (.

More generally, the outcome boundedness assumption implies E[|i — p|1{e <b,}] = O (P(e <b,)), so I

may substitute r,, , with 7, , in the final line. O

Proof of Proposition 1. Let P(n) be a sequence of distributions in &, and fix some k € 1,..., K. If r,, ,, 4 0,
then without loss of generality take p, = oo because of the uniform bound Assumption 2. Take the high
probability event under Assumption 2.

I first show the bias tends to zero. Recall that by Lemma 11,

pu—1

1{¢=1} ,
5 : . 1 Coprte—, _
By [ () = biaty ™M (ba)] = 0 <ru,np(n)(e(X) <by) 7+ TumTen <b< ' +log ( ; > +ref 0 1bn1>>

with ¢ = (70 — l)w and 7, ,, = min{r, ,, P(e(X) < b,)'/’}. By construction, 7, ,, is bounded and

b, — 0, so that the first term is o(1). Also when ¢ = 1 and either condition (i) or (ii) hold, then there is an

n > 0 such that r, ,7c, < b = o(log(1/b,))), so that I obtain the bias bound:
TAIPW b)) — TAIPW,(k) b =0 b 1+<%+p7'$0*1b—1 1) = “B» 1
(n) wclzp7 ( n) ’(/}clip ( n) = TunTen + TunTen n + 0( ) = + 0( )

1+¢

___DPe Yo—1+pe
Suppose condition (i) holds, so that 7 » Fetiom1 & by,. Then thereis a7, 25 7e,n such that max {7“@ nybn F° } <

1
_ e N s S
Fen Kby "77°7" "and B=0 <r#7nre7n retho=ip 1) = o(1).
Yo—1+pe

Now suppose condition (ii) holds. For any subsequence of n withre,, <bn * , then B = O (rynrenbs ") =

y0—1+pe

14302 .
0] (TM by, v bC 1) = 0(1) on that subsequence. For any subsequence of n with r. ,, > b, *¢ , then B =

clip,k clip

0 (r,%nrijlclj”;‘]lbnl) — o(1) by condition (ii). Therefore Ep(,) [1/) IPW (p y _ JATPWR) (g )} — o(1).

Now, write L@ﬁfppw(bn) A3 g}{fk (by), where 1/)3{53‘/( ) s the fold—k average potential outcome
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TAIPW

estimate. I will show that clip k

(bn) — ¥n = 0p(ny(1). Fix the nuisance estimates /i, ¢ from other folds

implicitly. Then:

o 2 o ~ 2 - 2
Epm) [( AL (b) = ) } < 3Ep() {( A ) = ity O 0a)) + (D8P 00) — ) }
=0 (Ep<n> [(z&s{m (bn) = Giaiy (m)ﬂ +n7lE [R]) (Lemma 5)
A ~ 2 N
=0 (EPW (4T o) = G410 0] + 07 Bpgy [( — 6)2] + 071 E [R])

=0(1) + O (n7'b,?) + o(1) = o(1).

Therefore:

B | (3457 ) = )| =

2
(K > pai (bn n) ] < K?Ep(n) [mgx (ﬁfszw(bn) - %)2] = o(1).
O

C.3 Degradation of Consistency Rate

Lemma 12. Suppose the conditions of Proposition 8 hold and let P(n) be a sequence of distributions in P .

Then, Ep,) { =0 (14 b0~ 2log(1/b,)0=2}) | with a constant that only depends on C and

}
max{e(X),bn }?
7Yo-

Proof of Lemma 12. Let P(n) be given. Then:

Poto segemo) = 7 [masecnange) < P (o) = b 7 (oo =)

= /000 P(n) (max{e(X),b,} <1/t)dt =1 +/1 P(n) (max{e(X),b,} < 1/t)dt

1/b,, .
=1 +/ P(n) (max{e(X),b,} < 1/t)dt <1+ C’/ E—
1 1

First, suppose 79 = 2. Then Ep(,) {W} <14 C(log(1/b,) —1). Alternatively, suppose vo # 2.
D c _
Then EP(”) [Inax{e(X),bn,}z} <1+ Yo—2 (1 - b;YLO 2) : D

Lemma 13. Suppose the conditions of Proposition 3 hold and P(n) is a sequence of distributions in 2.

Then
1 1

2 —
\/EP(") {max{e b }2} \/1 +bn " P(n)(e(X) < by)r0/(o=1)
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Proof of Lemma 15. For any m > 0, define &, ,, = {P € & | P(e(X) < b,) < m). For each n, define
myn = P(n)(e(X) < by)r0/(o=1),

I have:

D D1{e(X) > b,} D1{e(X) < b,}
Ep|l—— | = Bp |20 2 S g, | 2 = O
P ¢ frtenr P Pt b
>14+ sup b, ?Eple(X)1{e(X) < b,}]
PeEPm,n
>14c(y) sup Pe(X) < b,)r/(o=D (Lemma 4)
PeEPm,n

=1+ c(’yO)b;Zm;{U/(W_l).

Therefore (1 +b2P(n)(e(X) < bn)’Yo/("/o—l))Q =0 (Ep(n) {m}) Taking the square root and

inverting both sides completes the proof. O

Proof of Proposition 2. Define 02, = supp¢ 5 supy p Var(Y | X, D). By the presence of ¢ > 2 moments,
o2 .. is finite.
Do2,
By iid sampling and the oracle AIPW conditional mean being equal to u(X), I obtain:

Varp(y (St (bn)) = 1™ Varp(y (1(X)) = Epgn) [Varpe (G550 (b) | {X})]

afi301 | )

=n""Ep(y :e(X)Varp( ( (Y — X)) X,D:l)}

= nilEp(n) Varp(n) <

max{e X),bn}

_ Var(Y | X, D = 1
=n"'E X
" P(n) e(X) max{e(X

=0 (nlEP(n) {me{e(DX),bn}Q]> '

In addition, n‘lVarp(n) (X)) <ntM=0 (n‘lEp(n) [W] >, proving the claim. O

Proof of Corollary 2. First, note that for any sequence of P(n) € & and any sequence of b, — 0, Ep(p) [m} =
O (nvy,(by,)) by Lemma 12.
Now suppose Assumption 4(i) holds, so that P(e(X) < ) > C'x7~1 for all P € &. Then

D

E 7
Pn) Lnax{e, by }?

} = b, 2 Epmylel{e < bu}] + Epgn) {1{€>bn}}

€

= b2 Ep[e1{e < by)] +/ Pby<e<t)d
0
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bt
— b, Epnlel{e < b} + 1+ /1 Ple<t)dr
bn bt
2 bEQC’/ o dt + 1 +C’/ 0t
0 1

= (145772 +10g (1/60) 007 ) = @ (n0)
so that by Proposition 2, infpe» 02 = Q (v, (b)), completing the proof. O

C.4 Asymptotic Normality and Rates

Proof of Corollary 5. Tt is clear that if ||a(—*) — ,uH%oo(P(n)) = 0(1), then A3’(a) holds, so I proceed under
the LP»(P(n)) outcome rate conditions.

First, suppose Assumption 2 and Assumption 4(ii) hold. For the fourth implication, note that if

min{p,, p.} is finite or 79 # 2, then 0 < ¢ = (o — 1) (1 — p% — i) < min{y — 1,1} (1 — m)
min{y—1,1} 2ele Pu—be _ 1) PuPe—Pu—re _
and by, Dot emne > log(l/bn)l{('y0 D e 1}. As a result, it suffices to show:
A3'(a):  (bnEp) [R)™ Zby/P > 1
1+-L 1 petl
AS)(b) by, Te EP(n) [R] Pe ,>\: bn’e > Ten
pu—1
P X)<b,) v~ —1)ke—t min{yo—1,1} 241
A (o), DN =00 T IS T e
Ep(n[R]
¢—1 min L L 4 min — —L_ 1)
AF(): Tpnren b, <1 {70, (5 =1) 4143 +min{ro—1,1} (1- £ - 1L ) -1 SR
log (%) Kpy = pe = 00,70 = 2}
and TunTen o j ’I’L_l/Q’I"emb;l < n—1/2.
Epn)|R]

Thus, every condition of Assumption 3’ holds.

Now, instead proceed assuming Assumption 4(i) holds. Then Ep(,) [R] = © (1 +C'(v—1) fbibn 7T7°_3d7r> =

() (b?in{%_zo} log(l/bn)1{7°:2}), where R = m. In the A3(a)(ii) case, take some d,, satisfying
Tﬁ,n < 0y, < 1. Then, for the first two terms:
N ‘ 3 , 1
A3’(a): (bnEP(n) [R]) P i/ bnbzm{voflo}) Pu _ (bTHLnn{vofl,l}) Pu > Ty (A3(a))
a1 14 min{ro=1,1}
AB(b): bn 7 Eppy [R7 Zba 7 7o (A3(b))
A 3(c) implies A3’(c) by inspection. A 3(d) similarly implies A3’(d) by inspection. O

Lemma 14 (Oracle consistency). If n=1/? < b, < 1, then |P,[¢n] — Ep(n)[1u(z)]| Z0.
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Proof of Lemma 1/. Let P(n) be a sequence of distributions in &. For any ¢ > 0, I have:

El|¢n — Ep@n[u(x)]]?]
nt2

E[|¢n - EP(n) [d)n”q]z/q
nt2

[(4M)IE[e(X)/{e(X) V b, }?]]?/4

tgnbi(qﬁ)/q

P(n) (|P(n)n[¢n] — Ep(n)[u(2)]| > t) < (Chebyshev’s inequality)

(Jensen’s inequality)

(Lemma 3.(iii))

This upper bound tends to zero and holds simultaneously for all P € &. Hence, |P(n),[¢n] — Epm)[u(z)]] =

Op(n)(l). [

Lemma 15 (Oracle variance consistency). Let 02 = n=Y(P,[¢2] — Pul¢n]?) be the oracle sample variance.

Ifn='? <« b, < 1, then nU?L/VarP(n)<¢n) 1,

Proof of Lemma 15. Let P(n) be a sequence of distributions in .

First, I argue that for any ¢ > 2:

B{|P(n)[¢2] ~ P[63]|%/%)
1)< F2Var p() (602

2 B{l¢2 - Plg2]|/2)
= WP Varpg (60)77

24/2+1 E(|¢n|%]
= t1/2n9/2=L Var p () (¢n)1/?
94/2+1 (SM)’IE[ (X)/{e(X) V b, }?]
T 19209270 172 (Var ) (¢))9/2
20/21 (8M)1E[e(X)/{e(X) V bn}?]

P(n)al¢7] — Pléa]
P <‘ VarP(n)(¢n)

(Markov inequality)

(von Bahr-Esseen inequality)

(Jensen’s inequality)

(Lemma 3.(iv))

.
= 0P R Ble(X)/{e(X) V by Y2l (ewma )
(8M)92a/2+1 1
>~ tq/20'mln(7rmin/2)q/271 nq/2_1b%_2 . (Lemma 5)
Since b, > n~1/2, nq/2_1b‘}f2 — 00, so that ‘—P%Z;Eﬁ])zz[;ﬁ] = op(n)(1).
Then, by the triangle inequality:
noy 1‘ < ‘P(n)n[(bn]z — Pl¢a)? n ‘P(n)n[¢i] — Pl¢7)]
Varp(,)(¢n) - Varp(,)(¢n) Varp () (¢n)
P n(¥n] — P n
< |P(n)n|¢n] + Plén]| x | (732 [¢n] . /2[¢ L + OP(")(U (Lemma 5 + above)
< (2M + OP(n)(l))OP(n)(l) + OP(n)(l) = OP(n)(1)7 (P[d)n] < M + Lemma 14)
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where o2 is the oracle sample variance. Therefore, this upper bound tends to zero uniformly over &2. O

Lemma 16 (Variance component bound). Suppose b, satisfies n="/? < b, < 1, the conditions of Assump-
tion 2 hold, and P(n) is a sequence of distributions in &. Write R = m. Then with probability

tending to one,

By [(6n = 00)*] = O (Bpa (R (72,0 Epy BuBI + (resn /) Epiay BB ) ).

where én is the estimated influence function and ¢, is the oracle influence function with clipped nuisances.

If in addition there is a sequence of 6, > 2 such that | ji _M||2L°°(P(n)) =o0(1), then Ep(y [(cf)n - (/)n)Q} =
2 =2

O (Ep(n) [B] (re;n /b0)’ Ep(ny [baB]7 ) + 0 (Ep(uy [R]).

Proof of Lemma 16. Define R = Take the high-probability event under Assumption 2. Note that

€ _ __
max{e,by, }? "

E[R] = E[R], so that for t > 1 finite:

1-t)/t
< EP(n) [R] (EP(n) [bnR])( )/ )

- (t—1)/t
HMWWW>

IR L Py < MBI pay | RIS (04 mumm(~
() TIL= (P Rl L1 (p(n))

and for ¢ infinite,

~ _ —1 1—t)/t
IR L (p(n)) < bt = Epy[R] (Epm)baR]) ™ = Epm)[R] (Epe[baR) "

In particular, when ¢t = - then -t _ =2
P t p

Recall that |4 — p| is uniformly bounded under Assumption 2, so that |Y — | = |Y — p| + O(1),
Hﬂ — ,LLHLp(P(n)) = O(’I‘u’n) =0 (Ep(n) [R]) for all p € [Lpu], and Hé — €||Lp(p(n)) = O(Te’n> for all p € [1,pe].
Then:

(‘2’"—%)2:((;1—#)““{67*%}—17“1/_@( b >>2

max{e, by } max{é, b,} max{e,b,}

< 20— p)? (1 + Irm}({i)w) FA (Y = p)® + (3 —p)?) (maxg ot max{lz, bn})2 '

For the first term, if the sup-norm consistency assumption holds, then Ep ) [(u —p)? (1 + m)} <

2= pll Lo (p(n)) Ep@ny [1 + R] = o(Ep(n)[R]). Otherwise:

Epn) [(g—uf (1 + M)] -0 (r <1 + HR‘

-0 (Ep(n) [R]72 . Ep(n) b R]

)) = O (’ri,nEP(n) [bnR];TL Ep(n) [R])

)

L2 (Pn))

=
M

o1



For the remaining term, note that:

w( s ) )

B max{é, b, } pe)2/pe
Lotz (P L™ | [ max{é, b, }

2
Epy [(Y = )2 + (7 — 1)?) <maX{Dé ba} max{lz bn}> ] =0 <EP(n)

oI
=0 <Ep<n> (] Epn [bnR) 7 (rbn">2> )

with the final line holding by Lemma 10. O

-1

Lemma 17. Recall the definitions of ¢, as the oracle clipped influence function and b the estimated in-
fluence function. Suppose b, satisfies n="? < b, < 1 and the conditions of Assumption 2 hold. Then (i)
Ep(u[62] = Varp(n) (6n) + O(1) and P(n)y [62 = 62] = Opn) (Bpm[(dn = 6)]) +0p(n) (Vareem (6n)-
If in addition Assumption 3’(a),(b) hold, then (ii) P(n)y, [(ﬁ% - (b,%} = op(n) (Varp(n)(¢n)). If in addition the
conditions of Theorem 1’ hold, then (iii) E | { [ALPW.(k )(bn) — ATEW(R) (bn)} 2—|-Va7‘ (@AIPW’(k)(bn) - @A,IPW’(k)(bn)) =

clip clip clip clip
0p(n) (n‘lVarp(n) (¢n)) .

Proof of Lemma 17. Take the high-probability event under Assumption 2. Note that:

EP(n) [d) ] Va‘rP(n) (d)n) + EP(TL) [¢n] - VarP(n) (¢n) + 0(1)2 (Assumption 1(3))

Note that by Lemma 2 and that b, — 0, eventually b, < 2Ty so that Varpe, (¢,) = Q(1). Write

6 = POn[(én—¢n)?] Ep($n—¢n)"]

= 11 =
Varp)(on) and ay, Varpn)(¢n)

. Note that a, = Gn + Opn) (R710,2) = Gy + 0p(y (1) by

Markov’s inequality. Then:

PmJ&—ﬁ}ﬂmm4%—mﬁ+wwm@—%mJ

P(n)nl(n — 6)%] + 2y P()nl(dn — )21 P(n)nl62] (Cauchy-Schwarz)
= Op(n) (Va?”P(n) bn) (an + &n)) (by > n7T, L15)
= Op(n) (Varpm) (¢n) (an +/az)) + o0 (Varpe) (¢n))

= Op(n) (Ep(n) (¢n — ¢n)2]) +opm) (Varpe) (én)) -

To complete the result (ii) if Assumption 3’(a),(b) hold, recall the definition R = m Then by
inspection of Lemma 16,
a Varpn (6n) = 0 (Ep(n)[R]/Varp(,) (¢,)) = o(1) (Proposition 2)
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so that ’P(n)n [éi - ¢,21}

(Varpa (@) Thus, Var (655" o) = 040 (00)) = 0p) (071 Varpg (61)
for any fixed fold. But then any weighted average of op () (n’l\/arp(n) (gi)n)) terms is op(p) (n’l\/arp(n) (d)n)),
so the full result holds.

Finally, I show the result (iii) under the conditions of Theorem 1’. By Lemma 11,

5 ~ pp—1 1 H¢=1} (—PRe
E[¢;‘255’W7<’“><bn>—w;‘}fp”W*’“(bn)}:0<m,np<e<X>Sbn> P A TunTen (bgl+1og (b) e )

where ¢ = (yo — 1) 242<2u=Pe Write this as O (I + IT + IT1 + IV) and 7, ,, = min {r,, , P(e(X) < b,)/7u}.

PePp

By Assumption 3’(c) and Assumption 3’(d), I+ 11+ 11] = o (n"'Ep(,)[¢2]). For IV =1, nretfp””‘o*l bt
20—t
partition n as follows. If 7 ,, < bif e then IV < 1y prenbhby® = 0 (R Ep(n)[¢2]) by Assumption 3’(d).

yo—1

Ifre, > b:f e then IV < ry nre b =0 (n 7 Ep(y)[¢2]) by Assumption 3’(d). Thus, for any fixed fold,
> [d;A(PW,(k)(bn) _ ,([}A_IPW,(k)(bn)} =0 (n—1/2\/Ep(n) [mx{eDWD for any fixed fold. But by iterated

clip clip (X

~A1PW,(k)(bn) B @AIPW,(k)

expectations, E |1, clip (bn)} = 0p(n) (n_lVarp(n)((bn)) when averaging across folds.

O

Lemma 18 (Estimated variance consistency). Suppose conditions of of Proposition 1 hold. Let P(n) be a

= [P() [82 = 62] | Op () (1/Varp iy (60)) + 0pny (1) 1f in
addition Assumption 3’(a),(b) hold, then 62 /02 Z1.

~2 =2
sequence of distributions in &?. Then %
H

Proof of Lemma 18. Take the high-probability event under Assumption 2. Recall the definition 52 =

n~tVarp(y) (¢dn).

Let 02 = n=Y(P(n),[¢2] — P(n)n[¢n)?) be the oracle sample variance. By Lemma 15, o2 /52 Z 1.
W) 132 1—P(n 21_JAIPW 2, TAIPW
Therefore it suffices to show that (62 — 02)/52 = il i )nw\?}]ariz“f(m()bn) HHforaci ®n)” Z0.
Note that by Corollary 2, Ep(,) [D/ max{e(X),b,}?] = ©(na2) = O p(n) (Varp(n)(dn)).
By the triangle inequality:
7 3| [P [ ]| | ) — BER 00
a2 VaTP(n)(¢n) Varp(wL)(¢n)
3[pe, [ - 2] o 1 ) (Lemma 6)
Ep(n) [D/ max{e(X),bn}?]
+ Opiay (|95 (b) = (82 (b)) (Lemma 5)
= ‘P(n)n [(ﬁQ - ¢2} ! + op(n)(1) (Proposition 1)
oo Epny [D/ max{e(X), by }?] "

= Py [0 - 62] (1/Varpa) (6n)) + 0p( (1) (Proposition 2)
= oP(n)(Varp(n)(gbn))Op(n) (1/Varp(n)(¢n)) + OP(n)(]-) (Lemma 17)
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= OP(n)(l)

Therefore (62 — 02)/52 —pn) 0. By Lemma 15, o /52 —p(n) 1. As a result, (62 —52)/52 —pm) 0 and

52/52 25 1. O

Lemma 19. Suppose the conditions of Theorem 1’ hold. Then o, ! ( Aﬁi}fw (bn) — @E‘gg‘g{e)(bnv = op(n)(1).

Proof of Lemma 19. Take the high-probability event under Assumption 2. Write k(i) for observation #’s fold

and ny, for the number of observations in fold k. Then the oracle and clipped AIPW estimators are:

W TAIPW,(k ”»
PtV (b,

wEAOITIZZIl/E) Z(b Z ‘ bnv Z Pk Z ¢ Z | bnv

k 'Lk()

- 1 N n (=
wﬁffw(bn):gZMZi\bmn( D) =S ST (b H).
i=1

k i:k(i)=k

« TAIPW,(k »
o) (b))

I write 7 = o, ! (ﬁﬁffw’(k)(bn) - ﬁﬁffw’(k)(bn)).

I wish to show that ), “t7p = opy)(1). But any weighted average of a finite number of op(,)(1)
terms is op(,)(1), so it suffices to show 71 = op(,,)(1). By Markov’s inequality, it suffices to show that with
probability tending to one, E [f% | {X, D, Y}T.(i)>1] =opm)(1). E [f% | {X, D, Y}k(i)>1] only depend on the
k(i) > 1 data via i and é. Recall that by assumption, /i and é given this data satisfy the rate requirements

Assumption 3’, so I leave the conditioning implicit. Write 7y = o,7. By Lemma 5, it suffices to show that

E[’F%] = 0p(n) (nilEP(n) [Inax{e(?(),bn}2:|)' Then:

clip clip clip

_ = AIPW, L AIPW, 2 = AIPW, ~AIPW,
B[] = B 04" O wn) = b P+ var (657 P 0) = 545N (b))

= 0p(n) \O ( ) +n 1EP(n |:(d;n - ¢n)2:| = O0p(n) (0'772) . (Lemma 17)

As a result:

E [ K A= k)] E {fk | 77(—’“)]2 + Var (Fk | ﬁ(_k)) = op(n)(1) = 7 = op(n)(1)

1/ ny . ny,
o, ! (%}ffw(bn) {0 ey (b )) = OP(n)(l)‘ <> oIl = > —0p@m) (1) = 0p(n)(1).
k

k

Finally, I am ready to prove the central claims of this work. O

Proof of Theorem 1°. By Lemma 19, o1 (Aﬁffw( ) — 1/)(%[521/6 (b )) = op(n)(1). Therefore, by Proposi-
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tion 3, o1 (DALY (bu) = 6 ) = ot (DALY (bu) = SEEW b))+t (S () — ) 2 N (0, 1),
O

Proof of Theorem 1. For either claim, let P(n) be a sequence of distributions P in the relevant set. Note

that in either case, the assumptions of Theorem 1’ hold by Corollary 5. Therefore, by Theorem 1’,

P(n), ( cip () = Ve t) — ®(t)

On

sup — 0,

teR

where P(n),, denotes the empirical average under distribution P(n) and o,, is defined in Proposition 3.

Now I expand the empirical t-statistics for any fixed ¢:

P(n)n < S{fwgbn) o < t) = P(n), (1/)3{5”’( n) = Y (U") < t)

On o On
LAIPW b,) — by, R
:P(n)n< cli ((7 )=¥ gti")
HAIPW b,) — by, R
=P<n>n< e —t%é‘))*@(t),
On On

with the final result holding by Slutsky’s theorem. herefore,

P(n), <w;‘}f§W( n) = Y <t> —®(t)

sup
teR

On

by properties of a cumulative distribution function.
The remaining claim for Wald confidence intervals is now standard. For simplicity of exposition, I prove

the result for the class & under Assumption 4(ii):

limsup sup |P(¢(P) € C,) — (1 — )| = limsup sup

n—oo PeP n—oo PeZ OA_n

pr (W) — iy " (bn)

TAIPW _
= limsup sup .
n—soo PC pr (ALY o) z;) -

On

lR
S~—
N—— —

TAIPW
pr (A b —v(P) <Zl;>(1

On
= lim sup sup AlPW
—oo PeP Yéip - (bn)=%(P)
n—o00 pnr P < Z% — %

On

< lim sup sup
n—oo PeZ?

(wé}fiW(U W) = W(P) _ ) (g

pr <¢£{iw( n) — V(P <23> — ®(zg)

+ lim sup sup
n—oo PcZ?

55



= limsup sup
n—oo PeZ?

pn ( Jatty ™ (ba) — 0(P)

On

+ lim sup sup

o ( bty ™ (ba) — O(P)

n—oo PeP On
(Lemma 18)
= 0. (Theorem 1)
O

Proof of Corollary 1. If limsup,,_, . n'/?r, , 3 1, then there is a 7, ,, satisfying max{n="2,r, ,} < 7,, <
1

1——L ) (1—-L
min {n_l/(zpu), n_l/Qr(g,n p”l)( p"') }, so that I can without loss of generality replace 7, ,, with this 7, ,.

—(Petvo—1) —(pe+1)
I make an additional substitution in the r., < n~ #e &Kn revo  case, which implies:

-1
(2—v0)ppu—2 —1 (vo—=2)(Pp—1)+70 1 (2=v0)ppu—2 2(pp—1)=v0Pu pp—1 1 p*; = {’fl 1
= oy a0 e , , , . =L
n  20Pu = p2Pu 0 K n?*e andn 2ore =n  2oru =nre 2 L ey nz,

so that there is a larger 7, ,, satisfying:

(2=70)Pp—2 —1 —(1—#)(1—L>
_ — - _ . — _ F1
n~1/? < max {ru,n, n~ 2voru } L Ty < min {nzpu N7} 1/2re,n Pe Pr .

Without loss of generality replace r, ,, with this 7, , in this case.

By Corollary 5, which was proved earlier in this document, it suffices to show that there is a sequence of b,
satisfying 7", +ri;ﬁ +n 1?2 < b, < (nil/Qr;}I) T < 1, so that Assumption 2 and Assumption 4(ii)
hold.

By assumption, 5", < n~/2. By construction, r,, > n~/? so (nil/zr;})ﬁ — 0. It therefore

S . T
only remains to show that re,n"e“ +n 12« (n*1/2r;;) ®x=1 Let n be large enough that 7, < 1. Then:

(1,#)(%*1) (1,#)0,;) P
pet+1 Pp pet+1 p —1 2 —1 PES —-1/2_,—1 \Pr—
Temn ! < Ten n / n = ’/‘e nP o < ( / rﬁhn)

1/2 1-pu (Pﬁ‘il) 1/2 =k 7@17“ ) 1/2 -1 7(1,?“' )
—_ —_ 50 - —_ —_ L
n~Y? = (nn = (n / n%‘) RS (n / Tu,n) ' .

Therefore there is a sequence of b, satisfying ri;ﬁ +n7 V2 < by < (n72000) T | But by construc-
tion, for any such b, i, < n71/? < b, < (n‘l/Qr;}l)“’”z‘Ji‘i” < 1.

Therefore the constraints of Assumption 2 and Assumption 4(ii) hold, and by Theorem 1, for this se-
quence of by, lim, e SUPpe s 0, 2 Ep [( A;‘}{;’W( n) — wfolfl‘ge (b ))2] = (0. But by the finite semipara-

metric efficiency bound under somewhat weak overlap (Newey, 1994; Hahn, 1998; Khan and Tamer, 2010),
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2 -
lim,, o0 SUPpe 0, 2 Ep [(wz‘gﬁ‘j{e)( n) — wz‘gf:‘ge (0 )) } = 0 and suppe 5 |no2 /AV, — 1| = suppc » ‘Var (w

0.

—(pe+1)

Now consider the results for unthresholded AIPW under the assumption that r., < n re70 . Recall

(2—~p)pp—2

that I imposed r,, ,, > n 0P« so that:

|

Pu
- (vo—=2)pu+2 (pp—1) _
—1 o—2)Ppre 1 Pu 1
b, < (nil/zT;%) Pu=D < (n 270Ppu ) =nIo.

I first show that the probability of the thresholding mattering is small. Let P* be a distribution in &2
satisfying P*(e(X) < m) = min{1, max{0, C7"~'1{m > b, }}}. If p. is finite, let 7* solve rLs, = fbﬂ* C(yo —

1)t7°=2(t — by, )Pedt. Let 7 solve fbi C(yo — 1)(t — by)Pet072dt = rPe e, # =0 (bn + re%(pﬁ%*l)). (If

e,n’

Pe is infinite, take 7 = b,, + r¢,, so that the same statement holds.) Note that:

Pé<b,,D=1)< sup P (é<b,,D=1)<a"P*(e<w") < C(r*) < C7" = o(1/n).

lle—ellLpe (P*)<re n

Therefore with probability tending to one, the expected number of observations with D = 1,é < b, is

PAIPW (b ) = hAIPW (). Therefore on an event

o(n *n~1) = o(1), and with probability tending to one, Valip elip
. 2
with probability tending to one, o, 2Ep {( ﬁg’w( ) — w{gﬂ‘é‘l’e)( )) ] = 0(1) and the feasible unthresholded

estimator is semiparametric efficient. O

C.5 Degradation of Black-Box Nuisance Requirements

Proof of Corollary 3. Without loss of generality assume p,, is infinite.

If 79 < 2, without loss of generality also assume p. is infinite, and take some 7,7, — 0 satisfying

b(’YO—Q)/2

—-1/2 < T,_Lynre,nru,nre,n(Te,n/bn) n

Tem = 0(by), and 1,y pren € n , which is feasible for r., close

enough to b,, because vy < 2 and b,, — 0.
If 40 = 2 so that p. is finite, take some r, p,7en — 0 such that b}fl/pe > 1. and such that

FpunTen < n V2 < n™l/2 (log(l/bn) + ( Tenby, (Hl/p‘f))pe)lm & PpnTenby trpe/ Pt =1/(pet1)

en Ten

which is feasible for 7., close enough to b}fl/ Pe,

J0—1

1
> Ten 2 obn 70 and Tuaren < nTV? <

If 70 > 2, take some ryn,7e,n — 0 such that pLti/pe

TunTe, nb 1ré)e11+m !
If p, is finite, take m, > b, to solve (w)0~! — pro=1)1/Per = Ten. If vo = 2, then b, > refyf(pe+7°71),

so that m, = ©(b,) and 70! — b0~ = O ((ren/bn)P). Otherwise, b, 3 ré’;{(pe”“*” so that m, =
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pre(vo—1)

Pe
(€] (re”ﬁ;’””_l) and 7o~ — -1 =@ (Tepﬁ;ﬂ”_l ) If p. is infinite, take 7, = by, + re .

Take P to be the distribution with X ~ Unif([0,1]), D | X ~ Bern(X'(0=D) and Y | D, X ~ N(0,1),
and take & = {P}. This family satisfies Assumption 1 for this vy, C' =1, and oyax = 1.

Construct the nuisance function estimates as 1(X) = p(X) —r, n1{e(X) € (bn, 7]} and é(X) = e(X) —
(e(X)—bp)1{e(X) € (b, m]}. These nuisance function estimates are deterministic and uniformly consistent,
so they satisfy Assumption 2.

I next show that || — pl|Lew(py < 7pn and ||€—e| pre(py < 7e,n. This is clearly true for infinite p, and pe;
if p,. is finite, then these hold by construction after observing that P (é # e) = P (ji # p) = P (e € (bp, 7)) =
myo=l — pro—1,

14+min{yo—1,1}/pe
n

Note that by construction, 7., < b , depending on the separate cases of vy < 2 (and

1+1/p ). Note also that the outcome regression

imposing p. infinite) or 79 > 2 (and imposing 7., < b
estimate is sup-norm consistent. Therefore Assumptions 3(a),(b) hold.

Note also that by construction of 7, », 7¢ n, Ty nTen <K n~1/2, so that SUP pe ||/)£fk) — | Lpu (py X Hégfk) —
ellLen(py < n=1/2,

It remains to show that Wald inference fails. I show that the squared bias is of a greater order than
the oracle variance order n=* (b3°~2 4 log(1/ bn)l{%:Q}), while the sample and estimated variance are of the
same order as the oracle variance. That will imply that t-statistics fail to cover asymptotically, because
estimate 4+ 1.96 standard errors will be of the same order as the bias plus a term of the same order as the

oracle standard deviation.

Recalling that the true average potential outcome is zero. Then the bias is:

“ Tn _ bn _ 1 Tn
B, = Ep[¢n] = (70 — 1)/ Ty 02 (W> dr > gl rﬂynbgl/ 7072 (1, — by) dr
bn 2 (7n-+bn) /2

b

= (Tﬂanbr_zl(ﬂ-n — bn)(wgo_l _ b’Yo—l))

If p. is infinite, then 79 < 2 (otherwise ( < 1 would be impossible) and B, = 2 (nhnbglr2 b7°’3) >

e,n’n
(Pe—1)(vp—1)

n~1/2p00=2/2 1¢ pe is finite, then 9 > 2 by construction and B,, = <r#7nr6,nbn1reﬂfe+”°_l ) Iy =2,

_Pe _ 1 __Pe
then B, =Q (rmnre,nbglré’,ﬁl p““). If 70 > 2, By, > 1y prenby 'rd5 07 > n~1/2,

Note that

Var ((;Aﬂn) < 2Var (¢n) +2Var (q@n - ¢")

=0 (620_2 + log<1/bn>1“°:2}) +O (mn (et = b0 )b, %)
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If 7o < 2, then m, = O(b,), so that this term is O(b°=2). If 79 = 2, then 70~ — b0~ = O ((re n/bn)P),
ps:

so that this term is O <log(1/bn) + (remb;(lﬂ/pa) ) If vo > 2, then this term is O(1). Therefore

B2 > n"War (q@n) for any value of ~p.

Yo—1+pe

Note also that 1> b, > 12 1> 1, ,, and 7, < by, <K by 0"V PHreT7PnmPe%0e for gy = p, = 00, 50

that by the proof of Corollary 5, the conditions of Proposition 1 and Assumption 3’(a),(b) hold. Therefore
by Lemma 18, 62 /02 21

As a result, the Wald confidence intervals fail asymptotically:

P(¢<P> € Cn<a)) =P (&nza/Q < iflffw(bn) - 1/)0 < a'nzlfa/Q)

< P (G457 bn) = B [BAY 00)] + Bu < 6021-012)

P (0p(Bn) + By < 0p(Bn)) = o(1).

Therefore Wald confidence intervals fail to cover asymptotically, despite the usual product rate holding. [

Proof of Example 1. For simplicity, I proceed assuming r , > n~'/2. By Theorem 1 and the sup-norm

bounds, it remains to show that there is a b, — 0 such that 3(c) (rmnbg‘)/2 < n72) and 3(b) (ren < by).

Because 1, pnren < n_1/2, there exists some d,, — oo such that 7, ,rend, < n=1/2

. Choose some b,,
such that 1 > b, and r., < b, < (Te’n§n)2/7°. This is feasible because vy > 2, so that r?,/,?(’ > Ten and

5,2/% — 00. Then 7., < b, and rmnbl(]/2 L TynTendn K n~Y2, Thus, both conditions hold. O

Proof of Example 2. For simplicity, I proceed assuming r. , > n=1/2,

By Theorem 1, it remains to show
that there is a b, — 0 such that r, , e, log(1/b,) < n-Y2 Tpnbn < n~1/2, and Ten < by.
Because 1, ,,7¢.n 10g(1/7¢ n) < n~1/2, there exists a b, such that Ten < by < 1 and 7y, ,b,log(1/b,) <

n~1/2. For this b, all three conditions hold by inspection. O

Proof of Example 3. For simplicity, I proceed assuming re r, 7u,n > n~1/2,

If 79 > 2, the claim holds by Example 1 and Example 2.

Now suppose that o < 2. Take b, =rc (max {’I“em, nl/zru,nﬂ%z}) 71/2. Note that n=1/2 « Ten <K by
and rH’nb;TU = n~1/2 (nl/zr%nrgﬂf) 2 < n_1/2, so that all conditions of Assumption 3 hold by inspection.

O

Proof of Example 4. If 9 > 2, the claim holds by Example 1 and Example 2.
Now suppose that vy < 2, and consider both cases.
i) 7, = O(n=Y2). Take b, — 0 such that b, > re,. Then b0 2/% « p(0=2/2 . 71/2 414
(i) ru, : , :

rmnblo/ *<nV 2, 5o that all conditions of Assumption 3 hold by inspection.
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(ii) 7., = O(n™1/2). For simplicity, assume r,, = n~'/2. Take b, = n~1/2 (n’l/gr,ﬁ/Z), so that
70

0 1 _
1> b, > n1/2 2 Ten- Note that r, ,b7 <K r,nbi = n*1/4r%n%n17§ < n’l/z, so that all conditions of

Assumption 3 hold by inspection. O

C.6 Necessary Smoothness Conditions

Lemma 20 (Minimal expected nearby observations). Suppose the conditions of Theorem 2 hold. Define

A(zo | h) ={x 2 € [-1,1]¢, ||z — ;]| < h}. Then
inf Ep[D| X € Az | h)] > 2~ 004D/ (o=D) =1/~ p 5551
zo€[—1,1]4,PEP h>0
Proof of Lemma 20. Proof by contradiction. Suppose not, and there is a P € &, ¢ € [-1,1]¢, h > 0 with

Ep[D| X € Az | h)] < 2~ 004D/ (o=D)0=1/(vo=1) p 5557

Define 7 = 2-(0+0/(0=DC=1/(0=Dp5%"T and B = {X € A(w | h) : e(X) < 7}. Then P(X € B) <
P(X € A(wg | h))/2 > h%/2. As a result:

d —1pd 1—x -1 1—
Pe(X)<m) > % = CW”"*I% = Cpo-lotg— o pd (Q%Ci—h*—) " oo,
Contradiction. O
Lemma 21 (Minimal coefficient). Suppose Assumption 6 holds and e(X) € (B, L) for some B, > ﬁ.

For 0 < j < B, Let ¢; (v | xo) be the coefficient in the jth-order Taylor expansion of e(x) around xo applied
in the direction of v. Then there is a ¢* > 0 such that for all xg, there exists an & # ¢ and a 0 < j < a(Mow)

such that zo + ﬁ € [-1,1]¢ and ¢; (ﬁ | xo) > c*.

Proof of Lemma 21. 1f B, < 1, the claim is immediate by Lemma 20. I therefore proceed assuming 3, > 1.
Proof by contradiction. Suppose for all ¢ > 0, there exists a P and an x¢ such that c; (ﬁ | :Eo) <c
for all j < a(Mow),
Define:
Ol/d a

h* = argsuphe(ovl] Z EJ (h)j + Le (h)ﬁe < m (h) vo-1 |
a(Mou) <5<,

This h* is well-defined because as h tends to zero from above, the left-hand side is of a lower order than the

right-hand side. By continuity, h} € (0,1] and satisfies this weak inequality.
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Take ¢* = ming<;<,ou) Mguloigiz(h*)%_j. I claim that for this ¢*, the the content of Lemma 21
holds.

Proof by contradiction. Suppose, not, and there is an o € [~1,1] and an = as above such that
¢ (ﬁ | l‘o) < ¢ for all j < a™°¥). Then for all z € [~1,1]¢/x¢ such that ||z — zo| < h* and

Zo + fe=agy € [F1 1%

e(z) = f(x | wo) + g(w | zo)

= (o N D e TR
2 Cﬂ<||x gg'%) o = zoll” + 5 Ty g | %) 17 = w0l + Lllz = zol

OSjSa(Mou) a(Mou)<jSZE
1
CT™ 4 , CT _a_ L [aMow) 4 1] _a
< o (W) T — x|l + 7 ()70 T KO0 e (h") 0T
OQE%MRNWOMﬁ AR re e R T EP R
So that:

O[(Mou)+1 *
P(e(X)SCl ”Ow( ) P<$0+”Xx0 [_171]d7||X_330|2h>

(h*)d (Cl 70 (h*)d/('YO 1))70_1

aMou) 2] )’YO 1 <Cl—1’yo |’a(Mou) +1]

oAMOU +1] [a(Mou) 4 2]
|’a(1\/[ou) + ﬂ . Yo—1

fotar 421 077

-c (h)7

Yo—1
d >
—1

>C <C

o—1

ou ’Y
L st (1)) Con-

"a(Mou) +2“

But by Assumption 1(d), P ( (X)<CT™= o [ao 1] (h*)m 1) <C (O O [atiTem 2]

tradiction.

Therefore, for this ¢* > 0 and all zy, there exists an z # xp and a 0 < j < a(M°% guch that
¢; <7‘|i:§3” | a:o> > c*. O
Proof of Proposition 4. Proof by contradiction. Suppose not, and for all p, v > 0, there is an

he (0, (cl/d/(zL))ﬁ*ﬁ} :

zo € [-1,1]¢, and P € & such that P(e(X) > PSUD|y_go<n €(®) | D =1, [|X —xol| < h) <v.

Take some p > 0 and some sequence of 7y, — 07, with associated bandwidths h,,, such that

P(n) (e(X) >p ( sup e(x)) | D=1,]|X — x| < hn> < Yn-

lz—zol|<hn
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Because [—1,1]? is compact and the coefficients are in a compact space, there is a subsequence of n for
which zg and the local polynomial coefficients of e(x) around z( are convergent. Without loss of generality,
suppose this is the sequence. Write g,(z | zg) = P(n)(D =1| X = z) — fn(z | z9) be the local polynomial
propensity residuals. Also write f*(- | zo) for the local polynomial coefficients at the limiting coefficients.
First, I show that h,, — 0. Suppose not, and limsup,, .., hn(z) = h* > 0. Without loss of generality,
suppose lim,,_,o hn(z) = h*. Write A = {z | ||x — zo|| < h*}. Then by continuity of densities and bounds

on derivatives, for all n large enough,

sup e(x) | | D=1,||X — x| < h*
lz—zol| <h*

! ( sup  f*(z | xo)) | D =1,[IX -zl < h*>

8 \Jlz—aoll<h*

IV
N

Yn > P(n) <€(X )

w

> P(n) <e(X ) >

—1{ sup  le(z) — f*(x | x0)| zg sup f*(x|x0)}

lz—zo|| <h* lz—zol| <h*

|

( sup  f*(z | xo)) | D= L[[X = < h*>

|lz—zo||<h*

> P(n) <e(X) >

—1{sup|fn<x|xo>—f*<x|wo>||+|gn<x|xo>>f6 sup f*(:cmo)}

T€EA |z—zo||<h*

= P(n) (e(X) > 20 ( sup [ (x| xo)> |D=1,|X — o < h*) ~1 {0((h*)ﬁe) > Q((h*)%}

lz—zoll<h*

oo

v
~

( sup f*($|f¢o)>|D1,||Xx0||§h*>,

llz—zo | <h*

> P(n) <€(X)

which is a positive constant. Therefore ~,, -4 0. Contradiction.
I therefore proceed assuming h,, — 0. Let the lowest-order nonzero coefficient in f* be of order j*. j* is

defined and finite by Lemma 21. Define

NS

llz—gol|<h*

G, = P(n) (e(X) > ( sup e(x)) | D=1,||X — =] < h*) — Vn-

I wish to show that G,, does not converge to zero. By the Bolzano-Weierstrass Theorem, it suffices to show
that there is a nonconvergent subsequence of n.

Write my, j = supjy =1 |¢;(v)] hi=7" and m,, = maxg<;<;- My ;. | consider two cases: (i) m, — 0 or (ii)
liminf,, ;o m, > 0 (and potentially infinite).

Case (i): suppose m,, — 0. Then for all z € 4,,,
e() = f*(@ | 20) + fu(x | 20) + gn(x | x0)
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= sup D%(zo)(x — x0)® + O(RPINUTFLALY L o(hI7) + O(RPe)
lee]|=3*

. T — To |l — zo|| 7 "
= h] ;% h] .
n C] (||£L‘—$0|) < hn +O( n)

" - e—zoll 7
Let n > n’ imply that the o(h], ) term is at most half as large as sup,c 4 hJ, c;- (ﬂ) (”"L "L‘)”) , as

lz—zoll

well as to imply that xg + h,v € [~1,1]% if and only if there is an h > 0 such that z¢ + hv € [—1,1]¢. Then:

P(n) (e(X) > sup e(@) | D=1,X € An)

- X — 1z [|X — o] 7 P jx T — Tg |z — ol a
>P h e > = sup hl, cj« D=1,XeA,
) W( <||X—xo|>< T A\ e VA Y M

X — 2 IX —zol\) _ p T — o lz — zo \*
=P(n") | ¢; > L e D=1,X¢€ Ay 0.
(n) <cJ <||X — x0|> ( ™ ST Sl P I | X € >

Contradiction.

Case (ii): suppose liminf,, oo m, > 0. Write

. . e e D¥e(mo) (TE=es ah{fj* _ j
fn(l' | «750) =} mnz llel|=4 (” o||> (H.’E .Z‘OH) .

n
— Mp I,
7=0

“d z—ag
7m ( HJ*‘TO”)

T—XQ
llz—oll

By construction, dj7n ( ) is bounded between —1 and 1, so that there is a convergent subsequence for

all a. Without loss of generality I proceed assuming this is the full sequence.
Write ci;‘ (v) = limy, 00 djn (v) for all v. Write CZ; (v) = ¢« (v)/my,, where ¢« (v) is the j*-order coefficient

in f*. By construction, for all ||z — zo|| < Ay,

e(x | x0) = f*(x | 20) + fula | 20) + gn(x | z0)

5 j
- =~ [ T —To |z — o] in{1,Bo—j"
= hi * 1 9] (hmm{ Be—J })
el | 2 () (5) +ew o (i

J J
X e [T o |z —$0||> -
=myh, g d; + o(mphl, ).
=" (||x—$0|) < han ( )

Let n > n/ imply that the o(mnhzl*) term is at most half as large as the largest value of the first term over

r € A,, as well as that g + h,v € [~1,1]¢ if and only if there is an h > 0 such that z + hv € [-1,1]%.

63



Then:

P(n) (e(X) > sup e(z) | D=1,X € An)

TEA,
J* J
ji* 7 X — o HX—330|| P T — Zo |z — 2o
>p R : > P WS D=1X¢€A,
=Pl | mahic 3 ) (F2) 25 m Z =zl )\ ) €
J" J
T — o |X—$0||> *< — o > <|$—$0||>
>fsu d D=1,XecA, | >0
Z J <||X - 330||> < B, 2 en, Z |z — ol By |

n J 0

Contradiction.
Therefore there is a p,v > 0 such that for all A > 0 small enough, for all P € & and xo € [-1,1]¢

P(e(X) > psupjg_zy<ne(@) | D =1,[|X —xo| < h) >v. O

Lemma 22 (Minimal eigenvalue technical result). Suppose the conditions of Theorem 2 hold. There is an

h' > 0 such that

lim sup P([o"U|| <e| D=1, X — 0| <h) =0.
€270 pe P zo€-1,1]4,he(0,1],|v]|=1

Proof of Lemma 22. Take some sequence of €, =T 0. Take ', p, v from Assumption 7.
Let P(n) be a sequence of distributions in &2, let v,, be a sequence of vectors with ||v|| = 1, let h,, be a

sequence in (0, k'], and write 4, = {z : ||z — zo| < hn}. Then:

Ep@y [e(X)1{[[vIU] < en} | X € 4A,]
Ep@m) [e(X) | X € Ay
(sup,ea, e(x)) P(n) (lof U]l < En | X € Ay)
= P(n) (e(X) = p (sup,ea, e(x))) p (sup,ca, e(z))
(sup,ea, e(x)) P(n) (lop U]l < En | X € Ay)
VpSUP,e 4, €(2)
P(n) (v Ull < VEn | X € Ay)

- > = 0 (V&) = o(1).

P(n) (s Ul < Ven | D=1,X € 4,) =

O

Lemma 23 (Uniform minimal expected eigenvalue). Suppose the conditions of Theorem 2 hold, and let

U (v) be the vector of zero-through-| B, |-order interactions of v. Define:

X — X —20\"
U( h“)U( h‘"’“"o) ID=1,]|X -zl <h|v

A(h) = . inf v Ep
he(0,h],||v||=1,z0€[—1,1]¢,PEZP

\* = liminf A(R),

h—10
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where U(-) is the | B,]-order local polynomial interaction matriz. Then X\* > 0.

Proof of Lemma 23. Let h' be from Lemma 22. Fix some h € (0,4']. Let h, be a sequence in (0, h], let v,
be a sequence of vectors with ||v]| = 1, let g, be a sequence of points in [—1,1]¢, and let P(n) be a sequence
of distributions in Z2. Let A, = {z : |[|xr — zon| < hn}.

By Lemma 22, there is a € > 0 such that:

in P(o"U|| >e| D =1,]|X — 20| < h) > 0.
PeZ,x0€[—1,1]4,hE(0,hn],[lv]|=1

Call this infimum 6 > 0. ||[v7U|| is bounded, so ¢ is finite.

Define:
X —2om\"
Ap = ngP(n) ( > < zo, ) | D = ].,X €A, v,
hn,

n X_ n 4

L [ (I

X* n
2 T X — o 2

>e*P(n) | |v, U 5 >e|D=1,XecA,)>e5>0.

n
Therefore, for all h < b/, A(h) > £25. Therefore \* > 25 > 0. O

Lemma 24 (Uniform functional approximation across multiple gridpoints). Suppose the conditions of The-
orem 2 hold. Let fr, n(v) : [=1,1]2 — R be a set of k,, functions that are uniformly bounded. Let S(m,h)
be the set of sets of m tuples (z,h) with x € [~1,1]¢ and h € [h,,, '], where h' comes from Lemma 23’s
notion of h small enough and where for all (x1,h1), (x2,h2) € S € S(m h) with xo # x1, there are no points

+v0)

z € [-1,1]¢ with ||z — z1|| < hy and ||z — 22| < hy. Write & = PR C™m (sup, |f(v)])~2. Suppose (i)

dvyg dyg
ha?™" > n7Y; (i) my, be a sequence tending to infinity such for all fized a > 0, m, < exp (—anhﬂ“l);

mn

_ Iy
cxp (1og<1/2>+a*1n*1hn 0~ )
and (iii) and k, | 1 — (1) — 0. Then there is a sequence of e, =T 0 such that

€

forallk=1,... ky,:

sup P | max : ’ >

Proof of Lemma 24. This proof will get hairy. For simplicity, I proceed assuming K is the uniform bandwidth
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scaled downwards by one-half; the proof would require far more care if the kernel took on nonzero values
for an unbounded set. Also, for simplicity, assume that e(X) is bounded above by one-half — the difficulty
here comes from small propensity scores, and is already substantial. Let the upper bound of |f| be b > 0.

dvg

Define R,, = énh,° " and

o= 5 pa () B Ci2) 2 e (5 1 0 () =]

- i o (520

n,j

n,J

Mn

By construction, there is a sequence of ;7 — 0 such that k, (1 —(1-1/e) ezp(logﬂ/?“RnEﬁ)) — 0.

Note that the events D; K (IIX];;%H) are mutually disjoint for a given i across j; therefore write j(i) for

n.j
15 =254 |l
h

n,j

the j such that D; K ( ) =1 if feasible, and write j(7) = 0 if no such j exists.
Let P(n) be a sequence of distributions in &, let S,, be a sequence of sets in S(my,h,), and let

{(@n,j, hn,j)} be a sequence of associated points and bandwidths. By Lemma 20, for all j,n

d
Epo {DK (||X —%H)] > o1/ (- —70) 9 T8 7Ohvowol

n,j

Note that I use a laxer bound for h,, because the polynomial order here is found elsewhere, and the polynomial
order in Lemma 20 is not found elsewhere. Thus, the argument will continue to hold in the presence of certain

typos.

Consider the event A of {i,7j(i)}. Note that for any given j, by the Chernoff bound for binomial random

variables,
P(n ZDK(E__?) - DK ‘X”?H)} < exp (—Cth”?%),
nE [DK (“ hwe”)}
> Dk (1=l 5 DK (Xl
So that P(n) | max — [DK<(€x)>} 2]: (U? ))} > 9

D1K< ||X};i;jj ||)
ws[or (Ba)] =%

I now apply the Hoeffding inequality to the > DK (%) <2E [DK (%)} elements of V,, ;

I therefore proceed under the high probability event that A is such that max;

66



conditional on A, for all k, n, j

| X —=;

nJ

2o [ (2]

(o ()

P(n) (Vo jkl > €n) < 2exp < 2exp (—Rngi) )

Then:
k., kn Mn
P(n) <Il£1axmax|Vn] Kl > en | A) < 1- P(n) (|Vajkl > €n))
k=1 ]:1

S

2
n

)))

Lz _1 di‘Ll
<k,|1- (1 — Qexp( Rnsi)) =k, (1 — <1 — 2exp <16b2nhn70_
j=1
1 emp(log(l/Z)JarEi) ewp(log(i”/L;L)+RnE%)
=k, |1-— 1-—
exp (log(1/2) + Rue?)

o(1).

= ke (1= (1= 1/e = of1)) 00/ 55m:2) )

O

> an) = o(1).

Therefore P (maxk 1 maX T Vijik

Lemma 25 (Nondegeneracy of local polylnomial eigenvalues at estimated bandwidths over gridpoints).
Suppose the conditions of Theorem 2 hold. Fiz some k > 0 and let S, be a set of g, points xp ; € [—1, 1],

with g, < k'n for some fived k' > 0. For each x,j, let hy j = suph :nY_; Dil{||X; — 25|} < kh=2Px and

let b, ; solve nE[D1{||X — z,, ;||}] = kh=2P«. Then there is a 6, =+ 0 such that
e E ==
>\min - Hxln; Il e
= ()
limsup sup P | max = —1| >, | =0(1).
S I e o (St Jo (o ()|
)\min = " s
e

Proof of Lemma 25. For convenience, I proceed assuming K is the uniform bandwidth, scaled downwards
by one-half. Let P(n) be a sequence of distributions in Z.

Apply Lemma 24 to the sequence h,, = 2B“+d~0 T /log(n) and m, = 3¢, < exp (anhiwgo_l> for all
a >, to yield a sequence of 55{1) —T0.
Let i, j solve miny, [Ny, (h | ;) — kh™2P# |, and let hy, ; solve miny, |Ni(h | @) — kh™2P«|, where N (h |
Tpj) = nE[e(X)1{| X — 2, ;|| < h}]. Further, let [h,, ;, hy
(a) )1

+éen
tending to one, hyj € [h,, ;, hn j]-

;] be the convex hull of the set of h that solve

n,jo

Ni(h | @,4)(1 = kh=2Pu or Ni(h | 2n;)(1 + %) = kh=2%:. By Lemma 24, with probability
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Write:

b (o202

e o (550

T
Z?:l DK (I\Xi*hfrn,j\l) U (Xi*hwn,j) U (thrn,j)

Ay j(h,h') =

Bn,j(hv h,) =

The claim is that there is a §,, =1 0 such that

P(n) (

A;; is symmetric, so that ||A

)\min (Bn,j (hn NE hn J))

-1
)\min (An,j (h:; R h;; .7))

> 5n> =o(1).

is equal to the squared largest eigenvalue of A%, where || - [|(,p) is

’n,j”(op n,j?

equal to the operator norm. By Lemma 23, HA;; ||%Op) = Amin(4n ;)72 is bounded above.

1

—_——— —1

Take m,, = 3g, < 3k'n, k, = (n+ 1), and h,, = n** 701 o1 /log(n) £ , so that the first condition of
Lemma 24 holds by Lemma 23. The second condition holds because m,, = O(n). The third condition holds
by L’Hopital’s Rule applied to n (1 - (%) Czp<b+ciz/1°g<ﬂ>) — 0 for any fixed a,b,c,d > 0. Thus, I may

apply Lemma 24 to the k, = n + 1 bounded functions f(v) = Uy (v)U,(v) and 1{ i < g < s J} at the

ke

bandwidths h,,. Let the associated ¢,, terms be s%b) Then:

max [An i (P s B ko = B (B gy B k|

An (R iy b i)k, Bnj(hy iy b i)k, Bn,j(hy iy b )k,
<max gy s Jep + max 3 (R g B Dk + max i(hn, i)kp

Yl = Baj(hhg i)k 7| = Bnj(hh i hni)kp "l = Buj(hng haj)ep

) X5 —zn 4l _
E0H (B )N S DX~ gl € By )
ZDK(H)Q zmu) O max

J ZD’bl{HX’L_x"JH Sh’n,]}
Fi
2
:Op(n)( ) + Op(n) ( ) + o0 ((1 + 57(151)) (1 + 555)))) = OP(n)(1)~

SOp(n)(l) + Op(n) (mjax |An,j (h:LJ-7 h:hj)kvp|) mjax 1-—

Therefore max; ||An; — Bnjll(op) = 0(1).

Then, by well-known arguments (Horn and Johnson, 2013, p. 381):

mj«‘,ﬂlx [Amin(Br,j) = Amin(A,nj)| = max |)‘maX<B;§') - )‘maX(A;LE')’ < mj‘@\X HB;; - A;,E‘H(OP)

145512 1 An.s = Bujll(op) Op(ny(1)opn)(1)
< max o = max
i1 =45 (Any = Bajlllepy 7 L= opm(1)

=opm)(1),
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so that

Amin(Bhn.j) ‘ Amin(Bn,j) — Amin(4n ;) Amin(Bn.j) — Amin (A .nj)]
max | ————= — 1| = ma : = < : ! =o0 1),
J * )\min(AnJ) J * )\min(ATL,j) T mln] )\min(AnJ) P(n)( )
so that the full claim holds. O

Lemma 26 (KL divergence). For any given L' > 0 and x¢ € [—1,1]%, construct distributions P, ,, for m =
1,2 as follows. Draw X ~ U([-1,1]%). Draw D | X ~ Bern (C_('Yo_l)Pnym (I1X = x| < ||x — x0||)1/(%_1)).

Finally, drawY | X, D ~ N (Dpp m(X),02:,) where pn1(X) =0 and

» Y min

—1

I _ Pu__ 1 2By +d 0
pn2(X) = n T eap L IX = ol| < ——5—

—4 2
exrp (=
(%) 1— [ 21X ==
=1
28y +d 20
n

Y0

Finally, define & = {Pp1}n=100m=1,2. Then (i) if there exists a Py satisfying Assumptions 6 and 7, then
there exists a fized L' such that & satisfies Assumptions 6 and 7. (ii) there is an o > 0 finite such that

KL(Pn,lv-Pn,Q) é Q.

Proof of Lemma 26. First, I show (i) that such an L’ exists. Because there exists a P € & in this set and
every P, ., has the smallest possible range of Y — u(X) | X, D = 1, it must be that for every P, ., € 2,
Assumption 1(a) and Assumption 1(c) hold. Also, if I define V(z) = Py (|| X — 20| < ||z — x0]|) which is
distributed Unif ([0, 1]), then for all P, ,,:

P (e(X) < 7) = Py (C*WO*UV(X)ﬁ < 7r) = P (V(X) < Cr0~Y) = O~

Therefore, Assumption 1(d) holds and Assumption 4(i) holds with C = C” and 7 small enough. It is also

clear that Ep

n,m

Y| X,D=0]=Ep,,[Y|X,D=1] € 3(B,, L), since these functions are a constant zero.
It remains to show that there is an L' > 0 such that for all n,m, Varp, ,(pn2(X)) < M (Assumption 1(b)

and completing Assumption 6) and p, 2(X) € X(8,, L) (Assumption 7). For the variance upper bound:
~28, 3
> V0
Varp, , (fn,2(X)) < (L)? <n Sutdzo—t > exp (3 - 2) < (L)?exp(2/3).

By
so that it suffices to take L' < \/Mexp(—2/3). For Holder continuity, write i, 2(X) = Ly 2ot Ja (M) .

a
70
28, +d
n M 01

If a > 0 is small enough, then g, is infinitely differentiable and in X(5,,1/2). Thus, by standard arguments
(Tsybakov, 2009), if L’ is small enough, p,, 2(X) € X(5,, L). Thus, there is an L’ > 0 such that & satisfies
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Assumptions 6 and 7.
—1

Second, I show the main claim (ii). It is useful to write h,, = n** 5T Then:

dP,
KL(Pn,l’ an2) = npml <10g dP, ’;)

nE
~—
D‘
3
('b
S
S
/N
,_.
{»—-
Ny
N—
N———
[ V)

3 oy (Gt
<oy (1% = aoll < %) Pus (=11 1 ol < 22)

= nk2724-1 (1) (lé) o hfde””ﬁ“ = k27241 (1)? (é) T e

O

Proof of Proposition 5. First, I construct such a §. Let d; be the smallest value of x such that (x/log(x))/(28:) >

41/ (B) 2 /log(x) > 4, and = > 4. Then take:

2Bu+dvo/(vo—1)

§=supd >y s.t. (d/log(d))” Puto-n > g¥@lesld)=1 op g — 5,

This is defined because as d tends to infinity, the inequality does not hold.

2Bp+dvo/(vo—1) 2Bp+dvo/(vo—1)

Now I show the claim holds. Take 7 = (log(8)/d)" /2B) and r = (8/log(8))™ uto-11 =g~ Y01

Note that by construction, 7 € (0,27 1/8u].
Let § > ¢ and the sequence as above be given.
Take £ = (log(8)/5)'/ (25, so that log ( ) 52~ ) (tﬁ,k))w“ for all k = 0,1,.... Note as a result
that log ( (k)) log(0) (H0§j<k %)w“. In particular, log (mslkﬂ)/m%k)) = log (mgf)) ((t%kﬂ)/t;k))wu /2>
forall k =0,1,....
Next, I show by induction that for all k = 0,1, ... t(kH) > tslk)/w and m%kﬂ) > gm%k). In the base case,
k=0, t%kﬂ)/t;k) ~! by construction of 7, and my, )/m = §9/(10g(®))=1 > 4 by construction of r. In

the inductive case,

$UD) J30) (mg@)/mgﬁ_n)(”f’*”/m“*d”“/(%*”) > ()10~ D/ (2B dr0/ (0 -1)

(k+1) 74 (k)\2Pp o
(b0 /) 21 > §8/(21og(@)=1 > .

n

m+D /i (k) — (m(k)>

Thus, for all £k = 0,1,..., t%kﬂ) > t%k) > m and mgﬁl) > zm%k) for some r > 4 and 7 € (0,2*1/@‘]. The
remaining claims hold by inspection. O

Lemma 27 (k characterization). Let d, , mg@), and h%’“) be as in Proposition 5. Let k be the smallest k

for which 7*=18x < 1/log(n). Then k = O(log(log(n))).
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Proof of Lemma 27. (k;, — 1) < 2/ log(log(n)) = ©(log(log(n))). O

Lemma 28 (Minimal small-propensity points). Suppose the conditions of Theorem 2 hold, and there are m,,

points x; € [—1,1]% such that inf, . ||x; — ;|| > h and max; nE[D1{|| X —z;|| < h/d}] < s(h/d)=2P=. Then

1—v0
there is a universal constant B > 2 that depends on C, o, By, d, s such that m, < B (nh2’8“+dw381> .

Proof of Lemma 28. Note that the set of points with 1{||X — ;|| < h/d} are mutually exclusive across .
Note also that for any set A, E[D1{X € A}] < 7 implies P(X € A)/2 < P(X € A,e(X) <27) < P(e(X) <
27m). As a result, for j as in the statement,

Ele(X)1{||X — a)[| < h/d}] _ sd®t>P
nP([X —aj[ <h/d)  — nh®25.

-1
d 25dd4+26u 25dd+28u\ 7°

Ele(X) | |X - ]| < hjd) < ™

1—
My < 02705707 1g28u(o=1)+dvo (nhQﬁ"""dvggl) e .

Finally, if the constant is below 2, without loss of generality set B = 2. O

Lemma 29 (Grid width construction). Suppose the conditions of Theorem 2 hold, and define N,(h | z) =
Yo {D; = 1,||X; — z|| < h}. Then there is a ¢ > 0 and an algorithm based only on fB,, d, and the
(X, D) data that generates a grid width w, such that with probability tending to one, =/ @Butd) < <

—1 —1 —1 —28,
23 d—J0 28, +d—0 _ 28 ’+dﬂ);
den ™ %=1 and for all x € [-1,1]%, N, <cn ERETE xn,j> >2 (cn ntdze=T .

Proof of Lemma 29. First, I construct a h,, that will be used to construct w,. Let z = 2. By Lemma 20,
there is a k” > 0 such that E[D1{||X — z|| < h] > k"h%0/(0=1 for all h € (0,1] and all 2 € [-1,1]¢. Take
K = (k"2)~1/2Butdro/(v0=1) and take h, = k'n~1/(2Butdr/(0-1) g6 that Ko/ o=l — gzf 20k,

To construct a grid without use of 7, define a pseudo-grid of width w, = d/|(5n)"/@o+d | Tet n
be large enough such that @, > d(n/4)~'/(2fu+d) for all n. For each pseudo-gridpoint #, ;, take h, ; =
infr<1h: Ny(h | Z,,;) > 2h~2Pe. Take the true grid width as w, = [1/ (dsup hy ;) ].

To show that w,, works, take another pseudogrid with pseudo-grid-width @, = 1/|1/(2dhy)]| and con-
sider hypothetical gridpoints &, ;. For simplicity assume 1/ (2dﬁn) is an integer, and in particular that
W, < hy/d. Notice also that n=1/¢ < p=V/@utdr0/(v-1) = Q(h,) = O(w,), so that n~/¢ < h, <
k' dn=1/2Butdyo/(vo=1)) for all n large enough.

Note also that ||z —#, ;|| < hy and ||z — Z, 4] < hy, for z € [~1,1]¢ implies k = j, because the gridpoints
are separated by at least dh,. There are also O(h;%) = o(n) gridpoints. Therefore by Lemma 24, with

probability tending to one, Ny, j(hp | #1.;) > nE[DI{|X — Znj < hn}]/2 > %ﬂﬁfﬂo/(%_l) =227 1(h,)" 2w,
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Note that for every x € [—1,1]¢, there is some &, ; with ||z — Z, ;|| < di,. Therefore, with probability
tending to one, N, ((2d + 1)hy, | ) > Nu(diy, + hy | 2) > inf; Ny(hy | $ny) > 257N (h,) 2 = (2d +
1)28625=1((2d + 1)hy,) =280 > 22((2d 4 1)hy,) 25w,

Finally, take ¢ = (2d+1)k’. With probability tending to one, w,, < d(2d+1)h,, = den=/(2Butdro/(v0=1)),
Note that with probability tending to one, w, < (2+ 1/ d)dﬁn. Note also that by Lemma 24 applied to
Bno = (n/4)~1/2Butd) at the pseudo-gridpoints Zn,;, with probability tending to one, Ny (hpo | Zn ;) >
(o) D0 (K" hpy 0)—d/ (Yo — 1) > 4(hn,0) 2%, so that with probability tending to one, den~1/(28u+dy0/(v0=1)) >
W > hpo 2 n~ 1/ (2Bu+d)

Finally, note that because each x,, ; isin [—1, 1]¢, by the argument above, N,, (cnil/(w#*d“’“/(%’l)) | a:nyj) =

N, ((2d+ Dy, | xm) > 2 ((2d+ 1)Bn) —2B,. O

Lemma 30 (Bounding inclusion probability). Take ¢ as in Lemma 29; let 6,7 be as in Proposition 5; take
some § > §; construct m%k) and t&’“) as in Proposition 5; take h%k) = cn‘l/(w“*d'*“/('yo_1))/t7(1k); and take
k*

* as in Lemma 27. Let {(zn ,hn;)} be a set of gridpoints x, ; covering [—1,1]¢ with edge lengths wy,

such that (i) b g = infucy b s No(h | @) 2 207250, (id) by < 0D < wa/d, and (iii) Ny (B | 20 5) >
K {Dl {||X — Zn ]l < hst)H forall j, k and h,, ; < ) < wy/d for all j. Then for everyk =1,... k}+1,

there are at most m¥) gridpoints j with hy, ; > hP.

Proof of Lemma 30. Suppose j satisfies h,, j; > h;’“). Then by (i) and (ii),

*))*
SE[DL{IX 2yl <aP}] = n(h2>E [D 11X = 251 < 1]

28,

so that nE [Dl {||X — Ty 4 < hEPH <4 (h%k))i . Let ) be the number of gridpoints with h,, ; >

hflk). Then by Lemma 28,

0 \1- (k) \ ~00=D (2Bt 530) (k)| ~20
) < B (n(ryoerimt) T = g (1 <enp (285 (M) ) =i,
hn, hy,

O

Lemma 31 (Grid characteristics). Take ¢, , 9, m%k),h%k),m%k),k:; as in Lemma 30. Then there is a con-
struction of a grid width wy, gridpoints x, ;, and bandwidths h, ; constructed using only B,, d, and the

(X, D) data, such that with probability tending to one, (i) Ny (h%l)) > 2(h£}))—25u for all j, (it) hyj <

\%

WY for all j, (iii) |z — Tpjll < hnj and ||z — zp k|| < hpp implies k = j, (iv) N, (h%k) \xn])

) ) X—=onj
S DUIX —2n 5| Sha s }U (Sd ) U
S DX~ [ <hn}

SE | DUH{||X =z, 4] < h%k)} foralljand allk =1,...,ki+1, (v) the smallest eigenvalue of
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is at least \*/2 for every j, and (vi) for oll k = 1,...,k + 1, there are at most mP gridpoints j with

By > B

Proof of Lemma 31. Let wy,x, ; be constructed as in Lemma 29. For for every j, take h, ; = infr<i h :
Ny (h | 2p,;) > 2h 2P, Notice that this construction is well-defined and does not use the outcome data and
only depends on d, 3,,, and the (X, D) data.

By Lemma 29, n= 1/ @8utd) <4y < den=1/(2Bptdro/(vo—1)) — dniV.

(i) holds by Lemma 29. But then (ii) holds by this construction of h,, ;.

(iii) holds because h,, ; < hSP < wy,/d by Lemma 29.

(iv) will hold by Lemma 24. Consider the k% + 1 functions 1{D = 1, | X —z|| < h{} for k =1,... k' +1
evaluated at the O,(n) gridpoints z,, ; with global bandwidth A = hsll) = maxy h;’“). I continue on event
that the number of gridpoints is O(1) and the grid width is at least hg), which were shown to be arbitrarily
high probability earlier in this proof, so that the preconditions of Lemma 24 hold. Recall by Lemma 27 that

—1/(2Bu+dvo/(v0—1))

ki, = O(log(log(n))). Note that A = " ;n < exp <—an(h£zl))d7°/(%71)) by inspection;

and £}, (1 — (e;el) n/(cap(log(1/2) e n 7! () =0/ 07 D)) — 0 by L’Hopital’s Rule. Therefore by Lemma 24,
with probability tending to one, N, (h%k) | xn,j) > oK [D1{||X —Zn |l < h%’“)}} for all j and all k =
1,00 k% + 1.

(v) by strict monotonicty of h~2% and weak monotonicty of N, (h | ) in the opposite direction, h,, ; =
infp<i b s No(h | @) > 2072 = sup, <1 h : Ny(h | @,,;) < 2h72%«. Thus on the high probability event
that the number of gridpoints is O(n), by Lemma 25 and Lemma 23, if n is large enough so that hSP is small

enough, then the smallest eigenvalue of the induced design matrices is at least A*/2.

(vi) holds by Lemma 30, with each condition either holding by construction or by claim above. O

Lemma 32 (Maximal local polynomial residual). Let w,, and {z, j, hn ;} be constructed as in Lemma 31, let

Z be the (X, D) data, and define fi; = E[fy; | Z]. Then E [maxj (A2 ) — fing)” | Z} = Op (n=20u/@Butdyo/(0=1)))

Proof of Lemma 32. Let [in; = Eli(z,;) | Z]. Recall by Lemma 31 that with probability tending to
one, the smallest eigenvalue of the realized local polynomial design matrices Y. DKUU?T /3" DK is at least
A*/2 > 0. Note that there are no x with ||z — z, ;|| < hy,; and || — 2y k|| < hnp by (Lemma 31(iii)), so
that fi(xy ;) | Z are independent normal draws. Therefore the set of ji(zy ;) — fi(zy, ;) random variables are
independent normal, with variance bounded above by 4A72N,, (hy, ; | xn’j)fl 02 s = Ny (b j | mnyj)fl for

some universal constant c.

Let ¢, 0, t%k)h%k), mglk), k* be defined as in Lemma 27, so that hﬁf***) < c’hgll)w(kfl) = n~1/(2Bu+d) (1/10g(n))1/6“

n
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by Proposition 5 and the definition of k. For any fixed k =1,...,k}, by standard arguments,

M = B [ (i) ~ o) LI < oy <001 2]

<

-1
Ny (hnj | zn,j)> log | Y 1{hhlf™) < by, 5 < b}
J

min
F:hET <, j<h

for some universal constant ¢’. Thus, with probability tending to one,

—1
28,
My < min h;iﬁ“ log (mgf)) < (hg“)) log (mg“)) (L30,31(vi))
G <hy s <h
28 26,
<ds (hg’ﬂ) " 9=(h+D) (tﬁ{”) ' (Proposition 5)

_ 5 (hﬁﬁ’)% 2-040) (n®) /(1) s (hw)”” 9k,
. 1y —28
Also note that h,, ; < R implies Ny, (b j | T ;) = (hy ;) 2P0 > (hglk”)) " so that analogously, on the

high probability event expressed above that there are O(n) gridpoints and max; h, ; < h%l),

—2Bu —2Bu
* “\\ 28u 1 5 L dv | : . dv
“Mk—i-l” _ E {mjax (ﬂ(xn,]) o ﬁn,j)z 1 {hn,j < hglkn)} | Z:| S C/ (h%kn)) H IOg (n> j nggu+% 1;;(;3)2 =0 <7’L2ﬁ“+%> .

Thus, on an event with probability tending to one,

K K
n n 2ﬁ“ —28,,
E {max (f(2n,5) — ﬂn7j)2 | Z} < E My, + M4, < E dé (hgll)) 27% +o (nwﬁ‘”o/(ml))
k=1 k=1

J
208, —28u —2B8u
<ds (hSP) +o|nTaFm/GoD | = O nZPatdo/Go—D | |

O
,5“7
_70
Proof of Theorem 2. Recall that ¢, = n***"*50-1 . There are two main directions to show.
Lower bound pointwise rate. Define o = (0,...,0). Let & be as in Lemma 26, with associated

distributions P, ., for m = 1,2. By Lemma 26, K(P, 1, P, 2) < a. Define the seminorm d(P, Q) = |Ep[Y |
X =x0,D=1] - Eg[Y | X = 9, D = 1]|. By construction,

wy om
/ —Bu —Bu

d(Po1,Qn2) = L'eap (1/3) n "+ 5051 n #0505

—Bu
where L' > 0 is fixed. Therefore d(P, 1, P 4) > 28n, where s, = An 2outdsly Thus, standard arguments
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(Tsybakov, 2009) show that for any fixed estimator i of E[Y | X = xg, D = 1] and all n large enough,

sup P (|ji(z0) — pi(o)| > 5,) > max
Pe» J=12

erp(—a) 1— \/a/2> S0

P; (|fi(x0) — pin,j(w0)| > 8n) > max ( I , 5

Thus, for all t > 1 (see Tsybakov Theorem 2.3),

Bu Bu
— P s —ct) 1-— t/2
liminf inf sup P <n25“+d‘«?01 |o(zo) — p(xo)| > § 2Pt ) > max (emp( ¢ ), ot/ > ,
n—oo i Pco 4 2

—Bu

28, +d—20_ .
kT%%-1 is a lower

where ¢ is a constant that only depends on the parameters of the problem. Thus, n
bound on the pointwise rate of convergence.

Achievable uniform rate. This is the more difficult and interesting direction. Thankfully, several
lemmas above make the remaining task relatively simple.

By Lemma 31 and Lemma 32, there is a construction of gridpoints xz, ; separated by edges of length
w, = Op (n™V/@Butdrw0/(0=1)) and bandwidths h, ; depending only on S,, d, and the (X, D) data Z
such that with probability tending to one, max; h, ; = O (n=1/(28utd0/(0=1)) " the smallest eigenvalue
of the design matrix used to construct fi(x, ;) based on regression of ¥ on U (X;Tz;”) with weights
DI{||X — zp || < hpn;} is at least A*/2 for some fixed \* > 0, and E [maxj (A2 ;) — fing)” | Z] =
O (n=28u/@Butdro/(0=1)) where fin ; = E[fi(zn,;) | Z]. But then on this event, max; fi(zn ;) — p(zn,;)% =
) ((/\*)_2 max; hffj“) = O (n=2Pn/(@Butdy/(0=1)) " Therefore for this construction, with probability tend-
ing toone, F [maxj (f(xn,;) — ,u(xn’j))z | Z} = O (n=20u/2Butdyo/(0=1))) Therefore max; (fi(zn,;) — u(mn’j)f =
Op (n=2Pu/@Butdro/(0=1)) by Markov’s inequality.

Now consider predictions within the grid. For a given point z € [—1, 1]d, if # = x, ; for some j, take
f(z) = f(z,;). Otherwise, construct fi(z) via local polynomial regression of ji(z, ;) on U (%)
for gridpoints z,, ; with ||z, ; — x| < (B, + 1)w,. By standard arguments, each such design matrix is

nondenerate so that (i(z) — p(x))? = O (wiﬁ“’ + max; |fi(zn,;) — u(xnj)\) = Op (n=28u/2Butdro/(0=1)))

for all € [~1,1]¢ simultaneously. Therefore i achieves the uniform rate v, and with no polylogarithmic

penalty.

Completing the proof. Ar; achievable uniform rate of convergence is also an achievable pointwise
rate of convergence. Thus, nw“*d% is the optimal pointwise rate of convergence. A lower boundﬂon the
pointwise rate of convergence is also a lower bound on the uniform rate of convergence. Thus, n >’ "M%}l is
also the optimal uniform rate of convergence. O
Proof of Corollary 4. Write o, = W and a, = Qij_d.
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By standard arguments (Stone, 1982) and Theorem 2, there are cross-fit estimators /i(X) and é(X) such

that || — pllLe(py Zp Tum Z (n/log(n))” " and || — €||p=(p) ZP Temn 3 (n/log(n))”“, none of which

depend on 7. As a result, Assumption 2 holds.
Take by, = re ,log(n). Because ae > 0, 1> b, > 7¢ . By Theorem 1, it only remains to show that the
conditions of Assumption 3 hold.
(a) Outcome Consistency. 1, , < 1.
(b) Asymptotically known thresholding. Te , <K Teplog(n) = by,.

(¢) Regression error with singularities. If vy > 2, the claim holds by inspection. If not, then:

20
Tu,nanO < Tu7nrg?71/2 log(n>’m/2 j (TL/ log(n))—au—ae“ﬂ)m log(n)"m/2

— log(n)a#+ae"/0/2+70/2n7au70‘670/2

= n~ Y2 Jog(n)nteer0/2470/2n1 /2= 0 —0er0/2 gy =1/2, (Equation (6))

(d) Product of errors. If o9 > 2, the claim holds by inspection. If not, then r, 7 nbw0 /2 ru,nb;{f)ﬁ <
n-1/2,
As a result, by Theorem 1, the result for Wald confidence interval validity holds. O

C.7 Choice of Threshold

Proof of Lemma 1. First, I show that there is at least one such solution.

Recall the equation:

by SUeX) <b} \/ —
fu(b) = Z 2 /
/1 15 mdx{e - max{e b}

When b = 0, f,(b) is well-defined: 3" D/é is finite, so sup D/é? is finite. Because the first two terms of f,,(b)

include multiplication by b, f,,(0) = 0.

(F57) TEe- o (5] o

The final line holds because £ >~ D € (0, 1] by assumption.

When b = 1:

Define b;, = supb < 1| f,(b) < 0. Define b} = infb > b, | f.(b) > 0. Because f,,(0) <0 < f,(1), both

of these values are well-defined. Therefore, for every b satisfying b, < b < b\, it is the case that f,(b) is a

no

76



well-defined real number that satisfies both f,(b) > 0 and f,,(b) < 0. No such number exists, so it must be
that b, = b}. Define b,, to be that value.

N R
Next, I show that there is a unique solution. In particular, I show that §,(b) = % +

b2, /% > m is a strictly increasing function of b for b > min; é;. As b increases, the first term’s

numerator strictly increases and the denominator weakly decreases. As a result, the first term strictly
increases in that range. For b < min, é;, the first term is zero and as a result is weakly increasing. The

second term can be rewritten as

\/1 > Dmin{e=2b4, b2},
n

which is a strictly increasing function. As a result, f,(b) is a strictly increasing function in the desired range,

so that there can be at most one solution. O
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