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Abstract

We present a design-based model of a randomized experiment in which the observed outcomes are
informative about the joint distribution of potential outcomes within the experimental sample.
We derive a likelihood function that maintains curvature with respect to the joint distribu-
tion of potential outcomes, even when holding the marginal distributions of potential outcomes
constant—curvature that is not maintained in a sampling-based likelihood that imposes a large
sample assumption. Our proposed decision rule guesses the joint distribution of potential out-
comes in the sample as the distribution that maximizes the likelihood. We show that this
decision rule is Bayes optimal under a uniform prior. Our optimal decision rule differs from and
significantly outperforms a “monotonicity” decision rule that assumes no defiers or no compliers.
In sample sizes ranging from 2 to 40, we show that the Bayes expected utility of the optimal
rule increases relative to the monotonicity rule as the sample size increases. In two experiments
in health care, we show that the joint distribution of potential outcomes that maximizes the
likelihood need not include compliers even when the average outcome in the intervention group
exceeds the average outcome in the control group, and that the maximizer of the likelihood
may include both compliers and defiers, even when the average intervention effect is large and
statistically significant.
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1 Introduction

Suppose you have a treatment to improve health care and a nudge to get people to take it. You
design a randomized experiment with two people and run it. Now the experiment has ended. The
person assigned the nudge intervention has taken the treatment and so has the person assigned
control. Why? What would you have seen had the randomization gone differently? What is the
joint distribution of potential outcomes in the sample? Counterfactual questions like these have
attracted recent interest in the study of causal inference (Gelman and Imbens, 2013; Pearl and
Mackenzie, 2018; Imbens, 2020; Dawid and Musio, 2022). To answer these questions, we develop a
novel decision rule for estimating the joint distribution of potential outcomes within the sample.

In the sample of two people, there are four possible joint distributions of potential outcomes
that could explain why you observed one person treated in intervention and another treated in
control. Following Angrist et al. (1996), we classify people based on their potential outcomes in
intervention and control as always takers, compliers, defiers, and never takers. One possibility is
that both people are always takers who would have been treated regardless of their assignment. A
second is that only the person assigned intervention was an always taker, and the person assigned
control was a defier who was treated in control but would have been untreated intervention. A third
is that only the person assigned control was an always taker, and the person assigned intervention
was a complier who was treated in intervention but would have been untreated in control. The
fourth possibility is that the person assigned intervention was a complier, and the person assigned
control was a defier. How can you decide among these possibilities?

Our main innovation is to decide using a design-based model of a randomized experiment with
a binary intervention and outcome. The design of the experiment yields a design-based likelihood
for the joint distribution of potential outcomes within the sample. We derive the likelihood for an
experiment conducted as a series of Bernoulli trials, and we also derive the Copas (1973) likeli-
hood for a completely randomized experiment. The design-based likelihood, which takes potential
outcomes as fixed and assignments as random, is different from a sampling-based likelihood that
invokes a large sample assumption and takes assignments as fixed and outcomes as random.

The design-based likelihood preserves information about the joint distribution of potential out-
comes beyond that contained in the marginal distributions of potential outcomes. A large literature
has focused on specifying what we can learn in a sampling-based framework about the joint dis-
tribution of potential outcomes from estimates of their marginal distributions through the Boole
(1854), Hoeffding (1940), and Fréchet (1957) bounds (see, for example, Balke and Pearl, 1997;
Heckman et al., 1997; Manski, 1997a; Tian and Pearl, 2000; Zhang and Rubin, 2003; Fan and Park,
2010; Mullahy, 2018; Ding and Miratrix, 2019; and Tian and Pearl, 2000). We contribute to this
literature by demonstrating that the data in our design-based setting can be directly informative
about the joint distribution, obviating the need for copula bounds. We provide intuition for this
result using simple, novel illustrations and an analogy to the concept of entropy from statistical
physics.

We propose a decision rule in the style of Wald (1949) that estimates the joint distribution
of potential outcomes in the sample as the maximizer of this likelihood. There are a number of
benefits to the statistical decision theory framework in our setting. First, decision theory is easy
to apply in our finite sample, design-based setting, unlike alternative criteria like consistency that
depend on large sample or asymptotic assumptions. Second, statistical decision theory provides
straightforward methods to quantify the gains from exploiting the full curvature in our likelihood
over other decision rules. We focus here on the statistical decision problem of choosing the correct
distribution of potential outcomes in the sample, rather than on testing hypotheses about the
distribution. Classical hypothesis tests that control for test size prioritize a null hypothesis over
its alternative, which could limit the amount of information we learn from the likelihood in our
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setting (Tetenov, 2012). Our work contributes to the integration of statistical decision theory into
econometrics (Manski, 2004; Dehejia, 2005; Manski, 2007; Hirano, 2008; Stoye, 2012; Kitagawa
and Tetenov, 2018; Manski, 2018, 2019; Hirano and Porter, 2020; Manski and Tetenov, 2021),
particularly within finite sample settings (Canner, 1970; Manski, 2007; Schlag, 2007; Stoye, 2007,
2009; Tetenov, 2012).

To justify the use of our maximum likelihood decision rule, we demonstrate that it is Bayes
optimal under a uniform prior with the appropriate utility function. While one need not be Bayesian
to construct our decision rule, we emphasize that Bayes optimality is a desirable property. Bayes
optimality implies that our decision rule is admissible (Ferguson, 1967) and that the decision rule
cannot be bested in a betting framework (Freedman and Purves, 1969).

For comparison, we also construct a design-based “monotonicity” decision rule inspired by the
LATE monotonicity assumption of Imbens and Angrist (1994) and the monotone response as-
sumption of Manski (1997b), commonly invoked in large sample frameworks. To allow for the
best possible performance of a monotonicity assumption in our design-based framework, our mono-
tonicity decision rule chooses the constrained maximizer of the likelihood among distributions that
contain either no defiers or no compliers, and that match the point estimate of the average inter-
vention effect. Our maximum likelihood decision rule imposes no such restrictions and allows for
both compilers and defiers in the same sample.

Using exact computations of the value of the likelihood function over every possible realization
of experimental data, we quantify the expected utility gains from our optimal decision rule. We
compute the exact expected utility from each decision rule under a uniform prior for all even-
numbered sample sizes from 2 to 40. Our maximum likelihood decision rule strictly outperforms
the monotonicity decision rule for all sample sizes greater than four, and the Bayes expected utility
of the maximum likelihood decision rule relative to the monotonicity decision rule increases with
the sample size. In a sample of 40, our maximum likelihood decision rule delivers 1.31 times the
Bayes expected utility of the monotonicity decision rule.

Finally, we demonstrate the application of the maximum likelihood decision rule to two real-
world experiments in health care. First, we analyze the effect of a nudge intervention intended to
increase the uptake of flu vaccination in the experiment of Lehmann et al. (2016). The authors
estimate a small, positive effect on vaccination takeup, and the baseline monotonicity decision
rule for the joint distribution of potential outcomes in their sample reinforces this conclusion. In
contrast, using the maximum likelihood decision rule, we estimate that their sample contained zero
defiers and zero compliers—that is, our decision rule suggests that the intervention had no effect
in either direction, and that the small observed differences in the average outcomes between the
intervention and control groups is due to chance in who was randomized into each group. This
example shows that the maximum likelihood decision need not include compliers, even if the average
outcome is higher in the intervention group than in the control group.

Second, we analyze the effect of high dose Vitamin C on survival among patients with sepsis in
the experiment of Zabet et al. (2016). This small trial finds a large and statistically significant effect
of the Vitamin C intervention on survival. Both the baseline monotonicity decision rule and our
maximum likelihood decision rule similarly suggest a large effect through the difference in estimated
numbers of compliers and defiers; but while the former estimates no defiers by construction, the
latter estimates a positive number of both compliers and defiers in the sample. This example
highlights that our design-based likelihood can be maximized by a distribution with both compliers
and defiers.

The remainder of the paper proceeds as follows: Section 2 exposits the design-based model
of a randomized experiment and its implied likelihood function. Section 3 proposes a maximum
likelihood decision rule and demonstrates its Bayes optimality. Section 4 quantifies the performance
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gains from the maximum likelihood decision rule, and Section 5 applies our decision rule to two
randomized experiments in health care. Section 6 concludes.

2 A Design-Based Model of a Randomized Experiment

2.1 Model and Notation

Following the potential outcomes model of Neyman (1923), Rubin (1974, 1977), Holland (1986)
and others, we ascribe each individual a binary potential outcome yI ∈ {0, 1} in intervention and
yC ∈ {0, 1} in control. Individuals are randomly assigned to intervention (Z = I) or control
(Z = C), and one of their potential treatments is revealed as the observed outcome Y :

Y = 1{Z=I}(yI) + 1{Z=C}(yC),

where 1{·} is the indicator function.
An individual’s realized outcome depends only on their own potential outcomes and their inclu-

sion in the intervention or control arm, ruling out network-type effects through a “no interference”
(Cox, 1958) or “stable unit treatment value” (Rubin, 1980) assumption. Throughout, we define
Y=1 as “treated” and Y=0 as “untreated.”

Under these assumptions, individuals fall into one of four “principle strata” defined by their
combination of potential outcomes (Frangakis and Rubin, 2002). Following Imbens and Angrist
(1994) and Angrist et al. (1996), we refer to these four groups as always takers (yI = 1, yC = 1),
compliers (yI = 1, yC = 0), defiers (yI = 0, yC = 1), and never takers (yI = 0, yC = 0).
Let θyI ,yC represent the total number of individuals in the experiment with potential outcomes
(yI , yC) ∈ {0, 1}2. The sum θ1,1 + θ1,0 + θ0,1 + θ0,0 ≡ n is the sample size of the experiment. We
represent these four integers compactly as θ ≡

(
θ1,1, θ1,0, θ0,1, θ0,0

)
. The value θ summarizes the

joint distribution of potential outcomes within the sample. Following a “design-based” approach,
we restrict our attention to the fixed, but unknown, distribution of potential outcomes within the
given sample, rather than within some superpopulation.

Let XI1 represent the number of treated individuals in the intervention arm (Z = I, Y = 1),
XI0 represent the number of untreated individuals in the intervention arm (Z = I, Y = 0), XC1

represent the number of treated individuals in the control arm (Z = C, Y = 1), and XC0 represent
the number of untreated individuals in the control arm (Z = C, Y = 0). These values constitute
the data observed from the so-called “first stage” of an experiment, and we represent the data
compactly with X =

(
XI1, XI0, XC1, XC0

)
.

2.2 Likelihood Derivation

Let I ≡
(
I1,1, I1,0, I0,1, I0,0

)
be a random vector whose elements represent the numbers of always

takers, compliers, defiers, and never takers randomized into intervention. In an experiment em-
ploying simple randomization, each person is assigned to intervention independently with a fixed
probability p. Since the assignment of individuals to intervention or control is independent across
groups as well as across individuals, we can write the distribution of I as the product of four
independent Bernouolli distributions:

P
(
I1,1 = i1,1, I1,0 = i1,0, I0,1 = i0,1, I0,0 = i0,0 | θ

)
=

(
θ1,1

i1,1

)(
θ1,0

i1,0

)(
θ0,1

i0,1

)(
θ0,0

i0,0

)
× p

∑
j,k ij,k(1− p)n−

∑
j,k ij,k (1)

Alternatively, in a completely randomized experiment, the experimenter fixes the number of
individuals in the intervention group m (often, m = n/2) and selects any of the possible combi-
nations of m individuals in intervention and n −m individuals in control with equal probability,
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as though drawing names from a hat. Under this randomization scheme, I follows a multivariate
hypergeometric distribution:

P
(
I1,1 = i1,1, I1,0 = i1,0, I0,1 = i0,1, I0,0 = i0,0 | θ

)
=

(θ1,1
i1,1

)(θ1,0
i1,0

)(θ0,1
i0,1

)(θ0,0
i0,0

)(
n
m

) (2)

The observable data X can be expressed in terms of the latent I variables and the distribution
of potential outcomes θ by observing that each individual randomized into the intervention group
with outcome Y = 1 must have either been an always taker or a complier: XI1 = I1,1 + I1,0. Each
individual randomized into the intervention group with outcome Y = 0 must have either been
a never taker or a defier: XI0 = I0,0 + I0,1. In the control group, those observed with outcome
Y = 1 must be either one of the always takers that were not randomized into intervention, or one
of the defiers that were not randomized into intervention: XC1 = θ1,1 − I1,1 + θ0,1 − I0,1. And
finally, anyone in the control group with outcome Y = 0 must be either one of the never takers
that were not randomized into intervention, or one of the compliers that were not randomized into
intervention, XC0 = θ0,0− I0,0 +θ1,0− I1,0. Thus, we can write the probability of the observed data
X conditional on the joint distribution of potential outcomes θ as:

P
(
X = x | θ

)
= P

(
I1,1 + I1,0 = xI1,

(
θ1,1 − I1,1

)
+
(
θ0,1 − I0,1

)
= xC1,

I0,0 + I0,1 = xI0,
(
θ0,0 − I0,0

)
+
(
θ1,0 − I1,0

)
= xC0 | θ

)
= P

(
I1,1 + I1,0 = xI1, I1,1 + I0,1 = xC1 − θ1,1 − θ0,1,

I0,0 + I0,1 = xI0, I0,0 + I1,0 = xC0 − θ0,0 − θ1,0 | θ
)

A realization ofX may be produced from multiple realizations of I. Thus, to find the probability
of a realization of X, we sum together the probabilities of each realization of I that could have
produced it. We can index these realizations through the realization i of I1,1 and solving the
following system of equations for the elements of I:

I1,1 + I1,0 = xI1,

I1,1 + I0,1 = θ1,1 + θ0,1 − xC1,

I1,1 + I1,0 + I0,1 + I0,0 = xI1 + xI0,

I1,1 = i

Rearranging yields

I1,1 = i

I1,0 = xI1 − i
I0,1 = θ1,1 + θ0,1 − xC1 − i
I0,0 = xC1 + i− θ1,1 − θ0,1,

The value i is restricted to the set I(x,θ) such that I remains within the support of θ, namely
0 ≤ I1,1 ≤ θ1,1, 0 ≤ I1,0 ≤ θ1,0, 0 ≤ I0,1 ≤ θ0,1, and 0 ≤ I0,0 ≤ θ0,0. The probability of a realization
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of X is just the sum of the probability of each of these realizations of I:

P
(
X = x | θ

)
=

∑
i∈I(x,θ)

P
(
I1,1 = i,

I1,0 = xI1 − i,
I0,1 = θ1,1 + θ0,1 − xC1 − i,

I0,0 = xI0 + xC1 + i− θ1,1 − θ0,1 | θ
)
.

Substituting either of the distributions for I yields a likelihood expression. Under simple random-
ization, I follows the distribution in (1), yielding the following likelihood expression:

L(θ |X) =
∑

i∈I(x,θ)

(
θ1,1

i

)

×
(

θ1,0

xI1 − i

)
×
(

θ0,1

θ1,1 + θ0,1 − xC1 − i

)
×
(

θ0,0

xI0 + xC1 + i− θ1,1 − θ0,1

)
× pxI1+xI0(1− p)xC1+xC0 (3)

Alternatively, in a completely randomized experiment, I follows the distribution in (2), yielding:

L(θ |X) =
∑

i∈I(x,θ)

(
θ1,1

i

)

×
(

θ1,0

xI1 − i

)
×
(

θ0,1

θ1,1 + θ0,1 − xC1 − i

)
×
(

θ0,0

m+ xC1 + i− θ1,1 − θ0,1 − xI1

)/(
n

m

)
(4)

where we have substituted m = xI1 + xI0. Copas (1973) derives a likelihood function equivalent to
(4) to show that large sample tests of the average intervention effect are conservative. We depart
from his work by focusing explicitly on the finite sample distribution of potential outcomes and
applying insights from statistical decision theory, as detailed below. The likelihood function in (3)
is, to the best of our knowledge, novel.

Note that both likelihood functions vary with the joint distribution of the potential outcomes,
even when holding constant the marginal distributions of the potential outcomes. That is, when
both θ1,1+θ1,0 and θ1,1+θ0,1 are held constant, the likelihood function maintains some curvature. We
emphasize that sampling-based models typically refer to the distribution of potential outcomes in a
superpopulation from which the sample was drawn, whereas we model the distribution of potential
outcomes within a fixed sample, which preserves some information about their joint distribution.
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2.3 An Illustration of the Design-Based Likelihood

Our running example of an experiment with two people provides a minimal working example to
demonstrate curvature in the likelihood. Suppose one person is treated in intervention and another
is treated in control. The maximizer of the likelihood function indicates that both people are always
takers. The intuition is simple. If they are both always takers, then even if the randomization had
gone the other way such that the person assigned to intervention were assigned to control and vice
versa, you would have seen the same thing—both the person in intervention and control would still
be treated.

Figure 1: An Illustration of a Randomized Experiment with Two People

Design-based likelihoods from a randomized experiment 
observed outcomes: one treated in intervention (left) and one treated in control (right) 

2/2 = 1
maximum  

1/2 = ½

1/2 = ½

1/2 = ½

always taker, always taker 

always taker, defier 

complier, always taker 

complier, defier 

To illustrate, consider the rows of Figure 1, which show the four joint distributions of potential
outcomes that could have produced one person treated in intervention and the other treated in
control. We represent each person with a colored ball: the left half of the ball represents a person’s
potential outcome in intervention, and the right half of the ball represents a person’s potential
outcome in control (here, orange represents “treated,” and white represents “untreated”). In each
row, the two balls enter the experiment, represented by a pair of grey and white boxes, and one ball
falls randomly into each box. The grey box represents the intervention group and masks the right
half of a ball; the white box represents the control group and masks the left half of a ball. The first
column of pairs of boxes represents what the observer would see if the first ball in the respective row
were randomized into the intervention box and the second were randomized into the control box,
while the second column shows the observable data under the alternative randomization outcome.

Curvature in the likelihood is apparent from the fact that the number of ways that you could
have seen what you actually have seen varies across the different rows. The “always taker, always
taker” row produces the actual observed data in two out of the two possible randomization out-
comes. The value of the likelihood here is 1. In the remaining three rows, the actual observed data
only occurs under one of the two randomization outcomes, so the value of the likelihood for these
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rows is 0.5. Paraphrasing the board book “Statistical Physics for Babies,” (Ferrie, 2017), physicists
refer to the number of ways that you could have seen what you have seen—that is, the numerator
of our likelihood—as entropy. By the principle of maximum entropy (Jaynes, 1957a,b), the distri-
bution with the greatest entropy (in our case, also the distribution that maximizes the likelihood)
is the least informative distribution consistent with the observed data because the observed data
could have been generated in the greatest number of ways.1

In an experiment with two people, there are four other outcomes that we could have observed,
and the unique maximizer of the likelihood function for each indicates that both people have the
same type. If the person in intervention is treated and the person in control is untreated, the
likelihood is maximized when both people are compliers. If the person in control is treated and
the person in intervention is untreated, the likelihood is maximized when both people are defiers.
Finally, if the people in intervention and control are both untreated, the likelihood is maximized
when both are never takers. In each case, people can be the same or different, but it is most likely
that they are the same.2

In larger samples, it is not always possible for all the people in the experiment to be of the same
type. But, as Fisher (1935) recognized, it is always possible for all the people in the experiment to be
of two types—either compliers and defiers or always takers and never takers. However, it need not
be the case that the maximizer of the likelihood function includes only two types. Indeed, ascribing
each participant to one of two types sometimes implies that assignment to intervention or control
within each type is highly imbalanced, while balance between intervention and control within a
type is more likely: N choose M is maximized at M = N/2 (when N is even). Maximization of the
likelihood requires trading off between the higher likelihood of fewer types and the higher likelihood
of balance within each type. Just as people are more similar if they belong to fewer types, people
of the same type are more similar if they are assigned intervention and control at the same rate.

3 Learning About the Joint Distribution of Potential Outcomes: Insights from
Statistical Decision Theory

3.1 Bayes Optimality of the Maximum Likelihood Decision Rule

In the previous section, we presented a design-based model of a random experiment that preserves
curvature in the likelihood with respect to the joint distribution of potential outcomes, even when
holding constant the marginal distributions. We turn now to the broad setting of statistical decision
theory in the style of Wald (1949) to determine the best ways to exploit this novel information.
Suppose a decision maker wishes to guess the joint distribution of potential outcomes in the sample.
We write the decision maker’s guess as θ̂. The decision maker wishes to guess correctly, so we define
a utility function over a guess θ̂ and the true distribution θ that yields one util when the guess is

1Jaynes’ work unites the theory of information with statistical physics. His principle of maximum entropy gives
a way to make a decision without the need for a prior. In Bayesian decision-making, the subjective part is to choose
a prior. To make it more objective, one option is to choose the least informative prior. However, even the least
informative prior can still drive the result in small samples. Jaynes’ alternative to make the process more objective
is to choose the least informative updated distribution, the distribution that maximizes entropy. Statistical physics
considers various functional forms for entropy, but the design of the experiment determines the functional form in
our context.

2Andrew Gelman and Keith O-Rourke discuss the importance of “sameness” in statistical evidence: “Awareness of
commonness can lead to an increase in evidence regarding the target; disregarding commonness wastes evidence; and
mistaken acceptance of commonness destroys otherwise available evidence. It is the tension between these last two
processes that drives many of the theoretical and practical controversies within statistics” (Gelman and O’Rourke,
2017).
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correct and zero utils when the guess is incorrect:

u(θ̂,θ) = 1{θ̂=θ}

We may also allow the decision maker to choose a randomized guess, which ascribes a probability
distribution over the possible values of θ. We define the decision maker’s utility over a randomized
guess p as the expected utility of guessing according to the probabilities ascribed by p:

U(p,θ) =
∑
θ̂∈Θ

u(θ̂,θ)p(θ̂)

The decision maker chooses a decision rule that maps the observable data into (possibly) ran-
domized guesses.3 We write such a rule as f : X → ∆(Θ), where X is the space of possible data
realizations, Θ is the space of possible distributions of potential outcomes, and ∆(Θ) is the space
of distributions over Θ. Given a true distribution of potential outcomes θ, the decision maker’s
expected utility from following a decision rule f is the expected value of U(f(X),θ) with respect
to the experimental outcome X:

EU(f,θ) = E
[
U
(
f(X),θ

)
| θ
]

=
∑
x∈X

∑
θ̂∈Θ

u(θ̂,θ)L(θ̂ | x)f(x)(θ̂)

=
∑
x∈X
L(θ | x)f(x)(θ)

Under the specified utility function, the decision maker’s expected utility is equal to their probability
of guessing correctly.

To evaluate the performance of a decision rule, the decision maker must consider how it performs
across the various possible values of the true, unknown joint distribution of potential outcomes θ.
Two common approaches are to measure the decision rule’s performance as either the minimum
expected utility obtained across all possible values of θ (minimum expected utility), or the average
expected utility obtained according to some prior distribution for θ (Bayes expected utility). We
focus here on the latter criterion. Under our given choice of utility function, the Bayes optimal
rule intuitively guesses the mode(s) of the posterior distribution of θ; under a uniform prior, this
maximum a-posteriori decision rule simplifies to the maximum likelihood decision rule, which we
find desirable not only for its familiarity but also for its sensibility in situations where a strong prior
belief is difficult to justify. We emphasize that implementing our maximum likelihood decision rule
does not require a subjective prior—only establishing its optimality does. While these results for
Bayes optimality under the specified utility function are not novel, we present them here due to
their centrality to our discussion.4

Consider the candidate decision rule f∗π which selects the maxima of the posterior distribution
of θ (note that, while each value of θ itself describes a distribution within the sample, the Bayesian
decision maker’s subjective belief also induces a distribution over the various values of θ). The
decision rule f∗π can be defined as follows. Let Θ̂π(X) be the set of θ that maximize the posterior

3We conflate here the standard definitions of “randomized decision rules” and “behavioral decision rules” (Fer-
guson, 1967) for expositional clarity. In settings of perfect recall, such as the setting we study here, the space of
randomized and behavioral decision rules are equivalent (Kuhn, 1953).

4Thank you to Andriy Norets and Thomas Weimann for bringing these results to our attention.
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distribution given the observed data X, i.e.

Θ̂π(X) = arg max
θ∈Θ

P
(
θ |X

)
= arg max

θ∈Θ
L(θ |X)π(θ), (5)

where π ∈ ∆(Θ) is the prior belief about θ. There are finitely many vectors of integers θ that sum
to the actual number of participants in the experiment n, so Θ is finite and Θ̂π(X) is nonempty.
The decision rule f∗π can be defined as follows:

f∗π(X)(θ) =

{
1

#{Θ̂π(x)}
if θ ∈ Θ̂π(X),

0 o.w.,
(6)

where #{·} is the counting measure. Observe that f∗π(X) is a well-defined probability distribution
over Θ for all realizations of X. When the posterior distribution is unimodal, f∗π chooses the
maximizer with probability one; when the posterior distribution is multimodal, f∗π prescribes an
equal probability to each maximizer.

Let g be an arbitrary decision function. The Bayes expected utility for decision function g is

E
[
EU(g,θ)

]
=
∑
θ∈Θ

EU(g,θ)π(θ)

=
∑
θ∈Θ

[ ∑
x∈X
L(θ | x)g(x)(θ)

]
π(θ)

By rearranging terms in the summation, we can bound the Bayes expected utility of g:

E
[
EU(g,θ)

]
=
∑
x∈X

∑
θ∈Θ

(
L(θ | x)g(x)(θ)π(θ)

)
≤
∑
x∈X

∑
θ∈Θ

(
g(x)(θ) max

θ′∈Θ

{
L(θ′ | x)π(θ′)

})

=
∑
x∈X

[
max
θ′∈Θ

{
L(θ′ | x)π(θ′)

}(∑
θ∈Θ

g(x)(θ)

)
︸ ︷︷ ︸

=1

]

This bound is precisely the Bayes expected utility achieved by decision rule f∗π :

E
[
EU(f∗π ,θ)

]
=
∑
x∈X

∑
θ∈Θ

(
L(θ | x)f∗π(x)(θ)π(θ)

)
=
∑
x∈X

∑
θ∈Θ̂π(x)

(
1

#{Θ̂π(x)}
max
θ′∈Θ

{
L(θ′ | x)π(θ′)

})

=
∑
x∈X

[
max
θ′∈Θ

{
L(θ′ | x)π(θ′)

}( ∑
θ∈Θ̂π(x)

1

#{Θ̂π(x)}

)
︸ ︷︷ ︸

=1

]

Thus, since f∗π achieves the upper bound on the Bayes expected utility of any decision rule, we
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conclude that f∗π is Bayes optimal.
Finally, observe that when the prior distribution π(θ) is constant, the maximizers of the pos-

terior distribution in (5) are simply the maximizers of the likelihood, and the Bayes rule f∗π in (6)
simplifies to choosing the maximum likelihood estimate for θ (or randomly choosing across multiple
maximizers). While the maximum likelihood decision rule (or, more generally, the maximum apos-
teriori decision rule) is Bayes optimal, the rule does not generically take a convenient analytical
form. However, since Θ is finite, the integer programming problem of maximizing the likelihood or
posterior distribution can be solved in small samples by an exhaustive grid search.

3.2 Illustration of the Maximum Likelihood Decision Rule

Figure 2 illustrates calculation of the Bayes expected utility for the maximum likelihood decision
rule in our running example of an experiment with two people. The rows represent all of the possible
joint distributions of potential outcomes in a sample of two people, while the columns represent all
of the possible data outcomes that could be observed (note that the discussion of Section 2.3 focuses
on the first column; here, we extend the discussion to all possible realizations of the data). The
cells of the matrix are populated based on the number of randomization outcomes within the given
row that would produce the data observed in the given column; when both randomization outcomes
would produce the same observation, we place the pairs of balls side by side. The likelihood value
is one for every cell with two pairs of balls, 1/2 for every cell with one pair of balls, and zero
otherwise. We see that, in the column for each realization of the data, there are four rows whose
randomization outcomes could produce that data. Furthermore, each column has one row for which
both randomization outcomes produce the relevant data. These rows are the likelihood maximizers,
which we highlight in yellow.

Figure 2: Illustration of the Maximum Likelihood Decision Rule in a Sample of Two

utility*likelihood
1*1    

0*0.5+0*0.5
0*0.5+0*0.5
0*0.5+0*0.5

1*1
0*0.5+0*0.5
0*0.5+0*0.5

1*1
0*0.5+0*0.5

1*1
Bayes expected utility under uniform prior

= 1   
= 0
= 0
= 0
= 1
= 0
= 0
= 1
= 0
= 1
= 0.40

always taker, always taker
always taker, defier

always taker, never taker
complier, always taker

complier, complier
complier, defier

complier, never taker
defier, defier

never taker, defier 
never taker, never taker

potential outcomes

maximum likelihood decision rule for potential outcomes

observed outcomes in intervention, control
treated, treated, untreated, untreated
treated untreated treated untreated

Above the columns in Figure 2, we represent the maximum likelihood decision rule, also in a
yellow box. The decision rule maps each column to a row representing a (degenerate) guess for
the unobserved joint distribution of potential outcomes. In the rightmost column, we calculate the
expected utility of following the decision rule in each row as the probability that the rule guesses
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correctly. We see that each row produces an expected utility of either one or zero. Finally, we
calculate the Bayes expected utility of the maximum likelihood decision rule by averaging over the
rows according to a uniform prior. From the preceding discussion, we conclude that 0.40 is the
maximum achievable Bayes expected utility under this prior.

4 Performance of the Bayes Optimal Decision Rule

4.1 A Benchmark Monotonicity Decision Rule for Comparison

In the previous section, we established that the maximum likelihood decision rule is Bayes optimal.
In this section, we quantify the size of the gain from using the optimal decision rule over suboptimal
rules, to demonstrate that the optimal rule offers significant improvement over alternatives. In
particular, we compare the performance of the optimal rule to an alternative rule inspired by the
“monotonicity” (Imbens and Angrist, 1994) or “monotone response” (Manski, 1997b) assumptions
used in sampling-based methods.

We construct the following “monotonicity decision rule,” which imposes two restrictions on the
estimated joint distribution of potential outcomes. First, the number of compliers or defiers (or
both) in the estimated distribution must be zero. Second, the estimated number of compliers or
defiers (whichever is nonzero) as a share of the sample must equal the difference in the average
outcomes between the intervention and control groups (i.e. the point estimate of the average
intervention effect). While this assumption differs fundamentally from the assumptions of Imbens
and Angrist (1994) or Manski (1997b), which are large sample assumptions on an underlying
superpopulation, we find it a reasonable analogue for the design-based setting.

We formally define the restricted “monotonicity” set of distributions, which is a function of the
experimental data, as ΘM (X), where

ΘM (X) =

{
θ ∈ Θ :

(
θ10 = 0 or θ01 = 0

)
, and

θ10 − θ01

θ11 + θ10 + θ01 + θ00
=

XI1

XI1 +XI0
− XC1

XC1 +XC0

}
Next, we define the set of constrained maximizers of the likelihood (or of the posterior distribution,
for nonuniform priors):

Θ̂M
π (X) = arg max

θ∈ΘM (X)

P(θ |X) = arg max
θ∈ΘM (X)

L(θ |X)π(θ)

Finally, we define the monotonic rule fMπ that chooses each of the constrained maximizers with
equal probability:

fMπ (X)(θ) =

{
1

#{Θ̂Mπ (X)}
if θ ∈ Θ̂M

π (X),

0 o.w.

We opt for this constrained maximum likelihood approach over a plug-in estimator to ensure a
valid, finite sample estimate that lies within Θ. The constrained maximum likelihood approach
also guarantees that we compare our proposed decision rule to the “best” monotonicity rule.

Of course, the restrictions imposed by the monotonicity decision rule need not hold in general.
Indeed, the sample may be such that there are both compliers and defiers; or, the randomization
within the experiment may have occurred in such a way that the share of compliers or defiers is not
equal to the point estimate of the average intervention effect (like, for example, if more compliers
happen to be randomized into the intervention group than into the control group). In the following
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section, we quantify the cost of imposing imposing these assumptions relative to following the
optimal rule.

4.2 Relative Performance as a Function of Sample Size

For a given sample size, we evaluate the performance of the maximum likelihood rule by computing
the ratio of the Bayes expected utility achieved by this rule to the Bayes expected utility achieved
by the monotonicity rule. We impose a uniform prior across Θ, such that our maximum likelihood
rule is optimal.

Figure 3 shows this ratio for even sample sizes between 2 and 40. For sample sizes of two and
four, the maximum likelihood rule and the monotonicity rule achieve the same Bayes expected
utility. As the sample size grows larger, the maximum likelihood rule strictly outperforms the
monotonicity rule; in a sample of 40 people, the maximum likelihood rule achieves a Bayes expected
utility 1.31 times that of the monotonicity rule.

Figure 3: Performance of Decision Rules Relative to Monotonicity Decision Rule

In addition to the maximum likelihood rule, we also consider the relative performance of a “max-
imum prior” decision rule that simply chooses the θ with the highest prior probability, regardless
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of the observed data:

fmax prior
π (X)(θ) =


1

#{arg max
θ∈Θ

π(θ)} if θ ∈ arg max
θ′∈Θ

π(θ′),

0 o.w.

Note that, in the case of a uniform prior, the maximum prior rule simply selects a value of θ at
random. The maximum prior rule significantly underperforms the monotonicity and maximum
likelihood rules, demonstrating that these rules both capture significant learning from the data
about the joint distribution of potential outcomes in the sample.

We conclude, then, that the maximum likelihood decision rule performs at least as well as the
monotonicity decision rule, and significantly outperforms it as the sample grows. Having motivated
its use, we now turn to two example applications in which the optimal rule and the monotonicity
rule make meaningfully different decisions in our analysis of the sample.

5 Two Applications to Health Care

5.1 First Stage: A Vaccine Nudge Experiment

We apply our approach to a randomized experiment with a nudge intervention intended to encourage
flu vaccination (Lehmann et al., 2016). The researchers used a completely randomized design that
assigned 61 of the 122 total workers at a health center to the intervention. Of those assigned
intervention, 17 took up the flu vaccine, so we consider them “treated.” We consider the remaining
44 who did not “untreated.” In control, 10 were treated and 51 were untreated. The point estimate
of the average intervention effect of 0.11 (=17/61-10/61) indicates that the intervention increased
flu vaccination by 11 percentage points. However, the result is not statistically significant at
conventional levels. The p-value from Fisher’s exact test is 0.19, and the p-value from a t-test is
0.12. The implied first stage F statistic of 2.4 is below the conventional threshold of 10 for a strong
instrument.

Suppose that the researchers want a data-driven approach to determine if they should make a
LATE monotonicity assumption. Using downstream data on flu cases for the same people, they
want to produce an instrumental variable estimate, which they would like to interpret as a local
average treatment effect on compliers. However, they are concerned that there could have been
defiers. They recognize that the intervention could have been off-putting for some people because
it made a flu vaccination appointment that some people had to cancel or reschedule. Maybe there
were so many defiers that they diluted the point estimate of the average intervention effect, thereby
reducing its magnitude and statistical significance. In that case, the instrumental variable estimate
would give a weighted average of the treatment effect on compliers and the opposite of the treatment
effect on defiers. On the other hand, perhaps the intervention did not have any effect at all, and
the observed average intervention effect just occurred by chance, in which case the instrumental
variable estimate would be undefined.

Our decision rule shows that the joint distribution of potential outcomes that maximizes the
likelihood includes 27 always takers and 95 never takers. This distribution is consistent with the
Fisher null hypothesis that the intervention did not have an impact on anyone—there were no
compilers and no defiers. The researchers decide not to proceed with an instrumental variable
estimate because they are concerned about first stage relevance.

What is the strength of the evidence behind their decision, and is there any intuition behind
it? In Figure 4, we report a graphical illustration of the experiment. In the experiment with only
2 people shown in Figure 2, there are 10 rows and 4 columns. However, in an experiment with 122
people, there are 317,750 rows and 3,844 columns, so we focus on the single column that represents
the observed outcomes in intervention and control and three rows of interest. The last row is the
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row with the highest likelihood, so we highlight it. This row, which indicates that there are 27
always takers and 95 never takers, has a likelihood of 5.5%.

Figure 4: Illustration of the Lehmann et al. (2016) Vaccine Nudge Experiment

Flu Nudge, Lehmann (2016) 
coeff: 0.11, exact p-val: 0.19
likelihood ratio of maximum to 
maximum under monotonicity: 1.27

intervention
17 treated       44 untreated      10 treated 51 untreated      

control likelihood

68 compliers

54 defiers

14 compliers

88 never takers

20 always takers

27 always takers

95 never takers

0.000000028%

68
17

54
44

/
122
61

4.3%

20
10

14
7

88
44

/
122
61

maximum under 
monotonicity 

5.5%

27
17

95
44

/
122
61

maximum 

For comparison to the distribution that maximizes the likelihood, the other two rows report
distributions that preserve the average intervention effect. The average intervention effect implies
that the nudge increased flu vaccination by 7 people among the 61 in intervention, consistent with 14
additional vaccinations in the full sample of 122 people. Therefore, the average intervention effect
implies 14 net compliers, 14 more compliers than defiers. The potential outcome distributions in
the first two rows both have 14 more compliers than defiers, but they have very different likelihoods.
The first row depicts the distribution consistent with the sharp null hypothesis that everyone was
affected by the intervention in one direction or the other such that the experiment includes 68
compliers and 54 defiers. The likelihood is 0.000000028%. The middle row depicts the result of our
monotonicity decision rule. The likelihood is 4.3%.

To interpret the strength of the evidence behind the decision, we report the ratio of the maximum
likelihood to the maximum likelihood under late monotonicity: 1.27. This likelihood ratio can be
interpreted as a Bayes factor comparing the hypothesis that the joint distribution of potential
outcomes is the final row of Figure 4 versus the hypothesis that the distribution is the middle
row of Figure 4 (note that a prior is not needed to compute the Bayes factor between two sharp
hypotheses, which is why we prefer the likelihood ratio terminology). While this value is not
particularly large relative to conventional levels for Bayes factors, it is remarkable that the ratio of
the maximum likelihood relative to the likelihood of the distribution shown in the first row is over
196 million, providing very strong evidence for the maximum likelihood decision over the alternative
decision that everyone was affected.

The cells of the figure provide some intuition for the variation in the likelihoods. They depict
the implied numbers of each of the principle strata randomized into intervention and control. In
the first row, for a truth of 68 compliers and 54 defiers to be consistent with the observed outcomes,
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the randomization would have assigned way more compliers to intervention than control and at the
same time assigned way more defiers to control vs. intervention. Thus, the likelihood is small.

In the next two rows, randomization is balanced between intervention and control within always
takers, compliers, and never takers, yielding much higher likelihoods. These likelihoods differ,
though, so randomization imbalance cannot explain all variation across likelihoods. The last column
shows the derivation of the likelihoods. There are 3.83e35 ways to randomize 122 people into
two groups with 61 each (122 chose 61). If the true distribution includes 20 always takers, 14,
compliers and 88 never takers, 4.3% of those ways will yield the observed data. The entropy is
1.66e34 = (20 choose 10)× (14 choose 7)× (88 choose 44). In contrast, if the true distribution has
27 always takers and 95 never takers, the entropy is much higher.5

5.2 Reduced Form: A Clinical Trial for Sepsis Treatment

We next apply our decision rule to a clinical trial of 28 people that examined the impact of high
dose Vitamin C on patients with sepsis (Zabet et al., 2016). With this example, we consider
a “reduced form” setting, in which the potential outcomes represent “survival” (which maps to
“treated”) and “death” (which maps to “untreated”). Under the outcome of survival, we can
interpret the principle strata in this experiment as those for whom the intervention is wasteful
(alive in intervention and alive in control, i.e. always takers), those for whom the intervention is
efficacious (alive in intervention and dead in control, i.e. compliers), those for whom the intervention
is unsafe (dead in intervention and alive in control, i.e. defiers), and those for whom the intervention
is futile (dead in intervention and dead in control, i.e. never takers). In control, 9 of 14 people
died within 28 days, as compared with only 2 of 14 people in intervention. The Fisher exact test
rejects the null hypothesis that the intervention was neither efficacious nor safe for anyone at the
2.6% level. The point estimate of the average intervention effect is 0.5, and the p-value of the t-test
is 0.004.

Suppose the researchers feel confident that the intervention significantly reduced mortality on
average, but they fear that high dose Vitamin C may have also had side effects that ultimately killed
some patients. Absent data on alternative outcomes, how could the researchers assess whether the
intervention was unsafe for any patients (i.e. whether there are both compliers and defiers)? Our
decision rule shows that the joint distribution of potential outcomes that maximizes the likelihood
is one with 21 people for whom the intervention was efficacious, 7 people for whom the intervention
was unsafe, and zero people for whom the intervention was wasteful or futile. The number of net
compliers is estimated to be 21-7=14, which matches the point estimate of the average intervention
effect multiplied by the sample size. Following our decision rule, the researchers should conclude
that high dose Vitamin C had adverse side effects. With access to additional covariates or outcomes,
researchers could potentially identify a mechanism that could be unsafe for some patients. For
example, in the Bernard et al. (2001) clinical trial testing the effect of recominbant human activated
protein C on patients with sepsis, researchers identified a potential mechanism for harm by observing
an additional outcome among some patients: severe bleeding. Our decision rule, which does not
assume away the presence of those for whom the intervention was unsafe, could be informative
about when such mechanisms are likely to be present.

Figure 5 represents the experiment graphically. The first row shows the joint distribution of
potential outcomes that maximizes the likelihood at 15.3%. We can also deduce how many people

5Pascal’s triangle provides some intuition. Within a row of Pascal’s triangle, N choose k grows as k gets closer
to n/2 (randomization gets closer to balanced); moving down the triangle, we also see that N choose k grows as
N increases (the sample size increases). However, moving down a row typically increases N choose k by more than
moving across a row. Therefore, even though the last two rows both have balanced randomization, the last row has
larger numbers of two types instead of smaller numbers of three types, yielding a larger value for entropy. We are
grateful to Liz Ananat for sharing this point.
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Figure 5: Illustration of the Zabet et al. (2016) Vitamin C Experiment

Vitamin C, Zabet et al. (2016) 
coeff:  0.5, exact p-val: 0.026
likelihood ratio of maximum to 
maximum under monotonicity: 1.19

intervention
12 alive      2 dead      5 alive      9 dead      
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of each type were assigned intervention and control. Since the maximizer rules out that any of the
12 people who lived in intervention would have lived regardless, it must have been effective for all
12 of them. By similar logic for the people who died in intervention and lived and died in control,
our decision rule suggests that it just so happened via the randomization process that more of the
people for whom the intervention was effective were assigned intervention (12 vs. 9), and fewer of
the people for whom the intervention was unsafe were assigned control (2 vs. 5). Using terminology
from Pearl (1999), our best guess is that the intervention was “necessary” for the deaths of the 2
people who died in intervention because it was unsafe for them, and they would have lived without
it. Similarly, the intervention would have been “sufficient” for the deaths of the 5 people who lived
in intervention because it was unsafe for them, so they would have died with it.

The second row of Figure 5 shows the result of the monotonicity decision rule: 10 people for
whom the intervention would be wasteful, 14 people for whom the intervention would be efficacious,
and 4 people for whom the intervention would be futile. By construction, this decision rule matches
the point estimate of the average intervention effect. The likelihood of this distribution is 12.9%,
which is strictly lower than the unconstrained maximum. The ratio of the maximum likelihood to
the maximum under monotonicity is 1.19, suggesting that the evidence in favor of our maximum
likelihood decision rule is 1.19 times stronger than the evidence in favor of the monotonicity decision
rule. The final row shows the Fisher hypothesis distribution in which the intervention has no effect
for anyone in the sample. This distribution has a much lower likelihood of 0.8%, which is intuitive
given the implied amount of imbalance between intervention and control among those for whom
the intervention would be wasteful and those for whom the intervention would be futile.

6 Implications

In many experiments, we take for granted that the point estimate of the average intervention
effect is sufficient for making a decision. However, considering just this point estimate throws away
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valuable information: what was the randomization process? How many people are observed treated
and untreated in intervention and control? With this paper, we try to exploit more information
about the experiment and its outcomes.

A randomized experiment is widely consiered to offer the most credible evidence on causal
effects. The analysis of randomized experiments, then, warrants statistical methods tailor-made
to the tool. Athey and Imbens (2017) address this need head on: “we recommend using sta-
tistical methods that are directly justified by randomization, in contrast to the more traditional
sampling-based approach that is commonly used in econometrics.” Going further, they quote
Freedman (2006), who asserts that “experiments should be analyzed as experiments, not as obser-
vational studies.” The asymptotic methods used for observational studies were developed, at least
in part, due to their analytical convenience—finite sample statistics were sometimes just too hard
to compute. In the era of modern computing, these restrictions are less limiting, and large sample
approximations may be less useful. Exact design-based methods closely follow the actual structure
of randomization that produced the data, and as we have seen here, they can produce novel insights
over large sample methods.

Sometimes, a decision maker really is just interested in their finite sample. In Lehmann et al.
(2016), researchers sampled the entire population of interest—the 122 employees at a particular
health care provider. Other times, decision makers wish to use an experiment to draw conclusions
about a separate population. An important goal for the design-based decision rules developed here
and elsewhere, then, is understanding how to extend what we learn in a finite sample to groups
outside the sample. Our work provides an important motivating example. Applying experimental
data to learn directly about the joint distribution of potential outcomes in a superpopulation faces
well-known limitations; but if a given sample is drawn from a superpopulation, and the sample
contains both compliers and defiers, then the superpopulation must as well.
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