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Abstract

Standard impulse response functions measure the average effect of a shock on a response
variable. However, different parts of the distribution of the response variable may react to
the shock differently. A popular method to capture this heterogeneity are quantile regression
local projections. We identify them by short-run restrictions or external instruments, and we
establish their asymptotics. To overcome their excessive volatility, we introduce two novel
smoothing estimators and propose information criteria for optimal smoothing. In the first
empirical application, we show that financial conditions affect the entire distribution of GDP
growth and not just its lower part. Thus, financial conditions matter not only for recessions, but
also during normal times and even in recovery periods. The second application demonstrates

that conventional monetary policy is more effective at curbing inflation than at generating it.
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1 Introduction

Quantile regression (QR) of Koenker and Bassett (1978) is more informative and more robust
to outliers than the least squares regression. In macroeconomics, these advantages are crucial: the
whole distribution of possible outcomes matters to risk-averse policymakers and outliers abound.
As aresult, QR has become a popular tool for macroeconomic data.

A key endeavor in macroeconometrics concerns dynamic causal effects of shocks—impulse
response analysis. A simple and widely used method are local projections (LP) of Jorda (2005).
In contrast to Structural Vector Autoregression (SVAR) of Sims (1980), LP represent impulse
response functions by coefficients of horizon-specific regressions. This simplifies estimation and
inference, and it enables easy incorporation of nonlinearities. Still, standard LP, which are based on
least squares, measure only the average effects of shocks and they are very sensitive to outliers. On
the other hand, LP estimated by QR—quantile local projections (QLP)—capture heterogeneous
effects and are more robust.

However, empirical researchers who use QLP face three key challenges. First, it is unclear
how to identify the dynamic causal effects—the standard SVAR identification theory does not
apply. Second, the impulse responses are choppy, which is at odds with macroeconomic theory
and hampers interpretation. Third, it is unclear how to construct closed-form confidence intervals.

We overcome these challenges in a coherent QLP framework, which encompasses identifica-
tion, smooth estimation, and inference. First, we develop a general, nonlinear, structural identi-
fication theory for dynamic quantile causal effects of macroeconomic shocks, and we study the
special cases of QLP identification by short-run restrictions and external instruments. Second, we
introduce two novel estimators: Smooth Quantile Local Projections (SQLP) and Smooth Quantile
Local Projections with Instruments (SQLPI). Third, we establish the asymptotic properties of these
estimators, which enable us to construct closed-form confidence intervals for QLP estimators.

The first empirical application illustrates SQLP in the setup of Adrian et al. (2019). Leveraging
our identification results, we add lags as controls, which alters the conclusions—we show that

financial conditions affect the entire distribution of GDP growth and not just its lower part. In the



second empirical application, SQLPI uncover heterogeneous effects of monetary policy.

Our estimators rely on the following principle: The quantiles of the response variable should
be smooth functions of the forecast horizon. We control smoothness by roughness penalties similar
to Koenker et al. (1994). However, our estimators converge at the parametric rate, unlike their esti-
mator (Portnoy, 1997). If the penalties equal zero, the SQLP reduces to local projections estimated
by QR, and the SQLPI amounts to local projections estimated by instrumental variable quantile
regression (Chernozhukov and Hansen, 2008). In the 02 setting, Barnichon and Brownlees (2019)
introduce smooth local projections, which merge two smoothing approaches: transformation of
variables by a two-sided moving average and ridge regression shrinkage towards a polynomial.
Our smoothing is the asymmetric ¢! analogue of their second approach.

QLP have become popular both in academic research and in policy work. The earliest refer-
ence seems to be Distante et al. (2013), who document heterogeneous effects of technology shocks.
A prominent QLP application is by Adrian et al. (2019), who use a two-step procedure. In the first
step, they estimate local projections by QR. In the second step, they match three selected quantiles
with those of skewed t-distribution. Our approach is different: While they impose a distributional
assumption, we smooth across horizons nonparametrically. More importantly, they do not address
identification and they do not provide confidence intervals of their QR estimates. A related method-
ology, particularly suitable for financial risk management, was proposed by Han et al. (2022), who
use local projections in the MVMQ-CAViaR of White et al. (2015). However, they cover neither
structural identification nor smoothing, and they find a different asymptotic variance.

The paper is structured as follows. Section 2 proposes a novel, general framework for causal
identification in dynamic quantile models. Sections 3 and 4 introduce the SQLP and the SQLPI
estimators, respectively. Section 5 provides two empirical applications. The main proofs are in the
Appendix. The Online Appendix contains technical proofs, bootstrap inference, simulation study,

forecasting application, computational aspects, and additional figures for empirical applications.
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2 Causality in Dynamic Quantile Models

We propose a framework for identification of quantile treatment effects of macroeconomic
shocks. The quantile treatment effect is the effect of a treatment on quantiles of an outcome
variable.> Here, the treatment is an exogenous intervention—an impulse. Standard SVAR identi-
fication theory (see Ramey (2016)) concerns only average treatment effects, whose identification
differs from quantile treatment effects. SVAR identification is neither necessary nor sufficient for
identification of quantile treatment effects. Even in a univariate setting, identification of a moving
average (MA) does not imply identification of quantile treatment effects. Shocks in our framework
are not structural vector MA, but exogenous impulses, defined later.

Our framework allows for heterogeneous responses over quantiles not just between different
time periods, but even within the same time period, unlike Chavleishvili and Manganelli (2024).
For example, we allow the interest rate shock to affect the excess bond premium within the same
month, but differently at different quantiles (as in our empirical application in Figure 8.)

The framework comprises a flexible stochastic process in Assumption 1, its structural repre-
sentation in Lemma 1 (crucial for causal interpretation and to avoid the simultaneity bias), a coun-
terfactual process in Assumption 2, and an impulse response function in Definition 1.

For 7 € (0, 1), random variable Y, and random vector X, denote the 7th quantile of Y as
Q- (Y), and the 7th conditional quantile of Y given X as )-(Y|X). Throughout the paper, equa-

tions involving random variables hold with probability one.

Assumption 1 (Stationary Higher Order Markov Process). Let {Y;}iez = {(Y1e, Yot - - - Urt) }eez
be a K-variate strictly stationary stochastic process with natural filtration {F}icz. For P > 1,

letY, 1 = (Y y,....,Y/] p). Assume thatVy € RE: P(Y; < y|Fi_1) = P(Y; < y|Yi 1)

2For a comprehensive discussion of quantile treatment effects, see (Koenker, 2005, pp. 26-32).
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Lemma 1 (Structural Quantile Form of a Stochastic Process). Under Assumption 1 there exist
functions Si,Ss, ..., Sk : REPHD s R non-decreasing in their first argument, and independent

standard uniform random variables {uy, ua, . . . , Ukt prez Such that:

(i) ForallT € (0,1),

Q- <ylt - 51(7'|yz,t, Yaits -y YK ts Y}—l)‘{ult, e ,UKt} \ U1t ft—l) =0,

Qr (yzt - 52(7'|y1,t, Ysits -y YK ts Y}/—1) {Um e ,UKt} \ U2, ]:t—l) =0,

(1
Q- (th — Sk(Tly1e, Yoty - s Yk -1, Yeo1) |[{tae, - - s ke } \ Uk, ftq) =0.
(ii) Y, is the a.s. unique solution of (1).
The functions 57,5, ..., Sk are structural quantile functions in the sense of Chernozhukov

and Hansen (2008), which allow endogeneity in quantile regressions. If K > 1, the functions
S1,9,, ..., Sk are not unique—that would require more assumptions, such as recursive short-run
restrictions, used in linear conditional quantile models by Montes-Rojas (2022) and Chavleishvili
and Manganelli (2024), but such restrictions are often unrealistic (Stock and Watson, 2001). How-
ever, Lemma 1 applies even if recursive short-run restrictions are violated, as shown in Example 1.

Example 2 then illustrates the connection to univariate quantile autoregression.

Example 1 (Bivariate Non-Recursive Gaussian SVAR). Take {(y1¢, Yot)' ez given by

Yyie = 2.0+ 0.2y + 0.8y1¢—1 — 0.2y2 4,1 + €14, )
yor = 0.5 + 0.6y1¢ + 0.4y1 41 + 0.6y24—1 + €2,

where {e1t, et }1ez are independent N (0, 1). To represent {[y11, Yat] }1ez in the structural quantile

form, denote ® the cdf of N(0,1), and let uyy = P(eyr), ugr = P(ear). Then {uyy, ugt}biez are



independent. The probability integral transform yields uy;, us, ~ U|0, 1]. Let Sy, Sa be given by

S1(7|yats Y141, Y2.-1) = 2.0+ 0.2 + 0.8y1 41 — 0.2y2, 1 + &7 (7),

So(T|Y16, Y10-1, Y2.0-1) = 0.5 + 0.6y1; + 0.4y14 1 + 0.6y2,1 + (7).
Finally, we check the first equation in (1). (Checking the second equation in (1) is analogous.)

Qr (y1e — S1(Tlyae, Yra—1, You—1) [uze, Fio1) = Q- (€10 — ©71(7) Juay, Foo1) =

Q- (D7 (ure) — @7H7) |uar, Fi1)= Qr (O™ (ury) = @7H(7))= @7(7) = &7 (7) = 0.

Example 2 (Univariate Quantile Autoregression). Let {uy;}icz be independent U|0, 1] and let
Y1t = L.5uyyr 11 — log(l — uys). The process {yi:}iez is a first-order quantile autoregression
(Koenker and Xiao, 2006). It can be shown that {y1; }icz is also AR(1) with heteroskedastic distur-

bances. The structural quantile form of {y1 }iez is S1(T|y14-1) = 1.57y14-1 — log(1 — 7).
Lemma 1 implies Corollary 1, which specifies the structural data generating process.
Corollary 1 (Nonseparable Model). Under Assumption 1, using notation of Lemma 1, it holds

Y1t = 51(U1t|y2,t; Y3ty - YK s 1/%71),

Yot = SZ(U2t|y1,t> Ysty - - -y YKty 1@71)7 3)

Uit = Sk (Urt|Yrt, Yoty - s Ykc—1.85 Ye1).

An impulse response function has a causal interpretation only if the impulse is exogenous. It
is popular to take impulses from a structural vector MA, as Lee et al. (2021). However, if one MA
error shifts, the distributions of other MA errors may react, e.g. due to heteroskedasticity, putting

the exogeneity of such impulses into question. We proceed differently, via Assumption 2.



Assumption 2 (Counterfactual Stochastic Process). Let {Y;}iez, {us, Uy, - - -, Ukt brez,
S1,89,...,Sk be as in Lemma 1. Take i € {1,2,...,K}, s € R such that {Y,;},cz has the

identical support as {i/t}teZ = {(Yrt, Yat, - - - » Ukct)' }rez that is given by

U1 = 1(t < 0)yy, + 1(t > 0)S1(wr,e|G2t, Usts - - - » Ukt i/;t—l)a

Uic1e = L(t < 0)yi—14 + 1(t > 0)Sic1(Wic1 Tty - s Gimots ity - - - > UKt 271)7

Gir =1t <0)y + L(t = 0)s + L(t > 0)S;(win| Y1ty - - Jimots ity - - > UK.ts thl),

Jir1e = 1(t < 0)yiras + 1t > 0)Sia (WigralFie, - Gis Givas - Prcs Yeor),
Ui = 1(t < 0)yx: +1(t > 0)Sk (urelfre, Goes - - - -1, Yie1),
where Y;_y = (Y/_|,..., Y/ p). We call {Y;}ez the counterfactual process.

For ¢ < 0, the counterfactual process satisfies }NQ =Y;. Att = 0, the impulse hits and ;0 =
Yio+s. The other contemporaneous values are determined endogenously, and so are Yi,Ya,. ... By
strict stationarity, the intervention period ¢ = 0 is without loss of generality. The identical support
of {Y;} and {Y;} in Assumption 2 and property (ii) in Lemma 1 ensure {Y;},c;, is well-defined.
Next, we define a structural impulse response function to measure the quantile treatment effect of

the 7th impulse (or shock) of size s on the jth variable after h periods.

Definition 1 (Impulse Response Function). Let {Y; ez, {wie, oty - - -, Ukt Ftez {ﬁ}tez, 1 and s
be as in Assumption 2. Let j € {1,2,..., K} and 7 € (0,1). Let Xy = Y, 1 or Xy =
(y1t, - - -, Yit, Y]} ). Define the response of the jth variable to the ith impulse (or shock) s at

quantile T and horizon h € Ny as
IRZQT’S(K)yXio) = Q- (Qr(Fjnluio, Xi0)|Yo, Y1) — Q(Qr (yjnlwio, Xio)|Yo, Y-1). 4)

The vector Xy should be set according to the selected identification scheme (Propositions 2
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and 5). In general, IR is a function of the observables Y;, X;;, but the inner quantiles in (4) condition
on the unobservable u;,, reflecting the counterfactual experiment of independent sampling of ;.
However, under a linearity assumption, IR becomes constant in Y;, X;; (Propositions 2 and 5).

To measure the accumulated effect over horizons 0 through h, we define the Cumulative Impulse

Uio,Xm) YO,Y—1>~

Response Function by replacing (4) with

U0, Xio)

3 Smooth Quantile Local Projections

h
CIR}7* (Y, Xio) = Q- (QT (Z Ui

=0

h
YE), Y—l) _QT (Q’T (Z Yii
=0

3.1 Identification by Recursive Short-run Restrictions

The most simple SVAR identification, introduced by Sims (1980), is often called recursive
short-run restrictions. It amounts to a Wold causal chain (Wold, 1954) on multivariate time se-
ries. In the least squares setup, the recursive short-run restrictions are equivalent to a Cholesky
decomposition of the covariance matrix of reduced-form innovations. However, this Cholesky
decomposition is irrelevant for identification of quantile treatment effects. In fact, the quantile
treatment effects in Definition 1 are well-defined even if the covariance does not exist.

In least squares local projections, Barnichon and Brownlees (2019) point out that recursive
short-run restrictions are a special case of identification through controls. We show that this feature
applies to the quantile setting, too. We translate the recursive short-run restrictions into a quantile

setup via Assumption 3, allowing the kth structural quantile function to depend on the lags of all

variables and on Yy, ..., Yr—14, but not on Y14, . .., Y i
Assumption 3 (Recursive Short-run Restrictions). Let {Y;},S1, 5, ..., Sk be as in Lemma 1.
Assume that for all k € {1,2, ..., K — 1} the function Sy, is constant in Y114, - . - , YK -

Proposition 2 characterizes the quantile treatment effect of the ith impulse of size s on the jth

variable after h periods by local projections with suitable controls.



Proposition 2 (Identification by Recursive Short-run Restrictions). If Assumption 3 holds, then for
alli,j € {1,..., K}, h € Ny there is a function S}; : R"*"**F — R and an h-dependent process
{U?Z‘t}tez such that yj,.p, = Sh-(u?itwlt, 3 Yits Yio1), where u?lt ~ Ul0,1] is independent of

Je

{16, Youy - - Yit, Yio1, Yo, ... } forall t € Z; also, for all T € (0,1) it holds

Sfi(ﬂylt, i, Yi1) = Qr(yj,t+h|ylt, o Yits Y1) %)

If also Assumption 2 is satisfied, then

IRhTS(Y;fa (ylta <o Yit, _Y;tl—l),) =

Sj}‘Li(T|y1ta o Yicres Y 8, Ye1) — Sj}-li(7'|y1t, o Yits Y1) (6)

If, in addition, for some h € Ny and 7 € (0,1) the function S}(7|-) is linear, that is, if

P K
Sﬁ(ﬂylt,---,yzt,n 1 joo +Zﬂjko )Ykt + ZZ ]kp )Yk t—ps (7N
p=1 k=1

then IR?,%T’S(Ym (W1t -+ i, Y{1)') = Blio(7)s

Equation (6) means that the causal effect of the ith shock on the jth variable after i periods at
quantile 7 coincides with the effect of the variable y;; on y; ., after controlling for y, ..., yi—1,4
and for the lags of all variables. This identification result is nonparametric and does not require
linear conditional quantiles. However, if the conditional quantiles are indeed linear, meaning that
(7) holds, then the effect of a unit shock is ]zO( 7), which can be estimated by QR on equation (7).

However, the linear form of (7) is useful even if the function (5) is nonlinear. In that case, owing
to the QR approximation properties under misspecification (Angrist et al., 2006), (7) becomes
the best linear approximation of (5) under asymmetric loss, meaning that the pseudo-parameter
BJ’?Z»O(T) approximates the nonlinear causal effect (6). This local approximation (horizon-specific

and quantile-specific) is good as long as (5) is approximately linear. If we suspect substantial

nonlinearity in (5), we can add nonlinear terms into (7) following Koenker and Xiao (2006), or, if
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the sample is large, estimate (5) nonparametrically. In either case, the causal effect is given by (6).
Proposition 2 also shows that the horizon-specific errors {u/; };cz are h-dependent. This par-

allels least-squares local projections, whose horizon-specific errors are MA(h).

3.2 Estimation

Our aim now is to estimate impulse response function from Definition 1 under Assumption 3
and linear conditional quantiles (7); we also discuss what happens if linearity fails.

Suppose we observe a sample {Y;}Z ;. In the special case when i > j and h = 0, the
coefficients in (7) need not be estimated as they are already known: ﬂ](%(r) = 1, while the
remaining coefficients are 0. Denote the first horizon that can be meaningfully estimated as
ho = 1{i > j}. At quantile 7 € (0, 1), the standard quantile loss function is p,(z) = (7 —
I{x < 0})z. Denote the vector of explanatory variables as x; = (1,y14,...,%i¢,Y; ;). For

1 < p < Pdenote By, = (B, Bl -+ Bl,)s and further Gon = (B, Blag, - Blo)'s

On = ( ]}}00756117 5ih’ Béhv s 75}311),'

Definition 2 (QLP Estimator). For any ith impulse variable, jth response variable, quantile T €

(0, 1), and horizon h € Ny, the quantile local projections estimator éh(T) is a solution of

T—h
. /
e Z pr (Yjn — bpe) - 8)
t=P+1
The estimators 0y, (7), Opg1(7), - - ., 05 () in (8) solve unrelated QR problems, so their val-

ues typically vary abruptly between neighboring horizons, which we address by incorporating
roughness penalties. Denote the parameter vector §(7) = (01, (7)’, Opg+1(7), ..., 0 (7)) and its
dimension K = (1+i+KP)(H+1—hg). Forany b € RUFHEPIHFD write b = (b)), b), ..., by,
where by, € RM™HEP b {0,1,..., H}. Denote the kth element of by, as by_; 5. Let A be the dif-
ference operator applied over horizons 4 in the following sense: Albkyh = bpp — brp1, A%y =
bin — 2bgp1 + bk pe2, AP0 = b — b p—1 + 3bg -2 — brn—s.

Next, we modify (8) to smooth the estimators over forecast horizons and also to control their
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behavior at the final horizons. We associate each vector (by o, k1, ..,bgn) With a roughness
penalty )\, € R, which shrinks the vector towards a polynomial of degree D — 1, where D €
{1,2,3}. At the final horizons we introduce additional shrinkage, controlled by 11 € R, and we

call it the long-run penalty (it is unrelated to identification by long-run restrictions).

Definition 3 (SQLP Estimator). Take any ith impulse variable, jth response variable, quantile

7 € (0,1), difference order D € {1,2,3}, non-negative roughness penalties {\;;}i"5", non-

negative long-run penalty n, maximal horizon H € NJH > D, and B C RE, O(r) € B. The

~

smooth quantile local projections estimator 0(t) = (O, (7)', Onosr (7Y, - .., 0 (7)) solves

H T-h
PP ) o) SPATEE
ho? H

ho+177"7 —0 t—
s.t. if i>7], then bj o=1 and Vk#j: by =0, h=0 t=P+1
where bp=(bo prbir i p.1) s hE{O,1,..., H} 9
i+KP H i+KP
D 2
E Ak E |AZbgp| + 11| Mo|A%o p| + E Ne| Db | | o
k=0 h=D k=1

If \, = 0 for all k£, then SQLP in (9) coincide with the (unsmoothed) QLP in (8). When
A > 0, the roughness of the coefficient by, 5, across horizons h is penalized. The higher the values
of roughness penalties, the more smoothing occurs. Recall from (7) that b; 9, b; 1, . . . , b; i represent
the impulse response function—so \; > 0 amounts to impulse response smoothing.

If the long-run penalty u is positive, then the roughness penalties are complemented by addi-
tional shrinkage at the final horizons—the slope coefficients are shrunk towards a constant func-
tion, and the intercept coefficient towards a linear function. The rationale is the limit behavior as
h — oo. Specifically, if {Y;} is strictly stationary and ergodic, the slope coefficients in (7) con-
verge to 0 (and thus to a constant), and the intercept converges to a constant (and thus to a linear
function). In applications, we set = 100, which practically guarantees shrinkage at the final
horizons, unless A\ is very small. This choice makes sense only for H large enough.

Figure 1 illustrates smoothing of impulse response functions. The QLP estimates (black solid
line) are volatile, unlike the SQLP estimates. Without the long-run penalty (left subfigure), the

curves eventually become downward sloping. The long-run penalty (right subfigure) straightens
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Smoothing without long-run penalty (u = 0) Smoothing with long—run penalty (u = 100)

1 1
o | SN [N o | SN Lo\
g L . E e .
=) gy, = | T LN R
> Sy T > | Sy N ) T e - -
g 0 g 0
c c
o o
o o
0 0
S o
o1 o1
é roughness penalty A; = 0 é roughness penalty A; = 0
g |\~ e roughness penalty A; = 2 g |\ roughness penalty A; = 2
21\ e roughness penalty A\ =4 21\ e roughness penalty A =4
- - - - roughness penalty A; =8 - - - - roughness penalty A;=8
0 4 8 12 16 20 0 4 8 12 16 20
Forecast horizon Forecast horizon

Figure 1: The lines depict the estimated impulse responses at the 75th percentile, for different penalty

values. Data and specification are from the empirical application 5.1.

the curves at the end, reconciling the shapes with standard macroeconomic models.

The constraint in (9) for the case ¢ > j, h = 0 reflects the special case when the coefficients
at h = 0 are known ex ante. Keeping these coefficients in the estimation problem (even though
their values are known) ensures the penalties act on the entire impulse response function, thereby
preventing abrupt shifts between horizons 0 and 1.

The linear program (9) can be expressed as QR with a sparse design matrix (see the Online
Appendix). We solve it via the sparse Frisch-Newton algorithm of Koenker and Ng (2005), which

is fast even for a large number of observations, horizons, and variables.

3.3 Asymptotic Properties

We establish the asymptotics of the SQLP estimator from Definition 3, which will enable us to
construct closed-form and weighted bootstrap confidence intervals. These novel results cover also

the special case of the unsmoothed QLP estimator from Definition 2. Denote A = (1 + ) max; Ay

Proposition 3 (SQLP Consistency). In addition to Assumption 3, assume that {Y,;} is ergodic
and that S]'?i has the linear form (7) and is increasing in T at h = hg a.s. Also assume that

ElY:| < oo, (Y, Y/ 1,.... Y] _p) is absolutely continuous, A\ = o(T), and B is compact. Take

any 1,7 € (0,1),7 < 7. Then sup, ¢, - 0(r) — 0(r)| 2 0.
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Let 0 < 7 < 7 < 1. We denote by = the weak convergence in the Skorokhod topology on the
space of cadlag functions defined on [r, 7]. Denote ef’ . = y;s4n — 2}0u(7), 17 () = 7—1{x < 0}.

Denote the conditional distribution function F} 5 () = P(y;+n < -|7¢), its derivative f (),

h
Qi(r1,72) = D Elmaaty n () )b (eF1.0,)); (10)
I=—k
Q0,0(7'177'2) Q0,1(7'1, 7'2) e QO,Hfho (7'1, Tz)
Q1,0(72,7'1) Q1,1(71, 72) e Ql,H—ho(Tla 72)
Q0(71,7'2) = ) ) ) . )
QHth,o(Tz, 7'1) QHfho,l(T%Tl) e QHfho,Hfh()(TlaTZ)
Feno(Fig (7)) 0 . 0
0 Fr (1) ... 0
ft(T) _ ft,ho+1< %,h0+1( )) ’
0 0 oo fou(Fg(n)

O (1) = E[fi(1) @ 2],  B(m, 1) = Q7 (1) Q0 (11, 72) Q1 (72).

Assumption 4 (Assumptions for Asymptotic Normality). In addition to Assumption 3, assume
that {Y;} is ergodic, E[Y?] < oo, E[z,!] is invertible, X = o(\/T), B is compact, and for all

h € {ho, ..., H} the function S]’-li has the linear form (7), f. is positive, continuous and bounded.

Proposition 4 (Asymptotic Normality). Assumption 4 implies /T (0(7) —0(7)) 4N (0, (7, 7)).
If additionally E[Y;Y] < oo, then VT(0(1) — 6(7)) = G(r) where G(7) is a centered K-

dimensional Gaussian process and Cov|G(11), G(12)] = X(71, T2).

To construct closed-form confidence intervals for 0y, (7), 0py+1(7), ..., 0 (7) using Proposi-
tion 4, we need to estimate densities in §2; and long-run variances €, for h € {hg,..., H}.
Following Koenker (2005)[p. 81], we estimate §2; as Powell (1991), with a Gaussian kernel and

plug-in bandwidth of Hall and Sheather (1988). For estimating the submatrices €2, 5, we follow

13



Galvao and Yoon (2023) and apply the Newey and West (1987) estimator with bandwidth £, as
Jorda (2005).

As we saw earlier, if the conditional quantile (5) is not linear, the SQLP estimator approximates
the true nonlinear effect. Then, under appropriate weak dependence assumptions, the SQLP esti-
mator remains asymptotically Gaussian, but €25 changes—the series (10) becomes doubly infinite.
However, this does not invalidate our estimators of > (closed-form or bootstrap), because they do

not exploit the finite-sum form of (10).

3.4 Roughness Penalty Selection

The SQLP estimator involves many different roughness penalties—one for the intercept, ¢ — 1
for the contemporaneous controls, one for the impulse variable, and K P for the lagged controls.
To reduce their number, we propose two different ways, depending on the objective of estimation.
They both entail just one smoothing parameter, denoted A. Both ways involve a standardization to
account for different scales. For k& € {1,2,..., K}, define the standardization coefficient of the

kth variable as
T

l/k:%z

t=1

(11

1 T
ykt_fz;yks .

The first way is suitable if the aim is to estimate impulse response functions. Then it makes

sense to penalize only the coefficient with impulse response interpretation, and set the remaining

penalties to zero:

Ay where A € R if k = i,
A\ = (12)
0 otherwise.

The second way is appropriate if the goal is to generate forecasts. To make them evolve
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smoothly, we apply the same penalty on all the coefficients, after standardization:

(

Nifl=p=k=0,

Aivkprk = § Ay if p=k =0andl € {1,2,...,i}, (13)

Ay ifl=14,pe {0,1,...,P—1}and k € {1,2,..., K}.
\

The search for appropriate penalty value A may involve several complementary approaches,
such as information criteria, cross-validation, out-of-sample forecast evaluation, and judgment.
Information criteria are based on a single estimation, which is convenient computationally. In
contrast, cross-validation requires repeated estimations. Out-of-sample predictive accuracy is key
in forecasting applications, but goes beyond the scope of our work. Judgment may also play a
role—visual inspection of estimated impulse response functions can help to find an appropriate
value of )\, or at least rule out unreasonable values.

We propose information criteria similar to Koenker et al. (1994). Denote the effective number
of parameters of the SQLP estimator as p,. It equals the total number of estimated parameters less

those that are locally fitted by polynomials of degree D — 1, that is,

i+KP H

pr=(D—=ho)(1+i+KP)+ > > 1{|A"b] > 0}.

k=0 h=D

Let us illustrate how p, actually works. If A, = 0 forall £ € {0,1,...,7 + K P}, then typically
|APby | > 0 for all k and h, which implies py = (1 +i + KP)(H + 1 — hy). This is the same
number of parameters as in the unsmoothed quantile local projections (8), multiplied by the number
of estimation-relevant forecast horizons, H + 1 — hy. On the other hand, if all the penalties are very
large, then |APb; ;| = 0 for all k and h, so by are polynomials of degree D — 1, characterized
by D parameters. If hy = 1, their first value at 1 = 0 is fixed ex ante by the constraint, so p) =
(14+i4+ K P)(D—hyg). Thus, p, satisfies (1+i+ K P)(D—ho) < pr < (1+i+KP)(H+1—hy).
The effective number of observations is N = (T'— P — (H + hg)/2)(H + 1 — hy).
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Now we can formulate, for instance, the Bayesian (Schwarz, 1978) information criterion

1 L A palog(N)
BIC()) = log (N >N o (ymh — G;th>> N ks NSRS

2N
h=hg t=P+1

Information criteria can be complemented by the h-block cross-validation of Racine (1997),
used by Barnichon and Brownlees (2019) for smoothing least squares local projections. The infor-
mation criteria and cross-validation can serve not only to select the roughness penalty, but also the
difference order D and the number of lags P.

Note that consistency (Proposition 3) allows a slower convergence rate of \ than asymptotic
normality (Proposition 4). Thus, it makes sense to use smaller A for confidence intervals than for

point estimates (undersmoothing).

4 Smooth Quantile Local Projections with Instruments

4.1 Identification by External Instruments

The recursive short-run restrictions in Section 3 rule out contemporaneous reverse causality,
but this is often unrealistic—in most macroeconomic models, the variables mutually affect one
another within the same time period. A popular alternative identification relies on an external in-
strument, that is, an instrumental variable not included among the endogenous or control variables.
In essence, the instrument is a proxy for one unobservable shock. Stock and Watson (2018) provide
an econometric framework for external instruments within the least squares paradigm; we develop
its quantile counterpart. Without loss of generality, take the first impulse, so ¢ = 1 in Definition 1.

The instrument will be denoted z; and must satisfy Assumption 5.
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Assumption 5 (Contemporaneous and Lead-lag Exogeneity). Take {Y;}icz as in Lemma 1. Let

{2 }1ez be a sequence of random vectors such that (Y}, z;)" is strictly stationary and

e’} K
2; 1S independent of { U U uks} \ ugg. (14)

s=—o0 k=1

In line with Definition 1, the first impulse (z = 1) at time ¢ enters only along u,;. Accord-
ingly, Assumption 5 ensures the instrument z; may be informative about wu;, but not about any
other disturbance. Even though Assumption 5 does not require that z; and u,; be dependent, such
dependence is allowed and desirable.

The following Proposition 5 is the analog of Proposition 2, but with external instruments.

Proposition 5 (Identification by an External Instrument). If Assumption 5 holds, then for any
j €{1,2,..., K} and all horizons h € N there is a function S : R+ s R and standard

uniform random variables {u', }+cz such that for all t € Z, T € (0,1) it holds

Q- (yien = SHTIYe Y1)

Zt, 1/;—1): 07 yj7t+h = S.;L <u§lt

YiYi), (15)

where u

Ji I8 independent of z and Fy_1, and {u?t}tEZ is h-dependent; and if also Assumption 2 is

satisfied, then
IRZ&T’S(K? _Yt—1> - S]}'L(T‘ylt + S, Y2ty - - -5 YK l/t—l) - SJh(Tl}/t; l/t—l)' (16)

If, in addition, for some h € No and 7 € (0, 1) the function S} (7|-) is linear, that is, if

P K
SH(TIYe, Yie1) = Bloo(m) + B0 (T)y1e + D Y Blip(T)ykip, (17)

p=1 k=1

then IR?,’lT’S(Yn Y1) = 5?10(7')5-

Proposition 5 establishes the existence of structural quantile functions S]’P, which reflect the

dynamic causal effect of the first impulse in (16). Under linearity (17), the effect of a unit impulse
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equals 5;110(7'), but unlike in Proposition 2, the coefficient pertains to an endogenous variable, ;.
This endogeneity is due to simultaneity—both ¥y, and the local-projection disturbance ug-‘t depend
on the disturbances uy;, ugy, - . . , Uy, and thus yy; is dependent on u?t.
If uy; and the lags of z; are dependent, (14) is violated. This problem can be overcome by
adding z;_1, ..., z;_p alongside Y;_; in Proposition 5, and in particular, as controls into (17).
Next, we turn to point and interval estimation of the impulse response coefficient B]hw (7) under

Assumption 5 and linearity (17); we also address ramifications of nonlinearities.

4.2 Point Estimation

In the special case when j = 1 and i = 0, the values of the coefficients in (17) are known ex
ante: (3Y;,(7) = 1 and all the remaining coefficients equal 0. Denote the first forecast horizon that
can be meaningfully estimated as h; = 1{j = 1}.

Denote [, = (5?1;;7 ]h2p7 cee thp),’ Brn = ( ghooﬁihvﬁéha s Bpp) s an(T) = ghlo(T)a Ty =

(LY, 1, ... Y b))\ ye = yji, di = y1;. Rewrite (17) as
SH(TIYVi, Yirr) = an(7)ds + Bu(7) 1. (18)

Equation (18) can be estimated by IV-QR of Chernozhukov and Hansen (2008), but we adjust
their assumptions and asymptotics due to local projections’ time dependence—we call this method

Quantile Local Projections with Instruments (QLPI). Consider the QR objective function,

T—h
1
Qnr(ro,f,7) = 7—5— > prlyesn — ady — By — '), (19)
=1+ P

and the solution corresponding to fixed « and h, denoted

~

(Bh(a7 T)a &h(aa T)) = arg min Qh,T(Ta «, Ba ’7) (20)

ﬁERKP;yERdim('Y)

Let o/ C R be compact such that o, (7) € o forallh € {0,..., H}, 7 € (0,1). Let I'z.5(cv, 7)
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be an estimator of the asymptotic variance of 4;(«, 7) (it can be constructed as in Section 3).

Assume it is consistent, that is, D'z, (c, 7) 2 limg_,o Var[v/T4,(a, 7)]. Denote the Wald statistic
Wrn(a,7) = (T = P = h)in(a, 7)'T7) (@, 7)An(a, 7). 21)

Definition 4 (QLPI Point Estimator). Take any jth response variable and quantile T € (0,1). For

every horizon h € {0,1,..., H}, the QLPI estimator (&, (7), Bh(T)) solves

ap(7) = arg min WTJL(OC}“ T), (22)
ap€d

Bu(r) = Bu(Gn(7), 7).

To reduce the excessive volatility of the estimated impulse response function, we enhance
QLPI with penalties and call it Smooth QLPI (SQLPI). Specifically, we smooth the coefficients

with impulse response interpretation: {ay, }H7L .

Definition 5 (SQLPI Point Estimator). Take any jth response variable, quantile T € (0,1), dif-
ference order D € {1,2,3}, roughness penalty \y > 0, long-run penalty pn > 0, and maximal

horizon H € N, H > D. The SQLPI estimator {(a,(7), (7)) YL, solves

H H
&(t) = argmin Z Wrn(an, 7) + A Z |AP ap| + pAi| A, (23)

{an}igea ™ 55 h=D
s.t. if j=1, then ap=1

Bu(r) = Bu(Gn (1), 7).

The two penalties A\; and p play the same role as in SQLP in Definition 3. In applications, we
set 1 = 10, which activates shrinkage at final forecast horizons, except for very small \.

Whereas the QLP and SQLP problems are linear programs, the QLPI problem is IV-QR and
can be solved by the inverse QR, described in Chernozhukov and Hansen (2008). Inverse QR
discretizes the set o/ by a grid of M possible values of the coefficient «(7), and then proceeds

in two steps. In the first step, for each value a in the grid, (20) is solved by QR and the solution
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(Bn(a, 7),4n(a, 7)) is stored. In the second step, the minimum (22) is found over all the solutions
from the previous step; this is the IV-QR solution.

The inverse QR is computationally demanding if there are many endogenous variables, but for-
tunately, (22) has just one endogenous variable. In fact, the datasets in empirical macroeconomics
typically have just a few hundred observations, making the QR problems (19) ideal for the modi-
fied simplex algorithm of Koenker and D’Orey (1987), which is extremely fast in small samples,
while giving solutions for all quantiles in [0, 1].

The solution of SQLPI also proceeds in two steps. We represent the set .7 by an equally spaced
grid of M possible values of the coefficient a(7), formally &7 = [ay, as, . .., ap]. Then we solve
(20) for every h and store the solutions. It remains to find the minimum (23), using the solutions
from the previous step. In contrast to (22), where the minimum is taken over M distinct values, the
minimum in (23) is taken over all the possible sequences, of which there are M7+, Evaluating the
expression in (23) for each of these sequences is computationally infeasible in practice. Instead,
we reformulate (23) as a shortest path problem and solve it by the algorithm of Dijkstra (1959).

The details are in the Online Appendix.

4.3 Interval Estimation

For a € &7 let Y14 h,0 = Yi+n — ad; and consider the population counterpart of QR (20), whose

random coefficient representation is

Yirha = O (a, ﬂ’g[’t)xt + 7, («, ﬂg}t)zt, where ﬂgt ~ U|0,1],

and the deviations from the conditional quantile satisfy for all &« € &/, 7 € (0,1)

v (@) = Yen — ady — B (o, 7)ay — (e, 7)z and By, (vf,) (a1, 21)'] = 0.
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Let fip.o(Yern — adi|zy, 2;) be the conditional density of v, — ad; given z, z;. Denote

oo

Qo,h,a1,a2 (7_17 7_2) = Z E[(‘T;—f—lv Z£+Z)I(ZE;, Z£)¢T1 (Ut-&-l,h,ﬁ (al))ﬂ}m (Uth,Tz (aQ))]7

l=—00
VnalT) = Elfona(Fina () (@t 20) (a1, 21)],

Eh,al Ne% (7—17 T2> = Q;,ilz,al (7—1)90@0417&2 (7_17 TQ)Qillz,az (7—2>'

We adopt the dual inference of Chernozhukov and Hansen (2008). For p € (0,1), let ¢,
be the pth quantile of Xgim('y) distribution. A confidence region for « at confidence level p is
CRy(m,p) = {a € & : Wryu(a,7) < ¢,}. It is unrelated to @(7), and so it is unaffected by

smoothing &(7). Smoothed confidence intervals are defined next.

Definition 6 (SQLPI Interval Estimator). Take j, 7, D, Ay, 1, H and { (é, (1), Bu(7)) }_, as in Def-

inition 5. The SQLPI interval estimator {(ay(7), an(7)) YL, is defined as

H H
a(r,p) = max arg min Z \Wrn(an, 7) — ¢y + Mt Z AP | + phi|Aay] ¢,
{an}ioca ™ oo h=D
s.t. ap>ap,
if j=1, then ap=1

H H
a(T,p) = min arg min Z \Wrn(om, 7) — | + M Z IAPay| + ph|Aay]
h=D

{ah}hﬁzoefiﬂ{+1 h=0
s.t. ap<d&p,
if j=1, then ap=1

If \y = 0, then (an(7,p), an(7,p)) = (min(CRy(7,p)), max(CRy(7,p))). For Ay > 0 the

roughness penalty plays the same role as when smoothing the point estimates in (23).

4.4 Asymptotic Properties

Assumption 6 (Assumptions for Dual Inference). Assume that {Y;} is ergodic, E[Y,)] < oo,
E[(z}, z;) (x}, 2})] is finite and invertible, (1 + p)\y = o(1), and for all h € {hg,..., H} the

function SJ'-1 has the linear form (17). Further, for all T and h, oy (1) € <, where <f is compact.
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Finally, for all h € {ho,...,H}, o € & and (B,7) = (B(«, 7),7(, 7)), the density fipa(-) is

positive, continuous and bounded.

The assumptions above are similar to Chernozhukov and Hansen (2008), but we do not impose

independent sampling.

Proposition 6 (Inference with Weak Instruments). Under Assumptions 5 and 6, for all h €
{hi,hy +1,...,H} - VT(En(an(r),7) = wm(an(), 7)) = Gi(1) where G1,(7) is a centered
dim(~y)-dimensional Gaussian process and Var|Gy(7)] = I'y(a(7), 7). Also,

Plaw(t) € CRw(7,p)] — p and lim inf Play(7) € (an(7, p), an(7,p))] = p for all 7,p € (0, 1).

The main point of Proposition 6 is that in large samples, the confidence interval contains the
impulse response value «,(7) with probability p or higher, irrespective of instrument relevance.

Although the SQLPI estimator assumes linear structural quantile function (17), it may be useful
even if linearity fails. The QR (19) approximates the true nonlinear conditional quantile function
(Angrist et al., 2006), so we can interpret oy, (7) as an approximation, albeit suboptimal, of the
nonlinear causal effect (16). The estimator f}jl (cv, 7) under misspecification is still justified for the

same reasons as in the SQLP case.

4.5 Roughness Penalty Selection

The SQLPI framework involves only one roughness penalty, which corresponds to the coef-
ficients on the endogenous variable—these are interpreted as the impulse response function. To
avoid scaling effects, we set A = 114 (a2 — a;) where v is the standardization coefficient (11) and
(ag — ay) is the step size of the equally spaced grid.

The effective number of parameters p, (for a fixed quantile index 7) is

H
pr=1+PK)H+1-h)+D—h+> 1{|APa,| > 0}.

h=D

Denote the effective number of observations as N = (T'— P — (H + hy)/2)(H + 1 — hy).

22



The SQLPI estimator is a not a maximum likelihood estimator, so standard information criteria

are not applicable. That is why we propose the following quasi-information criterion

pylog N

1 ..
BIC()\) = —WT’h<Oé,T) + T

N (24)

Its first term substitutes the fidelity, while the second term is the penalty of Schwarz (1978).

S Empirical Applications

5.1 SQLP: Financial Conditions and GDP

Adrian et al. (2019) study the effect of tighter financial conditions on GDP growth distribution
in USA. They find the effect is large and negative in the lower part of GDP growth distribution,
but negligible in the upper part. However, Adrian et al. (2019) do not report confidence intervals
of their quantile regression estimates and they do not include any lags as controls, which is at
odds with our Proposition 2. For our application we use the variables from their dataset—the
Chicago Fed’s National Financial Conditions Index (NFCI) and real, seasonally adjusted GDP
growth rate. Higher NFCI means tighter financial conditions. Denote the values of these variables
at time ¢ as NF'C1I; and gG DP,, respectively. The quarterly data cover 1973Q1-2015Q4. The

main specification of Adrian et al. (2019) is
Q.(9GDP,,|gGDP, NFCL) = 8 (1) + g (1gGDP, + g (1) NFCL, (25

where 6{’2%(7') aims to measure the effect of a 1 unit financial conditions shock on the 7th quantile

of GDP growth distribution after i quarters.
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Figure 2: The lines show the effect of financial conditions on GDP growth, depending on lag length. The

solid lines (no lags as controls) are the estimates of Adrian et al. (2019) in their main specification.

Contrasting (25) against Proposition 2, we see that (25) embeds the following identification as-
sumption: NFCI has no contemporaneous effect on GDP growth distribution. Even though Adrian
et al. (2019) do not mention this restriction, it is essential for causal interpretation.® Proposition 2
also highlights the importance of controlling for lags—their omission may lead to inconsistency.
To see the lag length sensitivity, we estimate the main specification (25) of Adrian et al. (2019),
and then we include 1, 2 or 4 lags. Figure 2 shows that once at least one lag is included, the esti-
mated effect of Adrian et al. (2019) in the upper part of the distribution flips the sign from positive
to negative. Also, the asymmetry across quantiles greatly diminishes.

Next, we invoke the SQLP estimator. While Adrian et al. (2019) only consider one-quarter
ahead and four-quarter ahead predictions, we look at all horizons up to 20 quarters ahead. More-
over, we consider two ways of capturing the effect: First, the response is plain GDP growth rate,
quarter on quarter, at yearly rate. Second, we use the cumulative GDP growth rate as the response.
We control for 4 lags and focus on the quantiles 0.1, 0.25, 0.5, 0.75, 0.9. (This is just to simplify
exposition; more quantiles are depicted in Figure 6.)

We set a roughness penalty of the form (12) with D = 3. To ease comparisons, we take the

3In principle, this identification assumption could be justified as follows: NFCI reflects financial markets that

quickly react to economic news, while GDP reacts more slowly (with a lag).
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Figure 3: The lines show how the information criterion and cross-validation loss vary with the penalty.

same penalty value for all 5 quantiles. For point estimates we choose the penalty by the Bayesian
information criterion (averaged over the 5 quantiles) from {27°,274 ... 2%}, but for confidence
intervals we use a 4-times smaller penalty (undersmoothing in line with Propositions 3 and 4).
Figure 3 illustrates the bias-variance tradeoff.

Figure 4 shows the estimated impulse responses, both for A = 0 (unsmoothed) and for A = 8
(smoothed). The unsmoothed estimates are very volatile, which might even lead to type I errors.
For instance, at the 90th percentile at horizons 4 and 16, the effect suddenly surges and gets statis-
tically significant, which seems implausible. The dependent variable in Figure 4 is the (noncumu-
lative) GDP growth rate. We already mentioned that an alternative is the cumulative GDP growth
rate, which we consider now. The Bayesian information criterion suggests A = 32 (Figure 3 to the
right). We report the impulse responses in Figure 5. While Figure 5 plots the effect across horizons
for a few selected quantiles, it’s also possible to plot the effect across quantiles for a few selected
horizons—we do so in Figure 6 for quantiles 0.10,0.11,...,0.89,0.90 (keeping A the same to ease
the comparison). All the confidence bands are closed-form (see Proposition 4 and the paragraph

thereafter). Bootstrap confidence bands look similar (reported in the Online Appendix).
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Response of GDP growth (yearly rate, in percent) to 1 unit financial conditions shock

percentile unsmoothed smoothed
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Figure 4: The lines show how financial conditions affect the GDP growth rate (quarter on quarter, at yearly

rate). The shaded areas are the 90% confidence intervals.

Although our estimates confirm the finding of Adrian et al. (2019) on the relevance of financial
conditions for the low quantiles of GDP growth, the results differ in the upper quantiles, because
their specification does not fully capture the causal effect—it does not control for the lags, which
is one of the insights of our Proposition 2. While they estimate a small positive effect of financial
conditions on GDP growth in upper quantiles, our estimate there is negative and statistically sig-
nificant. We conclude that financial conditions always matter for the economy: They are relevant

not only for recessions, but also during normal times and even in recovery periods.
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Response of GDP growth (cumulative, in percent) to 1 unit financial conditions shock
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Figure 5: The lines show how financial conditions affect the GDP growth rate (cumulative). The shaded

areas are the 90% confidence intervals.

Response of GDP growth (cumulative, in percent) to 1 unit financial conditions shock
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Figure 6: The lines show how financial conditions affect the GDP growth rate (cumulative). The shaded

areas are the 90% confidence intervals.
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5.2 SQLPI: Dynamic Causal Effects of Monetary Policy

Stock and Watson (2018) identify the effects of interest rates by monetary policy surprises.
We use the same variables as them, except for the interest rate—instead of the one-year treasury
yield we use the Federal funds rate, which is the main policy rate. Thus, our model includes
the following variables: the Federal funds rate, industrial production growth rate, consumer price
index (CPI) growth rate, and the excess bond premium from Gilchrist and ZakrajSek (2012). We
use the changes in the Federal Funds futures rates around FOMC announcements as instrument.
There are 270 observations, covering 1990m1-2012mé6.

We start with effect of interest rates on the consumer price index, and we make the following
choices. For the coefficient on the impulse variable (the interest rate) we use an equally spaced grid
on the interval [—20, 20] with step size 2/3. We impose a penalty on its second derivative (D = 2).
We select the optimal penalty from {272,271 ... 25} by the Bayesian quasi-information criterion,
but for confidence intervals we use 4-times smaller penalty (undersmoothing). Following Stock
and Watson (2018), we use 4 lags of all variables and of the instrument as controls.

Response of CPI (cumulative, in percent) to 1 p.p. interest rate shock

percentile unsmoothed smoothed
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Figure 7: The lines show how interest rates affect consumer prices, along with 90% confidence intervals.
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The estimated effects are in Figure 7. One percentage point (p.p.) interest rate increase reduces
the center of inflation’s distribution after two years by about 3 p.p. (cumulative effect). However,
the median effect is mostly not statistically significant, corroborating Stock and Watson (2018),
whose estimated mean effect is not statistically significant either.

In addition, the Figure 7 reveals an asymmetry: The interest rate affects inflation distribution
predominantly at lower quantiles, where the effect is large and statistically significant, while at
upper quantiles the effect is close to zero and not statistically significant. Thus, the interest rate
affects the odds of declining inflation, but not the odds of rising inflation. In practical terms, this
asymmetry means that conventional monetary policy is more effective at curbing inflation than at
generating it.

We repeat the exercise for the other three response variables* and show the responses in Fig-
ure 8. They all exhibit heterogeneity across quantiles. The interest rate response is pronounced and
statistically significant only at upper quantiles. This means that some monetary policy shocks are
just one-off interventions without a lasting effect on the interest rates (lower quantiles), while other
monetary policy shocks have more lasting effects (upper quantiles). The response of the industrial
production is negative and statistically significant only at lower quantiles. Thus, conventional
monetary policy is more effective at reducing economic activity than at stimulating it.>

Finally, the response of the excess bond premium is positive and statistically significant only
at upper quantiles, so contractionary monetary policy induces an uncertain and heterogeneous
response of the financial sector, elevating the risks of financial stress and credit tightening. As
robustness checks, we use bootstrap, set the penalty to 0, and also switch to a finer grid (25%

smaller step size)—we still reach the same conclusions.

“For interest rate and the excess bond premium, the grid is on [—10, 10] with step size %, while for industrial

production on [—30, 30] with step size 1. We select the penalties as before by the Bayesian information criterion.

3This is in line with Klein (2001), who argued: “I believe that monetary policy has a chronic defect. It is

asymmetric—it works better in restraining an economy than in stimulating an economy.”
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Figure 8: The lines show the effect of one percentage point rise in the Federal funds rate on the Federal
funds rate, the industrial production index, the consumer price index and the excess bond premium. The

solid lines represent point estimates, the shaded areas are 90% confidence intervals.
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Proofs

Proof of Lemma 1. Let {Y;},cz be as in Assumption 1. If K > 1, the representation (1) is not
unique; we are going to show that one such representation exists. The proof relies on the trans-
formation of Rosenblatt (1952), but we do not assume absolute continuity. Let z1; = Y;_; and for
kel{2,....,K}letxy = (Y1t Yot - - - Yk—1.4, Yy q)'- Fork € {1,... K}, let Fi(y) = P(yp <
Ylzwe)s Gr(T) = Qr(Yrelhe), W = Inf{7 € (0,1) : ype < Gi(7)}-

We first consider the case when F(y) is continuous in y a.s. Then Gy (7) is increasing in 7
a.s., so iy = G '(yx) as. Take any 7 € (0,1). We have P(iy; < 7lag) = P(Gy (yre) <
Tlzg) = Plyee < Ge(7)|r) = Py < Qr(Yne|Tre)|Tre) = 7. As a result, ax, ~ UJ0, 1].
We will show that {y,} are independent by showing that {dy,, }7 , are independent for any k; €
{1,2...,K},t; € Z,n € N. Without loss of generality, suppose that ¢ > j implies either ¢; > ¢, or

tlzt]’,k’i > kj. Takeanyyl,...,yn € [0,1] al’ldletf(),t:U(th_l,Y;_Q,...),fOI‘kE {2,,K}

n])

n—1
=E H l{ﬁkiti < yi}
;=1

let 1+ = 0(y1s, Y2t, - - - s Yk—1,4, For). Using induction,

A

=1

E|E H ]l{ﬂ’kiti < yi}

i=1

H g, <y}|=

E H l{ﬂkiti < yi}E[ﬂ{&kntn > YUn |~Fkn 1tn}
=1

H]l{ukt<yz} :H H uktl_yz
=1 =1

P(ukntn =~ yn’fkn 1tn = yn

Now we construct disturbances {uy, } in the general case when F}, may be discontinuous. For
that, we disperse the point mass of @y at the discontinuity points of F. Let Dy, = {x € RF1TKP:
Fi(+|xke = z) is discontinuous} and Dy, = {y € R: Fy(y|xy, = x) is discontinuous at y}. For
allz € Dy, d € Dyy, let Fy ;= yl—igll* Fr(y|zi = ), F,:%d = Fi(d|zge = x). Take Uyt pa ~
U0, F, 4 — Fi 4] such that the collections of random variables {Uy;.q: k € {1,2,...,K},t €
Zyx € Di,d € Dy} and {ty : k € {1,2,...,K},t € Z} are independent. Let uy; = g +

Uk»t7xkt7d]]'{d E Dk7xkt7rakt - F

k. Tre,

¢} Take any d € Dy, Then Pluy, < 7|7 ¢ [Fl, ,—
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Fk_’xkt’d]) = Pure < 7l # Fy,, 4) = Py < 7) = 7. On the other hand, P(uy; < 7|7 €

Tkt
[Flj,ackt,d - FI;mkt,d]> = P(ug < 7llg = F;(,m,d) = P(Fl;,a:kt,d + Uk tagea < Tl = Fl;;vkt,d) =T.
Thus, uy, ~ U[0, 1]. Since {@, } and {Uj 1 ,.q} are independent, {uy, } are also independent.

We will show that yx; = Qu,, (Yke|zkt). Take any d € Dy,,,. First, Qu,, (Yet|Tre, Uke #
F,;xkt’d) = inf{y : Fi(y|xr) > e }. Second, Qu,, (Yxt|Tre, Uk = Fl;xkt,d) = inf{y : Fy(y|lxw) >
Ukt + Ukt zpp.a ) = If{y: Fi(y|zie) > Uge }. Therefore, Qu,, (Yit|Tre) = inf{y: Fi(y|oge) > e} =
inf{y : Fi(ylze) = Fi(ynelore) } = Yor-

To show claim (i), take any ¢ € Z, 7 € (0, 1). We are going to verify (1). Let

Sl(T|y2,t7 Yty -y YK ts i/;ﬁ—l) = Q7<y1t|l‘lt)a

SZ<T|y1,t7 Yty -y YK ts 1/2—1) = QT(?JQt|iE2t),

(26)
SK(T|yl,t7 Y2ty - - -y YK -1t Y1) = Q- (yrie|Tke).
Since @, is non-decreasing in 7, the same is true for Sy, S, ..., Sk. Let uy = (uyy, . .., Uky)-
From yx; = Qu,, (Ykt|Tx:) it follows that xy,; is measurable w.r.t. uy,, . .., ux_1, Fr—1. Hence,

Q- (ykt - Qr(ykt|$kt) Uy \ Uk, -Ft—1>: Q- (ykt - Qr(ykt|l‘kt) Lty Ut \ Uk, ]:t—1>=

Qr(yktmt, Uy \ uktaﬂfl) - Qr(ykt|$kt) = Qf(ykt‘xkt,ftfl) - Qf(ykt\xkt) =0,

which together with (26) means that claim (i) is verified. From y; = Q.,, (yx¢|z:) and from (26),

Y1 = 51 (U1t|y2,t7 Yty -y UK s thl) = Quu(ylt’xlt); (27)
Yor = 52(U2t|yl,t7 Ysits - YK ts Yt_l) = Qu2t (y2t’332t), (28)
Ykt = Sk (Wrct|Yre, Yorts - - Yre—1.t5 Yim1) = Quye, (Yit|Trct)- (29)

Conditional on any draw of the random vectors u;, Y;_1, there is unique yy; solving equation (27).
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Given uy, Y;—1, y1;, there is unique y; solving equation (28), etc. Thus, there are unique values

Yit, Yau, - - - Yice satisfying (27) through (29), and claim (ii) is verified. [

Proof of Corollary 1. From Lemma 1 (ii) we know that the solution {Y;} of (1) is a.s. unique, so
we only need to show that (3) implies (1). Suppose (3) holds. By symmetry, it suffices to check
the first equation in (1). Take any 7 € (0, 1) and any event £ C o ({1, ..., uxe} \ Ui, Fr_1),
P(E) > 0. We know that wuy, is independent of £ and S;(7,-) is non-decreasing in 7. Hence,
Q- (S1(we|yoes Ysits - - Yty Yie1) — S1(T|Y2u, Ysts - - - YUrt, Ye—1|E) = 0, which implies the first

equation in (1). ]

Proof of Proposition 2. If h = 0,5 < i, set S3(7|yrs, ..., ¥it, Yie1) = w50, while {ud, }iez is
any sequence of independent U[0, 1] random variables, independent of {Y;}icz. In (7) we set
2.0(7) = 1, the remaining coefficients equal 0.
Let uy = (uygy ..., ukyt), e = Yyoq, fork € {2, K} let v = (Yae, Yors - - -5 Yk—1.0, Y5 1)
For the other cases h = 0,7 > i or h > 0, the functions 51, ..., Sk in (27)—(29) satisfy Assump-
tion 3, which was actually used in the Proof of Lemma 1. From there, yx: = Qu,, (Ykt|Tkt). By

hI + j — i — 1 consecutive iterations we obtain a function G”, : RI+¥ "X R such that
h
Yjt+h = Gji(uj,t+h7 ey UL thy Utdh—15 - - - Ut1, UKty -« -5 Wik 185 Y1ty - - -5 Yt 1/2-571) (30)

Let S]}'li(ﬂylt, o Yins Yio1) = Qr(Wyernlyie, - -5 yie, Yeio1), U?Z-t = inf{7 € (0,1) : yjpn <
Sjﬁ;(r|y1t, oy Yit, Yio1) }. Then y; 14 = Qu;?,it(yj,t+h|y1t7 -y Yit, Yi—1). As in the Proof of Lemma

1, it can be shown that if S th is increasing in 7 a.s., then u;?it ~ U[0,1]. (Evenif S Jh is not increasing

in 7 a.s., a modified U[0, 1] version of u?it can be constructed the same way as in the Proof of

Lemma 1.) Likewise, u”, is independent of vy, . . ., y;, Y;—_1. Because of (30), v, is measurable
jit ty y ity L1 jit
h .
WLt Wit hy -y Ulghy Uigho1s - - - Ues 15 UKt - - - 5 U1, and thus {uf; } is h-dependent.

From the Proof of Lemma 1, recall that u;; is independent of y14,...,yi—1,4, Y;—1. Let X =
(y1¢, .- Y, Y{_,)'. Recall that {Y;} differs from the counterfactual version {Y;} due to altering

Si(+) to S;(-)+s. Thus, (Y1, - .-, Yi—1t) = e, - - Gic1t)s Yiep = Y/tfp forp > 1, and 3y = yi+s.
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Using Definition 1, yir = Qu,, (YitlTit), and yjpn = Qur (Yjanltae, - Yir, Yior), We get

IRhTS(Y;:, zt) Q’T(QT(y] t+h|uzta z‘t)|Yt, Yt—l) - QT(QT(yj,t+h|uit7Xit)D/;ﬁl/;f—l)
= Qr (Qr (Fje+n] Xit)|Ye, Yio1) — Qr(Qr (Yje1n Xat) Ve, Y1) = Qr(Ujenn| Xit) — Qr (Yj04n] Xit)

= Qr(yj,t+h|y1ta e Vst Yie S, Yt—1) - QT(yj,t+h|y1t> sy Yim14, Yits Y;t—l)- (31)

If additionally (7) holds, (31) gives IRZ;T’S(ylt, Vi, Y1) = BZO(T)S. O

Proof of Proposition 3. Denote the argument of the criterion (9) as b = (¥},:bh 11--V) €RX, and

represent the criterion (9) as

1
Z T Z Lin(T,bn) + p(b), where Iy 5 (7,bs) = pr(Yjrn — b,

h=hgo t=P+1

lz+KP H i+KP
p(b) Z M Y AP + u()\o\NbOHH > Ak\Aka\>

k=0 h=D k=1

Take a compact set By C R such that B C x;_, Bp. For allt, the function [, , is continuous
on the compact set [7, 7| X By. Also, for all 7 € [1,7],b, € By it holds l; (7, bn) < |(Yjtn —

bhxt)

(7,0)| < Elyj| +supy, e, |bn|'E|z:| < co. By the Lemma 2.4
of Newey and McFadden (1994), it follows that for all h € {ho,..., H}

T—h
! p,
TP L (T, 00) = Elpr (yj4n — bpy)]| = 0.
bp€By,T€|T,7] T—h—-P t:;rl t 7+ hLt

The assumption A = o(7T') and the Dini’s theorem imply sup,.; p(b) — 0. The continuous map-

ping theorem then yields

H
sup sup Z = Z lLin(7,b5) + p(b) — Z Elpr (Yjesn — bai)]| 2 0. (32)
beB T€(r,7] h—ho t Pl —ho

Since (Y}, Y, 1,...,Y]_p) is absolutely continuous, so is z;. Thus, z; has a joint density w.r.t.

the Lebesgue measure. Hence, for any a € R¥ \ 0 the variable a’z; also has a density w.r.t. the
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Lebesgue measure, so P(a'z; = 0) = 0.

The assumption that Sﬁo(ﬂylt, ..., Yit, Y;_1) is increasing in 7 a.s. implies that its inverse
function P(y;+n, < Y|Y1ts--.,Yit,Ye—1) is increasing in y a.s. Thus, VA > hg : P(y;n <
Ylvie, - Ui, Yie1) = E[PYjian < YlYiish—hos -« Yidsh—hos Yirhno—1)]|Y1es - - Yits Yi1)] is
also increasing in y a.s. Consequently, every b, that minimizes E[p,(y;.+n — 0),x.)] satisfies
(On(7) — bp)'z; = 0 a.s., and invoking the result from the previous paragraph, b, = 6,,(7) a.s.

The result (32) together with 6,(7) being the a.s. unique minimizer of E[p,(y;+n — b,2¢)]

imply SUpye 5 SUD, ¢ [ 7] ]9(7) —0(7)] 0. O

Proof of Proposition 4. Let v;, = \/T(bh — 01,) and denote 6;_1 5, ék—l,m U1, the kth entry of

O, éh, vy, respectively. These are functions of 7; restrict their domain to [r, 7] for some 0 < 7 <

7 < 1. Further, denote v = (v, ,...,vy)’,
T—h
Zn(vn) = Y pr Wjeen — bhr)
t=P+1
i+KP H i+KP
V)= > MY |A b +u<A01A2bO,Hy + ) /\k|Aka]).
k=0 h=D k=1

Subtract V' (0) from the criterion in (9) to see that (9) is equivalent to minimizing
H

> Zin(on) + V(v) = V(0). (33)

h=hgo
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Using \ = o(\/T ) and following steps similar to Fu and Knight (2000) we get

i+KP
V(v =D M Z | APbgn| — [APGpn]) + N<A0(|A2ka| — | A% |)+
k=0 h=D

i+KP i+KP ) kah/ﬁ + ADGkh‘ — \ADQkh|
Z Ak (| Abgp | = ]A@kH])> >, Z -
> 72 VT

k=0

VT VT =4 VT
=3 3o u( Jrow 37 Jrom) o

<)\0 ‘\fﬁ UkH+A20kH‘ |A%0) 4| +i+KP e ‘fA”kHJFAQkH‘ |A9kH|>

For any x, from the domain of f; ;,, the assumption f;, > 0 implies Ft,,h > (. Therefore, thhl (1) :
(0,1) — R exists and is continuous. However, Ft’_hl(T) = Qr(Yjitnlr) = x0n(7), s0 b :
(0,1) +— R is continuous, and thus 6, is bounded on [r,7]. This, together with the compact
parameter set assumption, implies that v is also bounded on [r,7]|. Since V' (v) is continuous,
V(v) — V(0) = o(1) holds uniformly in 7. From (34) and Koenker and Xiao (2006)[p. 121], (33)

is equivalent to minimizing

H T-h o o
Pr (eh,r - t) - Pr(eh,T)) +o(1) = Zn(vn) +0o(1), (35)

whose minimum is o(1) and is attained at v, = v/T'(8,(7) — 0,,(7)) for all h € {ho, ..., H}. By
the identity of Knight (1998), (35) equals

H T-h ”hzt

_Z ) Z wr(ef,) + Y Z/ (L{ef, < s} —1{e}, < 0})ds+o(1). (36)

h=ho t 1+P h=hg t=1+P 70

Denote Uy, = (¢ (e}%), ..., ¢ (e} {7.))', and also denote (35) as Z(v). We express (36) as

vhxt

(1{e}, < s} —1{e}, < 0})ds +0,(1), (37
h=hqo t=1
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where the term o0,(1) holds uniformly in 7.

Regarding the first term in (37), from Lemma 7 in the Online Appendix

T
T Z e ® 2 -5 N(0,Q(7, 7). (38)

Regarding the second term in (37), from Lemma 8 in the Online Appendix

uth

Zh Z/ (1{e}, < s} — 1{e}, < 0})ds N ;v O (1)v. (39)

Due to (37)-(39), we apply the arguments of Koenker and Xiao (2006) in the proof of their Theorem
3.1, and obtain vT(6(7) — 6()) > N(0, S(r, 7).

Now additionally impose E[Y;}] < co. From Lemma 7 in the Online Appendix, (38) holds
with % replaced by =. From Lemma 8 in the Online Appendix, (39) holds with %> replaced by
=-. Finally, by the arguments of Koenker and Xiao (2006) in the proof of their Theorem 3.1, we
conclude VT (0(1) — (1)) = G(7). O

Proof of Proposition 5. In the special case j = 1,h = 0, set SY(7|y1s, Yi_1) = y1s. {uf,} is any
sequence of independent U0, 1] random variables, independent of {Y;}.

Now consider 7 > 1 or h > 0. Let u;-‘t = inf{r € (0,1) : yjirn < Qr(Yjrenluie, Yic1)}-
Then y; 1, = ngt (Yjasn|uie, Yi—1) and u?t is independent of u;, F;_;. By Corollary 1 there is
G REFDP s RE quch that G(uy, Y;—1) = Y;. Hence, there is G§0) such that y;; = G§0) (ue]Yi1).
For any h > 0, substituting yields G such that y; ., = G/ (s, ..., u|Yi—1). Thus, o(u},) C
0 (Yjahs Uae, Yie1) C 0 (U, - - -, up, Ye1). Since u?, is independent of ¥;_; it follows that u”; is
measurable w.r.t. {u;, i1, ..., Un}, SO u;-‘t is h-dependent.

Let @y = infrco{yie < Si(7|yas,-- ., yky, Yie1)}. Then Si(uy|-) = Si(l-), which to-
gether with y; 4y, = Qu?t(yj7t+h|u1t,¥}_1) implies y; 1, = Qu?t (Yjt4n|t1e, Yi—1). And since 1y,

is a function of Y; and Y;_;, there exists a function S]’-1 such that y; 1y = S Jh (u?t|Y;, Y, 1), so the
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second equation in (15) holds. Also,

Qr (Yjaen — SHTIYe Yior) [ure, Yic1) = Qr (yjeen — Qr (asnluae, Yio1)|uae, Yio1)= 0. (40)

We have o (z;) = (0(z:)\o(u1))U(o(z:)No(uye)). By Assumption 5, o (2;) \ o (u1¢) is independent
of {Y;}, and thus (40) implies the first equation in (15). If Q(y; ¢+n|u1s, Yi—1) is increasing in 7
a.s., then uht ~ U0, 1], as in the proof of Lemma 1. (Even if Q) (v;+n|y1:, Yi—1) is not increasing
in 7 a.s., modified version of u , can be constructed, as in the proof of Proposition 1.)

Recall that y; ;1) = Sj'?(ujtm, Y, 1), where ujt is independent of {u;¢, Y;_1}. Thus, invoking

Assumption 2, §; ¢h = S;L(u?t|y10 + 8, %20, - - -, YK0, Y_1). These results together with (4) imply

IRGT™ (Y, Yo1) = Qr(Qr (Finluro, Yo0) Yo, Yor) = Qr(Qr (ynluno, Yo1) Yo, Yor) =
QT(QT(S_;L(U?t|y10 + 8,20, - -, Y0, Y1) t10, Y_1)[ Yo, Y1) —

Qr(@r(sﬂué}t’yw, Y20, - - > Yr0, Y-1)|u10, Y1) |Y0, Y1) =
QT(SJ}'L<T’Z/10+5,?/20,---,yK0, 1)[Y0, Y1) — Q-(S] (T1Y105 Y20, - - -, Yo, Y1) [Yo, Yoq) =

S?(T’ylo + 5,120, - -, YK0, Y_1) — S;L(Tfym Y.4) 41)

If S is linear, that is, if (17) is satisfied, then (41) equals £;,(7). O

Proof of Proposition 6. Showing V'T(3,(an (1), 7) — Ya(an(7), 7)) = G(7) is analogous to the
proof of Proposition 4. Take any h € Ny, 7 € (0,1). From (17) we know v, (ap(7),7) =

0, so Wrp(an(r),7) A Xgim( Since 7 is compact and (1 + )\ = o(1), it follows that

7)*
max{{ap Y, € 7 AT APy | + pA|Aag|} — 0. Thus, liminfr . Pay(7) €

(an(7,p), an(r,p)) = liminfr o PWrp(an(r),7) < ¢)) = P(XGimiy) < 6) = - O

41
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