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Abstract:

Central limit order books, like those used on traditional exchanges, are impractical with
blockchain technology. Instead, DeFi exchanges like Uniswap and Curve use Automated
Market Makers (AMMs) to facilitate trading. AMMs employ a pre-defined pricing func-
tion based on token quantities to determine trade terms. In this setting, we characterize
the optimal behavior of liquidity providers and takers. Our findings suggest that the com-
mon advice for liquidity providers to post token quantities in equal value is not optimal.
Instead, token postings should balance gains from liquidity takers trading for non-market
reasons with losses from those trading on new information. We explore the welfare im-

plications of different "pricing curve" shapes used in AMMs.
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1 Introduction

Decentralized finance (DeFi) performs classical financial intermediation activities using
decentralized record-keeping in blockchain technology. In some cases, the blockchain
DeFi business is functionally equivalent to an existing centralized intermediation with,
perhaps an impact on the competitive landscape. In other settings, like the exchanges
we study here, the blockchain technology forces innovation and development to provide

intermediation services on a decentralized ledger.

A centralized exchange, like NASDAQ for equities or Coinbase, FTX, and Kraken for
cryptocurrencies, intermediate trade with a a central limit order book. A central limit or-
der book tracks buy and sell orders, where participants post pairs of quantity and price
they are willing to trade at, facilitating transparency and price discovery through match-
ing orders. In this setting with cryptocurrency, settlement happens later. At Coinbase,
for example, the trades in Bitcoin are recorded only by Coinbase. Updates to the Bitcoin

ledger only happen infrequently when traders deposit or withdraw from the exchange.

In contrast, DeFi exchanges facilitate trade directly using a blockchain. The computer
codes that controls the DeFi exchange, called smart contracts, and the messages traders
use to execute transactions are recorded “on-chain” in the decentralized blockchain by
the decentralized network of ledger validators (“miners”). This technology is currently
incapable of replicating a central limit order book. The volume and speed of messages
needed to implement a limit order book is not practical and is prohibitively expensive
with most decentralized blockchains. As a consequence, decentralized exchanges, such as
those developed by Uniswap or Curve, have created Automated Market Makers (AMMs)

to intermediate trade.

AMMs deploy ad-hoc pricing functions that define terms of trade between market
makers, often referred to in the industry as liquidity providers and traders or liquidity
takers. Specifically, suppose liquidity providers contribute quantities QA and Qg of to-
kens A and B and a liquidity taker would like to swap ga units of token A for token B.
The AMM pricing function G, which is literally a computer code function, dictates that
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the liquidity taker may withdraw up to qg = G(qa; Qa, Qp) units of token B (for some
arbitrarily specified function G).! A portion of the contributed tokens ga augment the
quantity of tokens in the pool QA and a portion is paid out to liquidity providers as fees.
A commonly used functional form is the “Constant Product Market Maker” where G is
the geometric mean function wherein the geometric mean of the pre-trade quantities of

the AMM in the two tokens equals to that of the post-trade quantities (adjusted for fees).

AMMs are all actively experimenting with different pricing functions, fee structures,
and code development. Here, we are interested in a systematic analysis of the underlying
economic role of AMMs. Our goal in this paper is to understand the economic properties
of these new trading markets. To achieve this goal, our framework begins by specifying
potential gains to trade between liquidity providers and liquidity takers. In our model,
these gains arise from heterogeneous beliefs in the (relative) value of a pair of tokens as in
Harrison and Kreps (1978). However, the design of a pre-specified pricing function that
cannot react to new information means prices may be stale and the liquidity provider may
suffer a loss — called an “impermanent loss” in AMM documentation — due to adverse
selection (as in Glosten and Milgrom (1985)). In this setting, we look at how the design
of the AMM pricing function impacts AMM volume and the division of surplus between
liquidity providers and liquidity takers. And finally, we investigate the optimal design
of AMM pricing functions that may be robust to a variety of beliefs about the potential

returns to holding tokens.

Before getting to the details of our model, it is helpful to contrast our approach with
much of the the conventional wisdom on AMMs. Often shared as guidance is the idea
that liquidity providers should deposit liquidity in equal US dollar value amounts. For
example, Uniswap explains that liquidity providers “are incentivized to deposit an equal
value of both tokens into the pool. To see why, consider the case where the first liquidity provider
deposits tokens at a ratio different from the current market rate. This immediately creates a prof-

itable arbitrage opportunity, which is likely to be taken by an external party.” * This also reflects

!In theory, one could represent a central limit order book in this fashion where the function G depends
on the entire set of messages—bids and asks—relayed to the exchange. However, here, consistent with
what we observe at AMMs, we focus on G that depend solely on quantities.

2See Uniswap-V2 (2023) https://docs.uniswap.org/contracts/v2/concepts/core-concepts/pools
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a passive or mechanical view of the behavior of liquidity takers with the assumption that
liquidity takers are arbitrageurs whose AMM trades reflect a single agreed-upon external

“market price.”

First, in Section 2 we document that this passive view of liquidity providers is not
consistent with the data. The passive view of liquidity providers argues that they trade
(post a transaction using the smart contract) infrequently and their trades do not impact
prices on the AMM. By design, the functions that control how liquidity providers add
(“mint”) or withdraw (“burn”) liquidity to the AMM do not impact the prevailing AMM
token prices. Hence, the passive view implicitly assumes that liquidity providers only

use the liquidity provision functions (“mint” and “burn”).

The data is consistent with the view that liquidity providers trade infrequently—they
constitute a small percent of the trade. However, about half of the liquidity providers
are active in that a sizable proportion of their transactions involve the liquidity taking
or swap transaction. When liquidity providers swap against their own pool, they are
directly impacting prices faced by other liquidity takers at the AMM exchange. These re-
sults point to the idea that liquidity providers that are intentional and heterogeneous, and
hence, our model’s goal is to characterize their optimal provision of liquidity. Specifically,
we show that the advice to deposit liquidity in equal US dollar value amounts is, in most

cases, suboptimal.

Critically, our model does not assume perfect “arbitrageurs” whose AMM trades re-
flect a single agreed-upon external “market price.” In our setting, some traders may trade
for reasons orthogonal to current market prices should they require liquidity—i.e., the
very reason the market might exist. Our setting allows for traders’ beliefs to be updated
by information like a posted price on a central exchange. However, we do not model that
as an arbitrage. The costs to moving tokens between exchanges and decentralized ex-
changes (an on-chain transaction) is not trivial. Perhaps more importantly, a coin owned
indirectly on an exchange is not a perfect substitute for owning the same coin directly on
a blockchain. The bankruptcy of an exchange (FTX and others) or the loss of a private key

are distinct risks. We are agnostic as to whether ownership through an exchange is better
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or worse than ownership on-chain. Security, convenience, and liquidity properties can all
differ. Our point here is simply that they are not identical. Lastly, there is a large number
of tokens, some of which have a sizable implied market capitalization, that are not listed
on any centralized exchange. For these tokens, there is no applicable “market price” from

a centralized exchange.

The basic tradeoff in our model for the liquidity provider is familiar. We assume lig-
uidity takers may be “informed” or “uninformed” giving rise to a classic form of adverse
selection in asset markets (as in Glosten and Milgrom (1985)). With AMMSs, what cre-
ates this structure is timing. Liquidity providers are “slow.” They post their coins to an
AMM and then a liquidity taker trades. Liquidity takers are “fast” and able to attain
priority for blockchain execution. The liquidity taker may be trading for reasons that
are orthogonal to the public information (akin to a private value). Or, the trader may be
trading having seen an update to the public information about coin prices (a common
value) — called an “impermanent loss” in AMM documentation. In either case, the lig-
uidity provider cannot avoid the “fast” liquidity taker. This lets us explore how this form
of adverse selection distorts the amount of liquidity contributed by providers who must
balance profits they earn from uninformed liquidity takers (noise traders) with the losses
that arise from trading with informed liquidity takers. Our results provide AMM analogs
to those in Glosten and Milgrom (1985) in a smart contract setting and offer a new in-
terpretation of impermanent loss—committing to trade with informed liquidity takers at
“stale” prices—stemming from a traditional notion of adverse selection. While in Glosten
and Milgrom (1985) liquidity providers distort prices to protect themselves from informed
trading losses, such distortions may only manifest in the quantities of deposits liquidity

providers post in the AMM.

In this setting we find that, contrary to the conventional wisdom, a liquidity provider
may optimally choose to depart from making deposits in equal US dollar value amounts.
Indeed, we show that in any equilibrium where liquidity providers earn strictly positive
profits, they prefer to distort their deposit ratio away from equal value. Such changes al-

low them to earn higher profits per trade should the first trader be uninformed. We find



that if the fraction of informed traders is such that the profits from uninformed traders ex-
actly balance the losses from informed traders, then it is optimal for liquidity providers to
deposit tokens in equal value (according to the liquidity providers’ expected valuation of
the tokens). If we interpret informed traders as arbitrageurs obtaining information from
centralized markets, then under these conditions, our model recovers the conventional

wisdom.

We also explore how the shape of the pricing function G impacts gains to trade and
liquidity provider’s profits. Analogous to results in Milionis, Moallemi and Roughgarden
(2023b), we find that in the presence of only uninformed traders, convex prices impede
ex-post trading volumes and reduce ex-ante profits of liquidity providers. Hence, in such
a case, linear pricing is optimal. However, the presence of informed traders complicates
this analysis because convex prices also limit the losses liquidity providers realize from
informed trades. Nonetheless, we show that reducing the (local) convexity of the pricing
function improves the liquidity provider’s profits as long as liquidity provision is prof-
itable. Specifically, we construct a perturbation of the pricing function that decreases its
convexity around the liquidity provider’s deposit point and scales the gains from unin-
formed trades at the same rate as losses from adverse selection. If the original constant-
product market maker (CPMM) function induces positive ex-ante gains for the liquidity
traders, then less locally convex prices increase ex-ante gains for both liquidity providers

and liquidity traders, thus improving efficiency.

1.1 Related Literature

Much of the research on AMMs has focused on examining how AMMs perform alongside
the presence of deep, liquid, centralized exchanges. One of the earliest examples is An-
geris and Chitra (2020) who obtain conditions under which a class of AMM mechanisms
reflect “true" prices—those observed on an infinitely deep centralized limit order book.
Angeris et al. (2021) presents a more specific analysis of the leading AMM Uniswap and
show that the exchange rate on Uniswap matches the exogenous prices up to the interval

of fee level. Aoyagi (2022) extends these frameworks to consider the effect of information
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asymmetry in AMMSs shows that the equilibrium liquidity supply is stable under the as-
sumptions that liquidity provision is perfectly competitive and one token in the pool is
stable (its value has zero volatility). Also under the assumption of a known, true price of
tokens, Fabi and Prat (2023) demonstrates how to use consumer choice theory to study
how liquidity providers and liquidity takers exert externalities on each other. They use
their framework to examine how the shape of constant function market makers impacts
adverse selection costs faced by liquidity providers and execution costs faced by liquidity
takers. More recently, Lehar and Parlour (2023) show how AMM fees can balance losses
imposed by liquidity traders who conduct such an arbitrage. They argue that pool sizes
should decrease with the severity of this arbitrage risk and find empirical support for this
observation. We build on these important papers by showing how liquidity providers
directly impact decentralized exchange prices and then building a model where there is
a role for liquidity providers to set prices. One of our contributions is to relax the as-
sumption of perfect arbitrage with centralized exchanges and examine optimal liquidity
provision when the notion of equal values is not clear because perfect price discovery in

some other market is not possible.

A related literature has emerged studying the costs imposed by traders who arbitrage
between centralized exchange prices and AMM prices. For example, Capponi and Jia
(2021) studies competition for priority among traders who would like to conduct such an
arbitrage and characterizes the joint determination of gas fees and liquidity pool sizes.
Hasbrouck, Rivera and Saleh (2023) study the impact of trading fees on trading volume
and show how an increase in the fees, by attracting more liquidity provision and thus
reducing traders’ execution costs may lead to increased trading volumes. Milionis et al.
(2022) use a continuous-time Black-Scholes analysis to estimate these arbitrage losses for
liquidity providers using a stablecoin pool and decomposes the losses into risky and pre-
dictable components. Milionis, Moallemi and Roughgarden (2023a) extend the model to
involve trading fees and provide results on the arbitrager’s behavior and profits accord-
ingly. They also conduct a cost-benefit analysis on the LP’s side with the new features.
In our model in the absence of a true price, the AMM generates gains to trade and so

liquidity provision may be sustained even in the absence of direct fees.
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In terms of the design and efficiency of the price function, Park (2023) demonstrates
that constant function market makers may cause economically meaningless and costly
trading, such as front running. Front-running is a substantial concern that liquidity tak-
ers manage in practice by encoding a range of prices they are willing to trade at, known
as “slippage”, but we abstract from front-running in our model as we focus on the inter-
action between liquidity providers and (an aggregate of) liquidity takers. Bergault et al.
(2023) shows that the return of LP is always smaller than holding by duality theorem
and a constant product formula with a proportional fee is not efficient from the mean-
variance perspective. Goyal et al. (2023) focus on the design of convex pricing functions
that maximize the fraction of trades that with only uninformed trades. Milionis, Moallemi
and Roughgarden (2023b) uses the optimal auction framework to show that a linear price
curve maximizes the expected return of the liquidity provider when one token is a sta-
blecoin. Our results on the optimal shape of the design function are similar to those in
Milionis, Moallemi and Roughgarden (2023b) but hold under a wider set of assumptions

on traders’ beliefs about the token valuations.

The remainder of the paper is organized as follows. In Section 2, we look at the em-
pirical behavior of liquidity provider and document their active role in price setting on
AMMs. We describe our model in Section 3 and develop and analyze the resulting equi-
librium in Section 4. Section 5 looks at welfare properties of AMMs in our setting. Finally,

Section 6 concludes.

2 Liquidity Provider Behavior

An AMM uses blockchain-based smart contracts to permit individuals to exchange cryp-
tocurrencies. The smart contracts are computer code stored on the blockchain. Traders
post transactions that are then executed by a decentralized network of validators (or
“miners”). The typical AMM smart contract is specific to two coins. We can call these
coins A and B. The market-making of the smart contract happens through three func-

tions in the code. The first two functions are related to the provision of liquidity. In a
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“mint” transaction, the Liquidity Provider (LP) deposits both coins A and B. Here, the
“mint” refers to the creation of pool tokens to denominate the LP’s deposit. In a “burn”
transaction the Liquidity Provider withdraws coins A and B. The LP can use some or
all of their pool tokens to withdraw some or all of their share of coins from the the pool.
However, the smart contract code specifies that the quantities of A and B withdrawn by
the liquidity provider are in proportion to the reserve balance of the coins at the time of
the burn transaction. The third, and most used, AMM function is the “swap” transaction.
Here a Liquidity Taker (LT) deposits one coin, say A, and withdraws the other, say B. The
rate (or price) of this exchange is calculated by the smart contract based on the reserve
balance of coins currently on deposit at the smart contract. The most common implemen-
tation, and the one we explore in detail here, is the the constant product market maker
(sometimes denoted CPMM). Here, the rate of exchange is determined so that the prod-
uct of the quantity of coins A and B before and after the exchange is constant. An aside:
A feature of the Ethereum Blockchain is that these functions in this code are transparent,

verifiable, and immutable.>

Given the trading environment defined by these smart contract functions, how do lig-
uidity providers behave? The general view is that liquidity providers are passive in that
they trade (post a transaction to the smart contract) infrequently and use only the lig-
uidity provision functions: mint and burn. They are akin to “buy-and-hold” investors.
Uniswap, for example, highlights that the passive aspect is a feature that may increase
participation of liquidity providers by removing the need for the sophisticated infras-

tructure and algorithms of a liquidity provider in a limit order book market.*

Table 1 characterizes liquidity provider behavior by looking at transaction counts. To
construct the table, we collected all transactions from the 24 Uniswap pools with balances
over $5 million from the period 2023.01.01 to 2023.06.30. The transactions are categorized
as “mints,” “burns,” or “swaps” based on the signs on the coins involved in the trade.

An inflow of both coin A and B is a “mint”, an inflow of A and outflow of B is a “swap,”

3You can see the functions for a Uniswap contract at https://etherscan.io/address/
0x0d4al11d5EEaaC28EC3F61d100daF4d40471f1852#code.

4See https://docs.uniswap.org/contracts/v2/concepts/core-concepts/pools. See also the dis-
cussions in Malinova and Park (2024) and Lehar and Parlour (2023).
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and so on. We also observe the wallet address of the transactor. For most of the wallets,
we observe only “swaps” and tag those wallets as liquidity takers. For wallets that have
at least one “mint” or “burn” in the sample, we tag as a liquidity provider. For these
wallets, we can also observe any “swap” transactions.” From this analysis, we see that
liquidity providers are passive in that across all transactions, they transact infrequently.
From Table 1, they constitute only 2.8% of the 1.3 million trades in this period. However,
in contrast to the “buy-and-hold” passive characterization, liquidity providers are not
completely passive. A significant proportion of liquidity provider transactions are swaps
(5,882/36,071). In other words, when liquidity providers interact with their pools, 16.3%
of the time they take actions that directly impact the exchange price offered by their pool.

Moreover, Table 2 shows that liquidity providers are heterogeneous. Of the liquidity
providers, half (50.4%) are passive with no swap transactions and the other half (49.6%)
are active with 41.4%, of their traders as swap transactions. Within the group of active
liquidity providers, there is some variation in the percent of their trades that are swaps.
Figure 1 that shows the density of the percentage of trades that are swaps across the lig-
uidity providers that are active. Interestingly, many of these active liquidity providers
have exactly one third or one half of their trades as swaps. This characteristic is driven
by a high proportion of mint and swap transaction for active liquidity providers occur
in pairs. Table 3 shows the frequency of pairs by counting the transactions by the active
liquidity providers where a “mint” or “burn” happens within three minutes of a “swap”
transaction.® About three-quarters (78.1%) of the mint transactions of active liquidity
providers are preceded by a swap transaction. However, there is substantial frequency of
swaps, 39.5%, that are not coincident with a liquidly provision. Together, these counts un-
derscore that liquidity providers are infrequent. However, there is heterogeneity in how

actively they manage their liquidity positions using the liquidity taking “swap” transac-

SUsing wallet addresses to categorize traders will undercount liquidity providers who also use swap
transactions in cases where one entity uses multiple wallets. We are also conservative by categorizing
based on both wallet and pool. That is we are measuring the proportion of trades that are swaps only in
pools where the LP has taken a mint or burn transaction.

6The blockchain and smart contract record each “mint,” “burn,” and “swap” as separate transactions.
Defining pairs as happening in a three-minute interval is arbitrary. The specific numerical results change
with different windows, say 0.5 to 5.0 minutes, but the general proportions are quantitatively similar.



tion.

3 Model

To model the costs and benefits of the AMM setting, we model traders’ relative value
of the coins as a mix of common and private values. The common value component is
public information. However, the trade arrival is sequential and so some traders will be
“informed” in that they have arrived at the same time as new information. The private
value component motivates gains to trade. The public component creates the potential
for an “adverse selection” cost. This cost is sometimes called “impermanent loss” in the

AMM setting.

Information. Time is discrete, t € {0, 1, ..., T}, and coins have a terminal value at date T
given by exp(d; ). We interpret the terminal value exp(d; 1) as either the future “price" of
token i or possibly the service flow attainable by holding 1 unit of token i. For example, 1
unit of the Ethereum cryptocurrency may be “spent” on the execution of smart contracts
on the Ethereum blockchain or 1 unit of the stablecoin USDC may be redeemed for 1 US
dollar by trading with the company Circle who issues USDC (Cicle (2023)). We assume

the “dividend” or terminal common payoff of coin i evolves according to

T—1
diT=) yitte
t=0

with the public information at each date y;; and the residual uncertainty, €; realized in

period T independently and satisfying Elexp(e;)] = 1.

In particular, assume public information {y; } arrives independently across date. With
probability 7, ya+ = ygt = 0. With probability 1 — 7, y;+ € {—A, +An} where each is
equally likely. We assume A, Ay, are positive and %e‘Al + %eAh = 1 such that the expected

value is the same as the current realized value. At the beginning of each period, both LPs
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and LTs have beliefs about the terminal, common value component of each token given

by ui+ where

wit = Elexp(dit)lyo, ..., yi—1] = Eclexp(dit)].

Timing. Ineach period, before public information is realized, the LP decides how much
of each token to deposit in the AMM smart contract. Once the LP deposits tokens, public
information is realized. After public information is realized, LTs value the tokens accord-

ing to
Vit = Egpplexp(diT)lexp(ni)

where 1; reflects a private value component of owning token 1i realized by the LT that
trades in period t. Our timing implies that the LT is a “fast trader” who may modify
their liquidity position before the LP may re-balance their supplied liquidity. Blockchain
transaction ordering depends on the decisions of the miners who maintain the blockchain
ledger. Because space for transactions in these ledgers is scarce relative to the demand to
place transactions on the ledger, there is a market for priority. Our model captures the
idea that the “natural” liquidity providers are those who are unlikely know how to obtain
priority (or are unwilling to pay for priority) while those who are efficient at obtaining

priority are likely to be liquidity takers.

Once the LT trades, a new period begins and the LP may re-balance the liquidity sup-
plied to the AMM.

3.1 One-Period Model

We now specialize this information setting to a static, one-period model. While we model
these as individual agents, we think of the LP and LT as representatives of a pool of po-
tential liquidity providers and takers, respectively. The representative liquidity provider

is initially endowed with a portfolio of tokens (Ea, Eg). We assume the LT has deep
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pockets and cares only about her net trading profits. At the beginning of the period, be-
fore any new public information is realized, both the liquidity providers and liquidity
takers have the same beliefs, 1; where we drop the time subscripts for ease of notation.
(One may think of this as w1 = Etlexp(d; )], the beliefs of LPs and LTs upon enter-
ing the last period of the dynamic game described above before any public information
in period T is realized.) Once public information arrives, the LT who trades has val-

uation v; distinct from p;. (Using notation from the last period of the game, we have

viT = Eryqlexp(di1)] exp(mi).)

Here, we make one more specific assumption to leverage the insights from this setting.
Recall that with probability 1 — 7t trader j arrives where y;+ € {—A;, Ay}. For that trader,
we set ; = 0. Under this specification, our model features two types of information
events as in Glosten and Milgrom (1985). The first type of information event—analogous
to uninformed trading in Glosten and Milgrom (1985)—occurs when y; 1 = 0 and repre-
sents a case where the LT’s new beliefs of the tokens’ values, v; are uncorrelated with the
LP’s beliefs. That is, the LP believes the value of each token i will yield terminal value
according to Ei1[lexp(diT)] = Etlexp(diT)] while the LT believes the value of each to-
ken i is distributed according to vi = E¢[exp(di1)lexp(ni). When 1; # 0 under such an
event, there are gains to trade between the LP and the LT. Following the literature, we
interpret such an event as a “pure noise” trade where trade occurs for reasons orthogonal
to the LP’s beliefs about the potential returns to her tokens. We let € [0, 1] denote the
probability of this first type of information event which we describe as a trade for tastes or

uninformed trade.

Instead, the second type of information event—analogous to informed trading in Glosten
and Milgrom (1985)—occurs when yi+ € {—Aj, Ap} (for some token i) and represents a
case where the LT’s new beliefs are correlated with the LP’s new beliefs. In such a case
both the LP and the LT now believe the value of each token has mean vi = Ey1[exp(d; 1)]
and hence there can be no gains to trade between the LT and the LP. Following the litera-
ture, we interpret such an event as pure information event that we describe as an informed

trade. This imposed correlation between the information arrival and private values of the
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LT lets us isolate the idea that liquidity takers are either trading for “information” or are

trading for “tastes.”

Suppose the LP has deposited a portfolio (ea, eg) with the smart contract of the AMM.
We let G(-) the embedded pricing function. That is, if the LT wishes to deposit (withdraw)
gA units of token A then the function specifies an amount qp units of token B that the LT

may withdraw (deposit) where

qs = G(qalea, es).

We use the convention that if g4 > 0—the LT deposits token A—then qg < 0—the
LT may withdraw token B—and vice versa. Most AMM price functions also have the
property that qp is decreasing in qa so that the LT must pay more of token A per unit
of token B she wishes to withdraw. The price function G also requires q; < e;, at least

implicitly, as capacity constraints.

The most common implementation of automated markets imposes the constant prod-

uct market maker (CPMM):

(ea +qa)(eg —qgp) = eaes. (1)

This particular function was originally proposed by Bergault et al. (2023) and was then
adopted in Uniswap-V2 (2023).

To summarize the static model, at the beginning of the period, the LP deposits a port-
folio (e, eg) with the AMM given a pricing function G(-) given her beliefs (1.q, 1p). Next,
the type of information event is realized according to 7t and the LT realizes a shock to her
beliefs specified by (va, vg). With probability 7 the LT is uninformed and the LP’s beliefs
remain (pna, ug). With probability 1 — 7t the LT is informed and the LP’s beliefs also shift
to (va,vg). In either case, once information is realized the LT then chooses an amount to
trade with the AMM. Finally, values and payoffs are realized according to the terminal

portfolios of the LP and LT.
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Next, we define the problem of the liquidity taker and the liquidity provider working
backwards from the LT’s problem. We maintain the Constant Product Market Making
rule specified in Equation (1) through Section 3.2, 3.3, 4 below.

3.2 The Liquidity Taker’s Problem

The LT—whether in an uninformed or informed trading event—observes liquidity on
deposit at the AMM as well as her realization of v;. From her own perspective, the LT
perceives an arbitrage opportunity as prices at the AMM do not reflect her realized beliefs

of the token values.

The LT maximizes the expected value of her tokens:

max —UAJA +VB(B (2)
qA.9B

s.t. (ea +qa)(eg —qgp) = eaes

When qa > 0, the LT’s problem given in (2) represents a case where the LT “buys”
token B from the AMM by depositing token A. She may wish to set g4 < 0 in which
case she buys token A from the exchange by depositing some amount of token B. The
constraint represents the effective price she faces on any trade. Under the Constant Prod-
uct rule, the LT would have to deposit infinitely much of one token to withdraw all of the
other (i.e. setting qg = ep, requires q5 — —o0) and hence the implicit capacity constraints

are slack under such a rule.

The solution to the LT’s problem is straightforward and satisfies

/UB [VA
eat+gda = U—ACACB, eg — (g — EeAeB' 3)

More importantly, for any beliefs v;, she will trade up until the relative price at the

AMM equals her relative valuation of the tokens or

Ve _eatda 4)

VA €g — (s
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If we let xA = ea + qa and xg = eg — gp denote the LP’s post-trade portfolio, then (1) and

(4) imply that LP’s post-trade portfolio satisfies

XAXB = €A€B )

VAXA = VUBXB. (6)

The liquidity provider internalizes that for any realization of beliefs of the LT, v;, her
ex-post portfolio will satisfy (5)—(6). We may represent this behavior graphically as in
Figure 2.

The convex curve represents the constant product market-making rule, and the point
(ea, ep) represents the liquidity deposited by the LP. Any trade by the LT will move the
LP’s ex-post portfolio along the convex curve. Once the LT realizes her beliefs v;, she will
trade up until the relative price at the AMM equals her relative valuation of the tokens

(represented by the dashed line with slope —va /Ug.

3.3 The Liquidity Provider’s Problem

Anticipating the behavior of the liquidity taker, the LP chooses her liquidity deposit to
solve the following program.

max T[(],LAIE[XA — CA] —+ FLB]E[XB — 63])+ (7)

€A,€B

(1 —m)(Evalxa —eal + ugEvg[xpg — eg])
s.t. (5)-(6),

OéeigEi, Vi

where 7 is the probability of an uninformed trading event. Notice, regardless of whether
the LP experiences an uninformed or informed trading event, the beliefs of the liquidity
taker will result in an ex-post portfolio of the LP according to (5)—(6). These events differ,
however, in how the LP perceives the value of these ex-post portfolios. When the LT

represents an uninformed trade, the LP continues to value her ex-post portfolio according

15



to her prior beliefs, ;. Instead, when the LT represents an informed trade, the LP values
her ex-post portfolio according to the realized beliefs of the LT, vi. As we show below, the
LP will trade off profits she earns on uninformed trades with losses on informed trades.
Unlike in standard models of exchange subject to adverse selection where market makers
post prices that reflect the extent of adverse selection, blockchain market makers must
distort their quantity choices for liquidity provision to protect themselves from possible

adverse selection.

4 Equilibrium AMM Liquidity Provision

In this section, we examine equilibrium liquidity provision by liquidity providers in our
model. Our notion of equilibrium is standard subgame perfect equilibrium. We examine
the usefulness of the conventional wisdom from existing automated marketplaces—that
liquidity providers should deposit liquidity in equal (dollar) values—and find that such
behavior is optimal for the representative liquidity provider only under special circum-
stances. We demonstrate how adverse selection distorts the quantities of liquidity de-
posited by providers on automated exchanges. To ease the analysis, we first consider
two special cases of our model—when all trade is uninformed and when all trade is

informed—before turning to the general case.

4.1 Liquidity Provision with Uninformed Trade Only

Suppose first that 71 = 1 so that there are only uninformed trades. Using straightforward

algebra, the LP’s problem (7) simplifies to

v v
max [a (IE —BeAeB — eA> + up (IE —AeAeB — eB)
€A,€B UA UB

s.t. 0 < e; < Ei/ Vi.
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Since the LP’s deposit quantities, e;, are not random, her objective may be written as

(Ew VEL 2) VIACA/Ti55 — (v/iACA — /i5%5)? )

where w = W%- Equation (8) shows how an LP facing only uninformed trade
chooses the optimal liquidity to provide. By changing the quantities of tokens A and

B she deposits, she adjusts the position of the pricing curve the LT will face ex-post.

To better understand (8), consider one possible (suboptimal) deposit choice for the LP:
an equal value deposit, or e and ep that satisfy uaea = pgep. Notice that all possible
ex-post portfolios for the LP lie on the constant product price function that runs through
the point (e, eg). Moreover, at (ea, eg), the constant product price function has slope
—pa/ug. Since the constant product price function is convex, any trade by the LT will
appear to happen at favorable prices from the perspective of the LP—that is, terms of
trade are better than —u /up for the LP regardless of whether the LT is buying token A
or token B. As a result, for such a deposit choice, the LP only stands to gain and suffers

no losses.

Figure 3 illustrates this result graphically. Given the LP’s beliefs are fixed, facing only
uninformed trades, the straight (blue) line with slope —u /pup reflects the LP’s indiffer-
ence curve. Since all terminal portfolios lie on the constant product price function, and
this function lies above the LP’s preferences, such a deposit choice by the LP ensures the

LP only stands to gain from trade.

Should the LP provide liquidity different from an equal value deposit, then for small
differences in beliefs from her own, the constant produce price function will provide
prices that appear unfavorable from the perspective of the LP and yield second-order
losses. For this reason, the LP faces a loss function—the second term in (8)—that depends

on how her portfolio differs from an equal value (naea = pgep) portfolio.

To the extent v; differs from p;, there are gains to trade. The value of these gains
depend on the term Ew + IE% —2 > 0. (The inequality follows directly from Jensen’s

inequality.) As a result, from any equal value deposit, a small perturbation that raises
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ea or eg on the margin will induce second-order losses but incur first-order gains. As
a result, equal-value deposits are generically not optimal for the LP. In general, the LP
desires to provide as much liquidity as possible to facilitate gains to trade, and thus, her
budget constraint must bind (either ey = E5 or eg = Eg). We then have the following

proposition.

Proposition 1: Optimal Liquidity with only Uninformed Trade. With only uninformed
trade, the optimal liquidity deposit satisfies:

1 2
ey = Ea, eg = min { <%) t—gEA, Eg p, if uaAEA < ugEp

1\2
ej = min { (%) E—/‘iEB,EA ,ep =Ep, ifuaEp > ppksp.

Generically, then, the LP will prefer a deposit choice different from the equal value
portfolio to maximize intermediation profits with uninformed traders. Such a choice is
illustrated in Figure 4 where, according to Proposition 1 typically, we expect either ex =

EA or eg = EB-

4.2 Liquidity Provision with Informed Trade Only

Suppose next that m = 0 so that there are only informed trades. The LP’s problem (7)

max Eva (UU—BeAeB—eA) + Evg (MEQAQB—QB) 9)
eA,eB VA VB

st.0<e <E, Wi (10)

simplifies to

If we impose a mild assumption that v; is a mean preserving spread of y;, i.e. IE% =1,

the LP’s objective in this case may be written as

(2B —2) v/iaea/HBes — (vHAeA — V/HBes) (11)
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where {p =, /72 "8 Equation (11) shows how an LP facing only informed trade chooses

the optimal liquidity to provide.

Since the LP and the LT hold the same ex-post belief, any gains of the LT must reflect
losses borne by the LP. Moreover, since the LT only trades when it is beneficial for herself,
all trades hurt the LP. As a result, the case of only informed trading reflects a case of pure
adverse selection and induced losses for the LP relative to what the value of her wealth

would have been had she simply held her portfolio rather than providing liquidity.”

Mathematically, the Cauchy-Schwarz inequality implies E < |/E{~ET and holds
with equality only when v and vy are perfectly correlated. Since we impose Ev;/p; =1,
the above inequality implies E\p < 1. Therefore, the LP’s objective function is necessarily

non-positive for any deposit amount, yielding our next proposition.

Proposition 2: No Liquidity Provision with Only Informed Trade. The optimal liquidity

deposit satisfies:

4.3 Liquidity Provision with Uninformed and Informed Trading

We now use these results to understand better the general problem (7) with arbitrary 7.

We once again simplify the LP’s objective function as

{ﬂ (]Ew + Ei) +(1—m)2EY —2| v/iaeav/ises — (vViaea —vipes)®  (12)

Asbefore, we may write the LP’s objective as the sum of a revenue function less losses that
depend on how the LP’s deposit portfolio differs from an equal value portfolio. The rev-
enue function now reflects the probability of realizing an informed versus an uninformed
trade. Similar to the previous cases, when uninformed trades occur the LP realizes profits

and when informed trades occur, the LP realizes losses. If the gains from uninformed

7Since we implicitly assume LPs are “slow” traders, we do not consider the opportunity cost of trading
at an AMM herself. See Milionis et al. (2022) for such an analysis.
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trades are larger than the loss from informed trades, i.e. 7 (le + ]E%) +(1—m)2Ey > 2,
then the LP will be willing to provide as much liquidity as possible—up to their ex-ante
resource constraint. Otherwise, the LP will optimally choose to provide no liquidity. We

summarize this result in the next proposition.

Proposition 3: Optimal Liquidity. The optimal liquidity deposit with 7t proportion of

uninformed trade and 1 — 7t proportion of informed trade satisfies

Eyw+Ey 4 2
ey = Ea, e = min (Tr (%) +(1 —ﬂ)lEﬂb) TAEAEpp, ifHAEA < upEp
Eyw+Ey & 2
67\ = min (7’[ <w> + (1 —H)IEIll)) LL—/EEB, EA ’ eg = EB/ if },LAEA > FLBEB

if 1 (Ew+EL) + (1—m)2EY > 2and

otherwise.

Given optimal liquidity provision, we next explore the optimality of the conventional

wisdom that liquidity providers should deposit portfolios with equal values.

1
We write 1 ==« (%) + (1 —m)En to represent the LP’s expected profit mar-

gin from liquidity provision. According to Proposition 3, if TT > 1, then the optimal value

ratio upej /upey satisfies

1 1
m if EA < mﬁEB
HAEA BAEA  sc 1 pp 2 1B
B
> ifTIPEBEp < Ea

\

For TT > 1, unless paAEA = pugEp then the optimal deposit ratio is always different from
1. However, Proposition 3 also reveals that as TT — 1 then upe; — ugep for all values

of Ex, Eg. In other words, only when the gains from uninformed trades exactly offset the
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losses from informed trades, then it is optimal for the LP to deposit a portfolio with equal

values.

We note that the LP’s expected profit margin IT is increasing in the probability that
trades are uninformed, 7t. Hence, there is a minimal value 7t such that IT = 1. We then

have the following Corollary.

Corollary 1: Optimal Value Share. Let 7t be such that TT = 1 and assume upEa # pugEp.®

The equal value deposit paea = pgep is optimal only when 7t = 7.

4.4 Break Even Proportion of Uninformed Trading

The threshold 7t also sheds light on the extent to which liquidity provision is profitable.
The value of 7t such that IT = 1 depends critically on the distribution of the LT’s beliefs
specified by H;. Since the term w + L is not globally convex in v;, a mean preserving
spread of the LT’s beliefs v; could increase or decrease the threshold 7t. We instead explore
how the profitability of liquidity provision varies with the distribution of the LT’s beliefs

via a numerical example.

To simplify the numerical analysis, consider a special case where one token is a stable-
coin whose value (purportedly) does not fluctuate over time such as USDC or Tether.” We
let token B represent the stable coin and set vg = pg =1 and hg(vg) = 1 if vg = 1. Then
we have w = 1) = B—Q. We assume K—? is a log-normally distributed random variable
with E[va/ua]l =1 and Varfva/ual = GE\. As a benchmark, we impose 03\ = 0.8 consis-

tent with variation in the daily price of ETH-the native cryptocurrency of the Ethereum

blockchain—over the past five years.!? Around this benchmark, we explore how changes

81f the LP happens to be endowed with an equal value portfolio and profits from liquidity provision
are increasing, then she may deposit in equal value simply because she is constrained. We rule out this
uninteresting case with this assumption.

9In practice, the value of stablecoins do fluctuate at specific points in time, such as when USDC de-
pegged for a short window in April 2023. For our example, we assume liquidity providers and takers
believe the stablecoin peg will hold with certainty.

19Based on the Coinbase ETH index price obtained from fred.stlouis.org.
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in the variance of beliefs about ETH prices change the threshold probability for liquid-
ity provision to be profitable, r. We plot how this threshold varies with the variance
of the LT’s beliefs in Figure 5, which shows that increases in variance typically decrease
this threshold. ! In other words, liquidity provision becomes more profitable (LPs can

tolerate more informed trading) as ETH price risk increases.

5 Efficiency Losses from Constant Product Market Making

In this section we examine how the shape of the AMM pricing function impacts gains to
trade realized by liquidity providers. We focus on the (local) convexity of the CPMM price
function and leave a full mechanism design perspective for future work (see Milionis,
Moallemi and Roughgarden (2023b) for such an approach applied in an environment with
only one risky token and limit pocket for the traders.) Specifically, we consider perturbing

the CPMM price formula and study a class of pricing functions given by

(ea+(1—T)qa) (e — (1 —T)qp) = eaes (14)

where T € [0,1). Notice that this class of price functions admits the CPMM function when
T = 0. For values of q; close to zero, an increase in T reduces the convexity of the price
function. For larger values of g, it is possible the price function becomes more convex.
Moreover, for any T > 0, there exist values of q; such that the implied ex-post portfolio of
the LP would have a negative amount of token A or B so we must impose the boundary
conditions, ey > qa and eg > (. Such boundary conditions also tend to increase the

global convexity of the price function.

We illustrate how an increase in T impacts the price function locally in Figure 6 below.
The solid curve represents the standard CPMM with T = 0. Around a given deposit point,
(ea, ep), the dashed curve represents how the CPMM function changes when T increases.

If we impose the LP’s ex-post token holdings (xa = ex + qa and xg = eg — qp) then we

'We experimented with several other distributional assumptions for % and found similar results. De-
tails are available upon request.
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may re-write (14) as
((1 —71)xa +7tea) ((1—T)xg + Teg) = eaes. (15)

The price function (14) is convex and smoothly decreasing when x > 0. The convexity of

the function is decreasing in t. The boundary conditions on q; simply imply x; > 0.

For a given the realization of the LT’s beliefs, (va, vg), the LP’s net proceeds from trade

1 VB 1 VA
— = _ — — e —_ — . ]_
X—ex =g |:”UA eaep eA} ;Yo ep=g {\ [ og EACE 681 (16)

Since net proceeds for both tokens scale by the same factor 1/(1 — 1), the LP’s expected

satisty

returns also scale by ﬁ Moreover, gains from uninformed trading and losses from
informed trading scale by the same ratio so that the break-even proportion 7t does not
change with 1. As a result, increased (local) convexity of the CPMM hinders trading

volume and reduces gains to trade for both the LP and the LT.

However, eliminating (global) convexity of the CPMM is not costless. When t > 0,

1+t

1JFTTeB) and (“-*ea,0). For such values of T,

equation 15 has finite positive intercepts: (0,
trading volume cannot increase beyond the two intercepts, even for more extreme beliefs
of the LT. Holding the LP’s choice of liquidity fixed, we argue that relaxing the local

convexity of the pricing function may be detrimental to the LP’s ex-ante profits.

To illustrate this, it is simplest to consider a piece-wise linear approximation to the
convex pricing function that runs through the LP’s (fixed) choice of liquidity deposit.
With piece-wise linear prices, liquidity takers either do not trade or trade up to one of the
intercept points. For example, suppose py represents the (minus the) slope of the price
function for values of x5 between 0 and e5 the amount of token A deposited by the LP.
If the beliefs of the LT are more optimistic than py, (so if va/pua > pn), then the LT will
trade up to the intercept where x4 = 0—the LT will buy all of token A in the pool at the

prevailing price, py. Otherwise, for py, > va/pa > 1, the LT will not trade.

Consider a marginal increase in py (in absolute value). Such a change increases the
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region of no trade by the LT and thus reduces trading volume on the extensive margin.
Recall that the LP only loses expected value from informed trades (and earns exactly zero
losses on the marginal informed LT who is just indifferent between trading at py and not
trading). Therefore, decreasing the volume of trade reduces the LP’s expected losses from
informed trading. Among uninformed trades, reducing volume is costly on the extensive
margin, but raising the intercept implies the LP realizes increased gains to trade for all
beliefs where the LT continues to trade. An analogous argument occurs if beliefs of the
LT are sufficiently low so that the LT trades to the point where xg = 0. Consequently, it
is possible that the gains from increasing the global convexity of a piece-wise linear price
function outweigh the costs, implying some degree of convexity is desirable. We show
this result both for piece-wise linear prices as well as for the continuously differentiable

price function in (14) in Appendix B.

If the distribution of the LT’s beliefs has bounded support, then the potential losses
from reduced (global) convexity for extremal beliefs may be limited with an appropriate
choice of T. In other words, when the LT’s beliefs have bounded support, then there exists
T > 0 that increases the LP’s expected returns. In fact, we generalize these results beyond

the CPMM formula in the next Proposition (proved in Appendix A).

Proposition 4: Pareto Improvement. Consider a convex and smoothly decreasing price
function y = G(x). Assume the distributions of the LT’s valuations of the tokens (v, Ug)
have bounded support such that a trade that exhausts one token never happens under
the price function G(x). Then there exists T = T € (0, 1) such that the new price function
(1—1)y+1tep = G((1—1)x+ tea) is less convex at (ea, ep), the LP’s optimal deposit is
the same at T = T as at T = 0, and T = 1 increases both the LP’s and the LT’s expected

returns proportionally by .

In particular, if G(x) is the CPMM function and if |, E} is the support of the distri-

bution of v, then the result of Proposition 4 hold for all T < T = min {w JEB®B | JEACA }
HAEA UBEB
with t > 0.

We see that with bounded beliefs, convexity hurts the LP’s expected returns. In fact,

with some additional conditions, the optimal price function for the LP is the linear price
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function:
PIXA +XB =P1ea +€ep, X =ea (17)
PhXA +XB =Pnea +ep, X< ea
where again e; are the LP’s deposit and x; are the tokens left in the pool after the LT’s
trading. Similar to the results in Milionis, Moallemi and Roughgarden (2023b), we have

the following proposition (proved in Appendix C).

Proposition 5: LP’s Optimal Pricing Function Assume the distributions of the values of
the tokens have bounded support and the LT has a budget limit on at least one token, i.e.
x or y can’t go to infinite. Given the LP’s deposit (ea, eg), the optimal pricing formula is

the linear pricing formula is one of the following conditions is satisfied:

1. All trades are uninformed trading, i.e. m=1;

2. The LT’s value (va,vg) follows the same distribution for both informed and unin-
formed trading. And one of the two tokens is a stablecoin. In the case of token A is
stable, it implies va = pa for sure. Also, there exists some uninformed trading, i.e.

# 0.

6 Conclusion

Blockchain technology has spawned a very large variety of cryptocurrency tokens. Given
the large disagreement about their speculative value and heterogeneity about any util-
ity of the tokens, trading the tokens is important. Over the past decade, a large number
of new centralized exchanges have been successful (and unsuccessful) at both generat-
ing large volumes and innovating. The perpetual futures contract is one example of in-
novation (Soska et al. (2021), Christin et al. (2023)). Similarly, Automated Market Mak-
ers (AMM) have innovated trade by designing smart contracts (automated code on the

blockchain) to conduct trade directly on a blockchain.

In this paper, we have explored the key design characteristic of AMM technology,

the pricing curve. Specifically, we look at two aspects related to the pricing curve, G.
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First, what is the optimal ratio for deposits? Contrary to conventional AMM wisdom,
depositing tokens in equal value (measured through the lens of the liquidity provider)
is not optimal. Second, we explore the convexity of G and its impact on the liquidity
provider profits. The tradeoff is subtle since convexity impacts the profits from trading

with both informed and uninformed liquidity takers.

There are, of course, several important areas we have left for future research. Our
model treats the G function as given. This, along with the “deep pockets” assumption
for the liquidity takers, means the liquidity provider’s decision can be made in isolation
(i.e., atomistic with respect to liquidity takers). In practice, there are multiple AMM ex-
changes. So, thinking about competition across the design of the G function is interesting.
Second, our model takes a simplified view of the timing of transactions — first, the LP posts
and then the LT trades. Again, in practice, the timing of transactions in a decentralized

blockchain is complicated and potentially strategic.
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A Proof of Optimal Liquidity Provision

LP’s optimal deposit problem is

max ni(uAE[xa — eal + npElxg — epl)+
(1 —7)(Evalxa — ea]l + ugEvg[xg — eg])
s.t. (5)-(6),

0<ei<Ei, Vi

Based on equation (5)—(6), we can write down the post-trade portfolio of the LP as

UB VA
XA =4/ —€A€B, XB = 4/ T €AC€B
VA VB

Then we can write the post-trade net value gains from each token in the hand of the

LP by depositing as

_ Jve/us
HA(XA —ea) = HAUBEAER — HAEA
VA/UA

_Jva/maA
up(xg —ep) = HAUBEAER — UBEB
UB/UB

for uninformed trades and

VAVB
VA(XxA —ea) = HAUBEAER —VACA
HA LB

VAVB
LUB(Xxg —ep) = HAUBEAER — UBER
HA LB

for informed trades.

_  Jva/ia — /vAlB Wi ; C— w. LP i
Denote w = /3572 and ¥ = /74 2. With assumptions that Ev; = y, LP’s optimal
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deposit problem becomes

1
max [7‘[ (le +]Ea> +(1 —W)Z]Ell)] v/ UAEAV/ ULBERB — LAEA — UBER

€A,€B

st.0<e <E, Vi

1
Further denote 1T = ﬂEw;Ea (1 — 71)Ep. We can use the standard Lagrangian method

to solve the above constraint optimization problem. The FOCs are

oL
2 A (ﬂ HB B —1) +na—Ax =0

dea HAEA

0L HA€A

Rty m 1 A =0
Oep PLB( HBeB >+nB b

where 1 is the Lagrangian multiplier for 0 < e; and A; is the Lagrangian multiplier for

e; < Ei.
If TT < 1, the above FOCs only hold when ey = eg = 0. In this casen; > 0 and A; = 0.

If TT > 1, the solution is always at the corner, i.e. at least one of the A; > 0. To see
this, consider the interior cases where 1n; = 0 and A; = 0. For the FOCs to hold, we

need TT, /EBEB — TT, [EAA — 1 which is impossible. Since TT > 1, if one of TT, /BB
HA€A HBeB HAEA

and TT, /PAZA equals to 1, then the other one must be bigger than 1. And it needs the

corresponding A; to be positive for the FOCs to hold.

Therefore, we have the following optimal deposit of the LP

ey = Ea, ey = min {ﬂzﬁ—gEA, F—B} , if paEA < ppEsp
¢% = min {rr2§—§EB,EA}, e, =Ep, if paEA > upEp

if TT > 1 and

if T < 1.
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B Proof of Pareto Improvement

Let y = G(x) be a convex and smoothly decreasing price function where eg = G(ea).
Consider a uniform stretch of the function around the initial deposit point (ea, eg): (1 —
T)y +1eg = G((1 —71)x + tea) where Tt € (0,1). Then the second order derivatives is
3—1‘21 = (1—1)2G”((1—1)x + tea ). Therefore, the transformation is less convex around the

initial deposit point (ea, eg) as T increases.

Now we can write the LT’s problem as:

max va(ea —x) +vg(eg —y)
€A,€B

s.t. (1—1)y+teg = G((1—1)x+ Tea)

Assume the distributions of the LT’s values of the tokens (va, vg) have bounded support
such that a trade that exhausts one token never happens. Then the first order condition
becomes G'((1 —T)x +Tea) = —z—’;. Similar to the CPMM case, the LP’s post-trade port-

folio satisfies

(1—1)y+71eg = G((1—T)x+ Tea)

G/((1—T)x+Ten) = ——2

UB

Let (xg,yo) be the post-trade portfolio for the original function, i.e., when T = 0. Let
(xt, yr) be the portfolio for some T € (0,1). Then given ;’—g, the ex post portfolios satisfies

(1—1)xc+Tea =xg

(1 -7y +Tea = Yo

which can be written as

Xt — €A = T(Xo—eA)

Yr—€p = TC(UO— ep)



Therefore, the trading volume is proportionally increased by 1 — 1l_1 = 1= for every ex

post scenario.

Given the probability of uninformed trading 7, the LP’s expected return with the

transformed price function is

Re =E[(mtua + (1 —m)va)(xc —ea) + (mtug + (1 — m)vg) (yr — ep)]

211—T1E[(7tu/\ + (1 —m)va)(xo —ea) + (mug + (1 — m)vg)(yo — ep)]

Since the objective is just scaled up by a constant, the optimal deposit decision (e}, ey)

shouldn’t change as well.

C Cost of Convexity

Again let token B represent a stable coin and set vg = pg = 1 and hg(vg) = 1ifvg = 1.
Denote ra = va/ua. Assume 1 follows a distribution with CDF F(ra). For simplicity,

assume EASA = 1. The results still go through when % equals to some constant other

uBep m
than 1.

C.1 Piece-wise Linear

Consider the piece-wise linear prices 17. The region of belief where a trade happens with
price pn is when r4 > pn. From the LP’s perspective, the trading volume in this region
is —ea for token A and pnea for token B. The expected return of the LP from uninformed
trading is

J (pr—1)dF(ra)uaea
Ph

with derivative as [1 — F(pn) — (pn — 1)f(pn)Inaea. The first term represents the increased
gains to trade for all beliefs where the LT continues to trade. The second term represents

the reduced trading volume on the margin.
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On the other hand, the expected return (negative) of the LP from informed trading is
J (Ph—TA)dF(rA)uaea
Ph

with derivative as (1 — F(pn))paea. Since on the marginal informed LT is just indifferent

between trading and not, the second term in the case of uninformed trades is not here.

Given the proportion of uninformed trades 7, the marginal benefits of increasing py

(increasing convexity) is

[1—F(pn) — tlpn — Df(pn)luaea

which has finite number of roots. It implies that some degree of convexity is desirable.

C.2 Continuously Differentiable Price

Now consider the continuously differentiable price function in 15. Similarly, the region of
belief where a trade happens with price py, is when ra > é From the LP’s perspective,
the trading volume in this region is —ea for token A and %eg for token B. Denote ¢ = % €
(1, 00). So, increasing c increases the local convexity. The expected return of the LP from

uninformed trading is

||, te=nartrauees

with derivative as [1 — F(c?) — (¢ — 1)f(c?)]uaea. Again the first term represents the in-
creased gains to trade for all beliefs where the LT continues to trade. The second term

represents the reduced trading volume on the margin.

On the other hand, the expected return (negative) of the LP from informed trading is

JOO(C—TA)dF(TA)HAeA

c2

with derivative as [1 — F(c?) 4 c(c — 1)f(c2)]puaea. Since ¢ > 1 there is an additional gain

for the LP from reducing the trading volume further.
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Given the proportion of uninformed trades 7, the marginal benefits of increasing pn

(increasing convexity) is
[1—F(c?) + (e = D((1 - m)e — m)f(c*)lpaea

which is always positive for ¢ > ;7. In these cases, increasing (local) convexity is always
beneficial for trades induced by extremal beliefs. However, it reduces the trading volume

and the returns from mild beliefs.

D Proof of Optimal Pricing Function

We can consider the optimal design problem as the LP post the ending position of the
pool given the new valuation of the LT (va,vg) such that the LT is willing to participate

(Individual Rational) and truthfully report the values (Incentive Compatible).

Assume the LT’s value (va,vg) follows the same distribution for both informed and

uninformed trading. Also, assume the LT has at most Iz token B to trade in.

Let ta = ea —x and tg = eg —y be the net amount of token the LP loses by trading.

With the percentage of uninformed trading 7, the problem can be written as:

max Epy  vp) [ (A + (1 =71 vA) ta (A, UB) — (7t + (1 — ) vg) tg (LA, VB)]
s.t. Vata (LA, V) + VBt (LA, UB) = vata (LA, vg) +UBte (LA, UR)
vata (Va,vg) +vugtp (Va, V) >0

ta (LA, UB) < ea, —1lp < tp(va,vB) <ep
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Since only p = L’—/‘i z—i matters in the constraints, the problem can be written as

max [E, K—tA (p) — (g + (1 — ) vg) ale (p)) (tua + (I —7)vA) | ea

tats ea (mua + (1 —m)va)ea ep
t t tg (P t (P
ot A(P)+p B (p) > B (P) +p B (P)
€A €B €B €B
t t
A(P)+p B (P) >0
€A €B
ta (p) gll_l_BgtB(p) <1
€A €B €B

Under one of the two conditions, i.e. w = 0 or va = ua for sure, we know 7ua +
(1 —m)va is a constant. So the objective can be simplified. Let —t’z—/(f) +1 = yl(p),
ti;p) = x(p) and M%ms—i = 7 (po,p). The problem then has the same expres-

sion as Milionis, Moallemi and Roughgarden (2023b).

n;}’%XIEp [y (p) =7 (po, p) x (p)]

s.t. px(p) —y (p) = px (P) —y (P)
px(p)—y(p) =0
y(p) >0, —c<x(p) <1
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Table 1: Uniswap Transaction Counts

deposits  withdrawls Total

trader , swaps ) percent
mints burns Transactions

LP 24,814 5,375 5,882 36,071 2.80%

LT 0 0 1,252,407 1,252,407 97.20%

Total 24,814 5,375 1,258,289 1,288,478 100.00%

From pools with reserves over $5 million during the period 2023-01-01 to 2023-06-30.
There were 24 pools active during this time period. Liquidity Takers (LT) are defined as
a wallet address that only had swap transactions during the sample in a pool. Liquidity
Provider (LP) are defined as a wallet address that had at least one mint or burn transac-
tions in a pool over the period. The definitions are specific to each pool (i.e., trader id is
the concatenation of wallet address and pool address.)
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Table 2: Uniswap TRADER Counts

Unique Total  Liquidity Liquidity
Traders Transactions Provisions  Takings

LP active 1,901 14,213 58.6% 41.4%
LP passive 1,934 21,858 100.0% 0.0%

Active Liquidity providers are defined as having more than 10 percent of their trades as
swaps. Data is From pools with reserves over $5 million during the period 2023-01-01 to
2023-06-30. There were 24 pools active during this time period. Liquidity Takers (LT) are
defined as a wallet address that only had swap transactions during the sample in a pool.
Liquidity Provider (LP) are defined as a wallet address that had at least one mint or burn
transactions in a pool over the period. The definitions are specific to each pool (i.e., trader
id is the concatenation of wallet address and pool address.)
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Table 3: Active LP - Paired Transactions

Liquidity.Provisions  Liquidity.Provisions Liquidity.Takings

burns mints swaps total
Naked 3,878 890 2,321 7,089
mint | burn then swap 75 68 154 297
swap then mint | burn 2 3,418 3,407 6,827
total 3,955 4,376 5,882 14,213

Paired transactions are defined by a mint or burn and a swap occurring in a 3 minutes
window within a pool by the same wallet address of an active liquidity provider. Data
is from liquidity providers who are active (have swap transactions). From pools with
reserves over $5 million during the period 2023-01-01 to 2023-06-30. There were 24 pools
active during this time period. Liquidity Takers (LT) are defined as a wallet address that
only had swap transactions during the sample in a pool. Liquidity Provider (LP) are
defined as a wallet address that had at least one mint or burn transactions in a pool over
the period. The definitions are specific to each pool (i.e., trader id is the concatenation of
wallet address and pool address.)
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density

Figure 1: Liquidity Provider Trading

LP Traders: Percent of swap (LT) transaction

LP Trader = trader with mint or burn transaction

75%

0 B
25% 50%
(Swap Transactions by LP Address) / (Total Transactions by LP Address)
Based on unique addresses by pool.
From pools with reservesover $5 million.

24 pools were active during 2023.01-2022.06

The figure displays the distribution of swap transaction activity relative to total activity
across the set of addresses we classify as liquidity providers.
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Figure 2: Liquidity Taker’s Optimal Trade

Qr
LP
Deposit
Point
eg |- LP
Tt~ Ex post

Portoflio

€A Qa

The liquidity taker’s optimal trade is characterized by the tangency of their relative valu-
ations (red line) and the constant product market making curve (orange line).
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Figure 3: Liquidity Provider’s “No-Loss” Deposit Choice
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Figure 4: Liquidity Provider’s Optimal Deposit Choice
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Uninformed Trader Threshold
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Figure 5: t against variance of va
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Variance of LT's Beliefs
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Figure 6: CPMM with change in local convexity

Qg

CE

[(1—T)xq + Tea][(1 - T)xg + Tep] = eqep

€A Qa
CPMM prices with T = 0 (the solid, orange curve) and with T > 0 (the dashed, blue
curve).
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