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Abstract

Instrumental variables estimators are commonly used in economics and finance to
establish causal relationships. Although instruments that fail the exclusion restriction
do not reliably estimate parameters of interest, testing the exclusion restriction is
uncommon, due to the difficulty of finding multiple valid instruments. We derive
closed-form instrumental variable estimators that allow for tests of over-identifying
restrictions even for the case of a single valid instrument. We also derive estimators
that are consistent when instruments and regressors are mis-measured with correlated
errors. Monte Carlo simulations suggest that our estimators have power to reject even
in relatively small samples. We also apply our estimators to the IV regressions of Mian
and Sufi (2014) and cannot reject the null hypothesis that the exclusion restriction
holds.
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1 Introduction

A common goal of empirical work is to establish causal relationships among some variables
of interest. However, teasing out causal relationships from evidence on correlations alone is
difficult, given the wealth of endogeneity problems in economics and finance. Researchers
can, and often do, appeal to instrumental variables to address endogeneity, provided the
instrument(s) satisfy both a relevance condition and an exclusion restriction. While the
relevance condition is both testable and frequently tested, the exclusion restriction is usually
treated as a theoretical construct that lies beyond empirical reach. In other words, the
relevance condition is tested, while the exclusion restriction is merely argued for.

In this paper, we derive a family of instrumental variable estimators that allow for direct
empirical tests of the exclusion restriction, even with a single instrument. Our estimators
extend the famous result of Geary (1942) to allow for omitted variable bias. In particular,
our estimators use information in the higher order joint moments of the dependent vari-
able, endogenous regressors, and exogenous instruments, generating an infinite number of
equations for the parameter of interest with only mild assumptions. We derive asymptotic
standard errors and a J test of over-identifying restrictions for our estimators.

Our estimators are based on higher-order cumulants that yield a system of linear equa-
tions in the parameters of interest. Thus, unlike many higher-order moment estimators,
the estimators we derive are available in closed form. This makes them faster to compute,
and avoids the problem of finding a global minimum to an objective based on a system of
non-liner equations. Closed form solutions for our estimators also make bootstrapping easy
and relatively fast, which we show is an important consideration when using higher-order
cumulants with modest sample sizes.

In addition to testing the exclusion restriction, our estimators can recover the causal
parameters themselves, even in cases where the instrument is invalid. In particular, if there
is correlated measurement error in the endogenous regressors and instruments, then our cu-
mulant equations can still be used to consistently estimate the parameters of interest; the
same cannot be said of 2SLS, which fails to converge to the true parameters. As Pancost
and Schaller (2022) show, empirical work in economics and finance often overlooks measure-
ment error as a source of endogeneity, despite its quantitative importance. Our benchmark
higher-order estimators allow researchers to test for invalidity; if that invalidity is caused by
correlated measurement errors, then our higher-order estimators can recover the parameters
of interest.

We perform a battery of Monte Carlo exercises to explore the performance of our esti-

mators. We derive a bootstrap procedure that adapts our asymptotic test statistic to small



samples, then we apply our bootstrap tests to IV regressions reported in Mian and Sufi
(2014). We find that, despite debates on the validity of the Saiz housing-supply instru-
ment (Davidoff, 2016), we cannot reject the hypothesis that the instrument is valid in these

regressions.

2 Setting

For ease of exposition, we assume all variables have been de-meaned and describe the uni-
variate case without controls. All proofs in the appendix are multivariate and allow for

controls.

2.1 Cumulant equations

Suppose we are interested in estimating the effects of x; on y;, where:
Yi = XiBe + 17
Instead of observing (y;, x;) directly, we can only observe (y;, x;), were x; is a proxy for y;:
T = Xi +uj,

and u; 1L (nf, Xi) is unobserved, mean-zero measurement error.
Running an OLS regression of y; on x; fails to recover the coefficient of interest 3,. In

fact, the OLS estimator converges to:

var (u?) cov (xi, )
var (x1)> N var (;)

plim Bors = fBe (1 -

where var (uf) # 0 is symptomatic of measurement error bias, and cov (Xi, nf) 2 0 omitted
variable bias.

Geary (1942) attempts to discern an exact causal relationship by appealing to higher-
order moments of (y;,z;), and shows that §, can be recovered using cumulant equations,
provided x;1Ln?. In other words, assuming there are no omitted variables, cumulants can

be used to extirpate the measurement error bias.

Proposition 1 (Geary). Let (sy, sz) denote the cumulant of order s, > 0 in y;, and order



Sy >0 in z;. If x;Ln?, then:
K (sy +1, sx) =K (sy, Se + 1) Be-

Because this result holds for all s,, s, > 0, these cumulant equations provide an infinite
number of linear testable restrictions, subject to the assumption that there is no omitted
variable bias, i.e., x; 1Ln?.

While cumulants reveal deep patterns in the relationship between y; and x;, and having
an infinite number of testable equations is incredibly valuable, having to assume away omit-
ted variables is likely to be a sticking point for research in economics and finance. Indeed, it
is far more common for researchers to address endogeneity problems with instrumental vari-
ables instead of cumulant equations, possibly owing to the former’s ability to simultaneously
address both measurement error and omitted variable bias. We can introduce an instrument

into this framework by supposing that:

n; = Czﬁz + 5?7
Xi = Ciaz + 5?.

The variable ¢; is a valid instrument provided it satisfies the relevance condition (a, # 0)
and exclusion restriction (ﬁz =0, CiJ_LEi-’). In fact, instrumental variables will still be able to

recover 3, if we only observe a noisy proxy z; of (;:

where v} is mean-zero measurement error that is mutually independent of (Q, el et uf).

Proposition 2 (IV). If the instrument z; satisfies the relevance condition o, # 0 and
exclusion restriction B, = 0, (;1LeY, then:

plim By = Bs.

Instruments are powerful tools for estimating causal effects, but identification still rests on
the instrument’s ability to satisfy both the relevance condition and the exclusion restriction,
with the latter being far more contentious; in practice, the relevance condition can be tested,
while the exclusion restriction is argued for on theoretical grounds.

In this paper, we show that the exclusion restriction can be tested by using the deeper
information revealed by cumulant equations, provided those cumulant equations incorporate

the instrument. Fundamentally, this is because an instrument—even a single instrument—can



recover (3, in an infinite number of ways. These possibilities are captured in the cumulants
of (y;,z;, z;); hence, we can compute these cumulants, recover an estimate of (3, for each
cumulant equation, and compare these estimates to each other.

First, we discuss how to recover 3, by using cumulants.

Proposition 3. Let & (sy, Sus Sz) denote the cumulant of order s, > 0 iny;, s, > 0 in x, and
s, > 1 1n z. If the instrument z; satisfies the relevance condition and exclusion restriction,
then:

K (sy, S, sz) =K (sy, Sy + 1, sz) By (1)

Proposition 3 provides a way to generate a system of linear equations in (3., which can
be solved in closed-form and used to construct straightforward estimators (Erickson, Jiang,
& Whited, 2014). Despite many researcher’s unfamiliarity with these equations, well-known
estimators can be written in the form of cumulants. For example, OLS is a 2nd-order

cumulant estimator:

"{(1’170) E[yle]

Pors = £(0,2,0)  E[22]°

7

which fails to consistently estimate (3, in the presence of either measurement error or omitted
variable bias.
Two-stage least-squares (2SLS) is another 2nd-oder cumulant estimator:

6OLS B K (07 27 O) B E [‘rzzz] 7

which consistently estimates 3, in the presence measurement error and omitted variable bias.

Geary’s (1942) leading example is a 3rd-order cumulant estimator:

B . /1(2,1,()
Geary — K (1, 2’ 0

~—

 E[yfa]
 E[yie?]

~—

which fails to consistently estimate (3, in the presence of omitted variable bias.

Following Proposition 3, we can derive two other 3rd-order estimators:

~ k(1,1,1)  E[yz)
T R0,2,1) E [yia?]’

. k(2,0,1)  E[y?z]

Fron = f(LL1)  E[ya?]’



each of which consistently estimates (3, in the presence measurement error and omitted
variable bias. More broadly, there are (*;) cumulant estimators of order S that can be used
to consistently estimate f3,.

Up to a 3drd-order, cumulants are equal to moments; that is, for s, + s, + s, < 3, the
cumulant of order s, in y, s, in z, and s, in z; is given by & (sy,sm,sz) =E [yfyxf””zfz]
Cumulants of order four and higher instead correspond to combinations of the underlying

moments. For example:
£(2,1,1) =E [yfziz]) — E [y7] E [2:2,] — 2E [y;2] E [y:2] -

Extracting (8, from arbitrary combinations of moment equations would be, understandably,
quite cumbersome; fortunately, the comparatively parsimonious cumulant equation of Propo-
sition 3 extracts this information for us.

Cumulants can also be used to consistently estimate (5, when the instrument z; is valid for
addressing omitted variables bias but invalid for addressing measurement error. As Pancost
and Schaller (2022) point out, most instruments in economics and finance are intended
to address omitted variables problems, despite good reason to believe that there may be
substantial measurement error bias induced by widespread use of proxy variables. If a
researcher disregards measurement error, and selects an instrument that addresses omitted
variable bias but not measurement error bias, then their resulting IV estimates will fail to
recover [3,. However, higher-order cumulant estimators can rectify this problem for s, > 1
and s, > 1.

Proposition 4. Let (sy, Sus sz) denote the cumulant of order s, > 1 iny;, s, > 0 in x, and

s, > 1 an z. If the instrument z; satisfies the relevance condition and exclusion restriction,
but uf L u?, then:

K (sy, Sus sz) =K (sy, Sg + 1, sz) B

This shows that instruments that are invalid for measurement error, and hence invalid for

2SLS, can nevertheless be used to estimate (5, by way of cumulant equations. In fact, there

S—1
2

[, when the instrument z; is invalid for measurement error.

are ( ) robust cumulant estimators of order S that can be used to consistently estimate



Let K, denote a vector of left-hand-side cumulants of the form:

K (Sly + ]-7 Siz, Slz)
K (S2y + 17 S22, S2z)

K (SQy + 1,50z, SQz)

where s,, is a non-negative integer, and s, is a 1 x J vector of non-negative integers, and s,,
is a 1 x L vector of non-negative integers for ¢ = 1, ..., ). Let K, denote the corresponding

matrix of right-hand-side cumulants of the form:

K (51y7 S1z + €1, Slz) K (Slya S1z T €2, Slz) e K (31y7 S1z + €, 312)
K _ K (say, 820 + €1,50.) K (824,820 + €2,82.) ... K (2,50, + €5, 52:)
r . . .
_K (sz, 50z + €1, st) K (sz, 5Qz + €2, SQZ) ... K (sz, 5Qz + €y, st) |

where e; denotes a 1 x J vector of zeros whose jth element is 1, hence K, = K, 3,. For @ > J,

this gives us an over-identified system of equations and hence test for over-identification.

Proposition 5. The quadratic form of \/n (HA{y — ]IA{:E@) follows a chi-squared distribution:
PN PN N A~
n (Ky - Kmﬂx> o (Ky - Kxﬁx> ~ X2, 2)
The above expression will fail to converge to that chi-square distribution if zl_lisg . Thus,
Proposition 5 lets us test the exclusion restriction using an arbitrary number of equations.

3 Simulation results

In this section we perform a handful of Monte Carlo exercises to illustrate the estimators

and over-identifying tests of Section 2. The benchmark model we simulate is

Yy = 6IX+BCC+5y7
X = ¢+ acc+ex/1 — p2 + pegy (3)
C:EZ\/ 1—P§+Pz5y

where ¢,, €,, and €, are all drawn from centered gamma distributions with variance and

shape both equal to 1, ¢ is drawn from a standard normal distribution, and the coefficients



a, = a, = [, = [, = 1. The parameter p. indexes the degree of omitted variable bias; when
pe # 0, OLS estimation of 3, will be biased even though an IV estimator may not be. The
parameter p, indexes instrument validity by mechanically inducing correlation between the
instrument ¢ and the residual €,; when p, # 0, ¢ is an invalid instrument.

To model measurement error, we assume that only x and z are observed, where

=X+ Ug (4)
z=C+u,

where u, and u, are jointly normally distributed with correlation p,. If p, # 0, then z is an
invalid instrument for x, even though ¢ might still be valid if it were observable. We set the
variances of u, and u, so that the coefficient of determination in both equations is 72.

Figure 1 reports the estimator bias and the power of the over-identification test for the
benchmark simulations. The top panel plots the median value of Bm — B, where each point
corresponds to 10,000 simulations of equations (3) and (4). In order to roughly match the
sample size in our replication of Mian and Sufi (2014) below, for each simulation we draw a
sample of 500 observations, and we assign each observation randomly to one of 50 clusters.
For this exercise, we set p. = 0.3, which biases the OLS estimator for all values of p,. When
p. = 0, the three IV estimators—IV-2 being the usual two-stage least-squares estimator, and
IV-3 and Iv-4 our third and fourth-order estimators—are all unbiased.

When p, # 0, all the estimators in the top panel of Figure 1 are biased; but the IV-3
and IV-4 estimators allow for a test of the over-identifying restrictions. The bottom panel
of Figure 1 reports the rejection rate for a 5% test of the over-identifying restrictions. When
p. is close to zero, the multiple equations for £, underlying the IV-3 and V-4 estimators
all point to nearly the same estimate, and thus the rejection rate is low. As p, gets further
from zero, not only does the median bias increase, but the multiple equations of the form (1)
start to diverge, leading to more rejections of the over-identifying test. From the figure, it
appears that the IV-4 test is more powerful than the IV-3 test.

Unfortunately, the asymptotic test derived in Proposition 5 appears to be incorrectly
sized. The bottom panel of Figure 1 plots rejection rates for a 5% test; thus when p, = 0,
the test should reject about 5% of the time, but in fact it rejects much more frequently than
that. The problem is worse for the IV-4 than the IV-3.

The size problem evident in the bottom panel of Figure 1 is a result of the small sample
size. Proposition 5 is an asymptotic result, that holds as the number of clusters goes to
infinity; in Figure 1 we assumed only 50 clusters and 500 observations per sample. The top

panel of Figure 2 plots the rejection rate, when p, = 0, as the number of clusters increases
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Figure 1. Bias and Rejection Rate for Invalid Instrument

The top panel plots the the median value of /3’96 — B, for various values of the parameter p,,

which governs the correlation between the instrument z; and the second-stage residual Y. For

each value of p,, we simulate 10,000 samples of 500 observations each. The bottom panel plots

the rejection rate, at the 5% level, for the test of over-identifying restrictions. In the top panel,
the solid black line reports the bias for the OLS estimator, and the dotted black line plots the
bias for the IV estimator. In both panels, the dotted blue line denotes the IV-3 estimator, and
the dotted red line the IV-4 estimator. The horizontal dotted black line in the bottom panel

denotes 5%. In this figure, we set p. = 0.3, p, =0, and 72 = 0.3.

from 50 to 100,000, assuming that the number of observations is ten times the number of

clusters. For the IV-3 estimator, the test approaches the proper size as the number cluster
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Figure 2. Bootstrapped Rejection Rate for Invalid Instrument

The figure plots the rejection rate for a bootstrap test of overidentifiyng restrictions, for various
values of the parameter p,, which governs the correlation between the instrument z; and the
second-stage residual €?. For each value of p,, we simulate 10,000 samples of 500 observations
each; for each sample we run 100 bootstrap replications. The dotted blue line plots the rejection
rate for the IV-3 estimator, and the dotted red line plots the rejection rate for IV-4 estimator,
both for a 5% test. The horizontal dotted black line in the bottom panel denotes 5%. In this
figure, we set p. = 0.3, p, =0, and 72 = 0.3.

reaches about 5,000; the IV-4 over-identification test continues to over-reject until the number
of clusters approaches 100,000.

Since sample sizes of 1,000,000 are not feasible for many applications, we propose a

10



bootstrap version of the over-identifying test, rather than the the asymptotic test of Propo-
sition 5. Specifically, we construct bootstrap samples as follows: given an estimated Bm, we
estimate the vector of sample residuals. We then sample each cluster with replacement, and
within each cluster, for each observation we draw a new residual from that cluster’s sample
of residuals, again with replacement. For each bootstrap sample we then re-estimate Bw and
the over-identifying J-statistic. We use the former to compute bootstrapped standard errors,
and the latter to compute a small-sample critical value to test for over-identification.

The results are plotted in the bottom panel of Figure 2, which reports the rejection rates
for the bootstrap test for samples of 500 observations and 50 clusters each. This bootstrap
test is now correctly sized, and although the IV-4 appears to be somewhat more powerful
than the IV-3 test, it is not significantly so.

Another way that instruments can be invalid is for the measurement errors in the en-
dogenous regressor and the exogenous instrument to be correlated. To explore how our
estimators fare in this case, in Figure 3 we set p, = 0 but allow p, # 0. We set the coef-
ficient of determination in equations (4) 72 = 0.3, in accordance with the empirical result
in Pancost and Schaller (2022) that OLS regression coefficients are, on average, about 3-4
times too small. With this degree of measurement error, OLS coefficients will generally be
substantially smaller than IV coefficients, even though in the absence of measurement error
they should be larger, since p. > 0.

The top panel of Figure 3 plots the median bias for the OLS and IV estimators as a
function of the correlation between measurement errors. The OLS bias is very large and
negative, and does not vary with p, since the OLS estimator ignores the instrument. When
pu = 0, the instrumental variable estimators are close to unbiased; as p, varies below zero,
the IV-2 bias becomes extremely large and positive. For values of p,, > 0, the IV-2, IV-3, and
IV-4 estimators all have a similar negative bias, that approaches the magnitude of the OLS
bias. Interestingly, the IV-3 and IV-4 estimators are also biased downwards for values of
pu < 0. On the other hand, the robust IV-3 and robust Iv-4 estimators are close to unbiased,
and their (small) bias does not vary with p,.

The bottom panel of Figure 3 plots the rejection rate of the bootstrap over-identification
test for the three higher-order estimators. The robust IV-4 estimator rejects about 5% of
the time, as it should, because it is not biased as a result of the correlated measurement
errors. The other two estimators, on the other hand, are more likely to reject as p, varies
away from 0. It is curious that the rejection rates are so low for higher values of p, > 0, but

relatively high for similarly-large negative correlations.
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Figure 3. Bias and Rejection Rate for Correlated Measurement Errors

The top panel plots the the median value of Bx — f3, for various values of the parameter p,, which
governs the correlation between the measurement errors in equation (4). For each value of p,,
we simulate 10,000 samples of 500 observations each. The bottom panel plots the rejection
rate, at the 5% level, for the bootstrap test of over-identifying restrictions. In the top panel,
the solid black line reports the bias for the OLS estimator, and the dotted black line plots the
bias for the IV estimator. In both panels, the dotted blue line denotes the IV-3 estimator, the
dotted red line the IV-4 estimator, and the dash-dotted red line the robust IV-4 estimator. The
horizontal dotted black line in the bottom panel denotes 5%. In this figure, we set p. = 0.3 and

2 =0.3.
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4 Replication Results

In this section we apply our estimators to two instrumental variable regressions reported in
Mian and Sufi (2014). Mian and Sufi (2014) is an ideal setting because it is well known, Amir
Sufi has posted the data and replication code on his website, and (most important of all)
the instrument that is uses—the Saiz (2010) housing supply elasticity—is both widely used
in empirical work and somewhat controversial. In particular, both Saiz (2010) and Davidoff
(2016) argue that housing supply elasticity is not a valid instrument because it is potentially
correlated with housing demand.

The two regressions we examine here are in Table 3, Columns 5-6. Both regressions are

of the form
Alog BN = a + B, AHNW; + ¢ (5)

where 4 indexes county, Alog ENT denotes non-tradable employment growth, AHNW; de-
notes Mian & Sufi’s proxy for growth in household net worth, and both growth rates are
computed from 2006-2009. The two estimates of equation (5) correspond to two different

7

definitions of “non-tradeable,” which are unimportant for our purposes.

Table 1 reports the results, where the estimates from the two definitions of non-tradeable”
are reported in separate panels. The first row of each panel reports the two-stage least-
squares estimates of 3., which correspond to the published paper. We denote these estimates
as “IV-2” while subsequent rows report various higher-order cumulant estimators. Both the
t-statisics and the p-values in Table 1 are bootstrapped.

The most obvious result of Table 1 is that the higher-order cumulant estimates are
all much larger than the published estimates. In fact, the IV-3 and IV-4 estimates are
about twice as large, while the robust IV-4 estimates are even larger (the robust IV-3 are
statistically insignificantly different from zero). Notice also that the published IV estimates
of equation (5) are themselves much larger than the OLS estimates in Columns 3 and 4 (not
reported here); see Pancost and Schaller (2022) for a discussion and potential explanation.

Despite the difference in magnitudes across the estimates reported in Table 1, in only
one case can we reject the over-identifying restriction at conventional levels. The lack of
rejection is somewhat surprising given the range of estimated £,’s; although there is a world
of economic difference between an employment to net worth elasticity of 0.2 and 0.7, in a
statistical sense there is not enough power to conclude that the multiple equations for [,
are pointing to different estimates. This is most likely a consequence of the extremely small
sample size (540 observations divided into 48 state clusters); indeed, although in most cases

we can reject that the coefficients are greater than zero, we cannot say much more than that.
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Over-identified

Estimator Coeflicient t-statistic

p-value

Table 3, Column 5 (Retail & World Trade Definition )

IV-2 (published) 0.37 (2.93) :
V-3 0.69 (3.63) 0.059
IV-4 0.67 (2.61) 0.56
Robust IV-3 -2.47 (0.00) .
Robust IV-4 0.80 (1.23) 0.016
Table 3, Column 6 (Geographic Concentration Definition )
IV-2 (published)  0.21 (2.50) .
V-3 0.40 (2.94) 0.413
IV-4 0.46 (2.00) 0.212
Robust IV-3 0.94 (0.25) .
Robust IV-4 0.69 (1.67) 0.355

Table 1. Replication of Two IV Regressions from Mian and Sufi (2014)

The table reports multiple estimates of equation (5), from Table 3 of Mian and Sufi (2014).
The top panel corresponds to the estimate in Column 5, while the bottom panel corresponds
to the estimate in Column 6. The rows labeled “IV-2” report the published estimate in the
paper; thwe rows labeled “IV-3” and “IV-4” report our 3rd- and 4th-order cumulant estimators
(four and ten equations for S, respectively) while the rows labeled “Robust IV-3” and “Robust
1IV-4” report the 3rd-and 4th-order cumulant estimators that are consistent even in the case of
correlated measurement errors (one and four equations for j3,, respectively). The first column
reports the coefficient estimate, the second column reports the t-statistic, and the final column
reports the p-value of the over-identification test. All regressions have 540 observations and
48 clusters. Both the t-statistics and the p-values are cluster bootstrapped as described in

Section 3.
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5 Conclusion

In this paper, we derive, test, and apply a family of instrumental variable estimators that
yield tests of overidentifying restrictions even in the case of a single instrument. Because
we base our estimators on higher-order cumulants, rather than higher-order moments, they
are available in closed form, which allows for both rapid estimation and bootstrapping.
In addition to deriving over-identifying tests, we show that a subset of our higher-order
cumulant equations yield valid estimates for the parameters of interest, even when two-stage
least-squares estimators are inconsistent due to correlation between the measurement errors
of the regressor and the instrument.

We then apply our estimators to regressions reported in Mian and Sufi (2014), a paper
whose instrument’s validity is a subject of on-going debate, and find that for most esti-
mators we cannot reject the hypothesis that the instrument is valid. On the other hand,
our estimators yield much higher estimates of the coefficient of interest than those that are
published.

We plan to apply our estimators to more published instrumental variable regressions
across multiple fields. In addition, there are many additional Monte Carlo experiments
we hope to run, including allowing for fixed effects, heteroskedasticity that correlates with
the regressor and the instrument, varying the skewness of the instrument, and allowing for

heterogeneous treatment effects.
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A  Proofs

A.1 Proof of Proposition 3 and Proposition 4

Let (s, 24, z;, w;) denote a sequence of observable vectors for i = 1,2, ..., n, where y; is the de-
pendent variable of interest, z; = (1, Z;2, ..., ;7)) the vector of independent variables of inter-
est, z; = (21, 22, ---, zir,) the vector of instruments with L > J, and w; = (1, w;1, wig, ..., Winr)
the vector of perfectly-measured i.i.d. controls. These observed vectors are related to each
other through the unobserved coefficient matrices ., 8., B, . and «,,, as well as the i.i.d.

sequence of unobservable vectors (x;, G, €;, u;) for i = 1,2, ..., n as follows:

Yi = XiBBe + Gz + wiBw + €,
Xi = Gtz + Wi, + €7,

T = Xi + ug,

zi = G + ug,

where ¢; = (e,¢?) and v; = (uf,uf), E[e!] = E[e¥] = E[uf] = E[uf] = 0, e/)Le?, and

i i
uflu?. We further assume that the unobserved vector has finite moments of every order.
Our goal is to estimate the coefficient vector B, = (8,1, Be2, .., Brs)’, Which we assume lies
on the interior of a compact set.

To make our estimating equations ultimately more intuitive, we rewrite the observable
variables as residuals from linear regressions of (y;, x;, z;) on the vector of control variables

w;. Define:

Yi = Yi — Wiy
Ty = Ty — WiCy,

Zi = Zj — W;Cy,
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where

¢y = E [wjw;] E [wiy;]
= E [w]w] K [wix:] B + E [wiw;] 'K [wi¢;] B. + E [wiw;] 'K [wiw;] Bu
= By + .5 + Bu,
c, =E [w;w,} 'K [w;xz]
=K [wz’-wi} 'K [wé(’,} o, +E [wgwi} 'K [w;wi} o
= C,0; + Oy,

-1
c. = E [wjw;] " E [wiz] .
Our original model is therefore equivalent to:

Ui = Xifs + GB: + €Y,
Xi = éiaz + €7,

where x; = x; — w;c, and Q = z; — w;c,. Since w; contains the constant 1, the variables in
this residualized model are all mean-zero.

Let K (ty,tm,tz) denote the cumulant-generating function of the observable variables
(Ui, &, 2;), where t,, is a scalar, t, = (ty1,ta2, ..., tay), and t, = (t.1,t.0, ..., t.1). We can decom-
pose the cumulant-generating function of the observable variables into cumulant-generating

functions of the unobserved variables as follows:

K (tyty,t.) =In (E [eﬂity”ité*iﬂ’z])
= In (E {621 éil((zj' azzjﬁxj+ﬁzz)ty+zj azz]'txj-i-tzz)} E [eafty+ZJ €?jﬁxjtmj:| E [ezj ufitei+3 ufltzl:|>
— K (b (0uBe + B2 + taol +8:) + Ko (b, 48+ 1) + K (b ),

where K¢ (SC) denotes the cumulant-generating function of Q, K, (tgy, tax) the joint cumulant-
generating function of (5?,5;?), and K, (tyz,t,.) the joint cumulant-generating function of
(uf, uf).

Given the separability of the cumulant-generating function above, we can use the change

17



of variables
ty =t, (a8 + B.) + e + 1,

to obtain the following result:

[ sy, 525+ 521
o (Sy,S:E?SZ) = 3 Y Jow ZSZJK (ty7taratz)

oty T1; 0t T1, ot ] (tystart)=0

T R Kty (0B + B + bl + 8.
oty [, 0,5 T1, 0t

] zl
L (tytast=)=0
N -aserZj Szt SZZKE (ty, tyﬁg/c + tm)
Sy Sz o

L oty Hj 515903' 10t (tyta,tz)=0

-aSerZj Szj“l’Zl Szl Ku (tz) tZ)]
+ Sy Szj o

oty [1; 0t 11,0t (ty:tatz)=0

R g O (O B A A
grov st oty [ o7 11, ot

] (tv,ty,tx,tz):o

xj
L | BT (0K (11,8 1)
[1, 0t% oty 1, 0,7
B (ty,tz ,tz)zo
aSy azj Szj+Zl Sleu (tx7 tz)
+ S Sz S,
atyy Hj 8txj] Hl atzll
B (tytats)=0
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If 8, =0, s, > 0, and either uf 1lLu? or s, > 0, we have that:

_85y+1+z P SzitY Sz [ (t ts tz)
oty I ot 1, 0t3f'

B (ty,tx,tz>:0

K (sy +1, sx,sz) =

IS, S R K (b (0 + B2) + Lol + 1)
oty 1, 06 T1, 0t

L (ty,tz,tz):o
i Oy T2t St say I s | (t (azﬁﬁﬁz)’ﬂxa;ﬂz)
= ﬁxj/ sy+1 S i’ s
r oty [,z Ot Jat 0 11 ot

77 (ty tets)=0

/
/
= E /Bl‘j//i <Sy, Sy -+ €j,5Z> .
J

Proof of Proposition 5

To derive the distribution of our J-test, we must first derive the distribution of each of our
estimators, starting with the residualizing coefficients ¢ := vec (cy, Cry cz). By the mean value

theorem, Lindeberg-Lévy central limit theorem, and Slutsky’s theorem, we have that:

. 11
V(e —c) ==l @ E [ww] ' NG

Zvec (w; (yi — wicy) Wi (xy — wicy) ,wi (2 — wicz)> + 0,(1)
i—1

- 5 L u0 o)
4N (0,E (0w, <c>’])

where ¢; (¢) = —I;, 141 ® E [wiw,] " vec (w; (yi — wicy) , Wi (z; — wicy) W) (2 — wicz)>.
We now turn to the distribution of the moments used to estimate our cumulant vectors.
Let hi(c) denote an R x 1 vector with elements of the form ¢;* [ ;' 1, 2", and define

hy, (c) L3 hi(c). By the mean value theorem, Lindeberg-Lévy central limit theorem,

n=1
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and Slutsky’s theorem, we have that:

~

WWM@—EW@M=7%§Xm@—Emmﬂ+H@m@0+Mn

4 N(0,9)
where H(c) = £ 3" | V. h; (¢) and Q = var [hi (¢) = E [hi (¢)] + H (c) ¥ (c)} :
Next, we turn to the distribution of the estimated over-identified cumulant equation

H/{y K, Bz. By the mean value theorem, Lindeberg-Lévy central limit theorem, and Slutsky’s

theorem, we have that:

Vi (R, — Ref.) = [Io, ~Io ® 8] DV (o () = E [hs (6)] ) + 0,(1)
4 N(0,%)

where D = dvec (K,,K,) /OE [ (c)]" and & = [Ig, —Io ® 8,] DQD [Ig, 1o ® 3] .
~ P SN N TN
By construction, 5, = (K;WKI> K/ WK,, hence:

Recall that avar <]I/§y — H/{Zﬂx> = Y, and let S be a @) X @) nonsingular matrix such that

Y, = 85" If we use an efficient weighting matrix Sl h ¥ ~! and pre-multiply the first term
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in the above expression by S-1 where S 5 S , then we obtain the expression:

where A = :9\*1]1/{33. Importantly, (]Q —A (A’A)_1 A) is symmetric and idempotent, hence
tr (1Q —AAA)T A) — Q — rank (A) = k.
Furthermore, note that:
$ v (R, - R ) SN (0,572 (s)7")
—N (0,588 (5) ")
=N (0,1q) .

Our test statistic for over-identification therefore takes the form:

:n< y—K,,ﬂx) (I ~K, (K WK )7 ]KW) 5! (JQ—K (KW}K) 1KW) (Ky—KB)
=n (R, Kﬁ)() (fo—A(a4)"4) 87 (R, ~ Kot )

_ <§—1\/ﬁ<ﬂ/{y—f{mﬁx>) <1Q A(AA)” 1A> (3‘1\%(1&—1126))

42,
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