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Abstract

In the option pricing literature, closed-form pricing formulas offer many advantages, but very
few solutions are available. Among models that can incorporate the critically important stylized
fact of stochastic volatility, many are related to the square root model of Heston (1993). Heston
and Nandi (2000) offer a discrete-time alternative, but this is a GARCH-type model which does
not feature stochastic volatility. We propose a new closed-form discrete-time option pricing
model with stochastic volatility. The model is straightforward to implement. We estimate it
using (jointly) a long historical time series of index returns and large option panels with various
moneyness and maturities. The model vastly outperforms the existing discrete-time Heston-
Nandi benchmark and slightly improves on the continuous-time benchmark. The model-implied
pricing kernel and risk premiums are very plausible. The newly proposed pricing formula can

be used to implement various extensions of the model.
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1 Introduction

Arguably the most important innovation to the seminal Black and Scholes (1973) model is to allow
for time-varying volatility of the underlying asset. In stochastic volatility models, this time-varying
volatility contains an innovation to volatility that is independent of the return innovation. Heston
(1993) proposes a stochastic volatility dynamic that has two appealing properties: 1) It allows for
nonzero correlation between the innovations to the return and the variance; and 2) It results in
a (quasi) closed-form price for a European call option. This model is usually referred to as the
square-root model. Despite the obvious appeal of closed-form solutions for option prices, it remains
the only stochastic volatility dynamic that allows for a closed-form solution and that is relatively
straightforward to implement.! Partly because of the lack of alternatives, the Heston (1993) square-
root dynamic has been used as a building block in richer models with multiple square-root factors
and/or jumps in returns and volatility.? These models provide a better fit to the cross-section and
time-series of option prices.

GARCH option pricing models (Duan, 1995) provide an interesting alternative to stochastic
volatility option pricing models. Heston and Nandi (2000) adapt the dynamic of the GARCH
model in order to allow for a (quasi) closed-form price for a European call option, similar to the
solution in the Heston (1993) model. These GARCH models are formulated in discrete time and
therefore do not require discretization. They are also easier to implement and estimate compared to
the Heston (1993) model. However, it is well understood that these advantages in implementation
directly result from the simpler structure of the GARCH model, specifically from the assumption
that the variance can be modeled as a deterministic function of (squared) lagged return innovations.

Consequently, while an extensive literature estimates GARCH models using the underlying returns,

!See Lewis (2000) and Heston (1997) on the so-called 3/2 model, which also allows for a quasi closed-form solution,
but which is much harder to implement.

2For examples of such studies, see Bakshi, Cao, and Chen (1997), Bates (2000, 2006, 2019), Chernov and Ghysels
(2000), Duffie, Pan, and Singleton (2000), Pan (2002), Chernov (2003), Eraker, Johannes, and Polson (2003), Eraker
(2004), Broadie, Chernov, and Johannes (2007), Christoffersen, Jacobs, and Mimouni (2010), Andersen, Fusari,
and Todorov (2015a,b, 2017), Hurn, Lindsay, and McClelland (2015), Bardgett, Gourier, and Leippold (2019), and
ATt-Sahalia, Karaman, and Mancini (2020). See Bates (2022) for an overview of this literature.



it is often argued that the GARCH functional form may pose problems for option pricing, because
it prevents the implied volatility surface from evolving independently from the underlying returns.
However, to the best of our knowledge there is no evidence in the literature that quantifies the
importance of (relaxing) this assumption.

This paper bridges these different literatures by proposing a new discrete-time stochastic volatil-
ity model. The model allows for quasi closed form prices for European call options, like the Heston
(1993) and Heston and Nandi (2000) models. It is closely related to the existing discrete-time op-
tion pricing literature, because it nests the Heston and Nandi (2000) model, which can be obtained
by restricting the parameter that scales the independent volatility innovation. It is also closely
related to the continuous-time Heston (1993) model, because it allows the innovations to returns
and volatility to be less than perfectly correlated. The model is straightforward to implement. We
estimate it using (jointly) a long historical time series of index returns and large option panels
with various moneyness and maturities. We first compare its performance to that of the nested
Heston and Nandi (2000) model, as well as that of the model of Christoffersen, Heston, and Jacobs
(2013), which allows for a more general pricing kernel that is more closely related to the kernel in
our new discrete-time stochastic volatility model. The new model vastly outperforms the existing
discrete-time benchmarks in terms of option fit. These findings confirm the intuition that the in-
dependent volatility shock in stochastic volatility models ought to lead to improved option pricing
performance. Moreover, the properties of the pricing kernel implied by the new model are more
plausible than the kernels implied by the existing models.

We next compare the empirical performance of the new discrete-time stochastic volatility option
pricing model with that of the continuous-time Heston (1993) model. We find that the new model
outperforms the continuous-time benchmark, but the mechanics of both models are similar, and
the difference in performance mainly results from the different constraints that need to be imposed
in both models to keep the variance positive. The level, term structure, and time series properties
of the equity and variance risk premiums in the discrete-time model are similar to those in the

continuous-time model, and more plausible than the risk premiums implied by the GARCH models.



It is important to note that throughout, we focus on the simplest possible volatility model, in
the sense that we implement a model with a single volatility factor. As discussed above, it is well
known that adding additional (volatility) factors will improve empirical performance, but our focus
on a single factor allows for the clearest and most insightful comparison of the different modeling
choices. While we do not pursue extensions in this paper, it is straightforward to use the newly
proposed pricing formula as a building block for models with multiple volatility factors, similar
to what the literature does with the Heston (1993) pricing formula. We show that, similar to a
GARCH model, the new model can also be extended by incorporating additional lags; this type of
extension is not available in a continuous-time setup.

The paper proceeds as follows. Section 2 presents the new discrete-time stochastic volatility
model and discusses competing models and benchmarks. Section 3 discusses the data and the
estimation approach. Section 4 compares the empirical performance of the new model with that of
existing GARCH models. Section 5 provides a comparison with the continuous-time Heston (1993)

model. Section 6 concludes. Technical material is collected in an Appendix.

2 A New Discrete-Time Stochastic Volatility Model

This section presents the new option pricing model. We first discuss the simplest version of the
SV dynamic, which by analogy to the GARCH literature we refer to as the SV(1,1) dynamic. We
show that it yields a closed-form solution for the conditional moment-generating function of the
log stock price, which in turn leads to a closed-form pricing formula for European options. We
characterize the pricing kernel that is consistent with the existence of this functional form for the
dynamic under the physical and risk-neutral measures. We show that our results can be extended
to more general models with additional lags. We show that the stochastic volatility (SV) dynamic
nests the Heston and Nandi (2000) GARCH option pricing model and discuss the relation between

the SV(1,1) version of the new dynamic and the (Euler discretization of the) Heston (1993) model.



2.1 The Discrete-Time SV(1,1) Dynamics

We start by characterizing the simplest and most parsimonious model in the new class of models
we consider. By analogy to the GARCH nomenclature of models, we refer to this dynamic as the
SV(1,1) model. This initial focus on the simplest model is primarily motivated by ease of exposition.
It makes it easier to illustrate the relation to the GARCH(1,1) class of option pricing models, which
is popular in the empirical literature. The use of the SV(1,1) model also clarifies the relation to
continuous-time stochastic volatility models, which we discuss below, and it is straightforward to
generalize the model in this section by adding additional volatility factors.

The new model can be thought of as extending the Heston and Nandi (2000) discrete-time
GARCH model by allowing for stochastic volatility, inspired by the mechanics of the Heston (1993)
stochastic volatility model. For option pricing, we require the risk-neutral stock price dynamic.
The SV(1,1) version of the new model specifies the risk-neutral dynamics of the spot index S(t)

and its stochastic variance v*(t) as follows:

In(S(t+1)) = W(S(t))+ (r - ;v*(t)) + Vo (D)t + 1), (1)

V(EFL) = Wt BRN() (@2 (E 4 1) F ezt 4 1) = AR ())

where each time interval is one day, r is the risk-free rate, and zj(¢) and z3(t) follow independent
standard normal distributions under the risk-neutral measure. Note that the notation is a bit
different from the one typically used in the GARCH literature; specifically, v*(¢), the conditional
daily variance of the subsequent compound stock return, is known at time t. We motivate this
notational convention below. From a modeling perspective, the model’s essential difference with
GARCH models is that due to the existence of the independent innovation z3(t¢), the variance
cannot be filtered from the path of stock returns only.

Consistent with most of the existing option pricing literature, we focus on a physical dynamic



that has the same functional form as the risk-neutral dynamic:

(St +1)) = n(S(t)) + (r + (u - ;) v(t)) +VuB)z(t+ 1), (2)

o(t+1) = w+Bu(t) + (21t +1) + aza(t + 1) = Ao(t))?,

where p is the parameter that identifies the equity premium, and where z1(t) and z2(t) follow
independent standard normal distributions under the physical measure. We analyze the mapping
between the physical and risk-neutral dynamics below in our discussion of (the) pricing kernel(s).

The discrete-time dynamics in equation (2) implies the following moments of the return and

the stochastic variance:

E(logR) = r+ <u - ;) Bw), (3)
w Oé2 052
E(v) = w (4)

Var(v) = EVari(v(t+1)))+ Var(Ey(v(t +1)))
_ 2(of +ad)(af + a3 + 202 E(v)) 5)
L= (B+ A7) ’

AR1(v) = B+ N\, (6)

- —2a\v(t)
Corri(log R(t +1),v(t +1)) = V) /2(aF + o) +432(a? + ad)u(t) + 4a3a3’ "

The moments in equations (3)-(7) are for the physical dynamic, but they are of course the same

for the risk-neutral dynamic subject to the required change of parameters, including p = 0.

2.2 Option Pricing

Given the risk-neutral dynamic in equation (1), the price of a call option with strike price K and
time to maturity 7 can be obtained in (quasi) closed form (up to a numerical integration). Our

implementation uses the fast Fourier technique of Carr and Madan (1999):
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where k is the natural log of K. The function 1(u) is the Fourier transform of the modified call
price, which is the call price multiplied by e®* for o > 0. We found that a = 4 works well. The

function ¢ (u) is given by:

e MO (a4 1) + il S(1), v* (1))
Ylu) = (o + qu)(a+ 1 + u) ’

where 4 is the imaginary unit, and fM%(¢[S(t),v*(t)) = E; [S(t 4+ 7)?] is the risk-neutral condi-
tional moment generating function (MGF) of log S(t+7). The closed-form expression of fM%(¢|S(t),v*(t))

is given by the following recursive formula:

B |S(T)?] = S(t) exp (A(t) + B)o(t)). (9)

At) = A(t+1)+¢r+wB(t+1)—%log(1—2(a%+a%)3(t+l)),

2A2B(t +1) — 4o AgB(t + 1) + ¢*(1 — 2a3B(t + 1))
2—4(a? 4+ a3)B(t+1) ’

B(t) - ¢<M—;) L BB+ 1)+

AT) = B(T)=0,

where T =t + 7. See Appendix A.1 for a detailed derivation.® The price of a put option with the
same strike price and maturity can be obtained through put-call parity. The option pricing formula
in equation (8) does not account for dividends. We follow the existing literature and adjust the
index price for the future dividend. Specifically, we use S(t)e~?", where ¢ is the dividend yield at

time ¢.

3Equation (9) provides the MGF under the physical measure. Note that g = 0 under the risk-neutral dynamics.
The MGF formula also applies to the GARCH dynamics when a2 = 0. The MGF for the continuous-time SV
dynamics is given in Heston (1993).



2.3 The Pricing Kernel

To link the risk-neutral and physical dynamics in equations (1) and (2), we characterize a class
of exponential-affine pricing kernels that are a function of S(¢) and the historical path of v(t).
Appendix B shows that the following class of variance-dependent pricing kernels is consistent with

these dynamics:

—y t—1
M(t) = M(0) (S(")) exp <5t 0> o(s) + Eu(t) - v<o>>) , (10)

s=0

where v and & are the index level and variance preference parameters. Note that the logarithm of
the pricing kernel (10) is linear in log S(¢) and (the path of) v(t). Henceforth, we therefore refer to
equation (10) as the exponential-affine pricing kernel.

The v and £ parameters in the pricing kernel are economic parameters for which we have very
clear priors. Economies with higher index returns and lower variance indicate good times, in which
marginal utility decreases. We therefore expect v > 0 and £ > 0. Appendix B shows that given

the pricing kernel (10), the risk-neutral and physical dynamics in equations (1) and (2) are linked

as follows:
1—2¢a3
wt = 2§a2 W, (11)
1—2(af + a3)¢
gr = B, (12)
a1
1 = 13
a1 1—2(a2 4+ ad)¢’ (13)
* a2
V1 =2(af +a3)¢
1-2¢03  (1-2803)(1—2(af +03)¢) )
vi(t) = CQu(t), (16)
where ( = % The index level and variance preference parameters v and £ can be expressed



as functions of the SV(1,1) parameters:

a1§(2a1p — aq + 2X)
"Y = ,LL _ 5 17
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Equation (10) contains two other parameters, § and 7. We refer to § as the time-preference
parameter and to 1 as the path-dependence parameter, respectively. Using the fact that e™ M (t)
is a martingale and that the drift term of a martingale process has to be zero, Appendix B shows

that § and n are given by:

6 = (’y—l)r—fw—kélog(l—2(a%+o¢%)§), (19)

—202¢ — dag M€ + ¥2(—1 + 2a3¢)
—2 4 4(a? + ad)¢ '

n o= <u—1>7+€(1—6)—

: (20)

2.4 The Benchmark GARCH Model

Our empirical strategy demonstrates the benefits of the new model by comparing its performance
with that of existing models. We first compare the model’s performance with that of discrete-time
models. The new discrete-time SV model nests the well-known GARCH option pricing models by
Heston and Nandi (2000) and Christoffersen, Heston, and Jacobs (2013) (henceforth HN and CHJ
respectively). In particular, the risk-neutral GARCH dynamics in both these models correspond

to imposing the restriction ap = 0 in equation (1):

I(S(t+1)) = In(S(t)) + (r - ;U*@)) + Vo (D (4 1), (21)

V(1) = Wt BU() + (af 2 (1) — A ()R

As mentioned above, the notation in equation (21) slightly differs from the notation in Heston and



Nandi (2000) and the GARCH literature (Engle, 1982; Bollerslev, 1986), which is as follows:

In(S(t+1)) = In(S())+ <r — %v*(t + 1)) + Vot + 1)1 (t+ 1), (22)

vR(t+1) = w4 B(t) + @iz () — A or(t)2.

Our notation in equation (21) facilitates the comparison with the continuous-time benchmark in
the next section. Despite the difference in notation, the mechanics in equations (21) and (22) are
the same. The variance v*(t) is known at time ¢ in the former, whereas v*(¢ + 1) is known at
time ¢ in the latter. The one-to-one correspondence between the two sets of parameters is defined
by a] = \/@ and \* = o?{(:\*)z. The essence in both notations is that volatility is no longer
stochastic in equations (21) and (22), and the volatility path is entirely determined by (lagged)
return shocks.

We investigate two GARCH models. When g = 0 is the only restriction, the model corresponds
to the CHJ model, together with the variance-dependent pricing kernel. The HN model is obtained
by additionally imposing & = 0, or equivalently ( = 1. This clarifies that the CHJ and HN model

only differ in their specification of the pricing kernel.

2.5 The SV(p,q) Dynamics

One of the advantages of a discrete-time approach is that it does not require additional assumptions
on discretization. Another advantage is that the model can be extended in a very straightforward
way by generalizing the autoregressive or moving average structure of the variance dynamic. Ap-

pendix A.2 shows that the following extension leads to a closed-form option price:

In(S(t+1)) = W(S(t)) + <'r + <u - ;) v(t)) +VuB)z(t+1), (23)

v(t+1) = w+ Y Bio(t+1—1)

i=1
4 2
+3 (alzl(t-i— 2 i)+ asza(t +2 — i) — Mot + 1 — i)) ,
i=1



where k; = 1. This SV(p,q) dynamics nests the GARCH(p,q) dynamics in Heston and Nandi
(2000) and Christoffersen, Jacobs, and Ornthanalai (2013), again with the slight difference in
notation as discussed in Section 2.4; specifically, when as = 0, the SV(p,q) model corresponds to
the GARCH(p,q) dynamic. We do not pursue an empirical investigation of this more general model

here, but leave it for later work.

2.6 The Benchmark Continuous-Time Dynamics

Our main empirical contribution is the comparison between the new SV model and existing
GARCH models. However, a natural question is how the new discrete-time SV model compares
to continuous-time SV models. We therefore also provide results for the Heston (1993) SV model,
which specifies the risk-neutral dynamics of the spot price S(t) and its stochastic variance v(t) as

follows:

dn S(t) = (r - ;v(t)> dt + \/oB)d=1(8), (24)
dv(t) = k(0" —v(t))dt + o/ v(t)dz(t),

where dz] and dz; are Wiener processes with correlation coefficient p. We again consider a physical

dynamic that has the same functional form as the risk-neutral dynamic.

dlnS(t) = <7“ + <,u - ;) U(t)) dt + /v(t)dz1 (1), (25)
dv(t) = k(0 —v(t))dt+ o/ v(t)dza(t).

The physical and risk-neutral dynamics are linked by the following variance-dependent pricing
kernel:

M(t) = M(0) <§;((é))> e <5t +n /0 t v(s)ds + E(v(t) — U(O))> . (26)

It is straightforward to see that this pricing kernel is a continuous-time counterpart of the discrete-

time pricing kernel in equation (10).

10



To see the relation with the discrete-time SV model in equations (1) and (2), it is useful to

consider the implementation of these continuous-time dynamics using the Euler discretization.

Under the physical measure, we have:

In(S(t+1)) = In(S(t) + (T‘ + <u — ;) v(t)> +Vu(t)z1(t+ 1), (27)

v(t+1) = KO+ (1—k)o(t) + o/ o(t)z(t +1).

The similarities with equation (2) are clear, but there are some subtle differences. Due to

technical restrictions, the continuous-time risk-neutral and physical dynamics rely on the same

variance path v(t); moreover, the parameters o and p are identical under both measures.

3 Data and Estimation

We first discuss the return and option data. Then we present the likelihood functions and discuss

our estimation approach.

3.1

Data

Our empirical analysis uses out-of-the-money (OTM) S&P 500 call and put options with maturities

between 14 and 365 days. The sample period is from January 1996 to December 2021. We obtain

option data from OptionMetrics. We apply the following filters:

1.

2.

Discard options with implied volatility smaller than 5% or greater than 150%.

Discard options with volume or open interest less than ten contracts.

. Discard options with mid price less than $0.50 or bid price less than $0.375 to avoid low-valued

options.

. Discard options with data errors — when bid price exceeds offer price, or when a negative

price is implied through put-call parity.

. Discard options with moneyness less than 0.75 or greater than 1.25.

11



We include options that expire on the third Friday or the Saturday following the third Friday of
the current month, the next month, and the following March, June, September, and December

(consistent with standard option contracts).t

We keep the six most actively traded strike prices
for each available maturity. It is important to use as long a time period as possible, in order to be
able to identify key aspects of the model including volatility persistence (Broadie, Chernov, and
Johannes, 2007). On the other hand, estimation using large option panels and long time series
is very time-intensive. Rather than using a short(er) time series of daily option data, we use an
extended time period, but we select option contracts for one day per week only. Following several
existing studies (see, e.g., Heston and Nandi, 2000; Christoffersen, Heston, and Jacobs, 2013), we
use Wednesday data because it is the day of the week least likely to be a holiday. It is also less
likely than other days to be affected by day-of-the-week effects. These steps result in a dataset
with 40,226 option contracts. Table 1 presents descriptive statistics.

We obtain S&P 500 index returns from CRSP. We use data for January 1990 to December
2021. This sample period is longer than the option sample to help with the identification of the
return parameters under the physical measure, as in Christoffersen, Heston, and Jacobs (2013). We
also use data on the VIX from January 1990 to December 2021, which we obtain from the Federal
Reserve Bank of St. Louis Economic Database. The time series for the risk-free rate is proxied by
the one-month Treasury Bill rates obtained from CRSP. Following the standard implementation in
the literature, options are valued using a maturity-specific risk-free rate. We apply a cubic spline

interpolation to the risk-free rates obtained from OptionMetrics.

3.2 The Stochastic Model Variance and the VIX

In the new model as well as in the Heston (1993) model and its many generalizations studied in
the literature, the stochastic variance is unknown. This latency is typically addressed in estimation

by using filtering- or simulation-based techniques (see, e.g., Eraker, Johannes, and Polson, 2003;

4Until January 2015, standard option contracts expired on the Saturday following the third Friday of the expiration
month. Standard options listed after August 2013 and expiring after January 2015 expire on the third Friday of the
month.

12



Eraker, 2004; Bates, 2006; Christoffersen, Jacobs, and Mimouni, 2010). It is well known that the
implementation of such techniques is computationally very demanding, especially when using long
time series and large cross-sections of option prices in estimation.

To alleviate the computational burden, we use the fact that the daily stochastic variance v*(t)
can be represented as a linear function of VIX?(t), where VIX, represents the daily VIX.5 This
directly follows from the model specification. When v(¢) follows the dynamic in equation (1),

VIXZ(t) is a linear function of v*(¢). Specifically, the model-implied VIX3(#) can be written as:

VIXG () = vo + 910" (t) (28)

where 1y = %ﬁfl), P = p;((ll;ff)), 0y, = w* + (a)? + (a3)?, py = B* + (A*)?, and n = 21 is the
number of trading days per month. Appendix C provides a detailed derivation.

Using equation (28) and an assumption on the measurement error, we obtain a measurement
equation which can be used to filter the latent state variable. Jones (2003), Cheung (2008), and
Chernov, Graveline, and Zviadadze (2018) use this measurement equation and a Bayesian frame-

work with Markov Chain Monte Carlo methods to estimate option pricing models. We further

simplify the setup and instead use:
v*(t) = no + m VIX3 (). (29)

This implementation follows Ait-Sahalia and Kimmel (2007), who use it in a sample that con-
tains a single short-maturity at-the-money option at each time ¢. However, we experienced some

identification problems with equation (29) and therefore assume:
v*(t) = mVIXG(t). (30)

We then use equation (30) in the valuation formula for all options in the sample.

®See Bates (2000) and Andersen, Fusari, and Todorov (2015a) for other approaches.

13



3.3 The Return-Based Likelihood

In the previous subsection, we use the fact that the risk-neutral stochastic variance is an affine
function of VIX to alleviate the high computational burden when the model is implemented on
option data. This assumption also has implications for the return-based estimation. In most
existing studies, the variance is filtered from the underlying returns, and the VIX is not used in
the return-based estimation. However, if the physical stochastic variance is proportional to the
risk-neutral stochastic variance, which is the case for the class of pricing kernels in Section 2.3, we
can formulate the joint likelihood function of the return and the VIXfl data to estimate the physical
parameters, since we observe the total return on the stock index and the VIX at each time t. We

obtain the likelihood function by rearranging equation (2) as follows:

logR(t+1) = 7’—|—<,u—) )+ Vou(t)zi(t+ 1),

v(it+1) = w+HPut)+ (arz1(t+ 1) + aeza(t+ 1) — A/o(

where R(t + 1) = S(t + 1)/S(t) represents the gross return. Bayes’ rule implies the following

log-likelihood function:

T—1
log L% = > "log f (log R(t + 1), VIX3(t + 1)|VIX}(t))
t=1

- Zlog (log R(t + 1)[u(t)) x f(v(t + 1)|log R(t + 1),v(t)) x Ju(t +1)], (31)

where f(log R(t + 1)|v(t)) is the probability density of log R(t + 1), f(v(t + 1)|log R(t + 1), v(t)) is
the probability density of v(¢t+ 1) conditional on log R(t+1), and J,(t+ 1) is the Jacobian between
VIXZ(t + 1) and v(t + 1).

Note that f(R(t+1)|v(t)) follows a normal distribution governed by z;. Because (g—;zl + 29 — a%ﬁ)
follows a normal distribution with a nonzero mean, conditional on z; and v, f(v(t + 1)|R(t +

1),v(t)) follows a non-central chi-squared distribution. For expositional purposes, we denote

14



2
yit +1) = vt —w=pfult) <g—;21(t + 1)+ 2t +1) -2 v(t)) . The log-likelihood function

(o7} a2

in equation (31) can therefore be expressed as:

log L = log LE +log LY, (32)
where
T—1
1 z1(t+1 2
log LR = —210g(27TU(t))—(2v(t)),
t=1
T—1
1 yt+1)+x(+1) 1 y(t+1)
logLP = ¥ log= — — log LS log Iy (VA + DylE+ 1))
og Ly, 2 1og 5 1198 ) Tlesley Vx(t+ 1yt +1)

+ logm — 2log as,

and where x(t+1) = (3—;21 (t+1)— C% v(t))2 and Iy is a p-th order modified Bessel function of
the first kind.% The log likelihood in the continuous-time SV model also has these two components,
but the functional form is slightly different. See Heston, Jacobs, and Kim (2023) for details.
GARCH models do not contain separate shocks to variance, and thus the log-likelihood function

consists of only log LE. See Christoffersen and Jacobs (2004) and Christoffersen, Heston, and
Jacobs (2013) for details.

3.4 The Option-Based Likelihood

We use vega-weighted option pricing errors. Let Of\/l kt denote the market price of the i** option

Mod
Oi

and OZM °d the model price computed using the method in Section 2.2. OZM kt and represent

call option prices if F//K < 1 and put option prices if F/K > 1, where F = Sel=97 denotes the

5The log-likelihood function consists of two components: one based on the return dynamics and the other based on
the variance dynamics. The model has two state variables, R(t) and v(¢). Although v(t) is unobservable, we assume
it is a function of the observable VIX?(t). We can therefore express the joint likelihood of the two state variables
with the aid of a Jacobian. If we instead assume that the stochastic variance is latent, we cannot directly obtain its
transition likelihood and we have to rely on filtering to obtain the next-period variance, using Markov Chain Monte
Carlo or particle filtering techniques for example. For additional discussion, see Ait-Sahalia and Kimmel (2007).
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implied futures price. The vega-weighted option pricing errors are defined as

Mkt Mod
P 0;"" -0,
0F — Mkt )

where VZM kt is the Black-Scholes vega of option i. Vega-weighted errors have advantages that are

similar to implied volatilities, i.e. the magnitudes are more similar across options compared to the
option prices, but they also offer a computational advantage. See for example Carr and Wu (2007),
Trolle and Schwartz (2009), and Christoffersen, Heston, and Jacobs (2013) for a discussion.

Maximum likelihood estimation requires a distributional assumption on the errors. Following
most of the existing literature, we assume that €, ; follows a normal distribution, i.e. €,; ~ N (0, sg),
where s2 is the sample variance of the errors. With the additional assumption that the option
valuation errors are independently and identically distributed (i.i.d.), the log-likelihood function
log LC is given by:

1 XN

N N
log LO = 5 log(2m) — ) log 52 — Y Z 63,2-, (33)
° j=1

where N is the number of option contracts in the sample.

3.5 Joint Estimation Using Index Returns and Options

We jointly estimate the risk-neutral and physical dynamics based on a joint likelihood for options
and the underlying returns, imposing the relation between the physical and the risk-neutral param-
eters in equations (11)-(16). This joint estimation identifies the pricing kernel and risk premiums,
and is helpful to detect model misspecification (Bates, 2003). The number of observations in the
option and return datasets is very different. To assign equal weights to each datapoint, we impose
an ad-hoc assumption and standardize the return-based and option-based log-likelihoods by T'— 1

and IV, respectively. Hence, we solve the following optimization problem:

max
S 2

(T—1)+N<T1

1
R o
7llogL +NlogL >, (34)
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where © = {3, a1, ag, A\, n1, ¢} for the discrete-time SV (1,1) model. For the HN GARCH model,
© = {B, a1, A\} because ay = 0 and ( =1 (and 73 = 0). For the CHJ GARCH model, we have
© = {8, a1, A\, ¢}, and for the continuous-time SV model, we have © = {k, 0, o, p, n1, £}. Note
that in the discrete-time models, we impose w = 0 to ensure positive variances. We discuss this
further below. In the continuous-time model, we impose the Feller (1951) condition. We use mean
targeting to capture the level of the unconditional equity premium in all models. That is, we fix
the value of y at (E(R) — E(r))/E(v), where E(R) and E(v) are the sample mean and variance of

the return, respectively, and E (r) is the sample mean of the risk-free rate.

4 Discrete-Time Stochastic Volatility vs GARCH Option Pricing

We discuss parameter estimates for the HN GARCH, CHJ GARCH and discrete-time SV option
pricing models, based on maximization of the joint likelihood of returns and options in Section 3.5.
We compare option fit in these three models, document and compare the economic properties of

the models, and discuss the implied estimates of the pricing kernel and risk premiums.

4.1 Parameter Estimates

Table 2 presents the parameter estimates for the three discrete-time models. Columns (1) and (2)
report on the HN and CHJ GARCH models, respectively. Recall that the difference between the
two models is the existence of variance risk aversion in the CHJ GARCH, which is absent in the HN
model. The parameter estimates are reasonable. The mean p is set to 2.879 by mean targeting, as
discussed in Section 3.5. The estimates of A and A\* are positive in both columns, consistent with
negative skewness under the physical and risk-neutral measures. The ( parameter identifies the
wedge between the physical and risk-neutral variances, see equation (16). For the HN model, zero
variance risk aversion results in the absence of a wedge, which means that ( is fixed at one. The
estimates indicate a sizable wedge (1.084) for the CHJ model. This is smaller than the estimate
in Christoffersen, Heston, and Jacobs (2013). We verified that this difference is due to the sample

period. Another implication of (the absence of) variance risk aversion is the relation between the
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a1 and of parameters. In the HN model, a1 = «f, whereas the CHJ model has different values for
aq and of.

The parameter estimates for the discrete-time SV model in column (3) are also reasonable. Note
that aq and ay scale the shocks that drive the (conditional) volatility of variance. In the GARCH
model, there is a single variance shock; in the SV model, the variance is driven by the return shock
and an independent variance shock. The estimates of oy and ag are therefore smaller than the level
of a in the two GARCH models. Interestingly, the estimate of the wedge (¢) parameter is much
smaller than in the CHJ GARCH model, but it exceeds one and is statistically different from one,
implying the existence of variance risk aversion.

We impose w = w* = 0 in implementation for the two GARCH models and the SV model. A
nonnegativity restriction on these parameters is necessary to ensure positivity of the conditional
variance, and we verified that these restrictions are binding. This finding is consistent with existing
estimates for GARCH models from options in Christoffersen, Heston, and Jacobs (2013), and it is

well known that this is due to the affine structure of the dynamic.

4.2 Model-Implied Moments

Panel A of Table 3 presents the statistical moments of the log return and variance based on
equations (3)-(7). These expressions highlight the role of the various parameters in the model
and clarify how the parameters are identified. The variance autocorrelation is determined by /3
and A. Given this autocorrelation, the long-run variance (E(v)) is determined by a1 and as (recall
that we impose w = w* = 0). Furthermore, a; and ag are important in anchoring the variance of
variance and the conditional correlation between the log return and variance; «y is directly linked
to the return shock. This ensures that oy and as can be separately identified. Finally, A affects
the variance of variance and the conditional correlation. This identifies A, and in turn, 5 can be
determined from the variance autocorrelation.

Because we use mean-targeting, we match the expected log return with its data counterpart

in all models. Panel C of Table 1 shows the annualized sample mean is equal to 0.102. The
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annualized physical long-run variance for the models in columns (1)-(3) of Table 3 ranges from
0.0306 to 0.0349, implying a long-run annualized volatility between 0.175 and 0.187, close to the
sample volatility of 0.181. The risk-neutral long-run variance exceeds the physical variance due to
the presence of the variance risk premium. The annualized physical long-run volatility of variance
is 0.449 for the HN model, 0.389 for the CHJ model, and 0.746 for the SV model. For comparison,
the sample volatility of the annualized VIX?2, which is 0.76. Based on this, the SV model captures
the volatility of variance more precisely than the two GARCH models, but this comparison is
a bit tenuous since VIX itself represents a risk-neutral volatility. The autocorrelation of daily
variance is approximately 0.99 in all cases; consistent with the existing literature, the risk-neutral
autocorrelation slightly exceeds the physical autocorrelation because A* > A.

The most critical difference between the models is the conditional correlation between the
log return and the variance.” The signs of A\ and oy imply that Corri(log R(t + 1),v(t + 1)) is
negative, indicating negative physical conditional skewness, and a similar remark holds for risk-
neutral conditional skewness. However, in the GARCH models, both the physical and risk-neutral
correlations are very close to minus one, while the correlation is —0.785 (—0.786) under the physical
(risk-neutral) measure in the SV model. In other words, in the GARCH models, returns and
variance almost always move in opposite directions. This finding suggests that it is challenging to
separately identify return and variance risk in the GARCH models based on the dynamics of the
stock return and variance. Because returns and variances sometimes move in the same direction,

imperfect correlation is required to match the data.

4.3 Option Pricing

We optimize the joint likelihood of options and returns in all models, but we cannot directly compare
the total likelihoods of the discrete-time SV and GARCH models, because the return likelihood
of the SV model contains an additional component that originates in the independent volatility

shock (see equation (32)). However, we can compare the option component log L°, and Table 2

"We compute this correlation assuming that the conditional variance v(t) is equal to its long-run mean.
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indicates that the SV model outperforms both GARCH models. The improvement in overall option
fit is also evident from the vega-weighted root mean squared errors (RMSE) of option prices. The
vega-weighted RMSE for the SV model is 0.0231, a 37.9% improvement over the 0.0372 RMSE for
the GARCH models.?

Table 4 reports option fit by moneyness and maturity. We present the vega-weighted RMSEs
as well as the implied volatility (IV) RMSEs to provide more intuition. The SV model outperforms
the GARCH model across all moneyness and maturity buckets, with the most significant improve-
ments observed for near-the-money options and deep out-of-the-money put options in moneyness
dimension, and for short- and mid-term maturity options (less than 120 days to expiration). The
RMSE patterns are mostly similar across models, except for the maturity pattern in the RMSEs

of the GARCH model.

4.4 Pricing Kernels

We start our investigation of the pricing kernels with the model-implied risk preference parameters,
based on equations (17)-(18). The definition of ¢ indicates that ¢ > 1 is equivalent to a positive
variance risk aversion parameter £. From equation (17), the index level risk aversion parameter
~ is a function of the equity premium parameter p, but it also depends on £&. The HN model in
column (1) assumes £ = 0, and therefore v is exclusively determined by p and is positive. The CHJ
model in column (2) does not impose restrictions on the signs of the risk preference parameters.
The model estimates in Panel A of Table 3 show that & is very large and positive while v is very
large and negative, which is inconsistent with economic intuition. A possible explanation is that &
does not exclusively capture variance risk aversion due to identification problems resulting from the
correlation between the index return and variance. This intuition is confirmed by the HN GARCH
estimates, where vy is positive. The parameter estimates for the discrete-time SV model in column

(3) imply positive estimates of both v and £, which is economically plausible.

8The HN and CHJ GARCH models have the same risk-neutral dynamic. However, their option fit can differ when
maximizing the joint likelihood due to the different mapping between the two measures. The RMSEs indicate that
these differences in option fit are on average negligible.
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Next, we go beyond the sign of pricing kernel parameters, and we investigate if the estimates
of the variance risk aversion parameter ¢ are plausible. Consider a one-day increase in (annual-
ized) volatility from 20% to 22%.% For simplicity, assume that the one-day return is 0%. Under
this assumption, the pricing kernel is primarily influenced by the variance aversion component,
exp(&(v(t + 1) —v(t))), because the sum of the time-preference and the path-dependence compo-
nents is very small in both the CHJ and the SV models. In the CHJ model (§ = 26,625.97), this
results in a daily pricing kernel of 2.429 for this parameterization. For the SV model ({ = 347.95),
the kernel value is 1.012. The former seems excessively large, while the latter value of the kernel is
plausible. We conclude that identifying variance risk is difficult in the CHJ GARCH model, which
is related to our findings on the conditional correlation between the log return and the variance in
Section 4.2.

We now further explore the economic implications of these parameter estimates. Panels A, B,
and C of Figure 1 plot daily log pricing kernels as a function of return and variance. The HN
GARCH model does not consider variance risk aversion, and the pricing kernel is therefore a simple
decreasing function of the return. The kernel with variance risk aversion is economically plausible
for the SV model in Panel C, but in the CHJ GARCH model in Panel B, the pricing kernel increases
with the return (conditional on the variance level), which reflects the implausible sign of the index
level risk aversion parameter . The problems with the kernel in Panel B are also evident from
inspecting its range. The log pricing kernel ranges between -5 to 15, which means that the pricing
kernel ranges from 0.01 to 3,269,017.37, unrealistic values for a daily discount factor.

Panels A, B, and C of Figure 2 plot the time series of the realized log pricing kernel over the
sample period.!? The time series of the HN kernel in Panel A and that of the SV kernel in Panel
C appear plausible, exhibiting large fluctuations in crisis periods such as the 2008-2009 financial
crisis and the Covid-19 pandemic period. Once again, the time series of the CHJ GARCH kernel

in Panel B seems implausible. It contains many outliers during relatively calm periods, and these

°In daily units, from v(t) = 1.587E — 04 to v(t + 1) = 1.921F — 04.

198ee Chernov (2003) and Ghosh, Julliard, and Taylor (2017) for other estimates of the time series of the pricing
kernel.
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I Moreover, it exclusively contains large positive outliers. These

outliers are excessively large.!
positive spikes in the CHJ GARCH kernel are directly related to the combination of negative v and
positive & estimates. We frequently observe a joint occurrence of (large) positive index returns and
changes in variance. In these instances, the negative v and positive £ estimates mechanically imply
large positive spikes in the pricing kernel. To illustrate this more clearly, consider the back-of-the-
envelope calculation above, but now assume a daily return of 1%. For the CHJ model, the value

of the resulting pricing kernel is 3.379 (1.218 for the log pricing kernel), which is clearly extreme.

However, Panel B in Figures 1 and 2 shows that such positive spikes are often attained.

4.5 Conditional Risk Premiums
4.5.1 The Risk Premium Level

Based on the closed-form solution for the moment generating function in equation (9) and the
quadratic variation (in Appendix C), we can compute conditional moment conditions for the 7-
horizon index return by inserting S(¢) = 1. We define the 7-horizon integrated equity and variance

risk premiums as follows:

ERP(7) = E:[R(t+7)]— Ef[R(t+ 7)) (35)
VRP:(1) = E; XT: v(t+s)| — Ef ZT: v (t+ s)
s=1 s=1

To annualize both risk premiums, we multiply the above expressions by 252/7.

Panel B of Table 3 reports the one-month conditional first and second moments of returns under
both the physical and risk-neutral measures, along with the corresponding risk premiums. Note
that the conditional equity and variance risk premiums in equation (35) are functions of the time-t
variance, which we obtain from our estimation. Using the variance data, we compute the time
series of the integrated conditional moments and compute the time-series averages. In columns

(1)-(3), the (annualized) average equity premium closely matches the sample average (0.0942).

"The scale in Panels A and C of Figure 2 is the same as in Panel B to facilitate comparisons.
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The average risk-neutral second moments exceed the average physical second moments, resulting
in negative variance risk premiums for all three models.

Figure 3 plots the time series of the (annualized) integrated one-month conditional equity and
variance risk premiums. Panels A and B of Figure 4 plot the corresponding distributions computed
using kernel density estimation.'?> The time series of the one-month equity premium in the two
GARCH models and the discrete-time SV model display a lot of similarities. As expected, it is
consistently positive over time and spikes up during economic downturns such as the 2008-2009
financial crisis and the 2020 Covid-19 crisis. One interesting difference is that the equity risk
premium in the SV model (Panel E of Figure 3) displays greater volatility and more pronounced
spikes during crisis periods compared to the variance in the GARCH models (Panels A and C).
This is due to the independent volatility shock in the SV model, which induces higher volatility of
return variance, as confirmed by Panel A of Table 3.13

A comparison of the variance risk premiums in Panels B, D, and F of Figure 3 shows that the
time series of the VRP in the discrete-time SV model in Panel F is highly correlated with the CHJ
VRP in Panel D. However, the CHJ VRP is more volatile and more negative compared to the SV
model during low-volatility periods (1999-2002), whereas the latter is slightly more negative during
economically adverse periods. The VRP time series in the HN GARCH model is much less volatile
than the VRPs in the two other models, due to the absence of a variance risk aversion parameter.
Panel B of Figure 4 clearly highlights these differences between the models. Comparing Panels A

and B shows that the VRP levels differ much more between models than the ERP levels.

4.5.2 The Risk Premium Term Structure

Panels A, C, and E of Figure 5 plot the difference between the 1-month and 6-month equity

risk premiums. Panel C of Figure 4 plots the corresponding distributions computed using kernel

12We use a Gaussian kernel with Scott’s (1992) rule-of-thumb bandwidth, 1.06&dn;1/5, where 64 is the sample
standard deviation of observations and ng is the number of observations.

13This finding may also be due to our estimation method, because we assume that the stochastic variance is
proportional to the VIX in the implementation of the SV model, and the VIX fluctuates more than GARCH-filtered
volatility.
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density estimation. The distributions in Figure 4 suggest that, like the 1-month ERP levels, the
average ERP term structure is also rather similar across the three models. The models also have
similar implications for the relation between the sign of the term structure and the economic
regime. In bad times, the 1-month risk premium exceeds the 6-month premium. However, in calm
period, the sign reverses. The models capture the important stylized fact that when volatility is
high, investors demand a higher compensation for equity risk over short horizons than over long
horizons.'* However, the time series in Figure 5 highlight some interesting differences between
the models. Notably, when volatility spikes, the difference between the short- and long maturity
premiums (the inverse of the term structure slope) is larger in the discrete-time SV model than in
the GARCH models.

Panels B, D, and F of Figure 5 plot the difference between the 1-month and 6-month VRPs, and
Panel D of Figure 4 plots the corresponding distributions. Note that since the VRP is negative, a
positive value indicates that the longer maturity VRP is more negative than the shorter-maturity
VRP. As with the levels, the VRP term structure differs more across models than the ERP term
structure. Consistent with the findings of Li and Zinna (2018) and Ait-Sahalia, Karaman, and
Mancini (2020), the (absolute value of the) longer-maturity VRPs exceeds the short-maturity VRP
in all models. However, the slope of the term structure during downturns is much steeper in the
SV model in Panel F compared to the GARCH models in Panels B and D. In the CHJ GARCH
model, the term structure slope in downturns is also flatter compared to the HN model. This is
due to the combination of mean-reverting variance and the large variance risk aversion parameter
£.

Figure 6 provides additional evidence by plotting the average (unconditional) term structure
of annualized equity and variance risk premiums in Panels A and B, respectively, for maturities
up to one year. In Panel A, the annualized equity premium is relatively flat across horizons, and

the estimates are very plausible.'® In Panel B, the variance risk premium is downward sloping

14The same finding obtains when using longer horizons, up to 12 months. Panel E of Figure 4 plots the distributions
of the 1-month minus 12-month ERPs.

15 A related literature computes the equity premium term structure based on the information in short-term and
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for all models. At short horizons, the VRPs are quite similar across models, but the discrete-time
SV model has a steeper term structure. Regarding the magnitudes of the VRPs, Ait-Sahalia,
Karaman, and Mancini (2020) report average premiums of -0.006 for the 2-month horizon, -0.012
for the 6-month horizon, and -0.016 for the 12-month horizon. Even though our sample period is
different and we consider simple one-factor models, our estimates are similar. Panel C of Figure 6
highlights the most important stylized fact of the equity premium term structure. In all models,
the 1-month risk premium is (much) more volatile than the longer-horizon risk premiums. This
is due to the changes in the conditional equity term structure across economic regimes discussed
above. In contrast, Panel D of Figure 6 shows that the VRP is more volatile at longer maturities

for all models.

5 SV Option Pricing in Discrete and Continuous Time

5.1 Comparison Between the Two SV Models

An often-mentioned advantage of continuous-time models is their analytical tractability. Indeed,
while our discrete-time SV model allows for a closed-form option price, it requires solving a dif-
ference equation, while the affine square-root model in Heston (1993) does not face a similar re-
quirement. As discussed above, the discrete-time approach also provides distinct advantages. It
does not require additional assumptions on discretization. Moreover, we have relatively few tools
available to extend or generalize the Heston (1993) model. The most often used approach is to
add a second and possibly a third volatility factor, and/or an additional factor with a different
structure, such as a return or variance jump.'® There are natural counterparts to these extensions
that can be used in a discrete-time framework, but the discrete-time model can also be extended

in other straightforward ways, for instance, by generalizing the autoregressive or moving average

long-term dividend strips. See for instance Binsbergen, Brandt, and Koijen (2012), Binsbergen and Koijen (2017),
and Gormsen (2021).

16 Another alternative is a “rough” volatility factor with long memory, see for instance Bayer, Friz, and Gatheral
(2016), Euch and Rosenbaum (2018), and Garnier and Sglna (2018).
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structure of the variance dynamic as in Section 2.5.

We now compare the option pricing performance and economic implications of the one-factor
discrete-time and continuous-time option pricing models. While both models have an affine struc-
ture, we found the comparison is more complex than anticipated. Column (4) in Table 2 presents
physical and risk-neutral parameter estimates for the Heston (1993) square root model, as well as
the log-likelihood and vega-weighted RMSE. The model parameter estimates are consistent with
the literature. The log likelihood and RMSE can be directly compared to the discrete-time SV
results in column (3). Both indicate that the continuous-time model slightly underperforms the
discrete-time SV model. We found that most of this difference results from imposing (binding)
positivity restrictions on the variance processes. These restrictions are by design very different
in these two models. In the discrete-time model, we impose positivity of the variance by setting
w = w* = 0. In the continuous-time model, we impose the Feller condition under both the P and
Q measures, i.e., 2k0 = 2k*0* > 2. If we do not impose these positivity restrictions, the RMSEs
improve modestly in both models and are roughly equal. We therefore conclude that from the
perspective of option fit, the performance of both modeling approaches is rather similar, but that
the positivity restrictions are critical.'”

The similarities between the discrete- and continuous-time SV models are confirmed by the
model-implied physical and risk-neutral properties in Panel A of Table 3, as well as the kernels in
Figures 1 and 2. However, it is worth mentioning that both the bivariate log pricing kernel and the
time path of the realized log pricing kernel for the continuous-time model in Panel D of both figures
exhibit more variability than the ones in Panel C. This difference can be interpreted through the
lens of the implied risk preference parameters. In Column (4) of Table 3, the equity level aversion

parameter v is 0.704, and the variance aversion parameter £ is 1,544.21. The former (latter) is

1"Tn addition to comparing the option fit, we also examine the model-implied variance and return distributions, as
shown in Figures 7 and 8. To see the impact of the positivity restrictions, we calculate non-optimal model parameters
by matching moment conditions between the discrete-time and continuous-time models and relaxing the positivity
restrictions. For example, “CT SV (Moments Matched)” represents the continuous-time SV model with parameters
determined by matching the mean, variance, and autocorrelation of variance, as well as the correlation between
return and variance, calculated from the optimal discrete-time SV model. We confirm that the dynamics of the
moments-matched discrete-time and continuous-time models closely resemble those of their optimal counterparts.
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smaller (larger) than the one in column (3) for the discrete-time SV model. The relatively greater
variability of the continuous-time pricing kernel is therefore due to the higher &.

As for risk premiums, the time paths of the conditional 1-month equity and variance risk
premiums in Figure 3 are similar for the two SV models, but the 1-month ERP is higher in the
discrete-time model during crises. Figure 5 indicates that the inverse slope of the equity premium
term structure during crises is higher in the continuous-time model, but the time series of the slopes
in the two models are very highly correlated. Although the correlation between the time series of
the VRP slopes for the two models is also high, when volatility is high the slopes are significantly
larger in the discrete-time model. The CHJ GARCH model implies a level of the VRP premium

(in Figure 3) that is similar to the SV model, but it generates a very different VRP term structure.

5.2 Where Does the Performance Difference Come From?

As briefly mentioned in Section 5.1, the different positivity restrictions in the discrete time and
continuous time models are the primary cause of the variations in pricing performance. We now
further investigate the intrinsic source of these performance differences by analyzing subsets of
options data alongside the model-implied forward variance and return distributions.

Table 5 reports the vega-weighted RMSEs and the IV RMSEs, categorized into buckets based on
the level of conditional variance and moneyness (or maturity) for the two types of SV models. Across
all panels, we observe that the discrete-time SV model consistently and substantially outperforms
the continuous-time SV model in low conditional variance buckets (below the 10th percentile of
its sample distribution). Figure 7 illustrates one-month and one-year forward physical (P) and
risk-neutral (Q) variance distributions derived from simulating the model dynamics. When the
current conditional variance is low, the discrete-time model produces forward variances that are
more right-skewed and concentrated at a lower range than those of the continuous-time model.'8
In other words, low variance in the discrete-time model reverts to its mean more slowly, as further

supported by a higher variance autocorrelation coefficient in Table 3. This finding suggests that

18Tn this figure, the low conditional variance corresponds to the 2.5th percentile of its time series distribution, while
the high conditional variance corresponds to the 97.5th percentile.

27



the improvement in option fit arises from the discrete-time model’s better capture of variance’s
mean-reversion speed when the current variance is at low levels.

Furthermore, examining pricing errors in more granular buckets reveals that the smaller RMSEs
of the discrete-time model are particularly pronounced for long-term options and OTM call options
(moneyness less than one). In Panel D of Figure 8, which depicts the one-year forward risk-neutral
return distribution at low conditional variance, the continuous-time model exhibits a much ticker
tail of positive returns compared to the discrete-time model. This thicker tail increases the risk-
neutral likelihood of positive returns and thus inflates OTM call prices, as shown in Figure 9. This
property is the main cause of the larger errors in the continuous-time model. Conversely, as seen in
Panels A and B of Table 5, the discrete-time model exhibits slightly higher RMSEs for OTM call
options when the conditional variance is high. Together with Panel H of Figure 8, this result implies
that long-horizon positive returns are marginally overstated in the discrete-time model under high
conditional variance.

Finally, the discrete-time model significantly outperforms the continuous-time model in pricing
OTM puts (moneyness greater than one), regardless of the conditional variance level, as shown in
Panels A and B of Table 5. When conditional variance is low, this result is primarily due to the
continuous-time model’s relative overstatement of negative returns (Panel D of Figure 8). When
conditional variance is high, the result arises from the continuous-time model’s understatement of
extreme negative returns (Panel H). Figure 9 corroborates these findings, presenting the outcomes

in terms of implied volatilities under both low and high conditional variance scenarios.

6 Conclusion

We contribute to the option pricing literature by proposing a new discrete-time stochastic volatility
model. The model allows for quasi closed form prices for European call options, like the Heston
(1993) and Heston and Nandi (2000) models. It is closely related to the existing discrete-time
option pricing literature, because it nests the Heston and Nandi (2000) model. It is also closely

related to the continuous-time Heston (1993) model, because it contains a second innovation to
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volatility that can be correlated with the return innovation.

We implement the model based on a joint likelihood consisting of index option data and the
underlying index returns. The new model vastly outperforms the existing discrete-time benchmark
in terms of option fit. Moreover, the pricing kernel implied by the new model is more plausible
than the kernels implied by existing discrete-time models, and the new model generates reasonable
risk premiums. The new model’s improved performance is due to the fact that when incorporating
variance aversion into the pricing kernel in a GARCH model, it is difficult to separately identify
equity and variance risk. The new model also outperforms the continuous-time benchmark, but
the mechanics of both models are similar and the difference in performance mainly results from the
different constraints that need to be imposed in both models to keep the variance positive.

In future work, we plan to investigate how option fit can be improved by including additional
volatility factors, and to study how the performance of the resulting model compares with that of

a model that includes additional lags in the volatility dynamic.
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Table 2: Parameter Estimates

HN CHJ DT SV CT SV
GARCH GARCH
(1) (2) (3) (4)
P-parameters
U 2.8785 2.8785 2.8785 m 2.8785
wx 104 0 0 0
B 0.6668 0.6751 0.0125 K 0.0133
(0.0005) (0.0005) (0.0003) (0.0002)
ap x 102 0.1305 0.1204 0.0850 9 x 102 0.0129
(0.0037) (0.0049) (0.0012) (0.0002)
ag x 10% 0 0 0.0667 o 0.0019
(0.0009) (0.0001)
A 0.5664 0.5594 0.9893 p -0.7609
(0.0005) (0.0011) (0.0002) (0.0078)
m 0.7717 0.7321
(0.0035) (0.0035)
Q-parameters
w* x 10% 0 0 0 K* 0.0070
B* 0.6668 0.6751 0.0125 0* x 102 0.0244
o x 102 0.1305 0.1305 0.0851
a3 x 102 0 0 0.0667
A* 0.5702 0.5629 0.9921
P-Q wedge
¢ 1 1.0837 1.0005 3 1544.21
(0.0235) (0.0002) (149.38)
Model fit
log L2 26,312.18 26,329.24 103,460.60 102,971.15
log LE 26,312.18 26,329.24 26,529.77 26,573.26
log LE 76,930.83 76,397.89
log LC 75,332.45 75,305.84 94,561.60 89,224.82
Weighted log L 124,007.45 124,042.57 366,568.68 361,899.78
Vega-weighted RMSE 0.0372 0.0372 0.0231 0.0263

Notes: We report parameter estimates for the HN GARCH, CHJ GARCH, discrete-time (DT)
SV, and continuous-time (CT) SV models. All models are estimated using the joint likelihood
of underlying returns and option prices. Robust standard errors are in parentheses. The option
sample period is from January 1996 to December 2021; the return sample starts in January 1990.
log LT = log Lﬁ + log Lf, where log Lfi and log Lf account for the transition probabilities of daily

returns and variances, respectively.
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Table 3: Model Properties

HN CHJ DT SV CT SV
GARCH  GARCH
(1) 2) (3) 4)

Panel A: Preference Parameters and Model-Implied Moments

Risk preference parameters

y 2.8785 -33.1800 2.2919 0.7043
I3 0 26,625.97 347.95 1,544.21
Physical properties

Annualized expected log return 0.1074 0.0972 0.1039 0.1017
Annualized long-run variance 0.0349 0.0306 0.0334 0.0325
Annualized long-run volatility of variance 0.4490 0.3890 0.7458 0.5156
Autocorrelation of daily variance 0.9877 0.9881 0.9912 0.9867
Conditional correlation (log R(t + 1),v(t + 1)) -0.9905 -0.9906 -0.7851 -0.7609

Risk-neutral properties
Annualized long-run variance 0.0534 0.0536 0.0882 0.0616
Annualized long-run volatility of variance 0.6890 0.6835 1.9670 0.9777
Autocorrelation of daily variance 0.9920 0.9920 0.9967 0.9930
Conditional correlation (log R(t 4+ 1),v*(t + 1)) -0.9939 -0.9937 -0.7863 -0.7609

Panel B: Integrated Means, Variances, and Risk Premiums (One-Month Horizon)

Annualized conditional physical moments

Mean 0.1188 0.1111 0.1223 0.1176
Variance 0.0330 0.0302 0.0342 0.0325

Annualized conditional risk-neutral moments
Mean 0.0245 0.0245 0.0245 0.0245
Variance 0.0344 0.0344 0.0362 0.0345

Annualized conditional risk premia

Equity premium 0.0943 0.0866 0.0978 0.0931
Variance premium -0.0015 -0.0042 -0.0020 -0.0020

Notes: Panel A reports model properties for the HN GARCH, CHJ GARCH, discrete-time (DT)
SV, and continuous-time (CT) SV models, under both the physical and risk-neutral measures.
Panel B reports descriptive statistics for the model-implied mean and variance of returns, as well
as the equity and variance risk premiums.

37



120 Ioquiadd(] 0% 9661 Arenue wody st portad ojduwres oy T, 3

oot1d oX[L1)s oY) Aq POPIAIP L y2G = . 99uId sommyng pardul o1} s& PAUYP ST SSIULSUOIN "S[PPOW A S (,)) TUI}-STLONUTHIOD
pue ‘AS (L) 2uwI}-03e10sp ‘HOU VY 9Y) 10] Ajumjenr pue ssaulouout Aq (SHSINY) sioite Sumrid [opowr 110del oA :S9J0N

66200 9.20°0 ¥920°0 L5200 69200 20€0°0 617070 AS 1D
68%0°0 172070 16200 9020°0 9120°0 25200 GLEO0 AS 1Ld
61700 £6€0°0 81€0°0 G700 £170°0 657070 €L50°0 HOUVD NH
v 08T < INIA 08T > INILA > 021 0gT > INILA > 06 06 > INLA > 09 09 > INLA > 0¢ 0¢ > INLA
Ayrmaepy Aq SN AT [ [PUed
£920°0 ¥820°0 29200 0%20°0 LE20°0 172070 68200 AS LD
1£20°0 S¥20°0 L€30°0 9610°0 6610°0 6020°0 1L20°0 AS LA
TLE00 areo o 75€0°0 7200 0L€0°0 z6£0°0 e¥r0°0 HOUVD NH
v 08T < NI 08T > INIA > 021 02T > INILA > 06 06 > INLA > 09 09 > LA > 0¢ 0¢ > INLA
Aumyey A9 SINY POIYSIOA\-BSOA D) [oued
G620°0 9¥10°0 £0€0°0 7200 £020°0 €120°0 29200 AS 1D
G6z0°0 1L£0°0 87200 76100 GL10°0 8810°0 1820°0 AS LA
61700 L950°0 61700 69€0°0 Zreon o £5€0°0 68€0°0 HOUVD NH
nv OTT<3/A OT'T> /A > 901 90T > /A > ¢0'1 COT > /A > 860 86°0 > M /A > 160 ¥6'0> 3M/d
sseuAdUOIN Aq HSINY Al :d [Pued
£€920°0 8€€0°0 L¥E0°0 6020°0 80200 0%20°0 80€0°0 AS 1D
1£20°0 8120°0 L610°0 8910°0 Z810°0 6020°0 02£0°0 AS 1A
TLE00 ver00 £9€0°0 L¥E0°0 67€0°0 78€0°0 67£0°0 HOYVD NH
v OTT<XM/4  O0UT>3/d>9071 90T > 3 /A > 50’1 C01 > M/A > 8670 86°0 > M /A > 160 V60> M/A

SSOUASUOIN Aq HSINY POISIOA -B30A [y [oued

AmgeN pue

ssoUAUOIN Aq (SHSINY) SIoLIF Suldll [OPOIN ¥ O[qeL

38



‘1207 Ioquad9(] 01 9661 Arenue woiy st porad ojdures oy T, 3y 9ou1d oyLI)s

o} Aq PopIAID ;26 = f 9otid samyny poriduir o) sk Pauyep ST SSOUASUOIN “S[PPOW AS (L)) WI}-snonunuod pue ‘AS (Ld)
OUII}-939I0SIP oY) 10§ (L) Ajumyewt 10 (#uu) SSOUASUOUI PUR SIURLIRA [RUOIIIPUOD Aq (SHSINY) SIo11e Sumrid [opour 310daI oA\ :S9J0N

G6¢0°0 6¢70°0 9860°0 8€¢0°0 222070 68¢0°0 88T0°0 AS ID
§6c0'0 G070°0 ¢0S0°0 6020°0 L£2¢0°0 ¢L10°0 Sv10°0 AS 1Ld
v 06 < L ‘060 < (7)a 06 > L ‘060 < (7)a 06 < L ‘062 = (7)a > Ol 06 > L ‘060 = (7)a > 0l 06 < < ‘0ta = (3)a 06> < ‘0ta = (2)a
Ajumyepy pue aduelIep euonipuo)) Aq SN Al :d PUed
£€9¢0°0 6¢70°0 G970°0 €200 80¢0°0 8T€0°0 ¥610°0 AS ID
1€¢0°0 GE¥0°0 GEY0°0 00200 6L10°0 88T0°0 0¥10°0 AS 1Ld
v 06 < L ‘060 < (7)a 06 > L ‘060 < (7)a 06 < L ‘062 = (7)a > 0la 06 > L ‘060 = (7)a > 0l 06 < < ‘0ta = (3)a 06> < ‘0ta = (2)a
AR\ PUR 90URLIRA [RUOIIIPUO)) Aq HSINY POIISIOMN -RS0A ) [ouRd
G6¢0°0 9090°0 ¥4€0°0 88¢0°0 €610°0 ¢€c00 ¢8¢0°0 AS ID
G6c0'0 8870°0 G0¥0°0 ¢ye00 ¥810°0 ¢L10°0 GET0°0 AS 1Ld
v 1 < fw <060 < (3)a 1S fw 060 < (3)a 1 < fw 060 S ()a > 0l 1S fw ‘060 < (3)a > 0l 1< fw 0ta = (p)a 1S fw 0ta s (p)a

SSOUASUOT\ PUR 9douRLIRA [UOINPUO)) Aq HSINY Al :d PUed

£€920°0 ¥.v0°0 8070°0 6¢20°0 L1200 9€¢0°0 1€€0°0 AS ID
1€¢0°0 €L€0°0 00€0°0 ¢610°0 6810°0 ¥L10°0 Gg10'0 AS 1Ld
v 1 < fw <060 < (3)a 1> fw 060 < (9)a 1 < fw 060 S ()a > 0l 1S fw ‘060 = (3)a > 0l 1< fw0ta s (a 1S fw 0ta s (p)a

SSOUADUOJ\ pUR 90URLIRA [RUOTIIPUO.) AQ HSINY POIYSIOA-CSoA [V [oued

ooueLIRA [RUOIIIPUO)) Aq (SHSINY) SIOLIY SUDLIJ [OPOJN :G 9[qR],

39



Figure 1: Bivariate Daily Log Pricing Kernels

Panel A: HN GARCH Panel B: CHJ GARCH
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Notes: We plot the log pricing kernel as a function of the index return and variance for four models.

The calculations are based on the parameters in Table 2. In the HN GARCH model, the kernel
does not depend on the variance.
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Figure 3: Time Series of the One-Month Conditional Equity and Variance Risk Premiums
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Notes: We plot the annualized time series of the one-month equity risk premium (ERP) and variance
risk premium (VRP) for four models. The calculations are based on the parameters in Table 2.
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Figure 4: Distribution of the Level and Term
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Notes: We plot the empirical distributions of the annualized one-month equity and variance risk
premiums as well as the difference between the one-month and either the six-month or the twelve-
month risk premiums. The empirical distributions are computed using kernel density estimation
with the Gaussian kernel and Scott’s (1992) rule-of-thumb bandwidth.

43



ERP Difference ERP Difference ERP Difference

ERP Difference

Figure 5: Time Series of One-Month Minus Six-Month Equity and Variance Risk Premiums

Panel A: HN GARCH ERP

Panel B: HN GARCH VRP

06r [—uNcarcal| T [N GaRc]|
§0.08— B
0.4+ B 3}
go.om 1
a
0.2 1 o 0041 1
a4
~ 0.02F ,
0
L L L L L L L L L L 0 L L
1990 1993 1996 1999 2002 2005 2008 2011 2014 2017 2020 1990 1993 1996 1999 2002 2005 2008 2011 2014 2017 2020
Panel C: CHJ GARCH ERP Panel D: CHJ GARCH VRP
06F [——CHT GARCH]| '
& 0.08 B
04} 1 g
?E 0.06 - B
a
0.2+ B A, 0.04 - B
ot
=~ 0.02] ,
0 WMMWWM
L L L L L L L L L L 0 L L L L L L L L L L
1990 1993 1996 1999 2002 2005 2008 2011 2014 2017 2020 1990 1993 1996 1999 2002 2005 2008 2011 2014 2017 2020
Panel E: DT SV ERP Panel F: DT SV VRP
061 —=orsv] b1,
3
04} 4 g
()
0.2+ B o
ot
-
0
L L L L L L L L L L U L L L L L L L L L L
1990 1993 1996 1999 2002 2005 2008 2011 2014 2017 2020 1990 1993 1996 1999 2002 2005 2008 2011 2014 2017 2020
Panel G: CT SV ERP Panel H: CT SV VRP

VRP Difference

I I
2005 2008

2011

I I
1990 1993 1996 1999 2002

I
2014

! I
2017 2020

|
17 2020

I |
2011 2014 20

0 I Il I
1990 1993 1996 1999 2002 2005 2008

Notes: We plot the annualized time series of the (inverted) term structure of the equity risk premium
(ERP) and variance risk premium (VRP) for four models. We plot the one-month ERP minus the
six-month ERP, as well as the one-month VRP minus the six-month VRP. The calculations are

based on the parameters in Table 2.
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Figure 6: Unconditional Term Structure of Annualized Risk Premiums

Panel A: Average ERP Panel B: Average VRP
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Notes: We plot the annualized average and standard deviation of the time series of the term
structure of the equity and variance risk premiums for maturities between one month and one year.
The calculations are based on the parameters in Table 2.
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Figure 9: Annualized Implied Volatilities

Panel A: Low Variance, 1M IV Panel B: Low Variance, 1Y IV
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Notes: We plot the annualized one-month and one-year implied volatilities across different money-
ness levels. The calculations for the discrete-time (DT) SV and continuous-time (CT) SV models
are based on the parameters in Table 2. The parameters for CT SV (Moments Matched) and DT
SV (Moments Matched) are determined by matching the mean, variance, and autocorrelation of
variance, as well as the correlation between return and variance, of the optimal DT SV and CT SV
models, respectively. Low (high) conditional variance corresponds to the 2.5th (97.5th) percentile
of its time series distribution.
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Appendix

A Closed-Form Expressions for the Moment Generating Function

A.1 The SV(1,1) Dynamics

Assume that the conditional moment generating function (MGF) has the following form:

fMGg) = B [S(T)]

Let x(t) = log(S(t)). We need to find A(t) and B(t) in

FME(9) = exp (g (t) + A(t) + B(t)u(t))

with a terminal condition A(T') = B(T') = 0. By the Law of Iterated Expectations,

MC(t) = B [fMOt+1;9)]

= FEilexp(px(t+1)+ At +1)+ B(t+ 1)v(t+1))] (A1)

Substituting the dynamics of z(¢) and v(¢) into the above equation,

ME(t 9)

E, [exp <¢ (m(t) + (r + (u - ;) v(t)> + V()= (t + 1))

VA(E+ 1)+ B(E+ 1) (w +B0(t) + (arza(t+ 1) + ava(t +1) - Am)2>>}
exp <¢> <x(t) + <r + (M _ ;) v(t))) A1) + Bl +1)(w + 51}(1&)))
x B, [exp <¢mz1(t +1)+ B(t+1) (alzl(t 1) +anzm(t+1) — A\/@)gé}z)

(*)
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where (%) can be written as:

(—2X\2B(t+1)+401 \¢B(t+1)+¢2 (—1+2a3 B(t+1) ) )v(t)
oxp —2+4(a3+a3)B(t+1)

(%) =

J1-2(e3+03) Bt +1)

since

(—2c24p+4by carp+a? (—1+2b2¢) v
exp [ I

V1 —2(b7 +b3)¢

By equating equations (A.1) and (A.2), we obtain the following recursive coefficients:

(A.3)

E [aﬁzl + 1 (b1z1 + bozay — Cﬁ)z} =

B [S(T)] = S(t)exp (A() + B(tpo(1)),

A() = A(t+ 1)+ 6r+wB(t+1) — Jlog(1-2(ad +a3) B+ 1)

2A2B(t +1) —dan AgB(t + 1) + ¢*(1 — 2a3B(t + 1))
2—4(a? 4+ a3)B(t+1) ’

B(t) — ¢<u—;> +BB(t+1)+

AT) = B(T)=0.

A.2 The SV(p,q) Dynamics

This section presents the MGF for the SV(p,q) dynamics. The discrete-time SV(p,q) dynamic is

as follows:
In(S(t+1)) = In(S(t)+ <7” + <u = ;) v(t)) + o)z (t +1), (A.4)
v(t+1) = w—i-zp:ﬁw(t—i—l—i)
=1
+3 ks (alzl(t Y2 i)t anm(t+2— i) — Aol +1— i))2 ,
=1

where k; = 1. This SV(p,q) dynamics nest the GARCH(p,q) dynamics in Heston and Nandi
(2000) and Christoffersen, Jacobs, and Ornthanalai (2013) with the slight difference in notation as

discussed in Section 2.4; specifically, when ay = 0, the SV(p,q) model exactly corresponds to the
GARCH(p,q) dynamic.
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To find the conditional MGF of the stock price, we conjecture

ME () = exp (¢x(t>+A(t>+ZBi<t>v(t+1z‘)+ > Oi,j(t>Zi,j<t>), (A.5)

i=1 i+j<q

2
where Z; ;(t) = <a121 (t+1—i)+oz(t+1—10) — N/ ot — z)) . Proceeding similarly to the
SV(1,1) case in Appendix A.1,

MGt ¢) = B [fMC(t+ 1;0)]

_

exp (gi):z(t +1)+A(t+1)+ zp:Bi(t +Dv(t+2—1)+ Z Cij(t+1)Z; ;(t + 1))}

i=1 i+j<q

= exp <¢(a:(t) +r)+A{t+1)+Bi(t+ 1w+ <¢ (u - ;) + Bi(t+1)p1 + Ba(t + 1)) v(t)

M=

+ Y (Bit+1)8i+ Bipi(t+ 1) vt +1—1)

.
[\

[y

q—1
+ > Bi(t+1)k;iZ;1(t) + Z Z Cij(t+ 1)Z¢1,j+1(t))

i i=2 j<q—i

Q

Il
N

x E, [exp <¢\/v(t)zl(t F1) 4 Bit + 1)k (alzl(t F1) 4zt +1) = A U(t))2

1<j<q—1

+ Z Cl,j(t + 1) (alzl(t + 1) + 04222(25 + 1) — )\1+j\/ ’U(t))z)] . (Aﬁ)

(%)
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The exponent component inside the expectation (xx) can be rearranged as

oVut)at+1)+ | Bit+ Dk + > Cij(t+1)

1<j<q—-1
Bl(t + 1)k1)\1 + Z Clyj(t + 1))\1+j
1<j<q—-1

Bi(t+1)ki+ > Cijt+1)

1<j<q-1

X |arzi(t+1)+asz(t+1)—

v(t)

2
(Bl (t + 1)]€1>\1 + Z Cl’j(t + 1))\1+j)

1<5<q—-1
B <i<q —[Bit+ RN+ D> Crt+ DAY | | v,

(f%(t4—1)k1+- > CﬁJ(t4—1)> 1<j<q-1

1<j<q-1

Substituting into equation (A.3) and then equating equations (A.5) and (A.6), we obtain the

following recursions for the MGF coefficients:
_ 1 _ 2 2 ,
At) = A(t+1)+¢r+wBi(t+1) - Slog |12 (01 +03,) | Bit+ Dk + > Cij(t+1)
1<j<q-1

1 —a} (Bl(t+1)k1+ 2. Cl,j(t+1)>>

1<j<q—1

#
Bi(t) = ¢ (,u — 1) + 51Bi(t+ 1)+ Ba(t+1) +

2
1—-2 (a2 +a3) (Bl(t + Dk 4+ Y Cij(t+ 1))
1<j<q-1

2
2 (o} + a3) <31 (t+DkM+ Y Ciit+ 1)A1+j)
+ 1<j<q¢—-1

1<j<g-1

1—2@§+a@<Bﬂr+Dh+— > Cuu+1g

—201 (Bl(t + 1)]61)\1 + Z Clyj(t + 1))\1+j> ¢

1<j<q—1
+

1—2&ﬁ+a@<&ﬁ+lmrk > CM@+1O

1<j<q-1

+ Byt + Dk + Y Ot + 1A,
1<j<q—-1

52



Bi(t) = BiBi(t+1)+ Biyi(t+1) for2<i<p-1,

Bp(t) = BpB1<t+1),

k‘i+1B1(t—|—1) ifj=1landi+j<gq,

Cij(t) = Ci1j1(t+1) ifj#1andi+j<gq,

0 otherwise,

As a special case, when as = 0, this solution for the MGF coefficients exactly matches the formula
in Appendix C of Christoffersen, Jacobs, and Ornthanalai (2013) for the GARCH(p,q) model.

B No-Arbitrage Restrictions for the Exponential-Affine Pricing Kernel

B.1 The Pricing Kernel

We re-write the pricing kernel in equation (10) as follows:

M(t+1) _ <S(t+1

M(?) St )>_7 exp(8 + nu(t) + E(u(t + 1) = v(1)), (B.1)

where time is expressed in days. From equation (2), we have

S+ _ eXp<r+<M;>u(t)+\/@21(t+1)>a

2

vt +1) —o(t) = w+(B— 1w+ (alzl(t F1) 4 asza(t +1) — )n/v(t)> (B.2)
Substituting equation (B.2) into equation (B.1), we obtain:
% = exp [—77“—7 (u— ;> v — oz + 8+ v+ w4 E(B — 1o+ & (ar21 + azzo —/\ﬁ)Q]

= exp [—7T+5+§w— <’Y <M—;> —n—E&(B - 1))U—Vﬁz1+§(a121+a222—)\\/5)1
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The no-arbitrage condition implies F [M]Sg)l)} = exp(—r). The conditional expectation of the

pricing kernel becomes

a4

D) exp[—v?‘+5+§w+(—7(#—;)+U+f(ﬁ—l)>v}

x By [exp <_7\/521 +¢& (21 + oz — Aﬁ)z)}

= exp [—7r+5+£w+ (—7 <u—;> +n+£(ﬁ—1)>v}

(=226 —4a1 ME+72 (—1+202))v
eXp[ “2+4(a2+a2)E ? ]

V1 =2(af + ad)¢
= exp [—’yr—i—é—l—&w— %log(l —2(af +a3)¢)

—2X2¢ — dag AyE + 2 (—1 + 2a3¢)
"ot 4(a? + ad)E ) U] (B3)

by equation (A.3)

1
+ (—v <u— 2) +n+EB-1)+
By equating equation (B.3) to e™", we get:

1
(_74_1)7,_,_54_5&;—510g(1—2(a%+@§)§) =0,

1 —2)A2¢ — dag \yE + 2 (—1 + 2a3€)
- - = -1 =0.
Rearranging, we obtain
1
o = ('y—l)r—§w+§log(1—2(a%+a§)§), (B.4)

_ 1 —2)%¢ — dag M€ +7%(—1 + 203€)
n = <M—2>'y+§(1—5)_ —2+4(a? + a)¢ ‘

Proceeding in a similar fashion starting with E; [Sgtst)l) M]\?(':)l)} =1, we get:

1=-exp [(17)r+5+§w;log(IQ(awaag)f)

—92)\2 a _ — ~A\2(— a2
w0 (umg) w4 2RO G 12200 | (h)

o4



Substituting equations (B.4) and (B.5) in equation (B.6), we get:

=0.

< B 1) LA (1 =2y) (=14 203¢)
=3 —2+4(a? + a3)¢

By rearranging the above equation, v is given by

B a1€(201 0 — a1 + 2N)
1 —2a3¢

T=H

B.2 The Risk-Neutral Probability Distribution

The physical and risk-neutral probability distributions are related as follows:

fi(St+1),v(t+1)M(t+1)

FES(E+1),0(t+ 1) = E(M(t+1))

STV(t+1)exp (6 X (t+1) + 7722:01)(8) +&u(t+ 1))

= fe(S(t+1),0(t +1)) x E, [S™(t+1)exp (6 x (t+1) + 0>t _gv(s) + &u(t+1))]

(B.8)
Equation (2) implies
ST+ = ST exp <w —y <u - ;) o(t) = v/t + 1>) ,
w(i+1) = wtBo(t) + (1) +ase(t+1) - )n/v(t)>2 ,
Equation (B.8) can then be expressed as
exp (—’y\/ﬁzl + & (121 + gz — )\\/17)2>
FESE+1),v(t+1)) = fi(S(t+1),v(t+1)) x , (B.9)

E, [exp (—yﬁzl + & (121 + gz — )\ﬁ)2)}

95



where we have simplified the notation as follows: z; = 21(t + 1), 22 = 22(t + 1), and v = v(t), and

we can calculate the expectation in the denominator by using equation (A.3):

E; {GXP <—’7\/1721 + & (21 + agzg — A\/E)zﬂ

_ ! exp [<2A25 — 4o M€ +97(~1 4 2030))u
V1=2(a2 +ad)¢ —2+4(af + a3)¢

To find the joint distribution f;(S(¢ + 1),v(t 4+ 1)), we use Bayes’ rule:

fi(S(E+1),0(t +1)) = fe(v(t + D[S+ 1)) fi(S(E+1)).

Note that fi(S(t + 1)) follows a normal distribution, governed by z1, and that fi(v(t + 1)|S(¢t +
1)) follows a non-central chi-squared distribution because (—zl + 29 — —\f ) follows a normal
distribution with nonzero mean, conditional on z; and v. Since fi(S(t + 1),v(t + 1)) can be
obtained from fi(z1,y) with the help of a Jacobian, where y = ( arzt 2z — —f) , we simply
focus on fi(z1,y).

The joint risk-neutral probability distribution of z; and y is given by:

exp (—7/vz1 + £a3y)
Ey [exp (—yv/vz1 + Eady)]
L e (_ 2 ) P (=1v/vz) exp (€ady)
Vo 2) " Eqfexp (—yvvz +&ady)]

fizny) = fulylz2) fi(z1) %

= NCx;(1,9) (B.10)

where N C’Xz(l,x) is the non-central chi-squared distribution function with degree of freedom 1

and non-centrality parameter y = (al 21 — —f) filylz1) = NC’X?%(I, X) is given as

flsle) = e B (y)_‘l‘f(_ (VD)
— o o (5 v ) e (3 k- viR)] B

2Ty

where I is a modified Bessel function of first kind.
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We first find f;(z1) by integrating f;(z1,y) with respect to y over its support. That is,

fi(e1) = —oxp (—

22 exp (—vv/vz1)
1)X&[

00 ) )
2 exp (—yv/o21 + £ay)] X/O NCx;(1,x) exp (Eazy) dy. (B.12)

()

The integral part (*) is a moment generating function (MGF) of y. As MGF of a non-central

chi-squared distribution with one degree of freedom is given by E [e‘by} = exp (ﬁ—’éd)) /(1 —2¢)'/2,

we can rewrite equation (B.12) as the following:

oy — (A exp (—1v/21) Lo (12
e = e 2>XEt[exp(—m21+sagy>}Xmep 1260

_ x/l—-z&ﬁ-+c%>§exp[<—2A2§——4a1Av5+—v2«—14—2a55»v]

J1— 2602 2 —4(af + a3)¢

£a3 (g—;zl — 0%2)\\/5>2

1 z%
X ex _—— — V21 +
5 P | 5 YVvz

1 —2¢a2
1 21 — E*(21))?
= or exp [—(1202(1))] , (B.13)

oy (-1426a2)y—26a1 )V s
Where E (Z]_) — 1-25&%-}-04%)61 and g = m

. We now show that z; also follows a

normal distribution under the new measure. Substituting in for v from equation (B.7):

((=1+2¢03)y — 2a1 M) /o
1-— 2(04% + a%)ﬁ

afé
- _<“+12m%+@M>V@

E* () =

We can then define 2], which follows a standard normal distribution under the risk-neutral measure,

i.e. with mean 0 and variance 1, as follows:

Z* _ V1-2(ei+ad)¢ () oig :
1t+1) = T st (1<t+1)+(M+1—2(a%+a%)§>\[)' (B.14)

Now we focus on fi(y|z1) = fi(y,21)/fi(21), which follows a non-central chi-squared distribution.
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Using equations (B.10) and (B.13) to obtain the conditional distribution, we get:

— M)
2
2
= \/@ X NCXy (1,x) x exp <§a2y — %) ) (B.15)
2

Recall that the non-central chi-squared distribution NV sz(l, X) is given by equation (B.11). Equa-

tion (B.15) is then given by:

filylz) = /1= 2803

i [ewn (L v ) oo (L (VR = ) e (s - 12BE)

(175
- et e (5 (Vi 2t i) )

Let y* = (1 — 2{@%)3} and x = x/(1 — 25@%). By a change of random variable,

!

fEWlz) = filyla) x J
o b3

where the Jacobian J = ﬁ =

il @ Equation (B.16) defines a non-central chi-squared distri-

oy
bution with one degree of freedom and non-centrality parameter y.

While y is defined as (22 + \/Q)Q, it does not follow a non-central chi-squared distribution under
fi. Therefore, we would like to find a risk-neutral measure 23 such that it follows a standard normal

distribution and y* has a form of y* = (zé‘ + ﬁ)Q Since y* = (1 — 2£a2)y, we can eventually find
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a relationship between z3 and z such that (z§ + \/§)2 = (1 - 2¢ad) (22 + \/X)Q, namely:

5= VR0 20d) (2 + VX)?

-_ﬁwwkﬁﬂ%ﬁ@ﬂ
_ m [22 B 2€ag ia_lzlé;;ﬁ)] _ (B.17)

Using equations (1), (2), (B.14), and (B.17), we obtain the restrictions between the physical and

risk-neutral parameters. First, by rearranging equation (B.14),

v(t)

InS(t+1) = lns(t)—i-r—l—(u—l)v(t)—i— V1 - 2603/ulh) aié

2 T2 e D ) = e

— WSt 47— %v*(t) D+ 1),

e 2
where v*(t) = 120y )Ev(t). As a special case, if & = 0, i.e. in the absence of a variance risk

1—2(af+a3

premium, v*(t) = v(t).

Furthermore, we can find the dynamics of v*(¢) in equation (2) by multiplying by %:
1 2
“(t+1) L= g “(t) + L= 2o ( + A/ (t))2
v = w+ Bv a121 + agze — AU .
L—2(af +a3)¢ 1—2(af+ad)g VT

By replacing z; and 29 with equations (B.14) and (B.17),
1—2¢a3
1—2(a? +a3)¢

a ( V1= 2602

1-2¢a3 \ \/1—2(a2 + d)¢
2

_ w*+ﬁ*v*<t)+(afzf(t+1)+a;z;(t+1)—A* v*(t)) ,

v (t+1) w+ put(t) +

1 —2¢a2
£ [ 2 xt+1)

1-2(af + ad)é | /1 - 2603
¢ e |
K) @O ]

+

(1) —
At <“+1—2(a§+a§ 1— 2¢a3
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where

Wt = 1- 25@% w B* _ ﬁ of = a ot = a2
1—2(a? +a3)¢ " 120+ a3)e Y T 2(af + ad)E]
. arp+ A o3¢
d \f= . B.18
an <1—25a§ T =201 - 2(a? + ad)9) (B45)

C The Daily Stochastic Variance and the VIX

Recall the following risk-neutral stochastic variance dynamics:

2

V(4 1) = w* + BroT(E) + (a;z{(t Y1)+ ad(t+1) — )\*\/v*(t))

By expanding the squared term, we can rewrite as follows:

vt +1) = w* + (af)? + (ad)? + (B + (\)?) v (2)
0y P
+ ((a120)? + (a325)? = (a1)? = (03)? + 207032725 — 201N VoD — 2033°V/0(D)33 ) . (C.1)

e(t+1)

Since z] and z3 are independent random variables following the standard normal distribution,
Ef(2}) = Ef (25) = 0, Ef ((27)?) = Ef ((23)%) = 1, and Ef(2}23) = 0. Then, Ef (e(t 4+ 1)) = 0.
2
By defining VIX2(t) = 15 (le(t)> , we get:

252 100

VIXA(t) Z *(t4 k)
k
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where n is the number of trading days per month. Using the law of iterated expectation,

Eiw (t+k) = Ej (B, +pov"(t+ (k= 1) + et +£))
= B (9v + By ey (oot (E+ (k= 1)) + e(t + k)))

= Ef (0 + pov*(t+ (k —1)))

(Ot b+ 5710,) 4 (1)

_ 0”(17'05) k ox
= + ppv*(t).

Thus, VIX?(t) can be expressed as:

VIXG () = vo + 910" (t)

where g = 2120 and ¢y = 22220,
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