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Figure 1: Plato’s Cave
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Introduction

interim allocation: ex post allocation
Qr;j(tr) = Jr, @t tor)dp—p(t—plts) VEVEY]
interim state ex post state
(k, 7, ) (t1,...,ty) =: t
? = feasibility of (qy;(t))r; Vi

What is the set of (Q;)x ; that are the reduced forms of some (qj;)x.;?
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4. Frontier
Multiple objects with combinatorial constraints such as assignment
problems with arbitrary numbers of types



This paper
Proposes a method to obtain an exact characterization
with multiple objects & arbitrary distributions of types

1. Easy applications:

(a) Extension of Che et al. to multiple objects
(b) Counterpart to Lang and Lang

2. Application to assignment problems
N > 2 objects, two bidders, arbitrary numbers of types

(a) Full assignment

(b) Partial assignment



Notations
1. I;: set of bidders; I5: set of objects; [ := [} X I
2. T;,: set of possible types of bidder 7,
3. T :=]l;,er, Tiy; generic element ¢ := (¢;,); 1,5 distribution p

4. Ex post constraint .X;: nonempty compact C Z!, % either R or Z
generic element = = (2;)ier ‘= (Tiyiy)(iy.in)ey x I

5. Ex post allocation: (g;)ier: (qiyis(t))(iyin)er € AX; p-ae.t €T
6. Interim allocation: (Q;)icr: Qi 4y : Tiy = R (Vi = (i1,12) € I)
7. (Qi)ier a reduced form iff: Vi € I Vt; € T},

Qi(til) :/T qZ'<ti17t—i1>dﬂ—i1(t—i1’ti1)

—iq



The 1interim perspective
1. Z = Uy, iy)er {001, 22) } X T5)): the set of interim states
S € % associated with an interim constraint

2.VS5 C ¥Vt = (ti1>i1€[1 eT:

(@) I(S,t) = {(i1,42) € I | (i1,%2,8;,) € S}
the set of bidder-object pairs due to which S is subject to some ex
post constraints at ex post state ¢

(b) f(S,) == max,cx, Zie](s,t) 10
upper bound of the total quantity that S can get for its members
at ex post state ¢

(©) g(5,¢) == mingex, D icrsn @
lower bound thereof

3. Upper & lower bounds in expectation V.S C Z:
J F(S t)du(t), [+g(S,t)du(t)



The interim constraints

Forall S C &
[ otst1utt) < 3 [ Quttsnstitidute) < [ 5. 0utt
T el

Examples

1. Single-unit symmetric auction: for all S' C T:
1
0 < / QUr)xs(r)dv(r) < o (1= (1= v(s) ")

2. Partial assignment: /N objects and 2 bidders, then RHS is equal to

2— H (1—/Lk(5kj))—H 1 — p1(Siy) + pa(Si)) H(1 — p2(Sa;1))

(k.j)elix Iy SIb) 3]

and LHS 1is equal to zero



The interim constraints
Forall S C &

/(Stdu <Z/Qz ti)Xs(1, tiy))du(t) /fStdu
T

Examples

2. Partial assignment: /N objects and 2 bidders, then RHS 1s equal to

2— H (1—Mk<skj))—H 1 — p1(S15) + p1(Sy) H(l — pa(S9)1))

(k,j)el xI5 J€l 3'#5

and LHS 1s equal to zero

3. Full assignment: Same /N by two. RHS 1s same as above; LHS equals

LT ra(S0) + ] na(S2)

j€ls j€ls



The characterization

Scff/ (S, t)dpu(t) <Z/Q2 ti )xs(i, i, ))dp(t) /fStdu

€1

1. Trivial: Ineq. (1) is necessary for () to be a feasible reduced form

2. Nontrivial: When is Ineq. (1) sufficient?
I.e., when is 25 C 27

o 25 := the set of interim allocations () that satisfy (1)

e 92 = the set of feasible reduced forms



The basic 1dea

1.

To characterize feasible reduced forms is to replace ex post feasibility
constraints by their interim counterparts

. To validate the characterization, suffices to show that any allocation

on the boundary of 2 is just about to violate some interim constraint

. Need a method to locate such binding interim constraints
. An interim constraint corresponds to a set S C &

. Theorem 1: Need only to search among the S C 2 that satisfies a

universal binding condition



Theorem 1 (universal binding condition)
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e ¢*: boundary point between the feasible set and supporting hyper-
plane normal to «; “the social planner’s solution”
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* p.(5): shadow price for the expected upper bound » |, . f(.S,t)u{t}
* p_(,5): shadow price for the expected lower bound ) _,_, (S, t)u{t}



Theorem 1 (universal binding condition)
95 C 2 — VYaeR? I(p,,p_):2% — R? and (q});es such that

Vze Z:a(z)= ) (p+(S) — p-(59)) xs(2),
SC¥

Vt = <ti1)i1€]1 S (qZ*(t>>Z€I S arg max(xz')Zg]EXt Z LUZOZ(Z, tzl)
el
and, for all S C %,
p+(8) >0 = Vt € T [f(S,t) = > ic; @ (t)xs(is b))
p_(8) >0 = VYt T [g(S,t) = > ic; @ (t)xs(i, b))

* p.(S) > 0 only if the total quantity that S gets for its members is
maxed out to the ceiling at any ex post state ¢

* p_(S) > 0 only if the total quantity that S gets for its members is
reduced to the floor at any ex post state ¢



How to find umiversally binding sets?
1. A boundary point ¢*: a choice function among interim states

2. Lemma 2: If >, is a preference relation that rationalizes ¢* within
Z C %, then any upper (lower) contour set within Z with respect
to =~z 1s upward (downward) universally binding

3. Construct multiple >~ so that the family of upper/lower contour sets
COVers every interim state
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How to find umiversally binding sets?
1. A boundary point ¢*: a choice function among interim states

2. Lemma 2: If >, is a preference relation that rationalizes ¢* within
Z C %, then any upper (lower) contour set within Z with respect
to = 1s upward (downward) universally binding
(a) = rationalizing ¢*|z: If & = U’ C U!

U™ C Z are upper contour sets w.r.t. =z, t :
n=1,...,n,, then

o ) = fUt) = fFU )

(i,ti, )€U U1

. g Un*—l C

—

(ti))iyer; € T and

11N

and symmetrically for lower contour sets

3. Construct multiple >~ 7 so that the family of upper/lower contour sets
covers every interim state



How to find umiversally binding sets?
1. A boundary point ¢*: a choice function among interim states

2. Lemma 2: If >, is a preference relation that rationalizes ¢* within
Z C %, then any upper (lower) contour set within Z with respect
to =~z 1s upward (downward) universally binding

3. Construct multiple > 7 so that the family of upper/lower contour sets

COVers every interim state

(a) =z need not be total on 2, nor directly from «

(b) In assignment problems, two kinds of rivals among interim states:
. {(k,j,tx) € Z | k € I1,t; € T};}
. {(k,7,tx) € & | j € L1}

(c) For each set of rivals, derive from ¢* a preference relation re-
stricted therein



To verify the existence of the shadow prices

1. I.e., given a collection ., (%) of upper (lower) contour sets, prove
existence of (p,, p_ ) . . x .- — RZ such that

Vee Za(z)= 3 peSxs(s) = 3. p-(Sxs(z) @

Se. 7, Se. 7

2. Le., d nonnegative solution of p := [(p(5))se.7,, (P—(5))se.s |" for
M, M_,—a]p=0
(a) M. : | Z|-by-|.;| matrix, M, (2, 5) := xs(2)
(b) M _: | Z|-by-|-_| matrix, M_(z,5) := —xs(2)
(©) o = [((2))ze2]’
3. Lemma 3: There exists (p;, p_) : % X%~ — R? satisfying (3) if no

Gaussian elimination on the matrix M, M_, —a] can produce any
nonnegative row whose entry at the —a position 1s (strictly) positive.



To verify the existence of the shadow prices

1. I.e., given a collection ., (%) of upper (lower) contour sets, prove
existence of (p,, p_ ) . . x % — RZ such that

Vze Z:a(z)= ) pi(Sxs(z) — ) p-(9xs(z) B

Se.sy Se.7_

2. Le., d nonnegative solution of p := [(p(5))se.,, (p—(5))ses |' for
[M—H M—a _a] P = 0

3. Lemma 3: There exists (p,,p_) : % X%~ — R? satisfying (3) if no
Gaussian elimination on the matrix M, M_ —a] can produce any
nonnegative row whose entry at the —a position is (strictly) positive.

(a) The condition makes it impossible for a Gaussian elimination to
produce an equation contradictory to (3)

(b) Suffices due to Chu et al.’s (2023) hyper-rectangle cover theory



The method

1. For any linear valuation & € R?, find a solution ¢* to the social
planner’s problem

2. Derive from ¢* some partial orders >, on % that partially rational-
1zes ¢*; the upper or lower contour sets with respect to >~ 7 satisfy the
universal binding condition.

3. Prove that (3) has a nonnegative solution for (p, p_) such that p. is
supported by the upper contour sets, and p_ supported by the lower
contour sets



Applications

1. If a constraint structure is paramodular and if |7 is finite, 25 C 2
(Theorem 2)

2. If a constraint structure 1s decomposable, linear and it fully charac-
terizes cv.Xy, and if | 7| is finite, then 25 C 2 (Theorem 3)

3. In the assignment model with N > 2 objects and two bidders, and
'T"| finite, 25 C 2

(a) Full assignment: each bidder gets exactly one object (Theorem 4)
(b) Partial assignment: each gets at most one object (Theorem 3)

4. Theorems 2 and 5 are extended to allow for infinite |7'|



Paramodularity (Theorem 2)
1. The application 1s easy
2. Paramodularity includes
(a) Single-unit auctions
(b) Multiunit auctions (Che et al., 2013)
(¢) Two-player bargaining
(d) Multiple-object auctions subject to paramodularity

3. Paramodularity guarantees that the social planner’s problem is solved
by the greedy-generous algorithm wrt the a-values, hence easy



Decomposability (Theorem 3)
1. The application is relatively easy

2. Decomposability and full characterization of cv.X; are implications
of Lang and Yang’s (2023) total unimodularity assumption

3. With the linearity assumption, Lang and Yang’s characterization re-
duces to mine; without it, their conclusion is slightly weaker

4. Decomposability decomposes the social planner’s revealed prefer-
ences into multiple ones, each partitioning the interim states into only
three indifference sets, the good, the bad), and the neutral; then it 1s
trivial to construct the upper or lower contour sets and prove exis-
tence of shadow prices



Full assignment
1. The social planner’s solution ¢*

(a) Pair the first- or second-highest (1, j, ;) among j € I with the
first- or second-highest (2, j,t5) among j € I, so that the pair
refer to different

(b) E.g., ¢*: good 1 — bidder 2, and good 2 — bidder 1 at (¢1,ts);
good 2 — bidder 2, and good 3 — bidder 1 at (¢, t})

(17t1) (27t2> (17t1> (27t/2>
1 =1 | 3 | =1 | 1/2
2| 4 0 4 3
3 2 |12 2 | 0

(c) a-value differential: 6(k, j, 1) == a(k, J, tp) —maxjcp 5y ok, 7', tr)




Full assignment
1. The social planner’s solution ¢*
2. Revealed preferences

(a) =, among those referring to the same bidder-type (k, ¢;.): ranked
by their a-values except the top two contenders, which are ~, ;,
(b) >, among those referring to the same object j: ranked by (%, 7, tx)

(c) Upper/lower contour sets



2 ||| 2=kt ||| 4] 0 A

(k7j27tk)

(k7j37tk)

(kﬂjN}tk>

Figure 2: Regarding interim state 23, top in the “column” and 3rd in the “row”




(k7j37 tk:)
(k7j47 tk)
(kajNa tk)

Figure 3: Regarding interim state (k, 53, t3), 3rd in the “column”



Full assignment
1. The social planner’s solution ¢*
2. Revealed preferences
3. Existence of the shadow prices

(a) Vz € Z, |z] :=therow in M, M _, a] corresponding to z

(b) By Lemma 2, suffices to prove there existno Z C 2 and (5, ).cz €
(R \ {0})? for which

S BLS) >0 VSe A US and



Full assignment
1. The social planner’s solution ¢*

2. Revealed preferences
3. Existence of the shadow prices

c. Intuition: “differences of differences” quadruples
i. Suppose [2/| — [z] 2 0and ([Z'] — [z])(—a) > 0

ii. Then a(z) > a(z’), and z and 2’ refer to the same (k, ), and
so z is the top contender, and 2’ the second, for the same (k, t;,)

iii. But then ([2'] — [2])(U}) = —1 for some U} > z; then non-
negavity requires +|z;] to [2'| — 2] for some 2, >~ 2

iv. Then 0(z,) > d(z), so even if the a-value added of z, is mini-
mized by subtracting from it its highest rival z,, the “difference
of differences” [z,] — [z« — ([z] — |#/]) still has a nonnegative
net value, to the opposite of (4).



Partial assignment
1. The social planner’s solution ¢*

(a) Pair the first- or second-highest positive «(1, j,¢;) among j € I
with the first- or second-highest positive «(2, j,t2) among j € I
so that the two refer to different ;

(b) E.g., ¢*: good 1 to bidder 2, and none t bidder 1 at (¢, ¢5)

(1,41) | (2,25)
1] 2 | 3
2 =4 | 0
3] =1 [ 1/2

(¢) adifferential: 6(k, j,t1) = a(k, J, tx) —maxjep ;3 max{0, a(k, j', tx) }



Partial assignment
1. The social planner’s solution ¢*
2. Partial revealed preferences

(@) =,,: similar to that in the full assignment model

(b) =;: similar to that in the full assignment model except that only
those with a(k, j,t;) > 0 need to be ranked

3. Upper/lower contour sets: similar to those in the full assignment
model except that the lower contour sets are {z} for any a(z) < 0

4. Existence of shadow prices

(a) Can exclude any |z] for which a(z) < 0
(b) The rest mimics its counterpart in the full assignment model



Conclusion
1. A method to characterize feasible reduced forms

2. Generalization of the mainstream result (paramodularity) and a coun-
terpart to a contemporary result (total unimodularity)

3. New results in assignment models, making the mechanism design
method available to a nontrivial set of assignment problems



