Simple Models and Biased Forecasts”

Pooya Molavi'

October 28, 2023

This paper proposes a framework in which agents are constrained to use simple models to forecast
economic variables and characterizes the resulting biases. It considers agents who can only entertain
state-space models with no more than d states, where d measures the intertemporal complexity of a
model. Agents are boundedly rational in that they can only consider models that are too simple to
nest the true process, yet they use the best model among those considered. I show that using simple
models adds persistence to forward-looking decisions and increases the comovement among them.
I then explain how this insight can bring the predictions of three workhorse macroeconomic models
closer to data. In the new-Keynesian model, forward guidance becomes less powerful. In the real
business cycle model, consumption responds more sluggishly to productivity shocks. The Diamond-
Mortensen-Pissarides model exhibits more internal propagation and more realistic comovement in
response to productivity and separation shocks.
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1 Introduction

When faced with the difficult task of forecasting in a complex world, people are bound to rely on
simple models and past experiences. Yet, the rational-expectations hypothesis maintains that
agents can forecast the future as if they knew the true model of the economy. The unrealistic
nature of the rational-expectations assumption would not be of great concern if predictions of
the standard macro models were robust to alternative specifications of expectations. However,
the answers to many important questions in macro, ranging from the power of forward guidance
to the response of firms’ hiring decisions to changes in economic conditions, are sensitive to how
agents form their expectations.

This paper studies the forecasting biases resulting from individuals’ use of simple models and
the macroeconomic implications of those biases. I introduce a framework in which the true data-
generating process features complex intertemporal relationships among variables, but agents can
only entertain stochastic models with a bound on their intertemporal complexity. Specifically,
they only consider stochastic processes that can be represented using a d-dimensional state
variable, where d is a parameter that captures the complexity of an agent’s model. Agents are
boundedly rational; they can only entertain models that are too simple to capture the true process
but find the best d-dimensional approximation to it.

The framework has sharp predictions for agents’ forecasts and forward-looking actions. 1
show that agents misperceive intertemporal statistical relationships among variables observed
over time. In particular, while agents can accurately forecast the most persistent components
of those observables, they miss the dynamics of their less persistent components. This bias
increases the persistence and comovement of agents’ forward-looking choices. Agents make
forecasts that are unresponsive to changes in all but the most persistent components. This
unresponsiveness anchors forward-looking actions to the most persistent state variables in the
economy, thereby increasing the persistence of those actions. Furthermore, different agents—
with different payoffs, facing different decisions, and using models with different dimensions—all
agree on the most persistent components. Since forward-looking decisions of such agents are
influenced by a limited set of common components, those decisions comove more than they
would under rational expectations.

This paper focuses on bounded rationality as a reduction in intertemporal complexity. I make
two main assumptions that allow me to focus on this dimension of complexity, abstracting from
potential errors agents might make when dealing with other forms of complexity. First, I assume
that agents are capable of entertaining any stochastic model that has a d-dimensional linear-
Gaussian state-space representation. Second, the best model is defined as the stochastic process
that minimizes the Kullback-Leibler divergence from the true process. While this deviates from
the utility-based notion of model optimality prevalent in the rational-inattention literature, it
aligns with the emerging literature on model misspecification in game theory (e.g., Esponda and



Pouzo (2016)). A significant consequence of these simplifying assumptions is a useful linear-
invariance property: Expectations formed using simple models respect linear intratemporal
relationships among observables. Moreover, these assumptions greatly enhance the framework’s
tractability, rendering it seamlessly applicable even in large-scale macro models, without adding
to the computational burden or introducing additional degrees of freedom (beyond d).

Many business-cycle models in macroeconomics struggle to generate empirically plausible
degrees of persistence and comovement in endogenous aggregate variables. Two common solu-
tions pursued in the literature are to introduce auxiliary frictions such as habit formation and
adjustment costs (e.g., Christiano, Eichenbaum, and Evans (2005)) or rely on shocks without
clear empirical counterparts (e.g., Smets and Wouters (2007)). This paper presents a novel and
parsimonious solution that relies on agents’ bounded rationality. By replacing rational expecta-
tions with simple models, this approach narrows the gap between theory and data. It increases
persistence and comovement in a way that is universally applicable across applications.

I demonstrate the framework’s versatility through its integration into three workhorse models
in macroeconomics: the new-Keynesian model, the real business cycle (RBC) model, and the
Diamond-Mortensen—Pissarides (DMP) model. In each case, I study how the predictions of the
macro model change when agents use simple, one-dimensional models. Besides being three
of the most canonical models in macroeconomics, these applications are chosen because they
showcase different predictions of the simple models framework.

For the first application, I consider a version of the standard new-Keynesian model in which
agents use one-dimensional models. As in the rational-expectations version of the model, the
equilibrium has a simple linear representation that can be found in closed form. I use the equi-
librium characterization to study the implications of bounded rationality for the conduct of
monetary policy. Two main insights arise from the analysis: First, even if agents employ simple
models, the monetary authority can simultaneously achieve zero output gap and inflation, as long
as cost-push shocks are identically zero. This occurs because inflation targeting leads to a stable
economy with simple intertemporal relationships, in which the constraint on agents’ models
is not binding. Second, replacing rational expectations with simple models offers a resolution
to the so-called forward-guidance puzzle (Del Negro, Giannoni, and Patterson (2023)). Forward
guidance is implausibly powerful under rational expectations and rapidly grows more powerful as
the duration of guidance increases. Agents who use simple models misperceive the intertemporal
statistical relationships among output, inflation, and interest rate. This misperception curtails the
power of forward guidance and makes its power largely independent of the duration of guidance.

The second application studies the response of the standard real business cycle model to
productivity shocks. When substituting rational expectations with simple models, the persistence
of consumption increases in a way that resembles habit formation. To see the intuition for this
result, note that consumption is a forward-looking decision in the RBC model. Therefore, it only



responds to changes in the most persistent state variable in the economy, the capital stock. Since
the capital stock moves sluggishly when there is an increase in productivity, so does consumption.
The sluggishness of consumption increases the volatilities of consumption, hours, and investment
relative to the rational-expectations benchmark, resulting in an increase in the cost of business
cycles.

In the last application, I study how the predictions of the standard search and matching model
change when agents use simple models. I consider a standard calibration of the DMP model
with labor-productivity and separation-rate shocks in which agents are restricted to using one-
dimensional models. Replacing rational expectations with simple models adds persistence to
the unemployment rate, number of vacancies, and job-finding rate in response to both shocks,
thus improving the internal propagation mechanism of the DMP model. Moreover, it enables the
DMP model to generate negative comovement between the unemployment rate and vacancies in
response to separation shocks—reversing a counterfactual prediction of the model under rational
expectations. This reversal is due to the fact that agents use the single state variable in their model
to closely track the evolution of the unemployment rate, the economy’s most persistent state
variable. Separation-rate shocks increase the unemployment rate, thus making firms pessimistic
about the state of the economy and leading them to post fewer vacancies.

Related Literature. This paper belongs to the literature in macroeconomics on deviations from
full-information rational expectations (FIRE)—see Woodford (2013) for a survey. The literatures
on dispersed information, e.g., Lucas (1972), noisy information, e.g., Orphanides (2003) and An-
geletos and La’O (2009), sticky information, e.g., Mankiw and Reis (2002), or costly attention, e.g.,
Sims (2003), Woodford (2003), Mackowiak and Wiederholt (2009, 2015), and Gabaix (2014) deviate
from the FIRE benchmark by imposing imperfect knowledge of the payoff-relevant variables.!
This paper abstracts from the difficulty of observing a large cross-section of variables and instead
focuses on the difficulty of comprehending complex time-series (or intertemporal) relationships.
The predictions of this framework also distinguish it from the literature mentioned above: In my
model, agents fully uncover cross-sectional relationships among variables, but their expectations
could deviate from rational expectations even if the economy has a single exogenous shock.
Alarge literature studies the question of whether households, firms, and professional forecast-
ers under- or over-extrapolate from new information. Coibion and Gorodnichenko (2015) provide
evidence of under-extrapolation in consensus forecasts for professional forecasters. Bordalo,
Gennaioli, Ma, and Shleifer (2020) show that individual forecasts of professional forecasters over-
extrapolate from recent news. Broer and Kohlhas (2020) find evidence for both under- and over-
extrapolation depending on the aggregate variable being studied. More recently, Angeletos, Huo,
and Sastry (2021) find evidence of under-extrapolation at short horizons and over-extrapolation

1See also Nimark (2008), Lorenzoni (2009), Alvarez, Lippi, and Paciello (2015), Angeletos and Lian (2018), Angeletos and Huo (2021), and
Chahrour, Nimark, and Pitschner (2021).



at longer horizons, whereas Afrouzi, Kwon, Landier, Ma, and Thesmar (2021) find evidence of
over-extrapolation in a lab setting. In parallel with this empirical literature, many papers have
proposed theoretical models of under- and over-extrapolation. Natural expectations, e.g., Fuster,
Laibson, and Mendel (2010) and Fuster, Hebert, and Laibson (2012) and diagnostic expectations,
e.g., Bordalo, Gennaioli, and Shleifer (2018) and Bianchi, Ilut, and Saijo (2021) are examples of
models where agents over-extrapolate from the recent past. Cognitive discounting of Gabaix
(2020) and level-k thinking, e.g., Garcia-Schmidt and Woodford (2019) and Farhi and Werning
(2019), are examples of models that feature under-extrapolation. The framework proposed in this
paper is neither a model of under-extrapolation nor of over-extrapolation; agents who use simple
models always under-extrapolate some observables and over-extrapolate others.

This paper also contributes to the literature that studies the properties of pseudo-true models.
The term pseudo-true model originates in the pioneering work of Sawa (1978), who proposes us-
ing the Kullback-Leibler divergence as a model-selection criterion when models are misspecified.
Agents in the restricted-perceptions equilibrium of Bray (1982) and Bray and Savin (1986), Rabin
and Vayanos (2010)’s model of the gambler’s fallacy, the natural-expectations framework of Fuster,
Laibson, and Mendel (2010), and Fuster, Hebert, and Laibson (2012), the Berk—Nash equilibrium
of Esponda and Pouzo (2016, 2021), and the constrained-rational-expectations equilibrium of
Molavi (2019) all use pseudo-true models to forecast payoff-relevant variables. Agents in Krusell
and Smith (1998) also have a misspecified model of the economy since they believe that current
and future prices do not depend on anything but the first few moments of the wealth distribution.
However, despite this long history, surprisingly few general results on the properties of pseudo-
true models have appeared in the literature. Such results are almost exclusively derived—with
the notable exception of Rabin and Vayanos (2010)—in settings where the set of models is suf-
ficiently restricted that the pseudo-true model can be estimated using OLS regression and the
bias in agents’ forecasts reduces to the omitted-variable bias. I contribute to this literature by
characterizing the set of pseudo-true state-space models of a given dimension.

The state-space models used in this paper are relatives of dynamic-factor models, e.g., Stock
and Watson (2011, 2016). However, the two offer two distinct ways of decomposing time-series
data. Dynamic factor models decompose data into common factors and idiosyncratic distur-
bances, whereas state-space models decompose it into persistent and transitory components.
The two approaches thus suggest two different simplifications of large time-series data: using a
small number of common factors in the former case and a small number of persistent states in
the latter.?

Finally, in a follow-up paper, Molavi, Tahbaz-Salehi, and Vedolin (forthcoming) use a closely
related framework to study the implications of model misspecification for asset prices and returns.

2The sets of time series that can be represented by dynamic-factor and state-space models are not nested. Instead, any finite dynamic-
factor model has a state-space representation, and any finite state-space model has a dynamic-factor representation. See Forni and Lippi
(2001) for a representation result for the (generalized) dynamic factor models.



They show that constraining the complexity of investors’ models leads to return and forecast-
error predictability and provides a parsimonious account of several puzzles in the asset-pricing
literature.

Outline. The rest of the paper is organized as follows: Section 2 presents the framework of simple
models and formally defines and discusses the notion of fit used in the paper. Section 3 contains
the paper’s characterization results for simple models. Section 4 discusses the implications
of using simple models for agents’ forecasts and choices. Section 5 discusses an application
to monetary policy in the new-Keynesian model. Section 6 shows how constraining agents to
use simple models alters the amplification and propagation of productivity shocks in the RBC
model. Section 7 contains the labor search and matching application. Section 8 concludes.
Additional results are provided in three appendices. The proofs of the theoretical results and
other calculations are relegated to the online appendices.

2 Framework
In this section, I present the general framework and the main behavioral assumption of the paper.

2.1 Environment

Time is discrete and is indexed by ¢ € Z. An agent observes a sequence of variables over time and
uses her past observations to forecast their future values. I let y, € R” denote the time-t value
of the vector of observables, or simply the observable. Vector y; follows a mean-zero stochastic
process P with the corresponding expectation operator E[-]. I start by taking P as a primitive, but
the process will be an endogenous outcome of agents’ actions in the macro applications studied
in Sections 5-7.

I make several technical assumptions on the true process. First, P is purely non-deterministic,
stationary, and ergodic and has a finite second moment. Second, there exists a subspace ‘W of
R” (possibly equal to R itself) such that y, is supported on ‘W with density f.? Finally, the true
process has finite entropy rate, i.e., lim;_,« %[E [-logf(y1,...,y:)] < . These assumptions are all
quite weak. For instance, they are satisfied if y; follows a stationary vector ARMA process with
Gaussian innovations.

The agent has perfect information about the past realizations of the observable; her time-¢
information set is given by {y:, y;-1, ... }. However, she may use a misspecified model to map
her information to her forecasts. This model misspecification leads to deviations in the agent’s

forecasts from those that arise in the rational-expectations benchmark.

3This assumption is weaker than the assumption that P has full support over R” because it allows for the possibility that the true process
is degenerate. This additional level of generality will be useful in applications where the elements of y; may be linearly dependent.



2.2 Simple Models

As the paper’s main behavioral assumption, I assume that the agent is constrained to use state-
space models with a small number of state variables to forecast the vector of observables. She
can only entertain models of the form

Zr = AZt_l + Wy,

(1)

yl' = B,Zl‘ + U,

where z, is the d-dimensional vector of subjective latent states, A € R%*¢, w, € R?isi.i.d. N(0,
Q), B € R™" v, € R"isiid. N(0,R), and w, and v, are independent. While the integer d
is a primitive of the model that parameterizes the dimension of the agent’s models, matrices
A, B, Q, and R are parameters that are determined endogenously by maximizing the fit to the
true process. Formally, I define a d-state model as a stationary stochastic process over {y;};2_,
that has a representation of the form (1) such that (i) the dimension of vector z; is d, (ii) Ais a
convergent matrix, (iii) Q is positive definite, and (iv) R is positive semidefinite.* I1et P? denote
the d-state model parameterized by the collection of matrices 6 = (A, B, Q, R), let E?[-] denote the
corresponding expectation operator, and let ®,; denote the set of all d-state models.” Whenever
there is no risk of confusion, I use the term d-state model to refer both to the stochastic process
P? for y, and the parameters 6 = (A, B, Q, R) of its state-space representation.

The integer d captures the agent’s sophistication in modeling the stochastic process for the
vector of observables, with larger values of d indicating agents who can entertain more complex
models. When d is sufficiently large, the agent can approximate the unconditional and conditional
second moments of any purely non-deterministic covariance-stationary process arbitrarily well
using a model in her set of models. On the other hand, when d is small relative to the number of
states required to model the true process, no model in the agent’s set of models will provide a
good approximation to P. The agent then necessarily ends up with a misspecified model of the
true process and biased forecasts—regardless of which model in the set ©, she uses to make her
forecasts. Characterizing this bias is the focus of the next section of the paper.

My preferred rationale for the constraint on the number of states is to capture the agent’s
bounded rationality, but the constraint can also arise from the agent’s rational fear of overfitting.
Models with a large number of parameters and many degrees of freedom are prone to overfitting.
Such concerns may lead rational agents to limit themselves to statistical models with a small
number of parameters, especially if they only have a short time series to draw upon when esti-
mating the parameters of their model. In the remainder of the paper, I abstract away from any

4A matrix is convergent if all of its eigenvalues are smaller than one in magnitude. A being convergent and Q being positive definite are
sufficient for a model (4, B, Q, R) to define a stationary ergodic process.

50ne can define the set of d-state models without any reference to the latent state z;. Stochastic process P for {y; }22_., with expectation
operator E is a d-state model if E[y,y/_,] = CAI"'C  foralll = 1,2,..., some convergent d x d matrix 4, and some C,C € R"*“. See, for
instance, Faurre (1976) or Katayama (2005, Chapter 7). I opt for the definition that uses the subjective latent state since z; will have an
intuitive interpretation as agents’ view of the state of the economy in the macro applications I consider in this paper.



issues arising from small samples and instead consider the long-run limit where the sampling
error vanishes.

2.3 The Notion of Fit

[ assume that the agent forecasts using a model in the family of d-state models that provides the
best fit to the true process. I use the Kullback-Leibler divergence rate of process P? from the true
process P as the measure of the fit of model 6.° The Kullback-Leibler divergence rate (KLDR) of P?
from P is denoted by KLDR(6) and defined as follows. Recall that the true process is supported
on a subspace ‘W of R”. If PY is also supported on ‘W, then

a1 f(y1, ..., p) )]
KLDR(8) = lim —E |log | 22|,
@ f%tE[og(fe(yl,---,yt)

where % denotes the density of P%; if P? is not supported on ‘W, then KLDR(8) = +oo.

The Kullback-Leibler divergence rate is the natural generalization of Kullback-Leibler (KL)
divergence to stationary stochastic processes. In the i.i.d. case, the KL divergence of a candidate
model from the true model captures the difficulty of rejecting the candidate model in favor of the
true model using a likelihood-ratio test. That is why the KL divergence is commonly used as a
measure of a model’s fit.” Similarly, KLDR(6) captures the rate at which the power of a test for
separating a stochastic process P? from the true process P approaches one as t — .8 The KLDR
is also tightly linked to asymptotics of Bayesian learning, as discussed in the following subsection.

Model 6 € 0, is a pseudo-true d-state model if KLDR(6) < KLDR() forall § € ©,. If the agent’s
set of models contains a model 6 such that f%(yy,...,y,) = f(y1, ..., y,) almost everywhere and for
all ¢, then any pseudo-true d-state model is observationally equivalent to the true process.? The
set of models 0, is then correctly specified. When no such d-state model exists, KLDR(8) > 0 for
any model 0 € 0,4, and the set of models is misspecified. The following proposition states that the
pseudo-true models are observationally equivalent to the true process when the set of models is
correctly specified:

Proposition 1. Suppose the set ©, of d-state models is correctly specified. Then any pseudo-true
d-state model P? is observationally equivalent to the true process P.

The paper’s focus is the misspecified case, where d is small relative to the number of states
required to capture the true process. This statement is about d being smaller than the “true
d”—and not it being smaller than »n, the dimension of y;. However, it is often natural to also think
of d as much smaller than n. Approximating the true process by a pseudo-true d-state model
then corresponds to using a parsimonious time-series model to capture the essential features of

6The mean-squared forecast error is another commonly used notion of fit. In Appendix A, I define the weighted mean-squared forecast
error and show that it is equivalent to the Kullback-Leibler divergence rate under an appropriate choice of the weighting matrix.

7See, for instance, Hansen and Sargent (2008).

8See, for instance, Shalizi (2009).

9Processes P and P are observationally equivalent if all their finite-dimensional marginal distributions are identical.



a large data set. Unless otherwise specified, I assume throughout the paper that d < n. However,

the paper’s characterization results easily generalize to the d > n case.

2.4 Learning Foundation

Pseudo-true models arise naturally as the long-run outcome of learning by Bayesian agents with
misspecified priors. Consider an agent who starts with prior po with full support over the points
in the set RY x @4, each corresponding to an initial value of the subjective states z, and a d-state
model 0, which describes how states and the observable evolve over time. Suppose the agent
observes y; over time and updates her belief using Bayes’ rule. Let y; denote the agent’s time-¢
Bayesian posterior over R4 x ©4. Berk (1966)’s theorem establishes that, in the limit t — o, the
agent’s posterior will assign a probability of one to the set of pseudo-true models.'°

This result offers an “as if” interpretation of the pseudo-true d-state models. One can assume
that the agent has a subjective prior—which may be different from the true distribution—and
updates her belief in light of new information using Bayes’ law. By Berk’s theorem, as long as the
agent’s prior is supported on the set of d-state models, she will forecast the observable in the long
run as if she were using a pseudo-true d-state model. Focusing on pseudo-true models allows me
to abstract from learning dynamics and focus on the asymptotic bias caused by misspecification.!!

The set of pseudo-true d-state models is independent of the agent’s preferences. Instead, it
only depends on the number of states the agent can entertain and the true stochastic process. The
independence of the agent’s pseudo-true models from her preferences is evident given the “as
if” interpretation discussed above: Two agents who start with identical priors, observe the same
sequence of observations, and update their beliefs using Bayes’ rule will end up with identical
posteriors at any point in time—irrespective of their preferences. Berk’s theorem goes a step
further by establishing that, in the long run, the posterior only depends on the support of the
prior (not its other details) and the distribution of observations (not their realizations).

The independence of the agent’s pseudo-true models from her preferences has a significant
consequence: The set of pseudo-true d-state models is generically disjoint from the set of d-state
models that maximize the agent’s payoff. However, this disparity is a feature, not a bug, of a
positive theory of bounded rationality. While finding the payoff-maximizing model requires
knowledge of the true process, one arrives at the set of pseudo-true models simply by following
Bayes’ rule—no knowledge of the true process is necessary. Following Bayes’ rule would have led
the agent to the truth had her model been correctly specified, but it can lead her astray in the
presence of model misspecification.

10While Berk (1966) only covers the case of i.i.d. observations and parametric models, the result has been extended much more generally.
Bunke and Milhaud (1998) and Kleijn and Van Der Vaart (2006) substantially extend Berk (1966) by providing conditions for the weak
convergence of posterior distributions and considering infinite-dimensional models. Shalizi (2009)’s extension of Berk’s theorem covers the
case of non-i.i.d. observations and hidden Markov models.

1 One can alternatively consider agents who estimate the parameters of their d-state models using a quasi-maximum-likelihood estimator.
Such agents also will asymptotically forecast as if they relied on the pseudo-true d-state models. See, for instance, Theorem 2 of Douc and
Moulines (2012).



Agents’ use of pseudo-true models should therefore be viewed as a positive statement—not a
normative one. A pseudo-true d-state model is not what an agent should use for forecasting in
order to maximize her payoff. It is what she will use to forecast in the long run if she starts with a
prior over the set of d-state models and updates her belief using Bayes’ rule.

3 Pseudo-True Models

In this section, I characterize the set of pseudo-true d-state models starting with the d = 1 case. As
a preliminary step, I discuss a useful property of the pseudo-true models, which is of independent

interest.

3.1 The Invariance Property

I begin with a result that shows the invariance of the pseudo-true d-state models to linear transfor-
mations of the observable. Consider an agent who, instead of observing vector y; € R”, observes
vector j; = Ty, € R™, where T denotes an m x n matrix. Aslong as T is a rank-n matrix, y; and
7 convey the exact same information. Thus, one might expect that the agent’s beliefs when she
observes y; are consistent with her beliefs when she instead observes j;.

The following definition formalizes the notion that two probability distributions are consistent
with each other given a linear transformation of the observable. Let T € R™*" be a matrix and
P be a probability distribution over infinite sequences in R”. The probability distribution over
infinite sequences in R induced by T and P is denoted by T(P) and defined as T(P)(Y) =
P ({y}2 o i ATy )2, € Y) for any measurable set Y ¢ R™%.12 If the observable y, follows the
stochastic process P, then its linear transformation y, = Ty, follows the transformed process T (P).
The following result establishes that transforming the observable by a rank-n matrix leads the set
of pseudo-true models to be transformed accordingly:

Theorem 1 (linear invariance). SupposeT € R™*" is a rank-n matrix. Then P? is a pseudo-true
d-state model given true model P if and only if T (P°) is a pseudo-true d-state model given true
modelT (P).

The result shows that an agent using simple models can discern all linear intratemporal rela-
tionships among the observables while facing significant constraints in understanding complex
intertemporal relationships. While arguably stark, this dichotomy highlights the paper’s premise
that forecasting is challenging because it requires forecasters to recognize stochastic patterns
that unfold over time. The result makes it possible to abstract from the cognitive costs of ac-
quiring information about a large cross-section of variables and the mistakes individuals make
when dealing with cross-sectional complexity, allowing me to instead concentrate on time-series
complexity.

12The probability distribution induced by a mapping is formally known as the pushforward measure.



The linear invariance property makes the predictions of the framework invariant to the exact
specification of the variables included in the vector of observables. The agent’s pseudo-true
models and forecasts only depend on the observables’ information content, not on how that
information is presented. For instance, whether the agent observes the nominal interest rate and
the inflation rate or the real interest rate and the inflation rate is immaterial to how she forms her
expectations. Likewise, the agent’s expectations remain unchanged if the vector of observables is
augmented with linear combinations of variables already in her information set.

The theorem thus suggests that it is without loss to assume that the vector of observables is

free of redundant variables. Define the lag-/ autocovariance matrix of the true process as follows:
I; = Elyy/_l. (2)

When y; includes redundant variables, the variance-covariance matrix I'y is singular, and the true
process is degenerate.'® In such cases, a lower-dimensional vector 7, and a full-rank matrix T
exist such that E[j;j/] is non-singular and y; = Tj;. Therefore, by Theorem 1, the pseudo-true
models given y; can be found by first finding the pseudo-true models given j, and then applying
transformation T. This observation implies that there is no loss of generality in assuming that the
variance-covariance matrix Iy is non-singular and that the agent only considers subjective models
with non-singular variance-covariance matrices.!* I maintain these assumptions throughout the

rest of the paper.

3.2 Pseudo-True One-State Models

I start the analysis of pseudo-true models by considering the case where the agent can only
entertain one-state models. In this case, a complete characterization of the agent’s pseudo-true
models is possible. The insights from the single-state case generalize to the d-state case, as
discussed later in this section.

The agent’s pseudo-true one-state forecasts turn out to depend on the true process only
through the unconditional variance and the autocorrelation structure of the vector of observables.
The autocorrelations are measured by a novel set of objects, which I refer to as autocorrelation
matrices. I define the lag-I autocorrelation matrix of the observable under the true process as
follows:!®

=l §
2

Iy

;1
C = (T;+1) T . (3)

N —

The concept of autocorrelation matrices naturally extends the idea of autocorrelation functions.

If the observable y; is a scalar, C; simplifies to the standard autocorrelation function at lag /.

13A probability distribution on a space is said to be degenerate if it is supported on a manifold of lower dimension.

l4Whenever the true variance-covariance matrix Iy is non-singular, any subjective model with a singular variance-covariance matrix is
dominated in terms of the fit to the true process by every subjective model with a non-singular variance-covariance matrix. Therefore, no
subjective model with a singular variance-covariance matrix can be a pseudo-true model.

15Here and throughout the paper, I follow the usual convention that, for a symmetric positive definite matrix X, the square-root matrix

1 1 1
X 2 is the unique symmetric positive definite matrix that satisfies X2 X2 = X.
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However, when the observable is an n-dimensional vector, C; is an n x n real symmetric matrix
with eigenvalues inside the unit circle.'® Autocorrelation matrices capture the extent of serial
correlation in the vector of observables. When the spectral radius of C; is close to zero for all [,
the process is close to being i.i.d., whereas when the spectral radius of C; is close to one, then the
process is close to being unit root.'”

With the definition of autocorrelation matrices at hand, I can state the general characterization
result for the d = 1 case:

Theorem 2. Under any pseudo-true one-state model 0, the agent’s s -period-ahead forecast is given
by

El[yess] = a*(L=mqp’ ) a'n'yir, (4)
7=0
where a and n are scalars in the [-1, 1] and [0, 1] intervals, respectively, that maximize A pyqx(Q(a,

1)), the largest eigenvalue of the n x n real symmetric matrix

Q(a, ) = -

a(1-m2  2(1-m)(1-a*0) & ~rar1
[ Z:;“" Cr

-1 1
andp =T u andq = TJu, where u is an eigenvector of Q(a, n) with eigenvalue Apmax(Q(a, n)),

normalized so thatu'u = 1.

The endogenous variables a, 1, p, and g have intuitive meanings. The scalar a represents
the persistence of the subjective latent state. If a = 0, the subjective state is i.i.d., whereas if
a = 1, it follows a unit-root process.'® The scalar n captures the perceived noise in the agent’s
observations of the subjective state. When 7 is small, the agent believes recent observations to be
highly informative of the value of the subjective state. As a result, her expectations respond more
to recent observations and discount old observations more. The vector p determines the agent’s
relative attention to different components of the vector of observables. When p; is larger than p;,
the agent puts more weight on y; ,_, relative to y; ,_, for all r when forming her estimate of the
subjective state. Finally, the vector g captures the relative sensitivity of the agent’s forecasts of
different observables to changes in her estimate of the subjective state. When g; is larger than g,
then a change in the estimated value of the state at time ¢ leads the agent to change her forecast
of y; ++s by more than her forecast of y; ;. for all s.

It follows standard Kalman filter results that the agent’s forecasts take the form of equation (4)
for some a, n, p, and q. The substance of the result is rather characterizing the (a, , p, q) tuple
that lead to a model with minimal KLDR from the true process. The theorem suggests a tractable

163ee Lemma D.2 in the Online Appendix for a proof.

17The spectral radius p(X) of matrix X denotes the maximum among the magnitudes of eigenvalues of X.

18The theorem does not rule out the possibility that |a| = 1, in which case the corresponding state-space model might not be stationary
ergodic. However, Lemma D.3 in the Online Appendix establishes that any pseudo-true one-state model inherits the stationarity and
ergodicity of the true process.
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way of computing the pseudo-true one-state forecasts in any stationary and ergodic environment
given only the knowledge of the true autocorrelation matrices.

The theorem significantly reduces the computational complexity of finding the set of pseudo-
true models. It concentrates out all parameters in the agent’s models except for two scalars. As a
result, the optimization problem simplifies from a problem over a 2n-dimensional non-compact
manifold to a much simpler problem over a two-dimensional compact rectangle.'? Furthermore,
since the size of the problem is independent of , it can be solved efficiently in any application,
regardless of the dimension of the vector of observables.

The next result characterizes the perceived variance-covariance matrix of the observable under

the pseudo-true one-state models:

Theorem 3. Given any pseudo-true one-state model 0, the subjective variance-covariance of the
vector of observables, E°[y,y]), coincides with the true variance-covariance matrix, Ty = E[y,y/].

The theorem hinges on two main assumptions: First, there are no constraints on the agent’s
set of models other than the bound on the number of subjective state variables. Put differently,
matrices A, B, Q, and R of representation (1) are unrestricted other than the constraint on their
dimension. This flexibility allows the agent to represent any cross-sectional correlation pattern
by an appropriate selection of matrices A, B, Q, and R. Second, the agent uses a model that
minimizes the KLDR from the true process. This leads her to a set of such matrices that perfectly
capture the true cross-sectional correlations.

Theorems 2 and 3 fully characterize the pseudo-true one-state models in terms of the true
variance-covariance matrix I'y and the tuple (a, n, p, ), which in turn only depends on the true
autocorrelation matrices {C;};2,. Any unconditional or conditional moment of the pseudo-true
one-state model can, in turn, be found in terms of I'y and (a, n, p, q).

3.3 Pseudo-True One-State Models Under Exponential Ergodicity

The pseudo-true one-state models can be found in closed form given a class of true stochastic
processes that naturally arise in applications. The appropriate class turns out to be the following:

Definition 1. A stationary ergodic process P is exponentially ergodic if p(C;) < p(Cy)* foralll > 1,
where p(C;) denotes the spectral radius of C;.

Exponential ergodicity is stronger than ergodicity. Ergodicity requires that the serial correlation
atlag [ decays to zero as I — co. Exponential ergodicity requires the rate of decay to be faster than
p(C1). Although exponentially-ergodic processes only constitute a subset of the class of stationary
ergodic processes, many standard processes are exponentially ergodic. For instance, the vector
of observables follows an exponentially-ergodic process if it is a spanning linear combination of
n independent AR(1) shocks.

19The set of all d-state models is a non-compact manifold of dimension 2nd (Gevers and Wertz, 1984). Additionally, the KLDR is a
non-convex function of = (A, B, Q, R).
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The following result characterizes the agent’s pseudo-true one-state forecasts when the true
process is exponentially ergodic. It links the agent’s forecasts to the eigenvalues and eigenvectors
of the true autocorrelation matrix at lag one:

Theorem 4. Suppose the true process is exponentially ergodic. Under any pseudo-true one-state
model 0, the agent’s s -period-ahead forecast is given by

El [yies] = a*qp’yr, 5)

where a is an eigenvalue of C; largest in magmtude, u denotes the corresponding eigenvector
normalized so thatu'u =1, andp =T} u and q = F2

A remarkable feature of the characterization in Theorem 4 is that the agent’s forecasts only
depend on the last realization of the observable (and not its lags). In other words, the pseudo-true
one-state model is Markovian if the true process is exponentially ergodic. This property might
come as a surprise in light of the fact that in the correctly-specified case forecasts obtained using
the stationary Kalman filter generically use the entire history of the observable. The seeming
discrepancy between the two results is due to misspecification of the agent’s set of models in
Theorem 4, as illustrated by the following example:

Example 1. Suppose the observable is scalar and follows an AR(co) process: y;.1 = 2.5, OrYre1-7.2°
It is then immediate that the one-step-ahead forecast of the observable under the true, correctly-

specified model is given by
yt+l Z QbTyHl T

Contrast this with what an agent can do when she is constrained to use (misspecified) one-state

models. Under any such model 0, the agent’s one-step-ahead forecast takes a similar form:

yt+1 Z ArYi+l-1-

However, the restriction to one-state models constrains coefficients {a;}}, to be given by a; =
(1 - n)a"n*! for some a € [-1,1], some n € [0,1], and all 7. Therefore, the pseudo-true one-
state model is the model that picks {a;} >, to minimize the KLDR subject to the constraint that
a, = (1 —n)a’n*"! for all 7. The agent wants to set a, to a value that is related to the correlation of
¥r+1 and y;_, but the constraint prevents her from fine-tuning the {a}?? , coefficients. When the
true process is exponentially ergodic, y;+; is much more correlated with y, than it is with lags of y;.
Then, the best such a constrained agent can do is to fine-tune the coefficient of y; and entirely
disregard its lags. In other words, the constrained minimizer of the KLDR is Markovian even

though the unconstrained minimizer is not.

The next example illustrates the use of Theorem 4 in the context of a commonly-used process:

20Such a representation exists for generic processes in the class of mean-zero, purely non-deterministic, and stationary processes.
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Example 2. Suppose the true process P has the following representation:

ﬁ :Ff[_1+€t
/ (6)
J’t :Hﬁy
where ¢, ~ N(0,%),
ay o ... 0
0 ar ... 0
F: . . . . )
0 0 an
o? 0 0
0 o? 0
> = 2 :
0 0 ... o2

n

H e R™"is an invertible square matrix, and 1 > |a1| > |az2| > --- > |a,| > 0. It is easy to verify
that p(C;) = |a1|' = p(Cy1)’; that is, the true process is exponentially ergodic. Therefore, Theorem 4
can be used to characterize the pseudo-true one-state forecasts. The persistence, noise, relative
attention, and relative sensitivity are, respectively, givenby a = a1, 7 =0, p = (H'VH):H 'V -le,,
andg = (H'VH )_TIH 'Vey, where V = (I — F?)~'% is the variance-covariance matrix of f; and e;
denotes the first coordinate vector.?!

The agent’s forecasts take a particularly simple form when H is the identity matrix, i.e., y;; = fi:
fori=1,...,n. Then, p and g are both multiples of the first coordinate vector e;, and the agent’s
forecasts simplify to

E[G [yl,t+s] = aiylt =k [yl,t+s],
Ezg [yi,t+s] =0, Vi#1.

The agent’s forecast of the most persistent element of the vector of observables coincides with its
rational-expectations counterpart, but she forecasts every other element of the observable as if it
were i.i.d.

A noteworthy feature of the pseudo-true model in Example 2 is that the persistence parameter
a does not depend on the volatilities of the underlying AR(1) processes. The agent uses the
subjective latent state to track the most persistent component of y;, even if the most persistent
component has a small variance. However, this result should not come as a surprise given the
linear-invariance result: One can always equalize the volatilities of different components of y; by
an appropriate linear transformation of the observable without altering the persistence of the
subjective latent state in the agent’s pseudo-true model. Therefore, the persistence parameter
cannot depend on the volatilities.

The example also illustrates that the agent exhibits a form of persistence bias. She forecasts
the most persistent component of the vector of observables as accurately as under rational

21See the proof of Lemma D.5 for a derivation.
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expectations but misses the dynamics of the other components. The intuition for the result
is easiest to see when the most persistent component is close to being unit root. In that case,
poorly tracking the most persistent component would lead to persistent mistakes in the agent’s
forecasts. The persistence of those mistakes would make them costly from the point of view of
KLDR minimization. Therefore, any pseudo-true model tracks the component close to unit root
as best possible, even if doing so results in errors in forecasting the other components. In Section
4.1, I generalize the insight of this example by formally establishing persistence bias in a more
general context.??

Example 2 can be generalized by relaxing the assumption that matrices F and X are diagonal and
allowing for non-Gaussian innovations. The key requirement for the process to be exponentially
ergodic is that matrix H in representation (6) is full rank. This assumption can be seen as a full-
information (or spanning) assumption: If the agent observes an observable of the form (6) with a
full-rank matrix H, then she has enough information to forecast the observable as well as in the
full-information rational-expectations benchmark—even if she fails to do so due to the constraint
on her set of models. Appendix B discusses this generalization in further detail.

3.4 Pseudo-True d-State Models

I end this section by discussing how the insights from the d = 1 case generalize when d > 1.
To characterize the pseudo-true d-state models, one needs to find models 6 = (A, B, Q, R) that
minimize the KLDR from the true process. Doing so requires minimizing a non-convex function
over a non-compact set, consisting of all the matrices A, B, Q, and R of appropriate dimensions.
This problem does not lend itself to an analytical solution without further restrictions.

I proceed by restricting the models the agent considers to be Markovian. A d-state model 6 is
Markovianif P? satisfies the Markov property, i.e., P (1411, Vi1, ... ) = P?(y1411y:). An agent who
believes the observable follows a Markovian d-state model believes (a) that the current realization
of the observable contains all the information required for forecasting and (b) that all the relevant
information contained in y; can be summarized by a d-dimensional state variable. The following
proposition provides a necessary and sufficient condition for a model to be Markovian:

Proposition 2. Let Varf (vr+1) denote the variance-covariance matrix of y.,1 given model 6 and
conditional on the history {y.}.<; of the observable, and let Var’ (y,1|z,) denote the corresponding
variance-covariance matrix conditional on the time-t realization of the subjective latent state.
Var? (yis1) = Var’ (yi1112:) = B'QB + R for any d-state model 0, with equality if and only if 0 is
Markovian.?®

22Bjdder and Dew-Becker (2016) and Dew-Becker and Nathanson (2019) propose an alternative reason agents might focus on tracking
the most persistent components of a payoff-relevant variable. Bidder and Dew-Becker (2016) show that long-run risk is the worst case
scenario for ambiguity-averse agents. Dew-Becker and Nathanson (2019) show that, as a result, ambiguity-averse agents will learn most
about dynamics at the lowest frequencies.

231 use the usual convention that X > Y for symmetric positive semidefinite matrices X and Y if X — Y is positive semidefinite.
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The proposition highlights an intuitive property of Markovian models. Note that the agent can
observe the history {y; }.<; of the observable but not the subjective latent state z;. The first part of
the proposition shows that the agent cannot forecast any better than if she knew the realization
of the latent subjective state. In other words, the forecast error given z; provides a lower bound
on the forecast error given {y; },<;. The second part of the proposition shows that the agent can
achieve this lower bound when her model of the world is Markovian. She can then forecast as
well as an agent who knows the latent subjective state, because all the relevant information in the
latent state can be extracted from the realized history of the observable. Markovian models can
thus be seen as models that feature full information.

Markovian models constitute only a subset of the class of all state-space models of a given
dimension. However, the pseudo-true one-state models happen to be Markovian when the true
process is exponentially ergodic, as shown by the following corollary of Theorem 4:

Corollary 1. Ifthe true process is exponentially ergodic, then any pseudo-true one-state model is
Markovian.

The result shows that constraining the agent to Markovian models is without loss when d = 1
and the true process is exponentially ergodic. Even with the flexibility to choose non-Markovian
models, an agent who is attempting to minimize the KLDR from an exponentially ergodic process
settles on a Markovian model. Whether this result continues to hold for d-state models with
d > 1 remains an open question. However, I can still make progress by taking the restriction to
Markovian models as an assumption and characterizing the resulting pseudo-true models. A
Markovian d-state model @ is a pseudo-true Markovian d-state model if KLDR(0) < KLDR(0) for
any Markovian d-state model 0.

The pseudo-true Markovian models have a number of appealing properties. They satisfy
a version of the linear-invariance result of Theorem 1. They have similar Bayesian and quasi-
maximum-likelihood learning foundations as other pseudo-true models. Perhaps most impor-
tantly, they can be fully characterized in closed-form in some useful cases:

Theorem 5. Suppose either d = 1 or the lag-one autocovariance matrix is symmetric. Then the
following statements hold:

(@) Under any pseudo-true Markovian d-state model 0, the agent’s s -period-ahead forecast is

given by
d
Ef [Yeas] = Z ai*qipi’ yi, (7)
i=1
whereay, ..., ag ared eigenvalues of C, largest in magnitude (with the possibility that some of

the a; are equal), u; denotes an eigenvector corresponding to a; normalized such that u}uy =

-1 1
ﬂ{i:k} fOl’dlli andk, pi = Foz Ui, Cll’ldqi = Fé Uij.
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(b) Under any pseudo-true Markovian d-state model 0, the subjective variance-covariance of

the vector of observables, E°[y,y!], coincides with the true variance-covariance matrix, T =
Elyey;].

The result shows that the insights from the analysis of one-state simple models broadly carry
over to d-state ones. In particular, agents who are restricted to Markovian d-state models exhibit
a form of persistence bias. They focus on perfectly forecasting the d most persistent components
of the vector of observables at the expense of the other components. Moreover, agents who are
constrained to use Markovian d-state models uncover the true variance-covariance matrix of the
observable.

The theorem also suggests that state-space models can be estimated consistently by princi-
pal component analysis (PCA). This conclusion is reminiscent of a central result in the theory
of dynamic factor models on the consistency of the principal components estimator for the
common components.”* However, Theorem 5 is different along several dimensions. First, it
concerns state-space models, not dynamic factor models. Second, the estimator suggested by
the theorem uses the principal components of the lag-one autocorrelation matrix, while the
PCA estimator of dynamic factor models is constructed from the principal components of the
variance-covariance matrix. Lastly, Theorem 5 suggests that the PCA estimator is consistent (at
least under the theorem’s assumptions) even if the number of states is misspecified.?® I am aware
of no similar result on the consistency of the PCA estimator for dynamic factor models when the

number of common factors is misspecified.

4 Behavioral Implications

In this section, I apply the characterization results from the previous section to develop the
behavioral implications of the simple models framework. Throughout the section, I maintain
the assumption that at least one of the following is satisfied for every agent: (a) the agent is
constrained to use one-state models and the true process is exponentially ergodic; (b) the agent is
constrained to use Markovian one-state models; or (c) the agent is constrained to use Markovian
d-state models and the lag-one autocovariance matrix, I', is symmetric.

To flesh out the behavioral implications of the framework, I embed it in a reduced-form
economy. Consider a finite set of agents, indexed by j = 1, ..., J. In every period ¢, each agent j
takes a purely forward-looking decision x;;, which depends on her forecasts via the best-response

function

[o0]

’
Z styt+8

s=1

Xj: = Ej ) (8)

24Gee, for instance, Stock and Watson (2002).
25An estimator for a misspecified model is consistent if the estimate converges to a pseudo-true model as the sample size goes to infinity.
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where y; € R” is as before the vector of observables, Ej;[-] denotes agent j’s subjective forecasts,
and c¢;; € R" are preference parameters satisfying 37, ||cjs|l2 < oo for all j.25 I continue to take
the true process P as a primitive of the economy and assume that agent j can only entertain
state-space models with no more than d; states. In Appendix C, I provide an analysis suggesting
that the partial equilibrium insights would generalize to a general equilibrium economy, in which
P itself is an endogenous outcome of agents’ choices.

The reduced-form specification in (8) allows the derivation of sharp theoretical results, which
highlight the role of simple models and biased forecasts and are independent of the specifics of
agents’ decision problems. These results are valid up to first order for purely forward-looking
decisions that depend non-linearly on the forecasts of the observable. They also hold arbitrarily
well when decisions are sufficiently forward-looking (e.g., when the discount factor is close to
one). In the next three sections, I further develop the implications of the general framework in
the context of three microfounded general equilibrium macro models.

4.1 Persistence Bias

Decomposing the observable into its more and less persistent components will be useful for the
subsequent discussions:

Proposition 3. Let a; denote theith largest eigenvalue of the first autocorrelation matrix, Cy, in
magnitude, and let u; denote the corresponding eigenvector, normalized such that ujuy = 1;—y,
foralli and k. The observable can be decomposed as follows:

n
J/t = Zyt(l)ﬂh'; (9)
i=1

. -1 1 '
where yt(’) = pi'ye, pi =Ty ui, qi = Tju;, u; isas in Theorem 5, and scalars yt(') all have unit variance.

If p; denotes the lag-one autocorrelation ofyt(i), then|p| = |p2] = -+ = |pal.

This proposition represents the observable in terms of the basis vectors {g;}!,, with yt(i)
denoting the components (or coordinates) of y, with respect to this basis. The components
of y, are sorted by their persistence, with yt(l) representing the most persistent component and
yt(") the least persistent component of the observable. This decomposition is valid for arbitrary
stationary stochastic processes and is independent of agents’ forecasting and decision problems.
However, the way agents’ choices respond to changes in the observable neatly aligns with the

decomposition in (9). This is shown in the following corollary of Theorems 4 and 5:

Corollary 2 (persistence bias). Agentj’s time-t forecasts and forward-looking actions only respond
to changes in the d; most persistent components of y; .

26The assumption that each agent takes a single action is without loss of generality. The analysis would be identical if one instead assumed
that agent j makes multiple choices in each period, with the kth action of agent of j given by x;i; = Ej; [Z?’:l cJ’. ks ym] .
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Agents who use pseudo-true d-state models treat the more and less persistent components of y;
in qualitatively different ways. A change in the current value of the observable can be decomposed
into changes in the components yt(i) of y;. Agents do not change their forecasts in response to
changes in the least persistent components of y;. Consequently, their forward-looking actions
also remain unresponsive to changes in these less persistent components.

It is worth noting that agents’ forecasts and actions are unresponsive to changes in the less
persistent components of the observable only on impact. In general, different components of
¥ do not evolve independently. Therefore, a change in the current value of yt(i) could lead to
changes in the values of yt(fs) for some j # i and s > 0. This can result in a delayed response of
agents’ forecasts and actions to changes in the observable’s less persistent components.

4.2 Increased Comovement

Constraining agents to use simple models increases the comovement between their forward-
looking choices. The argument for this prediction is best seen by considering agents j and k,
both of whom are constrained to use one-state models. Because of persistence bias, the agents’

time-t¢ actions can be written as time-invariant linear functions of the observable’s most persistent

component. More specifically, x;; = gj(l) yt(l) and xy; = g,ﬁl) y[(l), where g].(l) and g,ﬁl)

that depend on the true process and the agents’ preferences. Thus, one agent’s actions can be

are constants

expressed as a constant multiple of the other agent’s actions. In other words, the agents’ actions
comove perfectly. The following proposition formalizes and extends this conclusion:

Proposition 4. Let D = max; d; denote the largest value of d; among agents and x; = (x;;); € R/
denote the vector containing agents’ time-t actions. Given generic true processes, x; has the factor
structure

Xt = Gyt(l:D),

whereG is a ] x D matrix of loadings and y[(I:D ) is the D-dimensional vector consisting of the D

most persistent components of the observable.?”

The proposition establishes that the /-dimensional vector of all the forward-looking actions of
all the agents in the economy moves with the D factors collected in yt(l:D ). The number of factors
depends solely on the complexity of agents’ models, while the composition of these factors
depends on the properties of the true process. The loadings of actions on different factors depend
on the preference parameters cj;. If D is much smaller than J (as is often reasonable to assume
to be the case), then a large number of actions comove with movements in a small number of
factors.

Agents’ actions exhibit comovement, both across agents with the same value of d and across
those who use models of varying dimensions. To see the intuition for this result, consider agents

27The result requires all pseudo-true models of a given dimension to be observationally equivalent, a condition that holds for generic true
processes.
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j and k who use models of dimensions d; and dy > d;, respectively. While the agents disagree on
the number of state variables needed to forecast the observable, they agree on what d; of those
state variables ought to be. The d; states used by agent j are a subset of the d; states used by
agent k (up to linear transformations). This strong form of comovement is a unique prediction
of the framework of simple models. It relies on the fact that pseudo-true d-state models rank
the components of y; consistently across d: As d increases, pseudo-true forecasts condition on
additional components of y; but without altering the components already being used to forecast.

A low-dimensional factor structure is one natural expression of comovement. Another com-
monly used comovement measure is the Pearson correlation coefficient between two variables.
The following corollary of Proposition 4 shows that constraining any two agents to one-state

models increases the correlation between their actions: 28

Corollary 3. Consider actions j and k, both of the form (8), taken by agents j and k withd; = dy = 1.
Generically,
1= ‘Corr (x}td, x,ﬁf)

RE _RE
> ‘Corr(xjt » X )‘,
where x} and x[[ denote agent j’s time-t action when using a pseudo-true one-state model and
the true model, respectively.

The time-t actions of agents using a pseudo-true one-state model depend solely on the current
realization of yt(l), the most persistent component of y,. Consequently, an econometrician who
analyzes those actions will conclude that the actions are driven by a single “main shock.” This
conclusion holds regardless of the specifics of preferences, technology, or market structure. It
holds both in partial equilibrium and in general equilibrium, as suggested by the analysis in
Appendix C. Angeletos, Collard, and Dellas (2020) find that a “main business cycle shock” explains
the bulk of movements in macroeconomic aggregates at business cycle frequencies. The above
analysis suggests that there is always a main shock—as long as decisions are sufficiently forward
looking and agents use simple models. It also shows that the main shock is an endogenous index
whose composition depends on the primitives of the economy, the stochastic properties of the
shocks that hit it, and the parameters of policy rules.

4.3 Under- and Over-Extrapolation

The framework proposed in this paper is neither a model of under-extrapolation nor of over-
extrapolation. Instead, agents who use simple models forecast using a parsimonious model
that provides an approximation to the true process and balances forecast errors across different
horizons and variables. Consequently, simple models do not lead to mistakes that invariably go
in the same direction. In fact, agents who use a pseudo-true d-state model under-extrapolate
some variables and over-extrapolate others.

28This corollary does not generalize beyond the one-state case. Constraining agents to models with d;, d. > 1 states might decrease the
correlation between their actions relative to the rational-expectations benchmark.
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Proposition 5. Letyt(l) denote the most persistent component of y; and yt(”) denoteits least persistent

component. If the true process is exponentially ergodic and d; < n, then:

(a) Agent j overestimates the magnitude of yt(l) s autocorrelation at all lags.

(b) Agent j underestimates the magnitude of yt(”) sautocorrelation at all lags.

The following example illustrates the result:

Example 3. Suppose the vector of observables is given by y; = (y1;, y2:)” € R?, and each element
of y; follows an independent ARMAC(1, 1) process

Yir = P1y1,-1 + €10+ €,

Yor = Payo -1+ €+ Vo€,

where ¢1, ¢, 91, 9 € (0, 1) are constants, and €, and €, are i.i.d. mean-zero random variables

(¢1+91) (1+¢191) (¢2+02) (1+¢292) :
d 14+2¢1 01+97 > 14+2¢pp 0p+9 - This

assumption ensures that y;; has a higher autocorrelation than y», at all lags.

with finite variances. Additionally, assume that ¢; > ¢, an

The lag-1 autocorrelation matrix is given by

(pr1+91)(1+d101) 1
2 (Pl 0
1+ 26,0 + 02
0 (P2 +02)(1+ 202) ;4|
1+2dp0 + 92 7

C =

(Pi+9;) (1+¢i 9;) : :
T20,0,+07 and the corresponding eigenvector

is u; = e;, where e; denotes the ith standard coordinate vector. Since the two elements of y,

The ith largest eigenvalue of C; in magnitude is

are independent, the variance-covariance matrix, Iy, is diagonal. Therefore, yt(l)ql = y1re; and
y[(z) q> = y2re2, i.e., the most persistent component of y; is its first component in the standard coor-
dinates and its least persistent component is its second component in the standard coordinates.
The spectral radius of the lag-/ autocorrelation matrix satisfies

p(C) =

((l)l +]91)(1 + (plzﬁl) i_l > (((/)1 + 191)(1 +¢12191))l — P(Cl)ly
1+2¢1191+191 1+2(/)1191+191

with the inequality strict for [ > 1. That is, the true process is exponentially ergodic.

The pseudo-true one-state model is described by Theorem 4. Under any such model, y;;

(¢p1+91) (1+¢191)
1+2¢p1 9 +92

The pseudo-true lag-I autocorrelation of y, is equal to a’, while the pseudo-true lag-I autocor-

follows an AR(1) process with persistence parameter a = and y»; isi.i.d. over time.

relation of yy; is zero for any / > 1. On the other hand, the true lag-/ autocorrelation of y;; is

%(pf‘l for i = 1,2. Therefore, an agent who uses a pseudo-true one-state

model overestimates the autocorrelation of y;; at all lags (strictly so for lags [ > 1) while strictly

given by

underestimating the autocorrelation of y,; at all lags.
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Agents who use simple models over-extrapolate from changes in the most persistent com-
ponents of the observable and under-extrapolate from changes in the least persistent ones. For
observables with intermediate persistence, the pattern could be under- or over-extrapolation
depending on the variable and the horizon being considered. These predictions set this paper’s

framework apart from those that hardwire under- or over-extrapolation.

5 Application to the New-Keynesian Model

As the first application of the general framework, I study the standard three-equation new-
Keynesian model.?’

5.1 Primitives

The primitives of the economy are standard. Time is discrete, preferences are time separable, and
discounting is exponential. There is a measure of households with separable preferences over
the final good and leisure. In each period, households decide how much to consume and how
much to save in a nominal bond, which is in zero net supply. Households also make labor-supply
decisions taking the wage as given. The consumption good is a CES aggregate of a continuum of
intermediate goods. Intermediate goods are produced by monopolistically competitive firms
using a technology linear in labor. Intermediate-good producers are subject to a Calvo-style
pricing friction. Markets for labor, the final good, and the nominal bond are competitive.

The economy is subject to technology shocks that move the natural rate of interest and cost-
push shocks that affect the intermediate-good producers’ desired markups. The nominal interest
rate is set by a central bank. The exact rule followed by the central bank is irrelevant for my analysis.
Rather, equilibrium outcomes will depend only on the statistical properties of the interest-rate

process (such as its serial correlation and its correlation with other aggregate observables).3°

5.2 Log-linear Temporary Equilibrium

It is well known since Preston (2005) that recursive equilibrium equations that relate aggregate
variables (e.g., the aggregate Euler equation) may not be valid outside of rational expectations. In-
stead, one needs to separately characterize each agent’s optimal behavior using only relationships
that are respected by the agent’s expectations.

My analysis of the new-Keynesian model thus proceeds in two steps. The first step is to
characterize the temporary equilibrium relationships, which impose individual optimality and

29Technically speaking, the economy will be a two-equation new-Keynesian economy, described by the dynamic IS curve and the Phillips
curve. Instead of assuming a functional form for the way the nominal interest rate is set (e.g., a Taylor rule), I model the interest rate as a
random variable with arbitrary dependence on the current realizations and lags of the output gap and inflation rate.

30The Taylor principle is not necessary for equilibrium uniqueness in my setup. The sunspot equilibria in the new-Keynesian model
require agents to coordinate on payoff-irrelevant sunspots. I restrict the set of variables that can appear in the vector of observables to be
payoff relevant, thus implicitly ruling out sunspot equilibria.
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market clearing conditions but not rational expectations.®! The second step is to supplement the
temporary equilibrium with the model of expectation formation and characterize the resulting
(full) equilibrium.

The first step of the analysis is standard. I therefore omit the details of the derivation and use
the log-linearized temporary equilibrium relationships as my starting point.3? These temporary-
equilibrium conditions are given by

. s N 1-B, 5 N
g == (i —r") + En | ) B° (Tﬁxm = 0 (ies = 1) = %nm) ) (10)

s=1

. < N . 1-6.
Ty = KX + e + Efy Z(,B5)S (th+s + Ttys + ,Ut+s) ) (11)
s=1

where %, i;, and 7; denote the log-deviations of the output gap, (gross) nominal interest rate, and
inflation rate, respectively, from their steady-state values. g is the discount factor, o is the elasticity
of intertemporal substitution (EIS), ¢ is the Calvo parameter, « is a composite parameter that
determines the slope of the Phillips curve, r/* denotes the technology shock that moves the natural
rate of interest, and y; is the cost-push shock. Ej; and Ef, denote the subjective expectations of
households and firms, respectively.

I assume that the vector (i, r/', u;)’ of the nominal interest rate, technology shock, and cost-
push shock follows a mean-zero, stationary, and exponentially ergodic process.® This assumption
allows me to use Theorem 4 to characterize the set of pseudo-true one-state models. When taking
the model to data, I verify that (i, r*, u,)’ indeed follows a stationary and exponentially ergodic
process.

5.3 Subjective Expectations and Equilibrium

For simplicity, [ assume that households and firms face identical constraints on the models they
can entertain, ending up with identical subjective expectations. Every agent knows the steady-
state values of every variable. Agents’ time-¢ information set is given by the history {y;},<; of
vector y; = (%y, iz, Ir, r', 1u.)’, consisting of the time-t log-deviations of output, inflation, and
interest rate from their steady-state values, as well as realizations of every shock. Instead of
imposing rational expectations, I assume that agents are constrained to use one-dimensional
state-space models of the form (1) to forecast y.

31The notion of temporary equilibrium has been extensively developed in the context of Arrow-Debreu economies by Grandmont (1977).
See Woodford (2013) for a discussion of temporary equilibria in the context of modern monetary models and Farhi and Werning (2019) for
an application in the context of a heterogeneous-agent new-Keynesian economy.

32The details of this derivation can be found, among other places, in Angeletos and Lian (2018) and Gati (2020).

33The new-Keynesian literature often assumes that the nominal interest rate follows a Taylor rule, which sets the rate as a linear function
of the output gap and inflation rate plus a monetary policy shock. As long as shocks follow a stationary and exponentially-ergodic process,
the standard specification leads to a process for (i, /%, 1)’ that is stationary and exponentially ergodic—both in the rational-expectations
equilibrium and in the equilibrium in which agents are constrained to use simple state-space models. My reduced-form specification of the
interest rate process thus nests the standard Taylor-rule specification. But the reduced-form specification has the advantage of allowing the
model to be estimated without taking a stand on which changes in the interest rate are systematic and which are due to the so-called pure
monetary policy shocks. It also enables me to study the effects of forward guidance in a theoretically coherent way. These advantages come
at the expense of precluding counterfactual analyses with respect to the parameters of the Taylor rule.
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The equilibrium definition is straightforward. An equilibrium consists of a stochastic process
P* for {y;}; and a model 6" for agents such that (i) P* is derived from market-clearing conditions
and optimal behavior by households and firms given subjective model 6, and (ii) 6* is a pseudo-
true one-state model given the stochastic process P*. Following earlier work (Molavi, 2019), I
refer to this equilibrium notion as the constrained-rational-expectations equilibrium.

Finding an equilibrium involves solving a fixed-point equation. I can do this in the context of
the new-Keynesian model analytically via a guess-and-verify method. I focus on linear equilibria,
in which £, and #; are linear functions of 7;, r*, and y,.>* In such an equilibrium, the y, vector con-
tains two redundant elements (which are linear combinations of other elements of y;). Therefore,
agents’ forecasts of y can be obtained by first finding their forecasts of some three-dimensional
vector f; that spans the subspace spanned by y; and then using the linear-invariance result to
find their forecasts of y;.

Itake f; = (%, 7i;, I;)’ as my basis for the subspace spanned by y;. This choice of f; has two
advantages over the more natural choice of the vector of shocks. First, it simplifies the algebra
involved in finding the equilibrium considerably. Second, it makes the estimation of the model
more straightforward. By Theorem 4, agents’ pseudo-true model of any vector f; depends on the
autocovariance matrices of f; atlags zero and one. When f; consists of the output gap, inflation
rate, and nominal interest rate, those autocovariance matrices have readily available empirical
counterparts.

The following proposition summarizes the equilibrium characterization:

Proposition 6. Suppose the shocks in the new-Keynesian model are stationary and exponentially
ergodic, agents are constrained to use one-state models, and their time-t information set consists of
the history of vectory, = (&;, fir, i, 1, p)’ fort < t. Inthe linear constrained-rational-expectations

equilibrium,
1 o A
X = il + Py —a(1 =y, (i —1rM], (12)
' 1= pxYe = Pr(Yr + KYx) [YX(pl ¢+ Prfht) ( YaPr) (it t)]
~ 1 R )
Ty = 1- DxYx — pﬂ(Yn + K,yx) [(Yn + ny)pilt + (1 — ’yxpx)’ut — O'(K + anx)(lt _ rtn)] , (13)
where
Y« = a(qx — 0qyz), (14)
YI[ = aﬁqﬂ) (15)

Ty is the variance-covariance matrix of (X:, iz, iy), C1 is the corresponding lag-one autocorrelation

matrix, a is the eigenvalue of C, largest in magnitude, u is the corresponding eigenvector normalized
St 1

sothatu'u=1,p = (px, pr, pi)) =T u, andq = (qx, Gz, q;)’ =T u.

34The existence and generic uniqueness of a linear equilibrium follows from the guess-and-verify argument. My method for finding an
equilibrium is silent on whether there are other, non-linear equilibria.
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The proposition provides an explicit characterization of the equilibrium given autocovari-
ance matrices of vector f; = (%, #;, i;)’. Although f; contains the output gap and inflation rate,
which are endogenous objects, the characterization is still useful. One can directly measure the
autocovariance matrices of f; in the data and use the measured values together with values for g,
o, 6, and « to find the response of the economy to interest-rate changes as well as technology
and cost-push shocks. Furthermore, in equilibrium, there is a one-to-one mapping between the
autocovariance matrices of f; and the autocovariance matrices of the shocks. Therefore, setting
the autocovariance matrices of f; to their empirical counterparts is equivalent to choosing the
shock process to target the empirical autocovariance matrices of f;.

Vectors p and g can be seen as measures of the anchoring of expectations. Agents’ nowcast
of the subjective latent state z; can be seen as their view of the “state of the economy.” When p,
is small for some ¢ € {x, n, i}, agents’ view of the state of the economy does not move by much
in response to innovations in {;. Whereas when ¢, is small for some { € {x, n, i}, changes in
agents’ view of the state of the economy do not alter their forecasts of { by much. The product
qr p¢ thus captures the sensitivity of forecasts of {’ to innovations in {. When g, is small, agents’
expectations of ¢ are well anchored; they do not respond to innovations in any of the observables.

The framework can be used to study optimal monetary policy when agents use simplified
models of the economy. The standard new-Keynesian model has the so-called “divine coincidence”
property under rational expectations: Without cost-push shocks, the monetary authority faces no
trade-off between its dual goals of zero output gap and stable prices. The following result shows
that a similar conclusion holds when agents use pseudo-true one-state models:

Proposition 7 (divine coincidence). Suppose agents in the new-Keynesian model are constrained
to use one-state models, and their time-t information set consists of the history of vector y, = (X, 7,
Ir, 1%, u.) fort < t. If the cost-push shock y; is identically zero, the nominal interest rate is always
set to the natural rate, i.e., i, = /", and the natural rate follows a stationary and exponentially
ergodic process, then in the linear constrained-rational-expectations equilibrium, the output gap
and inflation rate are identically zero.

Equalizing the nominal rate and the natural rate achieves zero output gap and inflation through
two channels. The first channel is the direct effect on the current interest rate faced by house-
holds and firms. The second channel works through the anchoring of inflation expectations.
By systematically setting the nominal rate to the natural rate, the monetary authority brings
the economy closer to a one-state economy, in which the only shocks affecting the economy
are shocks to the natural rate. This brings agents’ pseudo-true one-state expectations closer
to rational expectations, thus making the constraint on the complexity of agents’ models non-
binding. As a result, the economy inherits the divine coincidence property from the rational-
expectations version of the model. In equilibrium, g, = g, = 0; that is, agents’ expectations of
output and inflation are perfectly anchored.
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Limits to the complexity of agents’ models do not change the prescription for conventional
monetary policy (at least when cost-push shocks are absent). But it is a completely different story
when it comes to forward guidance. I proceed by quantifying the effects of forward guidance in

an economy where agents use simple models fit to their past observations.

5.4 Forward Guidance

I consider an economy that has been operating without forward guidance for a long time and
study how implementing forward guidance then affects output and inflation. This is a good
description of where the U.S. economy was in 2009, in the aftermath of the Global Financial Crisis.
Consistent with this story, [ end my sample in the fourth quarter of 2008 when taking the model
to data.

[ assume that agents continue to forecast using a one-state model that is pseudo true in an
equilibrium without forward guidance even as they see forward guidance. This assumption
captures the following scenario: Agents have lived in a new-Keynesian economy without forward
guidance for a long time and have had ample opportunities to learn the equilibrium relationships.
However, since agents can only entertain one-state models, instead of learning the true model,
they have settled on a pseudo-true one-state model. Agents are then confronted with forward
guidance for the first time. The key assumption is that agents do not immediately abandon their
model; rather, they continue to rely on the model they had before the switch to the forward-
guidance regime, even though their model may not be pseudo-true under the new regime.

The fact that agents have a fully-specified model for the stochastic process of y allows me to
study the effects of forward guidance in an internally consistent way. I model forward guidance
as a credible announcement in period ¢ by the central bank that the nominal rate will follow path
{Ti41y Lra2y - ooy bpat )} going forward. The announcement augments agents’ time-¢ information set

to include {711, ir+2, ..., iz+7} (in addition to {y;}.<;). Therefore, agents’ time-¢ forecasts under

forward guidance are the conditional expectations Ef;G(T) [1 = B2 [\Hyetese, b1 fes2y - -+ Bra),
where 6* denotes the pseudo-true one-state model agents use in the equilibrium of the economy.
But agents’ forecasts are Markovian by Theorem 4 and the assumption that the true process is
exponentially ergodic. Therefore, Ef;c;(r) [1 = EZ [yt fes1, 142, - - et ]

Since agents use linear-Gaussian state-space models, their forecasts are linear functions of the

variables in their information set. In particular, for any observable { € {%, #, i, ", u}

0* o* R 2 -1
E,;y G(T) [Ceas] = E7 [Crasfer beats Ta2s oo s L] = Z(SwrszwTwT;

where or = (¢, 41, - - -, I41)’s Zoor = E¥ [{asw? ], and 24,0, = E9 [wrw}]. Note that the covari-
ance matrices that show up in agents’ forecasts of { are subjective covariance matrices which
depend on agents’ subjective model. But the subjective model is just the pseudo-true one-state
model, which is fully characterized by Proposition 6.
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The response of the economy to forward guidance can be computed analytically. Substituting
for agents’ forecasts in (10) and (11) and simplifying the resulting expression, I obtain

T)» T T )2
X = ( )zt + v,gn)rt" + v,gu)ut + Z v)(cis)zm,
iy = (T)ZA +V7(r];;)rrn+"(T)l~t +Z (r )lAt+s,

where v’s are constants that depend on the parameters (a, p, q) of agents’ pseudo-true model and
constants §, o, §, and . The expressions for v’s can be found in Online Appendix E.1.

The v’s have intuitive interpretations: v,; and v,; are the current interest-rate elasticities of
output and inflation, respectively, whereas vy;, and v,;, are the elasticities of output and inflation
with respect to the s-period-ahead guidance about the path of the interest rate. Note that these
elasticities change with the duration T of the monetary authority’s guidance. That is, committing
to a zero interest rate in period t + s is not the same as not making any announcement about
period t + s’s interest rate. The (T') superscript in the above expressions emphasizes this point.
The expressions for v’s are rather cumbersome, so I calibrate the model and numerically study
the effects of forward guidance.

5.5 Quantification

The model has few parameters. I calibrate the model at a quarterly frequency. Following Gali
(2015),Iset $=0.99, 0 =1, § = 3/4, and x« = 0.172. I choose the first two autocovariance matrices
of vector (i, r/’, u;)’ of the nominal rate, technology shock, and cost-push shock to match the
first two autocovariance matrices of f; = (&, 7;, i;)’—in a constrained-rational-expectations
equilibrium where agents use one-state models. Since there is a one-to-one mapping between
the two sets of autocovariance matrices, I can perfectly match the autocovariance matrices of f;.

I estimate the empirical autocovariance matrices of f; using the post-war, pre-Global-Financial-
Crisis U.S. data. For %;, I use the percentage difference between Real GDP and Potential Output in
period t; for 7, I use the percentage change in GDP Deflator; and for i, I use the Effective Fed
Funds Rate. The resulting time series are stationary, so I do not filter them. The sample period is
from the first quarter of 1955 to the fourth quarter of 2008.

The estimated (lag-one) autocorrelations of the interest rate, technology shock, and cost-push
shock are given, respectively, by p; = 0.954, p,» = 0.955, and p,, = 0.925, whereas the corresponding
standard-deviations are given by o; = 3.30, o,» = 5.67, and 0, = 0.315. However, the estimated
shocks are not independent AR(1) processes. See Online Appendix E.2 for the full estimated
autocovariance matrices at lags zero and one, where I also verify that the estimated process is
indeed exponentially ergodic.

There are no free parameters for agents’ expectations (other than d, which I have set equal to
one). Agents’ models, beliefs, and forecasts are all pinned down by structural parameters g, o, §,
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and x and the stochastic process of the shocks. In equilibrium, the pseudo-true one-state model

is described by

a* =0.985,
p: =0.022,
p, =-0.42,
p; =—-0.014,
q: = 0.53,
q,=-2.3,
q; = -2.5,

where a* denotes the perceived persistence, p* is the relative attention vector, and g* is the relative
sensitivity vector.

Agents perceive the subjective state as highly persistent but not unit root. Their estimate of the
state is much more sensitive to changes in inflation than to output or interest rate. High output
makes agents optimistic about the subjective state, while high inflation and high interest rate
make them pessimistic. Finally, agents’ forecasts of inflation and interest rate move much more
with changes in their estimate of the state than do their forecasts of output.

The inflation expectations of an agent using the pseudo-true one-state model are not well
anchored. A one percent increase in the current inflation rate would resultin a a*q;p, ~ 0.95%
increase in the agent’s one-step-ahead forecast of the inflation rate. The non-anchoring of ex-
pectations reflects the large persistence of inflation in the time-series data used to estimate the
model.

5.6 Quantitative Results

Figure 1 plots the responses of output and inflation to a 100 basis point cut in the current nominal
rate combined with an announcement by the central bank that the nominal rate will be kept at
—1% for T quarters. The figure plots the responses at the time of announcement as the duration of
guidance T is varied. The response of output to the rate cut accompanied by a promise to keep the
rate low for another quarter is 48% higher than the response to a rate cut without any guidance;
the corresponding figure for inflation is 17%. But the central bank quickly runs out of ammunition.
Promising to keep the rate low for two quarters (instead of one) increases the response of output
only by about 9% and decreases the response of inflation by about 9%. Promising to keep the rate
low for 20 quarters is only 50% more stimulative than promising to keep it low for one quarter.
Agents’ misperception of the intertemporal relationships among aggregate variables moderates
the power of forward guidance. Agents use a simplified statistical model that is fit to their past

observations to make an out-of-sample forecast in a new regime with forward guidance. This
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Figure 1. The power of forward guidance

Notes: This figure plots the responses of the output gap and inflation rate to a 100 basis point cut in the current nominal interest rate
combined with an announcement by the central bank that the nominal rate will be kept at —1% for an additional T quarters. The responses
are plotted at the time of announcement as the duration of guidance T is varied. The output gap is measured in percentage differences
between Real GDP and Potential Output. The inflation rate is measured in percentage changes in GDP Deflator.

estimated pseudo-true model understates the extent of serial correlation in the observables
relative to the rational-expectations benchmark. For instance, under the pseudo-true one-state
model, the correlation of i, and £,_; is only —0.17, while the correlation of i, and 7, is about
0.73. More generally, agents perceive the correlation of 7, and %,_; to be —0.17 x 0.985° and the
correlation of i; and %,_, to be 0.74 x 0.985°. Therefore, changes in the interest rate in period t + T
have a modest impact on agents’ time-¢ forecasts of the output gap and inflation rate in periods
t+1,t+2,...,t+T -1, and the impact decays exponentially with T'.

6 Application to the Real Business Cycle Model
For my second application, I consider the textbook real business cycle (RBC) model.

6.1 Primitives

Preferences, technology, and market structure are standard. Households value consumption and
labor according to the per-period utility function

1- n1+<p

u(c,n) = -y

Q=] 9=

c
1- 1+¢’

where ¢ denotes consumption, n denotes labor, ¢ is the elasticity of intertemporal substitution
(EIS), ¢ is the inverse Frisch elasticity of labor supply, and v is a constant that determines the

steady-state working hours. The consumption good is produced by a measure of competitive
firms by combining labor and capital according to the Cobb-Douglas production function

l-a

or = atk;n,~ %,

where o, denotes output, a; is total-factor productivity (TFP), and k; denotes the capital stock at
the beginning of period ¢. TFP follows a first-order autoregressive process in logs: d; = log a;, and

a} = p&[_l + €¢. (16)
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In every period, households choose consumption, labor supply, and the next period’s capital
stock subject to the following flow budget constraint:

kivi = (1 =06 +r1)ks + wens — ¢y,

where 6 denotes the depreciation rate of capital, r; is the interest rate, and w; is the wage rate.

Market clearing determines investment:

ly = O — Cy.

6.2 Equilibrium

I find the equilibrium under the assumption that households know the steady-state of the econ-
omy and use a one-state model to represent the fluctuations of aggregate variables around the
steady state. Specifically, I assume that households perfectly observe the vector y; = (a, 6;,
Wy, y, Ay, 1y, K, ¢;) of log-deviations from the steady state. However, instead of having rational
expectations, households believe that y; follows a model of the form (1) with d = 1 and use a
pseudo-true one-state model to forecast future values of y.

The equilibrium definition is as in the new-Keynesian application. A constrained-rational-
expectations equilibrium consists of a stochastic process P* for y; and a model 6* for households
such that (i) P* is derived from market-clearing conditions and households’ optimal consumption,
labor-supply, and investment decisions given their subjective model 6*; and (ii) 6* is a pseudo-
true one-state model given the stochastic process P*. In Online Appendix F, I provide a more
formal definition of equilibrium and discuss how one can compute it.

6.3 Quantification

The model is calibrated as follows: A period represents a quarter. The quarterly discount rate is set
to B = 0.99. The EIS and the Frisch elasticity of labor supply are both set to one. The depreciation
rate is set to § = 0.012 and the capital share of output to & = 0.3. TFP has a persistence parameter

of p = 0.95.  normalize the standard deviation of TFP innovations to one.

6.4 Impulse-Response Functions

Figure 2 plots the impulse-response functions (IRFs) to a one-percent increase in TFP. The re-
sponse of consumption on impact is 83% smaller than the corresponding response under rational
expectations (RE). The consumption response continues to be smaller than under RE for six
quarters after impact. However, consumption in the economy with boundedly-rational agents
eventually overshoots its RE counterpart. The consumption IRF under simple models mimics the
IRF in a model with consumption-habit formation, a common feature in the DSGE literature that

serves to increase the sluggishness of consumption. Simple models thus provide a novel account
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of the hump-shaped response of consumption to TFP shocks in empirical studies, which does

not rely on auxiliary frictions.?® 36
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Figure 2. Impulse-response functions to a TFP shock

Notes: This figure plots the impulse-response functions to a one-percent increase in TFP. The variable labeled “nowcast” is defined as
households’ nowcast 2; of the subjective state z;. Every variable, except for the interest rate and nowcast, is measured in log changes from
its steady-state value. The interest rate is measured in percentage-point changes from its steady-state value. The unit of measurement for
agents’ nowcast is arbitrary.

The key to understanding the consumption IRF is how households form their expectations.
Agents’ forecasts of aggregate variables are linear functions of their nowcast z; of the subjective
state z; in their pseudo-true one state model. This nowcast is a linear combination of the time-¢
values of the capital stock and TFP, with the weights determined endogenously in equilibrium:3’

2, =0.947k, + 0.0534;.

Agents’ nowcast is significantly more sensitive to changes in the capital stock than to changes in
TFP. This is a manifestation of persistence bias: In equilibrium, the capital stock is more persistent
than TFP, a fact that is evident from the impulse-response functions. Therefore, the nowcast moves
almost one-for-one with changes in the capital stock. Agents’ expectations of every aggregate
variable at every horizon is a scaled version of their nowcast. Consequently, they also move in
unison with changes in the capital stock.

Consumption inherits the dynamics of agents’ expectations. Since the discount factor is close
to one in my calibration, consumption is almost purely forward looking. Therefore, it moves in

35For a meta-analysis of the response of aggregate variables to technology shocks, see Ramey (2016, pp. 135-151).

36The response of consumption to TEP shocks is hump-shaped in the model even when TFP isi.i.d. over time, suggesting a resolution to
Cogley and Nason (1993)’s observation that the RBC model has a weak propagation mechanism.

37Since the scale of z; is not identifiable either to agents or an outside observer, the scale of 2, is intrinsically meaningless. I normalize 2
so that 2, = ppky + pad; with |p| + |pal = 1.
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tandem with changes in households’ forecasts, which in turn, move almost one-for-one with their

nowcast z; of the subjective state. In equilibrium, consumption is as follows:
¢ = 0.089k, + 0.0887, + 0.009110; + 0.841%;.

That is, consumption is much more sensitive to changes in agents’ nowcast than to current prices
and quantities.

The upshot is that consumption comoves, almost perfectly, with the capital stock. The (uncon-
ditional) correlation of consumption and the capital stock is 0.999 when households use simple
models. This is compared to a correlation of 0.956 under rational expectations. Even though
consumption is an almost purely forward-looking variable, it is anchored to the most persistent
backward-looking variable in the economy and behaves like a state variable.

The initial underreaction and the subsequent overshooting of consumption increases its un-
conditional variance by about 10% relative to the RE benchmark. Similarly, hours and investment
show increased volatility when agents are constrained to one-state models. They are about 41%
and 24% more volatile, respectively, compared to the rational-expectations benchmark. The
increased volatility of consumption and hours, resulting from agents’ use of simple models, leads
to an increase in the cost of business cycles.

I end this section with a note on Angeletos, Huo, and Sastry (2021)’s evidence on the IRFs of
subjective expectations. They find that the “consensus forecasts” of various aggregate variables
in the Survey of Professional Forecasters exhibit hump-shaped responses to identified aggregate
shocks. They also find that the term structure of subjective expectations feature monotone mean-
reversion with a persistence parameter that is larger than the true persistence. The behavior
of subjective expectations in the RBC model with simple models discussed in this section is

consistent with both of these findings.

7 Application to the Diamond-Mortensen-Pissarides Model

For my last application, I study how the predictions of the standard labor search and matching
model change when agents are constrained to use simple models. I do so in the context of the
stochastic version of the Diamond-Mortensen-Pissarides (DMP) model in discrete time. I start

by describing the primitives of the economy.

7.1 Primitives

There is a continuum of workers and firms in the economy. The mass of workers is normalized
to one, whereas the mass of firms is determined by free entry. Workers and firms are both risk
neutral and discount the future at rate . A worker matched with a firm generates a; units of
output in each period, whereas an unemployed worker produces b < 1 units. I assume that
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a; —b = (1 - b) exp(a,), where a; is a shock to labor productivity net of home production. This
specification of labor productivity guarantees that a; > b for any realization of labor productivity,
so it is always efficient for workers to be employed by firms.

Unemployed workers and firms randomly match in a frictional labor market. A matching
function determines the rate at which unemployed workers meet firms. An unemployed worker
finds ajob in period ¢ with probability p, = u6}~%, and avacancy s filled with probability g, = u6,¢,
where 6, = v;/u; denotes market tightness, i.e., the ratio of the number of vacancies to the
unemployment rate, and p and « are parameters of the matching function. Jobs are destroyed in
each period with probability s; = s exp($;), where §; is a separation shock. Firms incur a cost of k
units of output per period for maintaining a vacancy.

The wage is determined through Nash bargaining between a worker and a firm, with the threat
point of the worker the value of unemployment, the threat point of the firm the value of an unfilled
vacancy (which will be zero in equilibrium), and the worker’s bargaining power equal to §.

I assume that net labor-productivity and separation-rate shocks follow the autoregressive

ar _ (pa 0 [dr-1
(@)—(0 ps)(ﬁt_l)”f’ a7

where €; ~ N (0, X). This specification allows for labor productivity and the separation rate to be

process

correlated, as is the case in the data.

7.2 Temporary Equilibrium

The recursive equations that characterize the solution to the DMP model may not hold without
rational expectations. I instead start by characterizing the temporary-equilibrium relations, which
hold under arbitrary expectations. I assume that firms and workers use state-space models with
the same number of states, ending up with the same subjective expectations in equilibrium.
Market tightness and the wage then satisfy the following equations:3®

0f = % (a - w) + £, Zlﬁ ]](1 = St4k) (drer = wm)] (18)
w; = 8a; + (1 - 8)b + OF; Zﬁ ]‘l(l—sﬂk)(am W)
k=1
- (1-9)E, Z pr ﬂ(l = Stsk = Prek) (Wrar = b)] : (19)
=1 k=1

The unemployment rate follows the first-order difference equation

=ty + 51 (1= 1) — 6wy, (20)

38Nash bargaining only determines the total value delivered to workers and firms and not the timing of payoffs or the wage rate. To
determine the wage, I assume that workers and firms both take the future expected wages as given and adjust the current wage to split the
surplus according to the Nash bargaining solution.
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Equations (17)-(20) together with the specification of subjective expectations fully determine the
equilibrium. The derivation of these equations and other omitted calculations from this section
can be found in Online Appendix G. To simplify the numerical computations, I log-linearize the

temporary equilibrium of the economy around a steady state in which a; =1 > b and s; = s.

7.3 Equilibrium

I find the equilibrium under the assumption that agents know the steady state of the economy
and use a one-state model to represent the fluctuations of aggregate variables around the steady
state. I assume that every agent perfectly observes the vector y; = (d;, $;, 0, Oy, 0y, P> Gr, W) of
log-deviations from the steady state. Agents believe that y, follows a one-state model of the form
(1) and use a pseudo-true model to forecast the future values of y.

Equilibrium is defined as in the previous applications. It consists of a stochastic process P* for
¥ and a model 6* for agents such that (i) P* is derived from agents’ optimal behavior given their
subjective model 0%, and (ii) 6* is a pseudo-true one-state model given the stochastic process P*.

A more formal definition can be found in Online Appendix G.

7.4 Quantification

The model is calibrated as follows: Each period corresponds to a month. The discount factor
is set to B = 0.99. I set the mean of the separation rate to s = 0.035, so jobs last for about 2.5
years on average. The steady-state job-finding probability is set to p = 0.4 per month. The
elasticity parameter of the matching function is set to @ = 0.72. Workers’ bargaining power is
set to the same value: § = 0.72. Setting § = a ensures that the Hosios condition is satisfied. I
set the persistence parameter of the shock to p, = 0.96 for labor productivity and ps; = 0.90 for
the separation rate. I normalize the steady-state output per worker to a = 1. The flow payoff to
workers from unemployment is set to b = 0.4.%°

The impulse-response functions are independent of the volatility of the shocks and their
correlation when agents have rational expectations—but not when they are constrained to one-
dimensional models. I set the correlation of labor-productivity and separation-rate shocks to —0.4
and the ratio of the standard deviation of the labor-productivity shock to that of the separation-
rate shock to ten. These choices ensure that the (pairwise) correlation coefficients between labor
productivity, the separation rate, and the unemployment rate are broadly consistent with the
data in Shimer (2005). Finally, I normalize the standard deviation of labor productivity to one.
The results that follow do not depend on this normalization.

39These parameter values are all consistent with the calibration in Shimer (2005). Others, such as Hagedorn and Manovskii (2008), rely on
values of b closer to one to amplify the response of unemployment to labor-productivity shocks.

34



7.5 Impulse-Response Functions

The responses of aggregate variables to shocks depend on how agents form their expectations.
Agents’ expectations of aggregate variables are linear functions of their nowcast z; of the subjective
state z;. The nowcast, in turn, is the following linear combination of the time-¢ values of the
unemployment rate, labor productivity, and the separation rate:*’

z; = —0.8481; + 0.043d; — 0.108s;. (21)

The nowcast is almost eight times more sensitive to changes in the unemployment rate than to
changes in the separation rate, and it barely responds to changes in labor productivity. This is due
to the fact that, in equilibrium, the unemployment rate is more persistent than the two exogenous
shocks.

Figure 3 plots the impulse-response functions to a one-percent increase in labor productivity.
The responses of the number of vacancies and job-finding rate on impact are 45% smaller than
the corresponding responses under rational expectations. The muted response of the job-finding
rate slows the dynamic of the unemployment rate: While the response of unemployment peaks
after five quarters under rational expectations, the peak is at quarter seven when agents use
simple models.

The persistence bias in agents’ expectations leads to additional persistence in vacancies, the
job-finding rate, and the unemployment rate. The most economically-interesting decision in
the DMP model is firms’ vacancy-creation decision. Hiring a worker is a long-term investment.
Therefore, it depends on forecasts of economic conditions by firms. Those forecasts are tied to
the unemployment rate and show little response to changes in labor productivity, as can be seen
in equation (21) and Figure 3.#! The anchoring of expectations to unemployment dampens the
initial response of vacancies to an increase in labor productivity.

The economy’s response to a separation-rate shock is perhaps even more subtle. Figure 4 plots
the impulse-response functions to a one-percent increase in the separation rate. Under rational
expectations, the increase in the separation rate foreshadows an increase in the unemployment
rate. This increase in the unemployment rate will be beneficial to would-be employers: A higher
unemployment rate means a slacker labor market and a higher job-filling rate. This makes it
more likely that a firm will recoup the cost of creating a vacancy, thus leading to an increase in the
number of vacancies through the free-entry condition. This dynamic is behind the counterfactual
positive correlation between the number of vacancies and unemployment rate in a DMP model
with only separation-rate shocks.

Constraining agents to simple models turns this dynamic on its head. By equation (21), an
increase in separations lowers agents’ nowcast of the state of the economy both directly and

40T normalize 2, so that 2, = p,ii; + pady + ps$; with |py| + |pal + |ps| = 1.
41Since the scale of z; is not identifiable either to agents or an outside observer, the scale of the nowcast 2 is intrinsically meaningless.
However, Figures 3 and 4 use the same scale for Z;, so the IRFs are comparable across the two figures.
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Figure 3. Impulse-response functions to a labor-productivity shock

Notes: This figure plots the impulse-response functions to a one-percent increase in labor productivity. The variable labeled “nowcast” is
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indirectly through the resulting increase in unemployment. The deterioration in firms’ nowcast
lowers their expectations of returns to posting a vacancy. In the current calibration, this decrease
is large enough to overturn the effect of the increase in the job-filling rate. As a result, firms
post fewer vacancies, causing an even bigger increase in the unemployment rate. The recession
that follows an increase in separations has a Keynesian flavor. The increase in separations and
the resulting increase in unemployment make firms pessimistic. In response, they slow their
recruiting activities, further exacerbating unemployment and worsening the economic outlook.
The result is an inefficiently long and deep recession.

The inability of the standard DMP model to generate realistic unemployment fluctuations in
response to realistic productivity and separation shocks is known as the Shimer (2005) puzzle.
This puzzle has led to a large literature, which aims to resolve it by modifying the DMP model or
Shimer’s calibration of it. The exercise in this section suggests a novel path forward. Although
simple models do not help with the amplification of productivity shocks, they enable even the
basic DMP model to exhibit significant amplification, propagation, and comovement in response
to separation shocks.

8 Concluding Remarks

This paper suggests a novel approach to modeling bounded rationality, which is portable across
different applications. I illustrated the use of the framework in three canonical macroeconomic
models. In one application, I showed that constraining agents to use estimated simple models
does not alter the divine coincidence property of the standard new-Keynesian model. However, it
significantly reduces the power of forward guidance. Characterizing the optimal monetary policy
in a new-Keynesian model with simple agents is a promising direction for future research.

I intentionally focused on bare-bones macro models to allow for a transparent discussion
of how simple models work. However, one can easily incorporate simple models into modern
heterogeneous-agent macro models. This allows one to examine how bounded rationality in the
face of intertemporal complexity affects predictions of such models. This can be done because
neither the additional degrees of freedom nor the computational burden of finding the equilib-
rium with simple models scale with the size of the macro model. This paper’s approach can also
be extended to allow for heterogeneity in d without having to contend with the complications
associated with heterogeneous-belief macro models (such as the “infinite regress” problem).

Throughout the paper, I took dimension d of agents’ model as a primitive parameter. This
parameter can be identified using expectations data.*? It can also be estimated jointly with
other parameters in DSGE models only using data on aggregate variables. I leave the problem of
estimating d to future research.

42See Molavi, Tahbaz-Salehi, and Vedolin (forthcoming) for a discussion of how this can be done in a closely related framework.
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Appendices
A Weighted Mean-Squared Forecast Error

The agent’s time-r one-step-ahead forecast error given model 6 is defined as

e (0) = yre1 — Ete [yi+1],

where E? denotes the agent’s subjective expectation conditional on her information at time 7 and
given model 0. The weighted average of mean-squared forecast errors given a symmetric weight
matrix W € R™" is defined as

MSEyy () = E [e/(6)We;(6)].

Instead of assuming that the agent uses a model that minimizes the KLDR, one can assume
that she makes her forecasts using a model 6 that minimizes MSEyy (6) for some matrix W. Using
the mean-squared forecast error as the notion of fit has two disadvantages relative to the KLDR.
First, the choice of matrix W introduces additional degrees of freedom when the observable is not
a scalar. Second, the minimizer of the weighted mean-squared error is in general not invariant to
linear transformations of the vector of observable (unless if the weight matrix W is transformed
accordingly). However, the following proposition establishes that mean-squared forecast-error
minimization coincides with KLDR minimization under the appropriate choice of the weighting
matrix W:

Proposition A.1. Let 6 denote a pseudo-true d-state model, and letiﬁ denote the implied subjective
variance of y;41 conditional on the agent’s information at timet. IfW is equal to the inverse of £9,
then 6 € argmingece, MSEy (6).

The proof of the proposition is standard, and so, is omitted.

B Exponential Ergodicity

This appendix provides a set of sufficient conditions for a process to be exponentially ergodic and
discusses the relationship between those conditions and the notion of full information.

Proposition B.1. Consider a process P that can be represented as
ﬁ = Ff[_l + €¢
ye=H'fi,

where f; € R™, €, is a zero mean i.i.d. shock with a finite variance-covariance matrix, F € R™* " is

(B.1)

a convergent matrix, H € R™", and the variance-covariance of f; is normalized to be the identity
matrix. If H is a rank-m matrix and ||%||2 = ||F||2, where]|| - ||2 denotes the spectral norm, then P
is exponentially ergodic.
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The assumption that the process has a representation of the form (B.1) is without loss of
generality. The Wold representation theorem implies that any mean zero, covariance stationary,
and purely non-deterministic process has a representation of this form (possibly with m = ).
The assumption that the variance-covariance of f; equals identity is also without loss of generality.
It can always be arranged to hold by an appropriate normalization of f;.*> The assumption on
matrix F rules out a severe form of defectiveness by guaranteeing that the largest eigenvalue of
the symmetric part of F coincides with the largest singular value of F. It is satisfied, for example,
if F is diagonal or symmetric, but it is much weaker than symmetry.

The most substantial assumption of the proposition is the requirement that H is a rank-m
matrix. This assumption can be seen as a full-information (or spanning) assumption: If the
agent observes an observable of the form (B.1) with a full-rank matrix H, then she has enough
information to forecast the observable as well as in the full-information rational-expectations
benchmark—even if she fails to do so due to the constraint on her set of models. The following
proposition shows that this assumption, in general, cannot be dispensed with:

Proposition B.2. Suppose the observable is one-dimensional, and the true process P can be repre-
sented as in (B.1) for some f; € R™, ¢, ~ N(0,X), diagonal divergent matrix F € R™ "™, diagonal
matrixX € R™™ and matrix H € R™". If the representation in (B.1) is minimal and m > 1, then
the s-period-ahead forecast of an agent who uses a pseudo-true one-state model 0 is given by

Ezg [Vees] =a’ (1 —1) Z amn'yi_
7=0

forsomea € (-1,1) andn € (0,1).*

C Partial Equilibrium and General Equilibrium

In this appendix, I argue that the implications of the general framework are largely unchanged in
a general equilibrium setting where the observable’s law of motion depends on agents’ choices. I
consider a stylized general equilibrium (GE) economy in which observables are linear functions
of exogenous shocks and agents’ actions. Specifically, I assume that, in equilibrium, the vector of
observables y; € R” can be written as

yE = A'f, + gxCE, C.1)

where x, € R is agents’ time-f action, f; € R™ is the vector of exogenous shocks, H € R™*" is a
rank-m matrix, and g € R" is a vector that parameterizes the strength of the GE feedback from

43See Lemma D.5 of the Online Appendix and its proof for how this can be done.
44The representation in (B.1) of a process is minimal if there exists no representation for the process of the same form in which the
dimension of f; is strictly smaller.
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agents’ actions to the aggregate observable. Agents’ best-response functions are given by

xCE = p'yCE 4 E, Z sc’ySE|. (C.2)
s=1
For simplicity, I assume that the shocks follow m independent AR(1) processes:
fi =Ffi-1 + €, € ~N(,2), (C.3)
where F = diag(ay,...,an) and = = diag(o?,..., 0%). Equations (C.1)-(C.3) together with the

specification of agents’ subjective expectations fully characterize the (general) equilibrium of the
economy.
I contrast this economy with a partial equilibrium (PE) economy in which

yE=Hf, (C.4)

(o]

s .+, PE
Z C Viss

s=1

xXE=byE+ E , (C.5)

and f; follows (C.3). The term “partial equilibrium” is inspired by the following hypothetical
scenario: Suppose we considered the economy described by equations (C.1)—(C.3) but ignored
the fact that agents’ actions affect the observable, which in turn affects agents’ actions, and so
on. Then the response of the GE economy to shocks would be described by equations (C.4)-(C.5).
The following result establishes an observational equivalence between the GE and PE economies:

Proposition C.1. Consider the general equilibrium economy (C.1)—(C.3) and the partial equilib-
rium economy (C.3)—(C.5), and suppose that, in each economy, agents use pseudo-true Markovian
d-state models to forecast the observable. If

d
& ak:B T ’ ’
H=H|I- b+§ HekekHc)g),
( ( =1

then the linear equilibria of the two economies are observationally equivalent.

Several remarks are in order. First, the result is a corollary of the linear-invariance result
(Theorem 1) and the fact that agents’ actions are linear in the observable. Second, the proposition
covers the rational-expectations case by setting d = m. Third, when g = 0, the effect of going from
PE to GE is to amplify the response of observables to shocks, as measured by matrix H’, by the
GE multiplier (I — gb’)~!. When B > 0, the multiplier has an additional term, which captures the
general-equilibrium effect of the updating of expectations by agents.

Last but notleast, the distinctions between exogenous and endogenous variables, on one hand,
and PE and GE, on the other, are largely inconsequential in this framework. Agents’ expectations
of endogenous variables are consistent with their expectations of exogenous variables and the
structural equations of the economy, the GE economy is just the PE economy with a linearly
transformed H matrix, and agents’ expectations in the GE economy are just linear transformations
of their expectations in the PE economy.
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Online Appendices

D Proofs

Proof of Theorem 1

As a preliminary step, I fix an arbitrary d-state model 6 = (A, B, Q, R) for the agent and compute
her forecasts and the KLDR of her model from the true process. If the support of P does not
coincide with ‘W, the support of the true process, then KLDR(8) = +co. In what follows, I assume
that P9 is supported on ‘W.

Note that minimizing the KLDR over the set ©, of d-state models is equivalent to minimizing
the KLDR over the set @' UB" U --- U er, where oy denotes the set of models whose minimal
realization requires k state variables. Therefore, in the proofs, I assume without loss of generality
that the d-state model 0 is minimal, i.e., that there exists no d’-state model with d’ < d that is
observationally equivalent to 6.

The Kullback-Leibler divergence rate. ~Since the entropy rate of the true process is finite, the KLDR
of 0 from the true process is given by

1
KLDR(0) = lim —E [-log f®(n,..., )] + constant.

Furthermore, by the chain rule,
1 1<
im 0 - lim - 2: _ 0
L‘h_>oo ;[E [_ logf (yl’ Tt ’y[)] - [h_)oo t =1 [E [ logf (J’r|J’r—1, oo ,J/l)] °

Since P? and P are both stationary,

E [-10g f’(elyr-1,-- o 0] =E[-1og fO(yoly-1,. ., ;n-0)] -

On the other hand, since P? is a stationary ergodic Gaussian process and E[||y;||?] < o, the
sequence {-log f?(y|y-1, ..., ¥1-7)}+ is uniformly bounded by an integrable function for any 6.
Thus, by the dominated convergence theorem,

lim E [-1og fO(yelyr-1, -, )] =E [-1log f(yoly-1,...)] = E[-log f® (yelysr-. )],

where the second equality uses the stationarity of P?, and the fact thatlog f%(y,1lys, . .. ) is well
defined is a consequence of the assumption that A is convergent and Q is positive definite for any
0 = (A, B, Q, R). The above display implies that the Cesaro sum also converges:

t

o1
lim - E [-log % (y:lye-1, ..., ;)| = E [~ log £ (yenlye,-..)] -

f—o00
=1

Therefore, to compute the KLDR, I only need to compute the subjective distribution of y;,; under
model 0 conditional on the history of observations {y;, y;-1, ... }.
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Let E°[-] denote the agent’s subjective expectation given model 6 and conditional on history
{y:}__, and let Varf (-) denote the corresponding variance-covariance matrix. Let Z; = Ef [z41]
denote the agent’s conditional expectation of the subjective state. I can express Z; recursively
using the Kalman filter:

Z=(A-KB')z_1 + Ky, (D.1)

where K € R¥*" is the Kalman gain defined as
K =A3.B(B3.B+R)", (D.2)

the dagger denotes the Moore—Penrose pseudo-inverse, and £, = Varf(zm) is the subjective

conditional variance of z,,1, which solves the following (generalized) algebraic Riccati equation:*®
46

$. =4 (iz ~$.B(B'S.B+R) B’iz) A +Q. (D.3)

Solving equation (D.1) backward, I get

=) (A=KB)' Ky r.
7=0

The agent’s subjective conditional expectation of y;,; can be written in terms of her conditional

expectation of z;,:

E{[yin] = B'El[z11] = B' Y (A= KB)"Ky,_+.
7=0
Likewise, the subjective conditional variance of y;,; can be expressed in terms of the subjective
conditional variance of z;,1:
2, =Var? (y;s1) = B'S,B+R. (D.4)

More generally, the agent’s s-period-ahead forecast of the vector of observables is given by

E [Yrs] = BPAS'E? [2011] = B'A! Z(A —KB)'Ky_,. (D.5)
=0

The Kullback-Leibler divergence rate is thus equal to

KLDR(0) = - %log det” (i;,) + glog (2m) + %tr (ij,Fo)

o (e A Il (e ,
-3 S (z;cb,rT) -3 S (z}r,cp,)
=1 T=
I o, (e
+5 Z Z tr (ZJT,CDSF,_SCD’T) + constant, (D.6)
s=1 7=1

45Note that I allow for the possibility that P? is supported on some proper subspace ‘W of R”, in which case B’$,B + R might not be
invertible. The Moore-Penrose pseudo-inverse is then the appropriate generalization of matrix inverse in the expression for the Kalman
gain. See Chapter 4 of Anderson and Moore (2005) for a treatment in the non-singular case and Silverman (1976) for the case where B’S,B+R
may be singular.

46The assumptions that the d-state model 6 is minimal and Q is positive definite imply that the Riccati equation has a unique positive
semidefinite solution and that A — KB’ is a convergent matrix.
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where I' = E[y;y/_,] denotes the lag-I autocovariance matrix for the vector of observables under
the true process, ®, = B’(A — KB’)"" 1K, and the constant contains terms that do not depend on
0. Matrix ij, denotes the Moore-Penrose pseudo-inverse of £, and det” (i;,) denotes its pseudo-
determinant.*” These objects are the appropriate counterparts of the matrix inverse and the
determinant for the case where W does not equal R”, and so, the subjective model 0 is degenerate.

Proof of Theorem 1. Let 77 denote the dimension of vector j, = Ty;, let W denote the linear
subspace of R” defined as W = {j € R? : § = Ty forsome y € W}, let ®, denote the set of
d-state models when the vector of observable is 7, € R”, and let m(é) denote the KLDR of
model § € ©, from the true process P = T(P).

Let 6 € ©,4 denote an arbitrary pseudo-true d-state model when the true process is P and
6 € ©,4 denote an arbitrary pseudo-true d-state model when the true process is P. I first show
that T(P?) and PY are both supported on W. Note that there always exists a d-state model for
which the KLDR is finite—one such model is the one according to which y; is i.i.d. over time
and has a variance-covariance matrix that coincides with the true variance-covariance matrix I'y.
Therefore, for any pseudo-true d-state model, the KLDR is finite. Thus, PYis supported on ‘W,
and so, T(P?) is supported on W. On the other hand, since the true distribution P is supported
on ‘W, the transformed distribution P is supported on w. Consequently, by the above argument,
P? is also supported on ‘W. Therefore, I can restrict my attention to models 6 € ©4 such that P9 is
supported on ‘W and models 6 € ©, such that PYis supported on W.

For any model 8 = (4, B,Q,R) € 0, define model T(6) € ©4as T(6) = (A, BT’,Q,TRT"). 1
next show that Im(T(H)) = KLDR(0), up to an additive constant that does not depend on 6.
Fix some model § € ©,. Let 3, = Varf (z:+1) denote the subjective conditional variance of the
subjective state under model 6, and let Ez = VartT(G) (z:+1) denote the corresponding conditional
variance under model T(6). Matrices 3, and EZ solve the following Riccati equations:

bR

A (iz ~$.B(B'S.B+R) B’iz) A +0Q, (D.7)
x T = T x
$.=A (zz _$,BT' (TB’ZZBT' + TRT’) TB'ZZ) A +0. (D.8)
Since matrix T has full rank, 7T = (T’T)"'T and T'T = I. Therefore, EZ = 3,. Next, let K denote
the Kalman gain given model 6, and let denote K denote the Kalman gain given model T(6). Note

that i
R = AS.BT’ (TB'izBT’ + TRT') - kT,

Let @, = B'(A— KB’)""'K, and let @, denote the corresponding matrix given model T(6). Note
that
&, =TB(A-KT'TB)" 'KkT" =T®,T".

47The pseudo-determinant is the product of all non-zero eigenvalues of a square matrix.
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Finally, let iy = Varf (y1+1) denote the subjective conditional variance of y;,; given model 6, and
lets, = VartT(H) (7:+1) denote the corresponding conditional variance given model 7' (6). Note that

S, =TB'$,BT' +TRT' =T5,T’.
One the other hand, T; = E[7:7/_,] = TE[y:y:—]T’ = TT;T". Therefore, by equation (D.6),
KIDR(T(6)) = — + log det" (TT’ETTT) +Mog2m) + S r (T*’i*TTTroT')
2 y 2 2 y

e (TSI TE T %)

=1

r (17T T T T T -

N —
N =

DMz 10

S (TT'E;TTansTTTr,_sT’TT'@;T’) + constant.

7=1

+
N —

A
Il
—

The fact that T'T = I implies that the above expression is equal to KLDR(0), up to an additive
constant that does not depend on 6.

Likewise, for any model 6 = (4, B,Q,R) € 0,4, define T~1(6) = (A, BT"',Q, T*TRT") € ©,4. By
an argument similar to the one in the previous paragraph, KLDR(T~1(8)) = m(é), up to an
additive constant that does not depend on 6.

Therefore, the mapping T defines an isomorphism between the set of models ©, and the set
of models 8,: Any model 6 € 6, can be identified with a model T(60) € 0, such that the KLDR
of P? from the process P is equal to the KLDR of P7(?) from T (P), and any model 6 € ©, can be
identified with a model T-1(6) € ®, such that the KLDR of P~ (® from the process P is equal
to the KLDR of P? from the process T'(P). This conclusion immediately implies that the set of
pseudo-true d-state models under true process P is identified with the set of pseudo-true d-state
models under true process T(P).

It only remains to show that P7(9) = T(P?) for any model 6 € 0. Since PT(?) and T(P?) are

both zero mean, stationary, and normal distributions over {j,}; _, itis sufficient to show that

—00?

the autocovariance matrices of y, are identical at all lags under the two distributions. But this
follows the definitions of distributions P*(?) and 7(P?). O

Proof of Theorem 2

Before establishing the theorem, I state and prove alemma that underpins all the characterization
results of the paper:

Lemma D.1. Model 6 = (A, B,Q, R) is a pseudo-true d-state model given true autocovariance
matrices {T';}; withTy invertible if and only ifA = M,B = D'N~',Q = I - M (I - D'D) M’, and
R=N"Y(I-DD’)N~', where(M, D, N) is a tuple that minimizes

KLDR(M, D, N) = ~ 5 logdet (NN") + 3 tr (N'ToN) = " tr (81 (1 ~ YD) 1 D/N'{ND)

=1
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i i tr (B (¥ (1 - B'D))* " MD'N'T, NDN' (1 - D'D) ') D)

s=1 7=1

N —

+
(D.9)

subject to the constraints that M is ad x d convergent matrix, D is an n x d diagonal matrix with
elements in the [0, 1] interval, N is an n x n invertible matrix, and |M (I — DD")M’||» < 1.

Proof. The assumption that Q is positive definite implies that the solution 2, to the Riccati equa-
tion (D.3) is invertible. On the other hand, since I'y is invertible, I can restrict attention to subjec-
tive models for which £, is non-singular.”® The pseudo-inverses and pseudo-determinants in
equations (D.3) and (D.6) thus reduce to matrix inverses and determinants.

[ start by expressing Z 7 B'S? : as its singular value decomposition:

zl
2

iBi

IS

=UDV’, (D.10)

where U € R”" and V € R%*“ are orthogonal matrices, and D € R"*¢ is a rectangular diagonal
1o =l )
matrix with singular values of 27 B>,? on the diagonal. Note that

AL ~ _ AL
VD'DV’' =$2B(B'S,B+R)' B'SZ. (D.11)

Since R is a symmetric positive semidefinite matrix and V is orthogonal, diagonal elements of D
are weakly smaller than 1 (strictly so if R is positive definite). Next define

Azl .1
M=V-1$ZA52V.

Then,
A= 25\/1\4\/‘“?, (D.12)
B= E?VD’U’iy%, (D.13)
K=5 VMD’U'iy_Tl : (D.14)
and so

Sl
2

Al ~
®, =22UD (M (I -D'D))" ' MD'U’S;

Note that since A is a convergent matrix, so is M. Substituting in (D.3) for A from equation (D.12)
and for B from (D.13), I get

Q :iz—A(iz—izB (B'S.B + )
A AL = AL\ Azl AL
=35, —$ZyMv1SZ (z _$IvD DVZZZ)ZZVMV 132
1

=%, -32vM (I-D'D) M'V—lig. (D.15)

48Since the variance-covariance matrix Iy of the true process is invertible, KLDR() = +oo for any subjective model 6 with a singular £,
Note that, in light of Theorem 1, the restriction to true processes with invertible variance-covariance matrices is without loss of generality.
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Therefore, since Q is positive definite, the eigenvalues of VM (I — D’D) M’V ~! must all lie inside
the unit circle. This implies that p(M (I - D’D) M’) = |M (I — D’D) M’||» < 1, where p(-) denotes
the spectral radius, and I am using the facts that the spectral radius is invariant to similarity
transformations and equal to the spectral norm for symmetric matrices.

I can further reduce the number of parameters in the agent’s model by transforming iy_Tl using
the orthogonal matrix U. Define

L=l
N=52U.
Al =
Since Zyz and U are invertible matrices, so is N. Because 2y2 is symmetric,
.=l
UN'=NU' =57,
SO
$.'=NU'UN’ =NN/,
and
R ol
tr (zy—lro) —tr (zyz o ) — tr (UN'ToNU’) = tr (N'ToN) .
On the other hand,
~ Al =
tr (zy—lcp,r;) — tr (zyz UD (M (I -D'D))""' MD'U’S}? r;)
— tr ((M (I-D'D))"™ MD’NT;ND) :
and

tr (i;ICI)SFT_SCD’T) — tr (D (M (I = D'D))*"' MD'N'T,_.NDM’ ((I = D'D) M")""! D’) .
Therefore, the KLDR can be expressed in terms of matrices M, D, and N as
KLDR(0) = KLDR(M, D, N) + constant,

where KLDR(M, D, N) is as in the statement of the lemma.

It only remains to show that, for any (M, D, N) such that M is a d x d convergent matrix, D is
an n x d diagonal matrix with elements in the [0, 1] interval, N is an n x n invertible matrix, and
|M (I - DD")M’||» < 1, one can construct a corresponding (4, B, Q, R) such that A is convergent,
Q is positive definite, and R is positive semidefinite. Given such a tuple (M, D, N), let

A=M,

B=D'N"!,
Q=1-M(I-D'D)M,
R=N"Y(1-DD)N!

Since M is convergent, so is A. Since ||M (I — DD’)M’||» < 1, matrix Q is positive definite. And
since D is a diagonal matrix with elements in the [0, 1] interval, R is positive semidefinite. It is easy
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to verify that then £, = I is then the solution to the Riccati equation (D.3), and so, £, = (NN’)~L.
Therefore, I can choose U = (NN’)Z N, D = D, and V = I in equation (D.10). Substituting in the
expressions for M and N, I get M = M and N = N. This completes the proof of the lemma.

For future reference, I also compute several other objects in terms of the M, D, and N matrices.
The matrix of Kalman gain is given by

K=MD'N'". (D.16)

The subjective forecasts can then be found by substituting for A, B, and K in (D.5):

E?[yiss] = N "' DM*™! Z (M (I -D'D))" MD'N’y;_,. (D.17)
7=0

The subjective variance of y;,; conditional on the information available to the agent at time ¢ is
given by
$,= (NN,
The unconditional subjective variance of y is given by
Var’(y) = B'Var’ (2)B + R,
where Var? (z) solves the discrete Lyapunov equation

Var?(z) = Avar? (2)A’ + Q.

Solving the above equation forward, I get

Varl(z) = I + Z M'D'DM’".

7=1
Therefore,

Var’(y) = B’ Z AQA"B+R=N"Y |1+ Z DM'D'DM’'D’|N7L. (D.18)
7=0 =1

I can now establish Theorem 2.

Proof of Theorem 2. Let M, D, and N be asin Lemma D.1. When d = 1, then
M=a

forsomea € [-1,1] and

50



for some d; € [0, 1], where e; denotes the first coordinate vector. Define
n=1-ds,
1
S = I“éN.

Then KLDR, defined in (D.9), can be written (with slight abuse of notation) as a function of a, 1,
and S:

1 1 1
KLDR(a,n,S) = — 5 logdet (SS’) + 3 tr (S’S) — ze{S’Q(a, n)Se; + constant,

where

- -1 -1 N -1 -1
Qa,n) = a(l-n) Y (an) "'TF (L +TPIE —a*(1=m)® > > (an) ™ I3 T I 7 .
=1

s=1 1=1
I can simplify the second term of Q(a, n) further:

[se]

0o 00 o1 1 0 o o oo
Z Z(ﬂn)HT_ZTOZ [T = Z Z (an)™ " 2TF (Tros + T ) TZ + Z(m])Z(s—l)I
s=1

s=1 7=1 s=1 1=s+1

Z Z“(an)z(s—l“fro_71 (T +T2) FO_TI + Z(an)z(s_l)l
s=1

s=1 7=1

(i(amz“-“) (I b3 () TE (T T)rE )

s=1 =1

1 - = A
1_—a2172 (1 +an Z(dn)r 1F02 (FT + FT)FOZ ) .
7=1

Therefore,

_@?(-n? (A-mQ-

a’n) iaf T‘ll‘%l(l“ +1“’)1“_Tl (D.19)
1— a2ip? 1— 22 M Lo Getidio - :

=1

Q(a’ 77) =

By Lemma D.1, minimizing the KLDR with respect to A, B, Q, and R is equivalent to minimizing
KLDR(M, D, N) with respect to M, D, and N. But for any a, 1, and S, one can construct a cor-
responding M, D, and N, and vice versa. Therefore, I can instead minimize KLDR(a, , S) with
respectto a, n, and S.

I first minimize KLDR(a, 1, S) with respect to S taking a and n as given. The first-order opti-
mality condition with respect to S is given by

ST =8 —ee;S'Q(a,n),

which implies that
S’'S —ee]S'Q(a,n)S =1. (D.20)

Therefore, for any solution to the problem of minimizing KLDR(a, 7, S),
n=tr(l) =tr (§'S) —tr (e1e;S'Q(a, n)S) =tr (S'S) — e;8'Q(a, n)Se.
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Thus, minimizing KLDR(a, 1, S) with respect to a, , and S is equivalent to solving the following
program:
max det (S(a,n)S (a,n)),
an

where . . .
S(a,n) € argmin ) logdet (SS) + > tr (S’S) — EeiS’Q(a, n)Se. (D.21)
S

I proceed by first characterizing S(a, n). Note that the necessary first-order optimality conditions
for problem (D.21) are given by matrix equation (D.20).

Claim D.1. For any matrix S that solves equation (D.20), the necessary first-order optimality
condition for problem (D.21),

1
u,
v1-A7
(i) S’ le; = V1 - Au,

(iii) S8’ =1+ Auw’,

(l) 861 =

where A is an eigenvalue of the real symmetric matrix Q(a, n) and u is a corresponding eigenvector
normalized such thatu’u = 1.

I return to proving the claim toward the end of the proof. Equation (D.20) in general has
multiple solutions, with each solution corresponding to a local extremum of problem (D.21).
The global optimum of problem (D.21) is given by the solution to equation (D.20) that results
in the largest value for det(SS’). But by part (iii) of Claim D.1, det(SS’) = (1 — A)~!. Thus, for
any pseudo-true one-state model, a and n maximize Amax(Q(a, n)) and S satisfies parts (i)—(iii) of
Claim D.1, with A = Aax(Q) and u = umax(Q) the corresponding eigenvector.

I next find parameters A, B, Q, and R representing the a, n, and S that minimize KLDR(a, 7, S).
First, note that

M =a,

D = +/1 - ney,
-1

N:FOZS.

The representation in Lemma D.1 is thus given by*

A=a,
1)
B=+1-neS"T§,
Q=1—a277’
o, o1k
R=T2S™V (I-(1-n)ee;)S'TZ.

49For this (4, B, Q, R) tuple to represent a one-state model, I need A to be convergent, Q to be positive definite, and R to be positive
semidefinite. That R is always positive semidefinite is immediate. Showing that A is convergent and Q is positive definite takes more work. I
do so in Lemma D.3.
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By Claim D.1 and the argument above,

e/ = V1 = Anax(Q) tfx (),

STV = (88) 7! = I = Amax() thmax (Q) e ().

Thus,
B = (T = 1) (1~ Armax( @) tfnar (DT,
and
R =T (I = Amasx(Q) tmax() g () T2 = (1= 1) (1 = Amax(2)) T2 thmax () tfpax (T2
S T2 7= (1= 7+ 7 Ama(Q) thmas (Q) fn ()] T2

-1
Finally, note that M = a, D = /1 — ne;,and N =T S. Therefore, by equation (D.17), the subjective
forecasts are given by

3 Q- ’rQr 3 N
Ef[yess] = a*(L =T3S " e1efSTE > an'yi s (D.22)
=0
Using Claim D.1 to substitute for the optimal S, I get
0 1 , I
Ef [yess] = @ (1 = DT thmax(Qtfnax(QTF > @' 0"y,
=0

where umax (Q) is a unit-norm eigenvector of Q with eigenvalue Apnax(Q). The theorem then follows
by the definitions of p and q. O

Proof of Claim D.1. The first-order optimality condition with respect to S is given by
§’'S —e1e[S'QS =1. (D.23)
Multiplying the transpose of the above equation from right by e; and from left by §’ !, I get
Se; — QSe; = §' ley. (D.24)
On the other hand, multiplying equation (D.23) from left by S and from right by S71, I get
SS" =1 +Se1e]S'Q. (D.25)
By the Sherman—Morrison formula,

Se1e;§'Q

glg oo —— 1
1 +eiS'QSel

Multiplying the above equation from right by Se;, I get

1

S lep= ———
' 1+ e[5'0Se

Sey. (D.26)
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Substituting for S’ !e; from the above equation in (D.24) and rearranging the terms, I get
e15'QSe

QSey = ——
' 14 e5°QSe

Sey. (D.27)

Thatis, Se; is an eigenvector of Q. Let A denote the corresponding eigenvalue and letu = Se; /4/e]S’Se;.

Then equation (D.27) implies
el S’ Se;
1+ Ae;S’'Ser’
I separately consider the cases A # 0 and A = 0. If A # 0, then

e!8'Se; = (1-1)71,

and so
1
1= u.
1-1
Equation (D.26) then implies that
S ""e; =V1 - Au,

and equation (D.25) implies that

SS' =T+ 1 A/luu’.
If A = 0, then equation (D.24) implies that Se; = S’ 'e;, and so, Se; and S’ !e; are both multiples
1S7!Se; = eje; = 1. Therefore, Se; = §'~'e; = u. On the other hand, equation
(D.25) implies that SS” = I. This completes the proof of the claim. O

of u. Furthermore, e

Proof of Theorem 3

[ first prove two useful lemmas:

Lemma D.2. For any purely non-deterministic, stationary ergodic, and non-degenerate process
with autocorrelation matrices {C;};, the spectral radii of autocorrelation matrices satisfy p(C;) < 1
for anyl with the inequality strict forl = 1.

Proof. Let A; denote an eigenvalue of C; largest in magnitude and let u; denote the corresponding
eigenvector normalized such that u;u; = 1. Define the process w[(l) = ugl"(;Tl ¥ € R. Since y; is a
purely non-deterministic, stationary ergodic, and non-degenerate process, so is a)t(l) foranyl. 1
first show that 1, is the autocorrelation of process wil) atlag l. Note that

PP = wr? () 12 - w
0 Flro ulzulro 5 1“0 up = u;Ciu; = Ay.

0, Oy _ oz R
Elo,"w,2}] = w7 Elyy,_ 1Ty wi = uT

Furthermore,
), My _ 7 NP2 — P22 1 — 1 —
Elo, 0,1 =uly E[yy: 1Ty w = Ty Tolyy uy = uju; = 1.

Therefore, since w§ ) is purely non-deterministic, stationary ergodic, and non-degenerate,

(1
[E[wt( )a);_)l]

p(Cy) = M| =
[E[a)t(l)wt(l)]
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(1)

Next, toward a contradiction suppose that p(C;) = 1. Then w, "’ is perfectly correlated with oV

-1’
and so, with wt(i)l for every /, contradicting the assumption that wt(l) is purely non-deterministic,

stationary ergodic, and non-degenerate. O

Lemma D.3. IfP is purely non-deterministic and stationary ergodic, then so is P? for any pseudo-
true one-state model 6.

Proof. Define

C(a,n) = Z a'n’lc,. (D.28)

=1

Then
a*(1-n)?  2(1-n)(1-a%n)
+
1-a?n? 1-a?n?

where Amax(C(a, n)) denotes the largest eigenvalue of C(a, n). To simplify the exposition, I prove

Amax(Q(a, 1)) = -

Amax(C(a, n)), (D.29)

the result under the assumption that the largest eigenvalue of C(a, n) is simple at the point (a*, n*)
that maximizes Amax(Q(a, )).%° The partial derivatives of Apmax(Q(a, n)) with respect to a and n
are given by

Omax(Ua,m) _ -2a(l-n)® 4an(l-n)?

- a1y Amax(C)
2
L 24 _1'1);12;2“ n) ul’naX(C)g—iumax(C), (D.30)
OAmax(QUa,m) _2a2(1=m)(1—a’y) 2(L+aly+a’(A-dn+m), o
on (1 - a2n?)? (1 - a2n?)? -
,2d-nd-a’y , (©) 2% e (©) (D.31)
1-a?n? maxi= g Ml '

where umax(C) denotes the eigenvector of C with eigenvalue Anax(C), normalized such that
Unax(C)Umax(C) = 1, and

7=1
iC <
— =) (r-Da'n"2C,.
on ;
Note that
, oC , oC

for any a and 7.
Let a* and n* be scalars in the [-1, 1] and [0, 1] intervals, respectively, that maximize Amax(Q(a,
n)). I separately consider the cases n* = 1 and n* < 1. If n* = 1, then B = 0 in the representation

50The argument can easily be adapted to the case where the largest eigenvalue of C(a*, n*) is not necessarily simple by replacing the
gradient of Amax (C (a, 7)) with its subdifferential and replacing the usual first-order optimality condition with the condition that the zero
vector belongs to the subdifferential.
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in the proof of Theorem 2, the pseudo-true one-state model isi.i.d., and A = a* can be chosen
arbitrarily to satisfy |a*| < 1.%!

In the rest of the proof, I assume that n* < 1 and show that this implies a* # 1—by a similar
argument a* # —1. Toward a contradiction, suppose a* = 1. Setting a = 1 in the partial derivatives
of Amax(Q(a, n)), I get

Mmangi(a, n) - ?il - ’27))5 [_1 ~ 20 Amax(C) + (1 - nz)u;nax(c)g_iumax(c)} :
a= -7
OMina , _ 2 , 0
A (;;(a m) - ?il_ nz))z 1 - 2Amax(C) + (1 —nz)umaxw)%umax@]’

where C = C(1,n) and its partial derivatives are computed at a = 1. Multiplying the second
equation above by 1 and subtracting from it the first equation, I get

0Amax(Q(a, n)) _ 0Amax(Q(a, n))
on oa

a=1 a=1
— ?il — Z))j_ 1+n+ (1- 1]2) (nur,nax(c)g_gumax(c) - ur/nax(c)(;_gumaX(C))]
-1
2(1-n)?
= ﬁ [1 +n—-(1- nz)/lmax(c)] )

where in the second equality I am using identity (D.32). Therefore,

0Amax(2(a, 1)) 0Amax(Q(a, 1)) 2(1 - n)? 2
= SV (1+p-(1- 1,n)).
| R T (147 (1= 1) Amax(C 1, M)
Note that
(o] ~ (o] ~ 1
Amax(C(LM) € D" 0" Amax(Co) < Y 0" = s
=1 7=1
where the second inequality is by Lemma D.2. Therefore,
2(1-n)? 2(1-n)?
D (1= (- AL n) < 2 (11— =0,
(1-n?) (1-n?)
On the other hand, by the optimality ofa* =1 and n* < 1,
0Amax(Q(a, 1)) < 0.
on ar=1,n=n"
Thus,
0Amax(22(a, 1)) <0,
da as=1,n=n*

a contradiction to the assumption of optimality of a* = 1 and n* < 1. This proves that a* < 1
and establishes that the one-state model with a = a* and n = n* is purely non-deterministic and
stationary ergodic. O

I can now prove the theorem.

51The pseudo-true one-state model then has a zero-state minimal representation.
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-1
Proof of Theorem 3. Setting M = a, D = /1 —nej;,and N = 1"02 S in equation (D.18), I get

1 1 L
Var’(y) = Iy [1+ — 2 [612(1 —n)? - (1 - 2a’n +a2n2) ﬂt] uu'|Tg,

where a, 7, A = Amax(Q(a, n)), and u are as in Theorem 2. Substituting for Anmax(Q(a, n)) from
equation (D.29) in the above equation, I get

2(1-n)(1 - a®n)
(1-a?)(1-a?n?)

Var®(y,) = T2 |1 (2___2 2,2 /| p
y)=Tg [1+ a“(1-n) —(1-2a"n+a"n")Amax(C) ) uu’|T7.  (D.33)

Let a* and n* be scalarsin the [-1, 1] and [0, 1] intervals, respectively, that maximize Amax (Q(a, n)).
I separately consider the cases n* = 1 and n* < 1. If n* = 1, then the right-hand side of equation
(D.33) is equal to T.

Next suppose n* < 1. By the argument in the proof of Lemma D.3, the first-order optimality
condition with respect to a must hold with equality at a = a* and n = n* < 1. Setting 0Amax(Q(a,
n))/0a = 0 in (D.30) and multiplying both sides of the equation by a*, I get, using (D.32),

2a*2(1 - n*)j . 4an*(1 - n*z)z e (O)
(1-a*2n?) (1-a*2n2)
_2(1-n)A-a”n)
1 - a*2*2

ZU—nﬂU—a”WLf
1 - 61*21]*2

urlnax(c)a_cumax(c) (D.34)
on

Setting n* = 0 in the above equation, I get a*? = Anax(C). Setting a*? = Amax(C) in equation (D.33)
then establishes that Var? (y,) = I'y in the case where n* = 0.

Finally, I consider the case where n* € (0,1). Then additionally the first-order optimality
condition with respect to n must hold with equality. Setting 0Amax(Q(a, n1))/dn = 0 in equation
(D.31), multiplying it by n*, solving for n*u/,,,(C) g—gumax(C), and substituting in equation (D.34),

[ get
za*zl_ *\2 40*2*1— *\2
( n)2+ " ( 172) Ainax(€)
(1 _ a*zn*Z) (1 _ a*Zn*Z)
_2(1-m)(1-a?y) 2ap* (1-n)(1 - a**n")
= 2 22 Amax(c) - 2
1-a*n* (1 - a*2n*?)

21]* (1 + a*4n*2 + Cl*z(l _417* +n*2))
+ (1 ~ a*zn*z)z Amax(c)-

Simplifying the above expression leads to

Combining the above identity with equation (D.33) implies that Var®(y,) = I, and finishes the
proof of the theorem. O
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Proof of Theorem 4

Let A denote the eigenvalue of C largest in magnitude.®? If p(C;) = 0, then p(C;) = O forall 7 > 1.
Since C; are symmetric matrices, this implies that C; = 0 for all 7 > 1. Therefore,
a*(1 - n)?
Amax(Q(a, 1)) = R
The above expression is maximized by setting (1 — n)a = 0. Therefore, by Theorem 2, for any
pseudo-true one-state model, E[y;+s] = a*(1 — n)gp’ X2, a™n"yi—r = 0. On the other hand, if
p(Cy) =0, then A = 0. Therefore, the theorem holds in the case p(C;) =0
In the rest of the proof, I assume p(C;) > 0. Define

_a*(1-n)* 2(1- 17)(1 —a’n) <

fla,m) = et ZW ~lp(Cy)
_a?(1-n)? 2(1—17)(1—6“7) |a|p<c1)
1 - a?n? 1-a?n?  1-mnlalp(Cy)’

where in the second equality I am using the fact that p(C;) < 1, established in Lemma D.2.

ko ==k

Function f(a n) has two maximizers given by (a*,7*) = (-p(C1),0) and (a*,7") = (p(C1),0)

with the maximum given by f = p(C1)?. 1 establish the theorem by showing that Apax(Q(a,

n) < f(a,n) for all a and 1, Amax(Q(1,0)) = F(1,0) = f, and Amax(Q(-1,0)) < F(-1,0) = [

with the inequality strict if —A is not an eigenvalue of C;. This establishes that (a*, n*) = (4, 0) is

the unique maximizer of Aax(Q(a, n)) if -1 is not eigenvalue of C; and that (a*, n*) = (1,0) and

(a*,n") = (—A,0) are the only maximizers of Amax(Q2(a, n)) if 1 and -1 are both eigenvalues of C;.
As the first step in doing so, I show that for all 2 and 7,

Amax (a"Cr) < lal*p(C1)",
by considering four disjoint cases: If a < 0 and Anin(C;) < 0, then
Amax (a"Cr) = a*Amin(Cr) = al” [Amin(Cr)| < |al"p(C1)".

Ifa < 0and Ain(C;) > 0, then

Amax (a"Cz) = a’Amin(C:) < 0 < |al"p(C1)".
Ifa > 0 and Anax(C;) < 0, then

Amax (@'Cy) = a"Amax(C;) < 0 < |alp(Cy)".
Finally, if a > 0 and Apmax(C;) > 0, then

Amax (a'Cr) = a"Amax(Cr) = |a]” [Amax(Cr)| < |a|Tp(Cl)T-

52The proof does not assume that A is unique. I allow for the possibility that A and A’ = —A are both eigenvalues of C and |A| = |V | = p(Cy).
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Thus, Amax (a™C;) < |a]"p(Cy)T regardless of the value of a and the eigenvalues of C;. Therefore,

0o <) B e B |(l|p(C1)
Amax( " IC) N Amax (@7C) < ) 0™ Hal'p(C1)" = =——— ",
2] = 2, T alalp(C)

where the first inequality is using the fact that n”~! > 0 for all T > 1 and Weyl’s inequality. Conse-
quently,
Amax(Q(a, m) < f(a,n) < p(C1)?
for any a, n such that (|a|,n) # (p(C1),0).
I finish the proof by arguing that Amay (Q(A, 0)) = p(C1)? and Amax(Q2(=2,0)) < f(=1,0) = p(C1)?
with the inequality strict if —A is not an eigenvalue of C;. To see this, first note that

2 .
—a®+2almin(C if a<0,
Amax(Q(a, 0)) = —a® + 2Amax(aCy) = min(C1)
—a® + 2aAmax(C1) if ax=o0.
Thus,
Amin(C1)? if Amin(CD| > Amax(C1),
maX /lmax(Q(d 0))_{ mln( 1)2 . | mln( l)l max( 1)
ag[-11] Amax(C1) if  [Amin(C1)| £ Amax(C1),
and
{Amin(cl)} if Mmin(cl)l > Amax(cl)y
arg en[lax Amax(Q(a 0)) - {Amin(cl)»/lmax(cl)} if Mmin(cl)l = Amax(cl)y
a
{Amax(cl)} if Mmin(cl)l < Amax(cl)-
Since C; is a symmetric matrix, the eigenvalues of C are all real, and so,
) —Amin(C1) if  [Amin(C1)| > Amax(C1),
p(L1) = .
/lmax(cl) if Mmin(cl)l < Amax(CI)-

This establishes that, in any pseudo-true one-state model, n =0, a = A, and
Q(a,n) = —A*I + 2AC;.

By Theorem 2, u is an eigenvector of Q(a, n) with eigenvalue Amax(Q(a,n)) = A> and vw'u = 1.
Therefore, u is also an eigenvector of C;, but with eigenvalue A. This completes the proof of the
theorem. i

Proof of Proposition 2

[ first state and prove alemma, which is used in the proof of the proposition.
Lemma D.4. Any Markovian model 0 has a representation as in Lemma D.1 for which D’'D = I.

Proof. Fix a Markovian model 6, and let M, D, and N be as in Lemma D.1. By (D.17), the s-step-
ahead forecast under model 0 is given by

E[yies] = N'"'DMS ! Z (M (I -D'D))" MD'N’y;_,.
7=0
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Since 6 is Markovian and N is invertible, D (M (I — D’D))" MD’ = 0 for all T > 1. As the first step
of the proof, I use this identity and an inductive argument to show that DM*D’ = (DM D’)* for all
s > 2. The following equation establishes the induction base:
0=D(M (I -D'D))MD’ = DM?*D' - DMD'DMD’.
As the induction hypothesis, suppose DM*D’ = (DM D’)* for some s > 2. Note that
D(M(I-D'D))’ MD' =D (M (I - D’'D))* ' M(I - D’'D)MD’

=DM (I-D'D)* 'M?D' -D(M (I - D'D))*"* MD'DMD’

=D (M (I - D'D))* ' M?D’,
where the last equality follows the fact that D (M (I — D’D))*"! MD’ = 0 for any s > 2. By a similar
argument,

D(M(I-D'D)MD' =D(M (I -D'D))*>M3D’'=---=D(M (I - D'D)) M°D'.
Therefore,
D(M (I -D'D)) MD' = DM**'D’ —= DMD'DM*D’ = DM**'D’ — (DM D’)**!,

where the last equality follows the induction hypothesis. The assumptionthat D (M (I — D’'D))* MD’ =
0 then proves the induction step.
I next find a model 6, represented by matrices M, D, and N, that is observationally equivalent
to 0 and for which D’D = I. Since D € R4 is a rectangular diagonal matrixand d < n,
DMD’ = (Agl 8)
for some d x d matrix M;. Let M = M;, D € R"™ 4 be the rectangular diagonal matrix with its
diagonal elements equal to one, and N = N. Then D’D = I. Furthermore,

S ~ o~ o~
DM*D’ = (DMD’)* = (z\gl g) = DM°D’.
By equation (D.17), the forecasts are identical under the two models:
~ =1 ~ ~ . ~, ~ 1
E?[yies] = N 'DM*D'N’y, = N' DM*D'N'y, = E? [y145].

By equation (D.18), the unconditional variance of the observable is also identical under the two
models:

Var’(y) =N"" 1+ DM™D'DM'"D’ N1 = var®(y).

=1

N =R (1 + > DMTD'DM” D
7=1

On the other hand,
E°[yessy/] = E°[E{ [yess]y/] = N'"'DM*D'N'E°[y1y{] = N~ ' DM° D' N'Var’ (y),

and similarly for E 0 [ve+sy;]. Therefore, E% 45 ¥/l = EY [ye+sy;] for all s; thatis, P9 and P also have
identical autocovariance matrices at all lags. This conclusion, together with the fact that P % and P?
are both zero-mean Gaussian distributions, implies that they are observationally equivalent. O
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I can now prove the proposition.

Proof of Proposition 2. By equation (D.4),
Var? (y1,1) = B'S,B+R,
where 2, solves the algebraic Riccati equation (D.3). The equation can be written as
$, = A$: (I _$IB(B'S,B+R)" B’ié) $ia4 0. (D.35)

1

.1 . 1AL
Since R is a positive semidefinite matrix, sois I — 2B (B’2;B+ R) = B’XZ. Therefore,

bR

v

Q,

and so,
Var?(y,;11) > BQB +R.

On the other hand,
Var® (y,.11z;) = B'Var®(z;,1]z;)B+ R = BQB +R,

where I am using the assumption that w; isi.i.d. N(0,Q), v; isi.i.d. N(0, R), and w; and v, are
independent. This proves the first part of the proposition.

To prove the second part, first assume that Varf (y1+1) = B’QB + R. Together with equation
(D.35), this implies that

AL AL N _ A1y A1
B'AS? (1 ~$2B(B'S.B+R) 1B’Z§) $2A'B=0.

.1 . 1Al
Since (I -2ZB(B’X;B+R) ! B’ZZZ) is a symmetric positive semidefinite matrix, the above equa-
tion implies that
.1 .1 . 1A
B AS? (I ~$2B(B'S.B+R) B'zg) - 0.

On the other hand, by equation (D.5), the one-step-ahead forecast under model 6 is given by

E{ [yl =B Y (A= KB)' Ky +.
=0

Substituting for K from equation (D.2), I get

=1

. . _ ! ! R 1 a1\ .zl
B(A-KB)=B (A-AS.B(B'S.B+R)" B')=BAS: (1-$/B(B'S.B+R)” B'E})E7 =0,
Therefore,
E[yin] =B ) (A= KB')'Ky 1 = B'Ky.
=0
On the other hand, Varf (Vee1) = B’$.B + R. Under model 6, the mean and variance of Vr+1 condi-

tional on {y; },<; are both independent of {y, },.,. Furthermore, P? is Gaussian. Therefore, it is
Markovian.
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Next, suppose P is Markovian. Then by Lemma D.4, model 6 has a representation as in Lemma
D.1 for which D’D = I. By equation (D.11), then

AL ~ — Al
$:B(B'S,B+R) B'$Z=VD'DV' =1,

where the second equality follows the facts that D’D = I and V is orthogonal. Substituting in
equation (D.35), I get £, = Q. Therefore,

Var?(y:4,1) = B'’S,B+R=B'QB+R.

This completes the proof of the proposition. O

Proof of Theorem 5

By Lemma D.1, the agent’s model can be represented in terms of matrices M, D, and N. Since the
1
agent is restricted to the set of Markovian models, by Lemma D.4,Icanset D = (I 0)’. Let S = ;N

24 -l
andT =T I'T; . The expression for the KLDR in (D.9) then simplifies to

1 1 1
KLDR(M, S,D) = - 3 logdet (SS’) + 3 tr (S’S) —tr (MD'S'TSD) + 5 tr (MD’'S’SDM’) + constant.

Write S = (S1 S2), where S; € R and S, € R™*("~9) The above expression can then be written
as

1 ’ ’ 1 ’ 1 4 ’ 1 ’ ’
-3 logdet (S1S] + $2S5) + S (S1S1) + St (S5S2) — tr (MS;TS)) + St (MS;S1M’) + constant.

I next optimize the above expression with respect to M, S;, and S,. The first-order optimality
condition with respect to S, is given by

(S1S] +5285) ' Sy = S,
The above equation can be written as
515182 + 52(5552 — I) =0.

Let by be an arbitrary vector in R"~4, by = S;Sxbg € R?, and by = (S,S2 — I)bg € R"~%. The above
equation then implies that

0= (815152 + Sz(SéSg — I)) bg = S1b1 + Soby = Sb,

where b = (Z;) € R™. Since S is an invertible matrix, it must be that b = 0. Therefore, b; = 0 and
b> = 0. Since by was arbitrary, $;S, = I and S;S, = 0. On the other hand,

logdet (5157 + $285) = logdet(SS’) = logdet(S’S) = log det (gigi glgz) .
2 2

Therefore,

’ ’ 5151 0 ’
logdet (S5} + S285) = log det( b 1 I) = log det(S;S1).
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The KLDR can thus be written only as a function of M and S, as
1 1 1
KLDR(M, S) = -3 logdet (S1S1) + St (81S1) — tr (MS1TSy) + St (MS;S1M’) + constant. (D.36)
The first-order optimality conditions with respect to M and S; are then given by

- SiF’Sl + MSiS] = 0, (D.37)
~SI" 481 ~TS$1M ~ "M’ + $iM’M = 0. (D.38)

Since S1 8 is invertible, (D.37) can be solve for M to get M = S{I"’S; (8181)‘1. Substituting in (D.38),
I get

S1(87S1) 7! = 81 —T$18]T7S1(S;S1) ™ = T7S1(S]S1) "1 S|TS1 +51(S7S1) 1S TS1ST781(S;81)~F, (D.39)

where I am using the fact that SlT = (SiSl)‘lsi. Next consider the singular-value decomposition of
Sli
S =UsVv’, (D.40)

where U € R™" and V € R%*? are orthogonal matrices, and £ € R"*? is a rectangular diagonal
matrix. Substituting for S; in (D.39) from (D.40) and multiplying the result from left and right by
U’ and VX', respectively, I get

()Y =2y - XEEXE(EE) Y - X)Xy + 22Ty XEE X (2E) 7Y,
(D.41)
where X = U'TU. Note thatX = (201) for some diagonal matrix £; € R™*¢. Moreover, since S1Syis
invertible, so is ;. Therefore,

rey =17 I 0
2(2'5) 12:(0 0),

,_ (220
zz_(ol 0).

Write X = 6((; gi),where X1 € R4 X1, e RAX(n=d) X, ¢ R(=d)xd and X,, € R(n-Dx(n-d)

Equation (D.41) then implies

X{ X1 =1-27% (D.42)
X01ZX{, + X{,X11Z% = 0. (D.43)

These equations fully characterize the set of all (local) extrema of the KLDR.

I next use these equations to show that, as long as either d is equal to one or I'; is symmetric,
and foranyi = 1,...,d, the ith coordinate vector e; € R" is an eigenvector of (X + X’)/2 with
eigenvalue e/Xe;.>* If e/Xe; = 0, then trivially e; is an eigenvector of (X + X’)/2 with eigenvalue
e/Xe; = 0. So in the rest of the proof, I consider the case where e/Xe; # 0. First, suppose d = 1.

53With slight abuse of notation, I use e; to denote the ith coordinate vector both in R” and in R%. Whether ¢; € R" ore; € R will be clear
from the context.
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Theni =1and X, = X11 = e{Xe; # 0. On the other hand, X, is a non-zero scalar. Equation (D.43)
then implies that X»; + X{, = 0. Therefore,

(X+X’) 1( 2X11 X12+X'1)(1):(X11

I —
5 )= 5\ X + X[, Xao+X5,]\0 0) e Xeer,

proving that e; is an eigenvector of (X +X”’)/2 with eigenvalue e; X e;. Next, suppose I'; is symmetric.
This implies that I', and by extension, X are symmetric matrices. Equation (D.42) then implies
that X, is a diagonal matrix. Since X, is also diagonal, it commutes with X;;. Equation (D.43)
then implies that

(X21 + X{,)X11 = 2X21X11 = 0, (D.44)

where I am using the fact that X, is non-singular and X is symmetric. But since Xj; is a diagonal

matrix, it can be written as
d

X1 = Z e X11erere;.
k=1

Substituting in (D.44), I get
d
Z Xgle,’CXHekeke,’c =0.
k=1
In particular, it must be the case that Xp1e/X11e;e; = 0. But since e/ Xj1e; = e/ Xe; # 0, it must be
that X»;e; = 0. Therefore,

X+X' Xi1 X2\ (&) _ (Xue e;Xi1e;e; ,
( 2 )ei: (X21 Xzz) (0) - (X21ei) =" o = eiXeie,
where the third equality relies on the fact that X, is diagonal. This proves that e; is an eigenvector
of (X + X")/2 with eigenvalue e/ Xe;e;.

I next show that any matrices M and S, that satisfy the first-order optimality conditions (D.37)
and (D.38) must be of the form

d
M = Z a;v;v;, (D.45)

i=1
d
1 ’
Si=>] ——ut) (D.46)
i=1 /1 — a;

where {cz,-}f:1 are eigenvalues of Cj, u; € R" denotes an eigenvector with eigenvalue a; normalized

such that u/uy = 1=, foralli, k € {1,...,d}, and {vi}f:l is an orthonormal basis for R%. To see
this, first note that equation (D.40) can be written as

S1=UIV' =U ) o]V,

i=1d

where o0; denotes the ith diagonal element of = € R™“. Iletu; = Ue; and v; = Ve;. Since U and
V are orthogonal matrices, {u;}% | is a set of orthonormal vectors and {v;}% , is an orthonormal
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basis for R4. Therefore, to show that S; takes the form given in (D.46), I only need to show that u;
is an eigenvector of C; with eigenvalue a; and o; = 1/, /1- aiz. Note that

X+X

1 1
Ciu; = > T+T)Ue; = EUU’ T+ Ue; = U( )ei =Ue/Xeje; = e;Xe;u,,

where the fourth equality uses the fact that e; is an eigenvector of (X + X’)/2. Therefore, u; is an
eigenvector of C;. On the other hand, multiplying equation (D.42) from left and right by e; and e;,
respectively, for i € {1, ..., d} and using the fact that Xj; is diagonal, I get

2 _
(eleuei) =1- o; 2.
But
=e'U

1

, , , (X + X
e; X11e; =e Xe; =¢; P =

r+1’ , ,
( ) Uej = u;,Ciu; = u;a;u; = aj,
where a; denotes the eigenvalue of C; with eigenvector u;. Therefore, o; = 1/,/1 — a?. Finally,
recall that M = S{T"81(S5;S1) 1. By assumption, either d = 1, and so, S; is a vector in R” or T is
symmetric. Either way SISy = S](I' +1")S;/2 = §]C1S1. Therefore,
-1

M = 8;C181(S;81) 7! = ———— Ul C —— v},

d
2 ﬁ —
i,k=1 _ak

d 1 , 1 , d ’
—(Z l_azviai’/i) (Z 1_aiz”i”i) —;“ivivi’

i=1 i i=1

Uiy,

N

where I am using the facts that u; is an eigenvector of C; with eigenvalue a; and that {u; ?:1 and
{vi}?:1 are orthonormal sets of vectors.

Although any M and S; of the forms (D.45) and (D.46) satisfy the necessary optimality condition,
not all such candidates are global minimizers of the KLDR. To find the global optima, I substitute
the solutions to the first-order optimality conditions in the KLDR and select the solutions that
minimize the KLDR. Multiplying equation (D.38) from left by S/, I get

I=88 - STSM - S;T"S\M’ +S,S,M'M.
Computing the trace of the above equation and substituting the result in (D.36), I get
1 1 1
KLDR(M, $1) = -3 logdet (S7S1) + S (81S81) —tr (MS[TS) + S (MS;S1M’) + constant
1
—tr(I) + constant.

2
Therefore, the M and S; pairs that minimize the KLDR are the ones that maximize the determinant

= —% logdet (S7S1) +

of §15;1. But since S7S; is a symmetric matrix with eigenvalues {1/(1 - 2)} its determinant is

i=1’

equal to [T¢ >. Therefore, any M and S; pair that minimize the KLDR are of the forms (D.45)

i=1 1
and (D.46) with {a, }le the top d eigenvalues of C; in magnitude (with the possibility that some of
the a; are equal).

With the expressions for the pseudo-true M and S; in hand, I can prove the theorem.
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Part (a). The forecasts given a model parameterized by matrices M, D, and N are given by equa-
1

tion (D.17). Using the definition of S = I'; N and the fact that D’D can be taken to be identity

matrix, I can write equation (D.17) as follows:

1 -1
El[y14s] =TZS 'DM*D'S'TY y;-r.

Note that for any matrix S = (S; S») that satisfies the first-order optimality condition with respect

to Sy,
1= (151,
Sy
Therefore,
1= (Si(Sis)7! S2),

and so
S7'D=8(8;8)7 (D.47)

The forecasts can thus be written only in terms of matrices M and S, as follows:
0 To (aran-lafSsarp
E, [J/t+s] = FSSI(Slsl) M Slroz .

Substituting for M and S; using (D.45) and (D.46) and simplifying the resulting expression, I get

B 1
Letting p; = I} u; and g; = [Ju; completes the proof of part (a).

Part (b). Equation (D.18) gives the variance-covariance matrix under a model parameterized
by matrices M, D, and N. Using the definition of S and setting D’D = I, equation (D.18) can be
written as follows:

O o~

1 re
Var’(y) =Tz |§7's7 +87'D Y MM TD'STH| TZ.
7=1
To prove part (b), I need to show that the terms in parentheses add up to the identity matrix. I
start with the first term:

S8l = (88) 7L = (818] + $285) 7L (D.48)
The fact that S;S, = I implies that S, can be written as

n

Sy = Z uw;,

i=d+1

where u; e R"and w; e R"* 4 fori=d+1,...,n, {ui}? ,,, are orthonormal vectors, and {wi? .

constitutes an orthonormal basis for R”~¢. On the other hand, the fact that §1S2 = 0 implies that
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uup =0foranyi € {1,...,d}and k € {d+1,..., n}. Therefore, {u;}, constitutes an orthonormal
basis for R”. Substituting for S; and S, in (D.48), I get

d n n

-1 d
’— - z 1 ’ E ’ E ’ E /
i=1

i=1 i i=d+1 i=d+1
where the second equality uses the fact that {u;}!; are orthonormal. Next consider the second

term:

sVD Z M™™'™D'S™ = 81(8;81) 7! Z M™™'"(S;S)7'S;

7=1 7=1
d o d d
_ _ L 2t ’ _ 42
—Zw” alu,viZZak VkaZ 1 -avy,
i=1 7=1 k=1 I=1
d 0o
_ 2 ’ 2T
= Z(l - a;)u;u; Z a;
i=1 7=1
d
2 ’

where the first equality uses (D.47) and the second equality is by (D.45) and (D.46). Putting
everything together,

) d n d n
s s 145 VD Z M™M''D'S7! = Z(l —a®)uu) + Z u;u; + Z a‘uiul =y wul =1,
=1 i=1 i=d+1 i=1 i=1
where the last equality follows the fact that {u;} | is an orthonormal basis for R”". O

Proof of Proposition 3

Recall that I have assumed (without loss of generality) that Iy is non-singular. Since C; is symmet-
__l
ric, {u; le constitutes an orthonormal basis for R”, and so, I';? y; can be expressed as

-1
where w;; = uT? y;. Therefore,

18 LY -1 S
Vi = I‘é Z wWitU; = Z Fé u,-ulfl“oz Ve = Zyt(l)qi’
i=1 i=1 i=1

where the last equality uses the definitions of yt(i) and g;.
The lag-one autocovariance of yt(i) is given by
@ @ | _ .. o o I +I‘i o % % o
Ely, v,1| = pi'Elyeye-1lpi = pi’T1ipi = pi 5 |Pi=pi IS Cilf pi = u;Cru;,
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where the first equality uses the definition y(’) and the last equality uses the definition of p;. Since
u; is an eigenvector of Cy,

w;Ciu; = ajuiu; = a;,
where q; is the ith largest (in magnitude) eigenvalue of C,. Moreover,

[yt(’) ] =pi'Topi =uju; = 1.

Therefore,
pi =E [y "y | WE 1] = e
The proposition follows the fact that a; is the ith largest eigenvalue of C; in magnitude. O

Proof of Proposition 4

I prove the result under the assumption that the top D eigenvalues of the first autocorrelation
matrix, C, are all distinct. This assumption is true for generic true processes. By Theorem 5(a) (or
Theorem 4), the forecasts of an agent who uses a pseudo-true d-state model 6 are given by

d
Etg [.Vt+s] = Z aisqipi,}/ty (D.49)

i=1
where a; is the ith largest elgenvalue of Cy, uj denotes the corresponding eigenvector, normalized
to have unit norm, p; = I u;, and g; = 1"2 u;. Since the eigenvalues of C; are all distinct, the
corresponding eigenvectors are unique (up to multiplicative constants). Therefore, all agents use
the same values of {(a;, p;, g;) }; to forecast.
Consider agent j who is constrained to models of dimension d;. The agent’s optimal action
given her pseudo-true d-state model is given by

[se] [se]

Xjt = syHS = Z ]s t [yH'S]
s=1 s=1
o d; d;
IZCJ,SZQZ qipi yt Zg]z (l)y
s=1 i=1 i=1
where 60; denotes agent j’s pseudo-true model, y(’) = p!y: as before, gj;; = X2, a;i’c ]’.Sqi isa

constant, which is a finite since {cj} is absolutely summable. Using vector notation, x; = (x1;,
.,Xxy;)" € R/, I can write the above expression as

Gy(l D)’

where
81

G= g,z e R/XP,

87

68



ng(gjl 8j2 ---8jd; 0o ... 0)e|R1XD,

and "
Ve
. e
yt(l'D) =["" |eRP.
D
Yt( )
This completes the proof of the proposition. O

Proof of Proposition 5

I start by taking v to be an arbitrary n-dimensional vector and computing the autocovariances of
1

v’y under the pseudo-true and true models. Define w = I v. Under a pseudo-true d-state model

0,

E° [0y’ 1] = v'E® [yy ] v =v'E° [E [nly) ] v

M=

d
=v' ), ai'qipE° [yiy,_)) v = Z a;'v' qip{Tov

i=1

—

ailw’uiul’.w,

M=

i
d P S
= Z a; v'TguuTiv =
i=1 i=1

where the first equality is by Theorem 1, the second equality follows the fact that the agent’s
subjective model satisfies the law of iterated expectations, the third and fifth equalities are by The-
orem 5(a) (or Theorem 4 depending on the assumptions), and the fourth equality is by Theorem
5(b) (or Theorem 3). On the other hand, under the true model,

Fl+1“l’

11
E[v'yv'yi) = VElyy,_Jv=vTiwv=1 ( ) v=0vTsCIjv=wCuw.

1
To prove part (a), set v = p;, which implies v’y; = yt(l) and w = Isp1 = . Therefore,
d
‘Ea [yf”yt(_l?” _ Zai’uiuiugul
i=1

for any pseudo-true model 6. Furthermore,

=|ar!]| = |lan ],

1 1 ’ ’
£ [y "y 2)]| = s ] < oo = p(C) < p(C1)! = e,

where the second inequality is using the assumption that the true process is exponentially ergodic,
and the last equality is due to the fact that a; is the eigenvalue of C; largest in magnitude. On
the other hand, by Theorem 5(b) (or Theorem 3), the variance of y[(l) is the same under the true
and pseudo-true d-state models. Therefore, the agent overestimates the magnitude of yt(l)’s
autocorrelation at all lags.
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1
In part (b), set v = p,,, which implies v"y; = yt(”) and w = [} pn = up. Thus,

d
= Zailu;uiul’.un

for any pseudo-true model 6, where I am using the fact that {«;}" ; is an orthonormal basis and the

assumption that d < n. Hence, the agent underestimates the magnltude of yt(") 's autocorrelation

01, (n)
‘E [ Yz

=0,

at all lags, regardless of the true autocorrelation of y[("). O

Proof of Proposition 6

I first show that, in a linear equilibrium, r;* and p, can be written as linear functions of %;, 7;,
and . Suppose r/" and p; can be written as linear functions of %;, 7;, and i;. Then by the linear-
invariance result, agents’ forecasts are the same whether they observe vector f; = (%, 7;, i;) or
vector y;, consisting of all the observables. Furthermore, since shocks follow an exponentially
ergodic process and f; is an invertible linear transformation of the vector of shocks, f; follows an
exponentially ergodic process as well. Therefore, by the linear-invariance result and Theorem 4,

p
E'| ) (Bo) (mem L
[ s=1

where y, and y; are constants that are to be determined in equilibrium, z;, = p’f; is agents’ time-t

* 1 A ~ U A A
Ete Z :6 ( 'th+s -0 (lt+s - rt'-li-s) - E”Hs)] = YxZt» (DSO)
| s=1

Res + ,Ut+s) = YnZs, (D.51)

estimate of the subjective state, and p = (px, p, pi)’ is the relative attention vector. Substituting
in (10) and (11) and collecting terms, I get

or' = R + 0l — Yy (pafe + Pafic + pilt) (D.52)

M = 7%[ - 'K)et — VY (pxﬁ; + pﬂﬁt + pi {t) . (D53)

These expressions verify my guess that r/* and g, can be written as linear functions of %, #;, and i.
I next find constants y, and y,. Using the linear-invariance result to substitute for or/%; and gz

from the above equations in (D.50) and (D.51) and using Theorem 4 to characterize the resulting
subjective expectations, I get

Ete Xtys — O —Eﬂf l—ﬂﬁ Ty

Y (l—ﬁA (s — 1) ouHJ}:aﬂl—ﬁmpo%r%a+ﬁnﬁqu—ﬁwpm02

| §
[ o

*

_ aP (=6YupxGx + (1 = 8YapPr)qn — 5aniqi)2[

E? -
t 1-afé

=1
(B6)* (me +
s=1

Res + lJt+s)

where a is the perceived persistence, and g = (qx, g, g;)’ is the relative sensitivity vector. The
above equations give two linear equations for the two unknowns vy, and ;. The solution is given

by
Yx = a(qx - an);
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Yr = aPqn,

where I am using the fact that p’q = 1. Finally, solving equations (D.52) and (D.53) for %; and 7;
results in equations (12) and (13). O

Proof of Proposition 7

I guess and verify that, in any linear equilibrium, %; and 7; can be written as linear functions of r;*.
Since y; is identically zero, iy is always equal to r/’, and %; and 7; are linear functions of r/*, the
vector of observables is a linear function of r/*. Furthermore, r/” follows an exponentially ergodic
process. Therefore, by the linear-invariance result and Theorem 4,

* - > 1 - N 2~ o A
Ete z; ﬂs ( B 'th+s -0 (lt+s - rtr-li-s) - Bntﬂ)] = Lxrtn» (D.54)
L §=

= g1 (D.55)

I R 1-6.
Ete Z(ﬁ5)s (th+s + Tntﬂ + ,Ut+s)
| s=1

for some constants i, and ¢, which are to be determined in equilibrium. Substituting in (10) and
(11) and collecting terms, I get

£ = (D.56)

Ry = KXp + 1] = (Kiy + 1)1/ (D.57)

These expressions verify the guess that X; and 7; are linear functions of r;".

I next find ¢, and «,. Using the linear-invariance result to substitute for X;,; and 7;,; from the
above equations in (D.54) and (D.55) and using Theorem 4 to characterize the resulting subjective
expectations, I get

- 1-8 o
Z,BS ( Rips — O (it+s - rt’.lg.s) - _ﬁt+s)
s=1

_a (1= B)ix — 0(Kix + 1)) o
5 =

n 0"
I, = E
o t 1-ap L

_aplxiy+(1=0)i) ,

n 0%
Lpry = E r
Tt t 1_61[36 t

Tres + ,Ut+s)

S oy (Kx v
s=1

where a is the perceived persistence. The above equations give two linear equations for the two
unknowns i, and ¢, with the unique solution given by ¢, = ¢, = 0. Therefore, in the unique linear
equilibrium, the output gap and inflation rate are both identically zero. O

Proof of Proposition B.1

[ first prove a useful lemma, which offers a canonical representation of the autocorrelation matri-
ces for stochastic processes that can be represented as in (B.1):>*

54Versions of this result have previously appeared in the control and time-series literatures. For early examples, see Ho and Kalmén (1966)
and Akaike (1975).
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Lemma D.5. Suppose {C;}; are the autocorrelation matrices of a non-degenerate n-dimensional
stationary ergodic process that can be represented as in (B.1) with f; € R™. There exists a convergent
m x m matrix F with ||F||. < 1 and a semi-orthogonal m x n matrix H such that

(D.58)

[Fl [F/l
C :IH]’( ; )H—I].

Conversely, for any positive integers m > n, m X m convergent matrix F with ||F|, < 1, and

semi-orthogonal m x n matrixH, there exists an n-dimensional stationary ergodic process with
autocorrelation matrices {C;}; of the form (D.58), which can be represented as in (B.1).>

Proof. The assumption that the process is non-degenerate requires m > n, an assumption I
maintain throughout the first part of the proof. Given representation (B.1), the autocovariance

matrices are given by
I, =E|ny,_,| =HFE|fioif ,|H=HFVH,
where V = E [f;f/] is the unique solution to the following discrete-time Lyapunov equation:
V=FVF +%, (D.59)
and X is the variance-covariance matrix of ;. Therefore,

\ (H'F'VH+H'VF''H

C = (H'VH)? > (H'VH)? .

Matrix V is positive semidefinite; it is positive definite if the representation in (B.1) is minimal.>®
Without loss of generality, I assume that that is the case. Define
W = (H'VH)? H'V?,
F=VZFVs.
Then
(D.60)

F'+F"
Cl:H’( )IH].

2

Note that since F is a convergent matrix, so is F. Substituting F = VZFViin equation (D.59), [ get
1-FF =VZ3Vz,

Therefore, since X is positive semidefinite, the spectral radius of FF’ is weakly smaller than one.
This implies that ||F|| < 1. On the other hand,

WH= (H'VH)Z H'VH (H'VH)? = 1.

That s, H is a (full-rank) semi-orthogonal matrix. This proves the first part of the lemma.

55Matrix H € R™*" is semi-orthogonal if H'H = I, where I denotes the n x n identity matrix.
56Gee, for instance, Akaike (1975).
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I next argue that given a convergent matrix F € R with |||, < 1 and a semi-orthogonal
matrix A € R”*" with m > n, there exists a stationary ergodic process such that the corresponding
autocorrelation matrices are given by (D.60) with F = F and H = H. Given any such F and H, let
F=F,H=M,and X = I - FF'. The solution to the Lyapunov equation (D.59) is then given by V = I.
Therefore, F = F =  and H = [({'1) 7 = [, where in the last equality I am using the assumption
of semi-orthogonality of . By construction, then the autocorrelation matrices of a process of the
form (B.1) with matrices F, H, and X as above are given by (D.60) with F = Fand H = A. O

Proof of Proposition B.1. By Lemma D.5,

,(F+F!
C=H ( > ) H,
where W' = (H'VH)? H'V3,F=V7FV?,andV = E [£:£/] is the variance-covariance of f;. Note
that since the variance-covariance of f; is normalized to be the identity matrix, V = I, F = F,
and H = H. Recall that vector y; does not contain any redundant observables (which are linear
combinations of other observables). This assumption, together with the assumption that H is a
rank-m matrix, ensures that H is an invertible m x m matrix. Therefore, by Lemma D.5, H = H is

an orthogonal matrix. Thus,

Fl+F! Fl+F! Fl4+ F'!
C)=p|H H| = = D.61
p(C1) p( ( 5 ) ) p( > ) p( > ) (D.61)
for all 1. But since the spectral radius of a symmetric matrix equals its spectral norm,
Fl +Fll B Fl +F’l < 1 ||Fl|| + 1 ‘F,l _ HFl“ < ||F||l (D 62)
P\ )T T el e T e = ‘
Therefore,
p(C) < IIFly.

On the other hand, by equations (D.61) and (D.62),

F+F
2

=IFll2,

p(C1) = H
2

where the second equality is by assumption. Thus,

p(Cp) < |IEN, = p(Cr)',

and the process is exponentially ergodic. O

Proof of Proposition B.2

I first state and prove a useful lemma:
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Lemma D.6. Suppose Cy has a unique and simple eigenvalue A with |A| = p(Cy) > 0, and letu
denote the corresponding eigenvector normalized to have u’'u = 1.5 Ifu’Cou > p(C1)?, then the
agent’s forecasts in any pseudo-true one-state model are given by (4) with a tuple (a,n, p, q) such
thatn > 0.

Proof. Define C(a, n) as in the proof of Lemma D.3. As in the proof of Lemma D.3, I present
the argument under the assumption that the largest eigenvalue of C(a, n) is simple at the point
(a*,n*) that maximizes Amax(C(a, n)).>® I start by proposing a candidate solution to the problem
of maximizing Amax(Q(a, n)) at which n = 0 and argue that the candidate does not satisfy the
necessary first-order optimality conditions. Setting n = 0 in equations (D.30) and (D.31), I get
0Amax(Q2(a, 1))
oa

0Amax(Q(a, n)))
on

= —2a + 2uj,,,(aC)Ciumax(aCy),
n=0

=2a* = 2(1 + a*) Amax (aC1) + 2a° U}y (aC1) Colimax (aCy),
n=0

where I am using the fact that C = aC; when n = 0. Any solution to 0Amax(2(a, n))/0al,-o = 0
satisfies a = A, where 1 = Anin(C1) if Anax(C1) < 0, A = Amax(C1) if Amin(Cy) > 0, and A €
{Amax(C1), Amin(C1) } otherwise. Evaluating Amax(Q(a, n)) ata = Aand n = 0, I get Apnax(Q(A,0)) =
A2. Therefore, for the solution (a, ) = (A, 0) to the first-order condition dAmax(Q(a, n))/0a = 0
to be a maximizer of 1ax(Q(a, 1)), it must be the case that A is the eigenvalue of C; largest in
magnitude and u = umax(aCy) is a corresponding eigenvector normalized such that u'u = 1.
Substituting in the expression for dAmax(Q(a, 1)) /01,0, I get

0Amax(Q2(a, 1))
on

=2p(C1)? (u’Cgu - p(Cl)Z) >0,
a=A,n=0
where the inequality follows the assumption that u'Cou > p(Cp)?. This implies that the pair
n = 0 and a = A does not constitute a local maximizer of Anax(Q(a, )). Since this pair is the only
candidate with n = 0 that may satisfy the first-order conditions, in any pseudo-true one-state
model, n > 0. This establishes the lemma. O

Proof of Proposition B.2. Let o2 denote the variance of y,. By the argument in the proof of Lemma
D.5, the lag-I autocorrelation of y; is given by

,(F+F"!
Cl:[H] [H])

2

where F = VZ FV2, H = (H'VH )7Tl H'Vz,and V is the solution to the discrete-time Lyapunov
equation (D.59). Since F and X are diagonal matrices, so is V. Therefore, F = F. On the other hand,

57The assumption that A is unique and simple is not necessary for the result. The result generalizes to arbitrary matrices C; with p(Cy) # 0
by replacing u’ Cou with the maximum of u’ Cou over all unit-norm eigenvectors u of C; with eigenvalues A such that [A| = p(Cy).
58See footnote 50 for how the argument can be generalized.
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by Lemma D.5, H is a semi-orthogonal matrix. Therefore, H'H = 1, and so,
m
C = Z w,-af,
i=1

where w; = [H]f >0, X%, w; = 1, and q; is the ith diagonal element of F. That is, Cl% is equal to the
weighted /-norm of vector (ay, ..., a,) with weights w = (wy, ..., wy).

Since the representation in (B.1) is minimal, w; > 0 for all i, and all a; are distinct. If that were
not the case, there would exist some m < m such that C; = Zf’: L Wi &l’. for some non-negative
weights i; that sum up to one and some &; € (-1, 1). Consider the process P represented as in
(B.1) with F = diag(ay, ..., @), € ~ N(0,2), 2 =1 - FF', and H = o diag(V1, ..., Vii;). By the
argument in the proof of Lemma D.5, P has the same autocorrelation matrices as °. Moreover,
both P and P are mean-zero and normal and both have variance 2. Therefore, P and P are
observationally equivalent, a contradiction to the assumption that the representation I started
with was minimal.

Next, note that, by the generalized mean inequality;, Cl% > C forall / > 2, where the strictness
of the inequality follows the facts that w; > 0 for all i and all «; are distinct. In particular, u’Cou =
C > C12 = p(C1)?, where I am using the fact that y, is a scalar. Thus, by Lemma D.6, n > 0. To see
why 1 < 1, recall that by Theorem 2, the (a, n) pair maximizes
a*(1-1q)? L2a-md- an) <

1 - a2ip? 1- @22 4

Q(d! ﬁ) ==

arf’"

ButQ(a,1) =0 < Cf = Q(C4,0) for any a. Therefore, n = 1 cannot be part of the description of
a pseudo-true one-state model. Finally, a € (1, 1) by Lemma D.3. The proposition then follows
Theorem 2 by noting that gp’ = 1 whenever y; is a scalar. O

E Omitted Details for the NK Application
E.1 Forward Guidance

By the linear-invariance result, agents’ expectations respect any intratemporal linear relationships
that hold in the equilibrium without forward guidance. Therefore, substituting from equations
(D.52) and (D.53) in (10) and (11), I get

* _ - 1_ A I g N * > ’
E/ Z ( Pte-o (145 — 1/4s) — Bnm) = Ef Z ﬁsvxfm‘ : (E.1)
_S=1 s=1
& 1-6 . & /
EY | (6 (me +———Tys + u) = B! Z(ﬁ&)SvnﬁH] : (E.2)
L s=1 s=1

where vy, v, € R3 are vectors that satisfy

xﬁ‘ [(1 ,BYxpx)xt - (U + ,BYxpn)”t ﬁYxpiit] ,
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/ 1 . . R
vifi = 5 [=6Yapxii + (1 = 8Yapr) At — 6Ypils] -
On the other hand,
Ete* [ﬁ+5] = zfszzw%wT (E.3)

where wr = (f/, 41, ..., ler)’ € R¥T, 24 0 = E9[fiis0)], and Zo,,0, = E¥ [wrw)]. Therefore,

[ oo

9*
B |3 | = viron
| s=1

*

E/

Z(ﬁb‘)sv,’,fm] = Y 01,
[ s=1

where y,r, v,r € R3T are vectors defined as

w),CT = (U’J,Cf’ WYxiys oo WXiT)/ = VJ/C (Z 'Bszfsz) Zw;wr’ (E.4)
Vor = (Wop Vit -0 YWi)' = Uy (Z(ﬁ(S) zﬁwr) oy (E.5)
and v r = (Yax, Yarr Vi) and Yrp = (Wrx, Yan, Wri)' are vectors in R3. Therefore,
- T
* ~ o N ’ 2
Eﬁ Z ( Ries — O (lt+s - 7}’15) - E”Hs) = foﬁ‘ + Z YxisLi+s)
L s=1 s=1
& 1-6 a
Etg Z(ﬁ(S) (th+s + — 5 ——Tlpys + IJHS) = W,l[fft + Z Wi ltas-
| s=1 s=1

Substituting in equations (10) and (11), I get

A

> n A A 2 >
R = =0 (i = 1[") + YxRe + Yon e + Yide + ) Wiy o)

s=1
T
ﬁt = Kﬁt + U + WHxxAt + Wnnﬁt + Wm’it + Z '(//nis it+s-
s=1
The above equations can be solved for X; and i; to get,
T
~ 2 n a
Xt = Vyxily + Venly + Viule + Z Vxislt+s»
s=1
T
A ~ n o~
Ty = Vaily + Vaply + Vaule + Z Vrigli+s)

I
—

N

for some constants that depend on the v'’s.
It only remains to compute vy, and y,r. I first compute the elements of X, ,,. By the law of
iterated expectations and Theorem 4,

E” o)) = E” [E” Uil 617 | = E” [a*ap' ] = aqp'To.
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Next consider elements of the form E? [ f,si4-]. If s < 7, then

E” frasiior) = B | fiosB” Ul finsl| = B Uies@™ @i fivs) = @™ GiE” [fissffus] p = @™ GiTop.

Likewise, if s > 7, then
0* o 21/ o* _ no* ’ S—T ’ _ S—T 0% ’ . S-T ’
E” [frssltsr) = E [lt+TE [ft+s|ft+r]] =E [e,‘ftﬂa qp ﬁ‘+r] =a ‘qp'E [ﬁ‘+sf;+s] ei=a qploe;,

where ¢; is the coordinate vector that selects element i; of vector f; = (6, s, i;), i.e., i = €] f;.
Finally, if s = 7, then
EG* [ﬁ‘+s fl+r] = EQ* [ft+sf;/+gei] = 1—‘Oei-

I next compute the elements of 2, ,,. First, note that

EV[£.f/]1 =T,

and

E” (ffiveel = B | B linel | = E” [a%ap' fif/] = a"qip'To.
Finally, if r < 7/, then

a~ ~

E? lrantinr) = B |icE Uiawlfivel | = B €l firea™ " qip/ fiue| = a” " qip'Toe,

and

kA ~

E [ipsriec] = €[E” [fisnflinlei = e[Toe;.

Putting everything together, I get

o aqilop a’qiTop e a’ q;Top
aqip'To elfl“oe,- aqip'Toe; e aT‘lqip’I‘oei
Soror = a*qip'’To  aqip'Toe e/Toe; ... a'?q;p'Toe; | (E.6)
a’qip’To a’'qip’Toe; a’ 2qip'Toe; ... e/Toe;
and
(a*qp'To Toe; aqiTop a*qiTop ... a'~'qiTop) ifs=1,
s (aqp'Ty a*~lqp'Toe; ... aqp'Toe; Toe; aqiTop ... a®*qTop) ifl<s<T,
bt (a*qp'To a*~lqp'Toe; ... aqp’Toe; Toe;) ifs=T,
(a*qp'Ty a*lqp'Toe; ... a*Tqp'Toe;) if s > T.
(E.7)
Therefore,
Z ﬁszfsz
s=1

T-1

= Z(dﬂ)sqp’ro ﬁroei+ZaS‘1/33qu0e,- a’~*B*qiTop + f' Toe; + Z a*~! B qp'Toe;
s=1 §s=2 s=1 s=T+1
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oy 2 "Toe; 3 Toe; Tp_pT T T+1 'Toe:
= (G,qu 0 ﬁroei + ap=qp'Toe a,BC]iFOP +ﬂ2roei + apqp'Toe; o (a”p 5_;)‘71 op +ﬁTFOei + M) .

I-ap 1-ap 1-ap tap
Likewise,
o) 5av'T. ) 2ap'T ' Tg5—(86)T i T gp'T, ;
D (B0) = (425 poTe + WO ORI ¢ (55) Te, + 0T ).
s=1

Given the expressions for X, v, 2ee B Zf 0, and 232, (6)°2f,,, one can use (E.4) and (E.5) to
find w7 and v, .

E.2 Estimation

I choose the variance-covariance and lag-one autocovariance of s, = (i, r/’, us)’ to match the
variance-covariance and lag-one autocovariance of f; = (&, 7;, i;)’. The estimated values are

given by
10.9 16.4 0.200
E[s;s/] =1 16.4 32.1 -0.0827],
0.200 -0.0827 0.0994
and

104 162 0.155
E[sis/_1=[150 307 -0.146].
0.302 0.129 0.0920.

Figure E.1 plots p(C;) and p(Cy)?, where p(C;) denotes the spectral radius of the lag-1 autocor-
relation matrix of £;.5° The fact that the p(C;) line lies below the p(C;)* line indicates that the
estimated process is exponentially ergodic.

F Omitted Details for the RBC Application
El1 Temporary Equilibrium

The (log-)linearized temporary-equilibrium conditions are given by

0y = a; + ak: + (1 — a) iy, (E1)
Wy = a; + alky — Ay, (E2)
o =ra;+ (1 —a)r(i; — k), (E3)
A, = lw, - i@t, (E4)
¢ op
= %yt - gct (E5)
ki = (1= &)y + 61, (E6)
ar = pas—1 + €, (E7)
¢t = Et[Cr11] — 0BE[Fran], (E8)

59The result would be identical if I instead used the autocorrelation matrices of s;. This is a corollary of the linear-invariance result.
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Figure E.1. Exponential ergodicity of the estimated new-Keynesian model

Notes: This figure plots p(C;) and p(C;)* as functions of lag I, where p(C;) denotes the estimated spectral radius of the lag-/ autocorrelation
matrix of vector f; = (&, #;, i;)’, with %; the percentage difference between Real GDP and Potential Output in period ¢, 7; the percentage
change in GDP Deflator, and i; the Effective Fed Funds Rate. Quarterly (unfiltered) U.S. data from the first quarter of 1955 to the fourth
quarter of 2008.

where 7; denotes the first-order deviation of the interest rate from its steady-state value and the re-
maining hatted variables are log-deviations from the corresponding steady-state values. The Euler
equation (E8) may not hold away from rational expectations if ¢; denotes the aggregate consump-
tion; it is valid under arbitrary expectations only if ¢; denotes individual consumption. However,
the individual consumption Euler equation can be combined with households’ intertemporal
budget constraint and the transversality condition to obtain an aggregate consumption function
that is valid under arbitrary expectations. The log-linearized household budget constraint is given

by
r(l-a), . R c .

Iet+1 = (1 -0+ r)let + ft + T(wt + nt) — %Ct.
Substituting for labor supply in the budget constraint, I get

N 1. l1-a)(1+ rA l-a)r c\.
ki = kt+ Iy + ( X ¢) Wy — (g"' )Ct’
p ag

ao @ k

where I am using the fact that 1 - § + r = g~!. Multiplying the above equation by g/, summing
over t, and taking subjective expectations of both sides, I get

(l—a)r _ 1 S (1—a)(1+(p)r R
( ac )Zﬁ Ez[0t+s = B Z (Et rt+s ag Et[wt+s])-
Define
1— -1
x=(- ﬁ)(( MZ” %) ,
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(I-a)(1+@)r

(=
ay
Then the above equation can be written as
1 _ ﬁ (o] ) A ~ l R (o] ) . (o] . A
—X Z B’ E¢[Cras] = ,Bk[ + Z B’ E¢ [Tres] + CZ B’ E¢ [t0y45]. (E9)
s=0 s=0 s=0

On the other hand, the Euler equation implies

Therefore,

ipe
=
I
)
bA
|
gk
=
o
+
Q
=
ip1e
1D
=
o
S
3

1- 'B =1 s=T
1 Bo = A
1 _IBCH' 1-p TZ:;,B E¢[Fr4q]
Combining the above with equation (E9), I get
Cr = %]et + xfe + x (W + (x — Bo) Z B E¢[Fras] + x¢ Z B E[1Dr45]. (E10)
s=1 s=1

E2 Constrained-Rational-Expectations Equilibrium

Suppose households use a pseudo-true one-state model to forecast the wage rate and interest
rate. Define w; = (6y, s, Wy, 71, &1, 1), fr = (ky,d;)’, and & = (f/,w)). Letv € R8 be a vector that
satisfies

v'& = (x — Bo) Ty + y (.
Then equation (E10) can be written as

¢ = %1@ + A+ AL+ ) BV Erl €]

s=1
Suppose ¢ = T f; for some full-rank matrix T—I later verify that this is indeed the case. Then by
the linear-invariance result,

& = %’er + X+ x (i + Z BV TE fas]-

s=1
Households’ forecasts of f; when they use model 6 is given by (4). This can be written recursively
as

El[fiss] = @*(1 = n)2eq, (E11)
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Zo=ang_1 +p'fi = an_1 + piks + pads, (E12)

where Z; denote households’ estimate of the subjective state at time ¢. Therefore,

. N N . ap(l - o
& = %kz+xrt+x(wz+€(_—a;)v Tqz. (E13)

I guess that n = 0 in equilibrium and later verify this guess. Solving for z; from (E12) and substi-
tuting in (E13), I get

ét = (% + ')/k) Iet + Xft + X(li/t + Ya&t, (F14)
where
ap
= 'T , E1l
ve= 1= v Tap (E15)
a ’
Yo = 1_’; 5VTap. (E16)

Equations (E1)-(E5) and (E14) can be solved for w; as a function of f;. This verifies the guess that
& = (f/, w;)" = Tf; and leads to an expression for matrix 7. In particular,

Iy = Wk]et + Wady,
for some v, and y,. Substituting for i;_, from above in (E6), I get
ke = (I-6+ 5Wk)]€'t—1 + OWady_1. (E17)

I can now describe the constrained-rational-expectations equilibrium. Equations (E7) and
(E17) can be written in vector form as

fr = F(Yes Ya) fr-1 + €. (E18)

An equilibrium is given by tuples (v, y;) and (a*, %, p*, g*) such that (i) (a*,n", p*, q") is the
pseudo-true one-state model when the true process is given by (E18) with yx = y; and vy, = y;, (ii)
Y and y; are given by equations (E15) and (E16) for a = a*, p = p*, and g = g*, and (iii) n* = 0.

Finding an equilibrium requires solving a fixed-point equation. I start with a candidate (yx, ya,
n), with n = 0. The candidate defines a true process as in (E18). This process in turn leads to a
pseudo-true one-state model (4, 7, p, §). Such a pseudo-true one-state model, in turn, defines
a (Y&, 72) pair through equations (E15) and (E16). I solve for the equilibrium by numerically
minimizing the Euclidean distance between tuples (¥, ¥, 1) and (yx, Y4, ) over the set of all
(Y, ) pairs. The fixed-point turns out to satisfy 7] = n = 0, verifying my earlier conjecture.

G Omitted Details for the DMP Application
G.1 Timing

Each period is divided into three sub-periods:
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1. Potential employers simultaneously decide whether to post a vacancy.
2. Workers and vacancies match, and separations happen.
3. Production takes place, wages are paid, and workers consume.

A value function indexed with subscript ¢ represents the value at the beginning of period ¢.

G.2 Non-Linear Equilibrium

I start with the workers’ problem. Let U; and V; denote the time-¢ value to a worker of unem-
ployment and employment, respectively. Those random variables solve the following Bellman
equations:

Ut = pr (We + BE[Vin]) + (1 = pe) (b + PE [Upa]) (G.1)
Ve =5t (b+ BE[Up1]) + (1 = 8¢) (wr + BE; [Vina]) (G.2)
where b denotes workers’ flow payoff from being unemployed, w; denotes the wage rate, and

p: = u6}~% denotes the job-finding probability, with 6, the labor market tightness and p and a
parameters of the matching function. Subtracting U; from V;, I get

Vi=U=1=5s—p) (we —b+BE; [Vie1 — U ]) . (G.3)
Define .
/V;,}tﬂ = l—[(l — Stak — Pr+k)- (G.4)
k=0

Solving (G.3) forward, I get

Vi = Uy = A (w = b) + By | D B A (wie = b) | (G.5)

7=1
This equation is valid under arbitrary expectations.
I consider the firms’ problem next. Let J; denote the time-¢ value to a firm of a job. It solves the
following Bellman equation:

Jo =1 =s) (ar — w + BE [ Jr1]) -

Solving the equation forward, I get

I = A{,t(at —w) + E; Z ﬁTﬂ’{:;+T(at+T — Wrt) | (G.6)
=1
where .
M= [ ] =500, (G.7)
k=0

Free entry by firms implies
0=-k+q;(a: —w; + BE;[J11]), (G.8)
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where g; = u6;* is the probability of filling a vacancy in each period. Substituting for J; in (G.8)
from (G.6), I get

0F = & (ar—wn) + LB | ) B2, o (s = i) | (G.9)
7=1

Equation (G.9) determines tightness as a function of the current labor productivity and the wage
as well as firms’ expectations of those variables.
The wage rate is determined by Nash bargaining. Under Nash bargaining,

ar — wy + BE; [ J4] _ w; — b+ BE[Viz1 — U]

1-6 0 ’

where § denotes workers’ bargaining power. Combining the above equation with (G.5) and (G.6)

and solving for wy, I get

wy =8, + (1= 8)b+6E, | > M| (Grr = Wrer)

=1

- (1-90)E

Z IBTA?-}H,HT(WHT - b) . (GlO)
=1

The unemployment rate follows the first-order difference equation

U = U1+ S-1(1 = 1) — protie—1. (G.11)

G.3 Steady State
[ first consider a steady state in whicha; =1 > b, w; = w, 6, = 0, s; = s, and agents have perfect
foresight. Equation (G.10) implies that in the steady state,

1-8)w-b) _ 61-w)
1-p(1-s-p) 1-p(1-s)

Therefore,
81 =p=s=p)+(1=5)(1-B(1=-5)b
1-B(1-s-op) '
Equation (G.6) implies that the value of a job to a firm is constant in the steady state:
1-s5
= —l—ﬁ(l—s)(l_w)’
Equation (G.8) and the definition of g; imply

g 1-p(1-s) 1-s
ke«  1-w ]

J

The steady-state unemployment rate satisfies

l—u_

s =p.

u
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G.4 Log-Linear Model

I next log-linearize the model around the steady state. Log-linearizing (G.4) and (G.7), I get

. 1 o .
AlLfl,jHr = _1 “s—p kZ:(:) (ppt+k + S804k)
Af 1 «— .

/lt,t+r = 1_s Zssmk-

k=0
Log-linearizing p, = u6}~%, 1 get
pr=(1-a)b,.
Log-linearizing (G.9),

A

0, =

(1-b)a, — ww, + E;

k@a Zﬁ (1- ((l_b)dt+1_wwt+r+(1 w)/lt+1t+r)])'

The term involving /lt .+, can be simplified further:

) 00 -1

N N
DA, == D BT A=) T D S
=1 7=1

k=0
=5 ) Sk Y, BTL=9)"
k=0 7=k+1

_ _ ﬁS S -1 _\T-1lg

= T30=5 Z;ﬁ (1= )" .
Define

[ = s(1-w)
S (I-s5)(1-p(Q=-y9))

Then,

h=1" ((1—b)dt—wu?,+E[ ;;m-s)f((l—b)am—wwm—cfm)]), (G.12)

where I am using the fact that ﬁ = % Log-linearizing (G.10),

wid, = 6(1 - b)d, + 6F, Zﬁ (1= $)7((1 = b)arsr — wibpar + (1 = w)A! m)]

T=1
—(1-6)E Zﬁ (1=s5=p)" (W=D, 1y + Wiis ) | (G.13)
The terms involving /1t 1,040 and A{ +1,0+; €an be simplified further:
00 71
DB (=5 —p)A,, = Z prl—s—p) '+ Z (PProtsk + S8ra14k)
7=1
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=-p Z (PDr+1+k + SSt414k) Z (B(1-s-p)™ !

T=k+1

= 1 'B(l ) ZﬁT 1(1 —p)T_l (pﬁt+r+3§t+r)-

N 11 _ A\TAS _ -1 -1z
;ﬁ(l ORGP —ﬁ(l )Zﬁ (1=9)" ur.

Define
(1-96)(w->b)

“(A-s-pA-p-s-p)

Then, (G.13) can be written as

wwl' = 5(1 - b)&l’ +Et

ZﬁT(l —$)"(0(1 = b)aryr — Swiyyr — 5(@41)‘

=1

_Et

S -s-p)r ((1 — S)wibyar — px(1 = @)0yer — sxs}ﬂ)] . (G.14)
7=1

Finally, log-linearizing (G.11),

Uy=01-s-p)l1 - (1~ a)Pét—l +pSi-1. (G.15)

G.5 Rational-Expectations Equilibrium

I guess and verify that under rational expectations 0, = Yoals + YosS: and wiy = Yaly + YiwsSe-
Substituting in (G.12) and (G.14), I get

g - 1-s l—b—ywad_ 1-5 ,5,05(1—8)(+sz§
T 1-Bpa(1-s) aJ 1= Bps(1-s) al v
and
~ _ B6pa(1—5)(1 b~ Ywa) Bpa(l—s-p) _ 1
wi, = |o(1 - ) 22T =IO Ztue) y POC 22D (1 @y - (1= O
Bps(1 —s—p) Béps(1 —$)(C + Yuws)

(px(1 = @)yps +sx — (1 = 0)yws) — .

1-pBps(1-s-p) 1-pps(1-53)
These equations validate the guess and yield four linear equations for the four unknowns vy,
Yos» Ywa, and y,s, which can be solved given values for the exogenous parameters. The rational-
expectations equilibrium is then described by (17) and (G.15) with w, = vy, ,d; + v, 0, =
Yoot + Yot and (Y,,, Yoo Ywa Yiws) the solution to the above linear equations.

G.6 Constrained-Rational-Expectations Equilibrium

I next consider the equilibrium where agents are constrained to use pseudo-true one-state models.
I guess (and later verify) that, in equilibrium,

0; = 'WHuﬁt + 'WBaaAt + wes§t;
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WWr = Yyuls + Ywalr + YwsSt-

Using the linear-invariance result to substitute for 0,+» and iy, in (G.12) and (G.14), I get

A 1-5 . A o
0 = b - '(//wa)at — Ywullt — U/wsst)
1-s - . . .
Et Z IBT(l - S)T ((1 -b- Wwa)aHr - 1//wuut+‘r - (C + '(//ws)stﬂ')] ’ (G16)
=1

and

LUMA/[ = 5(1 - b)dt + Et Z ,BT(I - 3)1(5(1 -b- Wwa)dtﬂ' - 61//wuﬁt+r - 6({ + st)@#r)}

=1

+E | BT (=5 =) (px(1 = 0)¥ou = (1 = )W) loar
| 7=1 ]

+E | BT (=5 =p) (px(1 = @)¥oa = (1 = ) Wiua)drsa

(G.17)

+E | DB (=5 = p) (px(1 = @)Wos = (1= 8)Yius + S)Sr4r | -
| 7=1

Agents’ forecasts are given by equation (4). I guess that n = 0 in equilibrium and later verify this
guess. Given the guess,

E[Q4:] = a" Gupuls + @" Gupads + A" qups Sy,
Eilars] = @' Gapully + a" Gapads + " qapsSs,
E[$14:] = a’qspulis + a’qspady + a’ qsps$;.
Using the linear-invariance result to substitute for E;[#i;+-], E¢[dr+-], and E;[$;;] in (G.16) and

(G.17) and collecting terms verifies the guess that 6 = Woully + Woaly + YosSe and w; = w0y +
Ywadr + Yws$r and leads to the following linear equations for vy, Woa, Wos, Vwu, Ywa, and Pyys:

o A (bt e, Lot ) ot
T
I R N
wwu:f/i6;;(l”?p‘; [(1 = b = Ywa)da = Yuwuu = (£ + Yiws)gs]

apl =s = p)pu_|

1-ap(l-s-p)
l1-s-ppu

1af3(a/5(1s— spzpp) [(px(1 = @)yos = (1 = O)yws +s1)4s], (G.21)

_ apé(l - s)pa
Wwa—5(1—b)+m

(Px(1 = @) ypa = (1 = 8)Ywa)qa + (P (1 = Q)Wou = (1 = 6)Yiwu)qul

[(1 =D = Ywa)da — Ywuqu — ({ + Yws)gs]
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af(l-s—p)pa
*Tap_s—p) |
af(l-s—-p)pa [
1-ap(l-s-p)
_aPé(l - s)ps
Vs = T a1 - 5)
ap(l —s—p)ps [
1-ap(l-s-p)
ap(l—s—p)ps [
1-aB(l-s—-p)

I can now describe the constrained-rational-expectations equilibrium. Given 6 = vy, i, +

(px(1 = a)yoq — (1 = 6)Ywa)qa + (Px(1 — @) wou — (1 = 6)Ywu)qul

(px(1 = a)yos — (1 = 6)Yus + XG5, (G.22)

[(1 -b- 1//wa)qa - 1,Uwuqu - (( + st)%]

(px(1 = a)yoq — (1 = 6)Ywa)qa + (Px(1 — @) Wou — (1 = 6)Yuwu)qul

(px(1 = a)yos — (1 = 6)Yus + sX)qs] - (G.23)

Woadr + WosSy, equations (17) and (G.15) can be written in vector form as

fr = F(Wou, Woa, Wos) fi-1 + €. (G.24)

An equilibrium is then given by tuples (v, g, ;o Yipw Ve ¥is) and (a*, %, p*, g*) such that
@) (a*,n*, p*, q*) is the pseudo-true one-state model when the true process is given by (G.24) with
You = Wy, Yoa = Wy, and wes = vy, (i) (v, V5.0 Voo Viuw Viwar Vivs) SOIVeEs (G.18)-(G.23) given
a=a*,p=p*q=q", and (iii) n* = 0.

Finding an equilibrium requires solving a fixed-point equation. I start with a candidate (yyg,,
Woa, Wos, 1), with 1 = 0. The candidate defines a true process as in (G.24). The process leads to a
pseudo-true one-state model (&, 7, p, G). Such a pseudo-true one-state model, in turn, defines a
(Wou, Woa, Wps) triple through equations (G.18)-(G.23). I solve for the equilibrium by numerically
minimizing the Euclidean distance between pairs (Wg,, Woa, Wos, 7) and (You, Yoa, Wos, n) over the
set of all (wou, Wea, wes) tuples. The fixed-point turns out to satisfy 77 = n = 0, verifying my earlier
conjecture.
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