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1 Introduction

When faced with the difficult task of forecasting in a complex world, people are bound to rely on
simplemodels and past experiences. Yet, the rational-expectations hypothesis maintains that
agents can forecast the future as if they knew the true model of the economy. The unrealistic
nature of the rational-expectations assumption would not be of great concern if predictions of
the standardmacromodels were robust to alternative specifications of expectations. However,
the answers to many important questions in macro, ranging from the power of forward guidance
to the response of firms’ hiring decisions to changes in economic conditions, are sensitive to how
agents form their expectations.

This paper studies the forecasting biases resulting from individuals’ use of simple models and
themacroeconomic implications of those biases. I introduce a framework in which the true data-
generating process features complex intertemporal relationships among variables, but agents can
only entertain stochastic models with a bound on their intertemporal complexity. Specifically,
they only consider stochastic processes that can be represented using a 𝑑-dimensional state
variable, where 𝑑 is a parameter that captures the complexity of an agent’s model. Agents are
boundedly rational; they can only entertainmodels that are too simple to capture the true process
but find the best 𝑑-dimensional approximation to it.

The framework has sharp predictions for agents’ forecasts and forward-looking actions. I
show that agents misperceive intertemporal statistical relationships among variables observed
over time. In particular, while agents can accurately forecast the most persistent components
of those observables, they miss the dynamics of their less persistent components. This bias
increases the persistence and comovement of agents’ forward-looking choices. Agents make
forecasts that are unresponsive to changes in all but the most persistent components. This
unresponsiveness anchors forward-looking actions to themost persistent state variables in the
economy, thereby increasing the persistence of those actions. Furthermore, different agents—
with different payoffs, facing different decisions, and usingmodels with different dimensions—all
agree on themost persistent components. Since forward-looking decisions of such agents are
influenced by a limited set of common components, those decisions comove more than they
would under rational expectations.

This paper focuses on bounded rationality as a reduction in intertemporal complexity. I make
twomain assumptions that allowme to focus on this dimension of complexity, abstracting from
potential errors agents might make when dealing with other forms of complexity. First, I assume
that agents are capable of entertaining any stochastic model that has a 𝑑-dimensional linear-
Gaussian state-space representation. Second, the best model is defined as the stochastic process
that minimizes the Kullback–Leibler divergence from the true process. While this deviates from
the utility-based notion of model optimality prevalent in the rational-inattention literature, it
aligns with the emerging literature onmodel misspecification in game theory (e.g., Esponda and

1



Pouzo (2016)). A significant consequence of these simplifying assumptions is a useful linear-
invariance property: Expectations formed using simple models respect linear intratemporal
relationships among observables. Moreover, these assumptions greatly enhance the framework’s
tractability, rendering it seamlessly applicable even in large-scale macromodels, without adding
to the computational burden or introducing additional degrees of freedom (beyond 𝑑).

Many business-cycle models inmacroeconomics struggle to generate empirically plausible
degrees of persistence and comovement in endogenous aggregate variables. Two common solu-
tions pursued in the literature are to introduce auxiliary frictions such as habit formation and
adjustment costs (e.g., Christiano, Eichenbaum, and Evans (2005)) or rely on shocks without
clear empirical counterparts (e.g., Smets andWouters (2007)). This paper presents a novel and
parsimonious solution that relies on agents’ bounded rationality. By replacing rational expecta-
tions with simplemodels, this approach narrows the gap between theory and data. It increases
persistence and comovement in a way that is universally applicable across applications.

I demonstrate the framework’s versatility through its integration into three workhorse models
in macroeconomics: the new-Keynesian model, the real business cycle (RBC) model, and the
Diamond–Mortensen–Pissarides (DMP)model. In each case, I study how the predictions of the
macro model change when agents use simple, one-dimensional models. Besides being three
of themost canonical models inmacroeconomics, these applications are chosen because they
showcase different predictions of the simplemodels framework.

For the first application, I consider a version of the standard new-Keynesianmodel in which
agents use one-dimensional models. As in the rational-expectations version of themodel, the
equilibrium has a simple linear representation that can be found in closed form. I use the equi-
librium characterization to study the implications of bounded rationality for the conduct of
monetary policy. Twomain insights arise from the analysis: First, even if agents employ simple
models, themonetary authority can simultaneously achieve zero output gap and inflation, as long
as cost-push shocks are identically zero. This occurs because inflation targeting leads to a stable
economy with simple intertemporal relationships, in which the constraint on agents’ models
is not binding. Second, replacing rational expectations with simplemodels offers a resolution
to the so-called forward-guidance puzzle (Del Negro, Giannoni, and Patterson (2023)). Forward
guidance is implausibly powerful under rational expectations and rapidly growsmore powerful as
the duration of guidance increases. Agents who use simplemodelsmisperceive the intertemporal
statistical relationships among output, inflation, and interest rate. Thismisperception curtails the
power of forward guidance andmakes its power largely independent of the duration of guidance.

The second application studies the response of the standard real business cycle model to
productivity shocks. When substituting rational expectationswith simplemodels, the persistence
of consumption increases in a way that resembles habit formation. To see the intuition for this
result, note that consumption is a forward-looking decision in the RBCmodel. Therefore, it only
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responds to changes in themost persistent state variable in the economy, the capital stock. Since
the capital stockmoves sluggishly when there is an increase in productivity, so does consumption.
The sluggishness of consumption increases the volatilities of consumption, hours, and investment
relative to the rational-expectations benchmark, resulting in an increase in the cost of business
cycles.

In the last application, I study how the predictions of the standard search andmatchingmodel
change when agents use simple models. I consider a standard calibration of the DMP model
with labor-productivity and separation-rate shocks in which agents are restricted to using one-
dimensional models. Replacing rational expectations with simplemodels adds persistence to
the unemployment rate, number of vacancies, and job-finding rate in response to both shocks,
thus improving the internal propagationmechanism of the DMPmodel. Moreover, it enables the
DMPmodel to generate negative comovement between the unemployment rate and vacancies in
response to separation shocks—reversing a counterfactual prediction of themodel under rational
expectations. This reversal is due to the fact that agents use the single state variable in theirmodel
to closely track the evolution of the unemployment rate, the economy’s most persistent state
variable. Separation-rate shocks increase the unemployment rate, thus making firms pessimistic
about the state of the economy and leading them to post fewer vacancies.

Related Literature. This paper belongs to the literature inmacroeconomics on deviations from
full-information rational expectations (FIRE)—seeWoodford (2013) for a survey. The literatures
on dispersed information, e.g., Lucas (1972), noisy information, e.g., Orphanides (2003) and An-
geletos and La’O (2009), sticky information, e.g., Mankiw and Reis (2002), or costly attention, e.g.,
Sims (2003),Woodford (2003),Maćkowiak andWiederholt (2009, 2015), andGabaix (2014) deviate
from the FIRE benchmark by imposing imperfect knowledge of the payoff-relevant variables.1
This paper abstracts from the difficulty of observing a large cross-section of variables and instead
focuses on the difficulty of comprehending complex time-series (or intertemporal) relationships.
The predictions of this framework also distinguish it from the literature mentioned above: Inmy
model, agents fully uncover cross-sectional relationships among variables, but their expectations
could deviate from rational expectations even if the economy has a single exogenous shock.

A large literature studies the question of whether households, firms, and professional forecast-
ers under- or over-extrapolate fromnew information. Coibion andGorodnichenko (2015) provide
evidence of under-extrapolation in consensus forecasts for professional forecasters. Bordalo,
Gennaioli, Ma, and Shleifer (2020) show that individual forecasts of professional forecasters over-
extrapolate from recent news. Broer and Kohlhas (2020) find evidence for both under- and over-
extrapolation depending on the aggregate variable being studied. More recently, Angeletos, Huo,
and Sastry (2021) find evidence of under-extrapolation at short horizons and over-extrapolation

1See also Nimark (2008), Lorenzoni (2009), Alvarez, Lippi, and Paciello (2015), Angeletos and Lian (2018), Angeletos and Huo (2021), and
Chahrour, Nimark, and Pitschner (2021).
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at longer horizons, whereas Afrouzi, Kwon, Landier, Ma, and Thesmar (2021) find evidence of
over-extrapolation in a lab setting. In parallel with this empirical literature, many papers have
proposed theoretical models of under- and over-extrapolation. Natural expectations, e.g., Fuster,
Laibson, andMendel (2010) and Fuster, Hebert, and Laibson (2012) and diagnostic expectations,
e.g., Bordalo, Gennaioli, and Shleifer (2018) and Bianchi, Ilut, and Saijo (2021) are examples of
models where agents over-extrapolate from the recent past. Cognitive discounting of Gabaix
(2020) and level-𝑘 thinking, e.g., García-Schmidt andWoodford (2019) and Farhi andWerning
(2019), are examples of models that feature under-extrapolation. The framework proposed in this
paper is neither amodel of under-extrapolation nor of over-extrapolation; agents who use simple
models always under-extrapolate some observables and over-extrapolate others.

This paper also contributes to the literature that studies the properties of pseudo-truemodels.
The term pseudo-truemodel originates in the pioneering work of Sawa (1978), who proposes us-
ing the Kullback–Leibler divergence as amodel-selection criterion whenmodels aremisspecified.
Agents in the restricted-perceptions equilibrium of Bray (1982) and Bray and Savin (1986), Rabin
and Vayanos (2010)’smodel of the gambler’s fallacy, the natural-expectations framework of Fuster,
Laibson, andMendel (2010), and Fuster, Hebert, and Laibson (2012), the Berk–Nash equilibrium
of Esponda and Pouzo (2016, 2021), and the constrained-rational-expectations equilibrium of
Molavi (2019) all use pseudo-truemodels to forecast payoff-relevant variables. Agents in Krusell
and Smith (1998) also have amisspecifiedmodel of the economy since they believe that current
and future prices do not depend on anything but the first fewmoments of the wealth distribution.
However, despite this long history, surprisingly few general results on the properties of pseudo-
truemodels have appeared in the literature. Such results are almost exclusively derived—with
the notable exception of Rabin and Vayanos (2010)—in settings where the set of models is suf-
ficiently restricted that the pseudo-truemodel can be estimated using OLS regression and the
bias in agents’ forecasts reduces to the omitted-variable bias. I contribute to this literature by
characterizing the set of pseudo-true state-spacemodels of a given dimension.

The state-spacemodels used in this paper are relatives of dynamic-factor models, e.g., Stock
andWatson (2011, 2016). However, the two offer two distinct ways of decomposing time-series
data. Dynamic factor models decompose data into common factors and idiosyncratic distur-
bances, whereas state-spacemodels decompose it into persistent and transitory components.
The two approaches thus suggest two different simplifications of large time-series data: using a
small number of common factors in the former case and a small number of persistent states in
the latter.2

Finally, in a follow-up paper, Molavi, Tahbaz-Salehi, and Vedolin (forthcoming) use a closely
related framework to study the implications ofmodelmisspecification for asset prices and returns.

2The sets of time series that can be represented by dynamic-factor and state-spacemodels are not nested. Instead, any finite dynamic-
factor model has a state-space representation, and any finite state-spacemodel has a dynamic-factor representation. See Forni and Lippi
(2001) for a representation result for the (generalized) dynamic factor models.
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They show that constraining the complexity of investors’ models leads to return and forecast-
error predictability and provides a parsimonious account of several puzzles in the asset-pricing
literature.

Outline. The rest of the paper is organized as follows: Section 2 presents the framework of simple
models and formally defines and discusses the notion of fit used in the paper. Section 3 contains
the paper’s characterization results for simple models. Section 4 discusses the implications
of using simple models for agents’ forecasts and choices. Section 5 discusses an application
to monetary policy in the new-Keynesian model. Section 6 shows how constraining agents to
use simplemodels alters the amplification and propagation of productivity shocks in the RBC
model. Section 7 contains the labor search and matching application. Section 8 concludes.
Additional results are provided in three appendices. The proofs of the theoretical results and
other calculations are relegated to the online appendices.

2 Framework

In this section, I present the general framework and themain behavioral assumption of the paper.

2.1 Environment

Time is discrete and is indexed by 𝑡 ∈ ℤ. An agent observes a sequence of variables over time and
uses her past observations to forecast their future values. I let 𝑦𝑡 ∈ ℝ𝑛 denote the time-𝑡 value
of the vector of observables, or simply the observable. Vector 𝑦𝑡 follows amean-zero stochastic
process ℙwith the corresponding expectation operator 𝔼[·]. I start by taking ℙ as a primitive, but
the process will be an endogenous outcome of agents’ actions in themacro applications studied
in Sections 5-7.

I make several technical assumptions on the true process. First, ℙ is purely non-deterministic,
stationary, and ergodic and has a finite secondmoment. Second, there exists a subspaceW of
ℝ𝑛 (possibly equal toℝ𝑛 itself) such that 𝑦𝑡 is supported onW with density f.3 Finally, the true
process has finite entropy rate, i.e., lim𝑡→∞

1
𝑡
𝔼 [− log f (𝑦1, . . . , 𝑦𝑡 )] < ∞. These assumptions are all

quite weak. For instance, they are satisfied if 𝑦𝑡 follows a stationary vector ARMA process with
Gaussian innovations.

The agent has perfect information about the past realizations of the observable; her time-𝑡
information set is given by {𝑦𝑡 , 𝑦𝑡−1, . . . }. However, she may use a misspecified model to map
her information to her forecasts. This model misspecification leads to deviations in the agent’s
forecasts from those that arise in the rational-expectations benchmark.

3This assumption is weaker than the assumption that ℙ has full support overℝ𝑛 because it allows for the possibility that the true process
is degenerate. This additional level of generality will be useful in applications where the elements of 𝑦𝑡 may be linearly dependent.
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2.2 SimpleModels

As the paper’s main behavioral assumption, I assume that the agent is constrained to use state-
spacemodels with a small number of state variables to forecast the vector of observables. She
can only entertainmodels of the form

𝑧𝑡 = 𝐴𝑧𝑡−1 +𝑤𝑡 ,

𝑦𝑡 = 𝐵
′𝑧𝑡 + 𝑣𝑡 ,

(1)

where 𝑧𝑡 is the 𝑑-dimensional vector of subjective latent states, 𝐴 ∈ ℝ𝑑×𝑑 ,𝑤𝑡 ∈ ℝ𝑑 is i.i.d. N(0,
𝑄 ), 𝐵 ∈ ℝ𝑑×𝑛 , 𝑣𝑡 ∈ ℝ𝑛 is i.i.d. N(0, 𝑅), and 𝑤𝑡 and 𝑣𝑡 are independent. While the integer 𝑑
is a primitive of the model that parameterizes the dimension of the agent’s models, matrices
𝐴, 𝐵 ,𝑄 , and 𝑅 are parameters that are determined endogenously by maximizing the fit to the
true process. Formally, I define a 𝑑-state model as a stationary stochastic process over {𝑦𝑡 }∞𝑡=−∞
that has a representation of the form (1) such that (i) the dimension of vector 𝑧𝑡 is 𝑑 , (ii) 𝐴 is a
convergent matrix, (iii)𝑄 is positive definite, and (iv) 𝑅 is positive semidefinite.4 I let 𝑃 𝜃 denote
the𝑑-statemodel parameterized by the collection ofmatrices 𝜃 ≡ (𝐴,𝐵,𝑄 ,𝑅), let 𝐸 𝜃 [·] denote the
corresponding expectation operator, and let Θ𝑑 denote the set of all 𝑑-state models.5 Whenever
there is no risk of confusion, I use the term 𝑑-state model to refer both to the stochastic process
𝑃 𝜃 for 𝑦𝑡 and the parameters 𝜃 = (𝐴,𝐵,𝑄 ,𝑅) of its state-space representation.

The integer 𝑑 captures the agent’s sophistication inmodeling the stochastic process for the
vector of observables, with larger values of 𝑑 indicating agents who can entertainmore complex
models. When𝑑 is sufficiently large, the agent canapproximate theunconditional andconditional
secondmoments of any purely non-deterministic covariance-stationary process arbitrarily well
using amodel in her set of models. On the other hand, when 𝑑 is small relative to the number of
states required to model the true process, no model in the agent’s set of models will provide a
good approximation to ℙ. The agent then necessarily ends up with amisspecifiedmodel of the
true process and biased forecasts—regardless of whichmodel in the set Θ𝑑 she uses to make her
forecasts. Characterizing this bias is the focus of the next section of the paper.

My preferred rationale for the constraint on the number of states is to capture the agent’s
bounded rationality, but the constraint can also arise from the agent’s rational fear of overfitting.
Models with a large number of parameters andmany degrees of freedom are prone to overfitting.
Such concerns may lead rational agents to limit themselves to statistical models with a small
number of parameters, especially if they only have a short time series to draw upon when esti-
mating the parameters of their model. In the remainder of the paper, I abstract away from any

4Amatrix is convergent if all of its eigenvalues are smaller than one inmagnitude. 𝐴 being convergent and𝑄 being positive definite are
sufficient for a model (𝐴, 𝐵,𝑄 ,𝑅 ) to define a stationary ergodic process.

5One can define the set of 𝑑-state models without any reference to the latent state 𝑧𝑡 . Stochastic process 𝑃 for {𝑦𝑡 }∞𝑡=−∞ with expectation
operator 𝐸 is a 𝑑-state model if 𝐸 [𝑦𝑡 𝑦 ′𝑡−𝑙 ] = 𝐶𝐴𝑙−1𝐶

′ for all 𝑙 = 1, 2, . . . , some convergent 𝑑 × 𝑑 matrix 𝐴, and some𝐶 ,𝐶 ∈ ℝ𝑛×𝑑 . See, for
instance, Faurre (1976) or Katayama (2005, Chapter 7). I opt for the definition that uses the subjective latent state since 𝑧𝑡 will have an
intuitive interpretation as agents’ view of the state of the economy in themacro applications I consider in this paper.
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issues arising from small samples and instead consider the long-run limit where the sampling
error vanishes.

2.3 The Notion of Fit

I assume that the agent forecasts using amodel in the family of 𝑑-state models that provides the
best fit to the true process. I use the Kullback–Leibler divergence rate of process 𝑃 𝜃 from the true
processℙ as themeasure of the fit ofmodel 𝜃 .6 The Kullback–Leibler divergence rate (KLDR) of𝑃 𝜃

from ℙ is denoted by KLDR(𝜃 ) and defined as follows. Recall that the true process is supported
on a subspaceW ofℝ𝑛 . If 𝑃 𝜃 is also supported onW, then

KLDR(𝜃 ) ≡ lim
𝑡→∞

1
𝑡
𝔼

[
log

(
f (𝑦1, . . . , 𝑦𝑡 )
𝑓 𝜃 (𝑦1, . . . , 𝑦𝑡 )

)]
,

where 𝑓 𝜃 denotes the density of 𝑃 𝜃 ; if 𝑃 𝜃 is not supported onW, then KLDR(𝜃 ) ≡ +∞.
The Kullback–Leibler divergence rate is the natural generalization of Kullback–Leibler (KL)

divergence to stationary stochastic processes. In the i.i.d. case, the KL divergence of a candidate
model from the truemodel captures the difficulty of rejecting the candidate model in favor of the
truemodel using a likelihood-ratio test. That is why the KL divergence is commonly used as a
measure of a model’s fit.7 Similarly, KLDR(𝜃 ) captures the rate at which the power of a test for
separating a stochastic process 𝑃 𝜃 from the true process ℙ approaches one as 𝑡 → ∞.8 The KLDR
is also tightly linked to asymptotics of Bayesian learning, as discussed in the following subsection.

Model 𝜃 ∈ Θ𝑑 is apseudo-true 𝑑-statemodel if KLDR(𝜃 ) ≤ KLDR(𝜃 ) for all 𝜃 ∈ Θ𝑑 . If the agent’s
set of models contains amodel 𝜃 such that 𝑓 𝜃 (𝑦1, . . . , 𝑦𝑡 ) = f (𝑦1, . . . , 𝑦𝑡 ) almost everywhere and for
all 𝑡 , then any pseudo-true 𝑑-state model is observationally equivalent to the true process.9 The
set of models Θ𝑑 is then correctly specified. When no such 𝑑-state model exists, KLDR(𝜃 ) > 0 for
anymodel 𝜃 ∈ Θ𝑑 , and the set of models is misspecified. The following proposition states that the
pseudo-truemodels are observationally equivalent to the true process when the set of models is
correctly specified:

Proposition 1. Suppose the set Θ𝑑 of 𝑑-state models is correctly specified. Then any pseudo-true
𝑑-state model 𝑃 𝜃 is observationally equivalent to the true process ℙ.

The paper’s focus is the misspecified case, where 𝑑 is small relative to the number of states
required to capture the true process. This statement is about 𝑑 being smaller than the “true
𝑑”—and not it being smaller than 𝑛, the dimension of 𝑦𝑡 . However, it is often natural to also think
of 𝑑 as much smaller than 𝑛. Approximating the true process by a pseudo-true 𝑑-state model
then corresponds to using a parsimonious time-series model to capture the essential features of

6Themean-squared forecast error is another commonly used notion of fit. In Appendix A, I define the weightedmean-squared forecast
error and show that it is equivalent to the Kullback–Leibler divergence rate under an appropriate choice of the weightingmatrix.

7See, for instance, Hansen and Sargent (2008).
8See, for instance, Shalizi (2009).
9Processes 𝑃 and 𝑃 are observationally equivalent if all their finite-dimensional marginal distributions are identical.
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a large data set. Unless otherwise specified, I assume throughout the paper that 𝑑 ≤ 𝑛. However,
the paper’s characterization results easily generalize to the 𝑑 > 𝑛 case.

2.4 Learning Foundation

Pseudo-truemodels arise naturally as the long-run outcome of learning by Bayesian agents with
misspecified priors. Consider an agent who starts with prior 𝜇0 with full support over the points
in the setℝ𝑑 × Θ𝑑 , each corresponding to an initial value of the subjective states 𝑧0 and a 𝑑-state
model 𝜃 , which describes how states and the observable evolve over time. Suppose the agent
observes 𝑦𝑡 over time and updates her belief using Bayes’ rule. Let 𝜇𝑡 denote the agent’s time-𝑡
Bayesian posterior overℝ𝑑 × Θ𝑑 . Berk (1966)’s theorem establishes that, in the limit 𝑡 → ∞, the
agent’s posterior will assign a probability of one to the set of pseudo-truemodels.10

This result offers an “as if” interpretation of the pseudo-true 𝑑-state models. One can assume
that the agent has a subjective prior—whichmay be different from the true distribution—and
updates her belief in light of new information using Bayes’ law. By Berk’s theorem, as long as the
agent’s prior is supported on the set of 𝑑-state models, she will forecast the observable in the long
run as if shewere using a pseudo-true 𝑑-statemodel. Focusing on pseudo-truemodels allowsme
toabstract from learningdynamics and focuson theasymptotic bias causedbymisspecification.11

The set of pseudo-true 𝑑-state models is independent of the agent’s preferences. Instead, it
only depends on the number of states the agent can entertain and the true stochastic process. The
independence of the agent’s pseudo-truemodels from her preferences is evident given the “as
if” interpretation discussed above: Two agents who start with identical priors, observe the same
sequence of observations, and update their beliefs using Bayes’ rule will end up with identical
posteriors at any point in time—irrespective of their preferences. Berk’s theorem goes a step
further by establishing that, in the long run, the posterior only depends on the support of the
prior (not its other details) and the distribution of observations (not their realizations).

The independence of the agent’s pseudo-truemodels from her preferences has a significant
consequence: The set of pseudo-true 𝑑-state models is generically disjoint from the set of 𝑑-state
models that maximize the agent’s payoff. However, this disparity is a feature, not a bug, of a
positive theory of bounded rationality. While finding the payoff-maximizing model requires
knowledge of the true process, one arrives at the set of pseudo-truemodels simply by following
Bayes’ rule—no knowledge of the true process is necessary. Following Bayes’ rule would have led
the agent to the truth had her model been correctly specified, but it can lead her astray in the
presence of model misspecification.
10While Berk (1966) only covers the case of i.i.d. observations and parametric models, the result has been extendedmuchmore generally.

Bunke and Milhaud (1998) and Kleijn and Van Der Vaart (2006) substantially extend Berk (1966) by providing conditions for the weak
convergence of posterior distributions and considering infinite-dimensional models. Shalizi (2009)’s extension of Berk’s theorem covers the
case of non-i.i.d. observations and hiddenMarkovmodels.
11One can alternatively consider agentswho estimate the parameters of their𝑑-statemodels using a quasi-maximum-likelihood estimator.

Such agents also will asymptotically forecast as if they relied on the pseudo-true 𝑑-state models. See, for instance, Theorem 2 of Douc and
Moulines (2012).
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Agents’ use of pseudo-truemodels should therefore be viewed as a positive statement—not a
normative one. A pseudo-true 𝑑-state model is not what an agent should use for forecasting in
order to maximize her payoff. It is what she will use to forecast in the long run if she starts with a
prior over the set of 𝑑-state models and updates her belief using Bayes’ rule.

3 Pseudo-TrueModels

In this section, I characterize the set of pseudo-true𝑑-statemodels startingwith the𝑑 = 1 case. As
a preliminary step, I discuss a useful property of the pseudo-truemodels, which is of independent
interest.

3.1 The Invariance Property

I beginwith a result that shows the invariance of the pseudo-true𝑑-statemodels to linear transfor-
mations of the observable. Consider an agent who, instead of observing vector 𝑦𝑡 ∈ ℝ𝑛 , observes
vector 𝑦𝑡 = 𝑇 𝑦𝑡 ∈ ℝ𝑚 , where𝑇 denotes an𝑚 × 𝑛 matrix. As long as𝑇 is a rank-𝑛 matrix, 𝑦𝑡 and
𝑦𝑡 convey the exact same information. Thus, onemight expect that the agent’s beliefs when she
observes 𝑦𝑡 are consistent with her beliefs when she instead observes 𝑦𝑡 .

The following definition formalizes the notion that two probability distributions are consistent
with each other given a linear transformation of the observable. Let𝑇 ∈ ℝ𝑚×𝑛 be amatrix and
𝑃 be a probability distribution over infinite sequences inℝ𝑛 . The probability distribution over
infinite sequences in ℝ𝑚 induced by 𝑇 and 𝑃 is denoted by 𝑇 (𝑃 ) and defined as 𝑇 (𝑃 ) (Y) ≡
𝑃

(
{𝑦𝑡 }∞𝑡=−∞ : {𝑇 𝑦𝑡 }∞𝑡=−∞ ∈ Y

) for anymeasurable setY ⊆ ℝ𝑚ℤ.12 If the observable 𝑦𝑡 follows the
stochastic processℙ, then its linear transformation 𝑦𝑡 = 𝑇 𝑦𝑡 follows the transformed process𝑇 (ℙ).
The following result establishes that transforming the observable by a rank-𝑛 matrix leads the set
of pseudo-truemodels to be transformed accordingly:

Theorem 1 (linear invariance). Suppose𝑇 ∈ ℝ𝑚×𝑛 is a rank-𝑛 matrix. Then 𝑃 𝜃 is a pseudo-true
𝑑-state model given true model ℙ if and only if𝑇

(
𝑃 𝜃

)
is a pseudo-true 𝑑-state model given true

model𝑇 (ℙ).

The result shows that an agent using simplemodels can discern all linear intratemporal rela-
tionships among the observables while facing significant constraints in understanding complex
intertemporal relationships. While arguably stark, this dichotomy highlights the paper’s premise
that forecasting is challenging because it requires forecasters to recognize stochastic patterns
that unfold over time. The result makes it possible to abstract from the cognitive costs of ac-
quiring information about a large cross-section of variables and themistakes individuals make
when dealing with cross-sectional complexity, allowingme to instead concentrate on time-series
complexity.
12The probability distribution induced by amapping is formally known as the pushforwardmeasure.
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The linear invariance property makes the predictions of the framework invariant to the exact
specification of the variables included in the vector of observables. The agent’s pseudo-true
models and forecasts only depend on the observables’ information content, not on how that
information is presented. For instance, whether the agent observes the nominal interest rate and
the inflation rate or the real interest rate and the inflation rate is immaterial to how she forms her
expectations. Likewise, the agent’s expectations remain unchanged if the vector of observables is
augmented with linear combinations of variables already in her information set.

The theorem thus suggests that it is without loss to assume that the vector of observables is
free of redundant variables. Define the lag-𝑙 autocovariancematrix of the true process as follows:

Γ𝑙 ≡ 𝔼[𝑦𝑡 𝑦 ′𝑡−𝑙 ]. (2)

When 𝑦𝑡 includes redundant variables, the variance-covariance matrix Γ0 is singular, and the true
process is degenerate.13 In such cases, a lower-dimensional vector 𝑦𝑡 and a full-rank matrix𝑇
exist such that 𝔼[𝑦𝑡 𝑦 ′𝑡 ] is non-singular and 𝑦𝑡 = 𝑇 𝑦𝑡 . Therefore, by Theorem 1, the pseudo-true
models given 𝑦𝑡 can be found by first finding the pseudo-truemodels given 𝑦𝑡 and then applying
transformation𝑇 . This observation implies that there is no loss of generality in assuming that the
variance-covariancematrix Γ0 is non-singular and that the agent only considers subjectivemodels
with non-singular variance-covariancematrices.14 I maintain these assumptions throughout the
rest of the paper.

3.2 Pseudo-True One-State Models

I start the analysis of pseudo-true models by considering the case where the agent can only
entertain one-state models. In this case, a complete characterization of the agent’s pseudo-true
models is possible. The insights from the single-state case generalize to the 𝑑-state case, as
discussed later in this section.

The agent’s pseudo-true one-state forecasts turn out to depend on the true process only
through the unconditional variance and the autocorrelation structure of the vector of observables.
The autocorrelations aremeasured by a novel set of objects, which I refer to as autocorrelation
matrices. I define the lag-𝑙 autocorrelationmatrix of the observable under the true process as
follows:15

𝐶𝑙 ≡
1
2Γ

−1
2
0

(
Γ𝑙 + Γ′𝑙

)
Γ

−1
2
0 . (3)

Theconceptof autocorrelationmatricesnaturally extends the ideaof autocorrelation functions.
If the observable 𝑦𝑡 is a scalar, 𝐶𝑙 simplifies to the standard autocorrelation function at lag 𝑙 .
13A probability distribution on a space is said to be degenerate if it is supported on amanifold of lower dimension.
14Whenever the true variance-covariancematrix Γ0 is non-singular, any subjectivemodel with a singular variance-covariancematrix is

dominated in terms of the fit to the true process by every subjective model with a non-singular variance-covariancematrix. Therefore, no
subjective model with a singular variance-covariancematrix can be a pseudo-truemodel.
15Here and throughout the paper, I follow the usual convention that, for a symmetric positive definite matrix 𝑋 , the square-root matrix

𝑋
1
2 is the unique symmetric positive definite matrix that satisfies 𝑋 1

2 𝑋
1
2 = 𝑋 .
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However, when the observable is an 𝑛-dimensional vector,𝐶𝑙 is an 𝑛 × 𝑛 real symmetric matrix
with eigenvalues inside the unit circle.16 Autocorrelation matrices capture the extent of serial
correlation in the vector of observables. When the spectral radius of𝐶𝑙 is close to zero for all 𝑙 ,
the process is close to being i.i.d., whereas when the spectral radius of𝐶𝑙 is close to one, then the
process is close to being unit root.17

With the definition of autocorrelationmatrices at hand, I can state the general characterization
result for the 𝑑 = 1 case:

Theorem 2. Under any pseudo-true one-state model 𝜃 , the agent’s 𝑠-period-ahead forecast is given
by

𝐸 𝜃𝑡 [𝑦𝑡+𝑠 ] = 𝑎𝑠 (1 −𝜂)𝑞𝑝 ′
∞∑︁
𝜏=0

𝑎𝜏𝜂𝜏𝑦𝑡−𝜏 , (4)

where 𝑎 and𝜂 are scalars in the [−1, 1] and [0, 1] intervals, respectively, that maximize 𝜆max(Ω(𝑎,
𝜂)), the largest eigenvalue of the 𝑛 × 𝑛 real symmetric matrix

Ω(𝑎,𝜂) ≡ −𝑎
2(1 −𝜂)2
1 − 𝑎2𝜂2 𝐼 + 2(1 −𝜂) (1 − 𝑎2𝜂)

1 − 𝑎2𝜂2
∞∑︁
𝜏=1

𝑎𝜏𝜂𝜏−1𝐶𝜏 ,

and 𝑝 = Γ
−1
2
0 𝑢 and 𝑞 = Γ

1
2
0𝑢 , where 𝑢 is an eigenvector of Ω(𝑎,𝜂) with eigenvalue 𝜆max(Ω(𝑎,𝜂)),

normalized so that𝑢 ′𝑢 = 1.

The endogenous variables 𝑎 , 𝜂, 𝑝 , and 𝑞 have intuitive meanings. The scalar 𝑎 represents
the persistence of the subjective latent state. If 𝑎 = 0, the subjective state is i.i.d., whereas if
𝑎 = 1, it follows a unit-root process.18 The scalar𝜂 captures the perceived noise in the agent’s
observations of the subjective state. When𝜂 is small, the agent believes recent observations to be
highly informative of the value of the subjective state. As a result, her expectations respondmore
to recent observations and discount old observations more. The vector 𝑝 determines the agent’s
relative attention to different components of the vector of observables. When 𝑝𝑖 is larger than 𝑝𝑗 ,
the agent puts more weight on 𝑦𝑖 ,𝑡−𝜏 relative to 𝑦𝑗 ,𝑡−𝜏 for all 𝜏 when forming her estimate of the
subjective state. Finally, the vector 𝑞 captures the relative sensitivity of the agent’s forecasts of
different observables to changes in her estimate of the subjective state. When 𝑞𝑖 is larger than 𝑞𝑗 ,
then a change in the estimated value of the state at time 𝑡 leads the agent to change her forecast
of 𝑦𝑖 ,𝑡+𝑠 bymore than her forecast of 𝑦𝑗 ,𝑡+𝑠 for all 𝑠 .

It follows standard Kalman filter results that the agent’s forecasts take the form of equation (4)
for some 𝑎 ,𝜂, 𝑝 , and 𝑞 . The substance of the result is rather characterizing the (𝑎,𝜂,𝑝, 𝑞) tuple
that lead to amodel withminimal KLDR from the true process. The theorem suggests a tractable
16See LemmaD.2 in the Online Appendix for a proof.
17The spectral radius 𝜌 (𝑋 ) of matrix 𝑋 denotes themaximum among themagnitudes of eigenvalues of 𝑋 .
18The theorem does not rule out the possibility that |𝑎 | = 1, in which case the corresponding state-spacemodel might not be stationary

ergodic. However, Lemma D.3 in the Online Appendix establishes that any pseudo-true one-state model inherits the stationarity and
ergodicity of the true process.
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way of computing the pseudo-true one-state forecasts in any stationary and ergodic environment
given only the knowledge of the true autocorrelationmatrices.

The theorem significantly reduces the computational complexity of finding the set of pseudo-
truemodels. It concentrates out all parameters in the agent’s models except for two scalars. As a
result, the optimization problem simplifies from a problem over a 2𝑛-dimensional non-compact
manifold to a much simpler problem over a two-dimensional compact rectangle.19 Furthermore,
since the size of the problem is independent of 𝑛, it can be solved efficiently in any application,
regardless of the dimension of the vector of observables.

The next result characterizes the perceived variance-covariancematrix of the observable under
the pseudo-true one-state models:

Theorem 3. Given any pseudo-true one-state model 𝜃 , the subjective variance-covariance of the
vector of observables, 𝐸 𝜃 [𝑦𝑡 𝑦 ′𝑡 ], coincides with the true variance-covariance matrix, Γ0 ≡ 𝔼[𝑦𝑡 𝑦 ′𝑡 ].

The theorem hinges on twomain assumptions: First, there are no constraints on the agent’s
set of models other than the bound on the number of subjective state variables. Put differently,
matrices 𝐴, 𝐵 ,𝑄 , and 𝑅 of representation (1) are unrestricted other than the constraint on their
dimension. This flexibility allows the agent to represent any cross-sectional correlation pattern
by an appropriate selection of matrices 𝐴, 𝐵 , 𝑄 , and 𝑅 . Second, the agent uses a model that
minimizes the KLDR from the true process. This leads her to a set of suchmatrices that perfectly
capture the true cross-sectional correlations.

Theorems 2 and 3 fully characterize the pseudo-true one-state models in terms of the true
variance-covariancematrix Γ0 and the tuple (𝑎,𝜂,𝑝, 𝑞), which in turn only depends on the true
autocorrelationmatrices {𝐶𝑙 }∞𝑙=1. Any unconditional or conditional moment of the pseudo-true
one-state model can, in turn, be found in terms of Γ0 and (𝑎,𝜂,𝑝, 𝑞).

3.3 Pseudo-True One-State Models Under Exponential Ergodicity

The pseudo-true one-statemodels can be found in closed form given a class of true stochastic
processes that naturally arise in applications. The appropriate class turns out to be the following:

Definition 1. A stationary ergodic process ℙ is exponentially ergodic if 𝜌 (𝐶𝑙 ) ≤ 𝜌 (𝐶1)𝑙 for all 𝑙 ≥ 1,
where 𝜌 (𝐶𝑙 ) denotes the spectral radius of𝐶𝑙 .

Exponential ergodicity is stronger than ergodicity. Ergodicity requires that the serial correlation
at lag 𝑙 decays to zero as 𝑙 → ∞. Exponential ergodicity requires the rate of decay to be faster than
𝜌 (𝐶1). Although exponentially-ergodic processes only constitute a subset of the class of stationary
ergodic processes, many standard processes are exponentially ergodic. For instance, the vector
of observables follows an exponentially-ergodic process if it is a spanning linear combination of
𝑛 independent AR(1) shocks.
19The set of all 𝑑-state models is a non-compact manifold of dimension 2𝑛𝑑 (Gevers and Wertz, 1984). Additionally, the KLDR is a

non-convex function of 𝜃 = (𝐴,𝐵,𝑄 ,𝑅 ) .
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The following result characterizes the agent’s pseudo-true one-state forecasts when the true
process is exponentially ergodic. It links the agent’s forecasts to the eigenvalues and eigenvectors
of the true autocorrelationmatrix at lag one:

Theorem 4. Suppose the true process is exponentially ergodic. Under any pseudo-true one-state
model 𝜃 , the agent’s 𝑠-period-ahead forecast is given by

𝐸 𝜃𝑡 [𝑦𝑡+𝑠 ] = 𝑎𝑠𝑞𝑝 ′𝑦𝑡 , (5)

where 𝑎 is an eigenvalue of 𝐶1 largest in magnitude, 𝑢 denotes the corresponding eigenvector
normalized so that𝑢 ′𝑢 = 1, and 𝑝 = Γ

−1
2
0 𝑢 and 𝑞 = Γ

1
2
0𝑢 .

A remarkable feature of the characterization in Theorem 4 is that the agent’s forecasts only
depend on the last realization of the observable (and not its lags). In other words, the pseudo-true
one-statemodel isMarkovian if the true process is exponentially ergodic. This property might
come as a surprise in light of the fact that in the correctly-specified case forecasts obtained using
the stationary Kalman filter generically use the entire history of the observable. The seeming
discrepancy between the two results is due to misspecification of the agent’s set of models in
Theorem 4, as illustrated by the following example:

Example 1. Suppose the observable is scalar and follows anAR(∞) process: 𝑦𝑡+1 =
∑∞
𝜏=1 𝜙𝜏𝑦𝑡+1−𝜏 .20

It is then immediate that the one-step-ahead forecast of the observable under the true, correctly-
specifiedmodel is given by

𝔼𝑡 [𝑦𝑡+1] =
∞∑︁
𝜏=1

𝜙𝜏𝑦𝑡+1−𝜏 .

Contrast this with what an agent can do when she is constrained to use (misspecified) one-state
models. Under any suchmodel 𝜃 , the agent’s one-step-ahead forecast takes a similar form:

𝐸 𝜃𝑡 [𝑦𝑡+1] =
∞∑︁
𝜏=1

𝛼𝜏𝑦𝑡+1−𝜏 .

However, the restriction to one-state models constrains coefficients {𝛼𝜏 }∞𝜏=1 to be given by 𝛼𝜏 =

(1 − 𝜂)𝑎𝜏𝜂𝜏−1 for some 𝑎 ∈ [−1, 1], some 𝜂 ∈ [0, 1], and all 𝜏 . Therefore, the pseudo-true one-
state model is themodel that picks {𝛼𝜏 }∞𝜏=1 to minimize the KLDR subject to the constraint that
𝛼𝜏 = (1 −𝜂)𝑎𝜏𝜂𝜏−1 for all 𝜏 . The agent wants to set 𝛼𝜏 to a value that is related to the correlation of
𝑦𝑡+1 and 𝑦𝑡−𝜏 , but the constraint prevents her from fine-tuning the {𝛼𝜏 }∞𝜏=1 coefficients. When the
true process is exponentially ergodic, 𝑦𝑡+1 is muchmore correlated with 𝑦𝑡 than it is with lags of 𝑦𝑡 .
Then, the best such a constrained agent can do is to fine-tune the coefficient of 𝑦𝑡 and entirely
disregard its lags. In other words, the constrained minimizer of the KLDR is Markovian even
though the unconstrainedminimizer is not.

The next example illustrates the use of Theorem 4 in the context of a commonly-used process:
20Such a representation exists for generic processes in the class of mean-zero, purely non-deterministic, and stationary processes.
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Example 2. Suppose the true process ℙ has the following representation:
𝑓𝑡 = 𝐹 𝑓𝑡−1 + 𝜖𝑡
𝑦𝑡 = 𝐻

′ 𝑓𝑡 ,
(6)

where 𝜖𝑡 ∼ N(0, Σ) ,

𝐹 =

©­­­«
𝛼1 0 . . . 0
0 𝛼2 . . . 0
...

...
. . .

...
0 0 . . . 𝛼𝑛

ª®®®¬ ,

Σ =

©­­­­«
𝜎21 0 . . . 0
0 𝜎22 . . . 0
...

...
. . .

...
0 0 . . . 𝜎2𝑛

ª®®®®¬
,

𝐻 ∈ ℝ𝑛×𝑛 is an invertible square matrix, and 1 > |𝛼1 | > |𝛼2 | > · · · > |𝛼𝑛 | > 0. It is easy to verify
that 𝜌 (𝐶𝑙 ) = |𝛼1 |𝑙 = 𝜌 (𝐶1)𝑙 ; that is, the true process is exponentially ergodic. Therefore, Theorem 4
can be used to characterize the pseudo-true one-state forecasts. The persistence, noise, relative
attention, and relative sensitivity are, respectively, given by 𝑎 = 𝛼1,𝜂 = 0, 𝑝 = (𝐻 ′𝑉𝐻 ) 12𝐻 −1𝑉 −1𝑒1,
and 𝑞 = (𝐻 ′𝑉𝐻 ) −1

2 𝐻 ′𝑉 𝑒1, where𝑉 ≡ (𝐼 − 𝐹 2)−1Σ is the variance-covariance matrix of 𝑓𝑡 and 𝑒1
denotes the first coordinate vector.21

The agent’s forecasts take a particularly simple formwhen𝐻 is the identity matrix, i.e., 𝑦𝑖𝑡 = 𝑓𝑖𝑡

for 𝑖 = 1, . . . , 𝑛. Then, 𝑝 and 𝑞 are bothmultiples of the first coordinate vector 𝑒1, and the agent’s
forecasts simplify to

𝐸 𝜃𝑡 [𝑦1,𝑡+𝑠 ] = 𝛼𝑠1𝑦1𝑡 = 𝔼𝑡 [𝑦1,𝑡+𝑠 ],

𝐸 𝜃𝑡 [𝑦𝑖 ,𝑡+𝑠 ] = 0, ∀𝑖 ≠ 1.

The agent’s forecast of the most persistent element of the vector of observables coincides with its
rational-expectations counterpart, but she forecasts every other element of the observable as if it
were i.i.d.

A noteworthy feature of the pseudo-truemodel in Example 2 is that the persistence parameter
𝑎 does not depend on the volatilities of the underlying AR(1) processes. The agent uses the
subjective latent state to track themost persistent component of 𝑦𝑡 , even if themost persistent
component has a small variance. However, this result should not come as a surprise given the
linear-invariance result: One can always equalize the volatilities of different components of 𝑦𝑡 by
an appropriate linear transformation of the observable without altering the persistence of the
subjective latent state in the agent’s pseudo-truemodel. Therefore, the persistence parameter
cannot depend on the volatilities.

The example also illustrates that the agent exhibits a form of persistence bias. She forecasts
the most persistent component of the vector of observables as accurately as under rational
21See the proof of LemmaD.5 for a derivation.
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expectations but misses the dynamics of the other components. The intuition for the result
is easiest to see when the most persistent component is close to being unit root. In that case,
poorly tracking themost persistent component would lead to persistent mistakes in the agent’s
forecasts. The persistence of thosemistakes wouldmake them costly from the point of view of
KLDRminimization. Therefore, any pseudo-truemodel tracks the component close to unit root
as best possible, even if doing so results in errors in forecasting the other components. In Section
4.1, I generalize the insight of this example by formally establishing persistence bias in amore
general context.22

Example2canbegeneralizedby relaxing theassumption thatmatrices𝐹 andΣ arediagonal and
allowing for non-Gaussian innovations. The key requirement for the process to be exponentially
ergodic is that matrix𝐻 in representation (6) is full rank. This assumption can be seen as a full-
information (or spanning) assumption: If the agent observes an observable of the form (6) with a
full-rankmatrix𝐻 , then she has enough information to forecast the observable as well as in the
full-information rational-expectations benchmark—even if she fails to do so due to the constraint
on her set of models. Appendix B discusses this generalization in further detail.

3.4 Pseudo-True 𝑑-State Models

I end this section by discussing how the insights from the 𝑑 = 1 case generalize when 𝑑 > 1.
To characterize the pseudo-true 𝑑-state models, one needs to findmodels 𝜃 = (𝐴,𝐵,𝑄 ,𝑅) that
minimize the KLDR from the true process. Doing so requires minimizing a non-convex function
over a non-compact set, consisting of all thematrices 𝐴, 𝐵 ,𝑄 , and 𝑅 of appropriate dimensions.
This problem does not lend itself to an analytical solution without further restrictions.

I proceed by restricting themodels the agent considers to beMarkovian. A 𝑑-state model 𝜃 is
Markovian if𝑃 𝜃 satisfies theMarkov property, i.e.,𝑃 𝜃 (𝑦𝑡+1 |𝑦𝑡 , 𝑦𝑡−1, . . . ) = 𝑃 𝜃 (𝑦𝑡+1 |𝑦𝑡 ). An agentwho
believes the observable follows aMarkovian 𝑑-statemodel believes (a) that the current realization
of the observable contains all the information required for forecasting and (b) that all the relevant
information contained in 𝑦𝑡 can be summarized by a 𝑑-dimensional state variable. The following
proposition provides a necessary and sufficient condition for amodel to beMarkovian:

Proposition 2. Let Var𝜃𝑡 (𝑦𝑡+1) denote the variance-covariance matrix of 𝑦𝑡+1 given model 𝜃 and
conditional on the history {𝑦𝜏 }𝜏≤𝑡 of the observable, and let Var𝜃 (𝑦𝑡+1 |𝑧𝑡 ) denote the corresponding
variance-covariance matrix conditional on the time-𝑡 realization of the subjective latent state.
Var𝜃𝑡 (𝑦𝑡+1) ⪰ Var𝜃 (𝑦𝑡+1 |𝑧𝑡 ) = 𝐵 ′𝑄𝐵 + 𝑅 for any 𝑑-state model 𝜃 , with equality if and only if 𝜃 is
Markovian.23
22Bidder and Dew-Becker (2016) and Dew-Becker and Nathanson (2019) propose an alternative reason agents might focus on tracking

the most persistent components of a payoff-relevant variable. Bidder and Dew-Becker (2016) show that long-run risk is the worst case
scenario for ambiguity-averse agents. Dew-Becker and Nathanson (2019) show that, as a result, ambiguity-averse agents will learnmost
about dynamics at the lowest frequencies.
23I use the usual convention that 𝑋 ⪰ 𝑌 for symmetric positive semidefinite matrices 𝑋 and𝑌 if 𝑋 − 𝑌 is positive semidefinite.
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The proposition highlights an intuitive property of Markovianmodels. Note that the agent can
observe the history {𝑦𝜏 }𝜏≤𝑡 of the observable but not the subjective latent state 𝑧𝑡 . The first part of
the proposition shows that the agent cannot forecast any better than if she knew the realization
of the latent subjective state. In other words, the forecast error given 𝑧𝑡 provides a lower bound
on the forecast error given {𝑦𝜏 }𝜏≤𝑡 . The second part of the proposition shows that the agent can
achieve this lower bound when her model of the world is Markovian. She can then forecast as
well as an agent who knows the latent subjective state, because all the relevant information in the
latent state can be extracted from the realized history of the observable. Markovianmodels can
thus be seen asmodels that feature full information.

Markovian models constitute only a subset of the class of all state-space models of a given
dimension. However, the pseudo-true one-state models happen to beMarkovian when the true
process is exponentially ergodic, as shown by the following corollary of Theorem 4:

Corollary 1. If the true process is exponentially ergodic, then any pseudo-true one-state model is
Markovian.

The result shows that constraining the agent toMarkovianmodels is without loss when 𝑑 = 1
and the true process is exponentially ergodic. Even with the flexibility to choose non-Markovian
models, an agent who is attempting tominimize the KLDR from an exponentially ergodic process
settles on a Markovian model. Whether this result continues to hold for 𝑑-state models with
𝑑 > 1 remains an open question. However, I can still make progress by taking the restriction to
Markovian models as an assumption and characterizing the resulting pseudo-true models. A
Markovian 𝑑-state model 𝜃 is a pseudo-true Markovian 𝑑-state model if KLDR(𝜃 ) ≤ KLDR(𝜃 ) for
anyMarkovian 𝑑-state model 𝜃 .

The pseudo-true Markovian models have a number of appealing properties. They satisfy
a version of the linear-invariance result of Theorem 1. They have similar Bayesian and quasi-
maximum-likelihood learning foundations as other pseudo-truemodels. Perhapsmost impor-
tantly, they can be fully characterized in closed-form in some useful cases:

Theorem 5. Suppose either 𝑑 = 1 or the lag-one autocovariance matrix is symmetric. Then the
following statements hold:

(a) Under any pseudo-true Markovian 𝑑-state model 𝜃 , the agent’s 𝑠-period-ahead forecast is
given by

𝐸 𝜃𝑡 [𝑦𝑡+𝑠 ] =
𝑑∑︁
𝑖=1

𝑎𝑖
𝑠𝑞𝑖𝑝𝑖

′𝑦𝑡 , (7)

where 𝑎1, . . . , 𝑎𝑑 are 𝑑 eigenvalues of𝐶1 largest in magnitude (with the possibility that some of
the 𝑎𝑖 are equal),𝑢𝑖 denotes an eigenvector corresponding to 𝑎𝑖 normalized such that𝑢 ′

𝑖
𝑢𝑘 =

1{𝑖=𝑘 } for all 𝑖 and 𝑘 , 𝑝𝑖 ≡ Γ
−1
2
0 𝑢𝑖 , and 𝑞𝑖 ≡ Γ

1
2
0𝑢𝑖 .
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(b) Under any pseudo-true Markovian 𝑑-state model 𝜃 , the subjective variance-covariance of
the vector of observables, 𝐸 𝜃 [𝑦𝑡 𝑦 ′𝑡 ], coincides with the true variance-covariance matrix, Γ0 ≡
𝔼[𝑦𝑡 𝑦 ′𝑡 ].

The result shows that the insights from the analysis of one-state simple models broadly carry
over to 𝑑-state ones. In particular, agents who are restricted toMarkovian 𝑑-state models exhibit
a form of persistence bias. They focus on perfectly forecasting the 𝑑 most persistent components
of the vector of observables at the expense of the other components. Moreover, agents who are
constrained to useMarkovian 𝑑-state models uncover the true variance-covariancematrix of the
observable.

The theorem also suggests that state-spacemodels can be estimated consistently by princi-
pal component analysis (PCA). This conclusion is reminiscent of a central result in the theory
of dynamic factor models on the consistency of the principal components estimator for the
common components.24 However, Theorem 5 is different along several dimensions. First, it
concerns state-spacemodels, not dynamic factor models. Second, the estimator suggested by
the theorem uses the principal components of the lag-one autocorrelation matrix, while the
PCA estimator of dynamic factor models is constructed from the principal components of the
variance-covariancematrix. Lastly, Theorem 5 suggests that the PCA estimator is consistent (at
least under the theorem’s assumptions) even if the number of states is misspecified.25 I am aware
of no similar result on the consistency of the PCA estimator for dynamic factor models when the
number of common factors is misspecified.

4 Behavioral Implications

In this section, I apply the characterization results from the previous section to develop the
behavioral implications of the simple models framework. Throughout the section, I maintain
the assumption that at least one of the following is satisfied for every agent: (a) the agent is
constrained to use one-statemodels and the true process is exponentially ergodic; (b) the agent is
constrained to useMarkovian one-state models; or (c) the agent is constrained to useMarkovian
𝑑-state models and the lag-one autocovariancematrix, Γ1, is symmetric.

To flesh out the behavioral implications of the framework, I embed it in a reduced-form
economy. Consider a finite set of agents, indexed by 𝑗 = 1, . . . , 𝐽 . In every period 𝑡 , each agent 𝑗
takes a purely forward-looking decision 𝑥𝑗𝑡 , which depends on her forecasts via the best-response
function

𝑥𝑗𝑡 = 𝐸𝑗𝑡

[ ∞∑︁
𝑠=1

𝑐 ′𝑗 𝑠𝑦𝑡+𝑠

]
, (8)

24See, for instance, Stock andWatson (2002).
25An estimator for a misspecifiedmodel is consistent if the estimate converges to a pseudo-truemodel as the sample size goes to infinity.
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where 𝑦𝑡 ∈ ℝ𝑛 is as before the vector of observables, 𝐸𝑗𝑡 [·] denotes agent 𝑗 ’s subjective forecasts,
and 𝑐 𝑗 𝑠 ∈ ℝ𝑛 are preference parameters satisfying∑∞

𝑠=1 ∥𝑐 𝑗 𝑠 ∥2 < ∞ for all 𝑗 .26 I continue to take
the true process ℙ as a primitive of the economy and assume that agent 𝑗 can only entertain
state-spacemodels with nomore than 𝑑𝑗 states. In Appendix C, I provide an analysis suggesting
that the partial equilibrium insights would generalize to a general equilibrium economy, in which
ℙ itself is an endogenous outcome of agents’ choices.

The reduced-form specification in (8) allows the derivation of sharp theoretical results, which
highlight the role of simple models and biased forecasts and are independent of the specifics of
agents’ decision problems. These results are valid up to first order for purely forward-looking
decisions that depend non-linearly on the forecasts of the observable. They also hold arbitrarily
well when decisions are sufficiently forward-looking (e.g., when the discount factor is close to
one). In the next three sections, I further develop the implications of the general framework in
the context of threemicrofounded general equilibriummacromodels.

4.1 Persistence Bias

Decomposing the observable into its more and less persistent components will be useful for the
subsequent discussions:

Proposition 3. Let 𝑎𝑖 denote the 𝑖 th largest eigenvalue of the first autocorrelationmatrix,𝐶1, in
magnitude, and let𝑢𝑖 denote the corresponding eigenvector, normalized such that𝑢 ′

𝑖
𝑢𝑘 = 1{𝑖=𝑘 }

for all 𝑖 and 𝑘 . The observable can be decomposed as follows:

𝑦𝑡 =

𝑛∑︁
𝑖=1

𝑦
(𝑖 )
𝑡 𝑞𝑖 , (9)

where 𝑦 (𝑖 )
𝑡 ≡ 𝑝𝑖 ′𝑦𝑡 ,𝑝𝑖 ≡ Γ

−1
2
0 𝑢𝑖 ,𝑞𝑖 ≡ Γ

1
2
0𝑢𝑖 ,𝑢𝑖 is as inTheorem5, and scalars 𝑦 (𝑖 )

𝑡 all haveunit variance.
If 𝜌𝑖 denotes the lag-one autocorrelation of 𝑦 (𝑖 )

𝑡 , then |𝜌1 | ≥ |𝜌2 | ≥ · · · ≥ |𝜌𝑛 |.

This proposition represents the observable in terms of the basis vectors {𝑞𝑖 }𝑛𝑖=1, with 𝑦
(𝑖 )
𝑡

denoting the components (or coordinates) of 𝑦𝑡 with respect to this basis. The components
of 𝑦𝑡 are sorted by their persistence, with 𝑦 (1)

𝑡 representing themost persistent component and
𝑦
(𝑛 )
𝑡 the least persistent component of the observable. This decomposition is valid for arbitrary
stationary stochastic processes and is independent of agents’ forecasting and decision problems.
However, the way agents’ choices respond to changes in the observable neatly aligns with the
decomposition in (9). This is shown in the following corollary of Theorems 4 and 5:

Corollary 2 (persistence bias). Agent 𝑗 ’s time-𝑡 forecasts and forward-looking actions only respond
to changes in the 𝑑𝑗 most persistent components of 𝑦𝑡 .
26The assumption that each agent takes a single action is without loss of generality. The analysis would be identical if one instead assumed

that agent 𝑗 makesmultiple choices in each period, with the 𝑘 th action of agent of 𝑗 given by 𝑥𝑗𝑘𝑡 = 𝐸𝑗𝑡
[∑∞

𝑠=1 𝑐
′
𝑗𝑘𝑠
𝑦𝑡+𝑠

]
.
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Agentswhousepseudo-true𝑑-statemodels treat themore and lesspersistent components of 𝑦𝑡
in qualitatively differentways. A change in the current value of the observable can be decomposed
into changes in the components 𝑦 (𝑖 )

𝑡 of 𝑦𝑡 . Agents do not change their forecasts in response to
changes in the least persistent components of 𝑦𝑡 . Consequently, their forward-looking actions
also remain unresponsive to changes in these less persistent components.

It is worth noting that agents’ forecasts and actions are unresponsive to changes in the less
persistent components of the observable only on impact. In general, different components of
𝑦𝑡 do not evolve independently. Therefore, a change in the current value of 𝑦 (𝑖 )

𝑡 could lead to
changes in the values of 𝑦 ( 𝑗 )

𝑡+𝑠 for some 𝑗 ≠ 𝑖 and 𝑠 > 0. This can result in a delayed response of
agents’ forecasts and actions to changes in the observable’s less persistent components.

4.2 Increased Comovement

Constraining agents to use simple models increases the comovement between their forward-
looking choices. The argument for this prediction is best seen by considering agents 𝑗 and 𝑘 ,
both of whom are constrained to use one-state models. Because of persistence bias, the agents’
time-𝑡 actions canbewritten as time-invariant linear functions of the observable’smost persistent
component. More specifically, 𝑥𝑗𝑡 = 𝑔

(1)
𝑗
𝑦
(1)
𝑡 and 𝑥𝑘𝑡 = 𝑔

(1)
𝑘

𝑦
(1)
𝑡 , where 𝑔 (1)

𝑗
and 𝑔 (1)

𝑘
are constants

that depend on the true process and the agents’ preferences. Thus, one agent’s actions can be
expressed as a constant multiple of the other agent’s actions. In other words, the agents’ actions
comove perfectly. The following proposition formalizes and extends this conclusion:

Proposition 4. Let𝐷 ≡ max𝑗 𝑑𝑗 denote the largest value of 𝑑𝑗 among agents and 𝑥𝑡 ≡ (𝑥𝑗𝑡 )𝑗 ∈ ℝ𝐽

denote the vector containing agents’ time-𝑡 actions. Given generic true processes, 𝑥𝑡 has the factor
structure

𝑥𝑡 = 𝐺𝑦
(1:𝐷 )
𝑡 ,

where𝐺 is a 𝐽 × 𝐷 matrix of loadings and 𝑦 (1:𝐷 )
𝑡 is the𝐷-dimensional vector consisting of the𝐷

most persistent components of the observable.27

The proposition establishes that the 𝐽 -dimensional vector of all the forward-looking actions of
all the agents in the economymoves with the𝐷 factors collected in 𝑦 (1:𝐷 )

𝑡 . The number of factors
depends solely on the complexity of agents’ models, while the composition of these factors
depends on the properties of the true process. The loadings of actions on different factors depend
on the preference parameters 𝑐 𝑗 𝑠 . If𝐷 is much smaller than 𝐽 (as is often reasonable to assume
to be the case), then a large number of actions comove with movements in a small number of
factors.

Agents’ actions exhibit comovement, both across agents with the same value of 𝑑 and across
those who usemodels of varying dimensions. To see the intuition for this result, consider agents
27The result requires all pseudo-truemodels of a given dimension to be observationally equivalent, a condition that holds for generic true

processes.
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𝑗 and 𝑘 who usemodels of dimensions 𝑑𝑗 and 𝑑𝑘 > 𝑑𝑗 , respectively. While the agents disagree on
the number of state variables needed to forecast the observable, they agree on what 𝑑𝑗 of those
state variables ought to be. The 𝑑𝑗 states used by agent 𝑗 are a subset of the 𝑑𝑘 states used by
agent 𝑘 (up to linear transformations). This strong form of comovement is a unique prediction
of the framework of simple models. It relies on the fact that pseudo-true 𝑑-state models rank
the components of 𝑦𝑡 consistently across 𝑑 : As 𝑑 increases, pseudo-true forecasts condition on
additional components of 𝑦𝑡 but without altering the components already being used to forecast.

A low-dimensional factor structure is one natural expression of comovement. Another com-
monly used comovement measure is the Pearson correlation coefficient between two variables.
The following corollary of Proposition 4 shows that constraining any two agents to one-state
models increases the correlation between their actions: 28

Corollary 3. Consider actions 𝑗 and𝑘 , both of the form (8), taken by agents 𝑗 and𝑘 with𝑑𝑗 = 𝑑𝑘 = 1.
Generically,

1 =

���Corr (
𝑥1𝑑𝑗𝑡 , 𝑥

1𝑑
𝑘𝑡

)��� > ���Corr (
𝑥RE𝑗𝑡 , 𝑥

RE
𝑘𝑡

)��� ,
where 𝑥1𝑑

𝑗𝑡
and 𝑥RE

𝑗𝑡
denote agent 𝑗 ’s time-𝑡 action when using a pseudo-true one-state model and

the true model, respectively.

The time-𝑡 actions of agents using a pseudo-true one-statemodel depend solely on the current
realization of 𝑦 (1)

𝑡 , themost persistent component of 𝑦𝑡 . Consequently, an econometrician who
analyzes those actions will conclude that the actions are driven by a single “main shock.” This
conclusion holds regardless of the specifics of preferences, technology, or market structure. It
holds both in partial equilibrium and in general equilibrium, as suggested by the analysis in
Appendix C. Angeletos, Collard, andDellas (2020) find that a “main business cycle shock” explains
the bulk of movements inmacroeconomic aggregates at business cycle frequencies. The above
analysis suggests that there is always amain shock—as long as decisions are sufficiently forward
looking and agents use simple models. It also shows that themain shock is an endogenous index
whose composition depends on the primitives of the economy, the stochastic properties of the
shocks that hit it, and the parameters of policy rules.

4.3 Under- and Over-Extrapolation

The framework proposed in this paper is neither a model of under-extrapolation nor of over-
extrapolation. Instead, agents who use simple models forecast using a parsimonious model
that provides an approximation to the true process and balances forecast errors across different
horizons and variables. Consequently, simplemodels do not lead tomistakes that invariably go
in the same direction. In fact, agents who use a pseudo-true 𝑑-state model under-extrapolate
some variables and over-extrapolate others.
28This corollary does not generalize beyond the one-state case. Constraining agents tomodels with 𝑑𝑗 , 𝑑𝑘 > 1 states might decrease the

correlation between their actions relative to the rational-expectations benchmark.
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Proposition5. Let 𝑦 (1)
𝑡 denote themostpersistent componentof 𝑦𝑡 and 𝑦 (𝑛 )

𝑡 denote its leastpersistent
component. If the true process is exponentially ergodic and 𝑑𝑗 < 𝑛, then:

(a) Agent 𝑗 overestimates the magnitude of 𝑦 (1)
𝑡 ’s autocorrelation at all lags.

(b) Agent 𝑗 underestimates the magnitude of 𝑦 (𝑛 )
𝑡 ’s autocorrelation at all lags.

The following example illustrates the result:

Example 3. Suppose the vector of observables is given by 𝑦𝑡 = (𝑦1𝑡 , 𝑦2𝑡 )′ ∈ ℝ2, and each element
of 𝑦𝑡 follows an independent ARMA(1, 1) process

𝑦1𝑡 = 𝜙1𝑦1,𝑡−1 + 𝜖1𝑡 + 𝜗1𝜖1,𝑡−1,

𝑦2𝑡 = 𝜙2𝑦2,𝑡−1 + 𝜖2𝑡 + 𝜗2𝜖2,𝑡−1,

where 𝜙1, 𝜙2, 𝜗1, 𝜗2 ∈ (0, 1) are constants, and 𝜖1𝑡 and 𝜖2𝑡 are i.i.d. mean-zero random variables
with finite variances. Additionally, assume that 𝜙1 > 𝜙2 and (𝜙1+𝜗1 ) (1+𝜙1𝜗1 )

1+2𝜙1𝜗1+𝜗21
>

(𝜙2+𝜗2 ) (1+𝜙2𝜗2 )
1+2𝜙2𝜗2+𝜗22

. This
assumption ensures that 𝑦1𝑡 has a higher autocorrelation than 𝑦2𝑡 at all lags.

The lag-𝑙 autocorrelationmatrix is given by

𝐶𝑙 =
©­­­«
(𝜙1 + 𝜗1) (1 + 𝜙1𝜗1)
1 + 2𝜙1𝜗1 + 𝜗21

𝜙 𝑙−11 0

0 (𝜙2 + 𝜗2) (1 + 𝜙2𝜗2)
1 + 2𝜙2𝜗2 + 𝜗22

𝜙 𝑙−12

ª®®®¬ .
The 𝑖 th largest eigenvalue of𝐶1 in magnitude is (𝜙𝑖+𝜗𝑖 ) (1+𝜙𝑖𝜗𝑖 )

1+2𝜙𝑖𝜗𝑖+𝜗2𝑖
, and the corresponding eigenvector

is 𝑢𝑖 = 𝑒𝑖 , where 𝑒𝑖 denotes the 𝑖 th standard coordinate vector. Since the two elements of 𝑦𝑡
are independent, the variance-covariancematrix, Γ0, is diagonal. Therefore, 𝑦 (1)

𝑡 𝑞1 = 𝑦1𝑡𝑒1 and
𝑦
(2)
𝑡 𝑞2 = 𝑦2𝑡𝑒2, i.e., themost persistent component of 𝑦𝑡 is its first component in the standard coor-
dinates and its least persistent component is its second component in the standard coordinates.
The spectral radius of the lag-𝑙 autocorrelationmatrix satisfies

𝜌 (𝐶𝑙 ) =
(𝜙1 + 𝜗1) (1 + 𝜙1𝜗1)
1 + 2𝜙1𝜗1 + 𝜗21

𝜙 𝑙−11 ≥
(
(𝜙1 + 𝜗1) (1 + 𝜙1𝜗1)
1 + 2𝜙1𝜗1 + 𝜗21

)𝑙
= 𝜌 (𝐶1)𝑙 ,

with the inequality strict for 𝑙 > 1. That is, the true process is exponentially ergodic.
The pseudo-true one-state model is described by Theorem 4. Under any such model, 𝑦1𝑡

follows an AR(1) process with persistence parameter 𝑎 =
(𝜙1+𝜗1 ) (1+𝜙1𝜗1 )
1+2𝜙1𝜗1+𝜗21

and 𝑦2𝑡 is i.i.d. over time.
The pseudo-true lag-𝑙 autocorrelation of 𝑦1𝑡 is equal to 𝑎 𝑙 , while the pseudo-true lag-𝑙 autocor-
relation of 𝑦2𝑡 is zero for any 𝑙 ≥ 1. On the other hand, the true lag-𝑙 autocorrelation of 𝑦𝑖𝑡 is
given by (𝜙𝑖+𝜗𝑖 ) (1+𝜙𝑖𝜗𝑖 )

1+2𝜙𝑖𝜗𝑖+𝜗2𝑖
𝜙 𝑙−1
𝑖

for 𝑖 = 1, 2. Therefore, an agent who uses a pseudo-true one-state
model overestimates the autocorrelation of 𝑦1𝑡 at all lags (strictly so for lags 𝑙 > 1) while strictly
underestimating the autocorrelation of 𝑦2𝑡 at all lags.
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Agents who use simple models over-extrapolate from changes in the most persistent com-
ponents of the observable and under-extrapolate from changes in the least persistent ones. For
observables with intermediate persistence, the pattern could be under- or over-extrapolation
depending on the variable and the horizon being considered. These predictions set this paper’s
framework apart from those that hardwire under- or over-extrapolation.

5 Application to the New-KeynesianModel

As the first application of the general framework, I study the standard three-equation new-
Keynesianmodel.29

5.1 Primitives

The primitives of the economy are standard. Time is discrete, preferences are time separable, and
discounting is exponential. There is ameasure of households with separable preferences over
the final good and leisure. In each period, households decide howmuch to consume and how
much to save in a nominal bond, which is in zero net supply. Households also make labor-supply
decisions taking the wage as given. The consumption good is a CES aggregate of a continuum of
intermediate goods. Intermediate goods are produced by monopolistically competitive firms
using a technology linear in labor. Intermediate-good producers are subject to a Calvo-style
pricing friction. Markets for labor, the final good, and the nominal bond are competitive.

The economy is subject to technology shocks that move the natural rate of interest and cost-
push shocks that affect the intermediate-good producers’ desiredmarkups. The nominal interest
rate is set by a central bank. The exact rule followedby the central bank is irrelevant formyanalysis.
Rather, equilibrium outcomes will depend only on the statistical properties of the interest-rate
process (such as its serial correlation and its correlation with other aggregate observables).30

5.2 Log-linear Temporary Equilibrium

It is well known since Preston (2005) that recursive equilibrium equations that relate aggregate
variables (e.g., the aggregate Euler equation) may not be valid outside of rational expectations. In-
stead, one needs to separately characterize each agent’s optimal behavior using only relationships
that are respected by the agent’s expectations.

My analysis of the new-Keynesian model thus proceeds in two steps. The first step is to
characterize the temporary equilibrium relationships, which impose individual optimality and
29Technically speaking, the economy will be a two-equation new-Keynesian economy, described by the dynamic IS curve and the Phillips

curve. Instead of assuming a functional form for the way the nominal interest rate is set (e.g., a Taylor rule), I model the interest rate as a
random variable with arbitrary dependence on the current realizations and lags of the output gap and inflation rate.
30The Taylor principle is not necessary for equilibrium uniqueness in my setup. The sunspot equilibria in the new-Keynesian model

require agents to coordinate on payoff-irrelevant sunspots. I restrict the set of variables that can appear in the vector of observables to be
payoff relevant, thus implicitly ruling out sunspot equilibria.
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market clearing conditions but not rational expectations.31 The second step is to supplement the
temporary equilibriumwith themodel of expectation formation and characterize the resulting
(full) equilibrium.

The first step of the analysis is standard. I therefore omit the details of the derivation and use
the log-linearized temporary equilibrium relationships as my starting point.32 These temporary-
equilibrium conditions are given by

𝑥𝑡 = −𝜎
(
𝑖𝑡 − 𝑟 𝑛𝑡

)
+ 𝐸ℎ𝑡

[ ∞∑︁
𝑠=1

𝛽𝑠
(1 − 𝛽

𝛽
𝑥𝑡+𝑠 − 𝜎

(
𝑖𝑡+𝑠 − 𝑟 𝑛𝑡+𝑠

)
− 𝜎

𝛽
𝜋𝑡+𝑠

)]
, (10)

𝜋𝑡 = 𝜅𝑥𝑡 + 𝜇𝑡 + 𝐸 𝑓 𝑡

[ ∞∑︁
𝑠=1

(𝛽𝛿 )𝑠
(
𝜅𝑥𝑡+𝑠 +

1 − 𝛿
𝛿

𝜋𝑡+𝑠 + 𝜇𝑡+𝑠
)]
, (11)

where 𝑥𝑡 , 𝑖𝑡 , and 𝜋𝑡 denote the log-deviations of the output gap, (gross) nominal interest rate, and
inflation rate, respectively, from their steady-state values. 𝛽 is the discount factor,𝜎 is the elasticity
of intertemporal substitution (EIS), 𝛿 is the Calvo parameter, 𝜅 is a composite parameter that
determines the slope of the Phillips curve, 𝑟 𝑛𝑡 denotes the technology shock thatmoves the natural
rate of interest, and 𝜇𝑡 is the cost-push shock. 𝐸ℎ𝑡 and 𝐸 𝑓 𝑡 denote the subjective expectations of
households and firms, respectively.

I assume that the vector (𝑖𝑡 , 𝑟 𝑛𝑡 , 𝜇𝑡 )′ of the nominal interest rate, technology shock, and cost-
push shock follows amean-zero, stationary, andexponentially ergodicprocess.33 This assumption
allowsme to use Theorem 4 to characterize the set of pseudo-true one-statemodels. When taking
themodel to data, I verify that (𝑖𝑡 , 𝑟 𝑛𝑡 , 𝜇𝑡 )′ indeed follows a stationary and exponentially ergodic
process.

5.3 Subjective Expectations and Equilibrium

For simplicity, I assume that households and firms face identical constraints on themodels they
can entertain, ending up with identical subjective expectations. Every agent knows the steady-
state values of every variable. Agents’ time-𝑡 information set is given by the history {𝑦𝜏 }𝜏≤𝑡 of
vector 𝑦𝜏 ≡ (𝑥𝜏 , 𝜋𝜏 , 𝑖𝜏 , 𝑟 𝑛𝜏 , 𝜇𝜏 )′, consisting of the time-𝜏 log-deviations of output, inflation, and
interest rate from their steady-state values, as well as realizations of every shock. Instead of
imposing rational expectations, I assume that agents are constrained to use one-dimensional
state-spacemodels of the form (1) to forecast 𝑦 .
31The notion of temporary equilibrium has been extensively developed in the context of Arrow–Debreu economies by Grandmont (1977).

SeeWoodford (2013) for a discussion of temporary equilibria in the context of modernmonetary models and Farhi andWerning (2019) for
an application in the context of a heterogeneous-agent new-Keynesian economy.
32The details of this derivation can be found, among other places, in Angeletos and Lian (2018) and Gáti (2020).
33The new-Keynesian literature often assumes that the nominal interest rate follows a Taylor rule, which sets the rate as a linear function

of the output gap and inflation rate plus amonetary policy shock. As long as shocks follow a stationary and exponentially-ergodic process,
the standard specification leads to a process for (𝑖𝑡 , 𝑟𝑛𝑡 , 𝜇𝑡 ) ′ that is stationary and exponentially ergodic—both in the rational-expectations
equilibrium and in the equilibrium in which agents are constrained to use simple state-spacemodels. My reduced-form specification of the
interest rate process thus nests the standard Taylor-rule specification. But the reduced-form specification has the advantage of allowing the
model to be estimated without taking a stand on which changes in the interest rate are systematic and which are due to the so-called pure
monetary policy shocks. It also enables me to study the effects of forward guidance in a theoretically coherent way. These advantages come
at the expense of precluding counterfactual analyses with respect to the parameters of the Taylor rule.

23



The equilibrium definition is straightforward. An equilibrium consists of a stochastic process
ℙ∗ for {𝑦𝑡 }𝑡 and amodel 𝜃 ∗ for agents such that (i) ℙ∗ is derived frommarket-clearing conditions
and optimal behavior by households and firms given subjective model 𝜃 ∗, and (ii) 𝜃 ∗ is a pseudo-
true one-state model given the stochastic process ℙ∗. Following earlier work (Molavi, 2019), I
refer to this equilibrium notion as the constrained-rational-expectations equilibrium.

Finding an equilibrium involves solving a fixed-point equation. I can do this in the context of
the new-Keynesianmodel analytically via a guess-and-verify method. I focus on linear equilibria,
in which 𝑥𝑡 and 𝜋𝑡 are linear functions of 𝑖𝑡 , 𝑟 𝑛𝑡 , and 𝜇𝑡 .34 In such an equilibrium, the 𝑦𝑡 vector con-
tains two redundant elements (which are linear combinations of other elements of 𝑦𝑡 ). Therefore,
agents’ forecasts of 𝑦 can be obtained by first finding their forecasts of some three-dimensional
vector 𝑓𝑡 that spans the subspace spanned by 𝑦𝑡 and then using the linear-invariance result to
find their forecasts of 𝑦𝑡 .

I take 𝑓𝑡 ≡ (𝑥𝑡 , 𝜋𝑡 , 𝑖𝑡 )′ as my basis for the subspace spanned by 𝑦𝑡 . This choice of 𝑓𝑡 has two
advantages over themore natural choice of the vector of shocks. First, it simplifies the algebra
involved in finding the equilibrium considerably. Second, it makes the estimation of themodel
more straightforward. By Theorem 4, agents’ pseudo-truemodel of any vector 𝑓𝑡 depends on the
autocovariancematrices of 𝑓𝑡 at lags zero and one. When 𝑓𝑡 consists of the output gap, inflation
rate, and nominal interest rate, those autocovariancematrices have readily available empirical
counterparts.

The following proposition summarizes the equilibrium characterization:

Proposition 6. Suppose the shocks in the new-Keynesianmodel are stationary and exponentially
ergodic, agents are constrained to use one-state models, and their time-𝑡 information set consists of
the history of vector 𝑦𝜏 ≡ (𝑥𝜏 , 𝜋𝜏 , 𝑖𝜏 , 𝑟 𝑛𝜏 , 𝜇𝜏 )′ for𝜏 ≤ 𝑡 . In the linear constrained-rational-expectations
equilibrium,

𝑥𝑡 =
1

1 − 𝑝𝑥𝛾𝑥 − 𝑝𝜋 (𝛾𝜋 + 𝜅𝛾𝑥 )
[
𝛾𝑥 (𝑝𝑖 𝑖𝑡 + 𝑝𝜋𝜇𝑡 ) − 𝜎 (1 −𝛾𝜋𝑝𝜋 ) (𝑖𝑡 − 𝑟 𝑛𝑡 )

]
, (12)

𝜋𝑡 =
1

1 − 𝑝𝑥𝛾𝑥 − 𝑝𝜋 (𝛾𝜋 + 𝜅𝛾𝑥 )
[
(𝛾𝜋 + 𝜅𝛾𝑥 )𝑝𝑖 𝑖𝑡 + (1 −𝛾𝑥𝑝𝑥 )𝜇𝑡 − 𝜎 (𝜅 +𝛾𝜋𝑝𝑥 ) (𝑖𝑡 − 𝑟 𝑛𝑡 )

]
, (13)

where

𝛾𝑥 ≡ 𝑎 (𝑞𝑥 − 𝜎𝑞𝜋 ), (14)
𝛾𝜋 ≡ 𝑎𝛽𝑞𝜋 , (15)

Γ0 is the variance-covariance matrix of (𝑥𝑡 , 𝜋𝑡 , 𝑖𝑡 ),𝐶1 is the corresponding lag-one autocorrelation
matrix,𝑎 is the eigenvalue of𝐶1 largest inmagnitude,𝑢 is the corresponding eigenvectornormalized
so that𝑢 ′𝑢 = 1, 𝑝 ≡ (𝑝𝑥 , 𝑝𝜋 , 𝑝𝑖 )′ ≡ Γ

−1
2
0 𝑢 , and 𝑞 ≡ (𝑞𝑥 , 𝑞𝜋 , 𝑞𝑖 )′ ≡ Γ

1
2
0𝑢 .

34The existence and generic uniqueness of a linear equilibrium follows from the guess-and-verify argument. Mymethod for finding an
equilibrium is silent on whether there are other, non-linear equilibria.
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The proposition provides an explicit characterization of the equilibrium given autocovari-
ance matrices of vector 𝑓𝑡 = (𝑥𝑡 , 𝜋𝑡 , 𝑖𝑡 )′. Although 𝑓𝑡 contains the output gap and inflation rate,
which are endogenous objects, the characterization is still useful. One can directly measure the
autocovariancematrices of 𝑓𝑡 in the data and use themeasured values together with values for 𝛽,
𝜎 , 𝛿 , and 𝜅 to find the response of the economy to interest-rate changes as well as technology
and cost-push shocks. Furthermore, in equilibrium, there is a one-to-onemapping between the
autocovariancematrices of 𝑓𝑡 and the autocovariancematrices of the shocks. Therefore, setting
the autocovariancematrices of 𝑓𝑡 to their empirical counterparts is equivalent to choosing the
shock process to target the empirical autocovariancematrices of 𝑓𝑡 .

Vectors 𝑝 and 𝑞 can be seen asmeasures of the anchoring of expectations. Agents’ nowcast
of the subjective latent state 𝑧𝑡 can be seen as their view of the “state of the economy.” When 𝑝𝜁
is small for some 𝜁 ∈ {𝑥, 𝜋, 𝑖 }, agents’ view of the state of the economy does not move bymuch
in response to innovations in 𝜁𝑡 . Whereas when 𝑞𝜁 is small for some 𝜁 ∈ {𝑥, 𝜋, 𝑖 }, changes in
agents’ view of the state of the economy do not alter their forecasts of 𝜁 bymuch. The product
𝑞𝜁 ′𝑝𝜁 thus captures the sensitivity of forecasts of 𝜁 ′ to innovations in 𝜁 . When 𝑞𝜁 is small, agents’
expectations of 𝜁 are well anchored; they do not respond to innovations in any of the observables.

The framework can be used to study optimal monetary policy when agents use simplified
modelsof theeconomy. Thestandardnew-Keynesianmodelhas the so-called“divinecoincidence”
property under rational expectations: Without cost-push shocks, themonetary authority faces no
trade-off between its dual goals of zero output gap and stable prices. The following result shows
that a similar conclusion holds when agents use pseudo-true one-state models:

Proposition 7 (divine coincidence). Suppose agents in the new-Keynesianmodel are constrained
to use one-statemodels, and their time-𝑡 information set consists of the history of vector 𝑦𝜏 ≡ (𝑥𝜏 , 𝜋𝜏 ,
𝑖𝜏 , 𝑟

𝑛
𝜏 , 𝜇𝜏 )′ for 𝜏 ≤ 𝑡 . If the cost-push shock 𝜇𝑡 is identically zero, the nominal interest rate is always

set to the natural rate, i.e., 𝑖𝑡 = 𝑟 𝑛𝑡 , and the natural rate follows a stationary and exponentially
ergodic process, then in the linear constrained-rational-expectations equilibrium, the output gap
and inflation rate are identically zero.

Equalizing thenominal rate and thenatural rate achieves zerooutput gapand inflation through
two channels. The first channel is the direct effect on the current interest rate faced by house-
holds and firms. The second channel works through the anchoring of inflation expectations.
By systematically setting the nominal rate to the natural rate, the monetary authority brings
the economy closer to a one-state economy, in which the only shocks affecting the economy
are shocks to the natural rate. This brings agents’ pseudo-true one-state expectations closer
to rational expectations, thusmaking the constraint on the complexity of agents’ models non-
binding. As a result, the economy inherits the divine coincidence property from the rational-
expectations version of the model. In equilibrium, 𝑞𝑥 = 𝑞𝜋 = 0; that is, agents’ expectations of
output and inflation are perfectly anchored.
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Limits to the complexity of agents’ models do not change the prescription for conventional
monetary policy (at least when cost-push shocks are absent). But it is a completely different story
when it comes to forward guidance. I proceed by quantifying the effects of forward guidance in
an economy where agents use simplemodels fit to their past observations.

5.4 Forward Guidance

I consider an economy that has been operating without forward guidance for a long time and
study how implementing forward guidance then affects output and inflation. This is a good
description of where theU.S. economywas in 2009, in the aftermath of the Global Financial Crisis.
Consistent with this story, I endmy sample in the fourth quarter of 2008 when taking themodel
to data.

I assume that agents continue to forecast using a one-state model that is pseudo true in an
equilibrium without forward guidance even as they see forward guidance. This assumption
captures the following scenario: Agents have lived in a new-Keynesian economy without forward
guidance for a long time and have had ample opportunities to learn the equilibrium relationships.
However, since agents can only entertain one-state models, instead of learning the truemodel,
they have settled on a pseudo-true one-statemodel. Agents are then confronted with forward
guidance for the first time. The key assumption is that agents do not immediately abandon their
model; rather, they continue to rely on the model they had before the switch to the forward-
guidance regime, even though their model may not be pseudo-true under the new regime.

The fact that agents have a fully-specifiedmodel for the stochastic process of 𝑦 allowsme to
study the effects of forward guidance in an internally consistent way. I model forward guidance
as a credible announcement in period 𝑡 by the central bank that the nominal rate will follow path
{𝑖𝑡+1, 𝑖𝑡+2, . . . , 𝑖𝑡+𝑇 } going forward. The announcement augments agents’ time-𝑡 information set
to include {𝑖𝑡+1, 𝑖𝑡+2, . . . , 𝑖𝑡+𝑇 } (in addition to {𝑦𝜏 }𝜏≤𝑡 ). Therefore, agents’ time-𝑡 forecasts under
forward guidance are the conditional expectations 𝐸 𝜃 ∗

𝑡 ,FG(𝑇 ) [·] ≡ 𝐸 𝜃
∗

𝑡 [·|{𝑦𝜏 }𝜏≤𝑡 , 𝑖𝑡+1, 𝑖𝑡+2, . . . , 𝑖𝑡+𝑇 ],
where 𝜃 ∗ denotes the pseudo-true one-state model agents use in the equilibrium of the economy.
But agents’ forecasts areMarkovian by Theorem 4 and the assumption that the true process is
exponentially ergodic. Therefore, 𝐸 𝜃 ∗

𝑡 ,FG(𝑇 ) [·] = 𝐸
𝜃 ∗
𝑡 [·|𝑦𝑡 , 𝑖𝑡+1, 𝑖𝑡+2, . . . , 𝑖𝑡+𝑇 ].

Since agents use linear-Gaussian state-spacemodels, their forecasts are linear functions of the
variables in their information set. In particular, for any observable 𝜁 ∈ {𝑥, 𝜋, 𝑖 , 𝑟 𝑛 , 𝜇}

𝐸 𝜃
∗

𝑡 ,FG(𝑇 ) [𝜁𝑡+𝑠 ] = 𝐸
𝜃 ∗ [𝜁𝑡+𝑠 | 𝑓𝑡 , 𝑖𝑡+1, 𝑖𝑡+2, . . . , 𝑖𝑡+𝑇 ] = Σ𝜁𝑠𝜔𝑇 Σ

−1
𝜔𝑇𝜔𝑇

𝜔𝑇 ,

where 𝜔𝑇 ≡ (𝜁𝑡 , 𝑖𝑡+1, . . . , 𝑖𝑡+𝑇 )′, Σ𝜁𝑠𝜔𝑇 ≡ 𝐸 𝜃
∗ [𝜁𝑡+𝑠𝜔′

𝑇
], and Σ𝜔𝑇𝜔𝑇 ≡ 𝐸 𝜃

∗ [𝜔𝑇𝜔′
𝑇
]. Note that the covari-

ance matrices that show up in agents’ forecasts of 𝜁 are subjective covariance matrices which
depend on agents’ subjectivemodel. But the subjectivemodel is just the pseudo-true one-state
model, which is fully characterized by Proposition 6.
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The response of the economy to forward guidance can be computed analytically. Substituting
for agents’ forecasts in (10) and (11) and simplifying the resulting expression, I obtain

𝑥𝑡 = 𝜈
(𝑇 )
𝑥𝑖

𝑖𝑡 + 𝜈 (𝑇 )
𝑥𝑛 𝑟

𝑛
𝑡 + 𝜈 (𝑇 )

𝑥𝜇 𝜇𝑡 +
𝑇∑︁
𝑠=1

𝜈
(𝑇 )
𝑥𝑖𝑠

𝑖𝑡+𝑠 ,

𝜋𝑡 = 𝜈
(𝑇 )
𝜋𝑖

𝑖𝑡 + 𝜈 (𝑇 )
𝜋𝑛 𝑟

𝑛
𝑡 + 𝜈 (𝑇 )

𝜋𝜇 𝜇𝑡 +
𝑇∑︁
𝑠=1

𝜈
(𝑇 )
𝜋𝑖𝑠

𝑖𝑡+𝑠 ,

where𝜈 ’s are constants that depend on the parameters (𝑎,𝑝, 𝑞) of agents’ pseudo-truemodel and
constants 𝛽, 𝜎 , 𝛿 , and𝜅 . The expressions for 𝜈 ’s can be found in Online Appendix E.1.

The 𝜈 ’s have intuitive interpretations: 𝜈𝑥𝑖 and 𝜈𝜋𝑖 are the current interest-rate elasticities of
output and inflation, respectively, whereas 𝜈𝑥𝑖𝑠 and 𝜈𝜋𝑖𝑠 are the elasticities of output and inflation
with respect to the 𝑠-period-ahead guidance about the path of the interest rate. Note that these
elasticities change with the duration𝑇 of themonetary authority’s guidance. That is, committing
to a zero interest rate in period 𝑡 + 𝑠 is not the same as not making any announcement about
period 𝑡 + 𝑠 ’s interest rate. The (𝑇 ) superscript in the above expressions emphasizes this point.
The expressions for𝜈 ’s are rather cumbersome, so I calibrate themodel and numerically study
the effects of forward guidance.

5.5 Quantification

The model has few parameters. I calibrate the model at a quarterly frequency. Following Galí
(2015), I set 𝛽 = 0.99, 𝜎 = 1, 𝛿 = 3/4, and𝜅 = 0.172. I choose the first two autocovariance matrices
of vector (𝑖𝑡 , 𝑟 𝑛𝑡 , 𝜇𝑡 )′ of the nominal rate, technology shock, and cost-push shock to match the
first two autocovariance matrices of 𝑓𝑡 = (𝑥𝑡 , 𝜋𝑡 , 𝑖𝑡 )′—in a constrained-rational-expectations
equilibriumwhere agents use one-state models. Since there is a one-to-onemapping between
the two sets of autocovariancematrices, I can perfectly match the autocovariancematrices of 𝑓𝑡 .

I estimate the empirical autocovariancematrices of 𝑓𝑡 using thepost-war, pre-Global-Financial-
Crisis U.S. data. For 𝑥𝑡 , I use the percentage difference between Real GDP and Potential Output in
period 𝑡 ; for 𝜋𝑡 , I use the percentage change in GDP Deflator; and for 𝑖𝑡 , I use the Effective Fed
Funds Rate. The resulting time series are stationary, so I do not filter them. The sample period is
from the first quarter of 1955 to the fourth quarter of 2008.

The estimated (lag-one) autocorrelations of the interest rate, technology shock, and cost-push
shock are given, respectively, by 𝜌𝑖 = 0.954, 𝜌𝑟𝑛 = 0.955, and 𝜌𝜇 = 0.925,whereas the corresponding
standard-deviations are given by 𝜎𝑖 = 3.30, 𝜎𝑟𝑛 = 5.67, and 𝜎𝜇 = 0.315. However, the estimated
shocks are not independent AR(1) processes. See Online Appendix E.2 for the full estimated
autocovariancematrices at lags zero and one, where I also verify that the estimated process is
indeed exponentially ergodic.

There are no free parameters for agents’ expectations (other than 𝑑 , which I have set equal to
one). Agents’ models, beliefs, and forecasts are all pinned down by structural parameters 𝛽, 𝜎 , 𝛿 ,
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and𝜅 and the stochastic process of the shocks. In equilibrium, the pseudo-true one-state model
is described by

𝑎∗ = 0.985,
𝑝∗
𝑥 = 0.022,
𝑝∗
𝜋 = −0.42,
𝑝∗
𝑖 = −0.014,
𝑞∗
𝑥 = 0.53,
𝑞∗
𝜋 = −2.3,
𝑞∗
𝑖 = −2.5,

where 𝑎∗ denotes the perceived persistence,𝑝∗ is the relative attention vector, and𝑞∗ is the relative
sensitivity vector.

Agents perceive the subjective state as highly persistent but not unit root. Their estimate of the
state is muchmore sensitive to changes in inflation than to output or interest rate. High output
makes agents optimistic about the subjective state, while high inflation and high interest rate
make them pessimistic. Finally, agents’ forecasts of inflation and interest rate movemuchmore
with changes in their estimate of the state than do their forecasts of output.

The inflation expectations of an agent using the pseudo-true one-state model are not well
anchored. A one percent increase in the current inflation rate would result in a 𝑎∗𝑞∗

𝜋𝑝𝜋 ≈ 0.95%
increase in the agent’s one-step-ahead forecast of the inflation rate. The non-anchoring of ex-
pectations reflects the large persistence of inflation in the time-series data used to estimate the
model.

5.6 Quantitative Results

Figure 1 plots the responses of output and inflation to a 100 basis point cut in the current nominal
rate combined with an announcement by the central bank that the nominal rate will be kept at
−1% for𝑇 quarters. The figure plots the responses at the time of announcement as the duration of
guidance𝑇 is varied. The response of output to the rate cut accompanied by a promise to keep the
rate low for another quarter is 48% higher than the response to a rate cut without any guidance;
the corresponding figure for inflation is 17%. But the central bank quickly runs out of ammunition.
Promising to keep the rate low for two quarters (instead of one) increases the response of output
only by about 9% and decreases the response of inflation by about 9%. Promising to keep the rate
low for 20 quarters is only 50%more stimulative than promising to keep it low for one quarter.

Agents’misperceptionof the intertemporal relationshipsamongaggregatevariablesmoderates
the power of forward guidance. Agents use a simplified statistical model that is fit to their past
observations to make an out-of-sample forecast in a new regime with forward guidance. This
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Figure 1. The power of forward guidance

Notes: This figure plots the responses of the output gap and inflation rate to a 100 basis point cut in the current nominal interest rate
combined with an announcement by the central bank that the nominal rate will be kept at −1% for an additional𝑇 quarters. The responses
are plotted at the time of announcement as the duration of guidance𝑇 is varied. The output gap is measured in percentage differences
between Real GDP and Potential Output. The inflation rate is measured in percentage changes in GDPDeflator.

estimated pseudo-true model understates the extent of serial correlation in the observables
relative to the rational-expectations benchmark. For instance, under the pseudo-true one-state
model, the correlation of 𝑖𝑡 and 𝑥𝑡−1 is only −0.17, while the correlation of 𝑖𝑡 and 𝜋𝑡−1 is about
0.73. More generally, agents perceive the correlation of 𝑖𝑡 and 𝑥𝑡−𝑠 to be −0.17 × 0.985𝑠 and the
correlation of 𝑖𝑡 and 𝑥𝑡−𝑠 to be 0.74 × 0.985𝑠 . Therefore, changes in the interest rate in period 𝑡 +𝑇
have amodest impact on agents’ time-𝑡 forecasts of the output gap and inflation rate in periods
𝑡 + 1, 𝑡 + 2, . . . , 𝑡 +𝑇 − 1, and the impact decays exponentially with𝑇 .

6 Application to the Real Business Cycle Model

Formy second application, I consider the textbook real business cycle (RBC)model.

6.1 Primitives

Preferences, technology, andmarket structure are standard. Households value consumption and
labor according to the per-period utility function

𝑢 (𝑐 , 𝑛) = 𝑐1−
1
𝜎

1 − 1
𝜎

−𝜓 𝑛1+𝜑

1 + 𝜑 ,

where 𝑐 denotes consumption, 𝑛 denotes labor, 𝜎 is the elasticity of intertemporal substitution
(EIS), 𝜑 is the inverse Frisch elasticity of labor supply, and𝜓 is a constant that determines the
steady-state working hours. The consumption good is produced by a measure of competitive
firms by combining labor and capital according to the Cobb–Douglas production function

𝑜𝑡 = 𝑎𝑡𝑘
𝛼
𝑡 𝑛

1−𝛼
𝑡 ,

where 𝑜𝑡 denotes output, 𝑎𝑡 is total-factor productivity (TFP), and 𝑘𝑡 denotes the capital stock at
the beginning of period 𝑡 . TFP follows a first-order autoregressive process in logs: 𝑎𝑡 ≡ log 𝑎𝑡 , and

𝑎𝑡 = 𝜌𝑎𝑡−1 + 𝜖𝑡 . (16)
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In every period, households choose consumption, labor supply, and the next period’s capital
stock subject to the following flow budget constraint:

𝑘𝑡+1 = (1 − 𝛿 + 𝑟𝑡 )𝑘𝑡 +𝑤𝑡𝑛𝑡 − 𝑐𝑡 ,

where 𝛿 denotes the depreciation rate of capital, 𝑟𝑡 is the interest rate, and𝑤𝑡 is the wage rate.
Market clearing determines investment:

𝑖𝑡 = 𝑜𝑡 − 𝑐𝑡 .

6.2 Equilibrium

I find the equilibrium under the assumption that households know the steady-state of the econ-
omy and use a one-state model to represent the fluctuations of aggregate variables around the
steady state. Specifically, I assume that households perfectly observe the vector 𝑦𝑡 ≡ (𝑎𝑡 , 𝑜𝑡 ,
𝑤̂𝑡 , 𝑟𝑡 , 𝑛𝑡 , 𝑖𝑡 , 𝑘𝑡 , 𝑐𝑡 ) of log-deviations from the steady state. However, instead of having rational
expectations, households believe that 𝑦𝑡 follows a model of the form (1) with 𝑑 = 1 and use a
pseudo-true one-state model to forecast future values of 𝑦 .

The equilibrium definition is as in the new-Keynesian application. A constrained-rational-
expectations equilibrium consists of a stochastic process ℙ∗ for 𝑦𝑡 and amodel 𝜃 ∗ for households
such that (i)ℙ∗ is derived frommarket-clearing conditions andhouseholds’ optimal consumption,
labor-supply, and investment decisions given their subjectivemodel 𝜃 ∗; and (ii) 𝜃 ∗ is a pseudo-
true one-state model given the stochastic process ℙ∗. In Online Appendix F, I provide a more
formal definition of equilibrium and discuss how one can compute it.

6.3 Quantification

Themodel is calibrated as follows: A period represents a quarter. The quarterly discount rate is set
to 𝛽 = 0.99. The EIS and the Frisch elasticity of labor supply are both set to one. The depreciation
rate is set to 𝛿 = 0.012 and the capital share of output to 𝛼 = 0.3. TFP has a persistence parameter
of 𝜌 = 0.95. I normalize the standard deviation of TFP innovations to one.

6.4 Impulse-Response Functions

Figure 2 plots the impulse-response functions (IRFs) to a one-percent increase in TFP. The re-
sponse of consumption on impact is 83% smaller than the corresponding response under rational
expectations (RE). The consumption response continues to be smaller than under RE for six
quarters after impact. However, consumption in the economywith boundedly-rational agents
eventually overshoots its RE counterpart. The consumption IRF under simplemodels mimics the
IRF in amodel with consumption-habit formation, a common feature in the DSGE literature that
serves to increase the sluggishness of consumption. Simple models thus provide a novel account
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of the hump-shaped response of consumption to TFP shocks in empirical studies, which does
not rely on auxiliary frictions.35 36
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Figure 2. Impulse-response functions to a TFP shock

Notes: This figure plots the impulse-response functions to a one-percent increase in TFP. The variable labeled “nowcast” is defined as
households’ nowcast 𝑧𝑡 of the subjective state 𝑧𝑡 . Every variable, except for the interest rate and nowcast, is measured in log changes from
its steady-state value. The interest rate is measured in percentage-point changes from its steady-state value. The unit of measurement for
agents’ nowcast is arbitrary.

The key to understanding the consumption IRF is how households form their expectations.
Agents’ forecasts of aggregate variables are linear functions of their nowcast 𝑧𝑡 of the subjective
state 𝑧𝑡 in their pseudo-true one state model. This nowcast is a linear combination of the time-𝑡
values of the capital stock and TFP, with the weights determined endogenously in equilibrium:37

𝑧𝑡 = 0.947𝑘𝑡 + 0.053𝑎𝑡 .

Agents’ nowcast is significantly more sensitive to changes in the capital stock than to changes in
TFP. This is amanifestation of persistence bias: In equilibrium, the capital stock ismore persistent
thanTFP, a fact that is evident from the impulse-response functions. Therefore, thenowcastmoves
almost one-for-one with changes in the capital stock. Agents’ expectations of every aggregate
variable at every horizon is a scaled version of their nowcast. Consequently, they alsomove in
unison with changes in the capital stock.

Consumption inherits the dynamics of agents’ expectations. Since the discount factor is close
to one inmy calibration, consumption is almost purely forward looking. Therefore, it moves in
35For ameta-analysis of the response of aggregate variables to technology shocks, see Ramey (2016, pp. 135–151).
36The response of consumption to TFP shocks is hump-shaped in themodel even when TFP is i.i.d. over time, suggesting a resolution to

Cogley and Nason (1993)’s observation that the RBCmodel has a weak propagationmechanism.
37Since the scale of 𝑧𝑡 is not identifiable either to agents or an outside observer, the scale of 𝑧𝑡 is intrinsically meaningless. I normalize 𝑧𝑡

so that 𝑧𝑡 = 𝑝𝑘𝑘𝑡 + 𝑝𝑎𝑎𝑡 with |𝑝𝑘 | + |𝑝𝑎 | = 1.
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tandemwith changes in households’ forecasts, which in turn,move almost one-for-onewith their
nowcast 𝑧𝑡 of the subjective state. In equilibrium, consumption is as follows:

𝑐𝑡 = 0.089𝑘𝑡 + 0.088𝑟𝑡 + 0.0091𝑤̂𝑡 + 0.841𝑧𝑡 .

That is, consumption is muchmore sensitive to changes in agents’ nowcast than to current prices
and quantities.

The upshot is that consumption comoves, almost perfectly, with the capital stock. The (uncon-
ditional) correlation of consumption and the capital stock is 0.999 when households use simple
models. This is compared to a correlation of 0.956 under rational expectations. Even though
consumption is an almost purely forward-looking variable, it is anchored to themost persistent
backward-looking variable in the economy and behaves like a state variable.

The initial underreaction and the subsequent overshooting of consumption increases its un-
conditional variance by about 10% relative to the RE benchmark. Similarly, hours and investment
show increased volatility when agents are constrained to one-state models. They are about 41%
and 24% more volatile, respectively, compared to the rational-expectations benchmark. The
increased volatility of consumption and hours, resulting from agents’ use of simple models, leads
to an increase in the cost of business cycles.

I end this section with a note on Angeletos, Huo, and Sastry (2021)’s evidence on the IRFs of
subjective expectations. They find that the “consensus forecasts” of various aggregate variables
in the Survey of Professional Forecasters exhibit hump-shaped responses to identified aggregate
shocks. They also find that the term structure of subjective expectations featuremonotonemean-
reversion with a persistence parameter that is larger than the true persistence. The behavior
of subjective expectations in the RBC model with simple models discussed in this section is
consistent with both of these findings.

7 Application to the Diamond–Mortensen–Pissarides Model

Formy last application, I study how the predictions of the standard labor search andmatching
model change when agents are constrained to use simplemodels. I do so in the context of the
stochastic version of the Diamond–Mortensen–Pissarides (DMP)model in discrete time. I start
by describing the primitives of the economy.

7.1 Primitives

There is a continuum of workers and firms in the economy. Themass of workers is normalized
to one, whereas the mass of firms is determined by free entry. Workers and firms are both risk
neutral and discount the future at rate 𝛽. A worker matched with a firm generates 𝑎𝑡 units of
output in each period, whereas an unemployed worker produces 𝑏 < 1 units. I assume that
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𝑎𝑡 − 𝑏 = (1 − 𝑏) exp(𝑎𝑡 ), where 𝑎𝑡 is a shock to labor productivity net of home production. This
specification of labor productivity guarantees that 𝑎𝑡 > 𝑏 for any realization of labor productivity,
so it is always efficient for workers to be employed by firms.

Unemployed workers and firms randomly match in a frictional labor market. A matching
function determines the rate at which unemployed workers meet firms. An unemployed worker
findsa job inperiod 𝑡 withprobability𝑝𝑡 = 𝜇𝜃1−𝛼𝑡 , andavacancy isfilledwithprobability𝑞𝑡 = 𝜇𝜃 −𝛼

𝑡 ,
where 𝜃𝑡 ≡ 𝑣𝑡 /𝑢𝑡 denotes market tightness, i.e., the ratio of the number of vacancies to the
unemployment rate, and 𝜇 and 𝛼 are parameters of the matching function. Jobs are destroyed in
each period with probability 𝑠𝑡 = 𝑠 exp(𝑠𝑡 ), where 𝑠𝑡 is a separation shock. Firms incur a cost of 𝑘
units of output per period for maintaining a vacancy.

The wage is determined throughNash bargaining between a worker and a firm, with the threat
point of theworker the value of unemployment, the threat point of the firm the value of an unfilled
vacancy (which will be zero in equilibrium), and the worker’s bargaining power equal to 𝛿 .

I assume that net labor-productivity and separation-rate shocks follow the autoregressive
process (

𝑎𝑡
𝑠𝑡

)
=

(
𝜌𝑎 0
0 𝜌𝑠

) (
𝑎𝑡−1
𝑠𝑡−1

)
+ 𝜖𝑡 , (17)

where 𝜖𝑡 ∼ N(0, Σ). This specification allows for labor productivity and the separation rate to be
correlated, as is the case in the data.

7.2 Temporary Equilibrium

The recursive equations that characterize the solution to the DMPmodel may not hold without
rational expectations. I instead start by characterizing the temporary-equilibriumrelations, which
hold under arbitrary expectations. I assume that firms and workers use state-spacemodels with
the same number of states, ending up with the same subjective expectations in equilibrium.
Market tightness and the wage then satisfy the following equations:38

𝜃𝛼𝑡 =
𝜇

𝑘
(𝑎𝑡 −𝑤𝑡 ) +

𝜇

𝑘
𝐸𝑡

[ ∞∑︁
𝜏=1

𝛽𝜏
𝜏∏
𝑘=1

(1 − 𝑠𝑡+𝑘 ) (𝑎𝑡+𝜏 −𝑤𝑡+𝜏 )
]
, (18)

𝑤𝑡 = 𝛿𝑎𝑡 + (1 − 𝛿 )𝑏 + 𝛿𝐸𝑡

[ ∞∑︁
𝜏=1

𝛽𝜏
𝜏∏
𝑘=1

(1 − 𝑠𝑡+𝑘 ) (𝑎𝑡+𝜏 −𝑤𝑡+𝜏 )
]

− (1 − 𝛿 )𝐸𝑡
[ ∞∑︁
𝜏=1

𝛽𝜏
𝜏∏
𝑘=1

(1 − 𝑠𝑡+𝑘 − 𝑝𝑡+𝑘 ) (𝑤𝑡+𝜏 − 𝑏)
]
. (19)

The unemployment rate follows the first-order difference equation

𝑢𝑡 = 𝑢𝑡−1 + 𝑠𝑡−1(1 − 𝑢𝑡−1) − 𝜇𝜃1−𝛼𝑡−1 𝑢𝑡−1. (20)
38Nash bargaining only determines the total value delivered to workers and firms and not the timing of payoffs or the wage rate. To

determine the wage, I assume that workers and firms both take the future expected wages as given and adjust the current wage to split the
surplus according to the Nash bargaining solution.
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Equations (17)–(20) together with the specification of subjective expectations fully determine the
equilibrium. The derivation of these equations and other omitted calculations from this section
can be found in Online Appendix G. To simplify the numerical computations, I log-linearize the
temporary equilibrium of the economy around a steady state in which 𝑎𝑡 = 1 > 𝑏 and 𝑠𝑡 = 𝑠 .

7.3 Equilibrium

I find the equilibrium under the assumption that agents know the steady state of the economy
and use a one-state model to represent the fluctuations of aggregate variables around the steady
state. I assume that every agent perfectly observes the vector 𝑦𝑡 ≡ (𝑎𝑡 , 𝑠𝑡 , 𝜃𝑡 , 𝑣𝑡 , 𝑢𝑡 , 𝑝𝑡 , 𝑞𝑡 , 𝑤̂𝑡 ) of
log-deviations from the steady state. Agents believe that 𝑦𝑡 follows a one-state model of the form
(1) and use a pseudo-truemodel to forecast the future values of 𝑦 .

Equilibrium is defined as in the previous applications. It consists of a stochastic process ℙ∗ for
𝑦𝑡 and amodel 𝜃 ∗ for agents such that (i) ℙ∗ is derived from agents’ optimal behavior given their
subjective model 𝜃 ∗, and (ii) 𝜃 ∗ is a pseudo-true one-state model given the stochastic process ℙ∗.
A more formal definition can be found in Online Appendix G.

7.4 Quantification

The model is calibrated as follows: Each period corresponds to a month. The discount factor
is set to 𝛽 = 0.99. I set the mean of the separation rate to 𝑠 = 0.035, so jobs last for about 2.5
years on average. The steady-state job-finding probability is set to 𝑝 = 0.4 per month. The
elasticity parameter of the matching function is set to 𝛼 = 0.72. Workers’ bargaining power is
set to the same value: 𝛿 = 0.72. Setting 𝛿 = 𝛼 ensures that the Hosios condition is satisfied. I
set the persistence parameter of the shock to 𝜌𝑎 = 0.96 for labor productivity and 𝜌𝑠 = 0.90 for
the separation rate. I normalize the steady-state output per worker to 𝑎 = 1. The flow payoff to
workers from unemployment is set to 𝑏 = 0.4.39

The impulse-response functions are independent of the volatility of the shocks and their
correlation when agents have rational expectations—but not when they are constrained to one-
dimensionalmodels. I set the correlation of labor-productivity and separation-rate shocks to−0.4
and the ratio of the standard deviation of the labor-productivity shock to that of the separation-
rate shock to ten. These choices ensure that the (pairwise) correlation coefficients between labor
productivity, the separation rate, and the unemployment rate are broadly consistent with the
data in Shimer (2005). Finally, I normalize the standard deviation of labor productivity to one.
The results that follow do not depend on this normalization.

39These parameter values are all consistent with the calibration in Shimer (2005). Others, such as Hagedorn andManovskii (2008), rely on
values of 𝑏 closer to one to amplify the response of unemployment to labor-productivity shocks.
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7.5 Impulse-Response Functions

The responses of aggregate variables to shocks depend on how agents form their expectations.
Agents’ expectations of aggregate variables are linear functions of their nowcast 𝑧𝑡 of the subjective
state 𝑧𝑡 . The nowcast, in turn, is the following linear combination of the time-𝑡 values of the
unemployment rate, labor productivity, and the separation rate:40

𝑧𝑡 = −0.848𝑢𝑡 + 0.043𝑎𝑡 − 0.108𝑠𝑡 . (21)

The nowcast is almost eight timesmore sensitive to changes in the unemployment rate than to
changes in the separation rate, and it barely responds to changes in labor productivity. This is due
to the fact that, in equilibrium, the unemployment rate ismore persistent than the two exogenous
shocks.

Figure 3 plots the impulse-response functions to a one-percent increase in labor productivity.
The responses of the number of vacancies and job-finding rate on impact are 45% smaller than
the corresponding responses under rational expectations. Themuted response of the job-finding
rate slows the dynamic of the unemployment rate: While the response of unemployment peaks
after five quarters under rational expectations, the peak is at quarter seven when agents use
simplemodels.

The persistence bias in agents’ expectations leads to additional persistence in vacancies, the
job-finding rate, and the unemployment rate. The most economically-interesting decision in
the DMPmodel is firms’ vacancy-creation decision. Hiring a worker is a long-term investment.
Therefore, it depends on forecasts of economic conditions by firms. Those forecasts are tied to
the unemployment rate and show little response to changes in labor productivity, as can be seen
in equation (21) and Figure 3.41 The anchoring of expectations to unemployment dampens the
initial response of vacancies to an increase in labor productivity.

The economy’s response to a separation-rate shock is perhaps evenmore subtle. Figure 4 plots
the impulse-response functions to a one-percent increase in the separation rate. Under rational
expectations, the increase in the separation rate foreshadows an increase in the unemployment
rate. This increase in the unemployment rate will be beneficial to would-be employers: A higher
unemployment rate means a slacker labor market and a higher job-filling rate. This makes it
more likely that a firmwill recoup the cost of creating a vacancy, thus leading to an increase in the
number of vacancies through the free-entry condition. This dynamic is behind the counterfactual
positive correlation between the number of vacancies and unemployment rate in a DMPmodel
with only separation-rate shocks.

Constraining agents to simple models turns this dynamic on its head. By equation (21), an
increase in separations lowers agents’ nowcast of the state of the economy both directly and
40I normalize 𝑧𝑡 so that 𝑧𝑡 = 𝑝𝑢𝑢𝑡 + 𝑝𝑎𝑎𝑡 + 𝑝𝑠 𝑠𝑡 with |𝑝𝑢 | + |𝑝𝑎 | + |𝑝𝑠 | = 1.
41Since the scale of 𝑧𝑡 is not identifiable either to agents or an outside observer, the scale of the nowcast 𝑧𝑡 is intrinsically meaningless.

However, Figures 3 and 4 use the same scale for 𝑧𝑡 , so the IRFs are comparable across the two figures.
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Figure 3. Impulse-response functions to a labor-productivity shock

Notes: This figure plots the impulse-response functions to a one-percent increase in labor productivity. The variable labeled “nowcast” is
defined as agents’ nowcast 𝑧𝑡 of the subjective state 𝑧𝑡 . Every variable, except for the nowcast, ismeasured in log changes from its steady-state
value. The unit of measurement for agents’ nowcast is arbitrary.
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Figure 4. Impulse-response functions to a separation-rate shock

Notes: This figure plots the impulse-response functions to a one-percent increase in the separation rate. The variable labeled “nowcast” is
defined as agents’ nowcast 𝑧𝑡 of the subjective state 𝑧𝑡 . Every variable, except for the nowcast, ismeasured in log changes from its steady-state
value. The unit of measurement for agents’ nowcast is arbitrary.
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indirectly through the resulting increase in unemployment. The deterioration in firms’ nowcast
lowers their expectations of returns to posting a vacancy. In the current calibration, this decrease
is large enough to overturn the effect of the increase in the job-filling rate. As a result, firms
post fewer vacancies, causing an even bigger increase in the unemployment rate. The recession
that follows an increase in separations has a Keynesian flavor. The increase in separations and
the resulting increase in unemployment make firms pessimistic. In response, they slow their
recruiting activities, further exacerbating unemployment and worsening the economic outlook.
The result is an inefficiently long and deep recession.

The inability of the standard DMPmodel to generate realistic unemployment fluctuations in
response to realistic productivity and separation shocks is known as the Shimer (2005) puzzle.
This puzzle has led to a large literature, which aims to resolve it bymodifying the DMPmodel or
Shimer’s calibration of it. The exercise in this section suggests a novel path forward. Although
simplemodels do not help with the amplification of productivity shocks, they enable even the
basic DMPmodel to exhibit significant amplification, propagation, and comovement in response
to separation shocks.

8 Concluding Remarks

This paper suggests a novel approach tomodeling bounded rationality, which is portable across
different applications. I illustrated the use of the framework in three canonical macroeconomic
models. In one application, I showed that constraining agents to use estimated simplemodels
does not alter the divine coincidence property of the standard new-Keynesianmodel. However, it
significantly reduces the power of forward guidance. Characterizing the optimal monetary policy
in a new-Keynesianmodel with simple agents is a promising direction for future research.

I intentionally focused on bare-bones macro models to allow for a transparent discussion
of how simple models work. However, one can easily incorporate simple models into modern
heterogeneous-agent macromodels. This allows one to examine how bounded rationality in the
face of intertemporal complexity affects predictions of suchmodels. This can be done because
neither the additional degrees of freedom nor the computational burden of finding the equilib-
riumwith simple models scale with the size of themacromodel. This paper’s approach can also
be extended to allow for heterogeneity in 𝑑 without having to contend with the complications
associated with heterogeneous-belief macromodels (such as the “infinite regress” problem).

Throughout the paper, I took dimension 𝑑 of agents’ model as a primitive parameter. This
parameter can be identified using expectations data.42 It can also be estimated jointly with
other parameters in DSGEmodels only using data on aggregate variables. I leave the problem of
estimating 𝑑 to future research.

42SeeMolavi, Tahbaz-Salehi, and Vedolin (forthcoming) for a discussion of how this can be done in a closely related framework.
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Appendices

A WeightedMean-Squared Forecast Error

The agent’s time-𝑡 one-step-ahead forecast error givenmodel 𝜃 is defined as

𝑒𝑡 (𝜃 ) ≡ 𝑦𝑡+1 − 𝐸 𝜃𝑡 [𝑦𝑡+1],

where 𝐸 𝜃𝑡 denotes the agent’s subjective expectation conditional on her information at time 𝑡 and
givenmodel 𝜃 . The weighted average of mean-squared forecast errors given a symmetric weight
matrix𝑊 ∈ ℝ𝑛×𝑛 is defined as

MSE𝑊 (𝜃 ) = 𝔼
[
𝑒 ′𝑡 (𝜃 )𝑊𝑒𝑡 (𝜃 )

]
.

Instead of assuming that the agent uses amodel that minimizes the KLDR, one can assume
that shemakes her forecasts using amodel 𝜃 that minimizes MSE𝑊 (𝜃 ) for somematrix𝑊 . Using
themean-squared forecast error as the notion of fit has two disadvantages relative to the KLDR.
First, the choice ofmatrix𝑊 introduces additional degrees of freedomwhen the observable is not
a scalar. Second, the minimizer of the weightedmean-squared error is in general not invariant to
linear transformations of the vector of observable (unless if the weight matrix𝑊 is transformed
accordingly). However, the following proposition establishes that mean-squared forecast-error
minimization coincides with KLDRminimization under the appropriate choice of the weighting
matrix𝑊 :

PropositionA.1. Let 𝜃 denote a pseudo-true𝑑-statemodel, and let Σ̂𝜃𝑦 denote the implied subjective
variance of 𝑦𝑡+1 conditional on the agent’s information at time 𝑡 . If𝑊 is equal to the inverse of Σ̂𝜃𝑦 ,
then 𝜃 ∈ argmin𝜃 ∈Θ𝑑 MSE𝑊 (𝜃 ).

The proof of the proposition is standard, and so, is omitted.

B Exponential Ergodicity

This appendix provides a set of sufficient conditions for a process to be exponentially ergodic and
discusses the relationship between those conditions and the notion of full information.

Proposition B.1. Consider a process ℙ that can be represented as

𝑓𝑡 = 𝐹 𝑓𝑡−1 + 𝜖𝑡
𝑦𝑡 = 𝐻

′ 𝑓𝑡 ,
(B.1)

where 𝑓𝑡 ∈ ℝ𝑚 , 𝜖𝑡 is a zero mean i.i.d. shock with a finite variance-covariance matrix, 𝐹 ∈ ℝ𝑚×𝑚 is
a convergent matrix,𝐻 ∈ ℝ𝑚×𝑛 , and the variance-covariance of 𝑓𝑡 is normalized to be the identity
matrix. If𝐻 is a rank-𝑚 matrix and



𝐹+𝐹 ′

2



2 = ∥𝐹 ∥2, where ∥ · ∥2 denotes the spectral norm, then ℙ

is exponentially ergodic.
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The assumption that the process has a representation of the form (B.1) is without loss of
generality. TheWold representation theorem implies that anymean zero, covariance stationary,
and purely non-deterministic process has a representation of this form (possibly with𝑚 = ∞).
The assumption that the variance-covariance of 𝑓𝑡 equals identity is also without loss of generality.
It can always be arranged to hold by an appropriate normalization of 𝑓𝑡 .43 The assumption on
matrix 𝐹 rules out a severe form of defectiveness by guaranteeing that the largest eigenvalue of
the symmetric part of 𝐹 coincides with the largest singular value of 𝐹 . It is satisfied, for example,
if 𝐹 is diagonal or symmetric, but it is much weaker than symmetry.

The most substantial assumption of the proposition is the requirement that 𝐻 is a rank-𝑚
matrix. This assumption can be seen as a full-information (or spanning) assumption: If the
agent observes an observable of the form (B.1) with a full-rankmatrix𝐻 , then she has enough
information to forecast the observable as well as in the full-information rational-expectations
benchmark—even if she fails to do so due to the constraint on her set of models. The following
proposition shows that this assumption, in general, cannot be dispensed with:

Proposition B.2. Suppose the observable is one-dimensional, and the true process ℙ can be repre-
sented as in (B.1) for some 𝑓𝑡 ∈ ℝ𝑚 , 𝜖𝑡 ∼ N(0, Σ), diagonal divergent matrix 𝐹 ∈ ℝ𝑚×𝑚 , diagonal
matrix Σ ∈ ℝ𝑚×𝑚 , andmatrix𝐻 ∈ ℝ𝑚×𝑛 . If the representation in (B.1) is minimal and𝑚 > 1, then
the 𝑠-period-ahead forecast of an agent who uses a pseudo-true one-state model 𝜃 is given by

𝐸 𝜃𝑡 [𝑦𝑡+𝑠 ] = 𝑎𝑠 (1 −𝜂)
∞∑︁
𝜏=0

𝑎𝜏𝜂𝜏𝑦𝑡−𝜏

for some 𝑎 ∈ (−1, 1) and𝜂 ∈ (0, 1).44

C Partial Equilibrium and General Equilibrium

In this appendix, I argue that the implications of the general framework are largely unchanged in
a general equilibrium setting where the observable’s law of motion depends on agents’ choices. I
consider a stylized general equilibrium (GE) economy in which observables are linear functions
of exogenous shocks and agents’ actions. Specifically, I assume that, in equilibrium, the vector of
observables 𝑦𝑡 ∈ ℝ𝑛 can be written as

𝑦GE𝑡 = 𝐻̃ ′ 𝑓𝑡 + 𝑔𝑥GE𝑡 , (C.1)

where 𝑥𝑡 ∈ ℝ is agents’ time-𝑡 action, 𝑓𝑡 ∈ ℝ𝑚 is the vector of exogenous shocks, 𝐻̃ ∈ ℝ𝑚×𝑛 is a
rank-𝑚matrix, and 𝑔 ∈ ℝ𝑛 is a vector that parameterizes the strength of the GE feedback from
43See LemmaD.5 of the Online Appendix and its proof for how this can be done.
44The representation in (B.1) of a process isminimal if there exists no representation for the process of the same form in which the

dimension of 𝑓𝑡 is strictly smaller.
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agents’ actions to the aggregate observable. Agents’ best-response functions are given by

𝑥GE𝑡 = 𝑏 ′𝑦GE𝑡 + 𝐸𝑡

[ ∞∑︁
𝑠=1

𝛽𝑠𝑐 ′𝑦GE𝑡+𝑠

]
. (C.2)

For simplicity, I assume that the shocks follow𝑚 independent AR(1) processes:

𝑓𝑡 = 𝐹 𝑓𝑡−1 + 𝜖𝑡 , 𝜖𝑡 ∼ N(0, Σ), (C.3)

where 𝐹 = diag(𝛼1, . . . , 𝛼𝑚) and Σ = diag(𝜎21 , . . . , 𝜎2𝑚). Equations (C.1)–(C.3) together with the
specification of agents’ subjective expectations fully characterize the (general) equilibrium of the
economy.

I contrast this economy with a partial equilibrium (PE) economy in which

𝑦PE𝑡 = 𝐻 ′ 𝑓𝑡 , (C.4)

𝑥PE𝑡 = 𝑏 ′𝑦PE𝑡 + 𝐸𝑡

[ ∞∑︁
𝑠=1

𝛽𝑠𝑐 ′𝑦PE𝑡+𝑠

]
, (C.5)

and 𝑓𝑡 follows (C.3). The term “partial equilibrium” is inspired by the following hypothetical
scenario: Suppose we considered the economy described by equations (C.1)–(C.3) but ignored
the fact that agents’ actions affect the observable, which in turn affects agents’ actions, and so
on. Then the response of the GE economy to shocks would be described by equations (C.4)–(C.5).
The following result establishes an observational equivalence between the GE and PE economies:

Proposition C.1. Consider the general equilibrium economy (C.1)–(C.3) and the partial equilib-
rium economy (C.3)–(C.5), and suppose that, in each economy, agents use pseudo-true Markovian
𝑑-state models to forecast the observable. If

𝐻̃ = 𝐻

(
𝐼 −

(
𝑏 +

𝑑∑︁
𝑘=1

𝛼𝑘 𝛽

1 − 𝛼𝑘 𝛽
𝐻 †𝑒𝑘𝑒

′
𝑘𝐻𝑐

)
𝑔 ′

)
,

then the linear equilibria of the two economies are observationally equivalent.

Several remarks are in order. First, the result is a corollary of the linear-invariance result
(Theorem 1) and the fact that agents’ actions are linear in the observable. Second, the proposition
covers the rational-expectations case by setting 𝑑 = 𝑚. Third, when 𝛽 = 0, the effect of going from
PE to GE is to amplify the response of observables to shocks, as measured bymatrix𝐻 ′, by the
GEmultiplier (𝐼 − 𝑔𝑏 ′)−1. When 𝛽 > 0, themultiplier has an additional term, which captures the
general-equilibrium effect of the updating of expectations by agents.

Last but not least, the distinctions between exogenous and endogenous variables, on one hand,
and PE and GE, on the other, are largely inconsequential in this framework. Agents’ expectations
of endogenous variables are consistent with their expectations of exogenous variables and the
structural equations of the economy, the GE economy is just the PE economy with a linearly
transformed𝐻 matrix, and agents’ expectations in theGEeconomyare just linear transformations
of their expectations in the PE economy.
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Online Appendices

D Proofs

Proof of Theorem 1

As a preliminary step, I fix an arbitrary 𝑑-state model 𝜃 = (𝐴,𝐵,𝑄 ,𝑅) for the agent and compute
her forecasts and the KLDR of her model from the true process. If the support of 𝑃 𝜃 does not
coincide withW, the support of the true process, then KLDR(𝜃 ) = +∞. In what follows, I assume
that 𝑃 𝜃 is supported onW.

Note that minimizing the KLDR over the set Θ𝑑 of 𝑑-state models is equivalent tominimizing
the KLDR over the set Θ𝑚

0 ∪ Θ𝑚
1 ∪ · · · ∪ Θ𝑚

𝑑
, where Θ𝑚

𝑘
denotes the set of models whoseminimal

realization requires 𝑘 state variables. Therefore, in the proofs, I assume without loss of generality
that the 𝑑-state model 𝜃 is minimal, i.e., that there exists no 𝑑 ′-state model with 𝑑 ′ < 𝑑 that is
observationally equivalent to 𝜃 .

The Kullback–Leibler divergence rate. Since the entropy rate of the true process is finite, the KLDR
of 𝜃 from the true process is given by

KLDR(𝜃 ) = lim
𝑡→∞

1
𝑡
𝔼

[
− log 𝑓 𝜃 (𝑦1, . . . , 𝑦𝑡 )

]
+ constant.

Furthermore, by the chain rule,

lim
𝑡→∞

1
𝑡
𝔼

[
− log 𝑓 𝜃 (𝑦1, . . . , 𝑦𝑡 )

]
= lim
𝑡→∞

1
𝑡

𝑡∑︁
𝜏=1

𝔼
[
− log 𝑓 𝜃 (𝑦𝜏 |𝑦𝜏−1, . . . , 𝑦1)

]
.

Since 𝑃 𝜃 and ℙ are both stationary,

𝔼
[
− log 𝑓 𝜃 (𝑦𝜏 |𝑦𝜏−1, . . . , 𝑦1)

]
= 𝔼

[
− log 𝑓 𝜃 (𝑦0 |𝑦−1, . . . , 𝑦1−𝜏 )

]
.

On the other hand, since 𝑃 𝜃 is a stationary ergodic Gaussian process and 𝔼[∥𝑦𝑡 ∥2] < ∞, the
sequence {− log 𝑓 𝜃 (𝑦0 |𝑦−1, . . . , 𝑦1−𝜏 )}𝜏 is uniformly bounded by an integrable function for any 𝜃 .
Thus, by the dominated convergence theorem,

lim
𝜏→∞

𝔼
[
− log 𝑓 𝜃 (𝑦𝜏 |𝑦𝜏−1, . . . , 𝑦1)

]
= 𝔼

[
− log 𝑓 𝜃 (𝑦0 |𝑦−1, . . . )

]
= 𝔼

[
− log 𝑓 𝜃 (𝑦𝑡+1 |𝑦𝑡 , . . . )

]
,

where the second equality uses the stationarity of 𝑃 𝜃 , and the fact that log 𝑓 𝜃 (𝑦𝑡+1 |𝑦𝑡 , . . . ) is well
defined is a consequence of the assumption that 𝐴 is convergent and𝑄 is positive definite for any
𝜃 = (𝐴,𝐵,𝑄 ,𝑅). The above display implies that the Cesàro sum also converges:

lim
𝑡→∞

1
𝑡

𝑡∑︁
𝜏=1

𝔼
[
− log 𝑓 𝜃 (𝑦𝜏 |𝑦𝜏−1, . . . , 𝑦1)

]
→ 𝔼

[
− log 𝑓 𝜃 (𝑦𝑡+1 |𝑦𝑡 , . . . )

]
.

Therefore, to compute the KLDR, I only need to compute the subjective distribution of 𝑦𝑡+1 under
model 𝜃 conditional on the history of observations {𝑦𝑡 , 𝑦𝑡−1, . . . }.
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Let 𝐸 𝜃𝑡 [·] denote the agent’s subjective expectation givenmodel 𝜃 and conditional on history
{𝑦𝜏 }𝑡𝜏=−∞, and let Var𝜃𝑡 (·) denote the corresponding variance-covariancematrix. Let 𝑧𝑡 ≡ 𝐸 𝜃𝑡 [𝑧𝑡+1]
denote the agent’s conditional expectation of the subjective state. I can express 𝑧𝑡 recursively
using the Kalman filter:

𝑧𝑡 = (𝐴 − 𝐾 𝐵 ′)𝑧𝑡−1 + 𝐾 𝑦𝑡 , (D.1)

where 𝐾 ∈ ℝ𝑑×𝑛 is the Kalman gain defined as

𝐾 ≡ 𝐴Σ̂𝑧𝐵
(
𝐵 ′Σ̂𝑧𝐵 + 𝑅

)†
, (D.2)

the dagger denotes the Moore–Penrose pseudo-inverse, and Σ̂𝑧 ≡ Var𝜃𝑡 (𝑧𝑡+1) is the subjective
conditional variance of 𝑧𝑡+1, which solves the following (generalized) algebraic Riccati equation:45
46

Σ̂𝑧 = 𝐴
(
Σ̂𝑧 − Σ̂𝑧𝐵

(
𝐵 ′Σ̂𝑧𝐵 + 𝑅

)†
𝐵 ′Σ̂𝑧

)
𝐴′ +𝑄. (D.3)

Solving equation (D.1) backward, I get

𝑧𝑡 =

∞∑︁
𝜏=0

(𝐴 − 𝐾 𝐵 ′)𝜏𝐾 𝑦𝑡−𝜏 .

The agent’s subjective conditional expectation of 𝑦𝑡+1 can be written in terms of her conditional
expectation of 𝑧𝑡+1:

𝐸 𝜃𝑡 [𝑦𝑡+1] = 𝐵 ′𝐸 𝜃𝑡 [𝑧𝑡+1] = 𝐵 ′
∞∑︁
𝜏=0

(𝐴 − 𝐾 𝐵 ′)𝜏𝐾 𝑦𝑡−𝜏 .

Likewise, the subjective conditional variance of 𝑦𝑡+1 can be expressed in terms of the subjective
conditional variance of 𝑧𝑡+1:

Σ̂𝑦 ≡ Var𝜃𝑡 (𝑦𝑡+1) = 𝐵 ′Σ̂𝑧𝐵 + 𝑅. (D.4)

More generally, the agent’s 𝑠-period-ahead forecast of the vector of observables is given by

𝐸 𝜃𝑡 [𝑦𝑡+𝑠 ] = 𝐵 ′𝐴𝑠−1𝐸 𝜃𝑡 [𝑧𝑡+1] = 𝐵 ′𝐴𝑠−1
∞∑︁
𝜏=0

(𝐴 − 𝐾 𝐵 ′)𝜏𝐾 𝑦𝑡−𝜏 . (D.5)

The Kullback–Leibler divergence rate is thus equal to

KLDR(𝜃 ) = − 1
2 log det

∗
(
Σ̂†
𝑦

)
+ 𝑛2 log (2𝜋) +

1
2 tr

(
Σ̂†
𝑦Γ0

)
− 1
2

∞∑︁
𝜏=1

tr
(
Σ̂†
𝑦Φ𝜏Γ

′
𝜏

)
− 1
2

∞∑︁
𝜏=1

tr
(
Σ̂†
𝑦Γ𝜏Φ

′
𝜏

)
+ 1
2

∞∑︁
𝑠=1

∞∑︁
𝜏=1

tr
(
Σ̂†
𝑦Φ𝑠Γ𝜏−𝑠Φ

′
𝜏

)
+ constant, (D.6)

45Note that I allow for the possibility that 𝑃 𝜃 is supported on some proper subspace W of ℝ𝑛 , in which case 𝐵 ′Σ̂𝑧𝐵 + 𝑅 might not be
invertible. TheMoore–Penrose pseudo-inverse is then the appropriate generalization of matrix inverse in the expression for the Kalman
gain. See Chapter 4 of Anderson andMoore (2005) for a treatment in the non-singular case and Silverman (1976) for the casewhere𝐵 ′Σ̂𝑧𝐵 +𝑅
may be singular.
46The assumptions that the 𝑑-state model 𝜃 is minimal and𝑄 is positive definite imply that the Riccati equation has a unique positive

semidefinite solution and that 𝐴 − 𝐾 𝐵 ′ is a convergent matrix.
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where Γ𝑙 ≡ 𝔼[𝑦𝑡 𝑦 ′𝑡−𝑙 ] denotes the lag-𝑙 autocovariancematrix for the vector of observables under
the true process,Φ𝜏 ≡ 𝐵 ′(𝐴 − 𝐾 𝐵 ′)𝜏−1𝐾 , and the constant contains terms that do not depend on
𝜃 . Matrix Σ̂†

𝑦 denotes theMoore–Penrose pseudo-inverse of Σ̂𝑦 and det∗(Σ̂†
𝑦 ) denotes its pseudo-

determinant.47 These objects are the appropriate counterparts of the matrix inverse and the
determinant for the casewhereW does not equalℝ𝑛 , and so, the subjectivemodel 𝜃 is degenerate.

Proof of Theorem 1. Let 𝑛 denote the dimension of vector 𝑦𝑡 = 𝑇 𝑦𝑡 , let W̃ denote the linear
subspace of ℝ𝑛 defined as W̃ ≡ {𝑦 ∈ ℝ𝑛 : 𝑦 = 𝑇 𝑦 for some 𝑦 ∈ W}, let Θ̃𝑑 denote the set of
𝑑-state models when the vector of observable is 𝑦𝑡 ∈ ℝ𝑛 , and let �KLDR(𝜃 ) denote the KLDR of
model 𝜃 ∈ Θ̃𝑑 from the true process ℙ̃ ≡ 𝑇 (ℙ).

Let 𝜃 ∈ Θ𝑑 denote an arbitrary pseudo-true 𝑑-state model when the true process is ℙ and
𝜃 ∈ Θ̃𝑑 denote an arbitrary pseudo-true 𝑑-state model when the true process is ℙ̃. I first show
that𝑇 (𝑃 𝜃 ) and 𝑃 𝜃 are both supported on W̃. Note that there always exists a 𝑑-state model for
which the KLDR is finite—one such model is the one according to which 𝑦𝑡 is i.i.d. over time
and has a variance-covariancematrix that coincides with the true variance-covariancematrix Γ0.
Therefore, for any pseudo-true 𝑑-state model, the KLDR is finite. Thus, 𝑃 𝜃 is supported onW,
and so,𝑇 (𝑃 𝜃 ) is supported on W̃. On the other hand, since the true distribution ℙ is supported
onW, the transformed distribution ℙ̃ is supported on W̃. Consequently, by the above argument,
𝑃 𝜃 is also supported on W̃. Therefore, I can restrict my attention tomodels 𝜃 ∈ Θ𝑑 such that 𝑃 𝜃 is
supported onW andmodels 𝜃 ∈ Θ̃𝑑 such that 𝑃 𝜃 is supported on W̃.

For any model 𝜃 = (𝐴,𝐵,𝑄 ,𝑅) ∈ Θ𝑑 , define model 𝑇 (𝜃 ) ∈ Θ̃𝑑 as 𝑇 (𝜃 ) ≡ (𝐴, 𝐵𝑇 ′,𝑄 ,𝑇𝑅𝑇 ′). I
next show that �KLDR(𝑇 (𝜃 )) = KLDR(𝜃 ), up to an additive constant that does not depend on 𝜃 .
Fix some model 𝜃 ∈ Θ𝑑 . Let Σ̂𝑧 ≡ Var𝜃𝑡 (𝑧𝑡+1) denote the subjective conditional variance of the
subjective state under model 𝜃 , and let ˜̂Σ𝑧 ≡ Var𝑇 (𝜃 )

𝑡 (𝑧𝑡+1) denote the corresponding conditional
variance under model𝑇 (𝜃 ). Matrices Σ̂𝑧 and ˜̂Σ𝑧 solve the following Riccati equations:

Σ̂𝑧 = 𝐴
(
Σ̂𝑧 − Σ̂𝑧𝐵

(
𝐵 ′Σ̂𝑧𝐵 + 𝑅

)†
𝐵 ′Σ̂𝑧

)
𝐴′ +𝑄, (D.7)˜̂Σ𝑧 = 𝐴 (˜̂Σ𝑧 − ˜̂Σ𝑧𝐵𝑇 ′

(
𝑇𝐵 ′˜̂Σ𝑧𝐵𝑇 ′ +𝑇𝑅𝑇 ′

)†
𝑇𝐵 ′˜̂Σ𝑧 ) 𝐴′ +𝑄. (D.8)

Since matrix𝑇 has full rank,𝑇 † = (𝑇 ′𝑇 )−1𝑇 and𝑇 †𝑇 = 𝐼 . Therefore, ˜̂Σ𝑧 = Σ̂𝑧 . Next, let 𝐾 denote
the Kalman gain givenmodel 𝜃 , and let denote 𝐾 denote the Kalman gain givenmodel𝑇 (𝜃 ). Note
that

𝐾 = 𝐴˜̂Σ𝑧𝐵𝑇 ′
(
𝑇𝐵 ′˜̂Σ𝑧𝐵𝑇 ′ +𝑇𝑅𝑇 ′

)†
= 𝐾𝑇 †.

LetΦ𝜏 ≡ 𝐵 ′(𝐴 − 𝐾 𝐵 ′)𝜏−1𝐾 , and let Φ̃𝜏 denote the correspondingmatrix givenmodel𝑇 (𝜃 ). Note
that

Φ̃𝜏 ≡ 𝑇𝐵 ′(𝐴 − 𝐾𝑇 †𝑇𝐵 ′)𝜏−1𝐾𝑇 † = 𝑇Φ𝜏𝑇
†.

47The pseudo-determinant is the product of all non-zero eigenvalues of a squarematrix.
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Finally, let Σ̂𝑦 ≡ Var𝜃𝑡 (𝑦𝑡+1) denote the subjective conditional variance of 𝑦𝑡+1 givenmodel 𝜃 , and
let ˜̂Σ𝑦 ≡ Var𝑇 (𝜃 )

𝑡 (𝑦𝑡+1) denote the corresponding conditional variance givenmodel𝑇 (𝜃 ). Note that˜̂Σ𝑦 = 𝑇𝐵 ′˜̂Σ𝑧𝐵𝑇 ′ +𝑇𝑅𝑇 ′ = 𝑇 Σ̂𝑦𝑇
′.

One the other hand, Γ̃𝑙 ≡ 𝔼̃[𝑦𝑡 𝑦 ′𝑡−𝑙 ] = 𝑇𝔼[𝑦𝑡 𝑦𝑡−𝑙 ]𝑇
′ = 𝑇 Γ𝑙𝑇 ′. Therefore, by equation (D.6),

�KLDR(𝑇 (𝜃 )) = − 1
2 log det

∗
(
𝑇 †′Σ̂†

𝑦𝑇
†
)
+ 𝑛2 log (2𝜋) +

1
2 tr

(
𝑇 †′Σ̂†

𝑦𝑇
†𝑇 Γ0𝑇 ′

)
− 1
2

∞∑︁
𝜏=1

tr
(
𝑇 †′Σ̂†

𝑦𝑇
†𝑇Φ𝜏𝑇

†𝑇 Γ′𝜏𝑇
′
)
− 1
2

∞∑︁
𝜏=1

tr
(
𝑇 †′Σ̂†

𝑦𝑇
†𝑇 Γ𝜏𝑇

′𝑇 †′Φ′
𝜏𝑇

′
)

+ 1
2

∞∑︁
𝑠=1

∞∑︁
𝜏=1

tr
(
𝑇 †′Σ̂†

𝑦𝑇
†𝑇Φ𝑠𝑇

†𝑇 Γ𝜏−𝑠𝑇
′𝑇 †′Φ′

𝜏𝑇
′
)
+ constant.

The fact that𝑇 †𝑇 = 𝐼 implies that the above expression is equal to KLDR(𝜃 ), up to an additive
constant that does not depend on 𝜃 .

Likewise, for any model 𝜃 = (𝐴,𝐵, 𝑄̃ , 𝑅) ∈ Θ̃𝑑 , define𝑇 −1(𝜃 ) ≡ (𝐴,𝐵𝑇 †′, 𝑄̃ ,𝑇 †𝑅𝑇 †′) ∈ Θ𝑑 . By
an argument similar to the one in the previous paragraph, KLDR(𝑇 −1(𝜃 )) = �KLDR(𝜃 ), up to an
additive constant that does not depend on 𝜃 .

Therefore, themapping𝑇 defines an isomorphism between the set of models Θ𝑑 and the set
of models Θ̃𝑑 : Any model 𝜃 ∈ Θ𝑑 can be identified with a model𝑇 (𝜃 ) ∈ Θ̃𝑑 such that the KLDR
of 𝑃 𝜃 from the process ℙ is equal to the KLDR of 𝑃𝑇 (𝜃 ) from𝑇 (ℙ), and anymodel 𝜃 ∈ Θ̃𝑑 can be
identified with a model𝑇 −1(𝜃 ) ∈ Θ𝑑 such that the KLDR of 𝑃𝑇 −1 (𝜃 ) from the process ℙ is equal
to the KLDR of 𝑃 𝜃 from the process𝑇 (ℙ). This conclusion immediately implies that the set of
pseudo-true 𝑑-state models under true process ℙ is identified with the set of pseudo-true 𝑑-state
models under true process𝑇 (ℙ).

It only remains to show that 𝑃𝑇 (𝜃 ) = 𝑇 (𝑃 𝜃 ) for any model 𝜃 ∈ Θ𝑑 . Since 𝑃𝑇 (𝜃 ) and𝑇 (𝑃 𝜃 ) are
both zeromean, stationary, and normal distributions over {𝑦𝑡 }∞𝑡=−∞, it is sufficient to show that
the autocovariance matrices of 𝑦𝑡 are identical at all lags under the two distributions. But this
follows the definitions of distributions 𝑃𝑇 (𝜃 ) and𝑇 (𝑃 𝜃 ). □

Proof of Theorem 2

Before establishing the theorem, I state and prove a lemma that underpins all the characterization
results of the paper:

Lemma D.1. Model 𝜃 = (𝐴,𝐵,𝑄 ,𝑅) is a pseudo-true 𝑑-state model given true autocovariance
matrices {Γ𝑙 }𝑙 with Γ0 invertible if and only if 𝐴 = 𝑀 , 𝐵 = 𝐷 ′𝑁 −1,𝑄 = 𝐼 −𝑀 (𝐼 −𝐷 ′𝐷)𝑀 ′, and
𝑅 = 𝑁 −1′ (𝐼 −𝐷𝐷 ′)𝑁 −1, where (𝑀,𝐷,𝑁 ) is a tuple that minimizes

KLDR(𝑀̃ , 𝐷̃, 𝑁̃ ) ≡ − 1
2 logdet

(
𝑁̃ 𝑁̃ ′) + 1

2 tr
(
𝑁̃ ′Γ0𝑁̃

)
−

∞∑︁
𝜏=1

tr
( (
𝑀̃

(
𝐼 − 𝐷̃ ′𝐷̃

) )𝜏−1
𝑀̃ 𝐷̃ ′𝑁̃ ′Γ′𝜏𝑁̃ 𝐷̃

)
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+ 1
2

∞∑︁
𝑠=1

∞∑︁
𝜏=1

tr
(
𝐷̃

(
𝑀̃

(
𝐼 − 𝐷̃ ′𝐷̃

) )𝑠−1
𝑀̃ 𝐷̃ ′𝑁̃ ′Γ𝜏−𝑠 𝑁̃ 𝐷̃𝑀̃

′ ( (𝐼 − 𝐷̃ ′𝐷̃
)
𝑀̃ ′)𝜏−1 𝐷̃ ′

)
(D.9)

subject to the constraints that 𝑀̃ is a 𝑑 × 𝑑 convergent matrix, 𝐷̃ is an 𝑛 × 𝑑 diagonal matrix with
elements in the [0, 1] interval, 𝑁̃ is an 𝑛 × 𝑛 invertible matrix, and ∥𝑀̃ (𝐼 − 𝐷̃𝐷̃ ′)𝑀̃ ′∥2 < 1.

Proof. The assumption that𝑄 is positive definite implies that the solution Σ̂𝑧 to the Riccati equa-
tion (D.3) is invertible. On the other hand, since Γ0 is invertible, I can restrict attention to subjec-
tive models for which Σ̂𝑦 is non-singular.48 The pseudo-inverses and pseudo-determinants in
equations (D.3) and (D.6) thus reduce tomatrix inverses and determinants.

I start by expressing Σ̂
−1
2
𝑦 𝐵 ′Σ̂

1
2
𝑧 as its singular value decomposition:

Σ̂
−1
2
𝑦 𝐵 ′Σ̂

1
2
𝑧 =𝑈𝐷𝑉 ′, (D.10)

where𝑈 ∈ ℝ𝑛×𝑛 and𝑉 ∈ ℝ𝑑×𝑑 are orthogonal matrices, and𝐷 ∈ ℝ𝑛×𝑑 is a rectangular diagonal
matrix with singular values of Σ̂

1
2
𝑧 𝐵 Σ̂

−1
2
𝑦 on the diagonal. Note that

𝑉𝐷 ′𝐷𝑉 ′ = Σ̂
1
2
𝑧 𝐵

(
𝐵 ′Σ̂𝑧𝐵 + 𝑅

)−1
𝐵 ′Σ̂

1
2
𝑧 . (D.11)

Since 𝑅 is a symmetric positive semidefinite matrix and𝑉 is orthogonal, diagonal elements of𝐷
are weakly smaller than 1 (strictly so if 𝑅 is positive definite). Next define

𝑀 ≡𝑉 −1Σ̂
−1
2
𝑧 𝐴Σ̂

1
2
𝑧𝑉 .

Then,

𝐴 = Σ̂
1
2
𝑧𝑉𝑀𝑉 −1Σ̂

−1
2
𝑧 , (D.12)

𝐵 = Σ̂
−1
2
𝑧 𝑉𝐷

′𝑈 ′Σ̂
1
2
𝑦 , (D.13)

𝐾 = Σ̂
1
2
𝑧𝑉𝑀𝐷 ′𝑈 ′Σ̂

−1
2
𝑦 , (D.14)

and so

𝐾 𝐵 ′ = Σ̂
1
2
𝑧𝑉𝑀𝐷 ′𝐷𝑉 ′Σ̂

−1
2
𝑧 ,

Φ𝜏 = Σ̂
1
2
𝑦𝑈𝐷 (𝑀 (𝐼 −𝐷 ′𝐷))𝜏−1𝑀𝐷 ′𝑈 ′Σ̂

−1
2
𝑦 .

Note that since 𝐴 is a convergent matrix, so is𝑀 . Substituting in (D.3) for 𝐴 from equation (D.12)
and for 𝐵 from (D.13), I get

𝑄 = Σ̂𝑧 − 𝐴
(
Σ̂𝑧 − Σ̂𝑧𝐵

(
𝐵 ′Σ̂𝑧𝐵 + 𝑅

)−1
𝐵 ′Σ̂𝑧

)
𝐴′

= Σ̂𝑧 − Σ̂
1
2
𝑧𝑉𝑀𝑉 −1Σ̂

−1
2
𝑧

(
Σ̂𝑧 − Σ̂

1
2
𝑧𝑉𝐷

′𝐷𝑉 Σ̂
1
2
𝑧

)
Σ̂

−1
2
𝑧 𝑉𝑀

′𝑉 −1Σ̂
1
2
𝑧

= Σ̂𝑧 − Σ̂
1
2
𝑧𝑉𝑀 (𝐼 −𝐷 ′𝐷)𝑀 ′𝑉 −1Σ̂

1
2
𝑧 . (D.15)

48Since the variance-covariancematrix Γ0 of the true process is invertible, KLDR(𝜃 ) = +∞ for any subjective model 𝜃 with a singular Σ̂𝑦 .
Note that, in light of Theorem 1, the restriction to true processes with invertible variance-covariancematrices is without loss of generality.
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Therefore, since𝑄 is positive definite, the eigenvalues of𝑉𝑀 (𝐼 −𝐷 ′𝐷)𝑀 ′𝑉 −1must all lie inside
the unit circle. This implies that 𝜌 (𝑀 (𝐼 −𝐷 ′𝐷)𝑀 ′) = ∥𝑀 (𝐼 −𝐷 ′𝐷)𝑀 ′∥2 < 1, where 𝜌 (·) denotes
the spectral radius, and I am using the facts that the spectral radius is invariant to similarity
transformations and equal to the spectral norm for symmetric matrices.

I can further reduce the number of parameters in the agent’s model by transforming Σ̂
−1
2
𝑦 using

the orthogonal matrix𝑈 . Define

𝑁 ≡ Σ̂
−1
2
𝑦 𝑈 .

Since Σ̂
−1
2
𝑦 and𝑈 are invertible matrices, so is𝑁 . Because Σ̂

−1
2
𝑦 is symmetric,

𝑈𝑁 ′ = 𝑁𝑈 ′ = Σ̂
−1
2
𝑦 ,

so
Σ̂−1
𝑦 = 𝑁𝑈 ′𝑈𝑁 ′ = 𝑁𝑁 ′,

and
tr

(
Σ̂−1
𝑦 Γ0

)
= tr

(
Σ̂

−1
2
𝑦 Γ0Σ̂

−1
2
𝑦

)
= tr (𝑈𝑁 ′Γ0𝑁𝑈 ′) = tr (𝑁 ′Γ0𝑁 ) .

On the other hand,

tr
(
Σ̂−1
𝑦 Φ𝜏Γ

′
𝜏

)
= tr

(
Σ̂

−1
2
𝑦 𝑈𝐷 (𝑀 (𝐼 −𝐷 ′𝐷))𝜏−1𝑀𝐷 ′𝑈 ′Σ̂

−1
2
𝑦 Γ′𝜏

)
= tr

(
(𝑀 (𝐼 −𝐷 ′𝐷))𝜏−1𝑀𝐷 ′𝑁 ′Γ′𝜏𝑁𝐷

)
,

and

tr
(
Σ̂−1
𝑦 Φ𝑠Γ𝜏−𝑠Φ

′
𝜏

)
= tr

(
𝐷 (𝑀 (𝐼 −𝐷 ′𝐷))𝑠−1𝑀𝐷 ′𝑁 ′Γ𝜏−𝑠𝑁𝐷𝑀

′ ((𝐼 −𝐷 ′𝐷)𝑀 ′)𝜏−1𝐷 ′
)
.

Therefore, the KLDR can be expressed in terms of matrices𝑀 ,𝐷 , and𝑁 as

KLDR(𝜃 ) = KLDR(𝑀,𝐷,𝑁 ) + constant,

where KLDR(𝑀,𝐷,𝑁 ) is as in the statement of the lemma.
It only remains to show that, for any (𝑀̂ , 𝐷̂, 𝑁̂ ) such that 𝑀̂ is a 𝑑 × 𝑑 convergent matrix, 𝐷̂ is

an 𝑛 × 𝑑 diagonal matrix with elements in the [0, 1] interval, 𝑁̂ is an 𝑛 × 𝑛 invertible matrix, and
∥𝑀̂ (𝐼 − 𝐷̂𝐷̂ ′)𝑀̂ ′∥2 < 1, one can construct a corresponding (𝐴, 𝐵,𝑄 ,𝑅) such that 𝐴 is convergent,
𝑄 is positive definite, and 𝑅 is positive semidefinite. Given such a tuple (𝑀̂ , 𝐷̂, 𝑁̂ ), let

𝐴 = 𝑀̂ ,

𝐵 = 𝐷̂ ′𝑁̂ −1,

𝑄 = 𝐼 − 𝑀̂
(
𝐼 − 𝐷̂ ′𝐷̂

)
𝑀̂ ′,

𝑅 = 𝑁̂ −1′ (𝐼 − 𝐷̂𝐷̂ ′) 𝑁̂ −1.

Since 𝑀̂ is convergent, so is 𝐴. Since ∥𝑀̂ (𝐼 − 𝐷̂𝐷̂ ′)𝑀̂ ′∥2 < 1, matrix𝑄 is positive definite. And
since 𝐷̂ is a diagonalmatrix with elements in the [0, 1] interval,𝑅 is positive semidefinite. It is easy
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to verify that then Σ̂𝑧 = 𝐼 is then the solution to the Riccati equation (D.3), and so, Σ̂𝑦 = (𝑁̂ 𝑁̂ ′)−1.
Therefore, I can choose𝑈 = (𝑁̂ 𝑁̂ ′) −1

2 𝑁̂ ,𝐷 = 𝐷̂ , and𝑉 = 𝐼 in equation (D.10). Substituting in the
expressions for𝑀 and𝑁 , I get𝑀 = 𝑀̂ and𝑁 = 𝑁̂ . This completes the proof of the lemma.

For future reference, I also compute several other objects in terms of the𝑀 ,𝐷 , and𝑁 matrices.
Thematrix of Kalman gain is given by

𝐾 = 𝑀𝐷 ′𝑁 ′. (D.16)

The subjective forecasts can then be found by substituting for 𝐴, 𝐵 , and 𝐾 in (D.5):

𝐸 𝜃𝑡 [𝑦𝑡+𝑠 ] = 𝑁 ′−1𝐷𝑀 𝑠−1
∞∑︁
𝜏=0

(𝑀 (𝐼 −𝐷 ′𝐷))𝜏 𝑀𝐷 ′𝑁 ′𝑦𝑡−𝜏 . (D.17)

The subjective variance of 𝑦𝑡+1 conditional on the information available to the agent at time 𝑡 is
given by

Σ̂𝑦 = (𝑁𝑁 ′)−1 .

The unconditional subjective variance of 𝑦 is given by

Var𝜃 (𝑦 ) = 𝐵 ′Var𝜃 (𝑧)𝐵 + 𝑅,

where Var𝜃 (𝑧) solves the discrete Lyapunov equation

Var𝜃 (𝑧) = 𝐴Var𝜃 (𝑧)𝐴′ +𝑄.

Solving the above equation forward, I get

Var𝜃 (𝑧) = 𝐼 +
∞∑︁
𝜏=1

𝑀 𝜏𝐷 ′𝐷𝑀 ′𝜏 .

Therefore,

Var𝜃 (𝑦 ) = 𝐵 ′
∞∑︁
𝜏=0

𝐴𝜏𝑄𝐴′𝜏𝐵 + 𝑅 = 𝑁 −1′
(
𝐼 +

∞∑︁
𝜏=1

𝐷𝑀 𝜏𝐷 ′𝐷𝑀 ′𝜏𝐷 ′

)
𝑁 −1. (D.18)

□

I can now establish Theorem 2.

Proof of Theorem 2. Let𝑀 ,𝐷 , and𝑁 be as in LemmaD.1. When 𝑑 = 1, then

𝑀 = 𝑎

for some 𝑎 ∈ [−1, 1] and

𝐷 =

©­­­«
𝑑1
0
...
0

ª®®®¬ = 𝑑1𝑒1
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for some 𝑑1 ∈ [0, 1], where 𝑒1 denotes the first coordinate vector. Define

𝜂 ≡ 1 − 𝑑21 ,
𝑆 ≡ Γ

1
2
0𝑁 .

Then KLDR, defined in (D.9), can be written (with slight abuse of notation) as a function of 𝑎 ,𝜂,
and 𝑆 :

KLDR(𝑎,𝜂, 𝑆) = − 1
2 log det (𝑆𝑆

′) + 1
2 tr (𝑆

′𝑆) − 1
2𝑒

′
1𝑆

′Ω(𝑎,𝜂)𝑆𝑒1 + constant,

where

Ω(𝑎,𝜂) ≡ 𝑎 (1 −𝜂)
∞∑︁
𝜏=1

(𝑎𝜂)𝜏−1Γ
−1
2
0 (Γ𝜏 + Γ′𝜏 )Γ

−1
2
0 − 𝑎2(1 −𝜂)2

∞∑︁
𝑠=1

∞∑︁
𝜏=1

(𝑎𝜂)𝑠+𝜏−2Γ
−1
2
0 Γ𝜏−𝑠Γ

−1
2
0 .

I can simplify the second term ofΩ(𝑎,𝜂) further:
∞∑︁
𝑠=1

∞∑︁
𝜏=1

(𝑎𝜂)𝑠+𝜏−2Γ
−1
2
0 Γ𝜏−𝑠Γ

−1
2
0 =

∞∑︁
𝑠=1

∞∑︁
𝜏=𝑠+1

(𝑎𝜂)𝑠+𝜏−2Γ
−1
2
0

(
Γ𝜏−𝑠 + Γ′𝜏−𝑠

)
Γ

−1
2
0 +

∞∑︁
𝑠=1

(𝑎𝜂)2(𝑠−1)𝐼

=

∞∑︁
𝑠=1

∞∑︁
𝜏=1

(𝑎𝜂)2(𝑠−1)+𝜏Γ
−1
2
0

(
Γ𝜏 + Γ′𝜏

)
Γ

−1
2
0 +

∞∑︁
𝑠=1

(𝑎𝜂)2(𝑠−1)𝐼

=

( ∞∑︁
𝑠=1

(𝑎𝜂)2(𝑠−1)
) (
𝐼 +

∞∑︁
𝜏=1

(𝑎𝜂)𝜏Γ
−1
2
0 (Γ𝜏 + Γ′𝜏 )Γ

−1
2
0

)
=

1
1 − 𝑎2𝜂2

(
𝐼 + 𝑎𝜂

∞∑︁
𝜏=1

(𝑎𝜂)𝜏−1Γ
−1
2
0 (Γ𝜏 + Γ′𝜏 )Γ

−1
2
0

)
.

Therefore,

Ω(𝑎,𝜂) = −𝑎
2(1 −𝜂)2
1 − 𝑎2𝜂2 𝐼 + (1 −𝜂) (1 − 𝑎2𝜂)

1 − 𝑎2𝜂2
∞∑︁
𝜏=1

𝑎𝜏𝜂𝜏−1Γ
−1
2
0 (Γ𝜏 + Γ′𝜏 )Γ

−1
2
0 . (D.19)

By LemmaD.1, minimizing the KLDRwith respect to 𝐴, 𝐵 ,𝑄 , and 𝑅 is equivalent tominimizing
KLDR(𝑀,𝐷,𝑁 ) with respect to𝑀 , 𝐷 , and 𝑁 . But for any 𝑎 , 𝜂, and 𝑆 , one can construct a cor-
responding𝑀 ,𝐷 , and𝑁 , and vice versa. Therefore, I can insteadminimize KLDR(𝑎,𝜂, 𝑆) with
respect to 𝑎 ,𝜂, and 𝑆 .

I first minimize KLDR(𝑎,𝜂, 𝑆) with respect to 𝑆 taking 𝑎 and𝜂 as given. The first-order opti-
mality condition with respect to 𝑆 is given by

𝑆−1 = 𝑆 ′ − 𝑒1𝑒 ′1𝑆
′Ω(𝑎,𝜂),

which implies that
𝑆 ′𝑆 − 𝑒1𝑒 ′1𝑆

′Ω(𝑎,𝜂)𝑆 = 𝐼 . (D.20)

Therefore, for any solution to the problem of minimizing KLDR(𝑎,𝜂, 𝑆),

𝑛 = tr(𝐼 ) = tr (𝑆 ′𝑆) − tr (
𝑒1𝑒 ′1𝑆

′Ω(𝑎,𝜂)𝑆
)
= tr (𝑆 ′𝑆) − 𝑒 ′1𝑆 ′Ω(𝑎,𝜂)𝑆𝑒1.
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Thus, minimizing KLDR(𝑎,𝜂, 𝑆) with respect to 𝑎 ,𝜂, and 𝑆 is equivalent to solving the following
program:

max
𝑎,𝜂

det (𝑆 (𝑎,𝜂)𝑆 ′(𝑎,𝜂)) ,

where
𝑆 (𝑎,𝜂) ∈ argmin

𝑆

−12 log det (𝑆𝑆
′) + 1

2 tr (𝑆
′𝑆) − 1

2𝑒
′
1𝑆

′Ω(𝑎,𝜂)𝑆𝑒1. (D.21)

I proceed by first characterizing 𝑆 (𝑎,𝜂). Note that the necessary first-order optimality conditions
for problem (D.21) are given bymatrix equation (D.20).

Claim D.1. For any matrix 𝑆 that solves equation (D.20), the necessary first-order optimality
condition for problem (D.21),

(i) 𝑆𝑒1 =
1

√
1 − 𝜆

𝑢 ,

(ii) 𝑆 ′−1𝑒1 =
√
1 − 𝜆𝑢 ,

(iii) 𝑆𝑆 ′ = 𝐼 + 𝜆
1−𝜆𝑢𝑢

′,

where 𝜆 is an eigenvalue of the real symmetric matrixΩ(𝑎,𝜂) and𝑢 is a corresponding eigenvector
normalized such that𝑢 ′𝑢 = 1.

I return to proving the claim toward the end of the proof. Equation (D.20) in general has
multiple solutions, with each solution corresponding to a local extremum of problem (D.21).
The global optimum of problem (D.21) is given by the solution to equation (D.20) that results
in the largest value for det(𝑆𝑆 ′). But by part (iii) of Claim D.1, det(𝑆𝑆 ′) = (1 − 𝜆)−1. Thus, for
any pseudo-true one-state model, 𝑎 and𝜂 maximize 𝜆max(Ω(𝑎,𝜂)) and 𝑆 satisfies parts (i)–(iii) of
ClaimD.1, with 𝜆 = 𝜆max(Ω) and𝑢 = 𝑢max(Ω) the corresponding eigenvector.

I next find parameters 𝐴, 𝐵 ,𝑄 , and 𝑅 representing the 𝑎 ,𝜂, and 𝑆 that minimize KLDR(𝑎,𝜂, 𝑆).
First, note that

𝑀 = 𝑎,

𝐷 =
√︁
1 −𝜂𝑒1,

𝑁 = Γ
−1
2
0 𝑆.

The representation in LemmaD.1 is thus given by49

𝐴 = 𝑎,

𝐵 =
√︁
1 −𝜂𝑒 ′1𝑆−1Γ

1
2
0 ,

𝑄 = 1 − 𝑎2𝜂,
𝑅 = Γ

1
2
0 𝑆

−1′ (𝐼 − (1 −𝜂)𝑒1𝑒 ′1
)
𝑆−1Γ

1
2
0 .

49For this (𝐴, 𝐵,𝑄 ,𝑅 ) tuple to represent a one-state model, I need 𝐴 to be convergent, 𝑄 to be positive definite, and 𝑅 to be positive
semidefinite. That 𝑅 is always positive semidefinite is immediate. Showing that 𝐴 is convergent and𝑄 is positive definite takes more work. I
do so in LemmaD.3.
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By ClaimD.1 and the argument above,

𝑒 ′1𝑆
−1 =

√︁
1 − 𝜆max(Ω)𝑢 ′

max(Ω),

𝑆−1′𝑆−1 = (𝑆𝑆 ′)−1 = 𝐼 − 𝜆max(Ω)𝑢max(Ω)𝑢 ′
max(Ω).

Thus,

𝐵 =
√︁
(1 −𝜂) (1 − 𝜆max(Ω))𝑢 ′

max(Ω)Γ
1
2
0 ,

and

𝑅 = Γ
1
2
0

(
𝐼 − 𝜆max(Ω)𝑢max(Ω)𝑢 ′

max(Ω)
)
Γ
1
2
0 − (1 −𝜂) (1 − 𝜆max(Ω)) Γ

1
2
0𝑢max(Ω)𝑢 ′

max(Ω)Γ
1
2
0

= Γ
1
2
0

[
𝐼 − (1 −𝜂 +𝜂𝜆max(Ω)) 𝑢max(Ω)𝑢 ′

max(Ω)
]
Γ
1
2
0 .

Finally, note that𝑀 = 𝑎 ,𝐷 =
√︁
1 −𝜂𝑒1, and𝑁 = Γ

−1
2
0 𝑆 . Therefore, by equation (D.17), the subjective

forecasts are given by

𝐸 𝜃𝑡 [𝑦𝑡+𝑠 ] = 𝑎𝑠 (1 −𝜂)Γ
1
2
0 𝑆

′−1𝑒1𝑒 ′1𝑆
′Γ

−1
2
0

∞∑︁
𝜏=0

𝑎𝜏𝜂𝜏𝑦𝑡−𝜏 . (D.22)

Using ClaimD.1 to substitute for the optimal 𝑆 , I get

𝐸 𝜃𝑡 [𝑦𝑡+𝑠 ] = 𝑎𝑠 (1 −𝜂)Γ
1
2
0𝑢max(Ω)𝑢 ′

max(Ω)Γ
−1
2
0

∞∑︁
𝜏=0

𝑎𝜏𝜂𝜏𝑦𝑡−𝜏 ,

where𝑢max(Ω) is a unit-normeigenvector ofΩwith eigenvalue𝜆max(Ω). The theorem then follows
by the definitions of 𝑝 and 𝑞 . □

Proof of ClaimD.1. The first-order optimality condition with respect to 𝑆 is given by

𝑆 ′𝑆 − 𝑒1𝑒 ′1𝑆
′Ω𝑆 = 𝐼 . (D.23)

Multiplying the transpose of the above equation from right by 𝑒1 and from left by 𝑆 ′−1, I get

𝑆𝑒1 − Ω𝑆𝑒1 = 𝑆 ′
−1𝑒1. (D.24)

On the other hand, multiplying equation (D.23) from left by 𝑆 and from right by 𝑆−1, I get

𝑆𝑆 ′ = 𝐼 + 𝑆𝑒1𝑒 ′1𝑆
′Ω. (D.25)

By the Sherman–Morrison formula,

𝑆 ′−1𝑆−1 = 𝐼 −
𝑆𝑒1𝑒 ′1𝑆

′Ω

1 + 𝑒 ′1𝑆 ′Ω𝑆𝑒1
.

Multiplying the above equation from right by 𝑆𝑒1, I get

𝑆 ′−1𝑒1 =
1

1 + 𝑒 ′1𝑆 ′Ω𝑆𝑒1
𝑆𝑒1. (D.26)
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Substituting for 𝑆 ′−1𝑒1 from the above equation in (D.24) and rearranging the terms, I get

Ω𝑆𝑒1 =
𝑒 ′1𝑆

′Ω𝑆𝑒1
1 + 𝑒 ′1𝑆 ′Ω𝑆𝑒1

𝑆𝑒1. (D.27)

That is,𝑆𝑒1 is aneigenvectorofΩ. Let𝜆denote thecorrespondingeigenvalueand let𝑢 = 𝑆𝑒1/
√︁
𝑒 ′1𝑆

′𝑆𝑒1.
Then equation (D.27) implies

𝜆 =
𝜆𝑒 ′1𝑆

′𝑆𝑒1
1 + 𝜆𝑒 ′1𝑆 ′𝑆𝑒1

.

I separately consider the cases 𝜆 ≠ 0 and 𝜆 = 0. If 𝜆 ≠ 0, then

𝑒 ′1𝑆
′𝑆𝑒1 = (1 − 𝜆)−1,

and so
𝑆𝑒1 =

1
√
1 − 𝜆

𝑢.

Equation (D.26) then implies that
𝑆 ′−1𝑒1 =

√
1 − 𝜆𝑢,

and equation (D.25) implies that
𝑆𝑆 ′ = 𝐼 + 𝜆

1 − 𝜆𝑢𝑢
′.

If 𝜆 = 0, then equation (D.24) implies that 𝑆𝑒1 = 𝑆 ′−1𝑒1, and so, 𝑆𝑒1 and 𝑆 ′−1𝑒1 are bothmultiples
of𝑢 . Furthermore, 𝑒 ′1𝑆−1𝑆𝑒1 = 𝑒 ′1𝑒1 = 1. Therefore, 𝑆𝑒1 = 𝑆 ′−1𝑒1 = 𝑢 . On the other hand, equation
(D.25) implies that 𝑆𝑆 ′ = 𝐼 . This completes the proof of the claim. □

Proof of Theorem 3

I first prove two useful lemmas:

Lemma D.2. For any purely non-deterministic, stationary ergodic, and non-degenerate process
with autocorrelationmatrices {𝐶𝑙 }𝑙 , the spectral radii of autocorrelationmatrices satisfy 𝜌 (𝐶𝑙 ) ≤ 1
for any 𝑙 with the inequality strict for 𝑙 = 1.

Proof. Let 𝜆𝑙 denote an eigenvalue of𝐶𝑙 largest inmagnitude and let𝑢𝑙 denote the corresponding
eigenvector normalized such that 𝑢 ′

𝑙
𝑢𝑙 = 1. Define the process 𝜔 (𝑙 )

𝑡 ≡ 𝑢 ′
𝑙
Γ

−1
2
0 𝑦𝑡 ∈ ℝ. Since 𝑦𝑡 is a

purely non-deterministic, stationary ergodic, and non-degenerate process, so is 𝜔 (𝑙 )
𝑡 for any 𝑙 . I

first show that 𝜆𝑙 is the autocorrelation of process 𝜔 (𝑙 )
𝑡 at lag 𝑙 . Note that

𝔼[𝜔 (𝑙 )
𝑡 𝜔

(𝑙 )
𝑡−𝑙 ] = 𝑢

′
𝑙 Γ

−1
2
0 𝔼[𝑦𝑡 𝑦 ′𝑡−𝑙 ]Γ

−1
2
0 𝑢𝑙 = 𝑢

′
𝑙 Γ

−1
2
0 Γ𝑙Γ

−1
2
0 𝑢𝑙 = 𝑢

′
𝑙 Γ

−1
2
0

(
Γ𝑙 + Γ′

𝑙

2

)
Γ

−1
2
0 𝑢𝑙 = 𝑢

′
𝑙𝐶𝑙𝑢𝑙 = 𝜆𝑙 .

Furthermore,
𝔼[𝜔 (𝑙 )

𝑡 𝜔
(𝑙 )
𝑡 ] = 𝑢 ′

𝑙 Γ
−1
2
0 𝔼[𝑦𝑡 𝑦 ′𝑡 ]Γ

−1
2
0 𝑢𝑙 = 𝑢

′
𝑙 Γ

−1
2
0 Γ0Γ

−1
2
0 𝑢𝑙 = 𝑢

′
𝑙𝑢𝑙 = 1.

Therefore, since 𝜔 (𝑙 )
𝑡 is purely non-deterministic, stationary ergodic, and non-degenerate,

𝜌 (𝐶𝑙 ) = |𝜆𝑙 | =
𝔼[𝜔 (𝑙 )

𝑡 𝜔
(𝑙 )
𝑡−𝑙 ]

𝔼[𝜔 (𝑙 )
𝑡 𝜔

(𝑙 )
𝑡 ]

≤ 1.
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Next, toward a contradiction suppose that 𝜌 (𝐶1) = 1. Then 𝜔 (1)
𝑡 is perfectly correlated with 𝜔 (1)

𝑡−1,
and so, with 𝜔 (1)

𝑡−𝑙 for every 𝑙 , contradicting the assumption that 𝜔 (1)
𝑡 is purely non-deterministic,

stationary ergodic, and non-degenerate. □

Lemma D.3. If ℙ is purely non-deterministic and stationary ergodic, then so is 𝑃 𝜃 for any pseudo-
true one-state model 𝜃 .

Proof. Define

𝐶 (𝑎,𝜂) ≡
∞∑︁
𝜏=1

𝑎𝜏𝜂𝜏−1𝐶𝜏 . (D.28)

Then
𝜆max(Ω(𝑎,𝜂)) = −𝑎

2(1 −𝜂)2
1 − 𝑎2𝜂2 + 2(1 −𝜂) (1 − 𝑎2𝜂)

1 − 𝑎2𝜂2 𝜆max(𝐶 (𝑎,𝜂)), (D.29)

where 𝜆max(𝐶 (𝑎,𝜂)) denotes the largest eigenvalue of𝐶 (𝑎,𝜂). To simplify the exposition, I prove
the result under the assumption that the largest eigenvalue of𝐶 (𝑎,𝜂) is simple at the point (𝑎∗,𝜂∗)
that maximizes 𝜆max(Ω(𝑎,𝜂)).50 The partial derivatives of 𝜆max(Ω(𝑎,𝜂)) with respect to 𝑎 and𝜂
are given by

𝜕𝜆max(Ω(𝑎,𝜂))
𝜕𝑎

=
−2𝑎 (1 −𝜂)2(1 − 𝑎2𝜂2)2 − 4𝑎𝜂 (1 −𝜂)2(1 − 𝑎2𝜂2)2 𝜆max(𝐶 )

+ 2(1 −𝜂) (1 − 𝑎2𝜂)
1 − 𝑎2𝜂2 𝑢 ′

max(𝐶 )
𝜕𝐶

𝜕𝑎
𝑢max(𝐶 ), (D.30)

𝜕𝜆max(Ω(𝑎,𝜂))
𝜕𝜂

=
2𝑎2(1 −𝜂) (1 − 𝑎2𝜂)(1 − 𝑎2𝜂2)2 −

2 (1 + 𝑎4𝜂2 + 𝑎2(1 − 4𝜂 +𝜂2)
)(1 − 𝑎2𝜂2)2 𝜆max(𝐶 )

+ 2(1 −𝜂) (1 − 𝑎2𝜂)
1 − 𝑎2𝜂2 𝑢 ′

max(𝐶 )
𝜕𝐶

𝜕𝜂
𝑢max(𝐶 ), (D.31)

where 𝑢max(𝐶 ) denotes the eigenvector of 𝐶 with eigenvalue 𝜆max(𝐶 ), normalized such that
𝑢 ′
max(𝐶 )𝑢max(𝐶 ) = 1, and

𝜕𝐶

𝜕𝑎
=

∞∑︁
𝜏=1

𝜏𝑎𝜏−1𝜂𝜏−1𝐶𝜏 ,

𝜕𝐶

𝜕𝜂
=

∞∑︁
𝜏=1

(𝜏 − 1)𝑎𝜏𝜂𝜏−2𝐶𝜏 .

Note that
𝜂𝑢 ′

max(𝐶 )
𝜕𝐶

𝜕𝜂
𝑢max(𝐶 ) + 𝜆max(𝐶 ) = 𝑎𝑢 ′

max(𝐶 )
𝜕𝐶

𝜕𝑎
𝑢max(𝐶 ). (D.32)

for any 𝑎 and𝜂.
Let 𝑎∗ and𝜂∗ be scalars in the [−1, 1] and [0, 1] intervals, respectively, thatmaximize 𝜆max(Ω(𝑎,

𝜂)). I separately consider the cases𝜂∗ = 1 and𝜂∗ < 1. If𝜂∗ = 1, then 𝐵 = 0 in the representation
50The argument can easily be adapted to the case where the largest eigenvalue of𝐶 (𝑎∗,𝜂∗ ) is not necessarily simple by replacing the

gradient of 𝜆max (𝐶 (𝑎,𝜂 ) ) with its subdifferential and replacing the usual first-order optimality condition with the condition that the zero
vector belongs to the subdifferential.
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in the proof of Theorem 2, the pseudo-true one-state model is i.i.d., and 𝐴 = 𝑎∗ can be chosen
arbitrarily to satisfy |𝑎∗ | < 1.51

In the rest of the proof, I assume that𝜂∗ < 1 and show that this implies 𝑎∗ ≠ 1—by a similar
argument 𝑎∗ ≠ −1. Toward a contradiction, suppose 𝑎∗ = 1. Setting 𝑎 = 1 in the partial derivatives
of 𝜆max(Ω(𝑎,𝜂)), I get

𝜕𝜆max(Ω(𝑎,𝜂))
𝜕𝑎

����
𝑎=1

=
2(1 −𝜂)2(1 −𝜂2)2

[
−1 − 2𝜂𝜆max(𝐶 ) + (1 −𝜂2)𝑢 ′

max(𝐶 )
𝜕𝐶

𝜕𝑎
𝑢max(𝐶 )

]
,

𝜕𝜆max(Ω(𝑎,𝜂))
𝜕𝜂

����
𝑎=1

=
2(1 −𝜂)2(1 −𝜂2)2

[
1 − 2𝜆max(𝐶 ) + (1 −𝜂2)𝑢 ′

max(𝐶 )
𝜕𝐶

𝜕𝜂
𝑢max(𝐶 )

]
,

where 𝐶 = 𝐶 (1,𝜂) and its partial derivatives are computed at 𝑎 = 1. Multiplying the second
equation above by𝜂 and subtracting from it the first equation, I get

𝜂
𝜕𝜆max(Ω(𝑎,𝜂))

𝜕𝜂

����
𝑎=1

− 𝜕𝜆max(Ω(𝑎,𝜂))
𝜕𝑎

����
𝑎=1

=
2(1 −𝜂)2(1 −𝜂2)2

[
1 +𝜂 + (1 −𝜂2)

(
𝜂𝑢 ′

max(𝐶 )
𝜕𝐶

𝜕𝜂
𝑢max(𝐶 ) − 𝑢 ′

max(𝐶 )
𝜕𝐶

𝜕𝑎
𝑢max(𝐶 )

)]
=
2(1 −𝜂)2(1 −𝜂2)2 [

1 +𝜂 − (1 −𝜂2)𝜆max(𝐶 )
]
,

where in the second equality I am using identity (D.32). Therefore,
𝜕𝜆max(Ω(𝑎,𝜂))

𝜕𝑎

����
𝑎=1

= 𝜂
𝜕𝜆max(Ω(𝑎,𝜂))

𝜕𝜂

����
𝑎=1

− 2(1 −𝜂)2(1 −𝜂2)2 (
1 +𝜂 − (1 −𝜂2)𝜆max(𝐶 (1,𝜂))

)
.

Note that
𝜆max(𝐶 (1,𝜂)) ≤

∞∑︁
𝜏=1

𝜂𝜏−1𝜆max(𝐶𝜏 ) <
∞∑︁
𝜏=1

𝜂𝜏−1 =
1

1 −𝜂 ,

where the second inequality is by LemmaD.2. Therefore,

−2(1 −𝜂)
2(1 −𝜂2)2 (
1 +𝜂 − (1 −𝜂2)𝜆max(𝐶 (1,𝜂))

)
<
2(1 −𝜂)2(1 −𝜂2)2 (1 +𝜂 − 1 −𝜂) = 0.

On the other hand, by the optimality of 𝑎∗ = 1 and𝜂∗ < 1,
𝜕𝜆max(Ω(𝑎,𝜂))

𝜕𝜂

����
𝑎∗=1,𝜂=𝜂∗

≤ 0.

Thus,
𝜕𝜆max(Ω(𝑎,𝜂))

𝜕𝑎

����
𝑎∗=1,𝜂=𝜂∗

< 0,

a contradiction to the assumption of optimality of 𝑎∗ = 1 and 𝜂∗ < 1. This proves that 𝑎∗ < 1
and establishes that the one-state model with 𝑎 = 𝑎∗ and𝜂 = 𝜂∗ is purely non-deterministic and
stationary ergodic. □

I can now prove the theorem.
51The pseudo-true one-state model then has a zero-state minimal representation.
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Proof of Theorem 3. Setting𝑀 = 𝑎 ,𝐷 =
√︁
1 −𝜂𝑒1, and𝑁 = Γ

−1
2
0 𝑆 in equation (D.18), I get

Var𝜃 (𝑦 ) = Γ
1
2
0

[
𝐼 + 1

1 − 𝑎2
[
𝑎2(1 −𝜂)2 −

(
1 − 2𝑎2𝜂 + 𝑎2𝜂2

)
𝜆
]
𝑢𝑢 ′

]
Γ
1
2
0 ,

where 𝑎 , 𝜂, 𝜆 = 𝜆max(Ω(𝑎,𝜂)), and 𝑢 are as in Theorem 2. Substituting for 𝜆max(Ω(𝑎,𝜂)) from
equation (D.29) in the above equation, I get

Var𝜃 (𝑦𝑡 ) = Γ
1
2
0

[
𝐼 + 2(1 −𝜂) (1 − 𝑎2𝜂)

(1 − 𝑎2) (1 − 𝑎2𝜂2)
(
𝑎2(1 −𝜂) − (1 − 2𝑎2𝜂 + 𝑎2𝜂2)𝜆max(𝐶 )

)
𝑢𝑢 ′

]
Γ
1
2
0 . (D.33)

Let 𝑎∗ and𝜂∗ be scalars in the [−1, 1] and [0, 1] intervals, respectively, thatmaximize𝜆max(Ω(𝑎,𝜂)).
I separately consider the cases𝜂∗ = 1 and𝜂∗ < 1. If𝜂∗ = 1, then the right-hand side of equation
(D.33) is equal to Γ0.

Next suppose𝜂∗ < 1. By the argument in the proof of LemmaD.3, the first-order optimality
condition with respect to 𝑎 must hold with equality at 𝑎 = 𝑎∗ and𝜂 = 𝜂∗ < 1. Setting 𝜕𝜆max(Ω(𝑎,
𝜂))/𝜕𝑎 = 0 in (D.30) andmultiplying both sides of the equation by 𝑎∗, I get, using (D.32),

2𝑎∗2(1 −𝜂∗)2(1 − 𝑎∗2𝜂∗2)2 + 4𝑎∗2𝜂∗(1 −𝜂∗)2(1 − 𝑎∗2𝜂∗2)2 𝜆max(𝐶 )

=
2(1 −𝜂∗) (1 − 𝑎∗2𝜂∗)

1 − 𝑎∗2𝜂∗2 𝜆max(𝐶 ) +
2(1 −𝜂∗) (1 − 𝑎∗2𝜂∗)

1 − 𝑎∗2𝜂∗2 𝜂∗𝑢 ′
max(𝐶 )

𝜕𝐶

𝜕𝜂
𝑢max(𝐶 ). (D.34)

Setting𝜂∗ = 0 in the above equation, I get 𝑎∗2 = 𝜆max(𝐶 ). Setting 𝑎∗2 = 𝜆max(𝐶 ) in equation (D.33)
then establishes that Var𝜃 (𝑦𝑡 ) = Γ0 in the case where𝜂∗ = 0.

Finally, I consider the case where 𝜂∗ ∈ (0, 1). Then additionally the first-order optimality
condition with respect to𝜂 must hold with equality. Setting 𝜕𝜆max(Ω(𝑎,𝜂))/𝜕𝜂 = 0 in equation
(D.31), multiplying it by𝜂∗, solving for𝜂∗𝑢 ′

max(𝐶 ) 𝜕𝐶𝜕𝜂𝑢max(𝐶 ), and substituting in equation (D.34),
I get

2𝑎∗2(1 −𝜂∗)2(1 − 𝑎∗2𝜂∗2)2 + 4𝑎∗2𝜂∗(1 −𝜂∗)2(1 − 𝑎∗2𝜂∗2)2 𝜆max(𝐶 )

=
2(1 −𝜂∗) (1 − 𝑎∗2𝜂∗)

1 − 𝑎∗2𝜂∗2 𝜆max(𝐶 ) −
2𝑎∗2𝜂∗(1 −𝜂∗) (1 − 𝑎∗2𝜂∗)(1 − 𝑎∗2𝜂∗2)2

+
2𝜂∗

(
1 + 𝑎∗4𝜂∗2 + 𝑎∗2(1 − 4𝜂∗ +𝜂∗2)

)
(1 − 𝑎∗2𝜂∗2)2 𝜆max(𝐶 ).

Simplifying the above expression leads to

𝑎∗2(1 −𝜂∗) =
(
1 − 2𝑎∗2𝜂∗ + 𝑎∗2𝜂∗2

)
𝜆max(𝐶 ).

Combining the above identity with equation (D.33) implies that Var𝜃 (𝑦𝑡 ) = Γ0 and finishes the
proof of the theorem. □
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Proof of Theorem 4

Let 𝜆 denote the eigenvalue of𝐶1 largest in magnitude.52 If 𝜌 (𝐶1) = 0, then 𝜌 (𝐶𝜏 ) = 0 for all 𝜏 ≥ 1.
Since𝐶𝜏 are symmetric matrices, this implies that𝐶𝜏 = 0 for all 𝜏 ≥ 1. Therefore,

𝜆max(Ω(𝑎,𝜂)) = −𝑎
2(1 −𝜂)2
1 − 𝑎2𝜂2 .

The above expression is maximized by setting (1 − 𝜂)𝑎 = 0. Therefore, by Theorem 2, for any
pseudo-true one-state model, 𝐸 𝜃𝑡 [𝑦𝑡+𝑠 ] = 𝑎𝑠 (1 − 𝜂)𝑞𝑝 ′ ∑∞

𝜏=0 𝑎
𝜏𝜂𝜏𝑦𝑡−𝜏 = 0. On the other hand, if

𝜌 (𝐶1) = 0, then 𝜆 = 0. Therefore, the theorem holds in the case 𝜌 (𝐶1) = 0.
In the rest of the proof, I assume 𝜌 (𝐶1) > 0. Define

𝑓 (𝑎,𝜂) ≡ −𝑎
2(1 −𝜂)2
1 − 𝑎2𝜂2 + 2(1 −𝜂) (1 − 𝑎2𝜂)

1 − 𝑎2𝜂2
∞∑︁
𝜏=1

|𝑎 |𝜏𝜂𝜏−1𝜌 (𝐶1)𝜏

= −𝑎
2(1 −𝜂)2
1 − 𝑎2𝜂2 + 2(1 −𝜂) (1 − 𝑎2𝜂)

1 − 𝑎2𝜂2
|𝑎 |𝜌 (𝐶1)

1 −𝜂 |𝑎 |𝜌 (𝐶1)
,

where in the second equality I am using the fact that 𝜌 (𝐶𝜏 ) < 1, established in Lemma D.2.
Function 𝑓 (𝑎,𝜂) has two maximizers given by (𝑎∗,𝜂∗) = (−𝜌 (𝐶1), 0) and (𝑎∗,𝜂∗) = (𝜌 (𝐶1), 0)
with the maximum given by 𝑓 ∗ = 𝜌 (𝐶1)2. I establish the theorem by showing that 𝜆max(Ω(𝑎,
𝜂)) ≤ 𝑓 (𝑎,𝜂) for all 𝑎 and 𝜂, 𝜆max(Ω(𝜆, 0)) = 𝑓 (𝜆, 0) = 𝑓

∗, and 𝜆max(Ω(−𝜆, 0)) ≤ 𝑓 (−𝜆, 0) = 𝑓
∗

with the inequality strict if −𝜆 is not an eigenvalue of𝐶1. This establishes that (𝑎∗,𝜂∗) = (𝜆, 0) is
the uniquemaximizer of 𝜆max(Ω(𝑎,𝜂)) if −𝜆 is not eigenvalue of𝐶1 and that (𝑎∗,𝜂∗) = (𝜆, 0) and
(𝑎∗,𝜂∗) = (−𝜆, 0) are the only maximizers of 𝜆max(Ω(𝑎,𝜂)) if 𝜆 and −𝜆 are both eigenvalues of𝐶1.

As the first step in doing so, I show that for all 𝑎 and 𝜏 ,

𝜆max (𝑎𝜏𝐶𝜏 ) ≤ |𝑎 |𝜏𝜌 (𝐶1)𝜏 ,

by considering four disjoint cases: If 𝑎 ≤ 0 and 𝜆min(𝐶𝜏 ) ≤ 0, then

𝜆max (𝑎𝜏𝐶𝜏 ) = 𝑎𝜏𝜆min(𝐶𝜏 ) = |𝑎 |𝜏 |𝜆min(𝐶𝜏 ) | ≤ |𝑎 |𝜏𝜌 (𝐶1)𝜏 .

If 𝑎 ≤ 0 and 𝜆min(𝐶𝜏 ) > 0, then

𝜆max (𝑎𝜏𝐶𝜏 ) = 𝑎𝜏𝜆min(𝐶𝜏 ) ≤ 0 ≤ |𝑎 |𝜏𝜌 (𝐶1)𝜏 .

If 𝑎 > 0 and 𝜆max(𝐶𝜏 ) ≤ 0, then

𝜆max (𝑎𝜏𝐶𝜏 ) = 𝑎𝜏𝜆max(𝐶𝜏 ) ≤ 0 ≤ |𝑎 |𝜏𝜌 (𝐶1)𝜏 .

Finally, if 𝑎 > 0 and 𝜆max(𝐶𝜏 ) > 0, then

𝜆max (𝑎𝜏𝐶𝜏 ) = 𝑎𝜏𝜆max(𝐶𝜏 ) = |𝑎 |𝜏 |𝜆max(𝐶𝜏 ) | ≤ |𝑎 |𝜏𝜌 (𝐶1)𝜏 .
52The proof does not assume that𝜆 is unique. I allow for the possibility that𝜆 and𝜆′ = −𝜆 are both eigenvalues of𝐶1 and |𝜆 | = |𝜆′ | = 𝜌 (𝐶1 ) .
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Thus, 𝜆max (𝑎𝜏𝐶𝜏 ) ≤ |𝑎 |𝜏𝜌 (𝐶1)𝜏 regardless of the value of 𝑎 and the eigenvalues of𝐶1. Therefore,

𝜆max

( ∞∑︁
𝜏=1

𝑎𝜏𝜂𝜏−1𝐶𝜏

)
≤

∞∑︁
𝜏=1

𝜂𝜏−1𝜆max (𝑎𝜏𝐶𝜏 ) ≤
∞∑︁
𝜏=1

𝜂𝜏−1 |𝑎 |𝜏𝜌 (𝐶1)𝜏 =
|𝑎 |𝜌 (𝐶1)

1 −𝜂 |𝑎 |𝜌 (𝐶1)
,

where the first inequality is using the fact that𝜂𝜏−1 ≥ 0 for all 𝜏 ≥ 1 andWeyl’s inequality. Conse-
quently,

𝜆max(Ω(𝑎,𝜂)) ≤ 𝑓 (𝑎,𝜂) < 𝜌 (𝐶1)2

for any 𝑎,𝜂 such that ( |𝑎 |,𝜂) ≠ (𝜌 (𝐶1), 0).
I finish theproof by arguing that𝜆max(Ω(𝜆, 0)) = 𝜌 (𝐶1)2 and𝜆max(Ω(−𝜆, 0)) ≤ 𝑓 (−𝜆, 0) = 𝜌 (𝐶1)2

with the inequality strict if −𝜆 is not an eigenvalue of𝐶1. To see this, first note that

𝜆max(Ω(𝑎, 0)) = −𝑎2 + 2𝜆max(𝑎𝐶1) =
{
−𝑎2 + 2𝑎𝜆min(𝐶1) if 𝑎 < 0,
−𝑎2 + 2𝑎𝜆max(𝐶1) if 𝑎 ≥ 0.

Thus,

max
𝑎∈[−1,1]

𝜆max(Ω(𝑎, 0)) =
{
𝜆min(𝐶1)2 if |𝜆min(𝐶1) | > 𝜆max(𝐶1),

𝜆max(𝐶1)2 if |𝜆min(𝐶1) | ≤ 𝜆max(𝐶1),
and

arg max
𝑎∈[−1,1]

𝜆max(Ω(𝑎, 0)) =

{𝜆min(𝐶1)} if |𝜆min(𝐶1) | > 𝜆max(𝐶1),

{𝜆min(𝐶1), 𝜆max(𝐶1)} if |𝜆min(𝐶1) | = 𝜆max(𝐶1),

{𝜆max(𝐶1)} if |𝜆min(𝐶1) | < 𝜆max(𝐶1).

Since𝐶1 is a symmetric matrix, the eigenvalues of𝐶1 are all real, and so,

𝜌 (𝐶1) =
{
−𝜆min(𝐶1) if |𝜆min(𝐶1) | > 𝜆max(𝐶1),

𝜆max(𝐶1) if |𝜆min(𝐶1) | ≤ 𝜆max(𝐶1).

This establishes that, in any pseudo-true one-state model,𝜂 = 0, 𝑎 = 𝜆, and

Ω(𝑎,𝜂) = −𝜆2𝐼 + 2𝜆𝐶1.

By Theorem 2, 𝑢 is an eigenvector of Ω(𝑎,𝜂) with eigenvalue 𝜆max(Ω(𝑎,𝜂)) = 𝜆2 and 𝑢 ′𝑢 = 1.
Therefore,𝑢 is also an eigenvector of𝐶1, but with eigenvalue 𝜆. This completes the proof of the
theorem. □

Proof of Proposition 2

I first state and prove a lemma, which is used in the proof of the proposition.

Lemma D.4. AnyMarkovianmodel 𝜃 has a representation as in LemmaD.1 for which𝐷 ′𝐷 = 𝐼 .

Proof. Fix aMarkovianmodel 𝜃 , and let𝑀 ,𝐷 , and𝑁 be as in LemmaD.1. By (D.17), the 𝑠-step-
ahead forecast under model 𝜃 is given by

𝐸 𝜃𝑡 [𝑦𝑡+𝑠 ] = 𝑁 ′−1𝐷𝑀 𝑠−1
∞∑︁
𝜏=0

(𝑀 (𝐼 −𝐷 ′𝐷))𝜏 𝑀𝐷 ′𝑁 ′𝑦𝑡−𝜏 .
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Since 𝜃 is Markovian and𝑁 is invertible,𝐷 (𝑀 (𝐼 −𝐷 ′𝐷))𝜏 𝑀𝐷 ′ = 0 for all 𝜏 ≥ 1. As the first step
of the proof, I use this identity and an inductive argument to show that𝐷𝑀 𝑠𝐷 ′ = (𝐷𝑀𝐷 ′)𝑠 for all
𝑠 ≥ 2. The following equation establishes the induction base:

0 = 𝐷 (𝑀 (𝐼 −𝐷 ′𝐷))𝑀𝐷 ′ = 𝐷𝑀 2𝐷 ′ −𝐷𝑀𝐷 ′𝐷𝑀𝐷 ′.

As the induction hypothesis, suppose𝐷𝑀 𝑠𝐷 ′ = (𝐷𝑀𝐷 ′)𝑠 for some 𝑠 ≥ 2. Note that

𝐷 (𝑀 (𝐼 −𝐷 ′𝐷))𝑠 𝑀𝐷 ′ = 𝐷 (𝑀 (𝐼 −𝐷 ′𝐷))𝑠−1𝑀 (𝐼 −𝐷 ′𝐷)𝑀𝐷 ′

= 𝐷 (𝑀 (𝐼 −𝐷 ′𝐷))𝑠−1𝑀 2𝐷 ′ −𝐷 (𝑀 (𝐼 −𝐷 ′𝐷))𝑠−1𝑀𝐷 ′𝐷𝑀𝐷 ′

= 𝐷 (𝑀 (𝐼 −𝐷 ′𝐷))𝑠−1𝑀 2𝐷 ′,

where the last equality follows the fact that𝐷 (𝑀 (𝐼 −𝐷 ′𝐷))𝑠−1𝑀𝐷 ′ = 0 for any 𝑠 ≥ 2. By a similar
argument,

𝐷 (𝑀 (𝐼 −𝐷 ′𝐷))𝑠 𝑀𝐷 ′ = 𝐷 (𝑀 (𝐼 −𝐷 ′𝐷))𝑠−2𝑀 3𝐷 ′ = · · · = 𝐷 (𝑀 (𝐼 −𝐷 ′𝐷))𝑀 𝑠𝐷 ′.

Therefore,

𝐷 (𝑀 (𝐼 −𝐷 ′𝐷))𝑠 𝑀𝐷 ′ = 𝐷𝑀 𝑠+1𝐷 ′ −𝐷𝑀𝐷 ′𝐷𝑀 𝑠𝐷 ′ = 𝐷𝑀 𝑠+1𝐷 ′ − (𝐷𝑀𝐷 ′)𝑠+1,

where the last equality follows the inductionhypothesis. Theassumption that𝐷 (𝑀 (𝐼 −𝐷 ′𝐷))𝑠 𝑀𝐷 ′ =

0 then proves the induction step.
I next find amodel 𝜃 , represented bymatrices 𝑀̃ , 𝐷̃ , and 𝑁̃ , that is observationally equivalent

to 𝜃 and for which 𝐷̃ ′𝐷̃ = 𝐼 . Since𝐷 ∈ ℝ𝑛×𝑑 is a rectangular diagonal matrix and 𝑑 ≤ 𝑛,

𝐷𝑀𝐷 ′ =
(
𝑀1 0
0 0

)
for some 𝑑 × 𝑑 matrix𝑀1. Let 𝑀̃ = 𝑀1, 𝐷̃ ∈ ℝ𝑛×𝑑 be the rectangular diagonal matrix with its
diagonal elements equal to one, and 𝑁̃ = 𝑁 . Then 𝐷̃ ′𝐷̃ = 𝐼 . Furthermore,

𝐷𝑀 𝑠𝐷 ′ = (𝐷𝑀𝐷 ′)𝑠 =
(
𝑀 𝑠

1 0
0 0

)
= 𝐷̃𝑀̃ 𝑠𝐷̃ ′.

By equation (D.17), the forecasts are identical under the twomodels:

𝐸 𝜃𝑡 [𝑦𝑡+𝑠 ] = 𝑁 ′−1𝐷𝑀 𝑠𝐷 ′𝑁 ′𝑦𝑡 = 𝑁̃
′−1𝐷̃𝑀̃ 𝑠𝐷̃ ′𝑁̃ ′𝑦𝑡 = 𝐸

𝜃
𝑡 [𝑦𝑡+𝑠 ].

By equation (D.18), the unconditional variance of the observable is also identical under the two
models:

Var𝜃 (𝑦 ) = 𝑁 ′−1
(
𝐼 +

∞∑︁
𝜏=1

𝐷𝑀 𝜏𝐷 ′𝐷𝑀 ′𝜏𝐷 ′

)
𝑁 −1 = 𝑁̃ ′−1

(
𝐼 +

∞∑︁
𝜏=1

𝐷̃𝑀̃ 𝜏𝐷̃ ′𝐷̃𝑀̃ ′𝜏 𝐷̃ ′

)
𝑁̃ −1 = Var𝜃 (𝑦 ).

On the other hand,

𝐸 𝜃 [𝑦𝑡+𝑠𝑦 ′𝑡 ] = 𝐸 𝜃 [𝐸 𝜃𝑡 [𝑦𝑡+𝑠 ]𝑦 ′𝑡 ] = 𝑁 ′−1𝐷𝑀 𝑠𝐷 ′𝑁 ′𝐸 𝜃 [𝑦𝑡 𝑦 ′𝑡 ] = 𝑁 ′−1𝐷𝑀 𝑠𝐷 ′𝑁 ′Var𝜃 (𝑦 ),

and similarly for 𝐸 𝜃 [𝑦𝑡+𝑠𝑦 ′𝑡 ]. Therefore, 𝐸 𝜃 [𝑦𝑡+𝑠𝑦 ′𝑡 ] = 𝐸 𝜃 [𝑦𝑡+𝑠𝑦 ′𝑡 ] for all 𝑠 ; that is, 𝑃 𝜃 and𝑃 𝜃 also have
identical autocovariancematrices at all lags. This conclusion, togetherwith the fact that𝑃 𝜃 and𝑃 𝜃

are both zero-mean Gaussian distributions, implies that they are observationally equivalent. □
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I can now prove the proposition.

Proof of Proposition 2. By equation (D.4),

Var𝜃𝑡 (𝑦𝑡+1) = 𝐵 ′Σ̂𝑧𝐵 + 𝑅,

where Σ̂𝑧 solves the algebraic Riccati equation (D.3). The equation can be written as

Σ̂𝑧 = 𝐴Σ̂
1
2
𝑧

(
𝐼 − Σ̂

1
2
𝑧 𝐵

(
𝐵 ′Σ̂𝑧𝐵 + 𝑅

)−1
𝐵 ′Σ̂

1
2
𝑧

)
Σ̂

1
2
𝑧 𝐴

′ +𝑄. (D.35)

Since 𝑅 is a positive semidefinite matrix, so is 𝐼 − Σ̂
1
2
𝑧 𝐵

(
𝐵 ′Σ̂𝑧𝐵 + 𝑅

)−1
𝐵 ′Σ̂

1
2
𝑧 . Therefore,

Σ̂𝑧 ⪰ 𝑄,

and so,
Var𝜃𝑡 (𝑦𝑡+1) ⪰ 𝐵 ′𝑄𝐵 + 𝑅.

On the other hand,
Var𝜃 (𝑦𝑡+1 |𝑧𝑡 ) = 𝐵 ′Var𝜃 (𝑧𝑡+1 |𝑧𝑡 )𝐵 + 𝑅 = 𝐵 ′𝑄𝐵 + 𝑅,

where I am using the assumption that𝑤𝑡 is i.i.d. N(0,𝑄 ), 𝑣𝑡 is i.i.d. N(0, 𝑅), and𝑤𝑡 and 𝑣𝑡 are
independent. This proves the first part of the proposition.

To prove the second part, first assume that Var𝜃𝑡 (𝑦𝑡+1) = 𝐵 ′𝑄𝐵 + 𝑅 . Together with equation
(D.35), this implies that

𝐵 ′𝐴Σ̂
1
2
𝑧

(
𝐼 − Σ̂

1
2
𝑧 𝐵

(
𝐵 ′Σ̂𝑧𝐵 + 𝑅

)−1
𝐵 ′Σ̂

1
2
𝑧

)
Σ̂

1
2
𝑧 𝐴

′𝐵 = 0.

Since
(
𝐼 − Σ̂

1
2
𝑧 𝐵

(
𝐵 ′Σ̂𝑧𝐵 + 𝑅

)−1
𝐵 ′Σ̂

1
2
𝑧

)
is a symmetric positive semidefinite matrix, the above equa-

tion implies that
𝐵 ′𝐴Σ̂

1
2
𝑧

(
𝐼 − Σ̂

1
2
𝑧 𝐵

(
𝐵 ′Σ̂𝑧𝐵 + 𝑅

)−1
𝐵 ′Σ̂

1
2
𝑧

)
= 0.

On the other hand, by equation (D.5), the one-step-ahead forecast under model 𝜃 is given by

𝐸 𝜃𝑡 [𝑦𝑡+1] = 𝐵 ′
∞∑︁
𝜏=0

(𝐴 − 𝐾 𝐵 ′)𝜏𝐾 𝑦𝑡−𝜏 .

Substituting for 𝐾 from equation (D.2), I get

𝐵 ′(𝐴 − 𝐾 𝐵 ′) = 𝐵 ′
(
𝐴 − 𝐴Σ̂𝑧𝐵

(
𝐵 ′Σ̂𝑧𝐵 + 𝑅

)−1
𝐵 ′

)
= 𝐵 ′𝐴Σ̂

1
2
𝑧

(
𝐼 − Σ̂

1
2
𝑧 𝐵

(
𝐵 ′Σ̂𝑧𝐵 + 𝑅

)−1
𝐵 ′Σ̂

1
2
𝑧

)
Σ̂

−1
2
𝑧 = 0.

Therefore,
𝐸 𝜃𝑡 [𝑦𝑡+1] = 𝐵 ′

∞∑︁
𝜏=0

(𝐴 − 𝐾 𝐵 ′)𝜏𝐾 𝑦𝑡−𝜏 = 𝐵 ′𝐾 𝑦𝑡 .

On the other hand, Var𝜃𝑡 (𝑦𝑡+1) = 𝐵 ′Σ̂𝑧𝐵 + 𝑅 . Under model 𝜃 , the mean and variance of 𝑦𝑡+1 condi-
tional on {𝑦𝜏 }𝜏≤𝑡 are both independent of {𝑦𝜏 }𝜏<𝑡 . Furthermore, 𝑃 𝜃 is Gaussian. Therefore, it is
Markovian.
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Next, suppose𝑃 𝜃 isMarkovian. ThenbyLemmaD.4,model 𝜃 has a representation as in Lemma
D.1 for which𝐷 ′𝐷 = 𝐼 . By equation (D.11), then

Σ̂
1
2
𝑧 𝐵

(
𝐵 ′Σ̂𝑧𝐵 + 𝑅

)−1
𝐵 ′Σ̂

1
2
𝑧 =𝑉𝐷 ′𝐷𝑉 ′ = 𝐼 ,

where the second equality follows the facts that 𝐷 ′𝐷 = 𝐼 and𝑉 is orthogonal. Substituting in
equation (D.35), I get Σ̂𝑧 = 𝑄 . Therefore,

Var𝜃𝑡 (𝑦𝑡+1) = 𝐵 ′Σ̂𝑧𝐵 + 𝑅 = 𝐵 ′𝑄𝐵 + 𝑅.

This completes the proof of the proposition. □

Proof of Theorem 5

By LemmaD.1, the agent’s model can be represented in terms of matrices𝑀 ,𝐷 , and𝑁 . Since the
agent is restricted to the set ofMarkovianmodels, by LemmaD.4, I can set𝐷 = (𝐼 0)′. Let 𝑆 ≡ Γ

1
2
0𝑁

and Γ ≡ Γ
−1
2
0 Γ1Γ

−1
2
0 . The expression for the KLDR in (D.9) then simplifies to

KLDR(𝑀,𝑆,𝐷) = − 1
2 log det (𝑆𝑆

′) + 1
2 tr (𝑆

′𝑆) − tr (𝑀𝐷 ′𝑆 ′Γ𝑆𝐷) + 1
2 tr (𝑀𝐷 ′𝑆 ′𝑆𝐷𝑀 ′) + constant.

Write 𝑆 = (𝑆1 𝑆2), where 𝑆1 ∈ ℝ𝑛×𝑑 and 𝑆2 ∈ ℝ𝑛×(𝑛−𝑑 ) . The above expression can then be written
as

−12 log det
(
𝑆1𝑆 ′1 + 𝑆2𝑆

′
2
)
+ 1
2 tr

(
𝑆 ′1𝑆1

)
+ 1
2 tr

(
𝑆 ′2𝑆2

)
− tr (

𝑀𝑆 ′1Γ𝑆1
)
+ 1
2 tr

(
𝑀𝑆 ′1𝑆1𝑀

′) + constant.
I next optimize the above expression with respect to𝑀 , 𝑆1, and 𝑆2. The first-order optimality

condition with respect to 𝑆2 is given by(
𝑆1𝑆 ′1 + 𝑆2𝑆

′
2
)−1

𝑆2 = 𝑆2.

The above equation can be written as

𝑆1𝑆 ′1𝑆2 + 𝑆2(𝑆
′
2𝑆2 − 𝐼 ) = 0.

Let 𝑏0 be an arbitrary vector inℝ𝑛−𝑑 , 𝑏1 ≡ 𝑆 ′1𝑆2𝑏0 ∈ ℝ𝑑 , and 𝑏2 ≡ (𝑆 ′2𝑆2 − 𝐼 )𝑏0 ∈ ℝ𝑛−𝑑 . The above
equation then implies that

0 =
(
𝑆1𝑆 ′1𝑆2 + 𝑆2(𝑆

′
2𝑆2 − 𝐼 )

)
𝑏0 = 𝑆1𝑏1 + 𝑆2𝑏2 = 𝑆𝑏,

where 𝑏 ≡
(
𝑏1
𝑏2

)
∈ ℝ𝑛 . Since 𝑆 is an invertible matrix, it must be that 𝑏 = 0. Therefore, 𝑏1 = 0 and

𝑏2 = 0. Since 𝑏0 was arbitrary, 𝑆 ′2𝑆2 = 𝐼 and 𝑆 ′1𝑆2 = 0. On the other hand,

log det (𝑆1𝑆 ′1 + 𝑆2𝑆 ′2) = log det(𝑆𝑆 ′) = log det(𝑆 ′𝑆) = log det (𝑆 ′1𝑆1 𝑆 ′1𝑆2
𝑆 ′2𝑆1 𝑆 ′2𝑆2

)
.

Therefore,
log det (𝑆1𝑆 ′1 + 𝑆2𝑆 ′2) = log det (𝑆 ′1𝑆1 0

0 𝐼

)
= log det(𝑆 ′1𝑆1).
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The KLDR can thus be written only as a function of𝑀 and 𝑆1 as

KLDR(𝑀,𝑆1) = −12 log det
(
𝑆 ′1𝑆1

)
+ 12 tr

(
𝑆 ′1𝑆1

)
− tr (

𝑀𝑆 ′1Γ𝑆1
)
+ 12 tr

(
𝑀𝑆 ′1𝑆1𝑀

′) + constant. (D.36)
The first-order optimality conditions with respect to𝑀 and 𝑆1 are then given by

− 𝑆 ′1Γ
′𝑆1 +𝑀𝑆 ′1𝑆1 = 0, (D.37)

− 𝑆†1
′ + 𝑆1 − Γ𝑆1𝑀 − Γ′𝑆1𝑀 ′ + 𝑆1𝑀 ′𝑀 = 0. (D.38)

Since 𝑆 ′1𝑆1 is invertible, (D.37) can be solve for𝑀 to get𝑀 = 𝑆 ′1Γ
′𝑆1(𝑆 ′1𝑆1)

−1. Substituting in (D.38),
I get

𝑆1(𝑆 ′1𝑆1)
−1 = 𝑆1 − Γ𝑆1𝑆 ′1Γ

′𝑆1(𝑆 ′1𝑆1)
−1 − Γ′𝑆1(𝑆 ′1𝑆1)

−1𝑆 ′1Γ𝑆1 + 𝑆1(𝑆
′
1𝑆1)

−1𝑆 ′1Γ𝑆1𝑆
′
1Γ

′𝑆1(𝑆 ′1𝑆1)
−1, (D.39)

where I am using the fact that 𝑆†1 = (𝑆 ′1𝑆1)
−1𝑆 ′1. Next consider the singular-value decomposition of

𝑆1:
𝑆1 =𝑈Σ𝑉 ′, (D.40)

where𝑈 ∈ ℝ𝑛×𝑛 and𝑉 ∈ ℝ𝑑×𝑑 are orthogonal matrices, and Σ ∈ ℝ𝑛×𝑑 is a rectangular diagonal
matrix. Substituting for 𝑆1 in (D.39) from (D.40) andmultiplying the result from left and right by
𝑈 ′ and𝑉 Σ′, respectively, I get

Σ(Σ′Σ)−1Σ′ = ΣΣ′ − 𝑋 ΣΣ′𝑋 ′Σ(Σ′Σ)−1Σ′ − 𝑋 ′Σ(Σ′Σ)−1Σ′𝑋 ΣΣ′ + Σ(Σ′Σ)−1Σ′𝑋 ΣΣ′𝑋 ′Σ(Σ′Σ)−1Σ′,

(D.41)
where 𝑋 ≡𝑈 ′Γ𝑈 . Note that Σ =

(
Σ1
0

)
for some diagonal matrix Σ1 ∈ ℝ𝑛×𝑑 . Moreover, since 𝑆 ′1𝑆1 is

invertible, so is Σ1. Therefore,

Σ(Σ′Σ)−1Σ′ =
(
𝐼 0
0 0

)
,

ΣΣ′ =

(
Σ21 0
0 0

)
.

Write 𝑋 =

(
𝑋11 𝑋12
𝑋21 𝑋22

)
, where 𝑋11 ∈ ℝ𝑑×𝑑 , 𝑋12 ∈ ℝ𝑑×(𝑛−𝑑 ) , 𝑋21 ∈ ℝ(𝑛−𝑑 )×𝑑 , and 𝑋22 ∈ ℝ(𝑛−𝑑 )×(𝑛−𝑑 ) .

Equation (D.41) then implies

𝑋 ′
11𝑋11 = 𝐼 − Σ−2

1 , (D.42)
𝑋21Σ21𝑋

′
11 + 𝑋

′
12𝑋11Σ

2
1 = 0. (D.43)

These equations fully characterize the set of all (local) extrema of the KLDR.
I next use these equations to show that, as long as either 𝑑 is equal to one or Γ1 is symmetric,

and for any 𝑖 = 1, . . . , 𝑑 , the 𝑖 th coordinate vector 𝑒𝑖 ∈ ℝ𝑛 is an eigenvector of (𝑋 + 𝑋 ′)/2 with
eigenvalue 𝑒 ′

𝑖
𝑋𝑒𝑖 .53 If 𝑒 ′𝑖𝑋𝑒𝑖 = 0, then trivially 𝑒𝑖 is an eigenvector of (𝑋 + 𝑋 ′)/2 with eigenvalue

𝑒 ′
𝑖
𝑋𝑒𝑖 = 0. So in the rest of the proof, I consider the case where 𝑒 ′

𝑖
𝑋𝑒𝑖 ≠ 0. First, suppose 𝑑 = 1.

53With slight abuse of notation, I use 𝑒𝑖 to denote the 𝑖 th coordinate vector both inℝ𝑛 and inℝ𝑑 . Whether 𝑒𝑖 ∈ ℝ𝑛 or 𝑒𝑖 ∈ ℝ𝑑 will be clear
from the context.
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Then 𝑖 = 1 and 𝑋 ′
11 = 𝑋11 = 𝑒

′
1𝑋𝑒1 ≠ 0. On the other hand, Σ1 is a non-zero scalar. Equation (D.43)

then implies that 𝑋21 + 𝑋 ′
12 = 0. Therefore,(

𝑋 + 𝑋 ′

2

)
𝑒1 =

1
2

(
2𝑋11 𝑋12 + 𝑋 ′

21
𝑋21 + 𝑋 ′

12 𝑋22 + 𝑋 ′
22

) (1
0
)
=

(
𝑋11
0

)
= 𝑒 ′1𝑋𝑒1𝑒1,

proving that𝑒1 is an eigenvector of (𝑋 +𝑋 ′)/2with eigenvalue𝑒1𝑋𝑒1. Next, suppose Γ1 is symmetric.
This implies that Γ, and by extension, 𝑋 are symmetric matrices. Equation (D.42) then implies
that 𝑋11 is a diagonal matrix. Since Σ1 is also diagonal, it commutes with 𝑋11. Equation (D.43)
then implies that

(𝑋21 + 𝑋 ′
12)𝑋11 = 2𝑋21𝑋11 = 0, (D.44)

where I am using the fact that Σ1 is non-singular and 𝑋 is symmetric. But since 𝑋11 is a diagonal
matrix, it can be written as

𝑋11 =
𝑑∑︁
𝑘=1

𝑒 ′𝑘𝑋11𝑒𝑘𝑒𝑘𝑒
′
𝑘 .

Substituting in (D.44), I get
𝑑∑︁
𝑘=1

𝑋21𝑒 ′𝑘𝑋11𝑒𝑘𝑒𝑘𝑒
′
𝑘 = 0.

In particular, it must be the case that 𝑋21𝑒 ′𝑖𝑋11𝑒𝑖𝑒𝑖 = 0. But since 𝑒 ′
𝑖
𝑋11𝑒𝑖 = 𝑒 ′𝑖𝑋𝑒𝑖 ≠ 0, it must be

that 𝑋21𝑒𝑖 = 0. Therefore,(
𝑋 + 𝑋 ′

2

)
𝑒𝑖 =

(
𝑋11 𝑋12
𝑋21 𝑋22

) (
𝑒𝑖
0
)
=

(
𝑋11𝑒𝑖
𝑋21𝑒𝑖

)
=

(
𝑒 ′
𝑖
𝑋11𝑒𝑖𝑒𝑖
0

)
= 𝑒 ′𝑖𝑋𝑒𝑖𝑒𝑖 ,

where the third equality relies on the fact that 𝑋11 is diagonal. This proves that 𝑒𝑖 is an eigenvector
of (𝑋 + 𝑋 ′)/2 with eigenvalue 𝑒 ′

𝑖
𝑋𝑒𝑖𝑒𝑖 .

I next show that anymatrices𝑀 and 𝑆1 that satisfy the first-order optimality conditions (D.37)
and (D.38) must be of the form

𝑀 =

𝑑∑︁
𝑖=1

𝑎𝑖𝑣𝑖𝑣
′
𝑖 , (D.45)

𝑆1 =
𝑑∑︁
𝑖=1

1√︃
1 − 𝑎2

𝑖

𝑢𝑖𝑣
′
𝑖 , (D.46)

where {𝑎𝑖 }𝑑𝑖=1 are eigenvalues of𝐶1,𝑢𝑖 ∈ ℝ𝑛 denotes an eigenvector with eigenvalue 𝑎𝑖 normalized
such that𝑢 ′

𝑖
𝑢𝑘 = 1{𝑖=𝑘 } for all 𝑖 , 𝑘 ∈ {1, . . . , 𝑑}, and {𝑣𝑖 }𝑑𝑖=1 is an orthonormal basis forℝ𝑑 . To see

this, first note that equation (D.40) can be written as

𝑆1 =𝑈Σ𝑉 ′ =𝑈
∑︁
𝑖=1𝑑

𝜎𝑖𝑒𝑖𝑒
′
𝑖𝑉

′,

where 𝜎𝑖 denotes the 𝑖 th diagonal element of Σ ∈ ℝ𝑛×𝑑 . I let𝑢𝑖 ≡ 𝑈𝑒𝑖 and 𝑣𝑖 ≡ 𝑉 𝑒𝑖 . Since𝑈 and
𝑉 are orthogonal matrices, {𝑢𝑖 }𝑑𝑖=1 is a set of orthonormal vectors and {𝑣𝑖 }𝑑𝑖=1 is an orthonormal
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basis forℝ𝑑 . Therefore, to show that 𝑆1 takes the form given in (D.46), I only need to show that𝑢𝑖
is an eigenvector of𝐶1 with eigenvalue 𝑎𝑖 and 𝜎𝑖 = 1/

√︃
1 − 𝑎2

𝑖
. Note that

𝐶1𝑢𝑖 =
1
2 (Γ + Γ′)𝑈𝑒𝑖 =

1
2𝑈𝑈

′ (Γ + Γ′)𝑈𝑒𝑖 =𝑈
(
𝑋 + 𝑋 ′

2

)
𝑒𝑖 =𝑈𝑒

′
𝑖𝑋𝑒𝑖𝑒𝑖 = 𝑒

′
𝑖𝑋𝑒𝑖𝑢𝑖 ,

where the fourth equality uses the fact that 𝑒𝑖 is an eigenvector of (𝑋 + 𝑋 ′)/2. Therefore,𝑢𝑖 is an
eigenvector of𝐶1. On the other hand, multiplying equation (D.42) from left and right by 𝑒 ′

𝑖
and 𝑒𝑖 ,

respectively, for 𝑖 ∈ {1, . . . , 𝑑} and using the fact that 𝑋11 is diagonal, I get(
𝑒 ′𝑖𝑋11𝑒𝑖

)2
= 1 − 𝜎−2

𝑖 .

But
𝑒 ′𝑖𝑋11𝑒𝑖 = 𝑒

′
𝑖𝑋𝑒𝑖 = 𝑒

′
𝑖

(
𝑋 + 𝑋 ′

2

)
𝑒𝑖 = 𝑒

′
𝑖𝑈

(
Γ + Γ′

2

)
𝑈𝑒𝑖 = 𝑢

′
𝑖𝐶1𝑢𝑖 = 𝑢

′
𝑖𝑎𝑖𝑢𝑖 = 𝑎𝑖 ,

where 𝑎𝑖 denotes the eigenvalue of 𝐶1 with eigenvector 𝑢𝑖 . Therefore, 𝜎𝑖 = 1/
√︃
1 − 𝑎2

𝑖
. Finally,

recall that𝑀 = 𝑆 ′1Γ
′𝑆1(𝑆 ′1𝑆1)

−1. By assumption, either 𝑑 = 1, and so, 𝑆1 is a vector in ℝ𝑛 or Γ is
symmetric. Either way 𝑆 ′1Γ′𝑆1 = 𝑆 ′1(Γ + Γ′)𝑆1/2 = 𝑆 ′1𝐶1𝑆1. Therefore,

𝑀 = 𝑆 ′1𝐶1𝑆1(𝑆
′
1𝑆1)

−1 =
©­­«

𝑑∑︁
𝑖 ,𝑘=1

1√︃
1 − 𝑎2

𝑖

𝑣𝑖𝑢
′
𝑖𝐶1

1√︃
1 − 𝑎2

𝑘

𝑢𝑘𝑣
′
𝑘

ª®®¬
©­­«

𝑑∑︁
𝑖 ,𝑘=1

1√︃
1 − 𝑎2

𝑖

𝑣𝑖𝑢
′
𝑖

1√︃
1 − 𝑎2

𝑘

𝑢𝑘𝑣
′
𝑘

ª®®¬
−1

=

(
𝑑∑︁
𝑖=1

1
1 − 𝑎2

𝑖

𝑣𝑖𝑎𝑖𝑣
′
𝑖

) (
𝑑∑︁
𝑖=1

1
1 − 𝑎2

𝑖

𝑣𝑖𝑣
′
𝑖

)−1
=

𝑑∑︁
𝑖=1

𝑎𝑖𝑣𝑖𝑣
′
𝑖 ,

where I am using the facts that𝑢𝑖 is an eigenvector of𝐶1 with eigenvalue 𝑎𝑖 and that {𝑢𝑖 }𝑑𝑖=1 and
{𝑣𝑖 }𝑑𝑖=1 are orthonormal sets of vectors.

Althoughany𝑀 and𝑆1 of the forms (D.45) and (D.46) satisfy thenecessaryoptimality condition,
not all such candidates are global minimizers of the KLDR. To find the global optima, I substitute
the solutions to the first-order optimality conditions in the KLDR and select the solutions that
minimize the KLDR.Multiplying equation (D.38) from left by 𝑆 ′1, I get

𝐼 = 𝑆 ′1𝑆1 − 𝑆
′
1Γ𝑆1𝑀 − 𝑆 ′1Γ

′𝑆1𝑀 ′ + 𝑆 ′1𝑆1𝑀
′𝑀.

Computing the trace of the above equation and substituting the result in (D.36), I get

KLDR(𝑀,𝑆1) = −12 log det
(
𝑆 ′1𝑆1

)
+ 1
2 tr

(
𝑆 ′1𝑆1

)
− tr (

𝑀𝑆 ′1Γ𝑆1
)
+ 1
2 tr

(
𝑀𝑆 ′1𝑆1𝑀

′) + constant
= −12 log det

(
𝑆 ′1𝑆1

)
+ 1
2 tr(𝐼 ) + constant.

Therefore, the𝑀 and𝑆1 pairs thatminimize theKLDRare the ones thatmaximize the determinant
of 𝑆 ′1𝑆1. But since 𝑆 ′1𝑆1 is a symmetric matrix with eigenvalues {1/(1 − 𝑎2

𝑖
)}𝑑
𝑖=1, its determinant is

equal to∏𝑑
𝑖=1

1
1−𝑎2

𝑖

. Therefore, any𝑀 and 𝑆1 pair that minimize the KLDR are of the forms (D.45)
and (D.46) with {𝑎𝑖 }𝑑𝑖=1 the top 𝑑 eigenvalues of𝐶1 inmagnitude (with the possibility that some of
the 𝑎𝑖 are equal).

With the expressions for the pseudo-true𝑀 and 𝑆1 in hand, I can prove the theorem.
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Part (a). The forecasts given amodel parameterized bymatrices𝑀 ,𝐷 , and𝑁 are given by equa-
tion (D.17). Using the definition of 𝑆 ≡ Γ

1
2
0𝑁 and the fact that 𝐷 ′𝐷 can be taken to be identity

matrix, I can write equation (D.17) as follows:

𝐸 𝜃𝑡 [𝑦𝑡+𝑠 ] = Γ
1
2
0 𝑆

′−1𝐷𝑀 𝑠𝐷 ′𝑆 ′Γ
−1
2
0 𝑦𝑡−𝜏 .

Note that for anymatrix 𝑆 = (𝑆1 𝑆2) that satisfies the first-order optimality condition with respect
to 𝑆2,

𝑆−1 =
(
(𝑆 ′1𝑆1)

−1𝑆 ′1
𝑆 ′2

)
.

Therefore,
𝑆 ′−1 =

(
𝑆1(𝑆 ′1𝑆1)

−1 𝑆2
)
,

and so
𝑆 ′−1𝐷 = 𝑆1(𝑆 ′1𝑆1)

−1. (D.47)

The forecasts can thus be written only in terms of matrices𝑀 and 𝑆1 as follows:

𝐸 𝜃𝑡 [𝑦𝑡+𝑠 ] = Γ
1
2
0 𝑆1(𝑆

′
1𝑆1)

−1𝑀 𝑠𝑆 ′1Γ
−1
2
0 .

Substituting for𝑀 and 𝑆1 using (D.45) and (D.46) and simplifying the resulting expression, I get

𝐸 𝜃𝑡 [𝑦𝑡+𝑠 ] = Γ
1
2
0

𝑑∑︁
𝑖=1

𝑎𝑠𝑖 𝑢𝑖𝑢
′
𝑖 Γ

−1
2
0 .

Letting 𝑝𝑖 ≡ Γ
−1
2
0 𝑢𝑖 and 𝑞𝑖 ≡ Γ

1
2
0𝑢𝑖 completes the proof of part (a).

Part (b). Equation (D.18) gives the variance-covariance matrix under a model parameterized
bymatrices𝑀 ,𝐷 , and𝑁 . Using the definition of 𝑆 and setting𝐷 ′𝐷 = 𝐼 , equation (D.18) can be
written as follows:

Var𝜃 (𝑦 ) = Γ
1
2
0

(
𝑆 ′−1𝑆−1 + 𝑆−1′𝐷

∞∑︁
𝜏=1

𝑀 𝜏𝑀 ′𝜏𝐷 ′𝑆−1
)
Γ
1
2
0 .

To prove part (b), I need to show that the terms in parentheses add up to the identity matrix. I
start with the first term:

𝑆 ′−1𝑆−1 = (𝑆𝑆 ′)−1 = (𝑆1𝑆 ′1 + 𝑆2𝑆
′
2)

−1. (D.48)

The fact that 𝑆 ′2𝑆2 = 𝐼 implies that 𝑆2 can be written as

𝑆2 =
𝑛∑︁

𝑖=𝑑+1
𝑢𝑖𝑤

′
𝑖 ,

where𝑢𝑖 ∈ ℝ𝑛 and𝑤𝑖 ∈ ℝ𝑛−𝑑 for 𝑖 = 𝑑 + 1, . . . , 𝑛, {𝑢𝑖 }𝑛𝑖=𝑑+1 are orthonormal vectors, and {𝑤𝑖 }𝑛𝑖=𝑑+1
constitutes an orthonormal basis forℝ𝑛−𝑑 . On the other hand, the fact that 𝑆 ′1𝑆2 = 0 implies that
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𝑢 ′
𝑖
𝑢𝑘 = 0 for any 𝑖 ∈ {1, . . . , 𝑑} and 𝑘 ∈ {𝑑 +1, . . . , 𝑛}. Therefore, {𝑢𝑖 }𝑛𝑖=1 constitutes an orthonormal

basis forℝ𝑛 . Substituting for 𝑆1 and 𝑆2 in (D.48), I get

𝑆 ′−1𝑆−1 =

(
𝑑∑︁
𝑖=1

1
1 − 𝑎2

𝑖

𝑢𝑖𝑢
′
𝑖 +

𝑛∑︁
𝑖=𝑑+1

𝑢𝑖𝑢
′
𝑖

)−1
=

𝑑∑︁
𝑖=1

(1 − 𝑎2𝑖 )𝑢𝑖𝑢 ′
𝑖 +

𝑛∑︁
𝑖=𝑑+1

𝑢𝑖𝑢
′
𝑖 ,

where the second equality uses the fact that {𝑢𝑖 }𝑛𝑖=1 are orthonormal. Next consider the second
term:

𝑆−1′𝐷
∞∑︁
𝜏=1

𝑀 𝜏𝑀 ′𝜏𝐷 ′𝑆−1 = 𝑆1(𝑆 ′1𝑆1)
−1

∞∑︁
𝜏=1

𝑀 𝜏𝑀 ′𝜏 (𝑆 ′1𝑆1)
−1𝑆 ′1

=

𝑑∑︁
𝑖=1

√︃
1 − 𝑎2

𝑖
𝑢𝑖𝑣

′
𝑖

∞∑︁
𝜏=1

𝑑∑︁
𝑘=1

𝑎2𝜏𝑘 𝑣𝑘𝑣
′
𝑘

𝑑∑︁
𝑙=1

√︃
1 − 𝑎2

𝑙
𝑣𝑙𝑢

′
𝑙

=

𝑑∑︁
𝑖=1

(1 − 𝑎2𝑖 )𝑢𝑖𝑢 ′
𝑖

∞∑︁
𝜏=1

𝑎2𝜏𝑖

=

𝑑∑︁
𝑖=1

𝑎2𝑖 𝑢𝑖𝑢
′
𝑖 ,

where the first equality uses (D.47) and the second equality is by (D.45) and (D.46). Putting
everything together,

𝑆 ′−1𝑆−1 + 𝑆−1′𝐷
∞∑︁
𝜏=1

𝑀 𝜏𝑀 ′𝜏𝐷 ′𝑆−1 =
𝑑∑︁
𝑖=1

(1 − 𝑎2𝑖 )𝑢𝑖𝑢 ′
𝑖 +

𝑛∑︁
𝑖=𝑑+1

𝑢𝑖𝑢
′
𝑖 +

𝑑∑︁
𝑖=1

𝑎2𝑖 𝑢𝑖𝑢
′
𝑖 =

𝑛∑︁
𝑖=1

𝑢𝑖𝑢
′
𝑖 = 𝐼 ,

where the last equality follows the fact that {𝑢𝑖 }𝑛𝑖=1 is an orthonormal basis forℝ𝑛 . □

Proof of Proposition 3

Recall that I have assumed (without loss of generality) that Γ0 is non-singular. Since𝐶1 is symmet-
ric, {𝑢𝑖 }𝑑𝑖=1 constitutes an orthonormal basis forℝ𝑛 , and so, Γ

−1
2
0 𝑦𝑡 can be expressed as

Γ
−1
2
0 𝑦𝑡 =

𝑛∑︁
𝑖=1

𝜔𝑖𝑡𝑢𝑖 ,

where 𝜔𝑖𝑡 ≡ 𝑢 ′
𝑖
Γ

−1
2
0 𝑦𝑡 . Therefore,

𝑦𝑡 = Γ
1
2
0

𝑛∑︁
𝑖=1

𝜔𝑖𝑡𝑢𝑖 =

𝑛∑︁
𝑖=1

Γ
1
2
0𝑢𝑖𝑢

′
𝑖 Γ

−1
2
0 𝑦𝑡 =

𝑛∑︁
𝑖=1

𝑦
(𝑖 )
𝑡 𝑞𝑖 ,

where the last equality uses the definitions of 𝑦 (𝑖 )
𝑡 and 𝑞𝑖 .

The lag-one autocovariance of 𝑦 (𝑖 )
𝑡 is given by

𝔼
[
𝑦
(𝑖 )
𝑡 𝑦

(𝑖 )
𝑡−1

]
= 𝑝𝑖

′𝔼[𝑦𝑡 𝑦𝑡−1]𝑝𝑖 = 𝑝𝑖 ′Γ1𝑝𝑖 = 𝑝𝑖 ′
(
Γ1 + Γ′1
2

)
𝑝𝑖 = 𝑝𝑖

′Γ
1
2
0𝐶1Γ

1
2
0 𝑝𝑖 = 𝑢

′
𝑖𝐶1𝑢𝑖 ,
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where the first equality uses the definition 𝑦 (𝑖 )
𝑡 , and the last equality uses the definition of𝑝𝑖 . Since

𝑢𝑖 is an eigenvector of𝐶1,
𝑢 ′
𝑖𝐶1𝑢𝑖 = 𝑎𝑖𝑢

′
𝑖𝑢𝑖 = 𝑎𝑖 ,

where 𝑎𝑖 is the 𝑖 th largest (in magnitude) eigenvalue of𝐶1. Moreover,

𝔼
[
𝑦
(𝑖 )
𝑡

2]
= 𝑝𝑖

′Γ0𝑝𝑖 = 𝑢 ′
𝑖𝑢𝑖 = 1.

Therefore,
𝜌𝑖 ≡ 𝔼

[
𝑦
(𝑖 )
𝑡 𝑦

(𝑖 )
𝑡−1

]
/
√︂
𝔼

[
𝑦
(𝑖 )
𝑡

2]
= 𝑎𝑖 .

The proposition follows the fact that 𝑎𝑖 is the 𝑖 th largest eigenvalue of𝐶1 in magnitude. □

Proof of Proposition 4

I prove the result under the assumption that the top𝐷 eigenvalues of the first autocorrelation
matrix,𝐶1, are all distinct. This assumption is true for generic true processes. By Theorem 5(a) (or
Theorem 4), the forecasts of an agent who uses a pseudo-true 𝑑-state model 𝜃 are given by

𝐸 𝜃𝑡 [𝑦𝑡+𝑠 ] =
𝑑∑︁
𝑖=1

𝑎𝑖
𝑠𝑞𝑖𝑝𝑖

′𝑦𝑡 , (D.49)

where 𝑎𝑖 is the 𝑖 th largest eigenvalue of𝐶1,𝑢𝑖 denotes the corresponding eigenvector, normalized
to have unit norm, 𝑝𝑖 ≡ Γ

−1
2
0 𝑢𝑖 , and 𝑞𝑖 ≡ Γ

1
2
0𝑢𝑖 . Since the eigenvalues of 𝐶1 are all distinct, the

corresponding eigenvectors are unique (up tomultiplicative constants). Therefore, all agents use
the same values of {(𝑎𝑖 , 𝑝𝑖 , 𝑞𝑖 )}𝑖 to forecast.

Consider agent 𝑗 who is constrained tomodels of dimension 𝑑𝑗 . The agent’s optimal action
given her pseudo-true 𝑑-state model is given by

𝑥𝑗𝑡 = 𝐸
𝜃 𝑗
𝑡

[ ∞∑︁
𝑠=1

𝑐 ′𝑗 𝑠𝑦𝑡+𝑠

]
=

∞∑︁
𝑠=1

𝑐 ′𝑗 𝑠𝐸
𝜃 𝑗
𝑡 [𝑦𝑡+𝑠 ]

=

∞∑︁
𝑠=1

𝑐 ′𝑗 𝑠

𝑑𝑗∑︁
𝑖=1

𝑎𝑖
𝑠𝑞𝑖𝑝𝑖

′𝑦𝑡 =

𝑑𝑗∑︁
𝑖=1

𝑔 𝑗 𝑖𝑦
(𝑖 )
𝑡 ,

where 𝜃 𝑗 denotes agent 𝑗 ’s pseudo-true model, 𝑦 (𝑖 )
𝑡 ≡ 𝑝 ′

𝑖
𝑦𝑡 as before, 𝑔 𝑗 𝑖 ≡ ∑∞

𝑠=1 𝑎𝑖
𝑠𝑐 ′
𝑗 𝑠
𝑞𝑖 is a

constant, which is a finite since {𝑐 𝑗 𝑠 }𝑠 is absolutely summable. Using vector notation, 𝑥𝑡 ≡ (𝑥1𝑡 ,
. . . , 𝑥 𝐽𝑡 )′ ∈ ℝ𝐽 , I can write the above expression as

𝑥𝑡 = 𝐺𝑦
(1:𝐷 )
𝑡 ,

where

𝐺 ≡
©­­­«
𝑔1
𝑔2
...
𝑔 𝐽

ª®®®¬ ∈ ℝ𝐽×𝐷 ,
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𝑔 𝑗 ≡
(
𝑔 𝑗1 𝑔 𝑗2 . . . 𝑔 𝑗𝑑𝑗 0 . . . 0) ∈ ℝ1×𝐷 ,

and

𝑦
(1:𝐷 )
𝑡 ≡

©­­­­«
𝑦
(1)
𝑡

𝑦
(2)
𝑡
...

𝑦
(𝐷 )
𝑡

ª®®®®¬
∈ ℝ𝐷 .

This completes the proof of the proposition. □

Proof of Proposition 5

I start by taking 𝑣 to be an arbitrary 𝑛-dimensional vector and computing the autocovariances of
𝑣 ′𝑦𝑡 under the pseudo-true and truemodels. Define𝑤 ≡ Γ

1
2
0 𝑣 . Under a pseudo-true 𝑑-state model

𝜃 ,

𝐸 𝜃 [𝑣 ′𝑦𝑡𝑣 ′𝑦𝑡−𝑙 ] = 𝑣 ′𝐸 𝜃
[
𝑦𝑡 𝑦

′
𝑡−𝑙

]
𝑣 = 𝑣 ′𝐸 𝜃

[
𝐸 𝜃𝑡−𝑙 [𝑦𝑡 ] 𝑦

′
𝑡−𝑙

]
𝑣

= 𝑣 ′
𝑑∑︁
𝑖=1

𝑎𝑖
𝑙𝑞𝑖𝑝

′
𝑖𝐸

𝜃
[
𝑦𝑡−𝑙𝑦

′
𝑡−𝑙

]
𝑣 =

𝑑∑︁
𝑖=1

𝑎𝑖
𝑙𝑣 ′𝑞𝑖𝑝

′
𝑖 Γ0𝑣

=

𝑑∑︁
𝑖=1

𝑎𝑖
𝑙𝑣 ′Γ

1
2
0𝑢𝑖𝑢

′
𝑖 Γ

1
2
0 𝑣 =

𝑑∑︁
𝑖=1

𝑎𝑖
𝑙𝑤 ′𝑢𝑖𝑢

′
𝑖𝑤,

where the first equality is by Theorem 1, the second equality follows the fact that the agent’s
subjectivemodel satisfies the law of iterated expectations, the third and fifth equalities are by The-
orem 5(a) (or Theorem 4 depending on the assumptions), and the fourth equality is by Theorem
5(b) (or Theorem 3). On the other hand, under the truemodel,

𝔼[𝑣 ′𝑦𝑡𝑣 ′𝑦𝑡−𝑙 ] = 𝑣 ′𝔼[𝑦𝑡 𝑦 ′𝑡−𝑙 ]𝑣 = 𝑣 ′Γ𝑙𝑣 = 𝑣 ′
(
Γ𝑙 + Γ′

𝑙

2

)
𝑣 = 𝑣 ′Γ

1
2
0𝐶𝑙Γ

1
2
0 𝑣 = 𝑤 ′𝐶𝑙𝑤.

To prove part (a), set 𝑣 = 𝑝1, which implies 𝑣 ′𝑦𝑡 = 𝑦 (1)
𝑡 and𝑤 = Γ

1
2
0 𝑝1 = 𝑢1. Therefore,���𝐸 𝜃 [

𝑦
(1)
𝑡 𝑦

(1)
𝑡−𝑙

] ��� = ����� 𝑑∑︁
𝑖=1

𝑎𝑖
𝑙𝑢 ′

1𝑢𝑖𝑢
′
𝑖𝑢1

����� = ��𝑎1𝑙 �� = |𝑎1 |𝑙 ,

for any pseudo-truemodel 𝜃 . Furthermore,���𝔼 [
𝑦
(1)
𝑡 𝑦

(1)
𝑡−𝑙

] ��� = ��𝑢 ′
1𝐶𝑙𝑢1

�� ≤ 𝜌 (𝐶𝑙 )𝑢 ′
1𝑢1 = 𝜌 (𝐶𝑙 ) ≤ 𝜌 (𝐶1)𝑙 = |𝑎1 |𝑙 ,

where the second inequality is using the assumption that the true process is exponentially ergodic,
and the last equality is due to the fact that 𝑎1 is the eigenvalue of 𝐶1 largest in magnitude. On
the other hand, by Theorem 5(b) (or Theorem 3), the variance of 𝑦 (1)

𝑡 is the same under the true
and pseudo-true 𝑑-state models. Therefore, the agent overestimates the magnitude of 𝑦 (1)

𝑡 ’s
autocorrelation at all lags.
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In part (b), set 𝑣 = 𝑝𝑛 , which implies 𝑣 ′𝑦𝑡 = 𝑦 (𝑛 )
𝑡 and𝑤 = Γ

1
2
0 𝑝𝑛 = 𝑢𝑛 . Thus,���𝐸 𝜃 [

𝑦
(𝑛 )
𝑡 𝑦

(𝑛 )
𝑡−𝑙

] ��� = ����� 𝑑∑︁
𝑖=1

𝑎𝑖
𝑙𝑢 ′

𝑛𝑢𝑖𝑢
′
𝑖𝑢𝑛

����� = 0,
for anypseudo-truemodel 𝜃 , where I amusing the fact that {𝑢𝑖 }𝑛𝑖=1 is anorthonormal basis and the
assumption that 𝑑 < 𝑛. Hence, the agent underestimates themagnitude of 𝑦 (𝑛 )

𝑡 ’s autocorrelation
at all lags, regardless of the true autocorrelation of 𝑦 (𝑛 )

𝑡 . □

Proof of Proposition 6

I first show that, in a linear equilibrium, 𝑟 𝑛𝑡 and 𝜇𝑡 can be written as linear functions of 𝑥𝑡 , 𝜋𝑡 ,
and 𝑖𝑡 . Suppose 𝑟 𝑛𝑡 and 𝜇𝑡 can be written as linear functions of 𝑥𝑡 , 𝜋𝑡 , and 𝑖𝑡 . Then by the linear-
invariance result, agents’ forecasts are the same whether they observe vector 𝑓𝑡 ≡ (𝑥𝑡 , 𝜋𝑡 , 𝑖𝑡 )′ or
vector 𝑦𝑡 , consisting of all the observables. Furthermore, since shocks follow an exponentially
ergodic process and 𝑓𝑡 is an invertible linear transformation of the vector of shocks, 𝑓𝑡 follows an
exponentially ergodic process as well. Therefore, by the linear-invariance result and Theorem 4,

𝐸 𝜃
∗

𝑡

[ ∞∑︁
𝑠=1

𝛽𝑠
(1 − 𝛽

𝛽
𝑥𝑡+𝑠 − 𝜎

(
𝑖𝑡+𝑠 − 𝑟 𝑛𝑡+𝑠

)
− 𝜎

𝛽
𝜋𝑡+𝑠

)]
= 𝛾𝑥𝑧𝑡 , (D.50)

𝐸 𝜃
∗

𝑡

[ ∞∑︁
𝑠=1

(𝛽𝛿 )𝑠
(
𝜅𝑥𝑡+𝑠 +

1 − 𝛿
𝛿

𝜋𝑡+𝑠 + 𝜇𝑡+𝑠
)]

= 𝛾𝜋𝑧𝑡 , (D.51)

where𝛾𝑥 and𝛾𝜋 are constants that are to be determined in equilibrium, 𝑧𝑡 = 𝑝 ′ 𝑓𝑡 is agents’ time-𝑡
estimate of the subjective state, and 𝑝 ≡ (𝑝𝑥 , 𝑝𝜋 , 𝑝𝑖 )′ is the relative attention vector. Substituting
in (10) and (11) and collecting terms, I get

𝜎𝑟 𝑛𝑡 = 𝑥𝑡 + 𝜎𝑖𝑡 −𝛾𝑥
(
𝑝𝑥𝑥𝑡 + 𝑝𝜋𝜋𝑡 + 𝑝𝑖 𝑖𝑡

)
, (D.52)

𝜇𝑡 = 𝜋𝑡 − 𝜅𝑥𝑡 −𝛾𝜋
(
𝑝𝑥𝑥𝑡 + 𝑝𝜋𝜋𝑡 + 𝑝𝑖 𝑖𝑡

)
. (D.53)

These expressions verify my guess that 𝑟 𝑛𝑡 and 𝜇𝑡 can be written as linear functions of 𝑥𝑡 , 𝜋𝑡 , and 𝑖𝑡 .
I next find constants𝛾𝑥 and𝛾𝜋 . Using the linear-invariance result to substitute for𝜎𝑟 𝑛𝑡+𝑠 and𝜇𝑡+𝑠

from the above equations in (D.50) and (D.51) and using Theorem 4 to characterize the resulting
subjective expectations, I get

𝐸 𝜃
∗

𝑡

[ ∞∑︁
𝑠=1

𝛽𝑠
(1 − 𝛽

𝛽
𝑥𝑡+𝑠 − 𝜎

(
𝑖𝑡+𝑠 − 𝑟 𝑛𝑡+𝑠

)
− 𝜎

𝛽
𝜋𝑡+𝑠

)]
=
𝑎 ((1 − 𝛽𝛾𝑥𝑝𝑥 )𝑞𝑥 − (𝜎 + 𝛽𝛾𝑥𝑝𝜋 )𝑞𝜋 − 𝛽𝛾𝑥𝑝𝑖𝑞𝑖 )

1 − 𝑎𝛽 𝑧𝑡 ,

𝐸 𝜃
∗

𝑡

[ ∞∑︁
𝑠=1

(𝛽𝛿 )𝑠
(
𝜅𝑥𝑡+𝑠 +

1 − 𝛿
𝛿

𝜋𝑡+𝑠 + 𝜇𝑡+𝑠
)]

=
𝑎𝛽 (−𝛿𝛾𝜋𝑝𝑥𝑞𝑥 + (1 − 𝛿𝛾𝜋𝑝𝜋 )𝑞𝜋 − 𝛿𝛾𝜋𝑝𝑖𝑞𝑖 )

1 − 𝑎𝛽𝛿 𝑧𝑡 ,

where 𝑎 is the perceived persistence, and 𝑞 ≡ (𝑞𝑥 , 𝑞𝜋 , 𝑞𝑖 )′ is the relative sensitivity vector. The
above equations give two linear equations for the two unknowns𝛾𝑥 and𝛾𝜋 . The solution is given
by

𝛾𝑥 = 𝑎 (𝑞𝑥 − 𝜎𝑞𝜋 ),
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𝛾𝜋 = 𝑎𝛽𝑞𝜋 ,

where I am using the fact that 𝑝 ′𝑞 = 1. Finally, solving equations (D.52) and (D.53) for 𝑥𝑡 and 𝜋𝑡
results in equations (12) and (13). □

Proof of Proposition 7

I guess and verify that, in any linear equilibrium, 𝑥𝑡 and 𝜋𝑡 can be written as linear functions of 𝑟 𝑛𝑡 .
Since 𝜇𝑡 is identically zero, 𝑖𝑡 is always equal to 𝑟 𝑛𝑡 , and 𝑥𝑡 and 𝜋𝑡 are linear functions of 𝑟 𝑛𝑡 , the
vector of observables is a linear function of 𝑟 𝑛𝑡 . Furthermore, 𝑟 𝑛𝑡 follows an exponentially ergodic
process. Therefore, by the linear-invariance result and Theorem 4,

𝐸 𝜃
∗

𝑡

[ ∞∑︁
𝑠=1

𝛽𝑠
(1 − 𝛽

𝛽
𝑥𝑡+𝑠 − 𝜎

(
𝑖𝑡+𝑠 − 𝑟 𝑛𝑡+𝑠

)
− 𝜎

𝛽
𝜋𝑡+𝑠

)]
= 𝜄𝑥𝑟

𝑛
𝑡 , (D.54)

𝐸 𝜃
∗

𝑡

[ ∞∑︁
𝑠=1

(𝛽𝛿 )𝑠
(
𝜅𝑥𝑡+𝑠 +

1 − 𝛿
𝛿

𝜋𝑡+𝑠 + 𝜇𝑡+𝑠
)]

= 𝜄𝜋𝑟
𝑛
𝑡 , (D.55)

for some constants 𝜄𝑥 and 𝜄𝜋 , which are to be determined in equilibrium. Substituting in (10) and
(11) and collecting terms, I get

𝑥𝑡 = 𝜄𝑥𝑟
𝑛
𝑡 , (D.56)

𝜋𝑡 = 𝜅𝑥𝑡 + 𝜄𝜋𝑟 𝑛𝑡 = (𝜅𝜄𝑥 + 𝜄𝜋 )𝑟 𝑛𝑡 . (D.57)

These expressions verify the guess that 𝑥𝑡 and 𝜋𝑡 are linear functions of 𝑟 𝑛𝑡 .
I next find 𝜄𝑥 and 𝜄𝜋 . Using the linear-invariance result to substitute for 𝑥𝑡+𝑠 and 𝜋𝑡+𝑠 from the

above equations in (D.54) and (D.55) and using Theorem 4 to characterize the resulting subjective
expectations, I get

𝜄𝑥𝑟
𝑛
𝑡 = 𝐸 𝜃

∗
𝑡

[ ∞∑︁
𝑠=1

𝛽𝑠
(1 − 𝛽

𝛽
𝑥𝑡+𝑠 − 𝜎

(
𝑖𝑡+𝑠 − 𝑟 𝑛𝑡+𝑠

)
− 𝜎

𝛽
𝜋𝑡+𝑠

)]
=
𝑎 ((1 − 𝛽)𝜄𝑥 − 𝜎 (𝜅𝜄𝑥 + 𝜄𝜋 ))

1 − 𝑎𝛽 𝑟 𝑛𝑡 ,

𝜄𝜋𝑟
𝑛
𝑡 = 𝐸 𝜃∗𝑡

[ ∞∑︁
𝑠=1

(𝛽𝛿 )𝑠
(
𝜅𝑥𝑡+𝑠 +

1 − 𝛿
𝛿

𝜋𝑡+𝑠 + 𝜇𝑡+𝑠
)]

=
𝑎𝛽 (𝜅𝜄𝑥 + (1 − 𝛿 )𝜄𝜋 )

1 − 𝑎𝛽𝛿 𝑟 𝑛𝑡 ,

where 𝑎 is the perceived persistence. The above equations give two linear equations for the two
unknowns 𝜄𝑥 and 𝜄𝜋 , with the unique solution given by 𝜄𝑥 = 𝜄𝜋 = 0. Therefore, in the unique linear
equilibrium, the output gap and inflation rate are both identically zero. □

Proof of Proposition B.1

I first prove a useful lemma, which offers a canonical representation of the autocorrelationmatri-
ces for stochastic processes that can be represented as in (B.1):54
54Versions of this result have previously appeared in the control and time-series literatures. For early examples, see Ho and Kálmán (1966)

and Akaike (1975).
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Lemma D.5. Suppose {𝐶𝑙 }𝑙 are the autocorrelationmatrices of a non-degenerate 𝑛-dimensional
stationary ergodic process that can be represented as in (B.1)with 𝑓𝑡 ∈ ℝ𝑚 . There exists a convergent
𝑚 ×𝑚 matrix 𝔽 with ∥𝔽 ∥2 ≤ 1 and a semi-orthogonal𝑚 × 𝑛 matrixℍ such that

𝐶𝑙 = ℍ′
(
𝔽 𝑙 + 𝔽 ′𝑙

2

)
ℍ. (D.58)

Conversely, for any positive integers 𝑚 ≥ 𝑛, 𝑚 × 𝑚 convergent matrix 𝔽 with ∥𝔽 ∥2 ≤ 1, and
semi-orthogonal𝑚 × 𝑛matrixℍ, there exists an 𝑛-dimensional stationary ergodic process with
autocorrelationmatrices {𝐶𝑙 }𝑙 of the form (D.58), which can be represented as in (B.1).55

Proof. The assumption that the process is non-degenerate requires 𝑚 ≥ 𝑛, an assumption I
maintain throughout the first part of the proof. Given representation (B.1), the autocovariance
matrices are given by

Γ𝑙 = 𝔼
[
𝑦𝑡 𝑦

′
𝑡−𝑙

]
= 𝐻 ′𝐹 𝑙𝔼

[
𝑓𝑡−𝑙 𝑓

′
𝑡−𝑙

]
𝐻 = 𝐻 ′𝐹 𝑙𝑉𝐻 ,

where𝑉 ≡ 𝔼
[
𝑓𝑡 𝑓

′
𝑡

]
is the unique solution to the following discrete-time Lyapunov equation:

𝑉 = 𝐹𝑉 𝐹 ′ + Σ, (D.59)

and Σ is the variance-covariancematrix of 𝜖𝑡 . Therefore,

𝐶𝑙 = (𝐻 ′𝑉𝐻 )
−1
2

(
𝐻 ′𝐹 𝑙𝑉𝐻 +𝐻 ′𝑉 𝐹 ′𝑙𝐻

2

)
(𝐻 ′𝑉𝐻 )

−1
2 .

Matrix𝑉 is positive semidefinite; it is positive definite if the representation in (B.1) is minimal.56
Without loss of generality, I assume that that is the case. Define

ℍ′ ≡ (𝐻 ′𝑉𝐻 )
−1
2 𝐻 ′𝑉

1
2 ,

𝔽 ≡𝑉 −1
2 𝐹𝑉

1
2 .

Then
𝐶𝑙 = ℍ′

(
𝔽 𝑙 + 𝔽 ′𝑙

2

)
ℍ. (D.60)

Note that since 𝐹 is a convergentmatrix, so is 𝔽 . Substituting 𝔽 =𝑉
−1
2 𝐹𝑉

1
2 in equation (D.59), I get

1 − 𝔽𝔽 ′ =𝑉
−1
2 Σ𝑉

−1
2 .

Therefore, since Σ is positive semidefinite, the spectral radius of 𝔽𝔽 ′ is weakly smaller than one.
This implies that ∥𝔽 ∥2 ≤ 1. On the other hand,

ℍ′ℍ = (𝐻 ′𝑉𝐻 )
−1
2 𝐻 ′𝑉𝐻 (𝐻 ′𝑉𝐻 )

−1
2 = 𝐼 .

That is,ℍ is a (full-rank) semi-orthogonal matrix. This proves the first part of the lemma.
55Matrixℍ ∈ ℝ𝑚×𝑛 is semi-orthogonal ifℍ′ℍ = 𝐼 , where 𝐼 denotes the 𝑛 × 𝑛 identity matrix.
56See, for instance, Akaike (1975).
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I next argue that given a convergent matrix 𝔽 ∈ ℝ𝑚×𝑚 with ∥𝔽 ∥2 ≤ 1 and a semi-orthogonal
matrix ℍ̂ ∈ ℝ𝑚×𝑛 with𝑚 ≥ 𝑛, there exists a stationary ergodic process such that the corresponding
autocorrelationmatrices are given by (D.60) with 𝔽 = 𝔽 andℍ = ℍ̂. Given any such 𝔽 and ℍ̂, let
𝐹 = 𝔽 ,𝐻 = ℍ̂, and Σ = 𝐼 − 𝔽𝔽 ′. The solution to the Lyapunov equation (D.59) is then given by𝑉 = 𝐼 .
Therefore, 𝔽 = 𝐹 = 𝔽 andℍ = ℍ̂(ℍ̂′ℍ̂) −1

2 = ℍ̂, where in the last equality I am using the assumption
of semi-orthogonality of ℍ̂. By construction, then the autocorrelationmatrices of a process of the
form (B.1) withmatrices 𝐹 ,𝐻 , and Σ as above are given by (D.60) with 𝔽 = 𝔽 andℍ = ℍ̂. □

Proof of Proposition B.1. By LemmaD.5,

𝐶𝑙 = ℍ′
(
𝔽 𝑙 + 𝔽 ′𝑙

2

)
ℍ,

whereℍ′ ≡ (𝐻 ′𝑉𝐻 )
−1
2 𝐻 ′𝑉

1
2 , 𝔽 ≡𝑉 −1

2 𝐹𝑉
1
2 , and𝑉 ≡ 𝔼

[
𝑓𝑡 𝑓

′
𝑡

]
is the variance-covariance of 𝑓𝑡 . Note

that since the variance-covariance of 𝑓𝑡 is normalized to be the identity matrix,𝑉 = 𝐼 , 𝔽 = 𝐹 ,
andℍ = 𝐻 . Recall that vector 𝑦𝑡 does not contain any redundant observables (which are linear
combinations of other observables). This assumption, together with the assumption that𝐻 is a
rank-𝑚 matrix, ensures that𝐻 is an invertible𝑚 ×𝑚 matrix. Therefore, by LemmaD.5,ℍ = 𝐻 is
an orthogonal matrix. Thus,

𝜌 (𝐶𝑙 ) = 𝜌

(
ℍ′

(
𝔽 𝑙 + 𝔽 ′𝑙

2

)
ℍ

)
= 𝜌

(
𝔽 𝑙 + 𝔽 ′𝑙

2

)
= 𝜌

(
𝐹 𝑙 + 𝐹 ′𝑙

2

)
(D.61)

for all 𝑙 . But since the spectral radius of a symmetric matrix equals its spectral norm,

𝜌

(
𝐹 𝑙 + 𝐹 ′𝑙

2

)
=






𝐹 𝑙 + 𝐹 ′𝑙

2







2
≤ 1
2



𝐹 𝑙

2 + 1
2




𝐹 ′𝑙




2
=



𝐹 𝑙

2 ≤ ∥𝐹 ∥𝑙2 . (D.62)

Therefore,
𝜌 (𝐶𝑙 ) ≤ ∥𝐹 ∥𝑙2 .

On the other hand, by equations (D.61) and (D.62),

𝜌 (𝐶1) =




𝐹 + 𝐹 ′

2






2
= ∥𝐹 ∥2 ,

where the second equality is by assumption. Thus,

𝜌 (𝐶𝑙 ) ≤ ∥𝐹 ∥𝑙2 = 𝜌 (𝐶1)𝑙 ,

and the process is exponentially ergodic. □

Proof of Proposition B.2

I first state and prove a useful lemma:
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Lemma D.6. Suppose 𝐶1 has a unique and simple eigenvalue 𝜆 with |𝜆| = 𝜌 (𝐶1) > 0, and let 𝑢
denote the corresponding eigenvector normalized to have 𝑢 ′𝑢 = 1.57 If 𝑢 ′𝐶2𝑢 > 𝜌 (𝐶1)2, then the
agent’s forecasts in any pseudo-true one-state model are given by (4)with a tuple (𝑎,𝜂,𝑝, 𝑞) such
that𝜂 > 0.

Proof. Define 𝐶 (𝑎,𝜂) as in the proof of Lemma D.3. As in the proof of Lemma D.3, I present
the argument under the assumption that the largest eigenvalue of𝐶 (𝑎,𝜂) is simple at the point
(𝑎∗,𝜂∗) that maximizes 𝜆max(𝐶 (𝑎,𝜂)).58 I start by proposing a candidate solution to the problem
of maximizing 𝜆max(Ω(𝑎,𝜂)) at which 𝜂 = 0 and argue that the candidate does not satisfy the
necessary first-order optimality conditions. Setting𝜂 = 0 in equations (D.30) and (D.31), I get

𝜕𝜆max(Ω(𝑎,𝜂))
𝜕𝑎

����
𝜂=0

= −2𝑎 + 2𝑢 ′
max(𝑎𝐶1)𝐶1𝑢max(𝑎𝐶1),

𝜕𝜆max(Ω(𝑎,𝜂)))
𝜕𝜂

����
𝜂=0

= 2𝑎2 − 2(1 + 𝑎2)𝜆max(𝑎𝐶1) + 2𝑎2𝑢 ′
max(𝑎𝐶1)𝐶2𝑢max(𝑎𝐶1),

where I am using the fact that 𝐶 = 𝑎𝐶1 when 𝜂 = 0. Any solution to 𝜕𝜆max(Ω(𝑎,𝜂))/𝜕𝑎 |𝜂=0 = 0
satisfies 𝑎 = 𝜆, where 𝜆 = 𝜆min(𝐶1) if 𝜆max(𝐶1) ≤ 0, 𝜆 = 𝜆max(𝐶1) if 𝜆min(𝐶1) ≥ 0, and 𝜆 ∈
{𝜆max(𝐶1), 𝜆min(𝐶1)} otherwise. Evaluating 𝜆max(Ω(𝑎,𝜂)) at 𝑎 = 𝜆 and𝜂 = 0, I get 𝜆max(Ω(𝜆, 0)) =
𝜆2. Therefore, for the solution (𝑎,𝜂) = (𝜆, 0) to the first-order condition 𝜕𝜆max(Ω(𝑎,𝜂))/𝜕𝑎 = 0
to be a maximizer of 𝜆max(Ω(𝑎,𝜂)), it must be the case that 𝜆 is the eigenvalue of 𝐶1 largest in
magnitude and 𝑢 = 𝑢max(𝑎𝐶1) is a corresponding eigenvector normalized such that 𝑢 ′𝑢 = 1.
Substituting in the expression for 𝜕𝜆max(Ω(𝑎,𝜂))/𝜕𝜂 |𝜂=0, I get

𝜕𝜆max(Ω(𝑎,𝜂))
𝜕𝜂

����
𝑎=𝜆,𝜂=0

= 2𝜌 (𝐶1)2
(
𝑢 ′𝐶2𝑢 − 𝜌 (𝐶1)2

)
> 0,

where the inequality follows the assumption that 𝑢 ′𝐶2𝑢 > 𝜌 (𝐶1)2. This implies that the pair
𝜂 = 0 and 𝑎 = 𝜆 does not constitute a local maximizer of 𝜆max(Ω(𝑎,𝜂)). Since this pair is the only
candidate with𝜂 = 0 that may satisfy the first-order conditions, in any pseudo-true one-state
model,𝜂 > 0. This establishes the lemma. □

Proof of Proposition B.2. Let 𝜎2 denote the variance of 𝑦𝑡 . By the argument in the proof of Lemma
D.5, the lag-𝑙 autocorrelation of 𝑦𝑡 is given by

𝐶𝑙 = ℍ′
(
𝔽 𝑙 + 𝔽 ′𝑙

2

)
ℍ,

where 𝔽 ≡ 𝑉
−1
2 𝐹𝑉

1
2 , ℍ′ ≡ (𝐻 ′𝑉𝐻 )

−1
2 𝐻 ′𝑉

1
2 , and𝑉 is the solution to the discrete-time Lyapunov

equation (D.59). Since 𝐹 and Σ are diagonalmatrices, so is𝑉 . Therefore, 𝔽 = 𝐹 . On the other hand,
57The assumption that 𝜆 is unique and simple is not necessary for the result. The result generalizes to arbitrarymatrices𝐶1 with 𝜌 (𝐶1 ) ≠ 0

by replacing𝑢 ′𝐶2𝑢 with themaximum of𝑢 ′𝐶2𝑢 over all unit-norm eigenvectors𝑢 of𝐶1 with eigenvalues 𝜆 such that |𝜆 | = 𝜌 (𝐶1 ) .
58See footnote 50 for how the argument can be generalized.
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by LemmaD.5,ℍ is a semi-orthogonal matrix. Therefore,ℍ′ℍ = 1, and so,

𝐶𝑙 =

𝑚∑︁
𝑖=1

𝑤𝑖𝛼
𝑙
𝑖 ,

where𝑤𝑖 ≡ ℍ2
𝑖
≥ 0,∑𝑚

𝑖=1𝑤𝑖 = 1, and 𝛼𝑖 is the 𝑖 th diagonal element of 𝐹 . That is,𝐶
1
𝑙

𝑙
is equal to the

weighted 𝑙-norm of vector (𝛼1, . . . , 𝛼𝑚) with weights𝑤 = (𝑤1, . . . ,𝑤𝑚).
Since the representation in (B.1) is minimal,𝑤𝑖 > 0 for all 𝑖 , and all 𝛼𝑖 are distinct. If that were

not the case, there would exist some 𝑚̃ < 𝑚 such that 𝐶𝑙 =
∑𝑚̃
𝑖=1 𝑤̃𝑖 𝛼̃

𝑙
𝑖
for some non-negative

weights 𝑤̃𝑖 that sum up to one and some 𝛼̃𝑖 ∈ (−1, 1). Consider the process ℙ̃ represented as in
(B.1) with 𝐹 = diag(𝛼̃1, . . . , 𝛼̃𝑚̃), 𝜖𝑡 ∼ N(0, Σ), Σ = 𝐼 − 𝐹𝐹 ′, and𝐻 = 𝜎 diag(√𝑤̃1, . . . ,

√
𝑤̃𝑚̃). By the

argument in the proof of LemmaD.5, ℙ̃ has the same autocorrelationmatrices as ℙ. Moreover,
both ℙ and ℙ̃ are mean-zero and normal and both have variance 𝜎2. Therefore, ℙ and ℙ̃ are
observationally equivalent, a contradiction to the assumption that the representation I started
with wasminimal.

Next, note that, by the generalizedmean inequality,𝐶
1
𝑙

𝑙
> 𝐶1 for all 𝑙 ≥ 2, where the strictness

of the inequality follows the facts that𝑤𝑖 > 0 for all 𝑖 and all 𝛼𝑖 are distinct. In particular,𝑢 ′𝐶2𝑢 =

𝐶2 > 𝐶 2
1 = 𝜌 (𝐶1)2, where I am using the fact that 𝑦𝑡 is a scalar. Thus, by LemmaD.6,𝜂 > 0. To see

why𝜂 < 1, recall that by Theorem 2, the (𝑎,𝜂) pair maximizes

Ω(𝑎,𝜂) = −𝑎
2(1 −𝜂)2
1 − 𝑎2𝜂2 + 2(1 −𝜂) (1 − 𝑎2𝜂)

1 − 𝑎2𝜂2
∞∑︁
𝜏=1

𝑎𝜏𝜂𝜏−1𝐶𝜏 .

But Ω(𝑎, 1) = 0 < 𝐶 2
1 = Ω(𝐶1, 0) for any 𝑎 . Therefore,𝜂 = 1 cannot be part of the description of

a pseudo-true one-state model. Finally, 𝑎 ∈ (1, 1) by LemmaD.3. The proposition then follows
Theorem 2 by noting that 𝑞𝑝 ′ = 1 whenever 𝑦𝑡 is a scalar. □

E Omitted Details for the NK Application

E.1 Forward Guidance

By the linear-invariance result, agents’ expectations respect any intratemporal linear relationships
that hold in the equilibriumwithout forward guidance. Therefore, substituting from equations
(D.52) and (D.53) in (10) and (11), I get

𝐸 𝜃
∗

𝑡

[ ∞∑︁
𝑠=1

𝛽𝑠
(1 − 𝛽

𝛽
𝑥𝑡+𝑠 − 𝜎

(
𝑖𝑡+𝑠 − 𝑟 𝑛𝑡+𝑠

)
− 𝜎

𝛽
𝜋𝑡+𝑠

)]
= 𝐸 𝜃

∗
𝑡

[ ∞∑︁
𝑠=1

𝛽𝑠𝑣 ′𝑥 𝑓𝑡+𝑠

]
, (E.1)

𝐸 𝜃
∗

𝑡

[ ∞∑︁
𝑠=1

(𝛽𝛿 )𝑠
(
𝜅𝑥𝑡+𝑠 +

1 − 𝛿
𝛿

𝜋𝑡+𝑠 + 𝜇𝑡+𝑠
)]

= 𝐸 𝜃
∗

𝑡

[ ∞∑︁
𝑠=1

(𝛽𝛿 )𝑠𝑣 ′𝜋 𝑓𝑡+𝑠

]
, (E.2)

where 𝑣𝑥 , 𝑣𝜋 ∈ ℝ3 are vectors that satisfy

𝑣 ′𝑥 𝑓𝑡 =
1
𝛽

[
(1 − 𝛽𝛾𝑥𝑝𝑥 )𝑥𝑡 − (𝜎 + 𝛽𝛾𝑥𝑝𝜋 )𝜋𝑡 − 𝛽𝛾𝑥𝑝𝑖 𝑖𝑡

]
,
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𝑣 ′𝜋 𝑓𝑡 =
1
𝛿

[
−𝛿𝛾𝜋𝑝𝑥𝑥𝑡 + (1 − 𝛿𝛾𝜋𝑝𝜋 )𝜋𝑡 − 𝛿𝛾𝜋𝑝𝑖 𝑖𝑡

]
.

On the other hand,
𝐸 𝜃

∗
𝑡 [ 𝑓𝑡+𝑠 ] = Σ𝑓𝑠𝜔𝑇 Σ

−1
𝜔𝑇𝜔𝑇

𝜔𝑇 , (E.3)

where 𝜔𝑇 ≡ ( 𝑓 ′𝑡 , 𝑖𝑡+1, . . . , 𝑖𝑡+𝑇 )′ ∈ ℝ3+𝑇 , Σ𝑓𝑠𝜔𝑇 ≡ 𝐸 𝜃
∗ [ 𝑓𝑡+𝑠𝜔′

𝑇
], and Σ𝜔𝑇𝜔𝑇 ≡ 𝐸 𝜃

∗ [𝜔𝑇𝜔′
𝑇
]. Therefore,

𝐸 𝜃
∗

𝑡

[ ∞∑︁
𝑠=1

𝛽𝑠𝑣 ′𝑥 𝑓𝑡+𝑠

]
= 𝜓 ′

𝑥𝑇𝜔𝑇 ,

𝐸 𝜃
∗

𝑡

[ ∞∑︁
𝑠=1

(𝛽𝛿 )𝑠𝑣 ′𝜋 𝑓𝑡+𝑠

]
= 𝜓 ′

𝜋𝑇𝜔𝑇 .

where𝜓𝑥𝑇 ,𝜓𝜋𝑇 ∈ ℝ3+𝑇 are vectors defined as

𝜓 ′
𝑥𝑇 ≡ (𝜓 ′

𝑥 𝑓 ,𝜓𝑥𝑖1 , . . . ,𝜓𝑥𝑖𝑇 )
′ ≡ 𝑣 ′𝑥

( ∞∑︁
𝑠=1

𝛽𝑠Σ𝑓𝑠𝜔𝑇

)
Σ−1
𝜔𝑇𝜔𝑇

, (E.4)

𝜓 ′
𝜋𝑇 ≡ (𝜓 ′

𝜋 𝑓 ,𝜓𝜋𝑖1 , . . . ,𝜓𝜋𝑖𝑇 )
′ ≡ 𝑣 ′𝜋

( ∞∑︁
𝑠=1

(𝛽𝛿 )𝑠Σ𝑓𝑠𝜔𝑇

)
Σ−1
𝜔𝑇𝜔𝑇

, (E.5)

and𝜓𝑥 𝑓 ≡ (𝜓𝑥𝑥 ,𝜓𝑥𝜋 ,𝜓𝑥𝑖 )′ and𝜓𝜋 𝑓 ≡ (𝜓𝜋𝑥 ,𝜓𝜋𝜋 ,𝜓𝜋𝑖 )′ are vectors inℝ3. Therefore,

𝐸 𝜃
∗

𝑡

[ ∞∑︁
𝑠=1

𝛽𝑠
(1 − 𝛽

𝛽
𝑥𝑡+𝑠 − 𝜎

(
𝑖𝑡+𝑠 − 𝑟 𝑛𝑡+𝑠

)
− 𝜎

𝛽
𝜋𝑡+𝑠

)]
= 𝜓 ′

𝑥 𝑓 𝑓𝑡 +
𝑇∑︁
𝑠=1

𝜓𝑥𝑖𝑠 𝑖𝑡+𝑠 ,

𝐸 𝜃
∗

𝑡

[ ∞∑︁
𝑠=1

(𝛽𝛿 )𝑠
(
𝜅𝑥𝑡+𝑠 +

1 − 𝛿
𝛿

𝜋𝑡+𝑠 + 𝜇𝑡+𝑠
)]

= 𝜓 ′
𝜋 𝑓 𝑓𝑡 +

𝑇∑︁
𝑠=1

𝜓𝜋𝑖𝑠 𝑖𝑡+𝑠 .

Substituting in equations (10) and (11), I get

𝑥𝑡 = −𝜎
(
𝑖𝑡 − 𝑟 𝑛𝑡

)
+𝜓𝑥𝑥𝑥𝑡 +𝜓𝑥𝜋𝜋𝑡 +𝜓𝑥𝑖 𝑖𝑡 +

𝑇∑︁
𝑠=1

𝜓𝑥𝑖𝑠 𝑖𝑡+𝑠 ,

𝜋𝑡 = 𝜅𝑥𝑡 + 𝜇𝑡 +𝜓𝜋𝑥𝑥𝑡 +𝜓𝜋𝜋𝜋𝑡 +𝜓𝜋𝑖 𝑖𝑡 +
𝑇∑︁
𝑠=1

𝜓𝜋𝑖𝑠 𝑖𝑡+𝑠 .

The above equations can be solved for 𝑥𝑡 and 𝑖𝑡 to get,

𝑥𝑡 = 𝜈𝑥𝑖 𝑖𝑡 + 𝜈𝑥𝑛𝑟 𝑛𝑡 + 𝜈𝑥𝜇𝜇𝑡 +
𝑇∑︁
𝑠=1

𝜈𝑥𝑖𝑠 𝑖𝑡+𝑠 ,

𝜋𝑡 = 𝜈𝜋𝑖 𝑖𝑡 + 𝜈𝜋𝑛𝑟 𝑛𝑡 + 𝜈𝜋𝜇𝜇𝑡 +
𝑇∑︁
𝑠=1

𝜈𝜋𝑖𝑠 𝑖𝑡+𝑠 ,

for some constants that depend on the𝜓 ’s.
It only remains to compute𝜓𝑥𝑇 and𝜓𝜋𝑇 . I first compute the elements of Σ𝑓𝑠𝜔𝑇 . By the law of

iterated expectations and Theorem 4,

𝐸 𝜃
∗ [ 𝑓𝑡+𝑠 𝑓 ′𝑡 ] = 𝐸 𝜃

∗
[
𝐸 𝜃

∗ [ 𝑓𝑡+𝑠 | 𝑓𝑡 ] 𝑓 ′𝑡
]
= 𝐸 𝜃

∗ [
𝑎𝑠𝑞𝑝 ′ 𝑓𝑡 𝑓

′
𝑡

]
= 𝑎𝑠𝑞𝑝 ′Γ0.
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Next consider elements of the form 𝐸 𝜃
∗ [ 𝑓𝑡+𝑠 𝑖𝑡+𝜏 ]. If 𝑠 < 𝜏 , then

𝐸 𝜃
∗ [ 𝑓𝑡+𝑠 𝑖𝑡+𝜏 ] = 𝐸 𝜃

∗
[
𝑓𝑡+𝑠𝐸

𝜃 ∗ [𝑖𝑡+𝜏 | 𝑓𝑡+𝑠 ]
]
= 𝐸 𝜃

∗ [ 𝑓𝑡+𝑠𝑎𝜏−𝑠𝑞𝑖𝑝 ′ 𝑓𝑡+𝑠 ] = 𝑎𝜏−𝑠𝑞𝑖𝐸 𝜃
∗ [
𝑓𝑡+𝑠 𝑓

′
𝑡+𝑠

]
𝑝 = 𝑎𝜏−𝑠𝑞𝑖Γ0𝑝.

Likewise, if 𝑠 > 𝜏 , then

𝐸 𝜃
∗ [ 𝑓𝑡+𝑠 𝑖𝑡+𝜏 ] = 𝐸 𝜃

∗
[
𝑖𝑡+𝜏𝐸

𝜃 ∗ [ 𝑓𝑡+𝑠 | 𝑓𝑡+𝜏 ]
]
= 𝐸 𝜃

∗ [
𝑒 ′𝑖 𝑓𝑡+𝜏𝑎

𝑠−𝜏𝑞𝑝 ′ 𝑓𝑡+𝜏
]
= 𝑎𝑠−𝜏𝑞𝑝 ′𝐸 𝜃

∗ [
𝑓𝑡+𝑠 𝑓

′
𝑡+𝑠

]
𝑒𝑖 = 𝑎

𝑠−𝜏𝑞𝑝 ′Γ0𝑒𝑖 ,

where 𝑒𝑖 is the coordinate vector that selects element 𝑖𝑡 of vector 𝑓𝑡 = (𝑜𝑡 , 𝜋𝑡 , 𝑖𝑡 ), i.e., 𝑖𝑡 = 𝑒 ′
𝑖
𝑓𝑡 .

Finally, if 𝑠 = 𝜏 , then
𝐸 𝜃

∗ [ 𝑓𝑡+𝑠 𝑖𝑡+𝜏 ] = 𝐸 𝜃
∗ [ 𝑓𝑡+𝑠 𝑓 ′𝑡+𝑠𝑒𝑖 ] = Γ0𝑒𝑖 .

I next compute the elements of Σ𝜔𝑇𝜔𝑇 . First, note that

𝐸 𝜃
∗ [ 𝑓𝑡 𝑓 ′𝑡 ] = Γ0,

and
𝐸 𝜃

∗ [ 𝑓 ′𝑡 𝑖𝑡+𝜏 ] = 𝐸 𝜃
∗
[
𝑓 ′𝑡 𝐸

𝜃 ∗ [𝑖𝑡+𝜏 | 𝑓𝑡 ]
]
= 𝐸 𝜃

∗ [
𝑎𝜏𝑞𝑖𝑝

′ 𝑓𝑡 𝑓
′
𝑡

]
= 𝑎𝜏𝑞𝑖𝑝

′Γ0.

Finally, if 𝜏 < 𝜏 ′, then

𝐸 𝜃
∗ [𝑖𝑡+𝜏𝑖𝑡+𝜏 ′] = 𝐸 𝜃

∗
[
𝑖𝑡+𝜏𝐸

𝜃 ∗ [𝑖𝑡+𝜏 ′ | 𝑓𝑡+𝜏 ]
]
= 𝐸 𝜃

∗
[
𝑒 ′𝑖 𝑓𝑡+𝜏𝑎

𝜏 ′−𝜏𝑞𝑖𝑝
′ 𝑓𝑡+𝜏

]
= 𝑎𝜏

′−𝜏𝑞𝑖𝑝
′Γ0𝑒𝑖 ,

and
𝐸 𝜃

∗ [𝑖𝑡+𝜏𝑖𝑡+𝜏 ] = 𝑒 ′𝑖𝐸
𝜃 ∗ [ 𝑓𝑡+𝜏 𝑓 ′𝑡+𝜏 ]𝑒𝑖 = 𝑒 ′𝑖 Γ0𝑒𝑖 .

Putting everything together, I get

Σ𝜔𝑇𝜔𝑇 =

©­­­­­­«

Γ0 𝑎𝑞𝑖Γ0𝑝 𝑎2𝑞𝑖Γ0𝑝 . . . 𝑎𝑇𝑞𝑖Γ0𝑝
𝑎𝑞𝑖𝑝

′Γ0 𝑒 ′
𝑖
Γ0𝑒𝑖 𝑎𝑞𝑖𝑝

′Γ0𝑒𝑖 . . . 𝑎𝑇 −1𝑞𝑖𝑝 ′Γ0𝑒𝑖
𝑎2𝑞𝑖𝑝 ′Γ0 𝑎𝑞𝑖𝑝

′Γ0𝑒𝑖 𝑒 ′
𝑖
Γ0𝑒𝑖 . . . 𝑎𝑇 −2𝑞𝑖𝑝 ′Γ0𝑒𝑖

...
...

...
. . .

...
𝑎𝑇𝑞𝑖𝑝

′Γ0 𝑎𝑇 −1𝑞𝑖𝑝 ′Γ0𝑒𝑖 𝑎𝑇 −2𝑞𝑖𝑝 ′Γ0𝑒𝑖 . . . 𝑒 ′
𝑖
Γ0𝑒𝑖

ª®®®®®®¬
. (E.6)

and

Σ𝑓𝑠𝜔𝑇 =



(
𝑎𝑠𝑞𝑝 ′Γ0 Γ0𝑒𝑖 𝑎𝑞𝑖Γ0𝑝 𝑎2𝑞𝑖Γ0𝑝 . . . 𝑎𝑇 −1𝑞𝑖Γ0𝑝

) if 𝑠 = 1,(
𝑎𝑠𝑞𝑝 ′Γ0 𝑎𝑠−1𝑞𝑝 ′Γ0𝑒𝑖 . . . 𝑎𝑞𝑝 ′Γ0𝑒𝑖 Γ0𝑒𝑖 𝑎𝑞𝑖Γ0𝑝 . . . 𝑎𝑇 −𝑠𝑞𝑖Γ0𝑝

) if 1 < 𝑠 < 𝑇 ,(
𝑎𝑠𝑞𝑝 ′Γ0 𝑎𝑠−1𝑞𝑝 ′Γ0𝑒𝑖 . . . 𝑎𝑞𝑝 ′Γ0𝑒𝑖 Γ0𝑒𝑖

) if 𝑠 = 𝑇 ,(
𝑎𝑠𝑞𝑝 ′Γ0 𝑎𝑠−1𝑞𝑝 ′Γ0𝑒𝑖 . . . 𝑎𝑠−𝑇𝑞𝑝 ′Γ0𝑒𝑖

) if 𝑠 > 𝑇 .
(E.7)

Therefore,
∞∑︁
𝑠=1

𝛽𝑠Σ𝑓𝑠𝜔𝑇

=

( ∞∑︁
𝑠=1

(𝑎𝛽)𝑠𝑞𝑝 ′Γ0 𝛽Γ0𝑒𝑖 +
∞∑︁
𝑠=2

𝑎𝑠−1𝛽𝑠𝑞𝑝 ′Γ0𝑒𝑖 . . .

𝑇 −1∑︁
𝑠=1

𝑎𝑇 −𝑠𝛽𝑠𝑞𝑖Γ0𝑝 + 𝛽𝑇 Γ0𝑒𝑖 +
∞∑︁

𝑠=𝑇 +1
𝑎𝑠−𝑇 𝛽𝑠𝑞𝑝 ′Γ0𝑒𝑖

)
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=

(
𝑎𝛽𝑞𝑝 ′Γ0
1−𝑎𝛽 𝛽Γ0𝑒𝑖 + 𝑎𝛽2𝑞𝑝 ′Γ0𝑒𝑖

1−𝑎𝛽 𝑎𝛽𝑞𝑖Γ0𝑝 + 𝛽2Γ0𝑒𝑖 + 𝑎𝛽3𝑞𝑝 ′Γ0𝑒𝑖
1−𝑎𝛽 . . .

(𝑎𝑇 𝛽−𝛽𝑇 𝑎 )𝑞𝑖 Γ0𝑝
𝑎−𝛽 + 𝛽𝑇 Γ0𝑒𝑖 + 𝑎𝛽𝑇 +1𝑞𝑝 ′Γ0𝑒𝑖

1−𝑎𝛽

)
.

Likewise,
∞∑︁
𝑠=1

(𝛽𝛿 )𝑠Σ𝑓𝑠𝜔𝑇 =

(
𝑎𝛽𝛿𝑞𝑝 ′Γ0
1−𝑎𝛽𝛿 𝛽𝛿Γ0𝑒𝑖 + 𝑎 (𝛽𝛿 )2𝑞𝑝 ′Γ0𝑒𝑖

1−𝑎𝛽𝛿 . . .
(𝑎𝑇 𝛽𝛿−(𝛽𝛿 )𝑇 𝑎 )𝑞𝑖 Γ0𝑝

𝑎−𝛽𝛿 + (𝛽𝛿 )𝑇 Γ0𝑒𝑖 + 𝑎 (𝛽𝛿 )𝑇 +1𝑞𝑝 ′Γ0𝑒𝑖
1−𝑎𝛽𝛿

)
.

Given the expressions for Σ𝜔𝑇𝜔𝑇 ,
∑∞
𝑠=1 𝛽

𝑠Σ𝑓𝑠𝜔𝑇 , and
∑∞
𝑠=1(𝛽𝛿 )𝑠Σ𝑓𝑠𝜔𝑇 , one can use (E.4) and (E.5) to

find𝜓𝑥𝑇 and𝜓𝜋𝑇 .

E.2 Estimation

I choose the variance-covariance and lag-one autocovariance of 𝑠𝑡 ≡ (𝑖𝑡 , 𝑟 𝑛𝑡 , 𝜇𝑡 )′ to match the
variance-covariance and lag-one autocovariance of 𝑓𝑡 = (𝑥𝑡 , 𝜋𝑡 , 𝑖𝑡 )′. The estimated values are
given by

𝐸 [𝑠𝑡 𝑠 ′𝑡 ] =
( 10.9 16.4 0.200
16.4 32.1 −0.0827
0.200 −0.0827 0.0994

)
,

and

𝐸 [𝑠𝑡 𝑠 ′𝑡−1] =
( 10.4 16.2 0.155
15.0 30.7 −0.146
0.302 0.129 0.0920.

)
.

Figure E.1 plots 𝜌 (𝐶𝑙 ) and 𝜌 (𝐶1)𝑙 , where 𝜌 (𝐶𝑙 ) denotes the spectral radius of the lag-𝑙 autocor-
relation matrix of 𝑓𝑡 .59 The fact that the 𝜌 (𝐶𝑙 ) line lies below the 𝜌 (𝐶1)𝑙 line indicates that the
estimated process is exponentially ergodic.

F Omitted Details for the RBC Application

F.1 Temporary Equilibrium

The (log-)linearized temporary-equilibrium conditions are given by

𝑜𝑡 = 𝑎𝑡 + 𝛼𝑘𝑡 + (1 − 𝛼)𝑛𝑡 , (F.1)
𝑤̂𝑡 = 𝑎𝑡 + 𝛼 (𝑘𝑡 − 𝑛𝑡 ), (F.2)
𝑟𝑡 = 𝑟𝑎𝑡 + (1 − 𝛼)𝑟 (𝑛𝑡 − 𝑘𝑡 ), (F.3)

𝑛𝑡 =
1
𝜑
𝑤̂𝑡 −

1
𝜎𝜑

𝑐𝑡 , (F.4)

𝑖𝑡 =
𝑜

𝑖
𝑦𝑡 −

𝑐

𝑖
𝑐𝑡 , (F.5)

𝑘𝑡 = (1 − 𝛿 )𝑘𝑡−1 + 𝛿𝑖𝑡−1, (F.6)
𝑎𝑡 = 𝜌𝑎𝑡−1 + 𝜖𝑡 , (F.7)
𝑐𝑡 = 𝐸𝑡 [𝑐𝑡+1] − 𝜎𝛽𝐸𝑡 [𝑟𝑡+1], (F.8)

59The result would be identical if I instead used the autocorrelationmatrices of 𝑠𝑡 . This is a corollary of the linear-invariance result.
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Figure E.1. Exponential ergodicity of the estimated new-Keynesianmodel

Notes: This figure plots 𝜌 (𝐶𝑙 ) and 𝜌 (𝐶1 )𝑙 as functions of lag 𝑙 , where 𝜌 (𝐶𝑙 ) denotes the estimated spectral radius of the lag-𝑙 autocorrelation
matrix of vector 𝑓𝑡 = (𝑥𝑡 , 𝜋𝑡 , 𝑖𝑡 ) ′, with 𝑥𝑡 the percentage difference between Real GDP and Potential Output in period 𝑡 , 𝜋𝑡 the percentage
change in GDPDeflator, and 𝑖𝑡 the Effective Fed Funds Rate. Quarterly (unfiltered) U.S. data from the first quarter of 1955 to the fourth
quarter of 2008.

where 𝑟𝑡 denotes the first-order deviation of the interest rate from its steady-state value and the re-
maininghatted variables are log-deviations from the corresponding steady-state values. TheEuler
equation (F.8) may not hold away from rational expectations if 𝑐𝑡 denotes the aggregate consump-
tion; it is valid under arbitrary expectations only if 𝑐𝑡 denotes individual consumption. However,
the individual consumption Euler equation can be combined with households’ intertemporal
budget constraint and the transversality condition to obtain an aggregate consumption function
that is valid under arbitrary expectations. The log-linearized household budget constraint is given
by

𝑘𝑡+1 = (1 − 𝛿 + 𝑟 )𝑘𝑡 + 𝑟𝑡 +
𝑟 (1 − 𝛼)

𝛼
(𝑤̂𝑡 + 𝑛𝑡 ) −

𝑐

𝑘
𝑐𝑡 .

Substituting for labor supply in the budget constraint, I get

𝑘𝑡+1 =
1
𝛽
𝑘𝑡 + 𝑟𝑡 +

(1 − 𝛼) (1 + 𝜑 )𝑟
𝛼𝜑

𝑤̂𝑡 −
(
(1 − 𝛼)𝑟
𝛼𝜎𝜑

+ 𝑐

𝑘

)
𝑐𝑡 ,

where I am using the fact that 1 − 𝛿 + 𝑟 = 𝛽−1. Multiplying the above equation by 𝛽𝑡 , summing
over 𝑡 , and taking subjective expectations of both sides, I get(

(1 − 𝛼)𝑟
𝛼𝜎𝜑

+ 𝑐

𝑘

) ∞∑︁
𝑠=0

𝛽𝑠𝐸𝑡 [𝑐𝑡+𝑠 ] =
1
𝛽
𝑘𝑡 +

∞∑︁
𝑠=0

𝛽𝑠
(
𝐸𝑡 [𝑟𝑡+𝑠 ] +

(1 − 𝛼) (1 + 𝜑 )𝑟
𝛼𝜑

𝐸𝑡 [𝑤̂𝑡+𝑠 ]
)
.

Define

𝜒 ≡ (1 − 𝛽)
(
(1 − 𝛼)𝑟
𝛼𝜎𝜑

+ 𝑐

𝑘

)−1
,
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𝜁 ≡ (1 − 𝛼) (1 + 𝜑 )𝑟
𝛼𝜑

.

Then the above equation can be written as

1 − 𝛽
𝜒

∞∑︁
𝑠=0

𝛽𝑠𝐸𝑡 [𝑐𝑡+𝑠 ] =
1
𝛽
𝑘𝑡 +

∞∑︁
𝑠=0

𝛽𝑠𝐸𝑡 [𝑟𝑡+𝑠 ] + 𝜁
∞∑︁
𝑠=0

𝛽𝑠𝐸𝑡 [𝑤̂𝑡+𝑠 ]. (F.9)

On the other hand, the Euler equation implies

𝐸𝑡 [𝑐𝑡+𝑠 ] = 𝑐𝑡 + 𝜎𝛽
𝑠∑︁

𝜏=1
𝐸𝑡 [𝑟𝑡+𝜏 ].

Therefore,
∞∑︁
𝑠=0

𝛽𝑠𝐸𝑡 [𝑐𝑡+𝑠 ] =
∞∑︁
𝑠=0

𝛽𝑠𝑐𝑡 + 𝜎𝛽
∞∑︁
𝑠=1

𝑠∑︁
𝜏=1

𝛽𝑠𝐸𝑡 [𝑟𝑡+𝑠 ]

=
1

1 − 𝛽 𝑐𝑡 + 𝜎𝛽
∞∑︁
𝜏=1

∞∑︁
𝑠=𝜏

𝛽𝑠𝐸𝑡 [𝑟𝑡+𝜏 ]

=
1

1 − 𝛽 𝑐𝑡 +
𝛽𝜎

1 − 𝛽
∞∑︁
𝜏=1

𝛽𝜏𝐸𝑡 [𝑟𝑡+𝜏 ].

Combining the above with equation (F.9), I get

𝑐𝑡 =
𝜒

𝛽
𝑘𝑡 + 𝜒𝑟𝑡 + 𝜒𝜁𝑤̂𝑡 + (𝜒 − 𝛽𝜎)

∞∑︁
𝑠=1

𝛽𝑠𝐸𝑡 [𝑟𝑡+𝑠 ] + 𝜒𝜁
∞∑︁
𝑠=1

𝛽𝑠𝐸𝑡 [𝑤̂𝑡+𝑠 ]. (F.10)

F.2 Constrained-Rational-Expectations Equilibrium

Suppose households use a pseudo-true one-state model to forecast the wage rate and interest
rate. Define 𝜔𝑡 ≡ (𝑜𝑡 , 𝑛𝑡 , 𝑤̂𝑡 , 𝑟𝑡 , 𝑐𝑡 , 𝑖𝑡 ), 𝑓𝑡 ≡ (𝑘𝑡 , 𝑎𝑡 )′, and 𝜉𝑡 ≡ ( 𝑓 ′𝑡 , 𝜔′

𝑡 )′. Let 𝑣 ∈ ℝ8 be a vector that
satisfies

𝑣 ′𝜉𝑡 = (𝜒 − 𝛽𝜎) 𝑟𝑡 + 𝜒𝜁𝑤̂𝑡 .

Then equation (F.10) can be written as

𝑐𝑡 =
𝜒

𝛽
𝑘𝑡 + 𝜒𝑟𝑡 + 𝜒𝜁𝑤̂𝑡 +

∞∑︁
𝑠=1

𝛽𝑠𝑣 ′𝐸𝑡 [𝜉𝑡+𝑠 ].

Suppose 𝜉𝑡 = 𝑇 𝑓𝑡 for some full-rankmatrix𝑇—I later verify that this is indeed the case. Then by
the linear-invariance result,

𝑐𝑡 =
𝜒

𝛽
𝑘𝑡 + 𝜒𝑟𝑡 + 𝜒𝜁𝑤̂𝑡 +

∞∑︁
𝑠=1

𝛽𝑠𝑣 ′𝑇𝐸𝑡 [ 𝑓𝑡+𝑠 ].

Households’ forecasts of 𝑓𝑡 when they usemodel 𝜃 is given by (4). This can be written recursively
as

𝐸 𝜃𝑡 [ 𝑓𝑡+𝑠 ] = 𝑎𝑠 (1 −𝜂)𝑧𝑡𝑞, (F.11)
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𝑧𝑡 = 𝑎𝜂𝑧𝑡−1 + 𝑝 ′ 𝑓𝑡 = 𝑎𝜂𝑧𝑡−1 + 𝑝𝑘𝑘𝑡 + 𝑝𝑎𝑎𝑡 , (F.12)

where 𝑧𝑡 denote households’ estimate of the subjective state at time 𝑡 . Therefore,

𝑐𝑡 =
𝜒

𝛽
𝑘𝑡 + 𝜒𝑟𝑡 + 𝜒𝜁𝑤̂𝑡 +

𝑎𝛽 (1 −𝜂)
1 − 𝑎𝛽 𝑣 ′𝑇𝑞𝑧𝑡 . (F.13)

I guess that𝜂 = 0 in equilibrium and later verify this guess. Solving for 𝑧𝑡 from (F.12) and substi-
tuting in (F.13), I get

𝑐𝑡 =

(
𝜒

𝛽
+𝛾𝑘

)
𝑘𝑡 + 𝜒𝑟𝑡 + 𝜒𝜁𝑤̂𝑡 +𝛾𝑎𝑎𝑡 , (F.14)

where

𝛾𝑘 ≡ 𝑎𝛽

1 − 𝑎𝛽𝑣
′𝑇𝑞𝑝𝑘 , (F.15)

𝛾𝑎 ≡ 𝑎𝛽

1 − 𝑎𝛽𝑣
′𝑇𝑞𝑝𝑎 . (F.16)

Equations (F.1)–(F.5) and (F.14) can be solved for 𝜔𝑡 as a function of 𝑓𝑡 . This verifies the guess that
𝜉𝑡 = ( 𝑓 ′𝑡 , 𝜔′

𝑡 )′ = 𝑇 𝑓𝑡 and leads to an expression for matrix𝑇 . In particular,

𝑖𝑡 = 𝜓𝑘𝑘𝑡 +𝜓𝑎𝑎𝑡 ,

for some𝜓𝑘 and𝜓𝑎 . Substituting for 𝑖𝑡−1 from above in (F.6), I get

𝑘𝑡 = (1 − 𝛿 + 𝛿𝜓𝑘 )𝑘𝑡−1 + 𝛿𝜓𝑎𝑎𝑡−1. (F.17)

I can now describe the constrained-rational-expectations equilibrium. Equations (F.7) and
(F.17) can be written in vector form as

𝑓𝑡 = 𝔽 (𝛾𝑘 ,𝛾𝑎 ) 𝑓𝑡−1 + 𝜖𝑡 . (F.18)

An equilibrium is given by tuples (𝛾 ∗
𝑘
,𝛾 ∗
𝑎 ) and (𝑎∗,𝜂∗, 𝑝∗, 𝑞∗) such that (i) (𝑎∗,𝜂∗, 𝑝∗, 𝑞∗) is the

pseudo-true one-state model when the true process is given by (F.18) with𝛾𝑘 = 𝛾 ∗
𝑘
and𝛾𝑎 = 𝛾 ∗

𝑎 , (ii)
𝛾 ∗
𝑘
and𝛾 ∗

𝑎 are given by equations (F.15) and (F.16) for 𝑎 = 𝑎∗, 𝑝 = 𝑝∗, and 𝑞 = 𝑞∗, and (iii)𝜂∗ = 0.
Finding an equilibrium requires solving a fixed-point equation. I start with a candidate (𝛾𝑘 ,𝛾𝑎 ,

𝜂), with𝜂 = 0. The candidate defines a true process as in (F.18). This process in turn leads to a
pseudo-true one-statemodel (𝑎,𝜂,𝑝, 𝑞). Such a pseudo-true one-statemodel, in turn, defines
a (𝛾𝑘 ,𝛾𝑎 ) pair through equations (F.15) and (F.16). I solve for the equilibrium by numerically
minimizing the Euclidean distance between tuples (𝛾𝑘 ,𝛾𝑎 ,𝜂) and (𝛾𝑘 ,𝛾𝑎 ,𝜂) over the set of all
(𝛾𝑘 ,𝛾𝑎 ) pairs. The fixed-point turns out to satisfy𝜂 = 𝜂 = 0, verifyingmy earlier conjecture.

G Omitted Details for the DMP Application

G.1 Timing

Each period is divided into three sub-periods:
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1. Potential employers simultaneously decide whether to post a vacancy.

2. Workers and vacancies match, and separations happen.

3. Production takes place, wages are paid, and workers consume.

A value function indexed with subscript 𝑡 represents the value at the beginning of period 𝑡 .

G.2 Non-Linear Equilibrium

I start with the workers’ problem. Let𝑈𝑡 and𝑉𝑡 denote the time-𝑡 value to a worker of unem-
ployment and employment, respectively. Those random variables solve the following Bellman
equations:

𝑈𝑡 = 𝑝𝑡 (𝑤𝑡 + 𝛽𝐸𝑡 [𝑉𝑡+1]) + (1 − 𝑝𝑡 ) (𝑏 + 𝛽𝐸𝑡 [𝑈𝑡+1]) , (G.1)
𝑉𝑡 = 𝑠𝑡 (𝑏 + 𝛽𝐸𝑡 [𝑈𝑡+1]) + (1 − 𝑠𝑡 ) (𝑤𝑡 + 𝛽𝐸𝑡 [𝑉𝑡+1]) , (G.2)

where 𝑏 denotes workers’ flow payoff from being unemployed,𝑤𝑡 denotes the wage rate, and
𝑝𝑡 = 𝜇𝜃

1−𝛼
𝑡 denotes the job-finding probability, with 𝜃𝑡 the labor market tightness and 𝜇 and 𝛼

parameters of thematching function. Subtracting𝑈𝑡 from𝑉𝑡 , I get

𝑉𝑡 −𝑈𝑡 = (1 − 𝑠𝑡 − 𝑝𝑡 ) (𝑤𝑡 − 𝑏 + 𝛽𝐸𝑡 [𝑉𝑡+1 −𝑈𝑡+1]) . (G.3)

Define
𝜆𝑤𝑡 ,𝑡+𝜏 ≡

𝜏∏
𝑘=0

(1 − 𝑠𝑡+𝑘 − 𝑝𝑡+𝑘 ). (G.4)

Solving (G.3) forward, I get

𝑉𝑡 −𝑈𝑡 = 𝜆𝑤𝑡 ,𝑡 (𝑤𝑡 − 𝑏) + 𝐸𝑡

[ ∞∑︁
𝜏=1

𝛽𝜏𝜆𝑤𝑡 ,𝑡+𝜏 (𝑤𝑡+𝜏 − 𝑏)
]
. (G.5)

This equation is valid under arbitrary expectations.
I consider the firms’ problem next. Let 𝐽𝑡 denote the time-𝑡 value to a firm of a job. It solves the

following Bellman equation:

𝐽𝑡 = (1 − 𝑠𝑡 ) (𝑎𝑡 −𝑤𝑡 + 𝛽𝐸𝑡 [𝐽𝑡+1]) .

Solving the equation forward, I get

𝐽𝑡 = 𝜆
𝑓
𝑡 ,𝑡 (𝑎𝑡 −𝑤𝑡 ) + 𝐸𝑡

[ ∞∑︁
𝜏=1

𝛽𝜏𝜆
𝑓
𝑡 ,𝑡+𝜏 (𝑎𝑡+𝜏 −𝑤𝑡+𝜏 )

]
, (G.6)

where
𝜆
𝑓
𝑡 ,𝑡+𝜏 ≡

𝜏∏
𝑘=0

(1 − 𝑠𝑡+𝑘 ). (G.7)

Free entry by firms implies
0 = −𝑘 + 𝑞𝑡 (𝑎𝑡 −𝑤𝑡 + 𝛽𝐸𝑡 [𝐽𝑡+1]) , (G.8)
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where 𝑞𝑡 = 𝜇𝜃 −𝛼
𝑡 is the probability of filling a vacancy in each period. Substituting for 𝐽𝑡 in (G.8)

from (G.6), I get

𝜃𝛼𝑡 =
𝜇

𝑘
(𝑎𝑡 −𝑤𝑡 ) +

𝜇

𝑘
𝐸𝑡

[ ∞∑︁
𝜏=1

𝛽𝜏𝜆
𝑓

𝑡+1,𝑡+𝜏 (𝑎𝑡+𝜏 −𝑤𝑡+𝜏 )
]
. (G.9)

Equation (G.9) determines tightness as a function of the current labor productivity and the wage
as well as firms’ expectations of those variables.

The wage rate is determined by Nash bargaining. Under Nash bargaining,
𝑎𝑡 −𝑤𝑡 + 𝛽𝐸𝑡 [𝐽𝑡+1]

1 − 𝛿 =
𝑤𝑡 − 𝑏 + 𝛽𝐸 [𝑉𝑡+1 −𝑈𝑡+1]

𝛿
,

where 𝛿 denotes workers’ bargaining power. Combining the above equation with (G.5) and (G.6)
and solving for𝑤𝑡 , I get

𝑤𝑡 = 𝛿𝑎𝑡 + (1− 𝛿 )𝑏 + 𝛿𝐸𝑡

[ ∞∑︁
𝜏=1

𝛽𝜏𝜆
𝑓

𝑡+1,𝑡+𝜏 (𝑎𝑡+𝜏 −𝑤𝑡+𝜏 )
]
− (1− 𝛿 )𝐸𝑡

[ ∞∑︁
𝜏=1

𝛽𝜏𝜆𝑤𝑡+1,𝑡+𝜏 (𝑤𝑡+𝜏 − 𝑏)
]
. (G.10)

The unemployment rate follows the first-order difference equation

𝑢𝑡 = 𝑢𝑡−1 + 𝑠𝑡−1(1 − 𝑢𝑡−1) − 𝑝𝑡−1𝑢𝑡−1. (G.11)

G.3 Steady State

I first consider a steady state in which 𝑎𝑡 = 1 > 𝑏 ,𝑤𝑡 = 𝑤 , 𝜃𝑡 = 𝜃 , 𝑠𝑡 = 𝑠 , and agents have perfect
foresight. Equation (G.10) implies that in the steady state,

(1 − 𝛿 ) (𝑤 − 𝑏)
1 − 𝛽 (1 − 𝑠 − 𝑝) =

𝛿 (1 −𝑤 )
1 − 𝛽 (1 − 𝑠 ) .

Therefore,
𝑤 =

𝛿 (1 − 𝛽 (1 − 𝑠 − 𝑝)) + (1 − 𝛿 ) (1 − 𝛽 (1 − 𝑠 ))𝑏
1 − 𝛽 (1 − 𝑠 − 𝛿𝑝) .

Equation (G.6) implies that the value of a job to a firm is constant in the steady state:

𝐽 =
1 − 𝑠

1 − 𝛽 (1 − 𝑠 ) (1 −𝑤 ).

Equation (G.8) and the definition of 𝑞𝑡 imply
𝜇

𝑘𝜃𝛼
=
1 − 𝛽 (1 − 𝑠 )

1 −𝑤 =
1 − 𝑠
𝐽

.

The steady-state unemployment rate satisfies

𝑠
1 − 𝑢
𝑢

= 𝑝.
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G.4 Log-Linear Model

I next log-linearize themodel around the steady state. Log-linearizing (G.4) and (G.7), I get

𝜆̂𝑤𝑡 ,𝑡+𝜏 = − 1
1 − 𝑠 − 𝑝

𝜏∑︁
𝑘=0

(𝑝𝑝𝑡+𝑘 + 𝑠𝑠𝑡+𝑘 ) ,

𝜆̂
𝑓
𝑡 ,𝑡+𝜏 = − 1

1 − 𝑠
𝜏∑︁
𝑘=0

𝑠𝑠𝑡+𝑘 .

Log-linearizing 𝑝𝑡 = 𝜇𝜃1−𝛼𝑡 , I get
𝑝𝑡 = (1 − 𝛼)𝜃𝑡 .

Log-linearizing (G.9),

𝜃𝑡 =
𝜇

𝛼𝑘𝜃𝛼

(
(1 − 𝑏)𝑎𝑡 −𝑤𝑤̂𝑡 + 𝐸𝑡

[ ∞∑︁
𝜏=1

𝛽𝜏 (1 − 𝑠 )𝜏
(
(1 − 𝑏)𝑎𝑡+𝜏 −𝑤𝑤̂𝑡+𝜏 + (1 −𝑤 )𝜆̂𝑓

𝑡+1,𝑡+𝜏

)])
.

The term involving 𝜆̂𝑓𝑡 ,𝑡+𝜏 can be simplified further:
∞∑︁
𝜏=1

𝛽𝜏 (1 − 𝑠 )𝜏 𝜆̂𝑓
𝑡+1,𝑡+𝜏 = −

∞∑︁
𝜏=1

𝛽𝜏 (1 − 𝑠 )𝜏 𝑠

1 − 𝑠
𝜏−1∑︁
𝑘=0

𝑠𝑡+1+𝑘

= −𝑠
∞∑︁
𝑘=0

𝑠𝑡+1+𝑘
∞∑︁

𝜏=𝑘+1
𝛽𝜏 (1 − 𝑠 )𝜏−1

= − 𝛽𝑠

1 − 𝛽 (1 − 𝑠 )
∞∑︁
𝜏=1

𝛽𝜏−1(1 − 𝑠 )𝜏−1𝑠𝑡+𝜏 .

Define
𝜁 ≡ 𝑠 (1 −𝑤 )

(1 − 𝑠 ) (1 − 𝛽 (1 − 𝑠 )) .

Then,

𝜃𝑡 =
1 − 𝑠
𝛼 𝐽

(
(1 − 𝑏)𝑎𝑡 −𝑤𝑤̂𝑡 + 𝐸𝑡

[ ∞∑︁
𝜏=1

𝛽𝜏 (1 − 𝑠 )𝜏 ((1 − 𝑏)𝑎𝑡+𝜏 −𝑤𝑤̂𝑡+𝜏 − 𝜁 𝑠𝑡+𝜏 )
])
, (G.12)

where I am using the fact that 𝜇
𝑘𝜃𝛼

= 1−𝑠
𝐽
. Log-linearizing (G.10),

𝑤𝑤̂𝑡 = 𝛿 (1 − 𝑏)𝑎𝑡 + 𝛿𝐸𝑡
[ ∞∑︁
𝜏=1

𝛽𝜏 (1 − 𝑠 )𝜏 ((1 − 𝑏)𝑎𝑡+𝜏 −𝑤𝑤̂𝑡+𝜏 + (1 −𝑤 )𝜆̂𝑓
𝑡+1,𝑡+𝜏 )

]
− (1 − 𝛿 )𝐸𝑡

[ ∞∑︁
𝜏=1

𝛽𝜏 (1 − 𝑠 − 𝑝)𝜏
(
(𝑤 − 𝑏)𝜆̂𝑤𝑡+1,𝑡+𝜏 +𝑤𝑤̂𝑡+𝜏

)]
. (G.13)

The terms involving 𝜆̂𝑤
𝑡+1,𝑡+𝜏 and 𝜆̂

𝑓

𝑡+1,𝑡+𝜏 can be simplified further:

∞∑︁
𝜏=1

𝛽𝜏 (1 − 𝑠 − 𝑝)𝜏 𝜆̂𝑤𝑡 ,𝑡+𝜏 = −
∞∑︁
𝜏=1

𝛽𝜏 (1 − 𝑠 − 𝑝)𝜏 1
1 − 𝑠 − 𝑝

𝜏−1∑︁
𝑘=0

(𝑝𝑝𝑡+1+𝑘 + 𝑠𝑠𝑡+1+𝑘 )
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= −𝛽
∞∑︁
𝑘=0

(𝑝𝑝𝑡+1+𝑘 + 𝑠𝑠𝑡+1+𝑘 )
∞∑︁

𝜏=𝑘+1
(𝛽 (1 − 𝑠 − 𝑝))𝜏−1

= − 𝛽

1 − 𝛽 (1 − 𝑠 − 𝑝)
∞∑︁
𝜏=1

𝛽𝜏−1(1 − 𝑠 − 𝑝)𝜏−1 (𝑝𝑝𝑡+𝜏 + 𝑠𝑠𝑡+𝜏 ) .

∞∑︁
𝜏=1

𝛽𝜏 (1 − 𝑠 )𝜏 𝜆̂𝑓
𝑡+1,𝑡+𝜏 = − 𝛽𝑠

1 − 𝛽 (1 − 𝑠 )
∞∑︁
𝜏=1

𝛽𝜏−1(1 − 𝑠 )𝜏−1𝑠𝑡+𝜏 .

Define
𝜒 ≡ (1 − 𝛿 ) (𝑤 − 𝑏)

(1 − 𝑠 − 𝑝) (1 − 𝛽 (1 − 𝑠 − 𝑝))
Then, (G.13) can be written as

𝑤𝑤̂𝑡 = 𝛿 (1 − 𝑏)𝑎𝑡 + 𝐸𝑡
[ ∞∑︁
𝜏=1

𝛽𝜏 (1 − 𝑠 )𝜏 (𝛿 (1 − 𝑏)𝑎𝑡+𝜏 − 𝛿𝑤𝑤̂𝑡+𝜏 − 𝛿 𝜁𝑠𝑡+𝜏 )
]

− 𝐸𝑡

[ ∞∑︁
𝜏=1

𝛽𝜏 (1 − 𝑠 − 𝑝)𝜏
(
(1 − 𝛿 )𝑤𝑤̂𝑡+𝜏 − 𝑝𝜒(1 − 𝛼)𝜃𝑡+𝜏 − 𝑠𝜒𝑠𝑡+𝜏

)]
. (G.14)

Finally, log-linearizing (G.11),

𝑢𝑡 = (1 − 𝑠 − 𝑝)𝑢𝑡−1 − (1 − 𝛼)𝑝𝜃𝑡−1 + 𝑝𝑠𝑡−1. (G.15)

G.5 Rational-Expectations Equilibrium

I guess and verify that under rational expectations 𝜃𝑡 = 𝛾𝜃𝑎𝑎𝑡 + 𝛾𝜃𝑠 𝑠𝑡 and𝑤𝑤̂𝑡 = 𝛾𝑤𝑎𝑎𝑡 + 𝛾𝑤𝑠 𝑠𝑡 .
Substituting in (G.12) and (G.14), I get

𝜃𝑡 =
1 − 𝑠

1 − 𝛽𝜌𝑎 (1 − 𝑠 )
1 − 𝑏 −𝛾𝑤𝑎

𝛼𝐽
𝑎𝑡 −

1 − 𝑠
1 − 𝛽𝜌𝑠 (1 − 𝑠 )

𝛽𝜌𝑠 (1 − 𝑠 )𝜁 +𝛾𝑤𝑠
𝛼𝐽

𝑠𝑡 ,

and

𝑤𝑤̂𝑡 =

[
𝛿 (1 − 𝑏) + 𝛽𝛿𝜌𝑎 (1 − 𝑠 ) (1 − 𝑏 −𝛾𝑤𝑎 )

1 − 𝛽𝜌𝑎 (1 − 𝑠 )
+ 𝛽𝜌𝑎 (1 − 𝑠 − 𝑝)
1 − 𝛽𝜌𝑎 (1 − 𝑠 − 𝑝)

(𝑝𝜒(1 − 𝛼)𝛾𝜃𝑎 − (1 − 𝛿 )𝛾𝑤𝑎 )
]
𝑎𝑡

+
[

𝛽𝜌𝑠 (1 − 𝑠 − 𝑝)
1 − 𝛽𝜌𝑠 (1 − 𝑠 − 𝑝)

(𝑝𝜒(1 − 𝛼)𝛾𝜃𝑠 + 𝑠𝜒 − (1 − 𝛿 )𝛾𝑤𝑠 ) −
𝛽𝛿𝜌𝑠 (1 − 𝑠 ) (𝜁 +𝛾𝑤𝑠 )

1 − 𝛽𝜌𝑠 (1 − 𝑠 )

]
𝑠𝑡 .

These equations validate the guess and yield four linear equations for the four unknowns 𝛾𝜃𝑎 ,
𝛾𝜃𝑠 ,𝛾𝑤𝑎 , and𝛾𝑤𝑠 , which can be solved given values for the exogenous parameters. The rational-
expectations equilibrium is then described by (17) and (G.15) with 𝑤̂𝑡 = 𝛾 ∗

𝑤𝑎𝑎𝑡 + 𝛾 ∗
𝑤𝑠 𝑠𝑡 , 𝜃𝑡 =

𝛾 ∗
𝜃𝑎
𝑎𝑡 +𝛾 ∗

𝜃𝑠
𝑠𝑡 , and (𝛾 ∗

𝜃𝑎
,𝛾 ∗

𝜃𝑠
,𝛾 ∗
𝑤𝑎 ,𝛾

∗
𝑤𝑠 ) the solution to the above linear equations.

G.6 Constrained-Rational-Expectations Equilibrium

I next consider the equilibriumwhere agents are constrained tousepseudo-true one-statemodels.
I guess (and later verify) that, in equilibrium,

𝜃𝑡 = 𝜓𝜃𝑢𝑢𝑡 +𝜓𝜃𝑎𝑎𝑡 +𝜓𝜃𝑠 𝑠𝑡 ,
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𝑤𝑤̂𝑡 = 𝜓𝑤𝑢𝑢𝑡 +𝜓𝑤𝑎𝑎𝑡 +𝜓𝑤𝑠 𝑠𝑡 .

Using the linear-invariance result to substitute for 𝜃𝑡+𝜏 and 𝑤̂𝑡+𝜏 in (G.12) and (G.14), I get

𝜃𝑡 =
1 − 𝑠
𝛼 𝐽

((1 − 𝑏 −𝜓𝑤𝑎 )𝑎𝑡 −𝜓𝑤𝑢𝑢𝑡 −𝜓𝑤𝑠 𝑠𝑡 )

+ 1 − 𝑠
𝛼 𝐽

𝐸𝑡

[ ∞∑︁
𝜏=1

𝛽𝜏 (1 − 𝑠 )𝜏 ((1 − 𝑏 −𝜓𝑤𝑎 )𝑎𝑡+𝜏 −𝜓𝑤𝑢𝑢𝑡+𝜏 − (𝜁 +𝜓𝑤𝑠 )𝑠𝑡+𝜏 )
]
, (G.16)

and

𝑤𝑤̂𝑡 = 𝛿 (1 − 𝑏)𝑎𝑡 + 𝐸𝑡
[ ∞∑︁
𝜏=1

𝛽𝜏 (1 − 𝑠 )𝜏 (𝛿 (1 − 𝑏 −𝜓𝑤𝑎 )𝑎𝑡+𝜏 − 𝛿𝜓𝑤𝑢𝑢𝑡+𝜏 − 𝛿 (𝜁 +𝜓𝑤𝑠 )𝑠𝑡+𝜏 )
]

+ 𝐸𝑡

[ ∞∑︁
𝜏=1

𝛽𝜏 (1 − 𝑠 − 𝑝)𝜏 (𝑝𝜒(1 − 𝛼)𝜓𝜃𝑢 − (1 − 𝛿 )𝜓𝑤𝑢 )𝑢𝑡+𝜏
]

+ 𝐸𝑡

[ ∞∑︁
𝜏=1

𝛽𝜏 (1 − 𝑠 − 𝑝)𝜏 (𝑝𝜒(1 − 𝛼)𝜓𝜃𝑎 − (1 − 𝛿 )𝜓𝑤𝑎 )𝑎𝑡+𝜏
]

+ 𝐸𝑡

[ ∞∑︁
𝜏=1

𝛽𝜏 (1 − 𝑠 − 𝑝)𝜏 (𝑝𝜒(1 − 𝛼)𝜓𝜃𝑠 − (1 − 𝛿 )𝜓𝑤𝑠 + 𝑠𝜒)𝑠𝑡+𝜏
]
. (G.17)

Agents’ forecasts are given by equation (4). I guess that𝜂 = 0 in equilibrium and later verify this
guess. Given the guess,

𝐸𝑡 [𝑢𝑡+𝜏 ] = 𝑎𝜏𝑞𝑢𝑝𝑢𝑢𝑡 + 𝑎𝜏𝑞𝑢𝑝𝑎𝑎𝑡 + 𝑎𝜏𝑞𝑢𝑝𝑠 𝑠𝑡 ,

𝐸𝑡 [𝑎𝑡+𝜏 ] = 𝑎𝜏𝑞𝑎𝑝𝑢𝑢𝑡 + 𝑎𝜏𝑞𝑎𝑝𝑎𝑎𝑡 + 𝑎𝜏𝑞𝑎𝑝𝑠 𝑠𝑡 ,

𝐸𝑡 [𝑠𝑡+𝜏 ] = 𝑎𝜏𝑞𝑠𝑝𝑢𝑢𝑡 + 𝑎𝜏𝑞𝑠𝑝𝑎𝑎𝑡 + 𝑎𝜏𝑞𝑠𝑝𝑠 𝑠𝑡 .

Using the linear-invariance result to substitute for 𝐸𝑡 [𝑢𝑡+𝜏 ], 𝐸𝑡 [𝑎𝑡+𝜏 ], and 𝐸𝑡 [𝑠𝑡+𝜏 ] in (G.16) and
(G.17) and collecting terms verifies the guess that 𝜃 = 𝜓𝜃𝑢𝑢𝑡 + 𝜓𝜃𝑎𝑎𝑡 + 𝜓𝜃𝑠 𝑠𝑡 and 𝑤̂𝑡 = 𝜓𝑤𝑢𝑢𝑡 +
𝜓𝑤𝑎𝑎𝑡 +𝜓𝑤𝑠 𝑠𝑡 and leads to the following linear equations for𝜓𝜃𝑢 ,𝜓𝜃𝑎 ,𝜓𝜃𝑠 ,𝜓𝑤𝑢 ,𝜓𝑤𝑎 , and𝜓𝑤𝑠 :

𝜓𝜃𝑢 =
𝑎𝛽 (1 − 𝑠 )2𝑝𝑢
1 − 𝑎𝛽 (1 − 𝑠 )

(1 − 𝑏 −𝜓𝑤𝑎
𝛼𝐽

𝑞𝑎 −
𝜓𝑤𝑢

𝛼𝐽
𝑞𝑢 − 𝜁 +𝜓𝑤𝑠

𝛼𝐽
𝑞𝑠

)
− 1 − 𝑠

𝛼 𝐽
𝜓𝑤𝑢 , (G.18)

𝜓𝜃𝑎 =
𝑎𝛽 (1 − 𝑠 )2𝑝𝑎
1 − 𝑎𝛽 (1 − 𝑠 )

(1 − 𝑏 −𝜓𝑤𝑎
𝛼𝐽

𝑞𝑎 −
𝜓𝑤𝑢

𝛼𝐽
𝑞𝑢 − 𝜁 +𝜓𝑤𝑠

𝛼𝐽
𝑞𝑠

)
+ 1 − 𝑠

𝛼 𝐽
(1 − 𝑏 −𝜓𝑤𝑎 ), (G.19)

𝜓𝜃𝑠 =
𝑎𝛽 (1 − 𝑠 )2𝑝𝑠
1 − 𝑎𝛽 (1 − 𝑠 )

(1 − 𝑏 −𝜓𝑤𝑎
𝛼𝐽

𝑞𝑎 −
𝜓𝑤𝑢

𝛼𝐽
𝑞𝑢 − 𝜁 +𝜓𝑤𝑠

𝛼𝐽
𝑞𝑠

)
− 1 − 𝑠

𝛼 𝐽
𝜓𝑤𝑠 , (G.20)

𝜓𝑤𝑢 =
𝑎𝛽𝛿 (1 − 𝑠 )𝑝𝑢
1 − 𝑎𝛽 (1 − 𝑠 ) [(1 − 𝑏 −𝜓𝑤𝑎 )𝑞𝑎 −𝜓𝑤𝑢𝑞𝑢 − (𝜁 +𝜓𝑤𝑠 )𝑞𝑠 ]

+ 𝑎𝛽 (1 − 𝑠 − 𝑝)𝑝𝑢
1 − 𝑎𝛽 (1 − 𝑠 − 𝑝) [(𝑝𝜒(1 − 𝛼)𝜓𝜃𝑎 − (1 − 𝛿 )𝜓𝑤𝑎 )𝑞𝑎 + (𝑝𝜒(1 − 𝛼)𝜓𝜃𝑢 − (1 − 𝛿 )𝜓𝑤𝑢 )𝑞𝑢 ]

+ 𝑎𝛽 (1 − 𝑠 − 𝑝)𝑝𝑢
1 − 𝑎𝛽 (1 − 𝑠 − 𝑝) [(𝑝𝜒(1 − 𝛼)𝜓𝜃𝑠 − (1 − 𝛿 )𝜓𝑤𝑠 + 𝑠𝜒)𝑞𝑠 ] , (G.21)

𝜓𝑤𝑎 = 𝛿 (1 − 𝑏) + 𝑎𝛽𝛿 (1 − 𝑠 )𝑝𝑎1 − 𝑎𝛽 (1 − 𝑠 ) [(1 − 𝑏 −𝜓𝑤𝑎 )𝑞𝑎 −𝜓𝑤𝑢𝑞𝑢 − (𝜁 +𝜓𝑤𝑠 )𝑞𝑠 ]
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+ 𝑎𝛽 (1 − 𝑠 − 𝑝)𝑝𝑎
1 − 𝑎𝛽 (1 − 𝑠 − 𝑝) [(𝑝𝜒(1 − 𝛼)𝜓𝜃𝑎 − (1 − 𝛿 )𝜓𝑤𝑎 )𝑞𝑎 + (𝑝𝜒(1 − 𝛼)𝜓𝜃𝑢 − (1 − 𝛿 )𝜓𝑤𝑢 )𝑞𝑢 ]

+ 𝑎𝛽 (1 − 𝑠 − 𝑝)𝑝𝑎
1 − 𝑎𝛽 (1 − 𝑠 − 𝑝) [(𝑝𝜒(1 − 𝛼)𝜓𝜃𝑠 − (1 − 𝛿 )𝜓𝑤𝑠 + 𝑠𝜒)𝑞𝑠 ] , (G.22)

𝜓𝑤𝑠 =
𝑎𝛽𝛿 (1 − 𝑠 )𝑝𝑠
1 − 𝑎𝛽 (1 − 𝑠 ) [(1 − 𝑏 −𝜓𝑤𝑎 )𝑞𝑎 −𝜓𝑤𝑢𝑞𝑢 − (𝜁 +𝜓𝑤𝑠 )𝑞𝑠 ]

+ 𝑎𝛽 (1 − 𝑠 − 𝑝)𝑝𝑠
1 − 𝑎𝛽 (1 − 𝑠 − 𝑝) [(𝑝𝜒(1 − 𝛼)𝜓𝜃𝑎 − (1 − 𝛿 )𝜓𝑤𝑎 )𝑞𝑎 + (𝑝𝜒(1 − 𝛼)𝜓𝜃𝑢 − (1 − 𝛿 )𝜓𝑤𝑢 )𝑞𝑢 ]

+ 𝑎𝛽 (1 − 𝑠 − 𝑝)𝑝𝑠
1 − 𝑎𝛽 (1 − 𝑠 − 𝑝) [(𝑝𝜒(1 − 𝛼)𝜓𝜃𝑠 − (1 − 𝛿 )𝜓𝑤𝑠 + 𝑠𝜒)𝑞𝑠 ] . (G.23)

I can now describe the constrained-rational-expectations equilibrium. Given 𝜃 = 𝜓𝜃𝑢𝑢𝑡 +
𝜓𝜃𝑎𝑎𝑡 +𝜓𝜃𝑠 𝑠𝑡 , equations (17) and (G.15) can be written in vector form as

𝑓𝑡 = 𝔽 (𝜓𝜃𝑢 ,𝜓𝜃𝑎 ,𝜓𝜃𝑠 ) 𝑓𝑡−1 + 𝜖𝑡 . (G.24)

An equilibrium is then given by tuples (𝜓 ∗
𝜃𝑢
,𝜓 ∗

𝜃𝑎
,𝜓 ∗

𝜃𝑠
,𝜓 ∗

𝑤𝑢 ,𝜓
∗
𝑤𝑎 ,𝜓

∗
𝑤𝑠 ) and (𝑎∗,𝜂∗, 𝑝∗, 𝑞∗) such that

(i) (𝑎∗,𝜂∗, 𝑝∗, 𝑞∗) is the pseudo-true one-statemodel when the true process is given by (G.24) with
𝜓𝜃𝑢 = 𝜓 ∗

𝜃𝑢
,𝜓𝜃𝑎 = 𝜓 ∗

𝜃𝑎
, and𝜓𝜃𝑠 = 𝜓

∗
𝜃𝑠
, (ii) (𝜓 ∗

𝜃𝑢
,𝜓 ∗

𝜃𝑎
,𝜓 ∗

𝜃𝑠
,𝜓 ∗

𝑤𝑢 ,𝜓
∗
𝑤𝑎 ,𝜓

∗
𝑤𝑠 ) solves (G.18)–(G.23) given

𝑎 = 𝑎∗, 𝑝 = 𝑝∗, 𝑞 = 𝑞∗, and (iii)𝜂∗ = 0.
Finding an equilibrium requires solving a fixed-point equation. I start with a candidate (𝜓𝜃𝑢 ,

𝜓𝜃𝑎 ,𝜓𝜃𝑠 ,𝜂), with𝜂 = 0. The candidate defines a true process as in (G.24). The process leads to a
pseudo-true one-state model (𝑎,𝜂,𝑝, 𝑞). Such a pseudo-true one-state model, in turn, defines a
(𝜓̃𝜃𝑢 , 𝜓̃𝜃𝑎 , 𝜓̃𝜃𝑠 ) triple through equations (G.18)–(G.23). I solve for the equilibrium by numerically
minimizing the Euclidean distance between pairs (𝜓̃𝜃𝑢 , 𝜓̃𝜃𝑎 , 𝜓̃𝜃𝑠 ,𝜂) and (𝜓𝜃𝑢 ,𝜓𝜃𝑎 ,𝜓𝜃𝑠 ,𝜂) over the
set of all (𝜓𝜃𝑢 ,𝜓𝜃𝑎 ,𝜓𝜃𝑠 ) tuples. The fixed-point turns out to satisfy𝜂 = 𝜂 = 0, verifyingmy earlier
conjecture.
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