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Abstract

We recover a stochastic discount factor (SDF) for asset returns from a firm’s investment Euler equa-
tion. Given a parametric statistical specification of the SDF and profitability process, we solve for the
firms’ optimal investment decision with approximate analytical solutions and provide a dissection of
the determinants of real investment. We estimate a specification of the model to discipline the free
parameters of the SDF by matching moments of both aggregate real quantities and asset prices. We
use the estimated parameters to recover the latent SDF from data on aggregate investment rates, risk-
free rates, and profitability growth rates. Innovations in the recovered SDF are driven dominantly
by innovations in investment rates and marginally by innovations in risk-free rates and profitability
growth rates. The recovered SDF exhibits strong counter-cyclicality with large jumps in recessions
and prices standard Fama-French portfolios out of sample reasonably well. Our model allows us to
explicitly characterize the risk-free rate, the equity premium, the term structure of interest rates, and
the term structure of equity risk premia. The framework we propose here is general and can be ex-
tended to accommodate several additional aggregate shocks and frictions that have been proposed in
the literature.
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1 Introduction

The stochastic discount factor (SDF) is the foundation of modern asset pricing theory'. The fundamen-
tal theorem of asset pricing, credited to Ross (1978) and Harrison and Kreps (1979), states that there
exists a positive stochastic discount factor that prices all assets in absence of arbitrage opportunities.
Investigating the behavior of the stochastic discount factor and identifying its empirical measure is the
key to understanding asset prices. Barring a few exceptions (discussed below), stochastic discount fac-
tors are recovered from consumption-based models. In the consumption-based approach, pioneered by
Rubinstein (1976), Lucas (1978), and Breeden (1979), a stochastic discount factor is recovered from equi-
librium marginal rates of substitution (MRS) inferred from consumers’ first-order condition of utility
maximization.

This paper proposes a novel investment-based approach to recover the stochastic discount factor
from the supply side of the economy. We consider a stylized partial-equilibrium neoclassical model of
investment with a value-maximizing representative producer. Taking as given exogenous processes of
the profitability growth and the stochastic discount factor, the producer optimally invests to maximize
the market value of the firm. The optimal investment rate (investment-to-capital ratio) can be solved
explicitly in a first-order approximation and expressed as a linear function of state variables that drive
both the profitability growth and the stochastic discount factor. We estimate a specification of the model
to match moments of investment rates, risk-free rates, equity premium, and profitability growth rates,
and minimize mean squared pricing errors of in-sample test portfolios. The estimated model allows
us to recover realizations of underlying state variables from data on investment rates, risk-free rates,
and profitability growth rates, and recover shocks to state variables due to parametric statistical as-
sumptions of exogenous processes. Finally, we recover the stochastic discount factor as a function of
investment rates, risk-free rates, and profitability growth rates. We investigate properties of the recov-
ered stochastic discount factor and examine its pricing performance on out-of-sample portfolios.

Our baseline specification of the model closely matches most moments of investment, profitability
growth, and asset prices. Specifically, the estimated model generates a log investment rates with a mean
of -3.29 and a standard deviation of 8.39%, identical to those in the data. The autocorrelation coefficient
of the investment rate is 0.88 in the model and close to 0.97 in the data. The log risk-free rate implied by
the model has a mean of 0.50% and a standard deviation of 0.57%, identical to 0.50% and 0.57% in the
data. The autocorrelation coefficient of the model-implied risk-free rate is 0.69%, very close to 0.68%
in the data. The model-implied excess return has a mean of 1.28% and a standard deviation of 8.62%,
almost identical to 1.29% and 8.61% in the data. The investment rate has a positive correlation of 0.35

with the real risk-free rate, close to 0.34 in the data, and has a negative correlation of -0.0006 with the

1. See, for example, Cochrane (2005) and Campbell (2018) for a textbook treatment of the stochastic discount factor in asset
pricing.



excess return, falling short of -0.18 in the data.

Central to our paper is the investment-implied SDE In the simplest specification of the model, in-
novations in the recovered SDF (21) are driven by innovations in investment rates and innovations in
profitability. Our model goes beyond the simple return predictability of investment and profitability
and delivers the prediction that the expected return of an asset is determined by the covariance be-
tween asset returns and two factors, innovations in investment rates and innovations in profitability.
In the more realistic model specification taken to estimation, innovations in risk-free rates are also in-
cluded in the recovered SDF (49). While data on risk-free rates and profitability growth are used, in our
estimation, variations in the recovered SDF are driven dominantly by innovations in investment rates
and only marginally by innovations in risk-free rates and profitability.

Using the estimated parameters, we recover the SDF from data on investment rates, risk-free rates,
and profitability growth rates. The time series is plotted in Figure 3. The recovered SDF peaked during
all major recessions, most significantly during the recent COVID-19 pandemic in 2020, followed by the
Great Recession in 2008. A variance decomposition of unexpected innovations in the log SDF reveals
that shocks to expected profitability growth account for 106.7% of total variations and innovations in in-
vestment rates account for 98.9% of total variations. This result highlights the role of shocks to expected
profitability growth or innovations in investment rates in driving the SDF.

The recovered SDF prices 10 size-sorted portfolios in the sample with a mean absolute pricing er-
ror of only 0.06%. The recovered SDF also prices out-of-sample portfolios reasonably well. The re-
covered SDF prices 6 size-book-to-market-sorted portfolios, and 6-size-profitability-sorted portfolios,
6-size-investment-sorted portfolios, with mean absolute pricing errors are 0.36%, 0.41%, 0.39%, respec-
tively. Similarly, a covariance decomposition shows that the covariance between portfolio returns and
shocks to expected profitability growth or innovations in investment rates matters the most among all
components. Therefore, we should expect that a SDF with innovations in investment rates as the single
factor prices the cross section with a very close performance to that of the complete recovered SDF.

The intuition behind our approach recovering the stochastic discount factor from investment is
straightforward. Despite being not state-contingent, investment is forward-looking. More specifically,
investment decisions are made based on the joint conditional distribution of the stochastic discount fac-
tor and the profitability growth. Therefore, investment data contain information about both the stochas-
tic discount factor and the profitability growth. The information of the stochastic discount factor can be
disentangled from that of the profitability growth once the structure between these two objects is speci-
fied. Agnostic about its form in the absence of household preference, we make parametric assumptions
that both the stochastic discount factor and the profitability growth are driven by the same state vari-
ables, which are the expected profitability growth and the profitability growth uncertainty, and that the

stochastic discount factor is subject to shocks to profitability growth, shocks to expected profitability



growth, and shocks to profitability growth uncertainty with free parameters.?

Through a first-order approximation of the investment return, the investment Euler equation yields
the optimal investment rate as a linear function of state variables, given the stochastic discount factor
with the assumed functional form and the exogenously specified profitability growth. The coefficients
of the optimal investment rate are elasticities of investment to the expected profitability growth and to
the profitability growth uncertainty, as functions of primitive parameters of the SDF and state variables.
The elasticity of investment to the expected profitability growth summarizes the net effect of a change
in the expected profitability growth on investment through both a cash flow channel and a risk-free rate
channel. The elasticity of investment to the profitability growth uncertainty summarizes the net effect
of a change in conditional volatility of the profitability growth on investment through both a cash flow
channel and a discount rate channel (both the risk-free rate and the risk premium).

A valid stochastic discount factor should jointly explain both real quantities and asset prices. To
discipline free parameters of the stochastic discount factor (and state variables), we estimate the model
to match moments of investment rates, profitability growth rates, risk-free rates, and equity premia. The
estimation in turn yields estimated elasticities of investment rates and risk-free rates to state variables,
with which we are able to recover the latent expected profitability growth and the profitability growth
uncertainty from investment rates and risk-free rates. Finally, we recover the stochastic discount factor
by assembling recovered state variables and shocks to state variable with estimated parameters of the
stochastic discount factor.

We focus on a simple specification of the model in this paper to illustrate our new approach. Nev-
ertheless, this framework is flexible and can incorporate additional aggregate shocks and frictions that
have been proposed in the literature. For example, one may incorporate labor market frictions to jointly
account for investment, employment, and asset prices and recover a SDF from investment and employ-
ment data. One may also include investment-specific shocks or similarly adjustment cost shocks to
introduce an additional source of risk. It is also possible to extend the model to a multi-sector setting in

which the SDF can be recovered from multiple sectoral investment rates.
Related Literature

Our paper contributes to the relatively small branch of the production-based asset pricing literature
that attempts to recover a stochastic discount factor from production/investment decisions. Our paper
is closest to Cochrane (1993) and Belo (2010).? They propose an approach to infer the stochastic discount
factor from a producers’ marginal rates of transformation (MRT) across states of nature, without any
information about the consumer side of the economy and without having to parameterize stochastic

processes that drive a firm’s decision. Because the MRT across states of nature is not well defined for

2. In the simpler case, we assume that the stochastic discount factor is driven only by the expected profitability growth and
subject to shocks to profitability growth and shocks to expected profitability growth. Adding time-varying uncertainty is crucial
to generate the time-varying equity premium and other features of both investment and asset prices.

3. Cochrane (2020) provides a detailed exposition of this pure production-based approach.



standard representations of the technology (see Figure 1 in Belo (2010)), they propose a flexible pro-
duction technology that allows a producer to transform productivity across states. While this approach
is theoretically appealing and parallel to the consumption-based approach, the empirical identification
of the latent productivity process that drives the SDF can be challenging. We recover a SDF for asset
returns using a conventional representation of the production technology and directly observable data
on investment and asset prices. We achieve this result by making, relative to the previous work, ad-
ditional parametric and statistical assumptions about underlying stochastic processes that drive firm’s
decisions in the economy (the profitability growth and the SDF).

Another closely related paper is Cochrane (1996). It proposes a multi-factor representation of the
SDF with two sectoral investment returns as factors*. While the proposed SDF prices 10 size-sorted
portfolios remarkably well, it only motivates but does not theoretically establish the SDF. Subsequently,
Li, Vassalou, and Xing (2006) experiments further with this approach and proposes using three sectoral
investment growth rates as factors. The proposed SDF prices the 25 Fama-French size-sorted and book-
to-market-sorted portfolios with a performance comparable to that of Fama-French 3-factor model. As
Campbell (2018) points out, “A satisfying economic explanation should at a minimum derive the risk
prices of multiple factors from deeper equilibrium considerations, such as the preferences of investors
and the production possibilities of the economy”. Our paper provides a complete theory for recov-
ering the SDF from observable investment based on the firm’s optimal investment decision, deriving
and imposing theoretical prices of risk on factors in the SDF. A multi-sector version of our model can
rationalize the specification of SDFs with multiple sectoral investment rates as factors.

In the same spirit, Cochrane (1988) and Jermann (2010) seeks to use investment returns to recover
state prices in a discrete Markov setting. However, this approach requires that the production technol-
ogy have as many types of capital inputs as the number of states of nature (in the baseline setting they
focus on a two-state representation of nature). Our model does not require such “complete technology”
and hence can be used with continuous random variables and infinite state space.

Following Cochrane (1991), Liu, Whited, and Zhang (2009) builds upon the equality between invest-
ment and stock returns and provides a characteristic-based explanation of the cross-sectional variation
in average stock returns by modeling investment returns directly. As a result of focusing on the in-
vestment return itself and overlooking its connection with the SDEF, their approach is unable to link
expected returns to exposure to aggregate risks. In contrast, our approach goes beyond the simple re-
turn predictability of investment and profitability and delivers the prediction that the expected return
of an asset is determined by the covariance between asset returns and two factors, innovations in in-
vestment rates and innovations in profitability (in the baseline case), which are linked to aggregate risks

in the model. In addition, as pointed out by Campbell (2018), different parameter values are required

4. Investment returns are constructed as a function of investment rates and marginal product of capital.



to fit different test assets in their approach and in the vast majority of investment-based asset pricing
models. Our approach obtains parameters structurally from matching moments of aggregate quantities
and prices and then apply the SDF with a fixed set of parameters to price the cross section.

Departing from the characteristic-based approach, Hou, Xue, and Zhang (2015) proposes a reduced-
form multi-factor SDF including an investment factor and a profitability factor in addition to a market
factor and a size factor. The investment factor and the profitability factor are motivated by the return
predictability of investment and profitability and constructed by building factor-mimicking portfolios
sorted on investment and profitability in the same way as Fama and French (1993).° Despite its empir-
ical success, the economic mechanism driving the results are still poorly understood (as in the Fama-
French 3-factor model), in the sense that return predictability of firm characteristics does not directly
imply return comovement among firms with similar characteristics. Our approach theoretically recov-
ers a SDF with innovations in investment rates and in profitability as factors.

The rest of the paper is organized as follows. Section 2 sets up and explicitly solves two specifica-
tions of the model of increasing complexity: Case I considers an simple homoscedastic environment,
and Case II considers an economy with time-varying conditional volatility. The solution method is illus-
trated and the intuition of our model is discussed. Section 3 estimates the model (Case II) by matching
both quantities and asset prices to obtain model parameters. Section 4 recovers state variables and
the SDFE. Subsequently, the model-implied equity premium, term structure of interest rates, and term

structure of dividend strips are also presented. Section 5 concludes.

2 Model

This section presents a standard neoclassical model of investment with a representative producer. Sec-
tor 2.1 sets up the model and derives the optimal condition of investment, i.e., the investment Euler
equation, which is a joint restriction on the SDF and the investment return. Section 2.2 (Case I) illus-
trates the solution method and discusses the intuition in a simple homoscedastic exogenous environ-
ment. Section 2.5 (Case II) extends the specification to feature time-varying conditional volatility in
order to capture missing salient features of investment and asset prices in Case 1. We derive in both
cases the recovered SDF as a function of investment rates (coupled with or without risk-free rates) and
profitability growth rates in section 2.3 and 2.6. We provide in both cases analytical solutions of the
risk-free rate, the equity premium, the term structure of interest rates, and the term structure of equity

premia in section 2.4 and 2.7. All detailed derivations are provided in the Appendix.

5. Zhang (2017) provides a comprehensive review of the g-factor model and the literature of investment-based asset pricing.



2.1 Investment Euler Equation

Consider a representative producer producing a single good to be consumed or invested. The produc-

tion function exhibits constant return-to-scale in capital and labor.

Y, = AKPN; T @

where A, is the exogenous total factor of productivity (TFP), K is the stock of physical capital, V; is the
number of total labor hours. Assuming the labor is costlessly adjustable, we obtain the profit function

by profit maximization, I7; = maxy, Ath“Ntl’a — Wi Ny
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where the profitability is given by & = [a(l — @)= ]AF W, = and the profit function is constant
returns-to-scale in capital only. For convenience of exposition, we will use profitability for the rest of
the paper.

The capital stock is subject to depreciation and accumulated by investment.
Kipn=1—-0)K,+ 1, 3)

where § € (0,1) denotes the depreciation rate and I; denotes investment.

Investment is costly in the sense that it costs more than the purchase cost of investment goods to
install new capital. One can interpret additional costs of investment as output lost during installation
of new capital. Following Merz and Yashiv (2007), we assume that the total investment cost is convex

and proportional to output.®
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where £ > 0 is the scalar of the total investment cost, and > 0 controls the curvature of the total

investment cost. For example, installing I; units of capital costs in total /if%ﬂ (&, K¢) units of goods

2
KIt

when 7 = 0, and costs 5 =

(&, K) units of goods when 7 = 1. The convexity implies that installing
new capital is increasingly costly in the investment rate. Higher curvature 1 implies lower elasticity of

investment to marginal value of capital and more elastic supply of capital (Jermann, 1998).

6. In some papers, the total investment cost is specified as the sum of purchase cost of investment goods and investment
adjustment costs Iz + @ (I, K¢). We fold the purchase cost of investment goods I; into the total cost of investment for algebraic
convenience without loss of generality, as in Merz and Yashiv (2007) and Kogan and Papanikolaou (2012).



The producer pays out its residual profits after investment as dividends to its equity holders.
Dt :H(gt;Kt) _@(ItaKtvgt) (5)

To simplify the analysis, the production is assumed to be fully equity-financed. A negative dividend
payout refers to equity issuance to equity holders.

Taking as given exogenous processes of the SDF and the profitability, the producer optimally chooses
investment to maximize its cum-dividend value. The producer’s problem can be written conveniently
in a recursive manner. Denote a vector of state variables X; = (&, K;), the Bellman equation of the
producer is given by

V(Xi) = ?Ia? {Di + B [My 1V (Xi41)]}

subject to the flow of fund constraint (5) and the capital’s law of motion (3).
The first-order condition of the producer’s value maximization, often called the investment Euler

equation, is given by

1 =E[Mp1R, ] (6)
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where IK; = I, /K, denotes the investment-capital ratio, or the investment rate, and Rl 41 denotes the
marginal investment return.

First derived by Cochrane (1991), the investment Euler equation states that, in equilibrium, the
producer adjusts the investment until the marginal cost of investment, &[xI K|, equals the expected
discounted marginal benefit of investment, E, [Mt+15t+1[1 + n#[ Kffll + (1 = 9)KIK] +1]]' Alterna-
tively put, the marginal investment return, given by the marginal benefit of investment divided by the
marginal cost of investment, has a price of one in equilibrium.

More importantly, in absence of arbitrage and under constant returns-to-scale, the investment return

equals ex post the stock return at all times and across all states of nature.”

Ern[l+ iy IKTH 4+ (1= 0)RIK] ]
gt[:‘QIK;]]
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— pl _ S i+l t+1 t+1
- Rt-‘,—l Rt+1 - Pt - V(Xt) . Dt (8)

where Ry, ; denotes the stock return and P, denotes the ex-dividend value.
The investment Euler equation is a restriction on the joint process of the SDF, profitability and in-

vestment and can be interpreted in two ways. From the perspective of intertemporal optimization, the

7. Restoy and Rockinger (1994) provides general conditions for the equality of investment returns and stock returns. Critical
conditions are absence of arbitrage and linearly homogenous production technology and adjustment cost function. The equality
is robust to considering external funding constraints and taxation. Liu, Whited, and Zhang (2009) incorporates debt and taxes
and derives that the investment return equals the weighted average cost of capital (WACC).



investment Euler equation yields the optimal investment given an exogenous SDF and profitability,
analogous to the consumption Euler equation solving the household’s optimal consumption and port-
folio choice problem given an exogenous SDF and asset returns. Investment is essentially driven by
expectations of cash flows and discount rates and therefore contains information about both. From the
perspective of asset pricing, the investment Euler equation relates asset returns to production variables,
investment and profitability. All else equal, high investment predicts low returns, while high expected
profitability predicts high returns. These predictability patterns are consistent with the intuition of the
classic net present value (NPV) rule in capital budgeting. Lower discount rates imply higher NPV and
investment. Higher expected profitability relative to current investment implies higher discount rates.

Our approach of recovering the SDF takes advantage of both interpretations of the investment Euler
equation. We first solve explicitly the optimal investment rate given an exogenous SDF and profitabil-
ity, driven by common underlying state variables. We then estimate model parameters by matching
moments of quantities and prices, both of which are interrelated via the investment Euler equation. We
finally use estimated parameters and observed investment data to recover underlying state variables
and therefore recover the SDF. Using the recovered SDF, we can obtain the conditional equity premium
and evaluate prices of both claims to risky dividends and claims to risk-less payoffs across different
maturities.

The producer’s problem cannot be explicitly solved under general conditions due to its dynamic and
stochastic nature. Since our ultimate goal is to recover the SDF as a function of observed production
variables, our approach requires tractability. Therefore, we log-linearize the investment return to obtain
analytical solutions.

The log investment return is linearized with respect to the investment rate around its long-term
unconditional mean.®

7”{’+1 = log R{Jrl = (a1 + b1ikt+1) — (az + bgikt+1) + Aeyyq

= (a1 — ag) + (blik‘t_H — bgikt) + A€t+1 (9)

where a1, by are linearization constants, as = log k, by = 1.

This log-linearized investment return is the production counterpart of the log-linearized return on
wealth in Campbell and Shiller (1988), 141 = ko + K1pct+1 — pee + Ace11. In our model, the investment
rate takes the central role as the price-to-consumption ratio (or the wealth-to-consumption ratio) does
in the consumption framework. From the perspective of asset pricing, this expression says that the

investment return from time ¢ to ¢ 4+ 1 is determined by the investment rate at time ¢ and time ¢ + 1

8. In principle, the investment rate can be negative and therefore its logarithm is not well defined. The aggregate investment,
however, is never negative in the data. As shown in Engsted, Pedersen, and Tanggaard (2012), the upper bound on mean errors
of a first-order approximation is minimized by setting the point of linearization to the unconditional mean of variables linearized.



and the profitability growth from time ¢ to ¢t + 1. Alternatively, from the perspective of the theory
of investment, boik; = —E4[r] 1) + E¢[briki1] + Ey[Aey 1], this expression says that that the optimal
investment is driven by expectations of the return, the next-period investment rate, and the next-period
profitability growth. Expected profitability contributes to predicting investment even in the absence of
financial constraints. This is intuitive because investment decisions are conditional on both discount

rates and expected profitability.

2.2 Case I: investment under constant uncertainty

In Case I, we illustrate the solution method and discuss the intuition of our model in a simple ho-
moscedastic exogenous system. The solution method proceed as follows.

We assume that in this economy there exists a latent state variable that captures time-varying busi-
ness conditions and drives both the profitability growth and the SDF. This latent state variable is speci-

fied to be an AR(1) process with constant conditional volatility.

St4+1 = Ms T PsSt + Os€s t41 (10)

where 11, = (1 — ps)5 is a constant, § denotes the unconditional mean, and e; ;41 N (0,1) is the state
variable shock.
The log profitability growth is driven by the state variable and subject to a transitory profitability

growth shock.’
Agii1 = phe + 8¢ + 0t 11 (11)

where e; ;11 LN (0,1) is the profitability growth shock and uncorrelated with e, ;1. The state vari-
able can be interpreted as the time-varying expected profitability growth, and the state variable shock
is the shock to the expected profitability growth. Shocks to this state variable can have non-trivial long-
run effects on the profitability growth, upon assuming high persistence of the state variable as in Max
Croce (2014).

The log SDF is also driven by the state variable s; and subject to the profitability growth shock and

the expected profitability growth shock with the price of risk A7* and A7*, respectively.
Mmiy1 = —MUm — PTSt - )\;ndses,t-s-l - )\TUses,tH (12)

We conjecture a linear functional form for the policy function of log investment. That is, the producer

9. Notations: uppercase letters denote the level of variables while lowercase letters denote their logarithm counterparts. For
example, the level of profitability is denoted by &, and its log counterpart is &;.

10



observes the current realization of the state variable s; and invests log-linearly.!”
iky = a+ Bsy (13)

where « is a constant and f3 is the elasticity of the investment rate to expected profitability.

Substituting the conjectured investment rate into the investment return, we have

iy = (a1 — a2) + (b — b2)a + pe + b1 Bpus] + [(b1ps — b2)B + sy + 0cec i1 + (b18)oses i1 (14)

The investment return is risky in that it bears 1 unit of profitability growth risk and b; 8 units of expected
profitability growth risk.

Finally, using the property that the Investment Euler equation holds at all times,
1 1
0= Eyfrmyr] + Eefriyy] + 3 Velmera] + 5Ve [r{41] + COVi(mesn, i) (15)

we solve analytically the coefficients of the policy function of investment (13) by method of undeter-

mined coefficients.

ps —1
_ 16
bips — b2 ( )
o Hm = 3T — )02 — 5T — b1B)*07 — (a1 — az) — pe — bips a7)

b1 — by

The solution shows the elasticity of investment to the expected profitability growth.!! For a one-
percent increase in the expected profitability growth, the investment rate increases by § percent. Exoge-
nous changes in the expected profitability growth incentivize the producer to invest or divest through
both the cash flow channel and the discount rate channel. A one-percent increase in the expected prof-
itability growth implies, according to (9), a one-percent increase in the expected investment return be-
fore changing any investment, leaving value-enhancing investment opportunities for the producer. This
one-percent increase in the expected profitability growth is also correlated with a —p2* percent change
in the inverse of the risk-free rate as in (12), which is the present value of one unit of goods in the next
period, while the risk premium remains unchanged due to the constant conditional covariance between
the investment return and the SDF. Suppose the producer invests by = percent, the expected investment
return, which is the expected marginal benefit of investment less the marginal cost of investment, now
increases in total by [(b1 ps —b2)x+1] percent according to (14). In equilibrium, the producer invests until

the expected discounted net marginal value of investment diminishes to zero, (b1ps —b2)z+1—p7* =0,

10. For example, the producer can observe the current realization of the state variable s; by observing the current one-period
risk-free rate, which is the inverse of the conditional expectation of the SDF.
11. Given log E¢[A&i11] = pe + %ag + s¢, rewrite (13) as log IK; = (o — Bue — %Ba?) + Blog E¢[AEt41].

11



yielding the optimal investment coefficient 5 = = =

2.3 Case I: recovery of SDF

The assumed SDF (12) is composed of one state variable and two exogenous shocks. The expected
profitability growth, shocks to the expected profitability growth, and shocks to profitability growth can

be recovered from data of the investment rate and the profitability growth.

St = (Zk/’t - Oé)/ﬁ (18)
Os€s,t+1 = St+1 — PsSt — Ms (19)
Ocle i1 = Aciy1 — ¢ — e (20)

As a result, the SDF is recovered as
miy1 = —,u;n - p%lkt - )\?Agt-&-l - A%Aikt_;,_l (21)

where coefficients are given by

fy = bam = [P5" = AL+ A (L = ps)]ee/ B — Al pe — A" s (22)
pir = [P = AT = AT (1 = ps)l/B (23)
ik =AS/B (24)

The recovered SDF is driven by the investment rate and subject to the profitability growth and the
investment rate growth as shocks, with prices of risks A", Al}, respectively. Our model goes beyond
the return predictability of investment and profitability and delivers the prediction that the expected
return of an asset is determined by the covariance between asset returns and investment rate growth
and profitability growth. Although our goal is to generate a structural investment-implied SDF, this

expression conveniently suggests an empirical two-factor representation of the SDF for excess returns

with investment rate growth and profitability growth as factors.

2.4 CaseI: asset prices

We are able to characterize a wide range of asset pricing variables in this economy with the solution
of the optimal investment. The risk-free rate is the inverse of the conditional mean of SDF, R/ =

E:[M;41]7", so the log risk-free rate in this case is given by
1 1 1 ,
r-tf = —Ei[meq1] — in[mHﬂ = Pm — 5()\?)20? - 5()\?)205 + p'st (25)

12



where p7* is the elasticity of the risk-free rate to expected profitability growth.
Rearranging the investment Euler equation (15) and using the expression of the risk-free rate (25),
we have the conditional log equity premium equal the covariance between the log SDF and the log

investment return.!?

1
Bilrt ] = 1 + 5Vilrt ) = ~COVi(muy1,1d,) = A0 4+ AT (0160 (26)

Holding the investment return is compensated by A™c?2 for bearing 1 unit of profitability growth risk
and by A7 (b1 3)o? for bearing b1 3 unit of expected profitability growth risk.

We can characterize prices and yields of risk-less bonds in our model in the same way as in Vasicek
(1977) except that our specification designates the expected profitability growth as the latent factor.
Denote B} as the time-t price of a risk-less bond that pays the one unit of goods in n periods. The
price of a n-period bond is given by B}* = E;[M;;...M;,,]. The yield-to-maturity of a n-period bond is
Y = (1/B})Y™, or yp = —b /n. Using the recursive relation of bond prices By = E;[M;;1B]'[}'], we
can compute prices of n-period bonds recursively as functions of the state variable. In our model, the

log price of a n-period bond is affine in the expected log profitability growth.
by = A, + Bpsy (27)

where B, is the elasticity of the price of a n-period bond to the expected profitability growth and coef-

ficients are recursively computed.

1 1
An+1 = An + Bnﬂ's — Hm + 5(/\?)20-? =+ 5(/\;” - BH)QUE (28)
m p/«;n 77
Bni1 = Bups — pl = ﬁ(p;“ -1) (29)
where A1 = —pu,, + 1 (A7)202 + L(A™)262, By = —pI.
The one-period holding return on a n-period bond is defined by RY}, = By[|'/By', and the log

expected excess return is given by
1 — m
Eifrtf] = rf + 5Vilrii] = —COVilmusn, b5 = XY Bus0 (30)

Holding the n-period bond for one period bears B,,_; unit of expected profitability growth risk. When
the price of expected profitability growth risk is positive, AJ* > 0, a positive shock to expected prof-
itability growth drives down simultaneously the SDF and the bond price as B,, < 0 given p7* > 0. In

this case, bonds are hedges because bond prices are high during bad states when the SDF is low. The

12. The expected geometric excess return is given by E¢[Rf ;] = E; [RE 1]/ R{ = exp(E¢[r] il + %Vi [l 11l = r{ )
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opposite interpretation that holding bonds is risky holds when A7* < 0 and p* < 0.

We can also characterize prices of dividend claims and the term structure of equity premia. Denote
D7 as the time-t price of a claim to the dividend paid in n periods D;,. The price of a n-period dividend
claim is given by D' = E;[M;41...M;1, Dy, and follows the recursive relation D} = E,[M;41 D[]
For example, when n = 0, the O-period dividend claim is a claim to the current dividend, DY = D;.
When n = 1, the price of a 1-period dividend claim is the expected discounted value of the next-

period dividend, D} = E;[M;y1D;41]. It can be explicitly solved in our model as follows, %1 =

E, {Mﬂ_l g:;l PHI} We can then compute prices of n-period dividend claims recursively using the

P,
relatlon =E, [Mtﬂ Pti gl}.

The log price of a n-period dividend claim scaled by the ex-dividend value is given by
dff —pe= Al + Bys (31)

where B, is the elasticity of the price of a n-period dividend claim scaled by the ex-dividend value to

the expected profitability growth and coefficient are recursively computed.

An 1 = Al + as + by + pe + (B, + (bs +1)Blps — pm

1 1
+ 50\2” - 1)%2 + 5[)\2” — (B), + (bs +n)B)]?0? (32)
B/

a1 = By, 4 (ba +0)Blps =B+ 1 — pl" (33)

where A} = ag + bsa + p= + (bs + 1)Bps — pm + 3(A" — 1)202 + 5[AI" — (bs + 1)B]?07 and By =
[(bs +m)ps —mB+1—p".
The one-period holding return on a n-period dividend claim is defined by R¢%, = D;'}'/D}, and

the log expected excess return is given by
Eofrity] -l + Vt [rif] = ~COVi(muy1, di = pery) = A'02 + NP [B),_y + (ba +m)Blos (34)

Holding a n-period dividend claim for one period bears 1 unit of profitability growth risk and [B;,_; +
(bs + n)B] unit of expected profitability growth risk with price of risk A\7* and A}".

The Case I fails to capture several salient features of investment and asset returns well documented
in the literature. First, many papers document that investment is sensitive to volatility. Bloom (2009)
shows that positive shocks to equity volatility predicts lower investment. The optimal investment in
Case I, however, is only responding to the current state of the economy and not affected by uncertainty
over future states. A related and undesirable consequence is that investment does not predict excess

returns, at odds with data. Second, asset pricing models predict that the real risk-free rate is lower when
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the uncertainty of growth is higher due to precautionary motives. Hartzmark (2016) also empirically
documents a negative relationship between the interest rate and macroeconomic uncertainty. Similar to
the investment rate, the risk-free rate in Case I is neither affected by uncertainty. Third, a large strand of
empirical asset pricing literature finds that the discount rate is varying substantially over time for both
equity and treasuries. Cochrane (2011) surveys this literature and places the time-varying discount rate
at the heart of modern asset pricing theory. Fourth, while there is controversy over the sign of the
average slope of the term structure of equity premia, Binsbergen et al. (2013) and Bansal et al. (2021)

both find empirically that the slope is time-varying and pro-cyclical.

2.5 Case II: investment under time-varying uncertainty

In order to capture important features overlooked in Case I, we introduce in Case II a time-varying
uncertainty. For parsimony, the profitability growth and the expected profitability growth share the

same stochastic conditional volatility process, which is also AR(1).

Acip1 = [le + 8¢ + 0ree 141 (35)
Sl = fhs + PsSt + PsOes 141 (36)
U§+1 = Uo + ,000,52 + Uaeo',t+1 (37)

where s = (1 — py)5 is a constant, 5§ denotes the unconditional mean, u, = (1 — p,)5%, 52 is the
unconditional mean of the conditional variance, and e. 41, €5 t+1, €o,t+1 N (0,1) and are orthogonal
to each other.

Accordingly, the SDF is assumed to be driven by two exogenous state variables, the expected prof-
itability growth and the uncertainty of profitability growth, and subject to three sources of shocks,
shocks to profitability growth, shocks to expected profitability growth and shocks to uncertainty, with
prices of risks A\7*, A\T* and A}, respectively.

2

m M m m m
Mip1 = —fm — Py St — Py 0f — Al Ot€et11 — A Ot€s 141 — AJ' Op€o 141 (38)

The optimal investment is conjectured to be linear in both the expected profitability growth and the
profitability growth uncertainty. That is, the producer observes the expected profitability growth s; and

the conditional variance of profitability growth o7 and invests log-linearly.
iky = a + Bsy + ¢o? (39)

where « is a constant, 3 is the elasticity of the investment rate to profitability, and ¢ is the elasticity
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of the investment rate to uncertainty (conditional volatility) of future profitability. Substituting the

conjectured investment rate into the investment return, we have

TtIH = [(a1 — ag) + (by — ba)a + pie + b1Buus + bidps] + [(bips — b2)B + 1]s; + [(bipo — ba)dlo?

+ 0tec i1 + (b180s)ores 111 + (b10)00€s 41 (40)

Again using (15) we solve for coefficients of the optimal investment rate.

pst —1

_ 41
5 blps - b2 ( )
m 1/ym 2 1/y\ym 2
Ps — 7(>\e - 1) - 7()‘3 - blﬂ@q)
gb — 2 2 (42)
b1ps — b2
m i Ayt —b 202 — - - Me T b s b o
oo Hm =30 —b19) o, z()al baz) pe — b1Bps — bidp 3)
1 — U2

The interpretation of 5 remains the same as in Case I. We here focus on the interpretation of ¢. For a
one-percent increase in the exponential uncertainty exp(o?), the investment rate increases by ¢ percent.
Alternatively, holding the expected log profitability growth constant, for a one-percent increase in the
expected profitability growth, the investment rate increases by 2¢ percent.!> Exogenous changes in the
uncertainty of the profitability growth incentivize the producer to invest or divest through both the
cash flow channel and the discount rate channel. A one-percent increase in the exponential uncertainty
exp(o7?) is associated with a —p" + £(A™)% + 1(A™)? percent change in the inverse of the risk-free rate
and a [A]* + A" (b18ys)] percent change in the risk premium before changing any investment. Suppose
the producer invests by y percent to counterbalance effects of the change in the uncertainty. This y-

percent change in investment results in [(b1p, — b2)y + & + 3(b18¢s)?] percent. In equilibrium, the

expected discounted net marginal value of investment equals zero, (b1 p, — ba2)y — pi' + % + %(bl Bps)? —

AT — AT (b1 Beps) + (A2 + 1(A™)2 = 0, yielding the solution of ¢ = y = pgl7%(’\Lnfgl);;_%;j;nfblws)z.

2.6 Recovery of SDF

The SDF is composed of two state variables and three exogenous shocks. The expected profitability
growth and the uncertainty of the profitability growth and their shocks can be recovered from data of

the risk-free rate and the investment rate.

’L.kt « B ¢ Ut2

o

: — 1/ym\2 .2 — . m — . m 1/\ym)\2 1/ym)\2
where, for convenience, a = i, — 5(A))%05, b=, c=pl — 5(A1)? — 5(A1)%

13. We can rewrite the log investment rate as iky = (a — Bue) + (8 — 2¢)Ei[log Ai4+1] + 2¢log E¢[AEi41], where
E¢[log Afiy1] = pe + st and log B¢ [AEi4+1] = pe + st + %0‘?.

16



The solution is given by

~1
St b ¢ rtf—a 1 o —c||ri—a

o2 8 6| liki—al P28 _g b |ik—a
In short-hand notations, state variables are recovered as

St = 15,0 + Ns.177 + s 2iky

0152 = No,0 + na,lrtf + na,Zikt
Their shocks can be recovered as

psotesi+1 = (1= ps)(ns0 — 5) + 77s,1(7”f+1 — psri) + Ns2(ikps1 — psike)

0oeotr1 = (1 = po)(No0 — 52) + 770,1(7{+1 - pgrl{) + No,2(1kt1 — poike)

The remaining shock to the profitability growth can be recovered from profitability growth.
Ot€et+1 = Agiy1 — 8¢ — e
The SDF therefore can be recovered as
M1 = —pih, — pirl — piiky — AL A — A Ak py — AT Ae g
where coefficients are given by

Ly = an — A2 e + (P2 = M) Ns.0 + P0 o0

1
+ A7

S

(1= ps)(Ms,0 = 8) + A5 (1 = po) (Mo,0 — 52)

m

m m m m 1 m
oy = (P = AU )Ns + Pg Mot + A ;ns,l(l = Ps) T AT N1 (1 = po)
M m m m m 1 m
pir = (ps" — AT )Ms2 + Py N2 + Ag ;ns,z(l = ps) + A No2(1 = po)
1
)\:r; = )\?*773,1 + )\?770,1
. o

1
i =As —Ms2 + AG 02
Ps

(44)

(45)

(46)

(47)

(48)

(49)

(50)
(51)
(52)
(53)

(54)

The recovered SDF is driven by the risk-free rate and the investment rate and subject to three sources

of shocks, i.e., the risk-free rate growth, the investment rate growth, and the profitability growth, with

prices of risks A\, AI}, ATY, respectively. This expression suggests an empirical three-factor represen-

T ik
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tation of the SDF for excess returns with investment rate growth, profitability growth, and real rate

growth as factors.

2.7 Case II: asset prices

We can compute asset pricing variables again in Case II. The risk-free rate is given by

1 m m m 1 m 1
rtf = [/’[’m - 5()‘0 )20.3'] +ps st + [pa - §(AE )2 - 5

The risk premium is given by

1
Efriy] —rf + ivt[rtl+1] = A0} + A (b1 Bps)of + AL (big)oe

Prices of n-period bonds are given by
by = A, + Busi + C’nat2
where coefficients are given by

1
AnJrl - An + Bn,ufs + Cn/Ja — Um + 5()‘? - Cn)2oc27

m_ _Ps (n
Bny1 = Bnps — ps" = ﬁ(ps+1 -1)

1 1
Cn-i—l = Cnpa - P? + 5()\?)2 + 5(/\? - Bn@s)2

where Ay = [ i, + §(\P)202], By =~ Co = —pif + 3(O0)? + SO

Risk premia on n-period bonds are given by
1
E [7’?11} - 7"1{ + ivt[rfk)il] = A'B, 19507 + Ay Cr10%
Prices of n-period dividend claims are given by

d? — Dbt = Afn + B’:Lst + C;LUtQ
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(55)

(56)

(57)

(58)
(59)

(60)

(61)

(62)



where coefficient are given by

Al = Al + ag + by + pe + [B], + (ba + 1) Blps + [Cy, + (ba + 1)@ ps

~ i+ 5T = (Gl (ba + m)6) 0 ©3)
a1 = [By, + (ba +0)Blps —nB + 1 - pf* (64)
1 =[O+ (B m)elpg — o+ 5O0 = 174 SO0 = (Ba+ (et mBes) (69)

where A} = ag + beax + e + (b + 1) Bts + (b + 1) Pt — piam + 5[AT — (bs +1)@)?02, Bf = (b +n1)Bps —
nB+1—po, Cl = (bs +n)dps — pa + 5N — 1)2 + AT — (bs + 1) Bes]?.

Risk premia on n-period dividend claims are given by

1o
Efrifa] —rf + 5“[??11] = M0} + AL [B,, 1+ (ba +0)Blesof + AF Oy + (b +m)dloy  (66)

3 Estimation

3.1 Data

We estimate parameters in Case II of the model using quarterly data. The estimation requires data of
investment rates, investment returns, risk-free rates, profitability growth rates, and portfolio returns.
We retrieve investment data from Bureau of Economic Research (BEA) and measure the real ag-
gregate physical capital investment (I;) as private fixed nonresidential investment (PFNI) (NIPA Table
1.1.5, line 9), deflated by the corresponding price index (NIPA Table 1.1.4, line 9), available from 1947:Q1
to 2021:Q4. Following Cochrane (1991), investment rates (I K;) are constructed using the perpetual in-
ventory method, as quarterly data of the private fixed nonresidential capital stock are unavailable.
Specifically, we compute investment rates recursively, using the following equation implied by the law

of motion of physical capital (3).
I, 1K, ,

IK, =
T L (=6 1K

(67)

We set the first investment rate (1947:Q1) to the “steady-state” value IK* = E(AI) — (1 — ¢), which is
defined by the fixed point of (67) with the investment growth set to its mean value and is an accurate
approximation to the mean investment rate. We then use (67) to recursively construct the full time
series of investment rates. We set the quarterly depreciation rate to § = 2.6%, equivalent to a 10%
annual depreciation rate.

We assume that the CRSP value-weighted return (VWRET) retrieved from CRSP Stock Market In-
dexes files and multiplied by the target equity-to-asset ratio proxies the investment return (R!) on the

claim to private fixed nonresidential capital stock. Following Barro (2006), we set the target equity-to-
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asset ratio to 2/3.14

We retrieve Treasury returns from CRSP US Treasury and Inflation Indexes Files. We take returns
of 3-month Treasury bills (T9ORET) as nominal one-period risk-free rates. We retrieve the seasonally
adjusted consumer price index (CPI) from Bureau of Labor Statistics (BLS). Quarterly inflation are cal-
culated as the log growth of the CPI in the final month in the current quarter over the final month in
the previous quarter. Ex-ante real risk-free rates are fitted values from regressing ex-post real risk-free
rates on nominal risk-free rates and lagged inflation in past four quarters.

The log profitability growth is given by the weighted average of log TFP growth and log wage
growth, Ae; 1 = éAatH + O‘T_lAth, according to (2). We retrieve utilization-adjusted quarterly TFP
growth (Aa.41) and capital share () from John Fernald’s website.We retrieve seasonally adjusted aver-
age hourly earnings of production and nonsupervisory employees on private nonfarm payrolls, starting
from 1964 and available at monthly frequency, from BLS (Employment Situation Table B-8).!> Quarterly
real wage growth (Awy, ) is calculated as the inflation-adjusted log growth of hourly earnings in the
final month in the current quarter over the final month in the previous quarter. We use time-varying
capital share to calculate the log profitability growth, although using the sample average capital share
a = 1/3 barely affects any results.

We retrieve portfolio returns from Kenneth French’s website for both in-sample estimation and out-
of-sample testing.

To align with the sample period of wage growth, our final sample starts from 1964:Q2 to 2021:Q4.
In matching investment rates with stock returns, we follow the “beginning-of-period” convention in
Campbell (2003). Specifically, the asset return in quarter ¢ is contemporaneous to the investment growth

as well as the TFP growth from quarter ¢ to quarter ¢ + 1.

3.2 Estimation strategy

We choose the parameter vector © that minimizes weighted mean squared errors between the model-

implied moments X (©) and actual moments of data X.
6 = argmin (X — X(0))'W (X — X(6))

We have 16 primitive parameters in total, listed in Table 1. We set quarterly depreciation rate to 6 = 2.6%

as above. We calibrate the rest of 15 parameters. While we have 16 parameters, we have even more mo-

14. This is equivalent to a debt-tot-equity ratio D/E = 1/2 and implies a mean quarterly asset excess return of 0.86% for a
mean quarterly equity excess return of 1.29% .

15. BLS provides monthly data of average hourly earnings of all employees on private nonfarm payrolls (Employment Situation
Table B-3) starting only from 2006. Neverthelss, monthly data of average hourly earnings of production and nonsupervisory
employees on private nonfarm payrolls have growth rates almost identical to and highly correlated (0.94) with those of the
former time series over 2006 to 2021. A Welch two-sample t-test of sample means yield p-value of 0.6, suggesting that the
difference between two sample means is statistically indistingushiable.
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ments in order to over-identify the system. Target unconditional moments are listed in Table 2 and
derived in the Appendix, including (1) the mean, variance, and autocorrelation of the risk-free rate and
the investment rate, (2) the mean and variance of market excess returns, (3) correlations between the
investment rate and the risk-free rate and the excess return, (4) the mean and variance of profitability
growth, and (5) mean squared pricing errors of 10 size-sorted portfolios. For the last set of moments,
we do not have analytical predictions for portfolio returns sorted on firm characteristics or other vari-
ables since we do not model the cross section of firms explicitly. We proceed as follows. For each set of
parameter values during minimization, we recover the SDF using data as in (49) and calculate the mean
squared pricing errors of in-sample test portfolios. We set its empirical counterpart to zero, correspond-
ing to a perfect fit. We use 10 size-sorted portfolios as in-sample test assets because Cochrane (1996)
has shown that these portfolios can well be priced by a SDF with residential and nonresidential sectoral
investment returns as factors. Our choices of out-of-sample test assets are 6 size-book-to-market-sorted

portfolios, 6-size-investment-sorted portfolios, and 6-size-profitability-sorted portfolios.

3.3 Estimation results

Estimated parameters are presented in Table 1. The expected profitability growth, has a quarterly au-
tocorrelation coefficient of 0.88, equivalent to an annual autocorrelation coefficient of 0.60. Max Croce
(2014) estimates the persistence of the long-run component in the profitability growth to be between
0.66 and 0.99 using annual data, and sets it to be 0.80 in his calibration. Our estimate of the persistence
of the long-run component is close to the lower bound of those empirical estimates. This long-run com-
ponent is also small given that the conditional correlation between the expected profitability growth
and the profitability growth is ¢, = 0.29.

Our conditional variance is neither highly persistent. The autocorrelation coefficient of the condi-
tional variance is estimated to be 0.63. Its mean and standard deviation are 0.0033 and 0.0001, implying
a rather smooth process. This smoothness is required implicitly to have non-negative values in the
recovered time series of conditional variance.

Prices of risk for profitability growth shock and expected profitability growth shock are both posi-
tive, and they are 1.53 and 15.85, respectively. Positive prices of risk imply that a positive profitability
growth shock or a positive expected profitability growth shock drives down the SDF corresponding
to good states of the economy. The uncertainty shock, on contrary, carries a negative price of risk of
-2321, implying that a positive uncertainty shock drives up the SDF corresponding to bad states of the
economy.

The total investment cost is estimated to have curvature of n = 0.52 and scalar x = 2.02, implying
that on average the investment cost is about 0.9% of profits.

The optimal investment rate is characterized by elasticities of investment to expected profitabil-
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ity growth and conditional variance of profitability growth. The elasticity of investment to expected
profitability growth 3 is estimated to be 2.3 and the elasticity of investment to profitability growth un-
certainty ¢ is -132. If the expected log profitability growth increases by one standard deviation, the log
investment rate increases by 0.08, equivalent to a 8.3% increase in the level of the investment rate. If the
profitability growth uncertainty increases by one standard deviation, the log investment rate decreases
by -0.0095, equivalent to a 0.95% decrease in the level of the investment rate.

The model fit is presented in Panel A of Table 2. The calibrated model generates a risk-free rate with
a mean of 0.5% and a standard deviation of 0.57%, identical to those in the data. The autocorrelation
of the risk-free rate is 0.69 in the model against 0.68 in the data. The investment rate implied by the
model has a mean of -3.29 and a standard deviation of 8.39%, identical to -3.29 and 8.39% in the data.
The autocorrelation coefficient of the investment rate is 0.88 in the model and 0.97 that in the data. The
model-implied asset excess return has a mean 0f 1.28% almost identical to 1.29% in the data, and has
a standard deviation of 8.62% against 8.61% in the data. The investment rate has a positive correlation
of 0.35 with the real risk-free rate, almost identical to 0.34 in the data, and has a slightly negative corre-
lation of -0.0006 with the excess return, in contrast to -0.18 in the data. The Panel B of Table 2 presents
the model-implied average returns of 10 size-sorted portfolios. Our predicted average returns closely
match the decreasing pattern of realized average returns from small to big portfolios in the data with a

mean absolute pricing errors of only 0.059%.

4 Recovery of state variables and SDF

The ultimate goal of our paper is to recover the SDF. To that end, we first recover underlying state vari-
ables from investment rates and real rates. Using (44) and (45), we obtain realizations of the expected
profitability growth s, and the conditional variance of profitability growth o7. Figure 1 shows the real
risk-free rate and the real investment rate in the top panel and recovered state variables in the bottom
panel. The recovered s; exhibits an long-term downward trend, implying the expected profitability
growth of the economy has been declining. The recovered o7 exhibits an downward trend since 1980s
with the notable exception of a spike among the great recession. This result echoes findings of the re-
duction in volatility of aggregate variables documented in Fernandez-Villaverde and Rubio-Ramirez
(2006) and Justiniano and Primiceri (2008).

Correspondingly, the model-implied equity premium in Figure 2 is also trending down. This re-
sult is consistent with the notion of declining equity premium in the late 20th century proposed by
Blanchard (1993), Jagannathan, McGrattan, and Scherbina (2001), and Fama and French (2002). Lettau,
Ludvigson, and Wachter (2008) attributes the decline in equity premium to the reduction in macroe-

conomic volatility, especially consumption growth volatility. Their estimated volatility also exhibits a
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significant downward trend since 1980s’. In our model, the decline in equity premium to the reduction
in the conditional volatility of productivity growth.

Figure 3 plots the recovered SDF. The SDF peaks during all major recessions, most significantly dur-
ing the recent COVID-19 pandemic in 2020, followed by the Great Recession in 2008. Figure 4 shows
time series of unexpected innovations in SDF and three components in terms of both primitive shocks
and observable shocks. We also provide a variance decomposition of unexpected innovations in SDF in
Table 3. In terms of primitive shocks, shocks to expected profitability growth account for 106.7% of total
variations, highlighting the role of the long-run component in driving the SDF. In terms of observable
shocks, innovations in investment rates account for 98.9% of total variations. Other variances and co-
variances are trivial in both cases. This result suggests that a SDF with shocks to expected profitability
growth or innovations in investment rates as the single factor should be able to proxy for the complete
recovered SDF.

The recovered SDF prices 10 size-sorted portfolios in the sample with a mean absolute pricing error
of only 0.06% as shown in Panel B of Table 2 and Figure 5. The recovered SDF also prices out-of-sample
portfolios reasonably well. Table 4 and Figure 6 show the realized and predicted average returns of
6 size-book-to-market-sorted portfolios, 6-size-investment-sorted portfolios, 6-size-profitability-sorted
portfolios, and all 18 of them. Mean absolute pricing errors are 0.36%, 0.41%, 0.39%, and 0.39%, re-
spectively. As illustrated above, we should also expect that a SDF with shocks to expected profitability
growth or innovations in investment rates as the single factor should be able to price the cross section
with a very close performance to that of the complete recovered SDF. Figure 7 and 8 show that this
is indeed the case. The covariance between unexpected innovations in the log SDF and log portfolio
returns are decomposed into covariances between each component and log portfolios returns. As ex-
pected, shocks to expected profitability growth or innovations in investment rates accomplish almost
all the work in pricing the cross section of portfolio returns. Other components are trivial in contrast.

The recovered SDF has implications for term structures of both interest rates and equity premia,
although we do not attempt to match both term structures in this paper, nor do we include their mo-
ments in our estimation. Figure 9 plots the model-implied yield curve and time variations in yields. The
recovered SDF implies an slightly downward sloping yield curve. Figure 10 plots the model-implied
term structure of bond risk premia and time variations in term premia. Similarly term premia of risk-
free bonds are downward sloping across maturities. Figure 11 plots the model-implied term structure
of equity risk premia and time variations in risk premia. The term structure of equity premia is steeply

upward sloping.
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5 Conclusion

This paper proposes a new systematic approach to recovering the stochastic discount factor from firms’
investment decisions. Our approach builds on the simple intuition that investment is forward looking.
More specifically, investment decisions are made on the joint conditional distribution of the profitability
growth and the SDF. We approach the investment Euler equation from the perspective of intertemporal
optimization to solve for the optimal investment and from the perspective of asset pricing to link asset
prices to investment and profitability dynamics. We finally recover the the SDF using estimated param-
eters and data on investment rates, risk-free rates, and profitability growth rates. Innovations in the
recovered SDF are driven dominantly by innovations in investment rates and marginally by innova-
tions in risk-free rates and profitability growth rates. Our model goes beyond the return predictability
of investment and profitability and delivers the prediction that the expected return of an asset is de-
termined by the covariance between asset returns and two factors, innovations in investment rates and
innovations in profitability. The recovered SDF exhibits strong counter-cyclicality with large jumps in
recessions. While our model is estimated to match moments of aggregate quantities and prices, the
recovered SDF is capable of pricing the cross section of asset returns out of sample reasonably well.
Our model explicitly derives and have implications for the term structure of interest rates and the term
structure of equity premia. Our approach is general and flexible to accommodate several additional

aggregate shocks and frictions that have been proposed in the literature.
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Table 1: Model parameters

Parameter description Symbol  Value

Stochastic discount factor

Constant Lhin -0.205

Loading on expected profitability growth P 0.0774

Loading on conditional variance Py 180.869

Price of profitability growth risk AL 1.53

Price of expected profitability growth risk AL 15.845

Price of uncertainty risk AT -2321.150
Profitability growth

Constant e -0.580
Expected profitability growth

Mean 5 0.601

Persistence of expected profitability growth Ps 0.882

Conditional correlation with profitability growth s 0.291
Uncertainty

Mean of conditional variance of profitability o2 0.0033

Persistence of conditional variance Po 0.627

Volatility of conditional variance Oy 0.0001
Technology

Investment adjustment cost scalar K 2.021

Investment adjustment cost curvature ] 0.518

Depreciation rate 0 0.026
Investment coefficients (composite parameters)

Constant o -4.268

Elasticity of investment to expected profitability growth B 2.346

Elasticity of investment to profitability growth uncertainty ¢ -132.099

This table presents estimated values of parameters used in Case II of the model,
using the method of weighted non-linear least squares. There are 6 parameters
for the SDEF, 1 for the profitability growth, 3 for expected profitability growth, 3
for profitability growth uncertainty, and 2 for investment cost. The first 15 param-
eters in the table are estimated, and the depreciation rate is calibrated. The last
three investment coefficients are composite parameters.
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Table 2: Model fit

Panel A Panel B
Moments Data Model Portfolios Realized Predicted

E(rf) 0.0050  0.0050 Small 2.61 2.59
o(rfh) 0.0057  0.0057 ME2 2.46 2.47
Cor(rf,#f ) 0.6788 0.6859 ME3 2.57 2.52
E(ik) -3.2899  -3.2905 ME4 2.38 2.42
o(ik) 0.0839  0.0839 ME5 2.46 2.37
Cor(ike,iki—1) 09689  0.8769 ME6 2.21 2.21
E(r®) 0.0129 0.0128 ME7 2.25 2.33
o(re) 0.0861  0.0862 MES 217 2.06
E(Ae;) 0.0207  0.0207 ME9 1.93 2.03
o(Aey) 0.0648  0.0672 Big 1.54 1.62
Cor(iky, rf ) 0.3435 0.3479 MAE 0.0587

Cor(iky,rg,,) -0.1783 -0.0006

This table presents actual and model-implied moments of risk-free
rates, investment rates, equity premium, profitability growth in Panel
A and realized and predicted average excess returns of 10 size-sorted
portfolios in Panel B. Expressions of unconditional moments listed in
the table are provided in the Appendix. Predicted average excess re-
turns are calculated as the negative unconditional covariance between
the recovered SDF and portfolios returns divided by the unconditional
mean of the recovered SDF.
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Table 3: Variance decomposition of unexpected innovations in the log SDF

Decomposition into primitive shocks
V(=ATec,i41) V(=ATes,141) V(=A"eo,t41) COV(=Alecip1,— A es iq1) COV (=Alec,t+1,—Ag € t+1) COV(=Ales,i41,= A€o t41)
V(mi1—Ei(meg1))  Vimgi—Ei(megr))  V(imgi—Ei(meyr)) V(mi1—E¢(mes1)) V(mi1—Ei(mig1)) V(my1—Ei(mi41))
42% 106.7% 10.5% -8.2/% 0.6% -13.7%
Decomposition into observable shocks
V(AT AR ) V(=7 Aikyg1) V(=AT Acrqr) COV(=AT A, | —A[LAike1)  COV(=ATAr] | —AT'Aciy1)  COV(-AILAikprr, AT Aeyy)
V(mi1—E¢(meq1)) V(mg1—Ee(mes1)) V(mg1—Ei(meg1)) V(mip1—Ee(meyr1)) V(mg1—Ei(meg1))

V(my1—E¢(meq1))
1.4% 98.9% 4.0%

-3.3%
This table presents variance decomposition of unexpected innovations in the log SDF, m,41 —E;[m;1], into three primitive shocks, profitabil-
ity growth shock, —A"e. 141, expected profitability growth shock, —A"e 41, and profitability growth uncertainty shock —A7'e, ¢41 in the
top panel, and into three observable shocks, investment rate growth —\J}} Aik; 1, profitability growth rates —A* Ae; 1, and real rates growth

-0.8% -0.2%

=A% Ar! 1 in the bottom panel.
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Table 4: Pricing of 6 SZ/BM & 6 SZ/OP & 6 SZ/INV portfolios

6 SZ/BM 6SZ/0P 6 SZ/INV
Realized Predicted Realized Predicted Realized Predicted
Small-X1 1.96 2.14 2.10 2.42 3.06 2.62
Small-X2 2.75 2.35 2.67 2.32 2.87 2.35
Small-X3 3.16 2.90 3.01 2.79 1.96 2.45
Big-X1 1.74 1.43 1.33 2.11 2.11 1.46
Big-X2 1.66 2.07 1.58 1.92 1.68 1.80
Big-X3 2.19 2.79 1.96 1.52 1.69 1.83
MAE 0.36 0.41 0.39

This table presents realized and predicted average excess returns of 6 size-
book-to-market-sorted portfolios, 6-size-investment-sorted portfolios, 6-size-
profitability-sorted portfolios. X1, X2, X3 represents Predicted average excess
returns are calculated as the negative unconditional covariance between the re-
covered SDF and portfolios returns divided by the unconditional mean of the
recovered SDF.
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Figure 1: Recovery of underlying state variables
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Notes: This figure shows the time series of ex ante real risk-free rates, real investment rates, recovered
expected profitability growth rates, and recovered profitability growth uncertainty. Ex ante real risk-
free rates are fitted values from regressing ex post real risk-free rates on nominal risk-free rates and
inflation in the past four quarters. Real investment rates are constructed using the perpetual inventory
method.
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Figure 2: Model-implied equity premium
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Notes: This figure presents the time series of model-implied equity premia. The equity premium is cal-

culated as the model-implied expected investment excess return adjusted by the leverage ratio. Quar-
terly excess returns are then smoothed by taking four-quarter moving average.
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Figure 3: Recovered SDF
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Notes: This figure presents the time series of the stochastic discount factor recovered from real invest-
ment rates, profitability growth rates, and real rates.
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Figure 4: Unexpected innovations in the log SDF and decomposition into primitive shocks
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Notes: The top panel of this figure presents the time series of unexpected innovations in the log SDF,
Mmyg1 — Eg[myga] = —Aec 11 — Ales 141 — Aes, 141, and three components, profitability growth shock,
—Al"e. 111, expected profitability growth shock, —AT'e, ++1, and profitability growth uncertainty shock
—Al'es 1+1, respectively. The bottom panel of this figure presents the time series of unexpected inno-
vations in the log SDF, my 1 — E[my1] = — AR Adkip1 — A Aepyq — /\I,’; Artf +1, and three components,
investment rate growth —\7 Aik, 1, profitability growth rates —A" A1, and real rates —A7 Ard Y
respectively.

34



Figure 5: Pricing of 10 size-sorted portfolios
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Notes: This figure presents model-implied average returns against realized average returns of 10 size-
sorted portfolios.
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Figure 6: Pricing of 6 SZ/BM & 6 SZ/OP & 6 SZ/INV portfolios
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Notes: This figure presents model-implied average returns against realized average returns of 6 size-
book-to-market-sorted portfolios, 6-size-investment-sorted portfolios, 6-size-profitability-sorted port-
folios, and all 18 portfolios together.
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Figure 7: Decomposition of covariances between unexpected innovations in the SDF and portfolio re-
turns into primitive shocks
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Notes: This figure presents a decomposition of covariances between unexpected innovations in the SDF
and portfolio returns into primitive shocks.
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Figure 8: Decomposition of covariances between unexpected innovations in the SDF and portfolio re-
turns into observable shocks
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Notes: This figure presents a decomposition of covariances between unexpected innovations in the SDF
and portfolio returns into observable shocks.
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Figure 9: Model-implied annualized yield curve of bonds

Model-implied ized yield curve
T

0.025

0.02

0.015

0.01

Yield

0.005

-0.005

-0.01

-0.015 ! ! ! !
0 20 40 60 80 100 120

Quarter

0.06 Model-ii i i yields of 1-year and 10-year bonds
- T T

T
—1-year
—10-year
—1-year - 10-year

0.05 |-

0.04 -

0.03

0.02

0.01

-0.01

-0.02 I I I I I
1970 1980 1990 2000 2010 2020

Year

Notes: This figure presents model-implied yield curve of risk-free bonds and time variations in yield of
1-year and 10-year bonds.
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Figure 10: Model-implied term structure of expected one-quarter holding returns on bonds
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Notes: This figure presents model-implied expected one-quarter holding returns on risk-free bonds

across maturities and time variations in expected one-quarter holding returns on 1-year and 10-year
bonds.
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Figure 11: Model-implied term structure of expected one-quarter holding returns on dividend strips
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Notes: This figure presents model-implied expected one-quarter holding returns on dividend claims
across maturities and time variations in expected one-quarter holding returns on 1-year and 3-year
dividend claims.
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Appendices

A Model Solution

A1 Investment Euler equation

Denote a vector of state variables, X; = (K, &). The producer’s maximization problem is:

V(Xy) = max {D¢ +E([My 11V (Xi41)]}

subject to the following contraints,
Dt - H(£t7 Kt) - @(It, Kt)
(&, Ky) = E K,
K
(1, K;) = ——IK T(E K
( ty t) 77+1 t ( ty t)
K1 =(1—0K,+1,

where [ K; = I;/ K, denotes the investment-to-capital ratio, the investment rate.
The value function is then

K
V(Xf) = maic { 5th - mIKZH_lgth + Et[Mt+1V(Xt+1)]} (Al)

{I:
The first-order condition is given by

OV (X,)
ol

: /iIKtngt = Et[Mt+1VK(Xt+1)] (AZ)
where the RHS is the expected discounted marginal value of capital.
By the envelope theorem, the marginal value of capital is given by recursively

n
n+1

V(X)) = &+ & TKME + (1= 0)E[Myy1 Vi (Xey1)] (A.3)

Combing (A.2) and (A.3), we have

Ui

" TKTE 4+ (1 = 0)RIK]E, (A4)

VK(Xt) = gt + Hn

which, substituted back in (A.2), yields the investment Euler equation (6) and the investment return (7),
1=E[M;R}, ]

;o e[l R IKN + (1= 8)RIKT,]
L ERIK]

One can prove that the ex-dividend value equals the marginal/average ¢ times the capital stock
at the end of current period, P, = V(X;) — D; = (KIK/&)Kiy1 = @i Ki41. To show this, multiply
the numerator and the denominator of the investment return by K,.;. We obtain R/, = (Dyy1 +
(HIK:]Jrlgt—&-l)Kt+2)/(HIKZ75t)Kt+1/ equivalent to RtI+1 = %

t

A.2 Log-linearization

To obtain approximate analytical solutions, we log-linearize the investment return as follows.

£
rl., =log (:;) +log (1 + nnj_ 11Kfjf +(1- 5)I€IKZ7+1> —log(kIK]") (A.5)
~ (ay + btk 1) — (a2 + baiky) + Aey (A.6)
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.1 L% K1 ex ik™)[exp(ik™ 1-§ 7%
where a; = log (1 + 15 exp[(n + 1)ik*] + (1 — 6)r exp(nik*)) — 1+n,,,1:7 Eng?nﬂ))[ikﬁiui)(n exz)](nik*)zk: ,
by = rn exp(nik”)[exp(ik™)+(1—9)]

T 14k expl(n+1)ik*]+(1-0)k exp(nik*)
To derive key variables in the model, we also need to log-linearize the dividend-price ratio.

,as = log k, and by = 1.

D _ &K IR EK, 1= 51K K,

—t = A7
Pt (I{IKZISt)KtJ,_l Iﬁ}]'[(;7 Kt-‘,—l ( )
which can be approximated as follows.
dp; = log <1 — LIKQ’“) —log(kIK]) — Akyy1 (A.8)
n
~ (a3 + bsik) — (a2 + baik;) — (ag + byiky) (A.9)
= a5 -+ b5ikt (Alo)
_ _ K .61\ _ _ —rexp[(nt1)ik™] g _ _ —rexp[(nt+1)ik™] _ ik*
where a3 = log (1 — %7 exp[(n+ 1)ik*]) T expl( )ik] ik*, by = T expl(n Dk 04 = log(e™ +
ik* . ik*
1 —(5)— ei,ﬁmzk*,andbé; = e“ﬁm’c% = a3 — a2 —a4,b5 :bg—bg—b4.
The growth of the ex-dividend value is given by
P _ Gr+1 K42 _ 5t+1[/€IKtn+1] Kio _ <IKt+1>ngt+1 Kiio (A11)
Py Gt K1 5t[/‘€IKm Kt IK; & Ky ’
which can be approximated as
Athrl = T)(ikt+1 — Zkt) + AEtJr] + Ak‘t+2
= ay + (bs + )ik 11 — niky + Aer (A.12)

The sum of the log dividend-price ratio and the log growth of the ex-dividend value can be approx-
imated by

dpi1 + Apip1 = as + bsiki 1 + ag 4 (bg +1)ikir1 — niky + Ay
= ag + (bg + 1)ikip1 — niky + Acp (A.13)

where ag = a4 + as, b6 =by + b5.
The dividend growth is given by

Diy1 DPiyy Py

= A.l4
Dy DP, P, ( )
which can be approximated by
Adyy1 = dpi1 — dpy + Apeya
~ b5 (ikiy1 — ike) + aa + (ba + m)ikipr — nike + Aeppn
= ay + (bg +n)ikiy1 — (bs + )ik + Aeyqy (A.15)

A.3 Solving the investment rate

We omit solutions to Case I, which is simpler to solve than Case II. In Case II, SDF and profitability are
specified exogenously as in (38), (35), (36), (37).

_ m m __2 m m m
M1 = —fhm — Py St — P 0p — AL Otle 11 — Ay Ot€s,t41 — Ay OCo 11

Acpp1 = fle + 8¢ + 0ree i1
St+1 = s + PsSt + PsOtes t+1

2 2
Ot41 = Mo + Po0y + Oo€q,t+1

i.i.d

where e 4, €54, €04 UN (0, 1) and are orthogonal to each other.
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We conjecture the following policy function for the investment rate as in (39)
ikt = Ot+5€t —+ (,ZSO't2

Now the investment return can be expressed as (40)

22

a] — ag) + bllkt+1 - bglkt + A5t+1

7"{+ (
= (a1 —a2) + b1+ Bsip1 + ¢Ut+1) —ba(a+ Bs + qﬁof) + (e + ¢ + 0rect41)
[
[

(a1 — az) + (b1 — ba)a + pe] + b1 881 + (1 — boB)sy + b1¢o7 1 — badpa} + Orec i1
(a1 — a2) + (b1 — ba)a + pre + b1 Bus + bidpe] + [(b1ps — b2) B + 1]s¢ + [(b1ps — b2)dlo7
+ oec i1 + (01B¢s)ores 11 + (b1d)0es 41

Conditional moments of the investment return are

Eifrip1) = [(a1 — a2) + (b1 — b2)a + e + b1 Bpus + b1y

+ [(b1ps — bz)ﬁ + Usi + [(b1po — b2)glo? (A.16)
Vilrip) = of + (b1Bps) 0} + (b19)%0; (A.17)
COVy(mysq, 7‘,5+1) — A2 /\m(blﬁgoé)at N (b ¢)o? (A.18)

Plugging all terms into (15), we have

0 =E[mega] + Eefrf ] + %Vt [misa] + %Vt [rf 1]+ COVi(miga, iy y)
= (i — st — o) + 5 [ON0)?07 + 107 + (A7)0
+[(a1 —a2) + (b1 — bz)a + pre +018ps + bwﬁua} +[(b1ps = b2)B + s + [(b1pg — b2)lo}
b 3107+ (0180 + (016)20%] — AT} — AT (b1 Bipa)o? — X (b10)
= [(a1 — az) + (b1 — b2)a + pe + b1 Bpus + b1dpls — pim + %(A;n —b01¢)%07]
1019 = 02)8 1 — s+ (b1 — ba)b— i+ S (N7 — 17 4 S — biBip,)lo?
Using the property that the Investment Euler equation holds at all times, we solve for the coefficients

of the policy function of investment by method of undetermined coefficients.
We obtain coefficients of the optimal investment rate, (41), (42), and (43).

P —1
b1ps — ba
= 5O = 1)2 = J(AT = b1 Bps)?
gb =
b1pa - bz
oo fim — 5N — b19)202 — (a1 — ag) — pe — b1Bps — b1¢po

br — b2

A4 Term structure of interest rates
The price of a n-period risk-free zero-coupon bond is
B} = Ey[Myy1..Myip) = E[My11 By '] (A.19)

in the log form,

n 1 n
by = Ey {Z mt+i:| + §Vt {Z mt+i:| (A.20)
i=1 =1
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and the yield of a n-period bond is

b1 [ 1 -
Yy = . = _gEt |:;mﬂri:| - %Vt L_Zlmtﬂ‘] (A.21)

Particularly, the 1-period risk-less bond yield, or the risk-free rate, is given by,
1 1
= by = ~Ei[men] = 5Vi[mi]

With the SDF process specified in (38), we can express bond prices as functions of state variables. The
1-period bond price is given by

b = [t + 5O 202] = s+ [ + SN2 + S (Ao

Since the 1-period bond price and yield are linear in the state variable ¢; and o7, and we conjecture
that the log n-period bond price has a linear form as in (57)

by = A, + Bnsi + C’ncrt2

We can find a recursive solution for A,,, B, shown by (58), (59), (60), by mathematical induction

1
An+1 - An + Bn,ufs + Cn/J/a — Um + 5()‘? - Cn)2oc27

o
Bn+1 = Bnps — pgn = 1 jp (p?+1 - 1)
S

1 1
C'nJrl = Cnpo - p? + 5()‘?)2 + 5()‘? - Bn(pS)Z

Proof: First, note that whenn = 0
bW =1logl=0 = Ay=0, By=0,Co=0

Given Ag, By, Cy, we can calculate and verify A, By, C4

1 1 1
Ay = [~pim + 5()\;”)205]» By =—pg", C1 = —pg" + 5()\?)2 + 5()\?)2

which are consistent with the price conjecture and coefficients above.
Second, implied by (A.19), we have,

bt = log By [My 41 By 1) = log Byfexp(my g1 + b))
1
=Ei[mey1 + b ] + §Vt (M1 + 0]
1 1
= Ei[men] + B0} ] + 5Velmen] + SVi[bi] + COVimr, by

1
=b; + Ee[b}, ] + §Vt[b?+1] + COVy[myy1,bi44] (A.22)

where the last equality is by the expression of the one-period bond price.
With the conjecture (57), we have

1
byt =bp + B b)) + ivt[b?+l] + COVi[my4r, 0]

1 m m m 1 m 1 m
= [7/u‘m + 5(/\0 )203] — Ps St + [7/)0' + §(>‘s )2 + 5()‘5 )2]0252

1 1
+ [An + Bn,ufs + Cnﬂa] + Bnpsst + Cnpao—? + i(BnQDS)2O't2 + i(CH)QO—Er - )‘T(BW«SDS)U? - )\ZTn(Cn)O'g

=[An + Buprs + Crfio — pm + 5()‘? - Cn)2‘7c27] + [Bups — 0515t + [Crpo — py + 5()‘5 )2 + 5()‘5 - Bn(PS)Q]U?
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Therefore, we verify the assumed linearity of log bond prices (57) and verify (58), (59), and (60) as the
rescursive solution for A,,, B,,, C,,. O
Define the one-period holding return on a n-period bond as

i =0 — by (A.23)

Implied by (A.22), where n is replaced by n — 1, the risk premium on an n-period bond over a 1-period
bond (the term preimum) is given by (61)

E; [Tzls)-s-l] - 7"{ + ivt [T?+1] =E [bt+11] - b + b% + §Vt [bt+11]

= _COVt[mtJrlvb;:ll] = )‘g)/(anl‘PQU? + )\Z”Cnflag

A.5 Term structure of equity premia

Let D} denote the time-t price of a claim to the dividend paid in n periods. The price of the dividend
claim follows the recursive relationship

D = E¢[My 11 Dy (A.24)
When n = 1, the price of the first dividend strip is simply given by (D{,; = Dy 1)

D} = E¢[M;11 Dy 41] (A.25)
Scaled by the ex-dividend value, it can be solved as follows

Dl
L= Et l:Mt+1

Dy Pt+1:| (A.26)

Py B

Given

dpiy1 + Apip1 = ag + (b + 1)k 1 — nike + Ageyr

ag + (b +n)(a + Bsi1 + ¢Ut2+1) —n(a+ Bsy + ¢07) + Alpe + 5t + Oreci41)

[a6 + boax + e + (bs + 1) Bus + (bs + 1) bpo) + (b6 + n)Bs + 1 —nBlse + (b + n)ppolo;
+ orec i1 + [(bs + 1) Bslores i1 + [(bs +N)dloses 41

We can calculate the price

1 1
d% —pr = E¢(meqq1) + §Vt(mt+1) + Ei(dpi1 + Apeyr) + ivt(dpwrl + Apiy1) + COVi(myyr, dpeyr + Apieyr)

1 m m o 1 m 1 m
= [_Mm + §(>\0' )20(27] — Ps St + [_pa + §(>‘5 )2 + 5()\5 )2]0152
+ [ag + bear + pie + (b + 1) Bps + (be +n)ts] + [(bs + 1) Bus + 1 —nBlse + [(bs + n)ppslo;
1 1 1 1
+ 503 + 5[(56 +n)Bps|’o} + 5[(176 +n)¢l*02 — Alop — Al'[(bs + n)Beslof — /\T§[(b6 +n)¢los

1
= las +bsa + pe + (b +m)Bps + (b6 + Mt — pim + 5 (NG = (b6 +1))°07]
1 1
+ (b6 +mBps = 0B +1 = pI'lse + [(bs + m)dpo — pi + (AT = 1) = ST = (bs +1)Bips) o
The log price of 1-period dividend claim scaled by the ex-dividend value is affine in state variables.
Therefore we conjecture that the price of a n-period dividend claim scaled by the ex-dividend value is

given by (62)

d} —pr = A, + Bls; + C’;Lof
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where coefficients are given by (63), (64), (65)

Al = AL+ aa + baa + pe + [By, + (ba + 1) Blps + [C, + (ba + 1)) o
~ tom + 5N = (Ol (ba + )0
By 1= [By + (ba+m)Blps —nB+1—p
o1 = O+ (ba+m)dlpo — o+ 5O = 174 S = (B + (s + m)B)s ]
Proof: First, note that whenn = 0

d? —p; = dp; = (as + bsa) + bsBs; + bsdo? = A} = as + bsa, By = bsf3, Cfy = bs¢

Given Aj, Bj), C(), we can calculate and verify A}, B}, C}

1
AL = g+ boar + pie + (b +0)Bas + (bs + Mot — pim + 5N = (b6 + n)¢) 0
B = (bs +m)Bps —nB+1—pl'

1 1
C1 = (bs +m)po = p5 + 5 (A = 1)7 + 5N = (bs + ) Bps]?

which are consistent with the price conjecture and coefficients above.
Second, using the recursive relation (A.24), we have

1 1
ditt — pr = E¢fmeg] + 5V [mes1] + Ee[diy — pes1 + Apeia] + 5V [di's1 — Pea1 + Apiia]
+ COVy[myt1,diyy — pri1 + Aprya]

= [t + 5 O)202] = s + [ + 5 () 4+ S ()07
+[An + aa + baa+ pe + (B, + (ba + m)B)ps + (C, + (ba + m)d) o]
+[(Bl, + (ba +1)B)ps — 18 + sy + [(C, + (ba +0)¢)psloy
+ 507+ (Bl (ba+ )B)oul?0 + 5[Ch 4 (bn + )03
= Alap = AP((By, + (ba +m)B)pslof — A [C + (ba + )l

= [A}, + aa + bao + pe + (B, + (ba + 1)B)prs + (C, + (ba + 19t — fin + %[A? = (Gl + (ba+m)B)Po5]
+ (B + (ba+m)B)ps —nB+1—p]s:

[l (u 4 M)y — g+ 5O = 12+ SN = (Bl + (s + m)B)s]o?

from which we obtain the recursive formulae (63), (64), (65). O
Now we compute the one-period holding return on a n-periods dividend claim.

Dt DMK K
R™ . — t+1 T4l + t+1 A7
t+1 Dy Dr/K, K, (A-27)

riv = (AP = ki) — (df — k) + Ak (A.28)

The recursive relation above yields the risk premium on a n-period dividend claim in (66).

1 — 1 n— mn
E[r ] + ivt[r;;l] — 7 =B dP — ko] + 5Vt[dml — k1] — (AP — k) — 7 + Akyyq
= —COVy(myy1,diy — kiin)
= A'o7 + AT [(Br,_1 + (ba +0)B)ps]of + AT [Cr_y + (ba + n)glo
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A.6 Recovery of SDF

The expected profitability growth and the uncertainty of the profitability growth and their shocks can
be recovered from data of the risk-free rate and the investment rate.

a=El+ el

where, for convenience, a = jip, — 5(A7)202, b= p, c=pl — 1 (AT)2 — L (A2
The solution is given by

sl _[b ] [l -a] 1 ¢ —c|l[rl —a
o2l T B ¢ iki —al  bp—pPec|—B b |iki—«

In short-hand notations, state variables are recovered as

St = 15,0 + 775,17"2c + ns,Qikt
07 = N0 + o7 + Mo 2iks

where coefficients are given by

_ —¢a+ca B 10} =
Ns,0 = Wa Ns1 = b¢ — ﬁc’ Ns2 = b¢ — ,BC (A29)
fa — ba -8 b (A.30)

0T bg—pe’ " T hg—Be " bg— e
Their shocks can be recovered as
psotesirr = (1= ps)(Ms0 — 5) + s (g — psrl) + ne2(ikiesr — psike)
Ooeorir = (1= po) (o0 = %) + 101 (rfsy = por]) + o2 (ihisr = poike)
The remaining shock to the profitability growth can be recovered from profitability growth.
Ot€et+1 = A€t+1 — St — He
The SDF therefore can be recovered as
M1 = — i, — Pl — pljiky — N A, — N Aiky oy — A Ay
where coefficients are given by
Mo, = fm — AL e + (05" = AN)s,0 + 05100
AT (1= )0 = 5) NP (1= ) 100 — )
m

1
pry = (pd" = A )Ms,1 + pg Mo + A?;ns,l(l = ps) + A5 o1 (1 = po)
S
, 1
pik = (P = A2 + p5' o2 + XS 2 (1= ) £ A5 0.2(1 = o)
S
1 ,
A =AY — 51+ AF e
S

m

1
= Ay —Ns2 + AT o2
Ps
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B Estimation

B.1 Target moments
Unconditional moments of state variables are given by
V(gres 1) = E(07el 1) — E(ores111)” = E(Ei(07 €3 141)) — E(Ee(0ves,41))
= E(07Ei(€2 1)) — E(0iEi(es 41))? = E(07) = 67
V(s) = p2V(s1-1) + V(psoresit1) = V(sy) = 0252 /(1 = p?)
V(o}) = pV(oi 1) + 05 = V(a}) =05/(1 = p7)
1. The maximum possible Sharpe ratio in the economy.

<t (ol ) s

where the first inequality is derived from 0 = E[M,R{] and the first equality is due to the property of
the log-normality of SDF. As ¢* — 1 = x for small 2, we may simply have

mazSR = V[mg)? = [(p7)2V(s,) + (02)2V(07) + (AT)2V(04ec151) + (A7)2V(0res41) + (A)202]2

my2 $30° 2 o A)252 1 (A™)252 1 (A™)252]3
_[(ps) 17p2+(pa) 17P2+( E)U +( s)a +( U)UU]

2. The mean, variance, and autocovariance of the risk-free rate in the economy
f 1 m\2 _2 m m 1 m\2 1 m\21 .2
Tt = [Mm_ﬁ(AU) Uo’] +p.s 3t+ [pa _i(AE ) _i(As ) }Ut

1 m m = m 1 m 1 m _
E(’/‘{) = [,um - 5(/\0 )20-?7] + Ps S + [pa - 5()\8 )2 - 5()‘5 )2] 0-2
1 1 ?

V) = PV + (o = 50207 - 500)2) Vo)

2-2 2 2

5 P50 1 5 1 9 fop
— (M mo_ 2 (A2 _ Z(\™
P2 (o - 5002 - 5007) 122
1 1 1 1

COV(r] rf_1) = COV (s + [ — SN = SN2, s + [0 — L (N2 = S(o)

= (o PoVs) + (1 = GO0 = 5002 (o)

2-2 2 2
m\2 Ps0 m 1 m\2 1 m\2 Oy
— . b, — Z(\ — Z(\ y—
P (o = 50002 = S002) o 2
3. The mean, variance, and autocovariance of the investment rate
ikt =+ ﬁst + ¢O’§
E(ike) = o + BE(s;) + ¢E(07)
=a+ f5 + ¢5?
V(ik,) = B*V(s;) + ¢°V(07)
2-2 2
_ p2 PsO 2 05
=/ i
COV (iky,iki—1) = COV (Bsy + do?, Bsi—1 + ¢oi_q)
2-2 2
_ N2 9030- 2 Oy
=p P12 +¢ P17
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The covariance between the risk-free rate and the investment rate
COV ik, rf) = COV By + 607, pllse+ [pF — 50 — 2] o)

= BV + ol - %(A:’)? - §<A;”>2W<o?>

m (pS m m
_Bp +¢[pa ()\6 )2_7()‘5 )2]
4. The mean and variance of the average excess return

1
i =Tl — rf = rigq + Eefmep] + §Vt [mys1]

=[(a1 — az) + (b1 — ba)ox + pie + b1Bus + biops] + [(b1ps — b2)B + 1se + [(b1ps — b2)dlo?
+ otee 1 + (blﬁqbs)otes,tﬂ + (b1d)oses 11

[t + g OF V03] = s+ [ 7+ SO0 + S O] o?
~ [(ar — a2) + (br — ba)ox-+ e + biBas + bidty — i+ 5(AF)?02]
F[upe—b2)8+ 1 s+ [(Baps — ba)o— 2 + SO 4 L1702
+otee i1+ (b15¢s)0t€s t+1+ (019)0s€0 11
= [O)%02 — S — bi6)02] + [JO)? + () — SO = 17 = SO~ bifig)lo]
+ ot tr1 + (b16¢s)atea t+1 + (b10)0s€0 141
=3 a2 [(2A] — bid)big] + Ut [T = 1) + (207 — b1 Bs)b1 Bs]
+oteeip1 + (bIBQDS)Utes,t+1 + (b19)os€o 141
whose moments are
E(rf1) = 502[20F — bi)oud] + 30227 — 1) + (AT — hifga)hifi]
1 2 52

VirE) = |S1CA = 1)+ A7 — biBe ]| T

o

+5% + (h1Bps)?5” + (h19)%0
The covariance between the excess return and the investment rate

COV (ike, Ei(rfy1)) = COV(Bst + ¢o7, 10’?[(2/\2” — 1)+ (2A — b1 Bes)b1Bes])

2
1
= §¢[(2/\? — 1) + (2A7" — b1 B )b1 Bps|V(a7)
1 2
= ST = 1) + (AT — biBp. )b Bo)

o

5. The mean and variance of the dividend-price ratio.

dp; = as + bsik;
Eldp:] = a5 + bs(a + 65 + ¢5?)
2
ag

Vidp = 0[5 2+ 7 7=

C’OV(dpt, dptfl) = COV(b5(5St + ¢0't ), bs(ﬁStfl + ¢Ut271))
_ 2| 02 P50 2 a5
_(b5) [5051 ps+¢ 1_p(27:|
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The covariance between dp; and ik;, r{ are given by

p35°
1—p?

COV(dpt, ’lkt) = b5 52

+ ¢?

2
Og

1—pZ

f [ m 3036—2 m 1 m\2
COV(dpta Ti ) = b5 Bps 1— ,02 + (b[pa - 5()\5 ) -

2

o

S

COV (iki, Bilriy)) = bs | S0[CAT — 1)+ (X7 — br o) o

6. The mean and variance of the dividend growth.

Adiy1 = ag + (be + 1)tk — (bs + n)iks + Aepyq
E[Adprl] = a4 + b4E(Zl€t) + E(A€t+1)

V[Ady41] =
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B.2 Estimation strategy

We choose the parameter vector © that minimizes weighted mean squared errors between the model-
implied moments X (©) and actual moments of data X.

6 = argmin (X — X(0))'W (X — X(6))

We choose the following moments

B(r/) = [ion — O3] + 5 + [ — JO2)2 — HOR)7]o?
v(r!) — s + (o - 2007 - 3097?) 2
2
COVOrlrl) = (opefisy + (o = 0w = 3007 oreZy
E(ik) =a+ 65 + ¢o?
(Zkt) = 52 2 + ¢2 -
% 2
COV(Zkh Zktfl) = ﬂ2ps [f& p2 + (25200 1Up
E(rf, ) = Jo2(2A7 — Mol + JoPEN — 1) + (A7 — BB
Vir,y) - [;w U+ A e e | 1D+ 7+ (080 + (a3
E(Aei41) =pe +5
V(Aey1) = fﬁ 2 +52
COV(iki, 1) = Bom &7 + oo — 102)? — L(Am)? ]liag

1
2
COV (iks, 16,4) = §¢[(2/\? — 1) + (2A7" — b1 Bps)b1Bps] 722

where investment coefficients are given by

(A = 1)% = 5(AF — b1Bps)?

g — 1 Ps
g=2L ¢ =

- blps - b2, blpo - b2
oy Hm 3O\ = b19)?07 — (a1 — az) — pe = bifps — bigps
N by — by

and log-linearization constants are given by

knexp(nik*)[exp(ik*) + (1 — §)]

exp[(n + 1)ik*] + (1 — &)k exp(nik™)) —

n
=log (1 + &k
g( n+1

knexp(nik*)[exp(ik*) + (1 — §)]
L+ Hn+1 exp[(n + 1)ik*] + (1 — )k exp(nik*)’

1+ /@# exp[(n + 1)ik*] + (1 — §)k exp(nik*)

by = :log’{a b2:77
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C Transformation of productivity across states

In this section, we present a model in which the representation of production technology is flexible
across states as in Cochrane (1993) and Belo (2010). Specifically, the producer is allowed to choose the
state-contingent productivity level &, subject to the constraint set defined by the following analytically
tractable CES aggregator:

1

Ery1 “1=
(5] =

where ©;,, is the state-contingent natural productivity level and a > 1 is a curvature parameter a
controls the producer’s ability to transform productivity across states.

With this novel technology, the producer chooses both the investment in the current period and the
state-contingent productivity levels in the next period to maximize the cum-dividend value of the firm.

V(X)) = max {Dy+E[M1V(Xi41)]}
{Ii; Ea}

where X, = (0,,&,, K,), subject to the capital’s law of motion (3), the flow of funds constraint (5), and
the constrained set of productivity levels (C.1).
Form a Lagrangian and let \; be the Lagrange multiplier associated with the technology constraint.

K ot N
Ly =EK — ——IKE K, + By [Mya V(X)) + Mo (1 —E, K s > } >
n+1 O 41

The first-order condition with respect to the investment remains unchanged. We have the same
investment Euler equation (6) with the same investment return (7). The difference now is that we have
a structure on the stochastic discount factor.

The first-order condition and the envelope condition with respect to the productivity &1 are given

by

5(1—1
M1 Ve(Xip1) = M @t;l (C.2)
t+1
K
Ve(X,) = K, — IKM K C.3
é‘( t) t n+ 1 t t ( )
Combining both conditions, we have
My Kppq |1 — —— 7K = A £ (C.4)
t+148 841 nt1 t+1 | — t6?+1 ’
a—1
Taking expectation on both sides, we can substitute A, = E;[M; 1] K14 [1 — #I Kfjll] /E [22:1 ] ,
leading to
5?—;-_11 E: a—1 O, o A‘S:+_11
Mt+1 _ 8?+1 _ ( Stl) /( @tl) — AQ?-H (C 5)
Et[Mt+1] ga_ll Eip1\a—1l 101\ Agta_ll '
E é)t;;:rl K (%) /( 6. ) E A@gil

This expression suggests that we can obtain the process of the SDF given processes of the natural pro-
ductivity and the chosen productivity or we can obtain the process of the chosen productivity given
processes of the natural productivity and the SDE.

-1
. . A _ &Gt o1
Alternatively, apply the SDF (C.4) on the investment return, we have Rl TR E; [9?11 R; +1] ,
leading to
ga—l —1 ga—l Aga—l —1 Aga—ll
M1 = E, [tjj R} } e { L R] ] tt (C.6)
O o Oy ABY o A0,
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Now, as we do in the paper, we specify exogenously the process of the natural productivity and the
SDE. Given these processes, we first solve for the process of the chosen productivity and then solve for
the optimal investment.

C.1 Casel: Ad, is an AR(1)

We assume the log natural productivity growth is an AR(1) process with time-varying conditional
volatility, which is also an AR(1). The SDF is driven by the natural productivity growth and the time-
varying conditional volatility and subject to their shocks. Denote the log natural productivity growth
as St = Aﬁf

St41 = Ms T PsSt + Or€s,i41 (C.7)
Ut2+1 =l + Po0} + Oc€o i (C.8)
miy1 = —Mm — Pznst - P?U? - /\antes,t-i-l - )\Tero,t-s-l (C9)

where 15 = (1 — ps)5 = (1 — ps)Af and 1, = (1 — p,)52. When p, = 0, the natural productivity growth
isii.d. When p; = 1, the natural productivity growth is a random walk.
We first solve for the chosen productivity. We conjecture and verify that the chosen productivity has
the following functional form
Acpy1 = ple + pse + piUtZ + Alotes i1 + Ao0s€0 041 (C.10)

The last equality of expression (C.5) implies the following log-linear relations between the SDF and
productivity growth.

me+1 — IOg ]Et [mt+1] = [(a - 1)A€t+1 - aA0t+1] - IOg ]Et[exp((a - 1)A5t+1 - CkAet+1)]
1 1
mey1 — ]Et [mﬂ_ﬂ — in[th] = [(a — 1)A€t+1 — ()(Aet_;,_l] — Et[(()é — 1)A6t+1 — OéAHH_ﬂ — §Vt[(04 — 1)A€t+1 — OéAGt_;,_l]
1 1
M1 = Befmep] = SVilmen] = (@ = 1)(Aerpr — Be[Aeria]) — 5(a - 1)V, [Aey 1]

1
— Q(A9t+1 — Et[A9t+1]) - 5042Vt [A0t+1] + (O[ - I)QCOW(AFJH_h A9t+1)
(C.11)

Plugging in processes of the SDEF, the natural productivity and the chosen productivity, we have the
LHS and RHS of (C.11)

1
LHS = —\l'0tes 141 — A\p' 0o€o i1 — 5[(A;")Qof + (A)?02]

— _ € _ _ € _ 1 _ £ _ 2.2 1 _ 2/ye\2 2
RHS = [(a = 1)X; — alores1 + [(@ = 1)AS]ogeq i1 — Sla = DA —af oy — S(a = 1)%(A5) 05

whose equality pins down Aj, AJ

m
o — A}

a—1

S = ’)\izi

S

a—1

We still need to pin down p., pj, pS using another condition. Since the productivity constraint (C.1) is
always binding given that the value function is strictly increasing in productivity in each state of nature,
we have

1 =E;[exp(a(eir1 — 0i41))]

1= Et [exp(a(Aat_H — A0t+1))]%
2
(e
0= O[Et[AEt+1 — A9t+1] + 7Vt[AEt+1 — A9t+1]

(07 (07
0= Et [A€t+1] - Et[A9t+1] + §Vt[AEt+1] + §Vt [A9t+1] - O[COV;(A&}H,h A9t+1> (C].Z)
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which yields

a > £ £ a m
0= [pe = ps + 5 (G071 + (05 = ps)se + [0 + 5 (AT = 1)o7

from which we obtain
2 2

a «
He = Hs — 5()\2) ) pi = Ps, pi = _5()@ - 1)2

In summary we have the coefficients of Ae;1

« af —am\?
He = Hs — 5()‘2)20'3 T Hs T 5 (a _gl) ‘73 (C.13)
pS = ps (C.14)
SR} e C.15
Pe = 2( s ) - 9 a—1 ( . )
_\m
A= L (C.16)
a—1
_\m
A= —2 (C.17)
a—1

Now we can solve for the optimal investment rate given the chosen productivity process using
the investment Euler equation (15). We assume that the optimal investment rate has the following
functional form

iky = a + Bs; + ¢o? (C.18)
The investment return (9) now becomes

T = (a1 — a2) + (brikypr — boiky) + Aepin
= (a1 — az) + by (a + Bse41 + qba?H) — b+ Bs; + do?) + Aeia
= [(a1 — az) + (b1 = ba)a + b1 Bps + biopio + pie] + [(b1ps — b2)B + pSlse + [(b1ps — b2)o + p5lo7
+ (018 + XS)otes 41 + (019 + AXo)ooes i1

The investment Euler equation (15) yields
1 1
O = Et[mt+1] =+ Et [Tngl] + §Vt [mt+1] + 5Vt|:7’t1+1] + COVt(th? ’f‘tIJrl)
1
= (~pm — 51— p0?) + 5[ ?0? + ()P0
+[(a1 = az) + (b1 = b2)a + b1 Bpus + bidpis + pre] + [(b1ps — b2)B + pZlse + [(b1po — b2)¢ + pSlo7
+

1 1
SB+A%0f + S (b1 + 25) %05 = AT (B + X)o7 = AT (bio + AS)og
1
=[(a1 — a2) + (b1 — b)) + b1 Bs + bidpie + fre — pim + §[>\Qn — (b1g + A5))%02]
1
+ [(b1ps — b2) B+ p5 — p]se + [(brpo — b2)o + p5 — pit + = [AT — (018 + A5)]*Jo?

2

Therefore we obtain

Mm — (al - a2) - blﬁﬂs — b1¢U0 — He — [/\;n — (blqS + )‘3)}202

o= — (C.19)
Ps' — Ps
=1fs Ts C.20
blps - b2 ( )
m _ e _ 1 A7 — (b A\ 2
6= L7 = Pe =3\ = (B4 X)) (C21)
bips — b2

55



C.2 CaseII: Af, has a time-varying component

We assume that the log natural productivity growth is driven by a time-varying component, which is
an AR(1), and subject to time-varying conditional volatility, which is also an AR(1). The SDF is driven
by both state variables and subject to three sources of shocks.

Abiiy = po + ¢ + oreg 1 (C.22)
St41 = s T PsSt + PsO0ts 141 (C.23)
0t2+1 = llo + Po0} + 0o is (C.24)

Myl = —pm — P75t — pTo? — A OLeo t+1 — AL Otes 141 — Ay Oplo il (C.25)

where ps = (1 — ps)5and p, = (1 — p, )52
Now we first solve for the chosen productivity. We conjecture and verify that the chosen productiv-
ity has the following functional form

Acpyr = pie + pise + pSor + Njoreg i1 + Noores i1 + No0olo it (C.26)

Again using (C.5), where

1
LHS = =Aj'oreoii1 = A 0res11 = AT 00eoii1 = 5I(AF) 07 + (A7)0 + (A7) %07

RHS = [(a — 1)A\g — a]oreg 41 + (v — D) ASoves 41 + (@ — D)AS 050141

ol (0= 17()” — 5o — 173" -

1 1
> 507+ (@ = Daj] - 5 (a—1)2(35)%?2

2
from which we obtain
a— A Am —\m

P e _ _7ls e _ o
o a—1""" a-1""7 a-1

Using the binding constraint (C.1), we have

(67 (67
0= (pe + plse + p507) = (o + 50) + S [(N5)%07 + (X))?0f + (A5)%05] + S 07 — aXjo?

from which we obtain
pe = o — 55202 =1, 5 = =5 (N — 1) = S(3)?

In summary, we have the coefficients the chosen productivity process

2
_ a2 2 o =\ 2
Me = Mo 2()‘0) Oy = Mo 2(a_1) Oy (C27)
ps=1 (C.28)
2 2
e Qi o Qoo af =MD af AT
=505 - 12 - Soer -5 (1) o (2 €29
a_a_)‘gl
i= (C.30)
Ag:i (C.31)
a—1
)\f;:_)\” (C.32)
a—1

Now we proceed to solve for the optimal investment. We conjecture

ikt =+ 5815 + ¢O'tz (C33)

56



The investment return (9) now becomes

rtl_,_l = (a1 — ag) + (brikir1 — baiky) + Acyiq
= (a1 —az) + by (a + Bse11 + qbatz_H) — by + Bs; + ¢o?) + A a
= [(a1 — ag) + (b1 = bo)av + b1 s + bropio + pe] + [(brps — b2) B + pflse + [(b1ps — b2)d + p5lo7
+ (Ag)orea i1 + (b18ps + AJ)otes i1 + (1o + AZ)00eq 41

The investment Euler equation (15) yields

1 1
0 =E[mes] + Eelry ] + §Vt [mit1] + §Vt[rtl+1] + COVy(mis1,714)

1 m m m
= (—pm — PI'st — P O7) + QY )?0f + (A])?0f + (A))?0?]
+ [(a1 — a2) + (b1 — ba)a + b1 Buus + b1dpo + pe] + [(bi1ps — b2) B + pSlse + [(b1po — b2)o + pSlo7
+

]
1 1
(A5)%07 + 5 (0B + A0 + 5 (b1 + A5) %05 = A XGor = AT (018 + X5)of = AT (i + A5)og

N =

1
=[(a1 — a2) + (b1 — b)) + b1 Bus + bidpie + fre — pim + §[>\ZL — (b1 + A3)]%07]
1 1
+ [(01ps = b2)B + 0§ = p'lst + [(bipo = b2)d + 5 — py + S NG = A1 + ST = (ba B+ A)Jof

We obtain investment coefficients

o = Hm — ((11 B O’Q) B blﬁ/J“S B bll)(rbiudb_ He — [A;’n B (b1¢ + )\(67')]20-3' (C34)
1 — 02
- ﬁ (C.35)
;n_ z_l/\m_)\s2_l)\gn_bﬂ+/\§2
6= p p 2[ 6 blf)] _522[ (b1 )] (C.36)
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