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Abstract

In macroeconomics, a central focus is placed on unraveling the roles of specific variables in
the transmission of exogenous shocks to a target variable across varying time periods. One
influential study in this topic is Bernanke’s (1995) exploration of the credit channel’s role in
transmission of momentary policy shocks to real output. This paper introduces an innovative
index designed to provide a quantitative measure of a mediator’s impact as either an amplifier
or an attenuator within a dynamic system during the transmission of a specific shock over time.
The index offers researchers a clearer perspective on the underlying transmission mechanisms.
Our research is rooted in the Structural VAR model. Firstly, we present the concept of ‘impulse
response decomposition’, which illustrates that, for a given impulse response horizon and time
of decomposition, the impulse response is contributed to the movements of variables triggered
by the initial intervention. Secondly, we engage in a hypothetical scenario at the time of
evaluation where the mediator of interest exerts no causal influence on the target variable,
holding all other factors constant. The index is computed based on the ramifications of this
counterfactual analysis on the target variable. The causal relationship between the mediator
and the target variable, while keeping all other factors constant, is assessed through Granger
causality over multiple time horizons, as formalized by Dufour and Renault (1998). This pivotal
counterfactual analysis is akin to assuming that the target variable responds to all variables
except for the mediator of interest. Lastly, we apply our channel index to quantify the role
of the credit channel in transmitting monetary policy shocks, shedding light on the intricate
dynamics of macroeconomic responses to such shocks.

Keywords. Causal channel, mediation analysis, dynamic causal effect, Granger-
causality
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1 Introduction

The examination of the dynamic causal effects of external interventions in macroeconomics
has been a focal point of extensive research, primarily to inform policy decisions. The founda-
tional work in intervention analysis can be traced back to Box and Tiao (1975), who introduced
various polynomial representations to capture the dynamic configuration of causal effects based
on prior economic knowledge. Subsequently, Sims (1980) made significant contributions by em-
phasizing impulse response functions to capture dynamic causal effects within the context of
Structural Vector Autoregression (SVAR) models. Impulse responses as functions of VAR co-
efficients are employed to quantify the causal effects of exogenous one-time orthogonal shocks.
The use of VAR models made the study of dynamic effects more accessible, leading to various
empirical results and insights into this field.

While impulse response functions provide a direct and interpretable view of dynamic causal
effects, researchers have increasingly sought to understand the intricate mechanisms underlying
these effects. This quest led Bernanke and Gertler (1995) to question the ”black box” nature of
empirical research in the field of monetary policy transmission, highlighting the importance of
elucidating the intermediate processes. This focus on the role of intermediary variables, often
referred to as mediators, has brought forth the concept of causal channels. These channels
elucidate how specific variables mediate the transmission of causal effects, shedding light on
the dynamics of a monetary policy shock’s causality.

Despite numerous studies addressing causal channels for specific dynamic causal effects,
there has been a notable lack of a unified econometric theory or a quantitative measure for
these channels. Moreover, existing literature has been largely silent on the dynamic nature of
causal channels within a dynamic system. This omission is crucial because certain channels
might play different roles during the transmission of a shock, providing an opportunity to delve
deeper into the ”black box” of causality. To address this gap, we propose a methodology
for measuring the magnitude, timing, and composition of an output variable’s response to
an exogenous one-time shock concerning specific variables representing the causal channels of
interest. Our approach, known as ”impulse response decomposition,” unveils the contribution of
each variable and their causal interconnections during the decomposition period. This process
not only reveals the significance of particular variables during the shock transmission but also
constructs a data-driven causal chain.

Our methodology is rooted in a fundamental causal philosophy that the response of an
output variable to an exogenous shock is not realized unless each intermediary variable responds
endogenously. This aligns with mediation analysis, where the intermediary variables are often
referred to as mediators. To illustrate our research objectives and the causal philosophy, we
present a heuristic paradigm. At time t0, an exogenous shock occurs, while the output at time t1
represents the movement of the output variable. We select an intermediate time, denoted as tm,
for decomposition or evaluation. At this time, we distinguish between two sets of mediators:
M tm = {M tm

0 ,M tm
1 }, where M1 represents the causal channel of interest, and M0 comprises

the remaining variables. Our measurement of the significance of specific variables involves a
counterfactual analysis, where we assess how the output variable would respond if all variables
acted as they did in the standard case, except for the mediator of interest, M0.

Crucially, we allow the time of decomposition, tm, to take any value between the initial
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time, t0, and the realization time, t1. This setup acknowledges that a given variable or mediator
may have varying contributions to the output response over time. This approach reveals the
underlying philosophy of a causal chain for a specific causality in dynamic macroeconomics.
Moreover, deliberately suppressing a specific variable’s contribution to the output variable
response aligns with the principles of Granger-type causality, focusing on the contribution of
one variable at the time of decomposition to the output variable’s response at some point in the
future. Consequently, the coefficients of Granger-type causality and the endogenous responses
of each mediator are essential for computing the index that reveals the significance of specific
channels.

Our research bridges the gap between Granger causality and impulse response functions,
offering a quantitative measure for the transmission mechanisms of exogenous shocks in macroe-
conomics. By employing mediation analysis, we shed light on how different variables contribute
to the total effect of the output response. Our approach involves decomposing impulse responses
over various time horizons through a multi-horizon VAR model and its coefficients, known as
Generalized Impulse Response Coefficients (Dufour and Renault (1998)).

Links with literature: Our research is primarily founded on the SVAR model, as under-
standing the contribution of each variable to an impulse response necessitates a comprehensive
grasp of the model’s structure. Although this paper is conceptual, the identification, estimation,
and inference for SVAR models are crucial, as discussed in Montiel Olea et al. (2021). However,
it is reasonable to suspect structural breaks or regime switches in stable VAR models, given
that the economic environment is subject to change over time. Researchers have explored non-
linear VAR models to account for dynamic causal effects and parametric assumptions (Kilian
and Vigfusson (2011); Gonçalves et al. (2021)). Consequently, we propose a general framework
that accommodates both linear and non-linear cases before delving into the specifics of the
linear VAR model.

The study of causal channels draws inspiration from classic mediation analysis, which also
considers moderators when the causal effect depends on the state of the economy (Baron and
Kenny (1986)). In a linear model like VAR, the causal effect, as measured by VAR coefficients,
remains constant regardless of economic conditions or variable values. However, in non-linear
VAR models, the causal effect varies over time. This variation introduces the possibility of im-
pulse response decomposition being a stochastic or path-dependent function, aligning with the
criticism put forth by Lucas Jr (1976). We discuss non-linearity, moderation, and Lucas’ criti-
cism, acknowledging that while non-linearity may better reflect reality. It does pose challenges
in model specification, estimation, inference, and interpretation, however. The choice between
linear and non-linear models is ultimately left to researchers from a practical perspective.

The counterfactual experiments conducted in this paper, which involve assessing how the
output variable responds to all mediators except the one of interest, are grounded in the ’policy
intervention’ approach employed by Bernanke et al. (1997), Sims and Zha (2006), Hamilton
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and Herrera (2004), and Kilian and Lewis (2011). Unlike existing literature, which typically
examines the role of specific variables in a single hypothetical scenario, our innovative approach
provides a more comprehensive view of causal channels, offering insights beyond a binary ’sig-
nificant’ or ’insignificant’ classification. Importantly, our paper provides a quantitative measure
of each variable’s contribution to the output response over time.

The concept of impulse response decomposition, or the selective suppression of certain
variables’ contributions at various horizons, shares common ground with the application of
Granger causality over multiple horizons. Our approach aligns with the idea proposed by Dufour
and Renault (1998), highlighting that Granger causality at one horizon does not necessarily
imply causality at higher horizons. It implies that a specific variable could exert a significant
impact on the output response in the short term but diminish in influence as time elapses.

Outline: In Section 2, we expound upon our motivation, emphasizing the limitations of
impulse response analysis in fully exploring the ‘black box’ of dynamic causal effects. Section
3 provides a brief overview of the concepts of Granger-type causality and impulse response
functions. Section 4 outlines our main mediation analysis philosophy and presents the gen-
eral econometric model framework. Section 5 delves into the linear SVAR model, conducts
impulse response decomposition, and formalizes the causal interpretation for Generalized Im-
pulse Response Functions (GIRs). Section 6 introduces the contribution index that reveals
the significance level of each causal channel. Finally, Section 7 provides the conclusion of our
research.

2 Motivation

2.1 Impulse responses do not tell everything

Impulse responses provide insights into the causal or total effect of an exogenous interven-
tion, but they do not reveal the complete picture of how this effect is mediated. To illustrate
this, we introduce a trivariate VAR(4) process that is deliberately structured with the first
five-horizon impulse responses set to zero. A zero impulse response does not signify an absence
of the causal effects from the shock; rather, it suggests that the null response is the outcome of
indirect effects that counterbalance each other. The Generalized Impulse Response Functions
(GIRs), incorporating higher-order coefficients, are the elements that hold this crucial infor-
mation. Consequently, this illustrative example underscores the significance of delving deeper
into Generalized Impulse Response Functions (GIRs) beyond the conventional impulse response
functions when researchers aim to explore the intricacies of a causal mechanism.

This example serves to emphasize two critical considerations: First, the absence of a
nonzero impulse response does not necessarily imply an absence of causality. Second, impulse
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responses can be analyzed across multiple time horizons.

yt =

 0.6 0 0.2
0.2 0.6 0
−0.2 0.4 0.7

 yt−1 +

 −0.4 −0.08 0.36
0 −0.2 0.1
0.1 0 −0.5

 yt−2

+

 0.1 −0.2 0
0.1 0.2 0
0.1 0 −0.2

 yt−3 +

 0.3 −0.1 0.19
0 0.2 0
0 0.05 0.15

 yt−4

+

 0 −0.04 −0.1
0 0.08 0.03
0 0 −0.02

 yt−5 +

 −0.1 0.01 0.03
−0.08 0.03 0.06

0 0 0

 yt−6 + ut.

(2.1)

where ut is a white noise process with identity covariance matrix. This particular setup rules
out the potential complexity of contemporaneous causal effects. By employing this trivariate
VAR(4) model, our goal is to address the limitations associated with exclusively examining
impulse response functions. While a zero impulse response might imply an immediate lack of
effect between variables, it does not eliminate the possibility of Granger causality or causality
manifesting at longer time horizons. GIRs offer a more comprehensive approach to capture the
intricate dynamics and unveil hidden causal mechanisms that may not be evident in standard
impulse response analysis.

Table 1

Table 1
A numerical example of impulse responses and GIRs

horizon h π
(h)
12,1 π

(h)
12,2 π

(h)
12,3 π

(h)
12,4 π

(h)
12,5 π

(h)
12,6

1 0 -0.080 -0.200 -0.100 -0.040 0.010
2 0 -0.248 -0.220 -0.090 -0.014 0.006
3 0 -0.214 -0.074 0.025 0.009 -0.001
4 0 -0.051 0.083 0.065 0.011 -0.003
5 0 0.068 0.027 -0.002 -0.011 0.002
6 -0.062 -0.013 -0.101 -0.076 -0.018 0.005
7 -0.124 -0.104 -0.128 -0.059 -0.008 0.000
8 -0.074 -0.087 -0.044 0.001 -0.002 -0.006
9 0.044 -0.012 0.029 0.027 -0.003 -0.004
10 0.054 0.016 0.026 0.006 -0.003 0.002

Moreover, we scrutinize the impulse response at the fourth time horizon and perform
decomposition across various horizons to gain deeper insights into the evolving contributions of
variables over time. This decomposition affords a holistic comprehension of the dynamic nature
of the investigated causal relationships. GIRs provide valuable insights into the time-varying
behavior of these relationships.
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2.2 Causal channel and causal chain in macro dynamics

Recent literature has made substantial strides in enhancing our understanding of the
impulse response function from diverse angles, including estimation models, identification
methods, estimation techniques (both frequentist and Bayesian), linear and nonlinear mod-
els, and parametric and nonparametric approaches (Montiel Olea and Plagborg-Møller (2021),
Plagborg-Møller and Wolf (2021)). These contributions have yielded valuable tools for identi-
fying and estimating the impulse response function, a central component in mediation analysis,
often referred to as the total effect. However, when our objective is to dive deeper into media-
tion analysis and unravel the intricacies within the dynamic model governing a specific sequence
of impulse response functions, how can we proceed?

The exploration of what occurs within a dynamic model for a specific sequence of impulse
response functions can be traced back to seminal works like that of Bernanke and Gertler
(1995), which examined the causal channel of monetary policy transmission. At the heart of
their investigation was a common macroeconomic phenomenon:

Monetary policy shock
h−→ Real output,

As corroborated by Friedman and Schwartz (2008), with the advancement of impulse response
function analysis over the past two decades, we can conduct an exercise to estimate the dynamic
causal effect from GDP to a monetary policy shock. Typically, we observe a U-shaped curve,
suggesting that a positive monetary policy shock initially hampers economic growth, but the
negative effect eventually dissipates.

However, research into this fundamental economic phenomenon doesn’t stop there, as our
goal is to comprehend the mechanisms that lie between the input and output. Bernanke and
Gertler (1995) offered a narrative explanation for this phenomenon, rooted in widely accepted
economic models like the Neoclassical Keynesian framework. This narrative posits that mon-
etary policymakers use their leverage over short-term interest rates to influence the cost of
capital, and consequently, spending on durable goods, such as fixed investment, housing, in-
ventories, and consumer durables. These changes in aggregate demand, in turn, affect the level
of production:

Monetary policy → Cost of capital → Durable goods → Real output.

While this narrative is built upon established economic models, it has three notable limitations:

1. These economic models are constructed within a simplified economic world, making them
inadequate for interpreting certain economic phenomena.

2. The proposed causality may overlook variables that play a significant role in this trans-
mission, such as the credit channel.

3. The causality implies that variables participate in this transmission with varying timing
and extent as the shock propagates, but it lacks quantitative measures.

This described phenomenon holds broad relevance for many dynamic models, especially in
macroeconomics. For instance, the impact of oil price shocks on output has been a subject of
extensive research, including studies by Bernanke et al. (1997), Kilian and Lewis (2011), Kilian
and Vigfusson (2013), and Hamilton (2011).

6



3 Econometrics framework and causal literature review

3.1 Short-run and long-run Granger causality

The concepts of Granger causality Granger (1969) is usually interpreted as predictability
from one variable to another given potentially some auxiliary variable. The original work pro-
posed by Granger (1969) was to deal with the time series data under a bi-variate framework
and horizon one. The criteria of Granger causality back then depends on conditional mean.
Later on, Granger (1980) and Granger and Newbold (1986) ‘upgraded’ the mean condition to
conditional distribution. Moreover, the horizon one causality was extended to multiple-horizon
causality under the presence of auxiliary variables; see Lütkepohl (1993) and Dufour and Re-
nault (1998). The extension reveals an interesting as well as practical meaningful phenomenon
called ’indirect effect’ that two variables could be Granger non-causal at horizon one (short
run) but causal at multiple horizon (long run) accomplished through an auxiliary variable. In
general, the Granger non-causality from variable x to variable y at horizon h with the presence

of variable z, x ̸ h−→ y|z can be written as

Ffull(yt+h|Ixyz(t)) = Fsub(yt+h|Iyz(t)), (3.1)

where Ffull(yt+h|Ixyz(t)) denotes the conditional distribution of variable yt+h given a ‘full’ in-
formation set (σ-algebra) of variable x, y, z up to time t; and F (yt+h|Iyz(t)) denotes that of
yt+h on a ‘sub’ information set containing only variable y and z, Iyz(t). Note that we explicitly
point out the distribution is upon sub-sample (with only variable y, z) when the variable x
is removed from the information set. Under the null hypothesis of Granger non-causality, it
makes no difference because the information in variable x is redundant. However, if variable
x does help predict variable y at h period ahead, from the perspecitive of sensitivity analysis
(e.g., Dorn and Guo (2022) and reference therein) and causality measure, it does matter the
distribution is on sub-sample or full-sample, that is, Fsub(yt+h|Iyz(t)) ̸= Ffull(yt+h|Iyz(t)).

As illustrated, if the condition of (3.1) does not hold that variable x contains some partic-
ular information to improve the forecasibility of variable y at h period ahead, it is naturally to
raise a question that how much variable x could improve the forecasting. Following the work of
Geweke (1984), Dufour and Taamouti (2010) proposed an index called ‘mean-square causality
measure’. In a simple case that variable y is a scalar, it is defined as

CL(x
h−→ y | z) := ln

[
σ2(yt+h | Iyz(t))
σ2(yt+h | Ixyz(t))

]
. (3.2)

where σ2(yt+h | I(t)) is denoted as the variance of forecast residual of yt+h on the information
set I(t). In this formula to compute σ2(yt+h | Iyz(t)), it conducts a linear projection of yt+h onto
the space Iyz(t). With linearity assumption, this implicitly consider a sub-sample distribution,
that is

PL(yt+h | Iyz(t)) =
∫
yt+hdFsub(yt+h|Iyz(t)). (3.3)

The issue of using sub-sample distribution is raised when variable x is highly correlated with
some other variable in the information set, it induces that removal x does not affect too much
the mean-square of the residual before and after the removal. That could probability has some
misleading results, at least from the economic interpretation perspective, as usually the common
critics toward Granger causality.

7



3.2 Impulse response function: treatment effect in time series

The impulse response function, following the seminal work of Sims (1980), is based on the
foundation that a vector of multivariate variables yt := (x′t, y

′
t, z

′
t)

′ follows a VAR model, and
an implicitly restricted assumption, albeit widely accepted, that the VAR residual spans the
same space as the structural shocks et, that is

Θ0et = ut, (3.4)

where ut is the VAR projection residual ut = P (yt | Iw(t − 1)) defined on some probability
space (Ω,P,F), et is a random variable with diagonal covariance matrix, and Θ0 is a non-
singular matrix with ones on the main diagonal. Because of the orthogonalization procedure
of the residual, the residual et is usually called as exogenous shocks with the interpretation
of driving the dynamic system evolution. Generally, the orthogonalization is processed under
the help of economic interpretation and mild and possibly fragile assumption toward statistical
identification of the rotation matrix Θ0; see Kilian and Lütkepohl (2017). After all, the im-
pulse response function, which is the Wold decomposition coefficients with the orthogonalized
‘shocks’, is defined with the so-called causal interpretation. More precisely, it is analogous to
treatment effect that reveals the difference for the outcome between situation with and without
an exogenous shock. It induces the generic definition for impulse response function,

IRF(t, h) := E[yt+h | e1,t = 1, Iw(t− 1)]− E[yt+h | e1,t = 0, Iw(t− 1)], (3.5)

where the shock of interest is defined with no loss of generosity to be the first one in the vector
of et. Under the linear VAR framework, the impulse response is independent with the state of
economy, Iw(t− 1), the size/sign of the shock, or the future path of the economy. Nevertheless,
the intrinsic spirit of impulse response is with no doubt compare the potential outcome between
two scenario, one with the case of shock and one without. Bojinov and Shephard (2019) and
Rambachan and Shephard (2021) extends the definition of impulse response to non-parametric
framework and propose a definition for potential outcome time series, which close the bond
with the potential outcome and causal inference rooted in Neyman (1923) and Rubin (1974).
Under linear VAR and stationarity assumption (or a slightly more general assumption: linear
(non)-invertible SVMA, as adapted and discussed in the literature among Stock and Watson
(2018), Plagborg-Møller and Wolf (2022)), the impulse response function can be equivalently
defined as the difference between two potential outcomes:

IRF(t, h) = y
(1)
t+h − y

(0)
t+h, (3.6)

where y
(1)
t+h is defined as the potential outcome with the shock (treatment) and y

(0)
t+h is the

one without the shock, both are determined with the same sequence of shocks (or called as-

signment process) but the one of interest, y
(1)
t+h = yt+h(et+h:t+1, e1,t = 1, e2:k,t, et−1:−∞) and

y
(0)
t+h = yt+h(et+h:t+1, e1,t = 0, e2:k,t, et−1:−∞). Because of the linearity and stationarity of the
VAR process, and contemporaneous and serial correlated feature of the shock et,

y
(1)
t+h − y

(0)
t+h = E[y(1)t+h − y

(0)
t+h] = E[y(1)t+h − y

(0)
t+h | Ft−1], (3.7)

where the two other effect is named by Rambachan and Shephard (2021) as average treatment
effect and filtered treatment effect, respectively. Nevertheless, if the impulse response is path-
dependent, that the path of future shock (assignment) will affect the causal effect of the shock
of interest, or the causal effect is dependent on the state of economy (Ft−1), then generally the
equality above does not hold. (see nonlinear VAR or Local Projection in Kilian and Lütkepohl
(2017)).
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4 Analyzing causal channel in macroeconomic dynamics

In macroeconomics, the elucidation of cause-and-effect relationships often takes the form of
narrative causal chains found in numerous textbooks. These causal chains lay out a sequence of
events, maintaining a chronological order, with the primary objective of revealing the underlying
mechanisms that account for the observed performance of a specific outcome variable in response
to external interventions.

For instance, when faced with an unexpected positive monetary policy shock, such as a
sudden 50 basis point increase in short-term interest rates, it is a reasonable expectation that
GDP might exhibit a decline, perhaps occurring in six months or more down the line. Textbooks
expound upon this phenomenon within a causal chain, attributing it to the increase in the cost of
capital resulting from higher-than-expected inflation. This rise in the cost of capital, according
to the narrative, triggers a decrease in aggregate demand, ultimately resulting in a reduction
in overall production. Notably, this narrative implies a sequential progression of events and
variable performance within the causal chain, underscoring the specific role played by each
variable in this chain of causation.

Moreover, this causal chain implicitly introduces a counterfactual notion: if an external
intervention, whether it be government policies or actions taken by an economic authority,
deliberately interferes with one of the causal channels, it can exert a significant impact on the
ultimate outcome.

Inputt0 Outputt1M tm
0

M tm
1

×

Figure 1: The counterfactual transmission with no contribution of M1

In light of this backdrop, we introduce a structured framework for measuring causal chan-
nels:

1. The Focal Causal Effect: Originates from a one-time shock intervention at time t0 and
extends to the output variable observed at time t1.

2. The Evaluation Time: A specific causal channel’s measurement occurs at time tm,
t0 ≤ tm ≤ t1. This designated moment is named the ”time of evaluation.”

3. The Contribution Assessment: To ascertain the contribution of a causal channel to
the output at the time of evaluation, a counterfactual analysis is employed. This analysis
considers the output variable’s response to the movements of variables up to time tm,
excluding the specific variable representing the channel of interest.

This structured framework suggests that the response of future output to a current exogenous
intervention is mediated through various components within a dynamic system. To measure
this causal pathway, we adhere to the fundamental principles of causal philosophy commonly
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employed in social science research. Here, investigators isolate the influence of a specific variable
on the output variable, hypothetically keeping all other factors constant. As our primary
focus revolves around the impact of a specific causal pathway, which is represented by the
changes in a particular variable in the presence of an exogenous shock, we conduct a ”thought
experiment” to eliminate the effects of the variable or mediator of interest and evaluate the
resulting consequences.

Significantly, we grant the evaluation time, denoted as tm, the flexibility to span any
period between the intervention time t0 and the outcome time t1. This flexibility implies
that the influence of a specific channel can exhibit varying effects on the final outcome as the
shock propagates. For example, in the context of a monetary policy shock, the role of the
cost of capital exerts significant influence in the early time window. However, it subsequently
transfers its impact to the durable goods variable, ultimately leading to a decline in output.
This dynamic role suggests that the significance of each mediator can change as the shock
is transmitted over time. Moreover, it provides a quantitative measure for each mediator at
different time points, ultimately enabling a quantitative approach to depict the causality chain.
This quantitative perspective complements the traditional narrative explanations often found
in textbooks regarding causality.

5 SVAR and impulse respons decomposition

In this section, we consider a K-variate structural vector autoregressive model

A(L)yt = ϵt (5.1)

where yt denotes a K × 1 random variable presumed to have zero mean and be detrended for
illustrative purposes. The matrix A(L) is defined as A(L) = A0 −

∑∞
i=1AiL

i, where L signifies
the lag operator, and A0 is a non-singular constant matrix with ones on the main diagonal, such
that aii,0 = 1 for all i. The vector ϵt comprises mutually uncorrelated structural shocks, with
a normalized covariance matrix given by ϵt ∼ (0, IK). Importantly, the matrix A0 cannot be
uniquely identified based solely on the second moments of variable yt. In practice, identification
relies on methods such as recursive identification, sign restrictions, higher moments, and the
introduction of external instrumental variables.

From this structural model, we derive a reduced-form VAR, as expressed in the form:

π(L)yt = A−1
0 ϵt (5.2)

where π(L) is defined as π(L) = A−1
0 A(L). Subsequently, we generate a multi-horizon VAR, a

method frequently employed for examining Granger-causality over multiple periods, as intro-
duced by Dufour and Renault (1998):

yt+h = π
(h)
1 yt + π

(h)
2 yt−1 + · · ·+ et,h (5.3)

The explanatory variables in this regression encompass observables up to time t, representing
the information set at the current period. We address two scenarios, one where the horizon h
is a positive integer and the other where it is zero. In the case of a non-zero horizon (h > 0),
the model is in a reduced-form and can be identified naturally through the second moments of
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observables. However, when the horizon is zero, the model is in structural form and requires
additional information for identification. This distinction in horizon impacts the interpretation,
and we consider both cases in this paper, with particular focus on the zero horizon scenario,
which involves contemporaneous causal effects.

Granger-type causality analysis revolves around examining the causality or predictability
from one variable to another, considering auxiliary variables. The assessment of causality relies
on multiple coefficient matrices within Equation (5.3). The economic interpretation is centered
on understanding how predictability is enhanced or impaired by adding or removing specific
variables from the information set. This interpretation aligns more closely with forecasting
than treatment effects. Notably, we find that Granger causality can serve as an interpretation
for causal channels.

In cases where the horizon h is greater than zero, the formula for each coefficient matrix in
Equation (5.3) can be derived using methods outlined in (3.17) of Dufour and Renault (1998).
These coefficients result from non-linear transformations of the underlying VAR parameters,
and the residuals et,h take on the form of a moving average (MA) process of order h − 1. We
define a polynomial function as follows:

πi(L) = I +
∞∑
h=1

π
(h)
i Lh∗

, for all i ∈ Z+ (5.4)

where h∗ = h + i − 1. In numerous instances found in the literature, the structural impulse
response function is defined when i = 1, yielding Θ(L) = π1(L)Θ0. Here, Θ0 is the structural
matrix identified after scaling the matrix A−1

0 , with the scaling reflecting the standard error of
the structural shocks. We also explore scenarios when i > 1, which pertain to higher-order im-
pulse response coefficients. These coefficients encapsulate information regarding Granger-type
causality between two variables at a given horizon, considering a set of control variables. The
presence of non-causality implies that the removal of a particular variable does not hinder the
predictability of another variable, provided that the same control variables are retained. This
concept resonates with the ideas put forward by Diebold and Yılmaz (2014), who examined
the decomposition of forecast errors using Pesaran-Shin-type impulse responses and established
relationships between variables over multiple periods. In this paper, we bridge the gap between
these higher-order coefficients and causal/treatment interpretations, presenting potential appli-
cations for these coefficients in the context of a more general type of intervention. We employ
these coefficients to quantify the portion of the impulse response attributed to a specific variable
at a given horizon.

It is worth noting that the inverse of the matrix A0 induces the structural impulse response
at horizon zero, with parameters identified based on the scaling of the standard error of the
structural shocks. Although we impose certain restrictions on A0, including it being invertible
with ones on the main diagonal, the inverse of matrix A0 typically does not feature ones on the
main diagonal, unless A0 possesses a specific structure, such as a lower triangular matrix. To
facilitate the interpretation that a unit-sized shock has a one-unit impact on the corresponding
contemporaneous variable, we normalize the structural matrix by constraining the elements on
the main diagonal to be one, subsequently scaling the standard error of the structural shocks
accordingly. Thus, we have:

Θ0 = A−1
0 Σ−1/2

e (5.5)
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In this context, the structural matrix Θ0 = ∂yt/∂e
′
t, and each shock induces a unit impact effect

on its corresponding variable (∂yi,t/∂ei,t = 1). The covariance matrix of the scaled shocks is
defined as Σe = diag[σ2

i ]
K
i=1, where σi represents the i-th element on the main diagonal of matrix

A−1
0 .

5.1 Intervention interpretation of GIRs

The existing literature on multiple-horizon Vector Autoregression (VAR) models, also
known as Local Projections, has primarily concentrated on the first coefficient matrix due to
its direct relation to impulse responses when multiplied by a structural vector. There has been
limited attention given to the interpretation of individual higher-order Generalized Impulse
Responses (GIRs). In this study, we aim to bridge this gap by extending the principles of inter-
vention analysis to the multivariate case, providing an interpretation for all GIRs. Ultimately,
we will illustrate the application of GIRs in counterfactual analysis.

We begin by considering an indicator function:

p
(t0)
t =

{
1 if t = t0

0 if t ̸= t0,
(5.6)

We introduce a one-time pulse, representing an intervention, at time t:

I
(t0)
1,t (ω) = ωp

(t0)
t , (5.7)

where ω is a scalar defined as ω = ỹt − yt. Here, yt is an observable in reality, and ỹt is a
hypothetical observable in a counterfactual scenario. Typically, ω is set to be a column of the
structural matrix, ω = θ0, representing the shock of interest. The causal response to a one-time
pulse I

(t0)
1,t is defined as follows:

y
(1)
t (I

(t0)
1,t ) = y

(0)
t + π1(L)I

(t0)
1,t (5.8)

In the context of the linear VAR framework, where shocks are unpredictable, and observables
are influenced by these shocks over time, the time series observables can be likened to potential
outcomes in microeconomics, as thoroughly discussed by Rambachan and Shephard (2021). The
difference in the expected value of a variable under a unit-size shock versus no shock, known as
the impulse response, holds a causal effect interpretation similar to binary treatment models.
Importantly, under the linear VAR framework, the shock (intervention) is randomly assigned,
and its causal effect (coefficient) is constant and independent of past information. Therefore, the
definition of causal response remains consistent, whether or not the past information, specifically
the information set at time t-1, is known. This result does not hold under a general nonlinear
VAR framework, such as state-dependent VAR and threshold VAR.

Next, we define each higher-order GIR. The second GIR measures the causal effect of a
future observable in a hypothetical scenario in which a shock occurs at time t0 − 1 while the
observable at time t0 remains unaffected. In the multiple-horizon VAR framework, it treats yt−1

as ”super exogenous” to yt (see Definition 2.9 of Engle et al. (1983)). In the context of impulse
response, this is equivalent to the endogenous response of yt to the shock at time t-1 being
turned off. As illustrated by Bernanke et al. (1997) and Sims and Zha (2006), this procedure is
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equivalent to combining the initial shock with a hypothetical shock just sufficient to offset the
response at time t. As a result, the ”compound” shock is defined as follows:

I2,t = I
(t0)
1,t − ψ1I1,t−1 (5.9)

Here, the portion of ψ1I1,t−1 is used to offset the endogenous response of the variable at time
t0 +1 to the one-period previous intervention. In other words, the observables one period after
the shock are arbitrarily set to be orthogonal to the shock:

yt+1 ⊥ I
(t0)
1,t (5.10)

This adjustment induces potential output changes accordingly:

y
(1)
t (I2,t) = y

(0)
t + π1(L)I2,t = y

(0)
t + π2(L)I

(t0)
1,t (5.11)

This means that the causal effect of the compound shock I2,t can be measured equivalently by
the polynomial constructed using the second coefficients in the multi-horizon VAR model.

Formally, for any higher-order GIR at horizon h, it assesses impulse responses at various
horizon while holding certain subsequent observations fixed.

In,t = I
(t0)
1,t − (ψ1In−1,t + ψ2In−2,t + · · ·+ ψn−1I1,t−n+1). (5.12)

This process is equivalent to setting the n-period observable at the shock to be orthogonal to
the shock:

yt+1:t+n ⊥ I
(t0)
1,t (5.13)

The consequence of this restriction is equivalent to that caused by a sequence of hypothetical
shocks offsetting or neutralizing the causal effect of that particular pulse on the lagged variable.
This interpretation aligns with the formula of GIRs. Then, we define ”compound” pulses for
the GIR at the order (n+1):

y
(1)
t (In,t) = y

(0)
t + π1(L)In,t = y

(0)
t + πn(L)I

(t0)
1,t (5.14)

Similar to the interpretation of I2,t, the compound shock In,t is equivalent to assessing the
causal effect of the shock at time t-n and treating the observable yt as super exogenous to
yt+1, · · · , yt+n. This describes a hypothetical situation in which variable yt changes while the
subsequent n-period observables remain fixed.

The concept of GIRs presents an alternative perspective for analyzing interventions in
multivariate time series data. Researchers have the flexibility to construct counterfactual series
of observables for specific hypothetical scenarios and utilize GIRs to forecast potential future
paths at different horizons. This versatility of GIRs can be highly valuable in various con-
texts, such as policy analysis in political economics, stress testing in financial investments, and
scenario analysis in risk management.

In the subsequent subsections, we will demonstrate how GIRs can be employed to represent
more generalized cases of interventions. Additionally, the decomposition of Equation (5.12)
facilitates the use of GIRs to break down an impulse response (total effect) into direct and
indirect effects within a dynamic system. This decomposition provides a clearer perspective on
how external interventions impact observables over time.
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5.2 Impulse response decomposition

The concepts of mediation analysis are widely used in the analysis of treatment effects
in microeconometrics or other social sciences. Drawing parallels with macroeconomic dynamic
systems, we can consider an external shock as a form of ”treatment,” while the variables
influencing the dynamic system represent the series of observable variables following the shock.
In a dynamic system, the total effect of a treatment is evaluated using the standard impulse
response, while the direct and indirect effects are quantified using GIRs.

In contrast to causal mediation analysis in static models, the decomposition of the impulse
response (total effect) can be performed at different time periods following the occurrence of the
shock. This decomposition aims to investigate the contribution of each variable to the impulse
response, as highlighted in Kilian and Lewis (2011). However, our approach goes beyond
examining the decomposition solely at the time when the impulse response is realized. We
demonstrate that this decomposition can be conducted at any period after the shock occurrence,
denoted as ”n”, where ”n” is less than or equal to the desired horizon of the impulse response,
denoted as ”h”. To begin, we consider the case of decomposition at horizon zero, where ”n”

input

t

decomposition

· · · t+ n · · ·

output

t+ h

equals zero. In this scenario, the impulse response represents the direct transmission from time
”t” to ”t+h” without the involvement of any confounding variables. Consequently, the direct
effect is equivalent to the total effect and is denoted as:

θh = P(yt+h | y(1)t (I
(t0)
1,t ),Ft−1)− P(yt+h | y(0)t ,Ft−1).

Under the linear VAR assumption, this can be expressed as:

θh = π
(h)
1 θ0, for all h > 0. (5.15)

where θ0 denotes the contemporaneous effect triggered by the structural shock e1,t and π
(h)
1

is the coefficient matrix attached to yt in a horizon h autoregressive model. This equality
allows for the standard procedure to compute structural impulse responses in local projection
literature, as seen in Plagborg-Møller and Wolf (2021), where the structural vector is obtained
through various identification approaches such as recursive methods, sign restrictions, and
higher moments on the innovations.

Moving on to decomposition at horizon one, n = 1, the shock at time t is now transmitted
in the system for one period. Therefore, when decomposing the impulse response at time t+1,
we must account for how the variables at time t and t+1 respond to the shock. These response
of observables at time t and t + 1 are quantified by the standard impulse responses θ1 and θ0,
respectively. Subsequently, we employ the projection method to map these changes to the time
period t+ h, resulting in the equation:

θh = P(yt+h | y(1)t+1(I
(t0)
1,t ), y

(1)
t (I

(t0)
1,t ),Ft−1)− P(yt+h | y(0)t:t+1,Ft−1).

This equality represents the concept of ’causal equality.’ The left-hand side is the causal effect
induced by the independent shocks, while the right-hand side is the causal effect resulting from
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the potential outcome of the observables at the time of decomposition of period one. Under
the linear VAR assumption, it can be expressed as:

θh = π
(h−1)
1 θ1 + π

(h−1)
2 θ0, for all h > 1. (5.16)

where π
(h−1)
1 and π

(h−1)
2 are coefficient matrices respectively attached to yt+1 and yt in a horizon

h− 1 autoregressive model.

Thus, for any desired impulse response at horizon h, there exist up to (h − 1) types of
decomposition. Generally, let the decomposition occur at time t + n, where 0 ≤ n < h. It
yields:

θh = P(yt+h | y(1)t:t+n(I
(t0)
1,t ),Ft−1)− P(yt+h | y(0)t:t+n,Ft−1).

We calculate the response of observables from time t to t + n using the standard impulse
responses. Next, we employ GIRs at horizon h− n to map the changes in these observables to
the time period t+ h. This leads to the following equation:

θh = π
(h−n)
1 θn + π

(h−n)
2 θn−1 + · · ·+ π

(h−n)
n+1 θ0, for all h > n. (5.17)

where the coefficient matrices π
(h−n)
i is the one from horizon (h−n) autoregressive model.This

decomposition allows us to assess the contribution of each variable to an impulse response across
various time windows. The magnitude of each variable’s contribution depends on two crucial
factors: (1) whether a variable has experienced the impact of a shock up to a specific time point
and (2) the extent of multiple-horizon causality exhibited by that variable toward the target
variable. By gaining insights from this decomposition, we can enhance our understanding of how
dynamic causal effects are transmitted within the system. Policymakers can also benefit from
this analysis by obtaining valuable information regarding optimal timing and policy instruments
to mitigate specific impulse responses, such as the adverse impact of increasing inflation on gross
output.

Lastly, as implemented by Kilian and Lewis (2011), the decomposition can also occur at
time t + h. We named it as simultaneous decomposition, since the decomposition rely on the
coefficients from a simultaneous equation model (SEM):

yt = π
(0)
1 yt + π

(0)
2 yt−1 + · · ·+ ϵt (5.18)

where

π
(0)
1 = I − A0, π

(0)
i = Ai−1 for i ≥ 2. (5.19)

Notice since the normalization of the matrix A0 that elements on the main diagonal are all
ones, it is readily to check the regressor set does not contain the regresand for each equation.
The impulse response therefore can be decomposed as

θh =
h∑

i=1

π
(0)
i θh+1−i. (5.20)

In summary, we show that for any impulse response at horizon h, we can decompos it from
the time of impact and the time of realization. The decomposition can be summarized in the
follow table.
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Table 2

Causal mediation analysis - one time intervention
Direct and indirect effect on target variable Yt+h interpreted through multiple-horizon VAR

Decomposition direct effect indirect effect total effect
Yt Yt+1 Yt+2 · · · Yt+h−1 Yt+h Yt+h

t π
(h)
1 θ0 0 0 0 0 0 θh

t+ 1 π
(h−1)
2 θ0 π

(h−1)
1 θ1 0 0 0 0 θh

t+ 2 π
(h−2)
3 θ0 π

(h−2)
2 θ1 π

(h−2)
1 θ2 0 0 0 θh

...
...

...
...

...
...

...
...

t+ h− 1 π
(1)
h θ0 π

(1)
h−1θ1 π

(1)
h−2θ2 · · · π

(1)
1 θh−1 0 θh

t+ h π
(0)
h θ0 π

(0)
h−1θ1 π

(0)
h−2θ2 · · · π

(0)
2 θh−1 π

(0)
1 θh θh

Table 2 presents a comprehensive econometric analysis of the impulse response decomposi-
tion at specific time points and desired horizons. This decomposition encompasses two essential
aspects: the evaluation of individual variable contributions and the assessment of multiple vari-
ables’ contributions over time. In the time domain, the impulse response propagates through
sequential variables. The direct effect captures the causal impact originating from the treated
variable at the initial stage, while the indirect effect is determined by subsequent observables,
commonly known as post-treatment confounders, spanning from the time of shock occurrence
to the time of decomposition.

Notably, it is crucial to emphasize that the coefficients (GIRs) associated to each observable
differ across the time interval between the decomposition time point and the desired horizon
of the impulse response. These coefficients quantify the specific causal effects on the variable
of interest at the designated horizon. Consequently, the contribution of each variable to the
targeted impulse response exhibits temporal variations, underscoring the dynamic nature of the
causal relationships.

6 Measurment of causal channel

6.1 Variable contribution measure

The preceding discussion has unveiled the potential for decomposing impulse responses
concerning the horizon ”h” and the time of decomposition ”n”. This decomposition carries
economic significance as it empowers us to assess the individual contribution of each variable
to the total effect that materializes in the causal effect at a specific horizon.

It’s worth noting that the choice of the time of decomposition has a substantial impact
on the evaluation of each variable’s contribution. For example, in the initial stages following
a monetary shock, it is reasonable to expect that the monetary instrument variable primarily
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drives the causal effect in the future. This is because, immediately after the shock impacts
the economic system, there is a limited time window during which the shock has not yet fully
propagated, and individuals (firms or people) have not fully responded to it.

Conversely, with more time having passed since the shock, as often depicted in macroe-
conomic textbooks, variables like consumption, investment, and durable goods may come into
play and contribute to a decline in GDP. Therefore, when the observation time slot occurs later,
it is reasonable to anticipate that these variables play a more substantial role in explaining the
decline in GDP.

Now, consider the target variable of interest, denoted as the j-th variable at horizon ”h”
and at the time of decomposition ”n”. The contribution of the i-th variable to the causal effect
is denoted as c

(h,n)
i→j . The analytical definition is as follows:

c
(h,n)
i→j = θj,h − θ

⊥(i,n)
j,h (6.1)

where θ
⊥(i,n)
j,h represents the causal effect under a counterfactual scenario in which variable i has

no contribution at the time of decomposition:

θ
⊥(i,n)
j,h = P (yj,t+h | y(1)\i,t:t+n, y

(0)
i,t:t+n,Ft−1)− P (yj,t+h | y(0)t:t+n,Ft−1) (6.2)

The value of θ
⊥(i,n)
h is equivalent to computing when variable i is not Granger-causal to variable

j at horizon (h− n).

In a linear VAR model, we deduce the contribution of variable i to the impulse response
at horizon h:

θj,h =
K∑
i=1

c
(h,n)
i→j , for all 0 ≤ n < h, h > 0. (6.3)

where c
(h,n)
i→j is characterized by the explicit formulation:

c
(h,n)
i→j =

h∑
l=1

π
(h−n)
ji,l θi1,n+1−l, (6.4)

and θj1,h = ψj•,hθ•1,0.

Our analysis makes use of the dataset introduced in Smets and Wouters (2007), as also
employed by Antolin-Diaz et al. (2021). Due to limited access to real wage data, our sample
is confined to the period spanning from 1976 Q3 to 2019 Q4, encompassing a total of 172
observations. This dataset encompasses crucial economic indicators, including Gross Domestic
Product (GDP), Consumption, Investment, Real Wage, Working Hours, Inflation, and the
Federal Funds Rate (FFR). Our analysis centers on a seven-variable Vector Autoregressive
(VAR) system, adhering specifically to a VAR(4) model. The collected data is predominantly
in levels, with the exception of the Federal Funds Rate. We employ a 4-lag VAR model to
ensure robustness and align with the quarterly nature of the data. The choice of lag order is
determined using R (command: VARselect, result: AIC(15) HQ(2) SC(2) FPE(2)). The VAR
coefficients are estimated through the least squares method.
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Our primary investigation is centered around evaluating the impulse response of GDP in
response to an inflationary shock, as revealed through a recursive methodology. Subsequently,
we dissect this impulse response across various post-intervention time intervals.

The following enumeration delineates the temporal evolution of causal attributions fol-
lowing the intervention. In the immediate period post-intervention, inflation itself emerges as
the primary driver, substantiated by its sustained persistence. As the analysis progresses to
the second post-intervention period, a distinct shift becomes evident, with the Federal Funds
Rate (FFR) gradually shouldering a substantial portion of the causal effect. This transforma-
tion underscores the Central Bank’s proactive response, characterized by a strategic increase
in interest rates to counter heightened inflationary pressures.

In the period immediately preceding the realization of effects, the influence of the inter-
vention becomes notably evident in both GDP and Consumption. Remarkably, inflation no
longer maintains the same degree of prominence as a driving force behind the overall impact,
while the influence of the Federal Funds Rate (FFR) similarly wanes.

Our empirical findings are consistent with the propositions advanced by Bernanke et al.
(1997), where the exogenous response of the FFR to oil price shocks is found to be entirely
quelled. Our results make a valuable contribution to the ongoing discourse by emphasizing
the crucial role of the FFR as a substantial causal channel that triggers economic downturns
in the wake of mounting inflationary pressures. Within the context of oil price shocks, which
invariably kindle inflationary pressures, our analysis underscores the consequential ripple effect
culminating in economic recession.

6.2 Weighted variable contribution

In the preceding subsection, our analysis has unveiled the capability to disentangle the
contributions of individual variables at various stages of decomposition for a given impulse
response at a specific horizon. This newfound insight is drawn from the numerical values
encapsulated within c

(h,n)
i→j . The magnitudes of these contributions furnish essential information,

shedding light on the evolving roles that each variable assumes over consecutive time periods.
The variability in these contributions underscores the intricate causal mechanisms embedded
within the model’s coefficient parameters.

To delve deeper into this analysis, it is paramount to acknowledge a fundamental tenet:
elevated inflation often begets adverse consequences for an economy. This economic interpre-
tation, often articulated in a narrative framework, posits that heightened inflation triggers a
responsive intervention by the Central Bank. This intervention, guided by the Bank’s commit-
ment to maintaining inflation within a controlled range, aims to avert both excessive inflation
that hampers economic activity and insufficient inflation that may usher in deflationary pres-
sures. The commitment of the Central Bank, coupled with its historical responses to elevated
inflation, gives rise to the systematic reaction of the Federal Funds Rate (FFR) to high inflation
rates. The elevation of the interest rate seeks to mitigate exuberant economic activity emanat-
ing from the demand side, ultimately leading to an economic deceleration. This causal chain,
tracing from mounting inflation to a subsequent economic slowdown, is widely understood and
accepted by both the general public and the academic community. Nevertheless, while this nar-
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Figure 2: The ”total response” signifies the reaction of GDP to an inflation shock. In our
analysis, we adopt the recursive identification method, specifically the Cholesky decomposition,
where the inflation shock is found to exert a contemporaneous causal effect only on the Federal
Funds Rate (FFR), with a magnitude of 0.1373 for a one-unit inflation shock. Our examination
focuses on the period one step after the intervention. The presented stacked bar chart illustrates
the values of contributions, denoted as c

(h,n)
i→j , for the time of decomposition where n = 1, and the

horizons range from 2 to 16. For a view of the decomposition without recursive identification
(orthogonality), readers are referred to the Appendix (see Figure A).
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Figure 3: The ”total response” characterizes the impact of an inflation shock on GDP. In our
analysis, we employ the recursive identification method, specifically Cholesky decomposition,
revealing that the inflation shock induces a contemporaneous causal effect solely on the Federal
Funds Rate (FFR), with a magnitude of 0.1373 for a one-unit inflation shock. Our examina-
tion focuses on the period two steps after the intervention. The presented stacked bar chart
illustrates the values of contributions, denoted as c

(h,n)
i→j , for the time of decomposition when

n = 2, and the horizons span from 3 to 16. For a view of the decomposition without recursive
identification (orthogonality), readers are referred to the Appendix (see Figure A).
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Figure 4: The ”total response” signifies the reaction of GDP to an inflation shock. We employ
the recursive identification method, specifically Cholesky decomposition, which reveals that
the inflation shock elicits a contemporaneous causal effect solely on the Federal Funds Rate
(FFR), with a magnitude of 0.1373 for a one-unit inflation shock. In our analysis, we consider
the time of decomposition to be (t + h − 1) periods after the intervention. This time point is
effectively one period before the impulse response manifests, a concept we refer to as ”rolling-
decomposition.” The stacked bar chart provided illustrates the contributions denoted as c

(h,n)
i→j

for the time of decomposition when n = t+h−1, spanning horizons from 1 to 16. For a view of
the decomposition without recursive identification (orthogonality), readers are referred to the
Appendix (see Figure A).
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rative is well-grasped, it often lacks precise numerical evidence to substantiate the intricacies
of its operational dynamics.

In this context, we introduce a weighted breakdown of each variable’s influence at distinct
decomposition time points for a specific impulse response function at a given horizon. Since
our focus is on a sequence of output: impulse response functions across multiple horizons, the
influence of one variable at a particular time of decomposition is determined by an arithmetic
average of its contribution to a series of output responses. Specifically:

ωi(h, n) :=
1

H − n

H∑
h=n+1

ωi(h, n) (6.5)

where ωi(h, n) denotes the proportional contribution of variable i to the impulse response at
horizon h given the time of decomposition n. The computation of ωi(h, n) bears similarity
to the decomposition of major economic indices, such as Gross Domestic Product (GDP), into
primary manufacturing, secondary manufacturing, and service sectors. However, it introduces a
challenge due to potential variable contributions having both positive and negative signs—some
variables may amplify the causal effect, while others may mitigate it. To address this, we
propose a weighted computation employing absolute values1:

ωi(H, h) := |c(h,n)i→j |/
k∑

l=1

|c(h,n)l→j | (6.6)

When all contributions are positive, this formula aligns with the standard procedure for com-
puting proportional contributions, akin to sector contributions to GDP. The chosen approach
to setting weights presents several advantages. First, the arithmetic summation of ωi(H, h)
equates to one, offering a straightforward interpretation of each variable’s contribution. Sec-
ond, the use of absolute values accommodates situations where variable contributions c

(h,n)
i→j

exhibit opposite signs. For instance, in a bivariate system, suppose an impulse response can
be decomposed into two parts of equal magnitude but opposite sign. Even though the impulse
response yields a net zero value, our formula duly provides a 50/50 contribution from each
variable, aligning with our causal interpretation. Finally, the arithmetic mean used in (6.5) im-
plies that a sequence of contributions to impulse responses over time periods is treated equally.
This may raise concerns from two perspectives: (1) some impulse responses may be of greater
interest than others; (2) longer-horizon impulse responses may exert less impact on the present,
at least from a utility perspective. However, these concerns can be alleviated by applying a
sequence of weights to the formula. The choice of weights can be tailored by researchers based
on their primary research objectives, and this article adheres to the arithmetic mean as the
chosen approach.

We present an example of the caual effect from GDP to inflation and compute the contribu-
tion weights of each variable over peeriods. At time zero, following the Cholesky decomposition,
the affected variables are limited to inflation and the Federal Funds Rate (FFR). The propor-
tional contributions of these variables stand at approximately 70% and 30%, respectively. As
time progresses, a noticeable trend emerges: the weight of inflation significantly diminishes,
while the weights of the FFR and other variables increase. This pattern signifies the gradual
propagation of the inflation shock to other variables in the system. The increasing prominence

1We set ωi(H,h) = 0 if
∑k

l=1 |c
(h,n)
l→j | = 0, following the convention 0/0 = 0.
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Figure 5: The total effect is the response of GDP to inflation shock at various horizon up to
sixteen periods. The weighted contribution is computed through the formula presented above.
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of the FFR aligns with the narrative description that attributes the decline in GDP to the en-
dogenous response of interest rates. After a span of six periods, the weights shift from the FFR
to other variables, such as investment and wages. Moreover, the increasing weights of GDP
itself indicate that the causal effect eventually transmits to GDP, and the decline in GDP per-
sists, affecting itself in subsequent periods. This observation underscores the sustained impact
of the inflation shock on GDP and its reverberating effects into the future.

7 Conclusion

This paper presents an innovative approach aimed at elucidating the causal mechanisms
governing macroeconomic dynamics. The methodology employed draws inspiration from classic
mediation analysis, with a specific focus on counterfactual analysis to suppress responses from
particular channels and assess their consequences. The econometric model applied in this
study combines Sims’ impulse response functions with a Granger-type of causality. It is crucial
to underscore that impulse responses provide insights into the total effect of a given output
variable in response to an exogenous shock, while Granger-type causality elucidates the causal
contributions of each variable or channel across multiple time periods.

Our contribution lies in the proposal of a contribution index, which quantifies the extent to
which each variable contributes to the impulse response over time. Additionally, we introduce
a weighted contribution index that gauges the influence of each variable on future impulse
responses. Through visual representations of these contribution indices, we systematically
explore the causal mechanisms at play, providing quantitative insights into the causal channels
and data-driven causal chains. It is our aspiration that our method will prove valuable to
policymakers and researchers, offering an enhanced understanding of dynamic causality within
the realm of macroeconomics.
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A Appendix A: variable contribution without orthogo-

nality

Figure 6: The ”total response” is the response of GDP to shock of inflation. Only change
the value of variable inflation and remain other contemporaneous variable constant: we are
not applying orthogonality of the residual here. The time of decomposition is ONE period
after the intervention. The stacked bar represent the value of contribution, c

(h,n)
i→j , for time of

decomposition n = 1 and h = 2, 3, · · · , 16.
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Figure 7: The ”total response” is the response of GDP to shock of inflation. Only change
the value of variable inflation and remain other contemporaneous variable constant: we are
not applying orthogonality of the residual here. The time of decomposition is TWO period
after the intervention. The stacked bar represent the value of contribution, c

(h,n)
i→j , for time of

decomposition n = 2 and h = 3, 4, · · · , 16.
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Figure 8: The ”total response” is the response of GDP to shock of inflation. Only change the
value of variable inflation and remain other contemporaneous variable constant: we are not
applying orthogonality of the residual here. The time of decomposition is (t + h − 1) period
after the intervention. It is equivalently to One period before the impulse response is realized,
so it can always been called as ”rolling-decomposition”. The stacked bar represent the value of
contribution, c

(h,n)
i→j , for time of decomposition n = t+ h− 1 and h = 1, 2, 3, · · · , 16.
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