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Conservative Holdings, Aggressive Trades:

Ambiguity, Learning, and Equilibrium Portfolio Flows

Abstract

We study equilibrium asset prices and portfolio flows in a model where agents learn about eco-
nomic fundamentals and differ in their aversion to parameter uncertainty. Exploiting the connection
between confidence intervals from classical statistics and multi-prior sets for ambiguity-sensitive
decision makers, we show that, because ambiguity-averse agents hold conservative portfolios, in
equilibrium they have more risk-bearing capacity, making them natural buyers of risky assets when
volatility rises. The model generates time-varying risk premia that are amplified by bad news and
dampened by good news. We provide empirical support of our model predictions using a novel

dataset of trading activity on Euro Stoxx 50 futures contracts.
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1 Introduction

Periods of high uncertainty, such as those following unexpected corporate or macro announcements,
frequently see institutional investors off-loading risky holdings in their portfolios with individual
investors taking the opposite side of the trade. Common explanations for such flows include,
for example, the role of informational asymmetry, portfolio constraints, or limited attention of

! Similarly, a considerable body of research has documented that a substantial

retail investors.
portion of the equity risk premium is earned during information sensitive events, such as FOMC
announcements.? Despite the abundance of literature on these topics, jointly explaining equilibrium

dynamics of portfolio flows and risk premia in a unified framework remains an open challenge.

In this paper, we address this challenge by proposing an equilibrium asset pricing model in which
agents learn about the parameters governing the endowment process by observing its realizations
over time. While they all have access to the same information, agents differ in their confidence in
the quality of the parameter estimates. We capture this difference by assuming that some agents
are more averse than others to the uncertainty, or ambiguity, surrounding parameter estimates.
Following insights from the decision theory literature, e.g., Bewley (2011), we model ambiguity as
a confidence interval that represents the set of posterior distributions of a “Knightian” decision
maker. Large and unexpected dividend realizations, by increasing investors’ volatility estimates,
widen their confidence interval. Hence, in this setting, agents’ learning about volatility gives rise

to time-varying ambiguity.

Our main result is to show that in equilibrium an increase in estimated volatility induces
ambiguity-averse agents to increase the weight of risky assets in their portfolio. This result seems
counterintuitive, because an increase in perceived volatility leads to less precisely estimated model
parameters, increases the amount of ambiguity, and thus makes the risky asset less attractive to
an ambiguity-averse agent. This logic, while valid in partial equilibrium, ignores that in general
equilibrium prices adjust to reflect agents’ perceived volatility and ambiguity. As a result of these
equilibrium adjustments, ambiguity-averse agents are relatively more willing to take on risk, making

them natural buyers of risky assets when perceived volatility rises.

!See, among others, Frazzini and Lamont (2007), Barber and Odean (2008) and Hirshleifer et al. (2008) Kaniel
et al. (2008), Kaniel et al. (2012).

2See the large literature on the announcement premium, e.g., Savor and Wilson (2016), Ai and Bansal (2018),
and many others.



We first illustrate the main intuition for this result in a two-period model that we can solve
analytically. In the model agents do not know the mean of the dividend, but know perfectly its
volatility. Because their choices are based on an estimate of the mean, we assume that agents
differ in their aversion to the uncertainty of this estimate. This heterogeneity could be capturing
differences in information, inventory or agency costs, or behavioral difference among agents. We
show that, in equilibrium, while aversion to ambiguity steers the ambiguity-averse agents towards
more conservative portfolios, their risky holdings increase with the dividend volatility. Therefore,
an increase in volatility is associated with an equilibrium flow of risky assets from ambiguity-neutral
sellers to ambiguity-averse buyers. Intuitively, an increase in volatility raises the risk premium in
equilibrium. However, because ambiguity-averse agents hold a conservative portfolio, they have
more risk-bearing capacity and therefore tend to perceive the new risk premium as “too high” for
their existing portfolio. Hence, they desire to increase their risk exposure. Similarly, ambiguity-
neutral agents perceive the new risk premium as “too low” and are willing to sell risky assets.
These volatility-induced flows emerge because of heterogeneity in agents’ aversion to parameter
uncertainty. They would not emerge, for example, in a model with heterogeneity in agents’ risk

aversion.

An implication of this finding is that, in a model with ambiguity-sensitive agents, time-variation
in agents’ perceived, or subjective, volatility becomes particularly relevant for understanding the
dynamics of equilibrium flows and risk premia. Learning about the dividend volatility, not just the
mean, is an important source of time-variation in agents’ perceived volatility. It is a commonly
accepted principle that volatility is relatively easier to estimate than the mean and therefore learn-
ing about it has little impact on portfolios and equilibrium returns (e.g., Collin-Dufresne et al.,
2016b; Buss et al., 2021). While this is true when agents have access to a continuous stream of
information, the same might not hold when information arrives in “bursts” such as during earnings

Or macroeconomic announcements.

To illustrate the effect of learning and ambiguity on equilibrium flows and risk premia, we
generalize the two-period model to an infinite-horizon setting, where overlapping generations of
heterogeneous agents learn about the mean and the variance of the endowment process. Learning
about variance introduces an important technical challenge. In fact, it is well-known that when
both the mean and the variance of normally distributed dividends are unknown, their predictive
distribution is a Student-t. Because of the fat tails of this distribution, expected utility is not well-

defined for a wide class of commonly used utility functions, see, e.g., Geweke (2001). We overcome



this difficulty by imposing a restriction on the true dividend variance and applying Bayesian learning
techniques with truncated distributions (see, e.g., Weitzman, 2007; Bakshi and Skoulakis, 2010).
Specifically, we assume that the unknown variance can take values on an arbitrarily large but
finite interval. Under this assumption, we show that the predictive distribution of dividends is
a “dampened Student-t”, i.e., a Student-t distribution with thinner tails. This allows us to fully
characterize the equilibrium with learning about both mean and variance. We show that, consistent
with the intuition from the two-period model, learning about variance generates equilibrium flows
where, as perceived volatility increases, ambiguity-averse agents buy the risky asset and ambiguity-
neutral agents sell. Furthermore, we show that learning about variance generates returns that
are left-skewed, even with an iid-normal endowment process, consistent with the early findings of

French et al. (1987) and, more recently, Chen et al. (2001) and Robins and Smith (2023).

Because in our model the true dividend mean and variance are time-invariant, agents even-
tually learn these parameters perfectly, thus making learning irrelevant in the limit. We provide
a tractable way to achieve perpetual learning in an overlapping-generation model by introducing
a “time distortion” to capture possible “information leakages” that occur as generations overlap:
new generations partially disregard the accumulated knowledge handed over to them by the older
generation. In a representative agent economy, this assumption coincides with the idea of “fading
memory” as in, e.g., Nagel and Xu (2021), or “age-related experiential learning”, as in Malmendier

and Nagel (2016), Collin-Dufresne et al. (2016a), and Malmendier et al. (2020).

We empirically investigate our model predictions using a novel database of Euro STOXX 50
futures transactions on the Eurex, one of the largest futures and options markets in the world. We
find that when uncertainty in the markets is high, agency traders—who act on behalf of clients—sell,
and proprietary traders—who act on their own account—buy. This pattern is robust and cannot
be simply attributed to momentum or contrarian strategies. Instead, these findings are consistent
with the predictions of our equilibrium model where agency traders are ambiguity neutral and
proprietary traders are ambiguity averse.> Furthermore, we also show that, in line with our model,
proprietary traders earn a risk premium for providing liquidity at the expense of agency traders in
periods of market turmoil, e.g., Nagel (2012). This finding is consistent with Nagel and Xu (2022)

who report that subjective risk premia increase with the subjective estimate of variance.

3This dichotomy is inspired by the “competence hypothesis” of Heath and Tversky (1991), according to which
decision makers are generally ambiguity-averse toward tasks for which they do not feel competent.



Literature. Our work relates to three strands of literature. First, we contribute to the literature
that studies asset prices under parameter uncertainty and learning.* We show that even in a model
with iid-normal dividends, time variation in the estimated variance has significant qualitative impli-
cations on the joint dynamics of equilibrium flows and asset prices. When dealing with parameter
uncertainty and learning, the vast majority of the asset pricing literature assumes that the mean
of the endowment process is unknown, but its variance is known. This assumption is typically
motivated by analytical tractability and the fact that it is easy to learn the variance from a large
sample of continuous observations. In reality, however, information reaches market participants in
a lumpy fashion, such as during FOMC meetings or corporate earning announcements, and agents
cannot avoid the effort to learn about volatility.® By emphasizing the importance of learning about
volatility, our paper echoes Weitzman (2007, p.1111) who claims that “for asset pricing implications

[...] the most critical issue involved in Bayesian learning [...] is the unknown variance”.

Second, we contribute to the literature on asset pricing with heterogeneous agents.> We differ
from the work in this literature by considering learning and agents’ ambiguity aversion. Chapman
and Polkovnichenko (2009) study asset pricing in two-date economies with heterogeneous agents
endowed with non-expected utility preferences. We focus on one form of deviation from expected
utility, that is, ambiguity aversion, and we generalize their results to the case of learning about
the mean and the variance of the endowment process in an overlapping-generation economy.” Buss
et al. (2021) study the dynamics of asset demand in a multi-period general equilibrium model in
which agents are heterogeneous in their confidence about the assets’ return dynamics. They show
that heterogeneous beliefs lead to asset demand curves that are steeper than with homogeneous
beliefs. Unlike Buss et al. (2021), heterogeneity in beliefs emerges endogenously in our model as a

consequence of agents’ different attitude towards ambiguity.

* Among others, key contributions are David (1997), Veronesi (1999), Pastor (2000), Barberis (2000), Xia (2001)
Leippold et al. (2008), and Collin-Dufresne et al. (2016b). Pdstor and Veronesi (2009) an extensive overview of
learning in financial markets.

5See the large literature on the announcement premium, e.g., Savor and Wilson (2016), Ai and Bansal (2018),
and many others.

5This literature is too vast to be reviewed here. Key contributions, among many others, are Mankiw (1986),
Dumas (1989), Constantinides and Duffie (1996), Dumas et al. (2009), Bhamra and Uppal (2014), and Garleanu and
Panageas (2015). Panageas (2020) provides an excellent review of the literature.

"Similar to our setup, Easley and O’Hara (2009) model investors with a desire for robustness with respect to
ambiguity in both the dividend mean and variance. In our model, learning ties the ambiguity in the dividend mean
to the variance of the dividend distribution and helps rationalize portfolio flows in reaction to new information.
Cao et al. (2005) use a similar model with heterogeneous uncertainty-averse investors but no learning to show that
limited asset market participation can arise endogenously in the presence of model uncertainty. Illeditsch et al.
(2021) analyze learning under ambiguity about the link between information and asset payoffs and show that this
leads to underreaction to news. Ilut and Schneider (2022) provide a comprehensive survey of modelling uncertainty
as ambiguity.



Third, our work is related to the large literature that studies asset prices and the trading
behavior of agency and proprietary traders. Ample evidence indicates that proprietary traders
act as liquidity providers who meet agency traders’ demand for immediacy.® Consistent with this
view, we document that agency traders tend to sell when volatility rises. Although proprietary
traders might be less sophisticated (see, e.g., Menkveld and Saru, 2023), they face lower agency
costs and less liquidity constraints than their agency counterparts. This advantage allows them
to act as liquidity providers, especially during times of financial turmoil when liquidity is a scarce
resource. These patterns of flows, together with the observed high level of risk premia are consistent
with the findings of the demand-based asset pricing literature, e.g., Koijen and Yogo (2019) where

price-inelastic proprietary investors buy from agency traders in periods of high uncertainty.

The rest of the paper proceeds as follows. In Section 2 we provide intuition in a simple equi-
librium model. Section 3 presents an overlapping-generations model with learning about the mean
and variance of the dividend process. Section 4 contains our empirical analysis of the equilibrium
flow and return dynamics. Section 5 concludes. Appendix A contains proofs; Appendix B de-
rives the predictive dividend distribution and expected utility when dividend variance is unknown;
Appendix C provides technical details of Bayesian learning with unknown variance; Appendix D
provides details of the numerical construction of the equilibrium; and Appendix E analyzes the

implications of stochastic volatility for equilibrium portfolio flows.

2 A two-period model

In this section, we develop a simple model to illustrate the effect of dividend volatility on equilibrium

portfolio weights and risk premia when agents differ in ambiguity attitudes.

Assets. There are two dates and a single “tree” producing a perishable dividend d at the terminal
date. Agents live for two periods. In the first period, they can trade claims over the dividend tree
(the risky asset) at a price p and a riskless asset available in infinite supply. In the second period,
they consume the dividend from their portfolio. Since consumption occurs only at the terminal

date, the riskless rate in the economy is undetermined and assumed to be a constant r.

The dividend d is normally distributed with unknown mean p and known variance o2, d ~

N (u,0?). The assumption of known dividend variance will be relaxed in Section 3. We assume

8See, e.g., Nagel (2012) and Biais et al. (2016).



that agents enter the initial date having observed a history of dividend realizations from which they

can calculate the time series average m and the associated standard error s, with s o< 0.”

Preferences. The economy is populated by two types of agents, i = A, B, both having CARA
utility, w(W) = —%e"yw, with identical absolute risk aversion v > 0.!° Agents differ in their
attitude towards uncertainty about the estimate of the dividend mean . Type-B agents are
standard Bayesian (subjective expected utility) investors. They use m as their subjective dividend
mean and account for its estimation error by inflating the variance ¢ by the squared standard

error 2.1 Therefore, the predictive distribution of the dividend d for agent B is

d~B N (MB,J2 + 32) , where u? = m. (1)

In contrast, type-A agents are averse to uncertainty in the mean estimate. We model aversion
to uncertainty by exploiting the connection between classical confidence interval and “Knightian”
uncertainty, or ambiguity, as in Bewley (2011). Specifically, we assume that ambiguity is represented
by “multiple priors” about the distribution of d and that A-agents are averse to this ambiguity.
We characterize the set of priors as a “confidence interval” around the mean estimate, m, whose

size depends on the standard error s and the agents’ degree of ambiguity aversion, that is,
P =[m— ks, m+ ks], (2)

with k > 0 a preference parameter that captures ambiguity aversion. When k = 0, the set of
priors P collapses to the singleton m, and A- and B-agents are identical. The parameter x also
has a classical statistical interpretation as a quantile of a distribution. Therefore, agents A face the

following set of predictive distributions

d~A N (i 0?+5%), it eP. (3)

9If agents enter the initial date having observed a time series of ¢ dividend realizations, these quantities are,
respectively, m = 2 3} | dj and s = o/V/1.

0The model can be easily extended to the case of heterogeneous risk aversion. However, none of the results we
present are qualitatively affected by difference in risk aversion. Therefore, for ease of exposition, we assume that both
agents have identical absolute risk aversion .

HSee, e.g., Section 2.5 of Gelman et al. (2020) for a proof of this result.




Optimal Portfolios. At the initial date, agents i = A, B are initially endowed with wealth W

and chooses a portfolio of #° units of the risky assets. The agents’ wealth at the terminal date is
Wizwi(1+r)+0i(d—p(1+r)), i=A,B. (4)
Agents B choose the portfolio 7 to maximize their expected utility of terminal wealth, that is,

1 —_~
max E [e_WWB] , (5)
08 y

subject to the budget constraint (4). A-agents choose portfolios by maximizing expected utility
under the “worst-case scenario” from the set P in equation (2), as in Gilboa and Schmeidler (1989).

That is, type-A agents solve the following problem'?

1 —
max min E [—eVWA] , (6)
0A pAep vy
subject to the budget constraint (4). The prior that minimizes A’s expected utility in equation (6)
is
m—rks, if 04 >0
p? = arg min E [u (WA)] =qP if 4 = 0. (7)
GAEP
m+ ks, if04 <0
Therefore, the minimum expected utility for the ambiguity-averse agent A in equation (6) can be
computed from the predictive distribution of d in equation (3) where the belief 4 is selected to be
either 4 = m — ks, if 64 > 0 or p* = m + ks, if 4 < 0. When ambiguity averse agents do not

participate, i.e., 4 = 0, no distinct prior is selected. Optimal portfolios are given by
%ﬁg;ﬂ>0 it m-pl+r) >ks
and 4 =< 0 if |m—p(l+r) <rks . (8)

%ﬁg;ﬁ)<0 if m-p(l+r) < -—ks

m—p(l+r)

6" =
v (02 + s2)

From the expression of #4 in the above equation, we infer that agent A’s problem in equation (6)

is equivalent to B’s problem but with a “distorted” belief about the expected dividend. While B

2For simplicity, in our analysis we rely on the “max-min” implementation of the Gilboa and Schmeidler (1989)
model, as in Garlappi et al. (2007). Alternative and less extreme versions of this approach are possible, such as
models with “variational preferences” as in Hansen and Sargent (2001), in which the desire for robustness can be
captured by a “penalty” for deviations from the belief m, see, e.g., Anderson et al. (2000) and Hansen and Sargent
(2008).



agents’ subjective mean dividend is EB (CZ) = uP = m, A agents’ subjective mean is EA(J) = A,

given in equation (7).

Figure 1 shows the optimal demands @’ of both agents as a function of the risky asset’s price p.
Because of ambiguity aversion, agents A hold a more conservative portfolio than agents B, |#4] <

|68, when the price p is sufficiently high or low, and do not participate, 4 = 0, when the price falls

m—ks M-+kKs
1+r > 14r

in the range p € [ } . In equilibrium, 84 + % = 1 and there cannot be short positions in

—— B’s demand, 97

——  A’s demand, 04
- — aggregate demand
- — - aggregate supply

1.5

m4kKs

1+4+r

Portfolio demand

p 147 p

-0.5

<
in

Figure 1: Risky asset demand. The figure shows the risky asset demand 67 and #4 from
equation (8) as a function of the risky asset price p. The red line denotes type-A’s demand; the
blue line type-B’s demand; the black line is aggregate demand; and the dashed line is the aggregate
supply of the risky asset.

the risky asset. The following proposition characterizes the equilibrium price p of the risky asset.

Proposition 1. The equilibrium price p of the risky asset is given by




where the risk premium X\ is

1 K Y 2 2 - *
?(58—1'5(0' +5)) ZfHS/{, 2 2
A= with x* =215 (10)

1741#7 (02-1-52) if K > K. 5

Ambiguity averse agents participate if their coefficient of ambiguity aversion k < K*.

The demands for the risky asset in equation (8) implies that in equilibrium either both agents
hold long positions or only B agents participate. Because the standard error, s, is proportional to
the dividend variance, s « o, equation (10) shows that when both agents participate, i.e., k < k¥,
the equilibrium risk premium is linear-quadratic in the dividend volatility o. This is because the
preferences of type-A agents exhibit “first-order” risk aversion, (see, e.g., Segal and Spivak, 1990),
that is, unlike B agents who are locally risk-neutral, A agents are locally risk-averse and demand

a compensation for holding a vanishing amount of risk.

Substituting the equilibrium price p from equation (9) in the agents’ demand functions (8) and
simplifying we obtain that, when both agents participate, the equilibrium portfolios are
1 1
pr=- - (2 ) and 8=+ () k< (11)
2 2y \o?+s? 2 2y \o%2+s?

C)(l O(l
o o

Equation (11) shows that when both agents participate, ambiguity averse agents A increase
their holdings of risky asset when volatility rises while Bayesian agents B decrease their holdings.

As o — 00, the portfolio holdings converge asymptotically to the constant weights #4 = #% = 1/2.

Equation (11) shows that dividend volatility is a key variable for the determination of equi-
librium portfolio weights. This feature is a general property of any model with heterogeneous
asset demands. In our model, the difference in demand originates from heterogeneous aversion
towards ambiguity. In general, differences in demand may emerge from a variety of reasons, such
as, heterogeneous information, bounded rationality, differences in belief formation, etc. In fact,
as long as these differences result in different dividend expectations across agents, u4 < pZ, in a
CARA-normal setting, the equilibrium portfolio weights in equation (11) will take the following
form

1 Ap g 1 Ap

e Y e L 12
2 2v(c?+s2)’ 2+27(02+52) (12)



with Ap = pP — p* > 0 denoting the difference in expectations. If Ay is independent of o, the
pessimistic investors A hold a conservative portfolio and increase their risky holding following an
increase in volatility. If Ay depends on o, agents A’s risky holding increases (decreases) with o
depending on whether the “tilt”, Au/(0? + s?) decreases (increases) in o. In our model Ay = ko
and s o o, therefore the tilt Ap/(0? + s2) o 1/0 and the pessimistic investors A increase risky
holdings as volatility increases. More generally, as long as agents disagree on the mean dividend,

volatility plays a key role in the determination of equilibrium holdings and flows.

A
—— market risk premium A 0" = 0'75. o _ 1

o | T 64 = const SR

a

S

S - 0% =075

S )
P /. 0% =025
5
£ 3
I
(o
2 | 04 =0
[afi¥

6”7 =0.25

0
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S

o
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S
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0.0 0.1 0.2 0.3 0.4 0.5
ag

Figure 2: Equilibrium portfolios and risk premia. The figure shows iso-portfolios lines of
type-A (red-dashed) and type B (blue-dashed) agents. These lines represent the set of volatility
and risk premium values (o, \) that correspond to a given constant portfolio weight in equation (8),
where the standard error s = o/y/t. The solid black line represents the set of points (o, \) at which
the market clears, #4405 = 1. The vertical dashed-dotted line indicates the participation threshold
Kk < k¥, or equivalently, o > ¢* with o* = Vi £ and the horizontal dashed-dotted line indicates

— t+1ly?
the hurdle risk premium \* = Lﬁa*. Parameter values: t =20, vy =1, k = 1.

= (1+r)

10



Figure 2 provides an intuition for the structure of the equilibrium holdings in equation (11). The
dotted curves in the figure represent “iso-portfolio” curves for both agents, that is, the combination
of volatility o and risk premium A associated with the same risky asset demand from equation (8).
Red-dashed lines refer to A-agents and blue-dashed lines refer to B-agents. The solid black line
traces the intersection of complementary iso-portfolio curves, i.e., the set of volatility and risk
premia (o, \) for which the market clears, 8% 4 64 = 1. From equation (10), A-agents participate
only when their ambiguity aversion kK < k* = 7@, or, equivalently, if o is sufficiently high,

o > o* in Figure 2.13

The red-shaded area in Figure 2 indicates (o, A) combinations for which A-agents do not par-
ticipate. For values of o < ¢*, the risk premium is too low for A-agents to participate. In this case,
the equilibrium risk premium coincides with the 8% = 100% iso-curve, i.e., the highest blue-dashed
line. For values of ¢ > ¢*, both agents participate. Lemma A.1 in Appendix A shows that in any
equilibrium in which A-agents participate, their iso-portfolio lines are always flatter than those of
B-agents. Intuitively, because A-agents hold fewer units of the risky asset than B-agents, starting
from an equilibrium in which both A and B participate, A-agents require relatively less compen-
sation than B for bearing an additional unit of volatility while keeping the portfolio unchanged.
Hence, starting from any equilibrium with participation, a positive shock to volatility generates

“gains from trade” where A-agents are willing to buy and B-agents are willing to sell.

So far, we have assumed that the dividend variance is known. Therefore, in this model there
cannot be equilibrium flows unless one is willing to assume that variance moves over time in an
unexpected way so that agents are constantly surprised by shocks to volatility. We do not find such
an assumption consistent with the forward-looking nature of market participants. A more realistic
way to introduce time variation in volatility is to consider the case in which volatility is unknown
and agents learn about it by observing dividend realizations. We develop such a model in the next

section.

131f agents enter the initial date having observed a history of ¢ dividend realizations, the standard error is s =

o/+/t. Hence, the participation condition x < &* = 7%0 can be equivalently expressed in terms of volatility as
* — Vt
o>o0" = t-Tl%

11



3 An overlapping-generations model

We consider an infinite-horizon overlapping-generations (OLG) model in which each generation
consists of type-A and type-B agents in equal mass, as in Section 2, living for two periods. The
setup we consider is similar to De Long et al. (1990) and Lewellen and Shanken (2002). However,
unlike De Long et al. (1990) there are no noise traders in our model, but agents differ in their
attitude towards ambiguity. Unlike Lewellen and Shanken (2002), each generation consists of

heterogeneous agents instead of a representative agent.

3.1 Setup

Assets. There is a riskless asset in perfectly elastic supply that pays the interest rate r in every
period t = 1,...,00 and a risky security in unit supply that pays the dividend d; in each period t.

Dividends are i.i.d. and normally distributed,
dy ~ N(:U’a 02)) (13)

with constant mean p and variance o2. Agents know that dividends are normally distributed, but
they do not know the moments of the distribution. They learn about p and ¢ by observing dividend

realizations over time.l?

Investors. Agents live for two periods with overlapping generations. There is no first-period con-
sumption or labor supply. In the first period, agents only decide how to allocate their exogenous
wealth between the risky and risk-free assets. In the second period, agents collect the dividend, lig-
uidate their risky portfolio by selling it to the new incoming generation, and consume the proceeds.
There is no bequest. As in Section 2, we assume that both agents have CARA preferences but
differ in their assessment of expected end-of-period wealth: B-agents are Bayesian and A-agents

are ambiguity averse.

Because investors are short-lived, their portfolio decisions do not contain an intertemporal

hedging component. However, in equilibrium, to construct their portfolio, generation-t investors

14To simplify the exposition of the model, in this section we ignore the fact that eventually agents will learn the
true parameters in the limit. In Section 3.4, we generalize the model to the case of perpetual learning.

12



need to form beliefs about both future dividends d;4+1 and asset prices p,+1. To do so, they would

need to know how generation-(t + 1) forms beliefs and so on, ad infinitum.

3.2 Learning when variance is unknown

The unknown dividend variance poses a technical challenge in the definition of the agents’ problem.
Standard results from statistics (see, e.g. Greene, 2020), imply that when both the dividend mean
and variance are unknown, the predictive distribution is Student-t. Hence, because learning about
volatility generates fat-tailed dividend distributions, expected utility is not well defined (see, e.g.

Geweke, 2001; Weitzman, 2007).

We overcome this difficulty by adopting the approach proposed by Bakshi and Skoulakis (2010),
who provide a methodology for solving asset pricing models with unknown volatility and Bayesian
learning. To guarantee that expected utility is well-defined in such models, they propose to replace
the standard normal-Gamma conjugate prior with a normal-truncated Gamma conjugate prior.!?
Their key methodological contribution is to show how to impose truncation bounds on the Gamma
distribution to preserve conjugacy, that is, to ensure that the same bounds are preserved after
agents update their priors. Bakshi and Skoulakis (2010) prove that the predictive distribution of
dividends obtained in the normal-truncated Gamma setting is a “dampened” Student-t, that is,

a Student-t with thinner tails. Under this distribution, expected utility, and therefore the agents’

portfolio choice problems, are well defined.

The learning problem of agents in each generation ¢ can be decomposed into two steps: (i) in-
formation updating and (ii) belief formation. The first step is common to both A and B agents:
they are equally informed and their heterogeneous preferences do not affect how they update their
information in light of new dividend observations. The second step, belief formation, differs de-
pending on agents’ preferences: A and B make different use of their information from step (i) to
form beliefs about moments of the predictive distribution of future dividends. Figure 3 summarizes

the two steps involved in agents’ learning process which we now discuss in detail.

Information updating. While dividend variance is unknown, all generations agree that the
dividend variance is finite, or equivalently, that its precision ¢ = 1/¢? is bounded, ¢ € [¢, ¢] where

the bounds 0 < ¢ < ¢ < oo are common across all generations. At each time ¢, both types of agents

15See, e.g., Gelman et al. (2020) for a discussion of Bayesian statistics in the normal-Gamma framework. The
density of the truncated Gamma distribution is stated in equation (B.1) of Appendix B.
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Figure 3: Information updating and belief formation. The top part of the figure illustrates
the “information updating” step in which agents update the state variables m; and b; after observing
a new dividend realization d;11. The bottom part of the figure illustrates the “belief formation”
step, and shows how agents at time ¢ use their updated information to form predictive distributions
about the future dividend. Agents’ beliefs are represented by the predictive distribution tg[-, o]
which is a dampened Student-t with v, degrees of freedom, as defined in equation (23).

inherit information about p and o from the previous generation. This information consists of a
normal/inverse-Gamma pair of posteriors. Agents use these posteriors as their prior and update
them after observing the new dividend, d;. Specifically, we assume that generation ¢t — 1, having
observed a time series of t — 1 dividend realizations, hands over to generation ¢ a prior for ¢ that

is a truncated Gamma with ¢ — 1 degrees of freedom'® and shape parameter b;_1, i.e.,

t—1 b1 | —

qb,qi)], 0<¢<¢< 0. (14)

1) LAB b1
olte - 1) ~40 76 |15, ok

The shape parameter b;_; is a weighted sum of historical squared errors (see, equation (19) below)

and, hence, b;_1/(t — 2) can be thought of an estimate of the variance.

Conditional on the precision ¢, agents’ prior about the mean p is normally distributed, that is,

1y LAB m 1
6. (0= 1) AP (i, ). (15)

with £ — 1 the number of observations, measuring the precision of the u-prior. In sum, the informa-
tion that generation ¢ — 1 hands over to generation t consists of the estimates of the sample mean,
my_1, and of the sample variance, 62 ; = b;_1/(t —2). We can think of (m;_1,b;_1) as a “model of

the world”, agreed upon by all agents.

6The degrees of freedom describe the precision of the ¢-prior. In classical statistics, when estimating mean
and variance of a normal distribution, setting the degrees of freedom of the Gamma distribution to the number of
observation minus one guarantees a bias free estimate of the variance, see, e.g., Greene (2020).
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Generation t updates this information with the newly observed dividend d;. The computed

t-posterior is again of the normal-inverse truncated Gamma family,

ot ~AE TG [;b;;qb,ab], 0<¢<¢<oo, (16)
)U’|¢7t NA’B N<mt7tl¢>a (17)

where the state variables m; and b, are obtained from updating (m_1,b;—1) upon observing the

dividend d;, that is,

t—1 1
my = ——my_1+ —ds (18)
t t
t—1 9
by = b1+ —— (d —my—1)~, (19)
T ——

—p2
=¢€;

with e; = dy — my—1 denoting the time ¢ dividend surprise relative to the mean m;_1.

Belief formation. Although generation t-agents observe the same state variables, update infor-
mation in the same way, and arrive at the same posteriors (16) and (17), they differ in how they
use these posteriors to form their beliefs about the distribution of future dividends from which they
derive their demand. Specifically, A-agents are averse to ambiguity in the expected dividend. To
keep things simple, we assume that both agents are neutral to ambiguity in the variance. Assuming
that A-agents are also averse to ambiguity in the variance requires the specification of a set of priors
for both p and ¢. This complicates the analysis without qualitatively changing the key features of

the learning model.!”

Both agents use as a prior about the precision ¢ the posterior that results from information up-
dating with dy, i.e., the truncated Gamma distributed with shape parameter b; from equations (16)
and (19). B-agents are ambiguity neutral and use as their unique prior the time-t posterior of the

information-updating step given in equation (17). Conditional on ¢, their prior about the mean pu

1"Because the estimates of 4 and o are independent, confidence intervals are two-dimensional trapezoids. With
max-min preferences, the ambiguity-averse agent will always elect the highest possible return variance when construct-
ing optimal portfolios, see, e.g., Easley and O’Hara (2009). Therefore, the portfolio choice problem with ambiguity
about both p and ¢ reduces to a problem with ambiguity only about u, where ¢ is fixed at the lowest possible value
in the prior support.
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is normal with mean uf = my,

1
Hlést ~B N (utB, w) R — (20)

In contrast, A-agents are ambiguity averse and entertain the following set of priors of u,

ot AN () it P (21)

where P, is the confidence interval for p
Py = [my — k8¢, my + KSy (22)
with s; = %E[ﬁ] an estimate of the standard error of the dividend mean. Following Bakshi

and Skoulakis (2010), in Lemma B.1 we show that, under these assumptions, agents i’s predictive
distribution of future dividends is a “dampened” Student-t, whose density is formally defined in

Appendix B,

153, (23)

- t+1  —
dt+1 NA ttD |:/J/24,bt, T7?a¢ ) dt+1 NB ttD :utBabh T’*

where uf = my and i € P;. Because the dampened Student-t distribution has thinner tails than
the Student-t, the agents’ expected CARA utility is well-defined. This allows us to solve for optimal

portfolios and construct an equilibrium.

3.3 Equilibrium

Investors in the model have rational expectations, that is, the pricing function they perceive corre-
sponds to the true pricing function. Because parameters need to be learned, rational expectations
do not imply that investor’s subjective beliefs about the distribution of dividends correspond to

the true distribution.

At each time ¢, agents are initially endowed with wealth W} and choose a portfolio of #; units

of the risky assets. Their wealth at time ¢ 4 1 is

Wign = Wi(L+7) +0; (1 +dess —pe(1+ 7)), i=A B (24)
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Hence, to determine their portfolios at time ¢, agents have to form expectations about future
dividends dy4+1 and prices piy1. They choose their optimal portfolio by solving, respectively, the

following maximization problems,

I%gXEt[U(Wﬁl)]a (25)
t
and
max min EJu(W2 , 26
 min B [u(Vi,) (26)

where Py is the ambiguity set defined in equation (22). As in the two-period model of Section
2, A-agents select either the prior ' = pf® = my — ks; or they do not participate. Hence,
participating ambiguity-averse A-agents select portfolios using a distorted belief, Ef (Jt+1) = uf =
ms — KSt, relative to that of the B-agents, EtB (CZtH) = my. Proposition B.1 characterizes the time-t
generation expected utility Ef[u(W/, )] for a given portfolio §;. We show that the determination
of participating agents’ expected utility in each generation only requires the evaluation of a well-

behaved integral. Agent i’s demand 6! is obtained by solving the first-order conditions

Wi . p
de% ) )

Unfortunately, there is no closed-form solution for agents’ demand in this setting. To gain
intuition, we solve the special case of known variance, for which we can obtain a closed-form
solution. The following proposition characterizes the equilibrium price and the portfolio weights

when variance is known.

Proposition 2. Assume d; ~ N(u,0?), with u unobservable and o observable and that agents
i = A, B form beliefs ui about p as described in equations (20) and (21) with ¢ = 1/0? known.

Then, the equilibrium price of the risky asset when both agents participate is

1
bt = ;mt — Ay, (27)
where the risk premium A; is given by
K
Ay th§(7+ft%027 (28)
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with g; and fy deterministic functions of time defined in equations (A.23) and (A.24) of Appendiz A.
The equilibrium portfolio weights are

1 & 't 1 1 & 't 1
A B
=5 5\ )= d =+ — |\ 2
bi 2 2’y<1+r(t+1)>a and 6, 2 27(1+r(t+1)>a’ (29)

with t denoting the number of dividend realization observed by agents in generation t.

The equilibrium weights (29) are the infinite-horizon OLG equivalent of the equilibrium weights
in equation (11) in the two-period model of Section 2. As in the simple model of Section 2, A-agents
hold conservative portfolios, (9;54 < BtB , but as volatility increase, they increase the weight in the

risky asset, i.e., 90{' /0o > 0.18

For the case in which variance is not known, we cannot obtain an analytic expression for the
equilibrium price. Aided by the structure of the equilibrium with known variance in Proposition 2,
in Appendix D we numerically construct an equilibrium with unknown variance in which the price
is of the form

p(my, by) = %mt — A(by). (30)

The key feature of this equilibrium is that, unlike the case of known variance in Proposition 2
where the risk premium A; is a deterministic function of time, here it is a function of b;, that is, it
depends explicitly on the agent’s perceived variance. Appendix D provides details of the numerical

procedure we use to construct the equilibrium.

Portfolio flows. From the equilibrium prices p(my,b;), we can derive the equilibrium portfolio

weights 0 (my, by) for type-i agents in generation t. We define portfolio flows as
AHi(mt, bt) = Hi(mt, bt) - Gi(mt_l, bt—l)7 1= A, B. (31)

The equilibrium portfolio weights depend on the state variables m; and b;. Therefore, unlike the
static model of Section 2 or the OLG model with known variance of Proposition 2, learning about
the dividend variance generates flows across agents in equilibrium. Specifically, a positive flow,
AG (my, b)) > 0, implies that the t-generation of type-i agents increases risky asset holdings relative
to the (t—1)-generation. Such a positive flow represents an intra-generational trade in which type-i

agents buy the risky asset from non-type-i agents.

8 As t — oo agents eventually learn the true mean u and the weights in equation (29) converge to 1/2. In Section
3.4 we extend the model to allow for perpetual learning.
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3.4 Perpetual learning

The analysis so far has ignored the fact that, because the unknown true dividend mean p and

2 are constant, agents eventually learn the true parameters. This problem is particularly

variance o
relevant in the context of an OLG economy, where there is an implicit assumption that generations
overlap forever. To address this common shortcoming of learning models, we modify the analysis of
Section 3.2 by assuming that some information acquired in the past is lost as generations overlap.
We show that such an information leakage is a tractable way to model “fading memory”, e.g.,
Nagel and Xu (2021), or “age-related experiential learning”, e.g., Malmendier and Nagel (2016),
Collin-Dufresne et al. (2016a), and Ehling et al. (2018). Our approach is similar to the “discount

rate approach” of West and Harrison (2006) and consists of discounting the information content of

moments estimates as time evolves.

To model perpetual learning, we assume that when generations overlap, a shock occurs that
reduces the informativeness of the posteriors of ¢ and u|¢ in equations (14) and (15) as they are
handed-over from one generation to the next. The effect of this shock is to introduce a time-
distortion w € (0,1).1 In particular, time distortion introduces a “new clock”: at time ¢ the
number of observation that is relevant for information updating, is not ¢ but n;. We refer to n; as
the “effective number of observations.” Because of time distortion, n; does not increment by one

each time a dividend is observed but instead gets distorted first by w. Hence,
Ngr1 = wng + 1. (32)

Intuitively, the quantity n; runs slower than ¢. In fact, it runs slower and slower as it approaches

its asymptotic value n = ﬁ This device allows us to achieve perpetual learning in our model

while keeping most of the analysis of Section 3.2 unaffected.

With perpetual learning, the prior of the precision ¢|¢ in equation (16) changes to

¢ ~*P TG [Vzt,l;tsm], 0<¢<¢<oo, (33)

9 Appendix C provides details about how we explicitly model the shocks to the priors about x and ¢, and how
the state variables are updated in a Bayesian way with new dividend information.
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where 14 denotes the degrees of freedom, which, in this case, are no longer equal to ¢t — 1. The prior

of p|e,t in equation (17) becomes

1
M|¢7 ny ~AB N <mt7 W) ) (34)

where the precision is now n;¢ instead of t¢. The updating equations of the state variables m; and

b; in equations (18)—(19) become

M1 = #"frlmt + wntlﬂdtﬂ, (35)
b1 = wb+ % (de1 — mu)?, (36)
—¢2
and the updating equation for the degrees of freedom vy is
Vi1 = wrp + 1. (37)

By setting the time distortion parameter w = 1, we can recover the case described in Section 3.2.
Notice that, as t increases, n; and v; approach the asymptotic value n = v = ﬁ Therefore, in

the steady state the problem can be described by just two state variables, m; and b;.

3.5 Results

We numerically solve for an equilibrium with unknown mean and variance with perpetual learning.
Appendix D describes the details of the equilibrium construction. Figure 4 shows the equilibrium
portfolio weights. The red line refers to the ambiguity averse agents’ portfolios and the blue line to
the Bayesian agents’ portfolios. Consistent with the weights derived in equation (11) in the two-
period model of Section 2 and with those for an OLG economy with known variance in Proposition 2,
the weights of the ambiguity averse agent A are increasing and those of the Bayesian agent B are
decreasing in 6 = \/m , which is an indicator of the estimated dividend volatility.?? In the figure
we set the truncation bounds ¢ and ¢ such that the true volatility o € [0.1,0.6]. When &, takes
values outside this range, agents become very confident that the true o is either close to the upper
or at the lower bound of the a-priori interval. Therefore, as the shaded areas in the figure show,

the portfolio weights are less sensitive to changes in b,.

201f the dividend precision ¢ = 1/0? is Gamma distributed, E(¢) = v:/b;. In our application, the truncation
bounds ¢, ¢ influence expected precision, however, b;/v; is a useful measure of dividend variance.
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Figure 4: Equilibrium portfolios and volatility. The figure shows A and B agents’ equilibrium
portfolios as a function of 6; = /b /vy, where b; is the sum of squared error and v, the degrees of
freedom. Parameters values: x = 1, ¢ and ¢ such that the true volatility o € [0.1,0.6], » = 0.1,
and vy =n = 20. B

The dependence of the portfolio weights 61 and 8P on &;, shown in Figure 4, has a direct
counterpart in terms of dividend “surprises”’, i.e., deviations of the realized dividend from the
historical average e; = d; — m;_1. Figure 5 shows the equilibrium risky asset holdings of A-agents
(left panel) and B-agents (right panel) as a function of this surprise. We assume ¢ and ¢ such that
o € [0.1,0.6] and start with ¢ — 1-volatility estimate &;—1 = /b;—1/v4—1 = 0.3, which lies within the
interval of possible values of 0. Observations of the surprise e; lead to an update of b; according to
the recurrence (36) which in turn leads to updates of the equilibrium portfolio weights (solid lines)
relative to the time ¢t — 1 weights (flat dotted lines). Different colors correspond to different values of
the ambiguity aversion parameter x. Larger values of x imply stronger ambiguity aversion and more
conservative (aggressive) portfolios for A-agents (B-agents). Large dividend surprises (large positive
or negative values of e;) are associated with an upward revision of b, relative to b;_1. The U-shape
nature of the equilibrium portfolios in the left panel of Figure 5 implies that after large positive
and negative surprises A-agents increase their risky asset holdings, i.e., surprises generate flows

from ambiguity neutral B-agents (sellers) to ambiguity averse A-agents (buyers). If the dividend
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Figure 5: Equilibrium portfolios and dividend surprise e = dy — m_3. The figure shows
the equilibrium portfolio of A-agents (left panel) and B-agents (right panel) as functions of the
normalized dividend surprise e;/d,_; after b;_; is updated with observed e;. Different lines cor-
responds to different values of the ambiguity aversion parameter x. Large positive and negative
dividend surprises lead to high values of b; with increased risky holdings of A-agents relative to the
time ¢ — 1 holdings — indicated by dotted horizontal lines. Parameter values: ¢ and ¢ such that

0 €[0.1,0.6], 64—1 = \/by—1/v1—1 =03, 7 =0.1, and vy =1 = - = 20.

realization d; is close to the estimated mean m;_;, the estimated volatility decreases, giving rise to
portfolio flows from A-agents (sellers) to B-agents (buyers). Heterogeneity in ambiguity attitude
is crucial for this result. In fact, if A-agents were ambiguity neutral, x = 0, there will be no
flows in equilibrium, even if A and B were to differ in their degree of risk aversion. As discussed
earlier, heterogeneity in ambiguity attitude provides a micro-foundation for difference in beliefs

across agents, which is at the root of the trading motive in our model.

Figure 6 shows equilibrium flows for a given random path of dividend realizations. The solid
red line reports the time series of normalized surprises, while the blue bars represent flows of risky
asset from B to A, defined in equation (31). A positive value of flows means that A is buying from
B in equilibrium, and vice versa for negative values. Consistent with results shown in Figures 4 and
5, following large positive and negative surprises, ambiguity-averse A-agents increase their holding
of the risky asset by buying from ambiguity-neutral B-agents, A1 > 0. In contrast, periods with
low surprises are characterized by A-agents selling to B-agents. The figure therefore reiterates

the aggressiveness of ambiguity-averse agents’ trades when faced with large dividend surprises and
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confirms, in an infinite horizon model with learning about dividend mean and volatility, the main

intuition developed in the simple two-period model of Section 2.
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Figure 6: Portfolio flows on a simulated path. The figure illustrates dividend surprises,
e = dy —my_ 1 (left axis), and portfolio flows, Af; (right axis) on a dividend path that is computed
using true volatility. The starting value by is chosen such that 69 = 1/by/7 equals the true dividend
volatility, 69 = o. Parameters values: « = 1, 0 = 0.3, ¢ and ¢ such that the true volatility
0 €1[0.1,0.6], r = 0.1, and vy = 7 = - = 20.
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3.6 Implications for return predictability

As the expression for the equilibrium price in equation (30) shows, when variance is unknown
the risk premium A(b;) depends on the state variable b; and is therefore time-varying. This is
in contrast to the case of known variance shown in Proposition 2 where the risk premium is a
deterministic function of time. Therefore, learning about volatility qualitatively changes the nature
of equilibrium asset prices and, by making risk-premia endogenously time-varying, generates return

predictability in the model.

Figure 7 plots the equilibrium risk premium in the steady state of the OLG economy with
perpetual learning, as a function of 6; = /b;/14, an estimate of volatility. The figure shows that
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the risk premium is an increasing function of the estimated volatility. Therefore, agents expect
higher returns after large positive or negative dividend surprises. This finding is consistent with
Nagel and Xu (2022) who, based on an analysis of CFO survey data, show that the subjective
risk premium is positively related to subjective estimates of variance and that CFOs’ subjective
return expectations strongly depend on realized variance. In states of the world with surprising
dividend realizations, as shown in Figure 4, B-agents sell and A-agents buy and asset prices are
low (risk-premia are high). This implies that ambiguity-averse A-agents are willing to absorb flows
from selling B-agents at a price that is reflected in higher risk-premia. Ambiguity aversion of A

agent can then provide a micro-foundation of asset demand elasticity (e.g., Koijen and Yogo, 2019).
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Figure 7: Equilibrium risk premium. The figure shows the equilibrium risk premium A; as
a function of 6; = 4/ ét /vt when both the dividend mean and variance are unknown. Parameters
values: k= 1, ¢ and ¢ such that the true volatility o € [0.1,0.6], 7 = 0.1, and vy =7 = L =20.
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Figure 8 illustrates the dynamic of the risk premium Ay(b;) for a simulated random path of
dividend surprises, e; = dy — m;—1. The figure shows that the risk premium increases after large
positive (¢ = 20) as well as large negative (¢ = 40) surprises, and declines gradually when dividend
realizations are close to their expected value, i.e., surprises are small in magnitude. In sum, time-

varying subjective risk premia is a source of return predictability in our model. Note that e; is
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the dividend surprise that time t agents experience after observing the dividend realization at
the beginning of their life. Because all agents inherit the state variable m;_1, the surprise e; is
therefore independent of the agent’s type. Time ¢ agents, however, form different beliefs about the
dividend at the end of their life at t 4+ 1. Hence, end-of-life dividend surprises vary with agent type.
While these differences must be properly accounted for when calculating equilibrium prices and
portfolio weights, for illustrative purposes, in the figure we only show the path-dependency of the

risk premium as a function of the beginning-of-life surprise e;.
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Figure 8: Risk premium on a simulated path. The figure illustrates surprises e; = dy — my_1
(left axis), with the corresponding equilibrium risk premium A; (right axis) on a dividend path that
is computed using the true volatility. The state variable by is chosen such that 69 = y/bg/7 = 0.3.

Parameters values: x =1, ¢ and ¢ such that o € [0.1,0.6], r = 0.1, and v, =1 = ﬁ = 20.

As Lewellen and Shanken (2002) emphasize, to understand predictability in the presence of
parameter uncertainty, it is useful to distinguish between agents’ beliefs (subjective expectations)

and the true data generating process (objective expectations). The two coincide in the absence
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of parameter uncertainty. With parameter uncertainty, investors’ perceived properties of returns
can differ substantially from the empirical properties detected by an “objective” observer, e.g., the
econometrician. The next proposition formalizes the objective and subjective expected returns in

our model.

Proposition 3. Consider an equilibrium in the OLG model with perpetual learning of Section 3./,

where the price in the steady state is given by

p(ma,by) = %mt ~ A, (38)

with dA(by)/dby > 0. Then, the one-period expected return perceived by an objective observer is

dA(br)
dby

Efbj[ptﬂ F ] —pe~ - % (I—w)(me —p) 4+ ((1—w)by — w(o? + (my — :“)2) , (39)

Learning about the mean p v
Learning about the variance o2

with p and o denoting the true mean and volatility of the dividend process, and w € (0,1) denoting
the degree of information leakage across generations. In contrast, the subjective one-period expected

return perceived by ambiguity-averse and Bayesian investors are, respectively,

T

1l—w
El [prs1 + dest] —pr =~ my — k(1 —w) (1 + > Vb, (40)

EP[pis1 +dip1] —pe =~ my (41)

Equation (39) shows that learning about the mean and the variance of the dividend implies a
countercyclical behavior in objective expected returns. Specifically, the second term on the right-
hand-side of equation (39) shows that when the estimate m; deviates from the true mean p, objective
observers predict a reversion towards the mean. This is the objective predictability discussed by
Lewellen and Shanken (2002). In addition, the third term on the right-hand-side of equation (39)
characterizes predictability resulting from learning about variance. Whenever investors overesti-
mate the return variance, that is, they estimate a large value of b;, the objective observer expects
a lower future estimate of the variance. Because the risk premium A(b;) is positively related to the
estimate of the variance b;, when estimates of the return variance is high, the objective observer
anticipates a lower future risk premium and hence higher future returns. Conversely, when the
current estimate of the variance b; is low, the objective observer expects higher future volatility,

and hence lower future returns. Note that, while positive and negative surprises raise b;, the mean
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my increases with positive dividend realizations and decreases with negative dividend realizations.
Therefore, an econometrician that observes ex-post dividend realizations would detect one-period

returns that are amplified by bad news and dampened by good news, i.e., left-skewed.

The subjective expected return of the ambiguity-averse agent in equations (40) is always lower
than that of the Bayesian agent in equation (41). Ambiguity aversion affects agents A’s return
expectations by reducing their subjective expectation of the future dividend dy4; and their ex-
pectation of the future price pyy1. When there is no information leakage, w = 1, the subjective
expectation of A and B agents coincide. That is, in an OLG economy without perpetual learning,

ambiguity vanishes and ambiguity aversion will have no impact on equilibrium prices.

Finally, note that, although dividends are iid-normal, equilibrium returns from the OLG model
are left-skewed, a feature of stock-market indexes documented by, e.g., Chen et al. (2001) and, more
recently, Robins and Smith (2023) who extend the results of French et al. (1987). Left skewness
in returns originates from the dynamics of the state variable b; which, from equation (36) can be
thought of as the weighted sum of squared dividend surprises e?. Because the dividend surprises
et have a dampened-t distribution with truncation bounds ¢ and ¢, if these bounds are sufficiently
far apart, the distribution of b1, conditional on b, is approximately F' with 1 and 7 =1/(1 — w)
degrees of freedom.?! This distribution is bounded from below and right skewed. The risk premium
A(by1) is an increasing function of b;41 and has therefore also a right-skewed distribution. Because
prices and risk premia are inversely related, a right-skewed distribution of risk premia implies a

left-skewed distribution for prices and returns.

4 Empirical analysis

In this section, we provide evidence in support of our model predictions using a novel database
of trading activity on Euro STOXX 50 futures. Before presenting our main empirical results, we

provide a brief description of the data.

21This result follows from the fact that the square of a t-distribution with n degrees of freedom has an F distribution
with 1 and n degrees of freedom, F'(1,n). In our case e is dampened-t, and b; is a weighted sum of squares of e,
as per equation (36). Therefore, the convergence result to F(1,7) only hold approximately when the truncation
bounds ¢ and ¢ are sufficiently far apart. As T — oo, i.e., w — 1, the distribution F(1,7) converges to a chi-squared
distribution with one degree of freedom, which is also right skewed.
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4.1 Data

Our main data source consists of Euro STOXX 50 futures transactions on the Eurex, one of the
most active futures and options markets in the world.??> The Euro STOXX 50 is the index for the
largest and most liquid stocks in the Eurozone. The sample period spans from January 2002 to
December 2020 and the data contain information on order flows (in number of contracts) of three
different trader types: agency traders, market makers, and proprietary traders. Agency traders
are market participants who trade for a client, while market makers and proprietary traders act
on their own account. Trading takes place in an electronic limit order book, and trading flows are
recorded at a frequency of milliseconds. In total, we have 824 million trades from the three different
trader types at 188 million different timestamps. For the purpose of our analysis, we aggregate buy

and sell orders at a daily frequency.

Flows of market makers and agency traders show a correlation coefficient of —0.8. Those of
proprietary traders and agency traders are correlated with a coefficient of —0.86. Therefore, in line
with the Finance Crowd Analysis Project, we analyze flows as the weight changes in agency traders’
portfolio AP = 6;%"Y — 0;*7< and do not discriminate between flows originating from trades
with proprietary traders and from trades with market makers. Because of market clearing, we have
Agreeney = — [A@Proprictary 4 A@market maker] T the rest of the analysis, we use the label ‘flows’ to

indicate the portfolio flows of agency traders, Af*s,

We take prices of Euro STOXX 50 and implied volatility (VSTOXX) from Refinitiv Datastream.
In the rest of the analysis, we use the label IV (implied volatility) to refer to the volatility index
VSTOXX.

4.2 Mapping the model to the data

Two challenges arise when bringing our model to the data: (i) how to map the idealized agent
types in our model to observable classes of market participants; and (ii) how to obtain good em-
pirical proxies for the dividend mean and variance. To address the first challenge, we rely on the
microstructure literature that has modeled market makers as ambiguity-averse agents, arguing that

ambiguity aversion may emerge as a natural response of market makers to inventory risk and to the

22This data set was also used for the Finance Crowd Analysis Project, see https://fincap.academy and Menkveld
et al. (2023). See, e.g., Menkveld and Saru (2023) for further background information and institutional details. We
thank Deutsche Boerse for providing the data to us.
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fear of trading against informed traders, see, e.g., Routledge and Zin (2009), Easley and O’Hara
(2010), and Zhou (2021).23 This modelling choice is in line with experimental studies documenting
that ambiguity aversion is influenced by the perceived competence of decision makers (“compe-
tence hypothesis”, see Heath and Tversky, 1991), or “by a comparison with less ambiguous events
or with more knowledgeable individuals” (“comparison hypothesis”, see Fox and Tversky, 1995).
Graham et al. (2009) argue that investors who perceive themselves competent are likely to have less
parameter uncertainty about their subjective distribution of future asset returns. Menkveld and
Saru (2023) document that for low frequency trades (greater than five seconds), agency traders are
better informed than proprietary traders. To the extent that ambiguity aversion is a reaction to
missing information, this evidence indicates that for low frequency trades proprietary traders have
a stronger desire for robustness than agency traders. Hence, we use these arguments to identify
agency traders as the least ambiguity averse agents, type-B in our model. Proprietary traders and

market maker together constitute ambiguity averse agents, type-A in our model.

Because dividends are not observed at a daily frequency, it is challenging to construct empirical
proxies for the dividend mean and variance. To address this challenge, we rely on the structural
link between prices, dividends, and portfolio flows in our model. Specifically, we use the historical
mean returns as proxy for the dividend mean m;. As proxies for the dividend variance b; we use
the historical return variance and the implied volatility VSTOXX, calculated from options on the
Euro STOXX 50 index. A key implication of our model is that an increase in agents’ perceived
volatility is associated with portfolio flows from agency to proprietary traders. Because we can
observe these flows in the data, we include them as a proxy for dividend volatility in our analysis.

We formally test this link in Section 4.3.

4.3 Equilibrium flows

Our model predicts that changes in the estimated volatility induces trades between market partic-
ipants. To assess this channel empirically, at each day ¢ we sort the aggregate daily flow data on
the STOXX 50 index futures according to the change in the volatility index, AIV, from day ¢t — 1

to day t. Table 1 shows median values within quintile bins of volatility changes.

ZThese papers study the 2007-2009 financial crisis and explain “market freezes” in markets for certain credit
products with market makers’ ambiguity aversion. While our model also features non-participation by ambiguity-
averse agents, our focus is not on the micro-structure determinants of the bid-ask spread and on market freezes.
Instead, our goal is to study the sensitivity of traders’ asset flows to uncertainty shocks.
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ATV quintile flows returns v AIV
(1) 2 3 @)
12510.50 1.21 24.62 -1.68

1

2 5041.50 0.49 18.79 -0.63
3 533.00 0.065 17.66 -0.09
4
5

-5088.50 -0.30 19.26 045
-17533.00 -1.40 25.11 1.73

Table 1: Flows and volatility. The table shows agency traders’ daily flows on the Euro Stoxx 50
futures (number of contracts), daily log excess returns (in %) of the Euro Stoxx 50, and the level,
1V, and changes, AIV, of the implied volatility index VSTOXX. The data is from Eurex Exchange,
and flow data are aggregated on a daily frequency. Observations are grouped in quintile bins for
ATV, and median values are reported for each bin.

The results in Table 1 are consistent with our model predictions regarding equilibrium flows.
High level of surprises, captured by high levels of ATV, are associated with negative flows from
agency to proprietary traders: Proprietary traders buy and agency traders sell in response to
surprises in the market. As our model indicates, such a pattern would emerge when all traders learn
and proprietary traders have a stronger desire for robustness than agency traders.?* This evidence
is also consistent with the literature that identifies proprietary traders as liquidity providers in

times of market turmoil (see, e.g., Nagel, 2012).

ATV quintile lagged return
1 2 3 4 5
1 9722 143148 14392 18922 11478
2 110 5350 7276 7285 7521
3 -544 -361 220 -1242 4888
4 -9933  -7255  -3065  -4689 815
5 -22149  -18471 -18926 -18544 -11478

Table 2: Flows, volatility, and lagged returns. The table shows agency traders’ flows on the
Euro Stoxx 50 futures depended on changes in the volatility index AI'V (rows) and lagged returns
of the Euro Stoxx 50 (columns). The data is from Eurex Exchange, and flow data are aggregated
on a daily frequency. Observations are grouped in quintile bins for AI'V and lagged returns (double
sort), and median values of agents’ flows are reported for each combination.

24These findings are not due to a specific chosen time frame and/or to a specific number of bins. A Kruskal-Wallis
test shows that the median trading volumes of agency traders in the different bins are significantly different (p-value <
2.2e-16), and a post-hoc Dunn test confirms the monotonic decline of aggregated daily agency trades with increasing
volatility.
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Columns (2) and (4) in Table 1 show a strong and negative correlation between daily realized
excess returns of the Euro Stoxx 50 and AIV. This empirical fact is known as the “asymmet-
ric volatility phenomenon”.?> Given the highly negative relationship between changes in implied
volatility and contemporaneous realized returns, one may argue that the flow patterns we observe
are not driven by traders’ reaction to surprises, as our model predicts, but by reaction to returns.
For example, if agency traders follow “momentum” strategies and proprietary traders are “contrar-
ian”, we would observe negative agency traders’ flows following high volatility simply because high
volatility is associated with low returns. To isolate the effect of volatility and returns on flows,
we analyze flow patterns conditional on realized returns. Table 2 shows the agency traders’ flows
at time ¢ for different levels of volatility change (by row), conditional on realized returns at time
t — 1 (by column). The results in Table 2 show a very robust pattern across each column. In
sum, even after conditioning for return levels, agency traders sell and proprietary traders buy when
volatility increases. We take this evidence as support of the mechanism identified by our model
where the more ambiguity averse (proprietary traders) buy from the less averse (agency traders)

when uncertainty rises.

4.4 Return predictability

In this section we study the implication of our model for return predictability. The analysis in
Section 3.6 highlights that learning about the mean and variance of the dividend process provides
two separate channels through which return predictability might be detected in the data by an
objective observer, e.g., an econometrician. Specifically, from equation (39) in Proposition 3 our
model predicts that an objective observer would detect a negative relation between the mean
estimate my and future returns. This effect is attributed to the process of learning about the mean,
and it is the channel identified by Lewellen and Shanken (2002). In addition, our model shows
that learning about variance introduces a new channel for return predictability. To understand this
channel, note that the corresponding term in equation (39) implies that an objective observer who
estimates a high variance (that is, a high value of b;) would expect lower future variance. Because
risk premia are positively related to estimates of b;, lower future variance implies higher future

prices. Hence, when the current estimate of the return variance is high, the objective observer

ZFor the US market, Dennis et al. (2006) estimate a negative correlation of —0.679 between returns and daily
changes in implied volatility (see, e.g, also Bekaert and Wu, 2000; Wu, 2001).
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expects higher future returns. In sum, the model predicts that future returns are negatively related

to the current mean estimate m; and positively related to the current variance estimate b;.

Dependent variable: future excess returns

1-day 2-day 5-day 21-day 1-day 2-day 5-day 21-day
(1) (2) 3) 4) (5) (6) (7) 8)
lagged avg. return —0.080 —-0.077 —0.091 —0.026 —0.085 —0.085 —0.098 —0.029

(0.189)  (0.180)  (0.150)  (0.181)  (0.189)  (0.181)  (0.152)  (0.182)

lagged variance —0.011 —0.009 —0.005 —0.003 —0.011 —0.008 —0.004 —0.003
(0.010) (0.009) (0.007) (0.008) (0.010) (0.009) (0.007) (0.008)

lagged flows —0.016  —0.019"*  —0.008* —0.001  —0.015* —0.018***  —0.007*  —0.0002
(0.010) (0.007) (0.005)  (0.003)  (0.009) (0.007) (0.004)  (0.003)

lagged IV 0.013 0.010 0.006 0.004 0.012 0.009 0.004 0.003
(0.010) (0.009) (0.006)  (0.006)  (0.010) (0.009) (0.006)  (0.006)

avg. return x flows 3.941 6.583* 5.837 2.060*
(4.849)  (3477)  (3.572)  (1.155)

lagged return 0.003 0.008 —0.009  —0.004  0.004 0.010 —0.008  —0.003
(0.023) (0.016) (0.009)  (0.004)  (0.023) (0.016) (0.010)  (0.004)

Constant —0.0002  —0.0001  0.00001  0.00002 —0.0002  —0.0001  0.00002  0.00002
(0.0003)  (0.0003)  (0.0003)  (0.0004)  (0.0003)  (0.0003)  (0.0003)  (0.0004)

Observations 4,771 4,770 4,767 4,751 4,771 4,770 4,767 4,751
R? 0.003 0.006 0.007 0.005 0.003 0.007 0.009 0.006
Adjusted R? 0.002 0.005 0.006 0.004 0.002 0.006 0.008 0.005
Residual Std. Error 0.015 0.010 0.006 0.003 0.015 0.010 0.006 0.003
F Statistic 3.083*** 5.489*** 6.507*** 4.755%* 2.735* 5.527*** 7.421% 5.141***
Note: *p<0.1; **p<0.05; **p<0.01

Table 3: Risk premia and portfolio flows. The table shows results for (average) Euro Stoxx 50
excess returns regressed on lagged excess returns, lagged mean excess returns and lagged variance
(both over past three months), lagged agents’ flows, and lagged implied variance IV?2. The data
is from Eurex Exchange, and flow data are aggregated on a daily frequency. Standard errors are
Newey-West corrected.

To test these predictions, we use the historical mean returns and variance, both computed
over 63 days, as proxies for m; (‘avg. return’) and by (‘variance’), respectively. We also include
a forward-looking measure of variance, which we take to be the square of the implied volatility,
IV2. Moreover, exploiting the structural link between flows and volatility from our model, we
use portfolio flows (‘flows’, in million contracts) as a measure of shocks to perceived volatility in

our predictability regressions. Our theory predicts a decline in volatility after a positive shock to
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perceived volatility, and hence a negative coefficient for agents’ flows. Finally, we include lagged

daily returns (‘lagged return’) in order to control for short-term reversals.

We report the results in Table 3 where each column represents continuous compounded average
excess returns over the next 1, 2, 5, and 21 trading days. In columns (5)—(8), we introduce an
interaction term, lagged avg. return x flows, to investigate potential variations in predictability
strength as underlying uncertainty shifts over time. The evidence presented in Columns (1)—(4) of
Table 3 shows that the variable with the strongest predictive power with respect to future returns
is the lagged flow from agency to proprietary traders. According to our model, these flows are
triggered by an increase in perceived variance. Therefore, this finding suggests that observable
portfolio flows can serve as a useful signal for perceived variance. The estimates in Table 3 show
that lagged portfolio flows significantly predict future returns up to a horizon of 5 trading days.
In contrast, both the historical and implied volatility measures do not have predictive power for
future returns, although the coefficient of implied volatility has a positive sign, consistent with the

mean reversion implied by learning about variance.

According to equation (39), return predictability is the strongest when the “learning-about-
the-mean” and “learning-about-the-variance” channels reinforce each other. This happens when
either (i) the historical average return is low and the estimated variance is high at the same time or
if (ii) the historical return is high and estimated variance is low. In the former case (low mean, high
variance), we expect higher future returns while in the latter case (high mean and low variance), we
expect lower future returns. We test this prediction in columns (5)—(8) where we add an interaction
term between lagged average return and lagged agents’ flows. The positive and significant coefficient
estimate of the interaction term confirms our model predictions and provides evidence of return
predictability up to 5 trading days. Predictive regressions of the 2-day return and the 5-day return
show a high adjusted R? of up to 0.8%.

The negative, albeit insignificant, coefficient of the lagged average return confirms the mech-
anism of Lewellen and Shanken (2002) implied by learning about the mean. Finally, low and
insignificant coefficients for lagged returns rule out that this predictability is triggered by short-
term reversals in daily returns. In general, we observe a decline in predictive power at longer
horizons. This finding is in line with our model, in which learning induces reversion in the dividend

mean and variance.
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5 Conclusion

We study equilibrium portfolio flows and asset prices in a model where agents learn about economic
fundamentals and differ in their aversion to parameter uncertainty. We show that because ambiguity
averse agents hold conservative portfolios, they have more risk-bearing capacity that make them

natural buyers of risky assets when perceived volatility rises.

Our model highlights two key factors in the determination of equilibrium portfolio flows and
risk premia: heterogeneity in investors’ ambiguity attitudes and learning about variance. When
all agents are ambiguity neutral or when variance is known to all investors, there are no flows in
equilibrium, even if investors have heterogeneous risk aversion. Learning about variance introduces
time-variation in risk premia and is therefore a source of return predictability. Because portfolio
flows to ambiguity averse agents are closely associated with positive shocks to perceived variance,
our model identifies portfolio flows as a potential explanatory variable in return predictability

regressions.

We empirically investigate the predictions of the model using flow data on Euro Stoxx 50 futures
contracts. We provide evidence that agency traders sell, and proprietary traders buy during periods
of market uncertainty. Furthermore, portfolio flows significantly explain future returns in predictive
regressions. Our research underscores the importance of accounting for the effects of ambiguity

aversion and learning when jointly studying equilibrium asset prices and portfolio flows.
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A  Proofs

Proof of Proposition 1
The portfolio problem of agents can be written as follows

1 i i
maxE [_76—7i<w ()40 (d—p(1+) | (A1)

where expectations are taken with respect to agents prior distributions of d from (1) and (3) plus

the prior selection criterion in equation (7). Using the normality of cz, the optimal portfolio weights

are:
0 if u =P pP —p(1+7)
914 = { #A_p(1+r) h X , OB = ( 3 T 2) , (A2)
W otherwise. Y \O S

Imposing market clearing, we obtain that in equilibrium #4 > 0 and furthermore

p= 1+Tm—)\, (A.3)
where
= (55 + 2 (0% + %)) if & < K, 2, 2
A= e ? with /i*E'yU R (A.4)
B ) e
[

Lemma A.1. Let M (o) and M\B(0) denote the iso-portfolios of agent A and B, respectively. For
all equilibrium values \ of the risk premium in equation (10), we have that ON*(c)/0c < OB /0o

Proof. Let s = 0/v/t, with t denoting the number of observations used to compute the dividend

mean m and its standard error s. From agents’ demand for the risky asset stated in equation (8)

and the definition of the risk premium A = ﬁm — p, we derive the risk premium that agents

require for holding a fraction @° of the risky asset (the iso-portfolio line) and its derivative with

respect to the dividend volatility o as

JA _ KO aft+1Y o iB_ B [(t+1\ o
A —\/54—79 ( ; )a, AP =6 < ) (A.5)
Nk t4+1 ONB t+1

35



We prove that along the equilibrium risk premium \ in equation (10) the slope of M is flatter than

the slope of A\B, i.e.,

O ONB

—_— - A.
oo < Oo (A7)

Using expressions (A.5)—(A.6), and market clearing, 8% = 1 — 64, this is equivalent to prove

% + 2704 <t+t1> o < 29(1- 6% <t+tl> o, (A.8)

or, rearranging,

4~0 <t o < 2 —~ ) i (A.9)

Mtk
t+1 v

equilibrium portfolios weights from equation (11) into the above inequality. This yields

() s ) (e < m()ety

, (A.11)

We restrict our analysis to the region where both agents are in the market, o > and substitute

PRAES

<
<>

which is true for k > 0 and ¢ < co independently of o. |

Proof of Proposition 2

We first solve for the equilibrium in a fictitious finite-horizon overlapping-generation economy with

horizon 7, and we then derive the equilibrium in the infinite horizon as limit for 7 — oc.

Let p; - be the time ¢ equilibrium price in a 7-period economy. As we see in what follows,
the equilibrium price is linear in m; independent of 7. When ambiguity-averse agents participate,
they will in equilibrium take long positions in the risky asset and the selected prior from P; which
satisfies the max-min criterion (26) is always pf' = m; — ks;. Hence, participating A-agents form
portfolios according to the belief u* = m; — xs; while Bayesian B-agents use the belief uf = ms.

For ease of notation we use E! to denote agent i’s conditional expectations at time t. The risky
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asset demand 6! _, i = A, B is

t, 7>

i _ E! [pt41,r—1 + di1] — Rper
br yVary [pr1,r—-1 + dit1]

T > 1,

where we denoted by R = (1 + 7).

Using the fact that p; g = 0 for all ¢, we can construct the equilibrium in a 7 = 1 economy. In

this economy, when both agents participate

gi . — Ei[dtﬂ]*Rpt,l_ i — Rpia
i1 VVars [dyo] o2 (E1)

where
t+1 o

diq1 ~N (,ui,aQ <t)> , with ,utB =m; and ,ufl =mz — n%.

Imposing market clearing we have

where the risk premium Ay ; is

11 1 /t+1
At,l = ggt,lo' + %ft,10'27 with gt1 = 5%7 and ft,l = E <+> .

In a 7 = 2 period economy, agents demand is

i _ Eilpein +dia] — Rpeo
b2 v Vary [pt-i-l,l + dt+1]

where p;1,1 is given by equation (A.13). Because

¢ 1
Mt = et g de

using the predictive distribution (A.12) we obtain

EP[pri1a +di1] = (1+ > —Nit11,

O'

(-
o (e
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with As411 defined in equation (A.14). Substituting in equation (A.15) and imposing market

clearing we obtain

1 1
P2 = (R + R2> my — Ag 2, (A.19)
where
K
Ao = 591&,20 + %ft,2027 (A.20)
with

1 1 111
= (14— ) =+ = ——,
g2 R( zur+n)w6 R Vir1
1 1 241 1 (t+2
= — (1 —(Z=2).
fez R< +R(t+1)> ( t >+R2 <t+1>

Following similar steps, we can show that for a generic 7 the equilibrium price is:

1
Pt = Z R Avr, (A.21)
i=1
where
K
A7 = -g170 + lft,702, (A.22)
2 2
with

o1 1 =1 1
T = - 1 N e 7‘,
9 ;RTH—J( +t+T—j+1ZR’>\/t+T—j

=1
1 1 N A
- (1 il I (i e
Jur ;Rf+1ﬂ< +1t+¢—j+1iz;Rl> < t+r—j >
Taking the limit as 7 — oo we obtain
o
1 1 1
= lim ¢, = — (1 : , A.23
g¢ = lim g, ;RJ<+T(H])> I (A.23)
o0 2 .
. 1 1 t+7
=1 = — (1 . A.24
fo=Jim fe = 2 (1 wr) (A.24)
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Hence the equilibrium price in the infinite-horizon overlapping generation economy is

1

pr=_mi— A, (A.25)
with
Ay = tha + ft%02, (A.26)

and g, and f; given in equations (A.23) and (A.24), respectively.

To determine equilibrium weights we start from the expression for the agents’ optimal asset

demand ,
_ Ef [per1 + dea] — (1 + T)pt7 i=A,B. (A.27)

0
yVary [pry1 + dit1]

- <.

Direct computation using the equilibrium price in equation (A.25) yields:

1 K
EtB[ptH Fdi] = <1 + r) my — 9t+1§0 - ft+1%02,
EA[ +d ] = 1+ 1 my— [ 1+ # g k f 10.2
t [Pt+1 t+1] = . t v+ 1) \[ 9t+12 1507,
: 1\’ (t+1 ,
Varg[pri1 + dea] = <1+r(t+l)) < , )0'2, i=A,B.

Substituting these expressions in equation (A.27), we obtain the following equilibrium weights:

0 =

— i Lko + (L4 1)g — i) 50+ [(L+7)fi = fen] 3o
t+1

(1+r(t+1)) () o2

- ;2/{7(1+:Et[+1)) 1

and

(L +7)gt — gev1] 5o+ ) ft+1]

[(1
(14 s (5

w1
T2 2y \1+r(t+1) )0
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Proof of Proposition 3

Using the recursive structure of the state variables m; and b; in equations (35) and (36) in the

definition of the expected return, we get

1 1
Eilpis1 +dig1 — 0] = Eildiga] + Eq UL A(bt+1):| — [rmt - A(bt)]
1 dA
~ Et[dt—i-l] + ;Et[mtﬂ — mt] - ]Et[bt—i-l — bt]% (A.28)

Prom the perspective of the objective observer these expectations are

EMdi] =
B me] = wmi+ (1-w)p,
E?bj [bt+1} = wbt + O.)E?bj [(dt+1 — mt)ﬂ

= wb + E?bj |:(dt+1 — o+ — mt)ﬂ

= wby + | By [(desn = )] 200 — mo) BV do 1 — ] + (e — )
~~ —r—

=g2 =0

= wh —i—w{aQ + (my — u)z}.

Substituting these objective expectations into equation (A.28) gives equation (39). To derive the

subjective expectations of the one-period return note first that

Eiubj[dt-&-l] = ui,
B lmen] = wme+ (1wl
R R

where B-agents set u = my, while ambiguity-averse A-agents set uf = my — kS, with, for large ¢,
57 = (1 — w)?b;. The subjective expectation of (dy1 — ui)? can be determined by integration over
the subjective, predictive dividend density (B.3). The conditional expectation for given precision
is

(nt + 1)

subj i 1
E; J(dt+1—ﬂt)2|¢] = T 5
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Because in the steady state, t — oo, ny — 1 = 1/(1 —w), we have that

. bi . 2—w
tlggloEiuJ (di1 — p)?|9 :T-

If we now assume that the truncation bounds ¢ and ¢ are wide and integrate this conditional

expectation over the Gamma density of ¢, we get

R |:(dt+l B Mi)g} _ @ —2<:)(_11— w),
and, thus,
ES™PI by 1] = why + (1 — w)btg — ~ b
w
for w sufficiently close 1. [

B Dampened Student-t distribution

In this appendix we derive the predictive distribution of dividends when the variance is unknown
but bounded on a finite interval. We rely on early work by Bakshi and Skoulakis (2010) to show

that such a distribution takes the form of a “dampened” Student-t which we formally define below.

Suppose the precision ¢ = 1/5? has a truncated Gamma distributed with support [¢, ¢], ¢ > 0,

shape parameter b and v degrees of freedom is. The density of the truncated Gamma is given by

vy by

1 ve _q _ bt _ _
p(¢’bt,Vt):C—f¢7 le %1[@@]7 ¢~ TG [272@;4, 0<p<p<oo, (B.I)

with 1 the indicator function and

5o, = _
Cltviod) = [[ot7evta= (3) 7 |r(Goy)-r(505)]  ®2

The function I'(z,y) is the upper incomplete Gamma function defined as

D(a,y) = / " gt le0d.
Y
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Definition B.1 (Dampened t-distribution). Let ¢ be a truncated Gamma random variable,
v v, = _
and x a conditionally Normal random variable with mean 0 and precision ¢,
z~ N(0,1/6).

Then, the distribution of x is a “dampened t-distribution” with v degrees of freedom

T~ tzlx)[(z)v ]7

and its density is given by

_ 2¢:c 7—1 —q52
@) = /\f VV¢¢)¢ d¢

_ 1 R P T T

B Clv,v; ¢, ?) \/;/ d

1 Cv(1+ % )

2m Clv,v;

with C(-,-; ¢,¢) a normalizing constant defined in equation (B.2).

Because ¢ has finite support and is bound away from 0, the density f(z) in Definition B.1 are
thinner than those of a Student-t distribution. Bakshi and Skoulakis (2010) show that the moment
generating function of the dampened is finite, and, thus, all its moments exist and are finite. For
¢ — 0 and ¢ — oo, the distribution f(z) converges to a Student-t distribution. In this limit, fat

tails emerge and moments of order > v do not exist.

Definition B.2 (Non-standardized dampened t-distribution). Suppose the random variable
y s such that

ylo ~ Np,v*/9),
vb  —
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then, y has a non-standardized dampened t-distribution

y ~ t2[m, b,v?%; ¢, 9]

with v degrees of freedom, mean m, shape b, variance scale parameter v2,

y—p
vy/b/v

Definition B.1, with truncation bounds at g? and g%, that is,

b _
2t
1% 1%

and truncation bounds

P, ¢. Furthermore, the random variable has a dampened Student-t distribution, as per

Yy— U ~ tP

In the model of Section 3.2, agents of generation ¢ need to compute expected utility of their wealth,
a quantity that depends on their their belief about the dividend d;yq. As discussed in the main
text, agents form beliefs after observing the state variables my, by, ns, and vy, where n; denotes the

number of dividend realization and v; the precision of the ¢-prior.26

Lemma B.1 (Predictive dividend distribution with unknown variance). Consider a subjec-
tive Normal/truncated-Gamma prior for u and ¢ with parameters ut, by, ng, and vy. The predictive

distribution of diy1 is a non-standardized dampened Student-t, as per Definition B.2, that is

ng +1

19,0 - (B.3)

i i 4D i
dt-i—l’upbtvntal/tN tyt Mtabta

Proof: Conditional on the precision ¢, the prior of u, p(u|é, ué, n;) is normal. We first prove
that, conditional on the precision ¢, the predictive density of d;+1, is also normal. To see this, note

that,

+oo )
J(dey1|pe, @)p(p|d, pi, ne)dp

+
= / OOW —5(der1—p)? M —LInep(u— ut)sz

oo i o

dyrq—nppt\ 2

- o e 2(nt+1> (dir1—pi)? /+OO wef%(nﬁlw(“,%ﬂwt) »

7% +_1 —0o0 2
= nd MO — 4 Gt (depa =)

(ng+1)2

26Note that in the main text we use n; =t and v; = t. In this appendix we use the more general notation n; and
v that will apply also for the case of perpetual learning, introduced in Section 3.4.

f(dt+1’¢, Méﬂ%) =
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Hence, dyy1|¢, pif, ng ~ N (“7;’ n@?)

The unconditional density of diy; can now be determined from the conditional density by

integrating out the precision ¢ using the truncated inverse-Gamma distribution, that is,

. 3 .
f(dega|pg, b, ne, 1) = /f(dt+1|¢,Miant)p(¢|bt,nt)d¢,

= / nt¢ P “smgp -’ 1 ¢ le ‘¢2d¢>
7’Lt+ (btuyta¢ qb)
= / Vt+1 ¢77%(nt+1)(dt+l /‘Lt d¢
bt,w,dwb ”t+1 2m ’

N¢ C(bt"i_(ntij_l)(dt—&-l _:u't) al/t_"l;??&)
(ne +1)2m C(b,vi; 9, 0) .

The last equality shows that the standardized dividend \/%’77 has a dampened-t distribution,
nt Vt

as per Definition B.1, that is,

diiq1 — - b , bi—
+ u%abtvntayt tD |: ?77(;5
[ni+1 / bt mw— 1t
nt vVt
Therefore, the predictive distribution of the dividend d;, 1 has a non-standardized dampened-t

distribution, that is,

dt+1|u;7bt7ntvyt ~ tg [Niabta tT7¢7 ¢:| .
t

Lemma B.1 shows that the distribution of d; 1 follows a non-standardized dampened Student-t
with state variables my, by and ns. The expected utility of agents of type i with p prior p! is then
obtained by integration of the agents” CARA utility of ¢ + 1 wealth over the dampened t-density
of the dividend

Bifu(Wion)) = [ BV lolp(olb m)do, (B.4)

where E:[] refers to the expectation relative to agent i’s prior about g, that is puf* = m; — ks

and uP = my, and p(é|bs, v4) denotes the density of the truncated Gamma distribution stated in
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equation (B.1). The expected utility conditional on ¢ in equation (B.4) is obtained by integrating

over the conditionally normal density of the y prior pt.

B.1 Expected utility when variance is unknown

In this section of the appendix we show that the model actually features an equilibrium price linear

in my. The selected A-prior is consequently at the lower bound of the confidence interval P.

Proposition B.1. Suppose the equilibrium price p; is linear in my with
1
P =My — A(by), (B.5)

and let Api = my — pl, with uP = my and pi = my — ks; and sy an estimate of the standard error

of the mean my. Then the expected utility of wealth for each agent i is given by

. . 1 ¢ . . 23 bt
E [u(W — [ EiuW} g, e, )02 e 92 do, B.6
W) = s [ BV g mn v e s, )
where
) . 1 —y( A4+r)(Wi40A(b))—0 1+—2— | Ap?
E;[U(WZJrl)‘QSvmtvntth] = —;e W(( e " ( mt“) #t)
nd % (1 )b~ A ) — 3 et (i )?
(Tlt*Fl)Qﬂ'/ooe << t“) A t+1> 2 et D el (B.7)

ng
41

with eéH =dp1—pl, by = b+ (Api— eéﬂ)z, nee1 =ng+1, and vy = v+ 1. Hence under

the conjectured price (B.5), the expected utility of agent i is independent of my.

Proof: Integrating the time t+ 1 utility over the conditional density of d;;1 and using the budget

constraint in equation (24), we obtain

i 1 nid < wi —L1ontl (g, —pi)?
E; Wi = ——y— Wi 2 tng+1) \Gt+17Hy dd
Hu(Wig1)|d, me, ng, 4] N\ (¥ 127 /Ooe e ¢ i1
= —1677(1+T)(Wti*9pt) L /OO efva(dt+1+pt+1)e*%%(dt+1fﬂi)2ddt+1. (B.8)
¥ (ng +1)27 J_
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Substituting the linear price function from equation (B.5) into equation (B.8) we obtain equa-
tion (B.7). As equation (B.7) shows, the expected utility does not depend on the estimate of the

dividend mean, my. [

The boundedness of the variance implies boundedness of the risk premium in equilibrium. This
guarantees that the equilibrium price py41 is finite, and hence the integral in equation (B.6) is well

defined.

C Perpetual learning about mean and variance: Technical details

In this appendix we describe how we model perpetual learning. The main idea consists of allowing
for “leakage” in the information content that is passed on between generations. Throughout the
appendix we make use of basic principles of Bayesian data analysis, see e.g., the textbook of Gelman

et al. (2020).

The information set of generation ¢ — 1 about the unknown dividend mean p and the precision
¢ is given by their posteriors in equations (14) and (15). We assume that when these posteriors
are handed over to generation ¢, some information is lost. We model this information leakage as
shocks that add noise to these posteriors before they are updated by generation ¢t upon observation

of the dividend d;.

Updating of the mean py. The generation ¢t — 1 posterior of p with n;—; observations is normal,

conditional on the precision ¢, that is,

ulé ~ N (m1 ! ) .

ng_1¢

We model information leakage in this posterior as an additive normal shock with mean 0 and

1 1 71 0,1
<w_ >nt1¢’ U.)E(,].

This shock is independent of the estimation error in y and increases the variance of the posterior

variance

by a factor % > 1. The post-leakage p-prior, which is passed to generation ¢ is then

1 1
N+’¢7mt—17nt—1 ~N (mt—h -
W ng—1

) . we(0,1]. (C.1)
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This noisy posterior is then updated with the information contained in the dividend d;. The
resulting posterior is transferred to both types of agents of generation ¢t in form of the updated

state variables m; and n:

p(u’dta(ba mt—lant—l) X f(dt|/i>¢)P(M+‘¢v mt—lvnt—hw)

e 3bdi—p)? | wnt—1¢€—%wnt71¢(u—mt—1)2
27

1 wng_1¢ _ 2
B wng—1¢ e gw(dt mi_1)

(wng—q1 +1)27

s

/ 1 dptwng_1my_1)2

% wnt 1 + 1 ¢ -3 wnt 1+1 <M_W)
/ L dytwmng_ymy_q\?

x wnt 1+1 ¢ —5 (wni—1+1) < o 1 F1 ) :

_ nt¢e %nt p, mt)

2w
where in the last equality we used
1
my = M1 + — €4, (CQ)
Ty
ng = wngq1+1 (C.3)
e = dt — Mm¢—1. (04)

Therefore, the post-leakage u-posterior that is inherited by generation t as their prior is

1
plg ~ N <mt, W) : (C.5)

where the updated value of the state variables m; and n; from equations (C.2) and (C.3) incorporate

the information leakage w.

Updating of the precision ¢. The generation ¢t — 1 posterior of ¢ with n,_; observations is

truncated gamma with v;_1 degrees of freedom, that is,

1 b — —
¢|bt_1,Vt_1 ~ TG |:Vt217t217¢7 ¢:| ) 0< ¢ < ¢ < 0.
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We model information leakage in this posterior as multiplicative shock

1

e C.6

! (C.6)
where 7,1 has a generalized-Beta distribution, (see Bakshi and Skoulakis, 2010, equation (35)).
Using Theorem 1 in Bakshi and Skoulakis (2010) we obtain that the post-leakage ¢-prior that is

passed to generation ¢ is again a Gamma distribution truncated at the same bounds, that is

th btl

¢T|be—1, -1 ~ TG |w 5

?QS WE(O,].], O<?<$<OO

To update this prior upon observation of the the time ¢ dividend, we must first determine the
distribution of d; conditional of ¢. Using the post leakage p-prior derived in equation (C.1) we

obtain

+o0
Fdelbsmer,mir) = / F(del, $)p(u* by mie—s, me—1)dp

+
_ / T2 e botd? [P oo ummiea? g,
2T 2T
— 00
_ ( wnt1¢) 2(:’”7?: llfl (dt—me—1) / wnt 1+1 qb *% wni—1+1)p <Mi%>2dﬂ
wng—1 +1)27 V

1 wng—1¢ 2
_ wng_1¢ o3 Ty (d—me-)

(wng—1 +1)27

)

wne—1+1
where d;|¢p, my—1, -1 NN(mt*h wne_1¢ )
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Updating with d; leads to the posterior of ¢ that is handed over to the agents of generation ¢

in the form of the updated state variables b; and ;. Formally,

p(¢’dt7mt—17bt—17nt—hyt—l;évg) X f(dt|¢7mt—17nt—1)p(¢+|bt—17Vt—l;?aa)a

1_wng 19 2
wn—1¢ e*§m(dt*mt—1)

(wni—1 + 1)2m
1 wrp_q 1 7¢wbt—1
C(bt_l,w’/t—l;?a 5) -

2
b1 1 (dg—my_1) wny_q

wip_ 141 —¢<w 4LifeT 1) w1

— _16 2 2 wnyg_1+1 1

[¢,9]”
1 i1 gl
—¢2 e Y21, <
C(b,ve; ¢, 9) i 129
Hence the post-leakage ¢-posterior that is inherited by generation ¢ as their prior is
_ v by —
¢’dt7bt—lamt—lant—hyt—l;?’(ﬁ ~ TG 5757?7¢ )
where
by = wbi—1+ wEe?, (C.7)
s
ng = wng_1+1, (C.8)
vy = wrp_q1+1, (C.9)
€t = dt — Mi—1, (CIO)

the updated value of the state variables b, n;, and 4 from equations (C.7), (C.8), and (C.9) incor-
porate the information leakage w. When w < 1 and ¢ is large, the effective number of observations

ng and the degrees of freedom v, converge to the same upper limit

. . _ 1
limng = limyy == ——.
t—o00 t—o00 1—w

Therefore, by choosing the effective number of observations 7 we can determine the amount of

information leakage w in the model, that is,
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D Construction of the equilibrium with perpetual learning

In this appendix, we describe the numerical procedure we use to construct the equilibrium of an

OLG economy with heterogeneous agents and perpetual learning, described in Section 3.4.

Both types of generation-t agents know the state variables my, by, n; and 14 from the “infor-
mation processing” step described in Section 3.2. Generation-t agents anticipate that information
gets lost as generations overlap. We construct an equilibrium that satisfies rational expectations,
that is, the pricing function perceived by agents corresponds to the true pricing function, even if,
because of learning, agents’ beliefs about return distribution do not coincide with the true distribu-
tion. This implies that generation-t agents must anticipate the demand of generation-t + 1 agents

and the future price function pyy1.

Let Ayl denote the agents i’s adjustment to m; when forming beliefs about the dividend mean,
that is Aul = my — ut. The density of the dividend dy11 under the subjective prior of agents i is a

non-standardized dampened t-distribution (see Definition B.2)

nt—|—1 —
;O -

digr ~ D |l by, w2
Therefore, the individual dividend surprise e 11 =dt41 — pi is also a non-standardized dampened-
t. While agents have subjective beliefs about the distribution of d;11, they agree on the way
information is handed over to the next generation (including the information leakage during the
transition of information) and how the next generation will learn from observing d;41. Expressing
the dynamics of the state variables (ng, my, by, 1) from equations (32), (35), (36), and (37) in terms

of e, we obtain,

ngy1 = wng+ 1, (D.1)
wn 1 1 , 1 .
m = ———my+—d = my— —Au +—e€j,q, D.2
t+1 wny + 1 t wng + 1 t+1 t e M et t+1 ( )
Wny 2 Wny ;i i 2
b1 = wb —d = wb Api —eiy1)” D.3
i1 wby + Py 1(mt t+1) wby + nt+1( [y — €i41) (D.3)
Vi41 = Wl + 1. (D4)

We assume that ¢ is large, so n; and 1, have already reached their asymptotic limit n. We conjecture
that in an economy that lasts for 7 generations the price can be written as a function of the state

variables p; = h(r)m; — A(b;, 7) and all agents agree on this functional form. For 7 — oo, using
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equation (D.2) we can write p;+1 as follows,

1
bt+1 = ;mt—i—l - A(bt+1),
1 1 % i
= (rmt - —Ap+ - €t+1> A(be+1)

Under this conjecture, the budget constraint is

Wti+1(9) = (W} = 0p)(1+7) + 0(dis1 + pes1)

. 1
_ (Wg iy <rmt - A(bt))> (1+7)
1 1 3 1 %
+ 0 l—i-; my — 0 1+%A,Uat +0 1+%et+l _GA(bt""l)

) 1 , 1 .

Hence under the conjectured equilibrium price, the budget constraint only depends on A(b;) and

A(bi+1). The expected utility of agents 4 is then

. . $ bt
Eifu(Wi,,(0))] = [ B @000t e do,

1% [U(Wf+1 (9)) ‘d)v bt] =

e

1 i 1 no i 2 i
(m+ 1 2m / eXp —? [(1 - > Ct+1 AU%H)] } X exp {_2(n+1)€t+1 }detJr1

with b1 = w (b + (Apj — €l,1)?). Since e}, is dampened-t distributed, A(by) > 0, limy, o0 A(by) <

oo and expected utility is well defined.

The first-order condition with respect to the portfolio weight 6 is

dE (Wi, (0)b] 1
10 C(bi,m; ¢, 9)
¢ dE(u(W},,(9))]6, be) pE-le—0
x /¢> do o



with

dEi(u(Wt+1(9))|¢a bt)
df

+ alyexp {_7 [(1 + 1) (Wi + 0A(br)) — 9<1 * )AM%} }

= [(1 +7)A(by) — (1 - Tln)Aui} E'(w(Wi41(0))[¢, br)
)
o Ll

1 .
X exp {79 [(1 + m) €iy1 — A(bt+1):| }
1 ﬁ(ﬁ i 2 i
X eXp{—2M€t+1 }d€t+1,

by = w(be+ (Aﬂi - 6%4—1)2)

We determine the function A(b;) as a fixed point through value function iteration. When

both agents invest at a given b;, they take A(b;) as given and optimize their holding #? via the

dE* (u)

75~ = 0. The equilibrium risk premium A(b;) satisfies market clearing,

first-order condition

08 (b)) + 04 (by) = 1.

1 1
Ei(per1 +dir1 —p) = Ei(dyr) +Ey UL A(bt+1):| - L,mt - A(bt)]

dA

1 [
~ E R — ] — Elbeay — b
¢(deg1) + . (i1 — my) — Epbeyr — by 7

Edia] = p,
B me] = wmy+ (1—w)p,
EPb1] = why + wE [(dt+1 - mtﬂ

= wb + E?bj [(dt+1 — o+ — mt)ﬂ

= by + | By [(dern = )] 200 — mo) Eg P do 1 — ] + (i — )
e e

=g2 =0

= wh —i—w{aQ + (my — u)z}.
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subi .
B ] = s
E™m] = wmye+ (1 —w)ui,

B [bga] = why + wE™ [(dtJrl - Mi)ﬂ-

(e +1) 1
g ¢’

— Jim B[ = 0] = 2-w).

B} (i — pi)?l0] =

o {(dt—&-l B Mi)Q} _ @ —20:))(_11— w)7

2—w
9 _

Ei’Ubj [bt+1] = LL)bt + (]. — W)bt ~ bt

€=

E Learning about variance vs. stochastic volatility

One might be tempted to argue that a model in which subjective variance is endogenously time-
varying due to learning, as in the model of Section 3, is observationally equivalent to a model with
observable stochastic volatility. Although both models exhibit time-variation in volatility, they
have starkly different implication for equilibrium flows. In fact, in a model with learning, a revision
in the estimated variance following a new dividend observation can both increase or decrease the
standard error of the mean. This is because a change in the estimated variance implies a change
in the perceived information quality of all historically observed dividends. In contrast, in a model
with stochastic volatility, any new dividend observation can only reduce the standard error of the
mean and hence its confidence interval. Because variance is known, albeit time-varying, a change
in variance cannot affect the quality of past information. Therefore, in the limit with known and
stochastic volatility the confidence interval of the mean collapses to a singleton and the effect of

ambiguity on portfolio flows vanishes.

To illustrate this point, suppose the dividend process d; is iid with unknown and constant mean

p and time-varying but observable variance 7. In this setting, the Generalized Least Square (GLS)
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estimate of the mean m; from a history of ¢ observations is (see, e.g., Chapter 9 in Greene, 2020)
Zwl i, with  w; = Zé L’ (E.1)

-1
where the weight w; represents the precision of each observation and s? = (Zle %) the squared

standard error of the mean.2?

At time t 4+ 1, the updated values of the mean and standard error, after observing the new

realized dividend d;11 and variance o7, are

_1 9
= d _ o S E.2
miy1r = (1 —wir)me +weprdepr,  wip = 5 — = 3 3 (E.2)
=zt s; +0i
t t+1

1 1 1
S S g

t+1 t t+1

Equation (E.2) shows that dividends observed in times of high volatility 0.y receive a tiny weight
w41 in the updated mean my1 and only marginally reduce the standard error s;1. Equation (E.3)
shows that with stochastic but known variance, the updated standard error s;; does not depend
on the new dividend realization d;; and that s;11 < s;. Hence, new observations can only reduce
the standard error of the mean. Because the standard error controls the size of the set of priors
Pl = [m — kst,m + ks in equation (E.3), in a model with stochastic volatility a new dividend

observation always reduces ambiguity.

2TBecause dividend realizations are independent, the variance of m; is given by

2
t

1 1)’ 1
St = var mt Zw Var (X:tl) Z |:(0-2) Uz2:| = z:ti
i=1 52 i=1 v i=1 52
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