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Abstract

This paper proposes and evaluates a new method for inference in direct multi-step
and long horizon forecasting regressions. The residuals from both direct multi-step
and long horizon forecasting regressions are serially correlated, and can be expressed
as a vector moving average (VMA) process of the one step ahead forecast residuals.
The proposed estimator imposes the VMA structure on the serially correlated resid-
uals to estimate the covariance matrix of the OLS estimates of direct multi-step and
long horizon forecasting regressions. The parameters governing the VMA process are
estimated using OLS regressions. A simulation study indicates that the proposed esti-
mator is substantially more accurate and efficient, relative to existing methods that do
not impose any structure on the autocorrelation process of the residuals. The paper
presents two empirical applications: the first uses the variance risk premium to forecast

currency returns, and the second uses inflation to forecast the equity premium.
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1 Introduction

This paper proposes and evaluates a new method for inference in direct multi-step and long
horizon forecasting regressions, using the heteroskedasticity and autocorrelation consistent
(HAC) covariance estimator in West (1997). I present two empirical applications to illustrate
the relevance of the approach: the first uses the variance risk premium to forecast currency
returns, and the second uses inflation to forecast the equity premium.

A direct multi-step forecast is a regression of a vector of variables observed at a future
horizon on variables observed in the current time period. A long horizon forecast is a
regression of the cumulative sum of a vector of variables observed through a future horizon
on variables observed in the current period. The West (1997) covariance matrix estimator is
applicable when the regression residuals follow a vector moving average (VMA) process of a
known order. The estimator, which is parametric, is v/T' consistent, and asymptotically more
efficient than nonparametric estimators, such as the commonly used estimator in Newey et al.
(1987). The estimator requires estimates of the moving average coefficients of the residuals.

Under the assumption that the data have a vector autoregression (VAR) representation,
the residuals from both direct multi-step and long horizon forecasting regressions are serially
correlated, and can be expressed as a VMA of the VAR residuals. The proposed estimator
imposes the VMA structure on the serially correlated residuals to estimate the covariance
matrix of the OLS estimates of direct multi-step and long horizon forecasting regressions.
The parameters governing the VMA process are estimated using OLS regressions. This re-
sults in substantially more accurate and efficient estimates of the covariance matrix, relative
to existing methods that do not impose any structure on the autocorrelation process of the
residuals. A simulation study comparing the proposed estimator with the most commonly
used Newey et al. (1987) HAC estimator illustrates the benefits of the approach. The pro-
posed estimator has a lower root mean squared error and size tests closer to its nominal
values.

Direct multi-step and long horizon forecasting regressions have a variety of applications in



empirical macroeconomics and finance. Common applications of direct multi-step forecasts
are local projections in empirical macroeconomics, as per Jorda (2005). In the forecasting
literature, McCracken & McGillicuddy (2019) show that conditional direct multi-step fore-
casts outperform iterated vector autoregression based approaches at short horizons, with
substantial improvement during recent data. In such applications, it is common practice to
compute Newey et al. (1987) HAC standard errors; see Ramey (2016) for details. Lazarus
et al. (2018) provide recommendations for inference in such contexts. In related literature
Montiel Olea & Plagborg-Mgller (2021) propose lag augmented local projections that do not
require correcting standard errors for serial correlation. Lusompa (2021) derives the auto-
correlation process of local projection residuals, and proposes using generalized least squares
to estimate the regression parameters.

Common applications of long horizon forecasts are tests of return predictability in em-
pirical finance. For example, Cochrane & Piazzesi (2005) forecast annual bond returns using
monthly data. Common approaches to estimating the covariance matrix include Newey et al.
(1987) and Hansen & Hodrick (1980) standard errors. Alternatives are proposed in Valka-
nov (2003), Hodrick (1992), Richardson & Smith (1991), and Hjalmarsson (2011) for specific
tests and cases. More generally, Wei & Wright (2013) propose reverse regressions that regress
one period returns onto sums of predictor variables. Britten-Jones et al. (2011) propose a
similar estimator that regresses one period returns onto a transformed matrix of predictor
variables. Both these approaches improve inference by reducing the autocorrelation in the
error term.

This paper makes the following contributions, relative to the above literature. First, in
both direct multi-step and long horizon forcasts, I explicitly model the autocorrelation pro-
cess of the residuals to estimate the covariance matrix. This results in substantial improved
efficiency and accuracy, relative to conventional HAC estimation that imposes no structure
on the autocorrelation process of the residuals. Second, I present a unified framework for

inference in both direct multi-step and long horizon forecasts, by taking advantage of the



fact that error terms in a long horizon forecast are equal to the sum of the error terms from
direct multi-step forecasts.

The remainder of this paper is organized as follows: Section 2 presents the theory behind
the proposed estimator. This includes deriving the autocorrelation process of the residuals
and the covariance matrix of the OLS estimates. Section 3 shows how to estimate the
covariance matrix. Section 4 presents the results of a simulation that evaluates the accuracy
and efficiency of the proposed estimator. Section 5 presents two empirical examples of the

proposed estimator using actual data, and section 6 concludes.

2 Theory

2.1 Autocorrelation Process

Let y, denote an (nx 1) vector of variables observed at time ¢, with ¢t = 1,...,7. a/®? is an
(nx 1) vector and (A . ,Aéd’o)) are (nxn) coefficient matrices. I assume that y; has
a VAR(p) representation, and the (n x 1) vector of residuals €, are a martingale difference

sequence. This allows for conditionally heteroskedastic innovations.

yo=a" + A"y, o+ Al(,d’o)yt—p + €& (1)

E(€t|€t_1, .. ) =0

Suppose h > 1. Direct multi-step forecasts are OLS regressions of y¢yp on (1,41, ..., Yi—p).

Long horizon forecasts are OLS regressions of Zg:o Yers o0 (L Y1, ..., Yrp).
Yith = a'dh 4 Aﬁd’h)yt_l 4+ 4 Al(,d’h)yt_p 4 eg‘i}’;) 2)
h
S yis = a4 Ay Ay, el 5
s=0
The error terms egi’z) and eﬁﬁb) are serially correlated, and can be expressed as a VMA
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of the VAR residuals (€;1p, ..., €). A detailed proof of this result can be found in Lusompa
(2021). Consider the direct multi-step forecast for h = 1. T iterate equation 1 one period

ahead, and substitute for y;,.

Y = al " + Ay, 4 Ay, 1+ € (4)
Y = a0 + A (a0 + Ay, 4+ Ay, + €) (5)

+ot A;(gd’o)yt—pﬂ + €1

Yo =a + Ay, 4o Ay, + € + A (6)

(d,1) d

e}y = €1 + A"e (7)

The coefficient matrix on €; is the same as the coefficient matrix on y;_; in the VAR. The
coefficient matrices on (1,4;—1,...,Y:—p) are now indexed by the superscript (d, 1). Next,
consider the long horizon forecast for h = 1. I sum equations 1 and 6 to derive an expression
for el(elfl). Let I,, denote the identity matrix of order n.

Y1+ e = (@l + Agd’l)yt—l +ooet A;dJ)yt—p + €1+ A(1d70)€t) (8)

+ (@™ + Ay, 4+ A,(fl’o)yt—p + €)

1
Z Yoo = a4 Ay, ot APy, + e+ (I + A")e, (9)
s=0
egill) =€+ (I, + Agd’o))et (10)
e = €1+ B¢ (11)
B =1, 4+ A0 (12)

The coefficient matrix on €; is a linear transformation of the coefficient matrix on y;_; in

the VAR. The coefficient matrices on (1,y;_1,...,Y:—,) are now indexed by the superscript



(h,1). I derive expressions for egi’,}z) and eif,? through repeated iteration and substitution.
h—1 ‘
eii’f? = €yn T Z Agdd)ewh—l—j (13)
5=0
h—1 '
el = enn + > B"e 1y (14)
5=0

J
Bfl’]) =1, + ZAgd,k)
k=0

For the horizon h direct multi-step and long horizon forecasting regressions, the coefficient
matrices on the lagged VAR residuals are linear combinations of the coefficient matrices from

the VAR and the 1 through (h — 1) direct multi-step regressions.

2.2 Covariance Matrix of OLS Estimates

I derive the covariance matrix of the OLS estimates as a function of the VAR residuals. West
(1997) derives the covariance matrix for the general case where the residuals follow a VMA
process. I apply that derivation to the case of direct multi-step and long horizon forecasting
regressions. For convenience, I rewrite the direct multi-step and long horizon forecasting

regressions so that the regression coefficients can be stacked into a vector.

Yith = X;—1B(d’h) + eii’z) (15)
h
/ Lh
Z Yits = Xt—lﬁ(l’h) + e§+h) (16)
s=0
X =1,® [1 Yy .- y;p} (17)
B0 = vec [atin) A Al (18)
g1 = vec [at) A Al (19



If the VAR is restricted, one or more of the regression coefficients are equal to zero.
In this case, the corresponding row is removed from the X, ; matrix, and corresponding
parameter removed from the 84" and B" vectors. Let B(d’h) and B(l’h) denote the OLS
estimates of B@" and B¢, and V@M and V" denote the corresponding covariance

matrices, respectively. These are given by:

VT —p—h (B9 — gy & N(o, Vdn) (20)
VT —p—h (B - M) L N(0, VM) (21)

I derive the expression for V(%1 as a function of the VAR residuals.

-1 -1

ven - (XX ) 59 (BX X ) 22)

S = it 4 i 4 ity (23)
d1) __ d,1

F(() )= E[X;- 1eg+1)ez(€+1) X;_] (24)

’

=E[X; 1(€41 + Aﬁd’o)et)(em + Agd’o)ft) Xz:fl]
= E[Xt*1€t+1€;+1Xz‘;1] + E[thlAgd’O)ete;Agd’O)/X;fl]
= E[th1€t+1€;+1Xt W+ E[XtA( )€t+1€t+1A§d70)/Xt/]
) =E[X, e el X, ) (25)

’ ’

= E[X;1 (€1 + A" (€ + A€, 1) X, )
E[X:- 1A EtetXQ—Q]
—EX;A "¢ 1€, X, ]
S = Bldidi] (26)

dgﬁ = (X +XtA )€t+1 (27)

Note that the error structure for etlﬂ) is the same as it is for et +1 . Thus, by the same



logic, I derive the expression for V& as a function of the VAR residuals.

1 -1
vl = <E[Xt—1X£—l]) sty (E[XHX;_I]>

S(l,l) =T (l 1)—|—F( )—I—I‘gl’l)/

1) _ 1) (1,1) ~
I‘é )ZE[Xt 1e§+1)e£+1) X, 4]
1) _ 11) (1)~
IV = E[X, el el X, )]

1,1) 4(1,1)
SO0 = Elddl)

d) = (X, + X B!")er 1

Next, I derive the expression for V(4" as a function of the VAR residuals.

—1 -1
VEh) = (E[Xt_lXQ_l]) S (E[X'*”X;‘l])

Sah = 0 | Z ( ) 4 e )

an) d,h
I‘é )= E[X;- 1€§+h)e§+h) Xt 1
an) d,h '
1‘; )= E[X;- 1el(t+h)ez(€+h) JXt—l—j]
d,h) 4(d,h)
SEh) = E[d§+h)d§+h) ]
h—1 '
diiz = (Xt 1 +ZXt+J ))€t+h
7=0

(36)
(37)

(38)



Last, I derive the expression for V") as a function of the VAR residuals.

1 —1
v — <E[Xt_1xg_1]) St (E[Xt_lxt’_ﬁ) (40)
h
Gh) — F(()l,h) I Z (ng,h) + ng,h)) (41)
j=1
Lh) __ l,h L,h
F(() ) = E[Xt 1€ 1(5+h)61(5+h) Xt 1} <42)
Lh) __ l,h L,h !
FE’ ):E[Xt 1e§+h)el(f+h) iXo1- J) (43)
(L,h) 4(L,R)
S = Bld )] 44
diiﬁl = (Xt 1+ Z Xi;B ')) €i+h (45)

The covariance matrices V@ and V&M are functions of the observed data X,_, the
VAR residuals €5, and the coefficient matrices on y, ; from the VAR and the 1 through

(h — 1) direct multi-step regressions, Agd’j ) and B%l’j ),

3 Estimation

I now show that the parameters of the VMA process can be estimated by OLS. This then
facilitates estimation of the covariance matrices V(4" and V" as per the method in West
(1997). Suppose h = 1. Let A(ld’o) denote the OLS estimates of Agd’o) from the VAR, and

€1 the residuals from the VAR. The estimated covariance matrix V(@1 is given by:

T ~1 T -1
v - (<T—p>-1 > Xt_lxg_l) S“’”((T—M‘l > Xt—1X£—1> (46)

t=p+1 t=p+1
A (d,1) 3(d,1)
SN =(T—p- Z dtVdy) (47)
t=p+1
dgﬁ) = (Xpa + XtA(d 0))€t+1 (48)



Similarly, the estimated covariance matrix VD ig given by:

T -1 T -1
vy - ((T -ty Xt_lxg_l) Sty ((T -7 Xt—lXé—l) (49)

t=p+1 t=p+1
A 1,1
StV = (T Z dt+1 t+1) (50)
t=p+1
d) = (X + X BM)er (51)
B =1, 4+ A0 (52)

Thus, to estimate the covariance matrices V@D and V(l’l), we use the OLS estimates
from the VAR. Let (Agd’l), . ,Aﬁd’h‘”) denote the OLS estimates of (Agd’l), . ,Agd’h_l))
from the 1 through (h — 1) direct multi-step regressions. The estimated covariance matrix

V@h ig given by:

T -1 T -1
(o ) sl x|

t=p+1 t=p+1
S = (T —p—h)~ Z dt+h t+h (54)
t=p+1
h—1 }
dt) = (Xes + X X A e (55)
7=0
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Similarly, the estimated covariance matrix Vh) g given by:

T -1 T -1
V(l,h) — ((T _p)—l Z Xt—lX;—l) S(lvh) ((T —p)_l Z Xt—ng—l) (56)

t=p+1 t=p+1
T—h
S = (T—p—h)" Y didl (57)
t=p+1
h—1
a(Lh) _ A (Li) ) 2
d,l) = (Xt—l + Z X+ B )€t+h (58)
=0
J
Bil,]) = In + ZAgd,k) (59)
k=0

Thus, to estimate the covariance matrices V(@h) and V(l’h), we use the OLS estimates

from the VAR and the 1 through (h — 1) direct multi-step regressions.

4 Simulation

I conduct a simulation using a VAR(1) model to assess the performance of the proposed
estimator’s standard errors, relative to the Newey et al. (1987) estimator’s standard errors,

henceforth denoted NW. The data generating process (DGP) is given by the following;:

yir=a1+A111y14-1 + €1t (60)

Yo = Qg + A1 2191,0—1 + € (61)
€1, 0 o7 o1

AN ! (62)
€2t 0 012 0’%

The first variable y; follows an AR(1) process. The covariance matrix is a function only
of €14, since y, has no effect on y;. The multivariate part of the DGP is intended to capture

a return predictability regression, where y; is a persistent predictor and 5 is an asset return.

In the simulation, a1 = as = 0, A;11 = 0.8, A121 = 0.2, and p12 = 22 = —0.2. oy

0102
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and oy are set so that y; and y» have unit variance. Then A;9; is also the correlation
coefficient between y; and 7,. This implies an R? in the return predictability regression of
(0.2)2 = 0.04. T run two sets of simulations, and the total number of simulations for each
case is M = 100,000. Let H denote the farthest horizon, so that h = 1,..., H. In the first
simulation, 7" = 1260 and H = 20. This is equivalent to observing five years of daily data,
and forecasting one month ahead. In the second simulation, 7" = 240 and H = 5. This is
equivalent to observing twenty years of monthly data, and forecasting six months ahead.

I assess the performance of the proposed estimator’s standard errors for direct multi-step

and long horizon forecasts of both y; and ys.

Y1,t+h = a§d " A(1d1}i Y1t-1 + 6%1),1 (63)
Z Yttts = all M Al 11 Z/lt 1+ eﬁlt}fﬁh (64)
5=0

Y2,t4h = aéd " 4 A(1d2}1l Y1t-1 + €§dti)h (65)
Z Y2,0405 = = " + A, 21 ylt 1+ 6511:2,1 (66)

s=0

The parameters of interest are Aldﬁ), Agllhl, Agd;{ and A1 51 For each simulation, the

proposed standard error (P) and the NW standard error are recorded. The NW standard
error has a lag length set to (5+h).! The standard errors are compared to the true standard
error. I report the root mean squared error (RMSE), and the 90%, 95%, and 99% coverage
probabilities. These are defined as follows.

Let se denote the true or theoretical standard error, and se,, denote the estimated stan-
dard error from simulation m, where m = 1,..., M. Note that for ease of interpretation and

comparability across horizons and coefficients, the RMSE is divided by the true standard

'The results are not sensitive to setting the lag length equal to h.
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error. It is given by:

% Zn]‘le (Sem — se)?

Sse

RMSE = \/

(67)

Let b denote the true or theoretical value of the regression parameter and b,, the OLS
estimate from simulation m. Let a denote the significance level, so that (1 — «) is the
coverage probability. Let t..i(a/2) denote the critical value from the student-t distribution of

a two tailed test with significance level a. The (1 — ) coverage probability is given by:

it l;m - sAemtcrit(a/Q) <b< i)m + SAemtcrit(a/Q)
CP(1,Q)7m — (68)

0 otherwise
M
1
CPuo) =37 > CPu-aym (69)
m=1

Table 1 and 2 report results for each first simulation by horizon. Figures 1 plots the
RMSE for both simulations by horizon. Table 3 presents a summary of the simulation
results. The RMSE column is the average ratio of the RMSE of the proposed estimator to
the NW estimator, across horizons. The CP columns are the average ratios of the absolute
difference between the coverage probability and the nominal level of the proposed estimator
to the NW estimator, across horizons. Ratios less than one indicate an outperformance of
the proposed estimator, and ratios greater than one indicate outperformance of the NW
estimator.

First, consider the results for Agfli}{). The proposed estimator has an RMSE ratio of 0.547
in the first simulation and 0.426 in second simulation. The 95% coverage probability ratio
is 0.158 in the first simulation, and 0.403 in the second simulation. For Aﬁ’l’?, the proposed
estimator has an RMSE ratio of 0.476 in the first simulation and 0.410 in second simulation.
The 95% coverage probability ratio is 0.325 in the first simulation, and 0.374 in the second
simulation. For both parameters, the coverage probabilities are closer to their nominal levels

in the first simulation, when the sample size is larger.
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Next, consider the results for A%}{). The proposed estimator has an RMSE ratio of 0.636
in the first simulation and 0.765 in second simulation. The 95% coverage probability ratio
is 0.327 in the first simulation, and 0.084 in the second simulation. These regressions show
the smallest gain from using the proposed standard erros, partly because these regressions
have less autocorrelation in the errors, compared to the others. For Aﬁé’?, the proposed
estimator has an RMSE ratio of 0.384 in the first simulation and 0.557 in second simulation.
The 95% coverage probability ratio is 0.055 in the first simulation, and 0.047 in the sec-
ond simulation. For both parameters, the coverage probabilities of the proposed estimator
are approximately equal to the nominal level in both simulations. The gain in coverage
probabilities are strongest for the long horizon return predictability regressions.

Overall, the simulation results indicate a substantial improvement in efficiency and ac-
curacy of the proposed estimator, relative to the NW estimator. This result holds for both
direct multi-step and long horizon forecasts, univariate and multivariate forecasts, large and

small sample sizes.

5 Empirical Examples

5.1 Variance Risk Premium and Currency Returns

I present two empirical examples that mirror the model specification and samples sizes in the
simulation. In the first example, I use the euro currency variance risk premium to predict
the euro currency futures return. The variance risk premium measures the cost of increasing
against an increase in variance. Bollerslev et al. (2011) show that it is is a good proxy
for overall market risk aversion. It has been shown to have predictive power over currency
returns in certain contexts. Della Corte et al. (2016) show that currency volatility risk
premia predict exchange rate returns. Currencies with cheap volatility insurance outperform
currencies with expensive volatility insurance. Londono & Zhou (2017) find that currency

variance risk premia predict future changes in exchange rates. Menkhoff et al. (2012) find a

14



strong link between currency variance risk premia and returns from currency carry trades.
I use data on the euro currency futures and options contracts traded on the Chicago
Mercantile Exchange, sampled from December 2016 until December 20212. The sample size
is T' = 1260. The farthest forecast horizon is H = 20 (one month). The euro currency
futures contract is the quantity of US dollars per euro. Using the options and futures data, I
compute daily values of the variance risk premium, denoted by V P;. Next, I compute daily
log returns from holding the futures contracts, denote by r;. The variance risk premium
requires estimation of implied variance and expected variance. I estimate implied variance
using model free implied variance, as per the method in Andersen & Bondarenko (2007).
[ estimate expected variance using using a long horizon mixed data sampling (MIDAS)
volatility forecasting regression, as per the methods in Ghysels et al. (2006) and Ghysels
et al. (2019). For further detail on the construction of currency variance risk premia, please
see Dossani (2021). I estimate the following direct and long horizon forecasting regressions,

which follow the same structure as the model used in the simulation.

VPin = a™ + AVVE e, (70)
h
Y VP =al" + ANVP L + el (71)
s=0
Tith = agd’h) + Agc,lé}f)vpt—l + eéc,lii)h (72)
h
Z Pies = ay™ + Agl,’hfvpt—l + eg{ﬁh (73)
s=0

The parameters of interest are Agflﬁ), Ai{ﬁ), A(l‘fé’{) and Aﬁg‘f. The variable V' P, is stan-

dardized so that coefficients Agagf) and Agl,’zhl) can be interpreted as the impact of a one
standard deviation increase in the variance risk premium. Table 4 reports results from the
regressions. For each regression, I report the coefficient, the proposed standard error (P),

the NW standard error with lag length set to (5 + h), and the associated p-values testing

2The futures data are from I1Q Feed and the options data are from Quandl.
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the null hypothesis that the coefficient is equal to zero. The top half of figure 2 presents
the results in the form of the regression coefficient by horizon alongside the 95% confidence
intervals using both the proposed and NW standard errors.

Across most coefficients and horizons, the proposed standard errors are larger than the
NW standard errors. Associated p-values for the proposed estimator are larger, and confi-
dence intervals are wider. This mirrors the simulation results, whereby coverage probabilities
for the proposed estimator are larger and closer to their nominal values. The NW standard
errors tend to over-reject more often than the proposed estimator in the simulation, and
this patterns holds in the empirical example. The magnitudes are economically meaningful.
Consider the coefficient Ag{’th) for h = 20. This coeflicient measures the predictive power of
the variance risk premium for the subsequent one month return. This horizon is particularly
meaningful because the variance risk premium is computed at the one month horizon, and
is thus an estimate of the subsequent one month risk premium. The coefficient estimate
suggests that a one standard deviation increase in the variance risk premium is associated
with a 0.365% subsequent depreciation of the euro, relative to the US dollar. Economi-
cally, this is consistent with an increase in risk aversion leading to a decline in the value of
the euro. The proposed standard error is approximately three times larger than the NW
standard error. The p-value is 0.045 using the proposed standard error, and 0.000 using
the NW standard error. Using the proposed standard errors suggests that the evidence of
predictability is weaker, significant at the 5% but not 1% level. For a substantial number
of coefficients reported in the table, the proposed standard errors would not reject the null

hypothesis of a zero coefficient, whereas the NW standard errors would reject.

5.2 Inflation and the Equity Premium

In the second empirical example, I use the lagged rate of inflation to predict the equity
premium. A variety of studies, such as Campbell & Vuolteenaho (2004), Fama & Schwert

(1977), and Fama (1981), document a negative empirical relationship between the inflation
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rate and the equity premium. These studies use the lagged rate of inflation, as the CPI is
reported around 2-3 weeks after the month ends.

The infation rate is computed as the log change in the consumer price index. The data
come from FRED3. The equity premium is the excess return on the market, defined as the
value weighted return of all CRSP firms incorporated in the US and listed on the NYSE,
AMEX, or NASDAQ. The data come from the Ken French Data Library*. Inflation rates and
the equity premium are sampled monthly. The data go from December 2001 until December
2021, and the sample size is T = 240. The farthest forecast horizon is H = 5 (six months).
Let Inf; denote the lagged inflation rate, and r; denote the equity premium. I estimate the
following direct and long horizon forecasting regressions, which follow the same structure as

the model used in the simulation.

Infon = al™ + A% Inf, ) + %7, (74)
h
Z Infiis = agl’h) + Agl,’lhl)]nft—l + egl,ﬁ)h (75)
s=0
ripn = as™ - A Inf g + e, (76)
h
> riee=ay” + AR Infi + e, (77)
s=0

The parameters of interest are Ag‘ﬁ}{), Aﬁl;{‘f, A%}i) and Aﬁ{b’?. Table 5 reports results from

the regressions. For each regression, I report the coefficient, the proposed standard error (P),
the NW standard error with lag length set to (5 + h), and the associated p-values testing
the null hypothesis that the coefficient is equal to zero. The bottom half of figure 2 presents
the results in the form of the regression coefficient by horizon alongside the 95% confidence
intervals using both the proposed and NW standard errors.

Across most coefficients and horizons for the long horizon regressions, the proposed stan-

3https://fred.stlouisfed.org/series/ CPTAUCSL
4https://mba.tuck.dartmouth.edu/pages/faculty /ken.french /data_library.html
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dard errors are larger than the NW standard errors. Associated p-values for the proposed
estimator are larger, and confidence intervals are wider. This mirrors the simulation results,
whereby coverage probabilities for the proposed estimator are larger and closer to their nomi-
nal values. For the direct multi-step regressions, the proposed standard errors are sometimes
larger the the NW standard errors, and occasionally smaller. As compared wit the first em-
pirical example, the inflation rate is less persistent than the variance risk premium, and this
reduces the gap between the standard errors in the direct multi-step forecasts. The pattern
of the p-values is similar to the first empirical example. There are a substantial number of
coefficients reported in the table where the proposed standard errors would not reject the

null hypothesis of a zero coefficient, whereas the NW standard errors would reject.

6 Conclusion

This paper proposes and evaluates a new method for inference in direct multi-step and
long horizon forecasting regressions, using the HAC covariance estimator in West (1997),
and presents two relevant empirical applications. The residuals from both direct multi-step
and long horizon forecasting regressions are serially correlated, and can be expressed as a
VMA of the VAR residuals. The proposed estimator imposes the VMA structure on the
serially correlated residuals to estimate the covariance matrix of the OLS estimates of direct
multi-step and long horizon forecasting regressions.

The computation of the proposed estimator is straightforward, as it is a function of OLS
parameter estimates. A simulation study indicates substantial improvement in both the
efficiency and accuracy of the proposed estimator, relative to the NW estimator. A potential
future extension of this paper is an application to Bayesian estimation of direct multi-step and
long horizon forecasting regressions. For example, Lusompa (2021) and Miranda-Agrippino
et al. (2021) propose methods for Bayesian local projections. Applications to long horizon

regression forecasts could improve the accuracy of return predictability regressions.
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Figure 1: Simulation Results: RMSE
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These figures plot the root mean squared error (RMSE) from the simulation results by horizon.
The dashed line is the proposed estimator and the dotted line is the NW estimator.



Figure 2: Empirical Examples

(a) Agfliill): Variance Risk Premium (b) Agly’lhl): Variance Risk Premium
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These figures report results for the two empirical examples (Variance Risk Premium and Inflation).
Each figure plots the coefficient estimates (solid line) by horizon, alonside the 95% confidence
intervals using the proposed estimator (dashed line) and the NW estimator (dotted line).
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Table 1: Simulation Results: 7= 1260 & H = 20

RMSE 90% CP 95% CP 99% CP

h P NW P NW P NW P NW

0.036 0.080 | 0.894 0.877 | 0.945 0.933 | 0.988 0.983

) 0.042 0.118 | 0.892 0.858 | 0.943 0919 | 0.985 0.976

Ag‘ﬁ’{) 10| 0.075 0.132 | 0.894 0.858 | 0.944 0918 | 0.98 0.976
151 0.090 0.133 | 0900 0.862 | 0.949 0922 | 0.988 0.978

20| 0.097 0.134| 0905 0.866 | 0.954 0925 | 0.992 0.979
0.039 0.080 | 0.894 0.879| 0945 0934 | 0.988 0.983

5 0.033 0.119 | 0.891 0.857 | 0.942 0916 | 0.986 0.975

Ag{vﬁ) 10 | 0.065 0.148 | 0.887 0.844 | 0.936 0.906 | 0.982  0.968
15| 0.100 0.169 | 0.880 0.837 | 0.931 0.898 | 0.976  0.962

20| 0.132 0.188 | 0.875 0.831| 0924 0892 | 0971 0.956

1 0.055 0.075| 0.899 0897 | 0949 0946 | 0.990 0.988

) 0.056 0.084 | 0901 0895 | 0.952 0946 | 0.990 0.988

Agffé’;) 10 | 0.058 0.092 | 0902 0.891 | 0.952 0944 | 0.991 0.987
151 0.060 0.099 | 0.903 0.888 | 0.953 0.941 | 0.991 0.986

20| 0.062 0.106 | 0.906 0.890 | 0.954 0.941 | 0.992 0.986

1 0.052  0.084 | 0.900 0.884 | 0.949 0937 | 0.990 0.985

b} 0.046 0.123 | 0.900 0.864 | 0.951 0924 | 0.990 0.979

A%ll) 10| 0.047 0.144 | 0901 0.857 | 0.952 0918 | 0.991 0977
15| 0.056 0.158 | 0902 0.854 | 0.952 0917 | 0.991  0.975

20| 0.070 0.169 | 0.903 0853 | 0.953 0915 | 0991 0.975

This table reports the simulation results by horizon for 7' = 1260 and H = 20, and 100,000
simulations. Results are reported for the proposed estimator (P), and the NW estimator with
lag length equal to (54 h). The results include root mean squared error (RMSE), 90% coverage
probability (90% CP), 95% coverage probability (95% CP), and 99% coverage probability (99%

CPp).
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Table 2: Simulation Results: T'=240 & H =5

RMSE 90% CP 95% CP 99% CP
h P NW P NW P NW P NW
1| 0.080 0.152 | 0877 0.840 | 0.931 0902 | 0.982 0.967
2| 0.067 0.170| 0.871 0.823 | 0926 0.887 | 0978 0.958
Agdi’i‘) 31 0.069 0.189 | 0.866 0.810 | 0921 0877 | 0973 0.950
4| 0.082 0206 | 0.863 0.801 | 0917 0.869 | 0.970 0.945
5| 0.098 0.221| 0.860 0.794 | 0913 0.862 | 0.968 0.941
11 008 0.153 | 0877 0.840 | 0.933 0903 | 0.983 0.967
2| 0072 0169 | 0.872 0823 | 0.927 0.888 | 0.980 0.957
Aglﬁ) 3| 0.067 0187 | 0.867 0809 | 0.923 0.875| 0976 0.949
41 0070 0.204| 0862 0.797| 0918 0.864 | 0971 0.941
5 0.080 0.221| 0857 0.78 | 0.912 0.853 | 0.967 0.932

0.131  0.166 | 0.897 0.879 | 0.948 0.933 | 0.989 0.983
0.133 0.172 | 0.898 0.875| 0.949 0930 | 0.990 0.981
0.134 0.176 | 0.899 0.874| 0951 0929 | 0.991 0.981
0.135 0.180 | 0.901 0872 | 0.952 0928 | 0.991 0.979
0.136  0.183 | 0.903 0.869 | 0.953 0.925| 0.992 0.978

=
\'I\DJQ‘
SRS

QU = W NN

1| 0119 0.172| 0895 0.859 | 0.946 0919 | 0.989 0.976
2| 0114 0.188 | 0.896 0.847 | 0.947 0909 | 0.989 0.971
Aﬁ’;‘f 31 0.110 0.204 | 0.897 0.838 | 0.949 0.900 | 0.989  0.966
4 0.107 0.217 | 0.899 0.831 | 0950 0.894 | 0.990 0.963
5| 0105 0.230 | 0901 0.825| 0.951 0.889 | 0.991  0.959

This table reports the simulation results by horizon for T' = 240 and H = 5, and 100,000 simulations.
Results are reported for the proposed estimator (P), and the NW estimator with lag length equal
to (5 + h). The results include root mean squared error (RMSE), 90% coverage probability (90%
CP), 95% coverage probability (95% CP), and 99% coverage probability (99% CP).
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Table 3: Simulation Results Summary

T =1260 & H = 20

RMSE 90% CP 95% CP 99% CP

AL 0547 0131 0158 0.233
AWl 0476 0272 0325 0.394
A1 0636 0274 0327 0.240
Al 10384 0041 0055 0.051

T=240& H=5

RMSE 90% CP  95% CP 99% CP

A% | 0426 0376 0403 0.406
A1 0410 0372 0374 0.349

A1 0765 0077 0.084  0.095
Al 10557 0.054  0.047  0.045

This table reports the summary of the simulation results. The RMSE column is the average ratio
of the RMSE of the proposed estimator to the NW estimator, across horizons. The CP columns
are the average ratios of the absolute difference between the coverage probability and the nominal
level of the proposed estimator to the NW estimator, across horizons. Ratios less than one indicate
an outperformance of the proposed estimator, and ratios greater than one indicate outperformance
of the NW estimator.

26



Table 4: Empirical Example: Variance Risk Premium and Currency Returns

h Coef P-se NW-se P-pv NW-pv

1 0.651  0.105 0.122  0.000  0.000
) 0.365 0.209 0.145 0.081  0.012
Agfli}ll) 10 0.253 0.217 0.091 0.244  0.006

15 0.201  0.194 0.070  0.300  0.004
20 0.130 0.173  0.024 0.454  0.000

1.470  0.161 0.190 0.000  0.000
5) 3.373 0.854 0.714  0.000  0.000
Aglﬁ) 10 4782 1.963 1.005 0.015  0.000
15 5.932 2936 1246 0.044  0.000
20 6.738  3.806 1.303  0.077  0.000

1| —0.025 0015 0013 0098 0.061
5| —0.029 0013 0008 0025  0.001
A 110 =007 0013 0009 0179 0.054

15| —0.020 0.014 0.008 0150 0.017
20 | —0.033  0.017  0.008 0.044  0.000

—-0.039  0.028 0.023  0.156  0.089
5 | —0.125 0.072  0.038  0.083  0.001
Aﬁ’cﬁ) 10 | -0.239 0.102 0.044 0.019  0.000
15| =0.293 0.134 0.049 0.030  0.000
20| —0.365 0.182 0.063 0.045  0.000

This table report results for the empirical example using data on dollar euro futures returns and
variance risk premia. For each parameter and horizon, the table reports the coefficient estimate
(Coef), the proposed standard error (P-se), the NW standard error (NW-se), the p-value using the
proposed standard errors (P-pv), and the p-value using NW standard errors (NW-pv). The p-value
tests the hypothesis that the coefficient is equal to zero.
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Table 5: Empirical Example: Inflation and Equity Risk Premium

h | Coef P-se NW-se P-pv  NW-pv
1 0.052 0.116 0.086  0.655  0.545
2| —0.067 0.098 0.072 0.497  0.355
Aﬁfﬁ’{’ 3 0.011  0.095 0.090 0.910 0.904
4| —0.000 0.107 0.123 0.999  0.999
5| —0.007 0.086 0.101 0.934 0.944
1 0.544 0.201  0.154  0.007  0.001
2 0.466 0.283 0.206 0.101 0.024
Agl,ﬁ) 3 0.467 0.306 0.231 0.128  0.044
4 0.449 0.321 0.274  0.164 0.102
5 0.392 0.338 0.297 0.248  0.188
1 0.103 1.330 1.169 0.938  0.930
1 0.103 1.330 1.169 0.938  0.930
2| —2.140 1.383 1.174 0.123  0.070
Agﬁ) 3| —1476 1.237 1.336  0.234  0.270
4| —1.478 0951 0.794 0.122  0.064
5| —2.523  0.998 1.067 0.012  0.019
1 0.665 2.112 2335 0.753  0.776
2| —1.473 2993 2476 0.623  0.552
Agl:zhl) 3| —2.991  3.682 2.480  0.417 0.229
4| —4.487  4.144 2792 0.280  0.109
5| =7.203 4.325 3.695 0.097  0.052

This table report results for the empirical example using data on inflation and the equity risk
preium. For each parameter and horizon, the table reports the coefficient estimate (Coef), the
proposed standard error (P-se), the NW standard error (NW-se), the p-value using the proposed
standard errors (P-pv), and the p-value using NW standard errors (NW-pv). The p-value tests the
hypothesis that the coefficient is equal to zero.
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