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Abstract

We show that bunching on the treatment variable can be used for identification of the average
marginal treatment effect near the bunching point. The approach requires no functional form or
distributional assumptions, no exclusion restrictions, and no special data structures (e.g. panel
data) and instead relies on continuity conditions that are similar to those imposed in Regression
Discontinuity Designs with continuous treatment, and a monotonicity condition. Adding some
types of parametric structures to the endogeneity bias allows the identification of all average
marginal treatment effects. We provide estimators which can be implemented with off-the-shelf
packaged software, and we apply the method to estimate the effects of watching television on
children’s cognitive and non-cognitive skills.

1 Introduction

In this paper, we introduce a new design for the identification of treatment effects in the presence
of endogeneity. The design leverages the phenomenon of bunching at one extreme of the treatment
variable to identify the average marginal treatment effect near the bunching point, which we clarify
below. The approach requires no other special phenomena except for the bunching, and it imposes
no exclusion restrictions, no functional form or distributional assumptions, nor does it need special
data structures, such as panel, pooled cross section, etc. Therefore, it opens a reasonable path for
identification of treatment effects when none of the established methods (e.g. instrumental variables,
Regression Discontinuity Design, and difference-in-differences) are available.

The list of treatment variables with bunching at one extreme of their distribution is extensive.
We refer the reader to Caetano (2015) and Caetano et al. (2020), where numerous examples are
provided, as well as to the papers that have applied these methods. Such bunching is very common
when the treatment is a choice which must not be negative, as observations often bunch at zero. For

example, although one may smoke any number of cigarettes, a disproportional share of people do
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not smoke at all. Analogously, a disproportional share of children do not watch TV or participate
in extra-curricular activities, and a disproportional share of mothers spend no time on paid work.
Other settings may also result in this type of bunching, e.g. minimum wages, minimum schooling
laws, minimum working age laws, and minimum 401K contribution constraints.

To clarify the method, we focus on the case where the treatment is bunched at the lower
extreme of the support, say at zero. The first requirement of the method is that there exists an
unobservable variable that indexes the endogenous variation in the outcome among variables at
the bunching point. This variable must be such that observations indexed with marginally small
negative values of that variable are comparable to observations with marginally small, positive
treatment values. This variable needs no structural interpretation, but it is helpful to think of it as
a desired treatment in a constrained choice problem. If the treatment cannot be negative, then those
who desire a positive treatment actually choose their desired, positive level, but those who desire a
negative treatment choose zero. The desired choice indexes the endogeneity at the bunching point, so
that those who desired a marginally negative amount are comparable to those who chose a marginally
positive amount. In this sense, this bears some resemblance to the Regression Discontinuity Design,
because we make such types of threshold comparability assumptions. It is important to note that
this is not a censoring model. The treatment is the observed actual treatment, not the desired
choice absent the constraint.

In this setting, exactly at the bunching point, there is no variation in the treatment, but there is
variation in the indexing variable, with some observations indexed with marginally negative values
and others with very negative values (that is, some observations would have chosen a marginally
negative treatment if allowed while others would have chosen a very negative amount.) The dis-
tribution of the outcome at the bunching point reveals the convolution of the distribution of the
endogenous variation indexed by the unobservable variable and additional random noise from the id-
iosyncratic error. Importantly, the distribution of the outcome at the bunching point is not affected
by variation in the treatment, since all observations there receive the same treatment, zero. At
the same time, the distribution of the outcome among those who chose a marginally small positive
treatment reveals only the random noise from the idiosyncratic error (it is not affected by either
variation in the treatment nor by endogeneity, since both the treatment and the indexing variable
are constant there, equal to a marginally small positive amount). This distribution can then be used
to deconvolute the distribution of the outcome at the bunching point to reveal the distribution of
the endogenous variation in the outcome indexed by the unobservable variable. (In the constrained
choice example, the deconvolution reveals the distribution of how the desired negative choices affect
the outcome).

An important insight is that although we cannot identify the actual values of the indexing
variable, and thus we can never observe directly how it affects the outcome, its effect on the outcome
can be obtained by the comparison of the distribution of the indexing variable and the distribution of
the resulting endogenous variation in the outcome. This is true because both have the same unique

source of randomness: the variation of the indexing variable. It is therefore possible to write one



distribution as a change of variable of the other, and thus the ratio reveals exactly the endogeneity
bias. However, we do not have the distribution of the indexing variable at the bunching point,
since it is not observed. What we have is (a) the distribution of the indexing variable for positive
values of the treatment, since for positive treatments the endogeneity can always be indexed by the
treatment, and (b) the distribution of the endogenous variation in the outcome for negative values
of the indexing variable, obtained from the deconvolution explained in the previous paragraph. The
only place where we may then compare both is exactly at the boundary. That is, we can compare
the density of the treatment right above zero with the density of the endogenous variation in the
outcome right below zero, thus revealing the endogeneity bias of those exactly at zero, which is all
we need in order to identify the average marginal treatment effect among those at the bunching
point who are the most indifferent between choosing zero or a marginally marginally positive.

It must be clear from this explanation that continuity requirements will be necessary. Specifically,
the assumptions are (1) that the treatment and indexing variables are continuously distributed
near the bunching point; (2) that the average marginal treatment effect must be continuous at
the bunching point; (3) that the endogeneity bias as a function of the indexing variable must be
continuous at the bunching point, that is, observations with marginally small positive treatment
must be comparable with observations with marginally small negative value of the indexing variable;
(4) that the distribution of the idiosyncratic errors must be continuous at the bunching point, i.e.
that the remaining variation after accounting for the factors that cause endogeneity bias must be
the same at the bunching point as right above. This condition implies a type of local independence
between the idiosyncratic errors and the indexing variable at the bunching point. Additionally,
(5) we require that, at the bunching point, as the value of the indexing variable decreases, the
expected outcome either increases or decreases monotonically (in the constrained choice example,
as the desired choice becomes more negative, the expected outcomes either increase or decrease
monotonically.) Note that this requirement is on the expectation of the outcomes, not on the
individual observations. We use this requirement to obtain the sign of the endogeneity bias at
the bunching point, which is necessary for identification. The assumptions of our method are

reminiscent of the

‘validity” assumptions on regression discontinuity designs (RDD). Conditions
(1)-(3) are identical if one understands the indexing variable below the bunching point and the
treatment above the bunching point as the running variable. Conditions (4) and (5) are not made
in the standard RDD, due to the fact that the treatment is binary in standard RDDs. However, Dong
et al. (2021) considers the identification of marginal treatment effects with a continuous treatment
in the RDD, and there an assumption related to condition (4) is made, as well as a monotonicity
assumption which is hard to compare to condition (5) because in our context there is no first stage
regression.

The method may also be implemented by first conditioning on covariates and then aggregat-
ing the conditional marginal treatment effects. In this case, all requirements are substituted by
conditional requirements, which weakens the assumptions. Specifically, conditioning on covariates

means that the endogeneity is now indexed by additional variables, thus weakening the continuity



conditions, and that, as the indexing variable becomes more negative, the expected outcome may
increase for some values of the controls and decrease for others, thus weakening the monotonicity
condition.

The strategy outlined so far allows the identification of the average marginal treatment effect at
the bunching point among those that are the most similar to those who chose a marginally positive
amount. Precisely, this approach identifies the treatment effect at the bunching point among the
subpopulation with index variable exactly at zero. If we understand the treatment as resulting
from a constrained optimization problem, then this is the average marginal treatment effect among
those who chose the bunching point but for whom the restriction was not binding, that is, those
most indifferent between choosing the bunching point or a marginally positive amount, and thus
would be exactly the group that would react to a marginal policy. By the continuity conditions,
another interpretation is that this method identifies the average marginal effect among those that
chose a marginally positive treatment, which is why we refer to this, for simplicity, as the average
marginal effect near the bunching point. The identification is local only in that the average effect of
a marginal increase in the treatment is nonparametrically identifiable exclusively at that point and
nowhere else. However, we do identify the true average marginal treatment effect, so the effect is not
local in the sense commonly associated with treatment effects, i.e. it is not local to compliers for a
specific source of random variation. Moreover, we show that if the endogeneity bias is known up to
a scalar unknown parameter (e.g. when the endogeneity can be specified as a linear function of the
index variable), then the average marginal treatment effects may be nonparametrically identified
everywhere.

The exploration of bunching for identification started with Saez (2010), which gave rise to a
large empirical literature that leverages bunching on the outcome variable to identify elasticities in
structural models. Theoretical treatments of identification in this context are given by Blomquist
et al. (2021), Bertanha et al. (2021) and Goff (2020), who relax some of the strong parametric
requirements in the typical models in favor of shape restrictions which yield partial identification
results. The first instance of exploration of bunching on the treatment variable for identification in
reduced form models is in Caetano (2015), which shows that it is possible to nonparametrically iden-
tify the presence of endogeneity (but does not address it), see also Caetano et al. (2021b). Caetano
et al. (2020) shows that treatment effects may be identified in models with separable endogeneity by
making semi-parametric or symmetry assumptions on the distribution of confounders, and partially
identified with shape restrictions such as convexity. Overall, the entire theoretical bunching litera-
ture is characterized by the valuable endeavor to achieve identification without the use of exclusion
restrictions or special data structures, which is, of course, a very challenging proposition. The
trade-off has been the adoption of functional form and distributional assumptions. In this paper,
we introduce the first strategy leveraging bunching phenomena which escapes this trade-off.

We develop an estimator of the average marginal treatment effect near the bunching point which
relies on well known off-the-shelf estimators as building blocks. The approach requires the estimation

of standard boundary quantities, including (1) the expected outcome, and the expected derivative of



the outcome at the boundary of the bunching point, estimated with a standard local linear estimator,
which is well known to have excellent boundary properties, and (2) the density of the treatment at
the boundary of the bunching point, which is estimated using the approach in Pinkse and Schurter
(2021), which provides the same rates of convergence at the boundary of the bunching point as
can be achieved in interior points, and guarantees a non-negative density estimate, both extremely
desirable properties in our case. Our estimator also requires the estimation of a deconvolution of
the density of the outcome at the bunching point, where the error in the deconvolution is derived
from the distribution of the outcome right above the bunching point. The deconvolution estimator
is therefore standard, with the denominator estimated with local linear regressions.

We apply our method to the estimation of the average marginal treatment effect of watching
television (TV) on a child’s cognitive and non-cognitive skills using time diary data from the Panel
Study of Income Dynamics Child Development Supplement (PSID-CDS). Children who watch dif-
ferent amounts of TV are likely to have different skills for reasons other than TV time per se, so TV
time is likely endogenous. However, 5% of children do not watch any TV at all, a discontinuously
high proportion relative to those who spend little time watching TV. We estimate the average effect
of a marginal increase in the amount of time watching TV among the children who currently do
not watch TV, but are the most indifferent towards watching some TV. Our results show that this
marginal effect is positive for cognitive skills but negative for non-cognitive skills.

The rest of the paper is organized as follows. Section 2 presents the model and explains how
identification of average marginal treatment effects may be achieved by shutting down the treatment
variation (as opposed to shutting down the variation of unobservables as is typically done with
exclusion restrictions). Section 3 then shows how that strategy may be carried out in the presence
of bunching on the treatment variable, thus demonstrating how identification may be achieved near
the bunching point, and also beyond if the endogeneity follows a parametric structure. Section 4
provides estimators. The application to the effects of TV watching on children’s cognitive and non-
cognitive skills is in Section 5, and we conclude in Section 6. The appendix develops an example of
a choice model under non-negativity constraints which provides further intuition about the indexing

unobservable variable, and relates it to the TV application.

2 Setup and preliminaries

Throughout the paper, probability spaces are self-evident and thus not explicitly defined. Assume
that functions are measurable wherever this is needed, and that moments exist wherever written.
For a scalar treatment intensity x, consider the potential outcome random function Y;(x), which
may vary per individual ¢. Let Y; and X; be the observed outcome and treatment variables, respec-
tively, then
Y = Yi(X;).

Suppose the function Y;(-) is differentiable, and let Y/(z) be its derivative at . The average marginal
treatment effect at X; = x is f(x) := E[Y/(z)|X; = «].



In this section, we provide two results which are the basis of our identification strategy. The
first result and its corollary state that the observed outcome can be additively decomposed into a
component that determines the treatment effects, a component that encapsulates all the endogeneity,

and an idiosyncratic error.

Theorem 2.1. Let X; be a continuously distributed random variable, and suppose that Yi(x) is
continuously differentiable with probability one, E[Y;(z)|X; = 2'] is continuously differentiable with
respect to x and x', and E[|Y/(z)||X; = 2] < oo for all x and x’. Then, with probability one, the

observed outcome Y; = Y;(X;) can be uniquely decomposed as
Y, = B(X;) + u(X;) + &,

where B(x) = B'(x) is the average marginal treatment effect, B(0) = 0, and ¢; = Y; — E[Y;| X;].

Proof. Define the function G(z,2') = E[Y;(2)|X; = 2'], G1(z,2') = E%G(aj,x’) and Gy(z,2') =
%G(az, 2'). First, we show that
Blx) = Gi(z, x).

We prove the stronger result that Gi(z,2’) = E[Y/(z)|X; = 2/].

Ga(e, ') = TEGIX = o) = e [0 (i + 1) = Vila) X = ] = I EY/ Ao, W)X = o)

for a l(x,h) € (z,z + h) by the Mean Value Theorem. Since E[|Y/(I(x,h))||X; = 2'] < oo, by the
Dominated Convergence theorem,

G (o) = B |l ¥/ U )X, = | = B0 X, =)

where the last equality follows by the continuous differentiability of Y/ (x).

Next, we prove the decomposition. If x > 0, define

B(z) = /096 Gi(v,v)dv = /Ox B(v)dv,
ulx) = /0 " G, 1)dv + G(0,0). 0

Then, by the Second Fundamental Theorem of Calculus, B(0) = 0 and, since /3 is continuous, by the
First Fundamental Theorem of Calculus, B'(z) = f(z). Since %G(a:?:c) = Gi(x,x) + Ga(z, x), by
the Second Fundamental Theorem of Calculus again, G(z,z) = [ (G1(v,v)+Ga(v,v))dv+G(0,0) =
B(x) + u(x).

Since Y; = G(X;, X;) + €, then for X; > 0,

The decomposition is unique because B(x) is unique. This is because if a function ¢ satisfies
¢'(x) = B(x), then ¢(0) =0 = p(x) = B(x). Then, for a given pair Y; and X;, ¢; and B(X;) are



unique and, therefore, so is u(Xj;).
If 2 < 0, define B(z) = — fa? B(v)dv and u(zx) = — fg? Ga(v,v)dv + G(0,0), then, by analogous

arguments, the unique decomposition also holds for X; < 0. 0
The following corollary shows that the function u determines the endogeneity bias.

Corollary 2.1. Under the assumptions of Theorem 2.1, u is differentiable, and

d

%E[K\Xl =z] = B(z) + /().
Proof. This corollary is trivial, except for the differentiability of u, which follows from the continuity
of Gy and the First Fundamental Theorem of Calculus. Moreover, v/(x) = Ga(z, x). O

This corollary specifies the fundamental problem of causality. Specifically, when we vary x, the
differences in the outcome reflect the treatment effect plus the effect of the endogenous treatment
selection. It is generally impossible to obtain variation in B(z) without also obtaining variation
in u(x). Most identification approaches solve this problem either by assumption (e.g. assuming
u'(x) = 0, or, more realistically, that u/(X;) = 0 conditional on controls), by exploring variation in
the outcome along alternative dimensions where the corresponding endogeneity term has derivative
equal to zero (e.g. instrumental variable, difference-in-differences), or by identifying u(x) with a
combination of assumptions including two equation models, exclusion restrictions, functional forms,
and distribution assumptions (e.g. control functions).

Here, we propose an alternative strategy that considers an instance in which we may obtain
variation in u(X;) without variation of B(X;). The main issue is that, in the situation we have in
mind, the u(X;) themselves are never observed. However, the following result shows that if the

distribution of u(X;) can be recovered, this may be enough for the identification of u/(z).

Theorem 2.2. Suppose that X; admits a density function, fx(x), and that u(-) is differentiable,
monotonic, and P(u'(X) = 0) = 0. Then, u(X;) admits a density function, fyx)(u(z)), and if
fux)(u(z)) > 0, the endogeneity bias satisfies

(2)

u'(x) = sgn(u/(z))

where sgn(-) is the sign function.

Proof. Since the conditions imply that u is injective with probability one, this theorem is a well
known consequence of any of several existing integration by substitution results (see, e.g. Fremlin
(2010), Theorem 263D, which also covers the multivariate case). O

To understand the relation in equation (2), suppose e.g. that u(z) = dx, for some § > 1. Then
fsx(0x) is a compression of fx(x). To see why, let V' =X and v = oz, then fy(v) = fx(x), and
so fx gives the same weight to 1, for example, that fy gives to 1/J. It is a change to a smaller

scale, much like compressing the horizontal dimension of a map while keeping the same total area



by stretching the vertical dimension. Figure 1 depicts this relation, noting that f,x) may not only

compress or dilate fx, but may also shift the entire distribution.

Figure 1: Identifying the endogeneity bias from the comparison of densities

Fix) (u())

z u(z)

Figure 1 depicts the relation between the density of X; and the density of u(X;). The ratio of the heights of the blue

and red dots determines the endogeneity bias at X; = x.

As discussed in the proof of Theorem 2.2, the mathematical relation described in equation (2)
is well known, and we do not claim it as ours. Rather, we claim the idea that, considering the
decomposition from Theorem 2.1, and Corollary 2.1, the endogeneity bias can be obtained from the
comparison of the densities of X; and u(X;). Equation (2) also makes evident what the difficulties
are. Besides the obviously hard identification of f,(x), the sign of u'(z) must also be identified. If
those two problems were solved for many values of x, then it might be possible to identify u/(z)
implicitly through equation (2). More likely, in order to identify u/(z) at a specific value of x, one
must also know the value of u(x).

In the next section we show that bunching in the treatment variable X; provides the perfect

opportunity to solve all three problems exactly at the bunching point.

3 Identification

For ease of exposition, we focus on the case where X; has bunching at the lower extreme of the
support of its distribution, at X; = 0. The results hold if the lower extreme is at any other value,
and analogous results hold when bunching is at the upper extreme of the support. We believe
that similar arguments may be used for identification at interior bunching points, but we leave the
investigation of that case for the future.

We define a variable X that is equal to the treatment when it is positive, but which also varies

when the treatment is zero:

X; = max{X;,0}. (3)



X7 is not observed when it is negative. The characterization of bunched variables as a restriction of
an unobservable latent variable is standard, and can be seen in different forms in all the bunching
papers cited in the Introduction.

If X; is chosen through the maximization of a utility function with a non-negativity constraint,
which fits almost all the applications with bunching at one corner of the distribution of the treatment
we have seen, this type of structure arises naturally, as we demonstrate in Appendix A. In that case,
X! may be thought of as the optimal choice under no constraint, or a “desired choice,” which can be
negative. For those unaccustomed to bunching models, it may be difficult to conceive of a negative
choice in many applications. However, we show in Appendix A that bunching at X; = 0 without
the existence of a negative desired choice implies that there must also be bunching of preferences.
Besides being implausible and difficult to motivate, preference bunching has implications which are
unlikely to hold, such as that a relaxation of the budget must imply that all previously bunched
observations then choose a positive amount of X;.! More likely, the preferences among those bunched
at X; = 0 differ, and just as X; indexes the preference differences among the unbunched, there must
be a way to index the preference differences among those bunched. That index is X

Although the utility optimization framework we discuss above is useful, note that we make no
structural assumption on X. In reality X may be any variable that indexes the endogeneity at
X; = 0. The specific conditions on X are explicitly enumerated below in Assumption 1. Intuitively,
these conditions mean that, (1) whatever the nature of X* for very negative values, in a neighbor-
hood of zero, X must behave similarly to X;. That is, the potential outcomes of observations
with X slightly negative must be comparable to the potential outcomes of observations with X;
slightly positive; and (2) when X; = 0, X orders observations by the expected potential outcome.
This means that as X becomes more negative, the expected potential outcome either increases or
decreases.

We suppose that Y;(x) is a differentiable potential outcome which reacts to the treatment x,
which is given by the variable X;, and thus the argument of the potential outcome cannot be
negative. We stress this point so there is no confusion: the actual treatment is X;, which is
observed — this is not a censoring model. However, we allow Y;(x) to be correlated with X} both
when X; > 0 (and thus X = X;) as well as when X; = 0 (and thus X} < 0). In the rest of this
section, we show how

B(0) = E[Y{(0)|X7 = 0]

can be identified. This is the average marginal treatment effect among those who are indexed
exactly at zero, that is, those at the bunching point for whom the restriction was not binding. In
the utility maximization framework discussed above, those are the bunched observations that are

the most indifferent between choosing X; = 0 or a marginally positive amount, and therefore are

1For example, in our application, X; is the amount of time per week a child spends watching TV. If watching TV
is a good, and all children at X; = 0 made the optimal unconstrained choice, then if an additional hour in the day
were available (e.g. due to daylight savings, or because in the weekend the effective number of available hours for
leisure increases), then all children must watch a positive amount of TV. This is clearly not true both conceptually
(some families do not even own a TV), as well as in the data (there is bunching at zero on the weekends).



the subpopulation that would react to a marginal policy.
The first result is a generalization of Theorem 2.1 which nests the original model when X > 0,

but also accounts for the variation of X; when it is negative.

Theorem 3.1. Let X be an unobservable variable which is continuously distributed in (—oo, h), for
some h > 0. Let X; = max{X/,0} with probability equal to one. Finally, suppose that Y; = Y;(X;),
where Y;(x) is continuously differentiable with probability one, E[Y;(x)| X} = '] is continuously
differentiable with respect to x and x', and E[|Y/(z)|| X} = 2'] < oo for all x € [0,h), and 2’ €
(=00, h), for some h > 0. Then, with probability one, for X; € [0,h), the observed outcome Y; =

Yi(X;) can be uniquely decomposed as
Y; = B(X;) + u(X]) + €,

where for x € (0,h), B(x) = B'(z) is the average marginal treatment effect, B(0) = 0, and ¢; =
Vi — E[Y;|X]].

Proof. When X; > 0, X; = X with probability one, and therefore the proof is identical to the proof
of Theorem 2.1, only caring to make all statements local to X; € [0, h). Moreover, the definition of
B(X;), u(X;) and ¢; are unchanged.

Here, we prove the case where X; = 0. Redefine G as
G(z,2") = E[Y;(2)| X} = 2],

which does not affect the previous part of this proof. Define B(0) = 0, and, for z < 0, define
0
u(z) = —/ o (0, v)dv + G(0,0).

Then, for z < 0, by the Second Fundamental Theorem of Calculus, G(0,z) = — fa? Go(0,v)dv +
G(0,0) = B(0) + u(0).
When X; =0, Y; = G(0, X}) + ¢;, and thus, with probability one,

Y; = B(X;) + uw(X]) + €.
O
The following corollary specifies the fundamental problem of causality in the bunching setting.

Corollary 3.1. Under the assumptions of Theorem 3.1, u is differentiable and, for x > 0,

SLRIVIX = a] = B(2) + u/(a). )
Moreover, p
li SLEIY;IX; = 2] = 5(0) + 1/ (0), )
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Proof. The first part follows from Corollary 2.1. For the second part, note that the continuity
of G guarantees that lim, o B(x) = $(0). Next, note that by the continuity of Go and the First
Fundamental Theorem of Calculus, u/(z) = Ga(x,x) — G2(0,0). Finally, we need to show that w is
differentiable at zero and u/(0) = G2(0,0). First, u(z) is continuous at x = 0 (it is left-continuous
by definition, and right continuous because u(x) — G(0,0) = u(0) as z | 0.) By the definition of
u(z) for x < 0 and again by the First Fundamental Theorem of Calculus, as z 1 0, v/(z) — G2(0,0).

Since u(z) is continuous at zero, the proof is complete. [l

In the bunching environment, for X; = 0, u(X}) varies while B(X;) = B(0) = 0 does not.
Since we do not observe X/, we cannot discover u’(X) directly. However, we can use the following

modification of Theorem 2.2 to discover u'(0).

Theorem 3.2. Suppose that X; = max{X},0}, and that, for X; = 0, X} admits a density function
Ix+x=0(), such that fx+«x—(0) > 0. Suppose also that u(-) is differentiable and weakly mono-
tonic, and that P(u/(X}) = 0|X; = 0) = 0. Then, with probability one, w(X;) admits a density
Ju(x=)x=0(u(z)), and the endogeneity bias at X; = 0 satisfies

fX*[X:[)(O) 2

v(0) = sgn((0)) fu(x+)x=0(u(0))

(6)

Proof. This theorem is a direct modification of Theorem 2.2. By the same results and arguments,

Ix+x=0(2) = fux)x=o0(u(z)) - ['(x)|. Since fx«x=0(0) >0, fu(x+)x=0(u(0)) > 0, and thus the
result follows. O

The idea for the identification of u/(0) can be seen in the left panel of Figure 2, where we assume
that u(x) is increasing. Supposing that the densities fx(z) and f,(x)(u(z)) exist everywhere, then
the figure depicts the same relationship as in Figure 1. However, we can only hope to identify
fx+(x) for x >0, and f,,(x+)x=0(v) for v < u(0). Therefore, only at 2 = 0 we may hope to obtain
both quantities needed for the application of Theorem 3.2.

2Note that, although we do not need it for our results, equation (6) holds not only at X; = 0, but also at any
value z such that fy(x=)x=o(u(z)) > 0.

11



Figure 2: Identifying the endogeneity bias from the comparison of densities

fuix)1x=0(u(0))
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The left panel of Figure 2 depicts the relation between the density of X;* and the density of u(X;) if u is increasing.
The ratio of the heights of the blue and red dots determines the endogeneity bias at X; = x. The right panel depicts
what we can hope to identify with bunching: Fx (0)™*- fx«(x), for X > 0, and fu(xyx=0(v), for v < 0, where Fx (0)
is the probability of bunching at = = 0.

The following assumption collects all the requirements of the method. Those who prefer struc-
tural equation models with explicitly defined unobservables to the potential outcomes framework

used here can read Assumption 4 in Appendix B instead.

Assumption 1. Suppose that X}, X; = max{X},0}, Yi(z) and Y; = Y;(X;) are random variables
that satisfy the following conditions.

1. X} has a density fx-(x) < C < oo for x < h, for some C,h > 0, which is continuous at zero

and positive in a neighborhood of zero.

2. Yi(z) is continuously differentiable in x with probability one, E[Y;(x)| X = '] is continuously
differentiable in x and 2', and E[|Y/(x)|| X} = 2'] < oo for all z € [0,h) and ' € (—o0, h),
for some h > 0.

3. E[Y;(0)|X; = =] is monotonic for x < 0, and P({=E[Y;(0)|X}] = 0|X; =0) € {0,1}.

4. If the probability in the previous item is zero, then additionally either (a) i: Y;(0)| X} =z —4
Yi(0)|X; = 0 as x | 0; i Y;(0) — E[Y;(0)|X]] L X7[X; = 0, and iii: fg[y (o) x+)|x=0¥y) <
C < o0, for all y and some C > 0; or the weaker condition (b) suppose that Y;(0)|X; = 0
admits a density fy (o) x=0, and that Fy o)_g[y(0)|x*]|x== cOnverges pointwise as x | 0. Denote
the limit distribution as Fy o)_g[y(0)|x+]|x=0+- Define Wi, a random variable derived from the
deconvolution of dFy )_g[y(0)|x+]x=0+ Jrom fyo)x=0- Then, fux—o(E[Yi(0)|X; = 0]) =
f]E[Y(o)p(ﬂ|X:0(IE:[Yi(O)‘Xgk =0]) hold.?

% fay(0))x+)|x =0 is the density of E[Y;(0)|X;] conditional on X; = 0. We show that it exists in either case in the
proof of Theorem 3.3 below.
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Assumption 1 is similar in nature to some of the conditions of the Regression Discontinuity

Design (RDD), which may help clarify it. We discuss the requirements next.

1. Assumption 1 (1) requires that X' be continuously distributed in a neighborhood of zero,
which is analogous to the requirement that the running variable be continuously distributed
near the threshold in the RDD. One can therefore think of X™* as a sort of “running variable”

in our setting.

2. Assumption 1 (2) requires that the treatment effects be continuous in a neighborhood of zero.

This is a similar requirement to the continuity of the treatment effects at the threshold in the

RDD.

Assumption 1 (2) also requires that the effects of the unobservable confounders on the expected
potential outcome is continuous at zero. This is also a requirement in the RDD, although here
the continuity requirement extends to all the negative side of the running variable (because
we want to apply a decomposition Theorem like 2.1). An intuitive way to understand this
condition is to think that those with marginally close values of X are comparable (in terms
of confounders.) In particular, those with a marginally negative X are comparable to those

with marginally positive Xj.

3. Assumption 1 (3) refers specifically to X; = 0. The monotonicity requirement means that, as
X decreases from zero, the aggregated influence of the confounders must always be in the
same direction — either increasing or decreasing the potential outcome at zero treatment. It
is important to emphasize that the requirement is an aggregated one: confounders may affect
individuals in different ways, and there may be individuals in the sample, say ¢ and j such
that, if we were to decrease their levels of X and X j* from zero, respectively, Y;(x) would

increase and Yj(x) would decrease.

There are no monotonicity requirements in the RDD, except for treatment monotonicity to the
variation in the running variable, which is not necessary here. However, the standard RDD has
a binary treatment. As far as we know, Dong et al. (2021) is the only available identification
approach in the RDD with a continuous treatment, although in that paper the objective is not
the identification of average marginal treatment effects, but rather the effect of the variation
in the treatment quantile. Dong et al. (2021) impose a condition on the monotonicity of
the quantiles of the treatment on the unobservables. This condition is somewhat related, in

specifying that the selection is monotonic, but drawing a direct parallel is hard.

The probability condition means that either there is no endogeneity at X; = 0 (thus E[Y;(0)| X /]
is constant for X/ < 0 with probability one), or otherwise, if there is endogeneity, then
E[Y;(0)|X /] must vary almost everywhere for X} < 0. When there is endogeneity, this is used
in order to apply Theorem 3.2.

4To the extent of our knowledge, the only available approach for identification of marginal treatment effects of
a multivalued treatment in the RDD is Caetano et al. (2021a), which identifies average marginal treatment effects
among compliers in a multivalued but discrete treatment RDD setting using covariate separability conditions.
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4. When there is endogeneity at X; = 0, Assumption 1 (4) is used to obtain the density
fux+)|x=0(u(0)) from the distribution of the outcome at X; = 0. Because of Theorem 3.1,
Y; = u(X})+e€;, and we must therefore deconvolute the distribution of the idiosyncratic errors

from the distribution of the outcomes.

The stronger condition (4a) yields a more intuitive proof. The first requirement, 4, is the
continuity of the distribution of Y;(0) as X approaches zero from above. As in the previous
item, note that this is conditional on X', not on Xj, so it means that those observations with
X; marginally positive must not only have similar means, but also a similar distribution to the
observations with X marginally negative. The second requirement, i, is the independence
of Y;(0) — E[Y;(0)|X] and the selection index X among those who chose zero treatment.
Intuitively, it means that X is a sufficient index of the endogeneity, so that conditional on it,
any remaining variation on the outcome among the observations at X; = 0 is independent of
the index. Note that the mean independence holds automatically, and thus the requirement
is the extension of this to the other moments of the distribution. Technically, the results
hold under only subindependence, a much weaker condition which is well known in the
deconvolution literature (see e.g. Schennach 2019) and is different, but not stronger than,

mean independence.

Assumption 1 (4b) is the weakest condition for identification through the deconvolution. It
yields the exact same identification formula for f, x+)x—o as (4a), and thus the identification
strategy and resulting estimators are unchanged. However, identification through this condi-
tion is not intuitive, though we do try to clarify it in Footnote 7. Condition (4b) is essentially
a local independence condition which is reminiscent of the rank similarity condition in Dong
et al. (2021) in the context of RDD with a continuous treatment. It means that once we clean
up dFy,0)-E[y;(0)|x7]|x=0+ from fy,()x=o, whatever remains in excess of E[Y;(0)|X}] may be
dependent of X, but exactly at E[Y;(0)|X; = 0] that dependency must not exist. In other
words, those with X; = 0 with endogeneity equal to the endogeneity right at the threshold,
E[Y;(0)|.X; = 0], also have an idiosyncratic error Y;(0) — E[Y;(0)| X /] which varies similarly to
the errors of those right above the threshold.

Theorem 3.3. If Assumptions 1 holds, then [5(0) is identifiable.

Proof. Assumptions 1 (1) and (2) imply that Theorem 3.1 holds. This allows us to write the
decomposition for all X; and X smaller than some h > 0, and to apply Corollary 3.1 to derive 5(0)
as a function of an identifiable quantity and «’(0), through equation (5).

When there is endogeneity at X; =0, i.e. u(X}) = E[Y;(0)|X/] varies with positive probability
when X < 0, Assumptions 1 (1)-(3) allow us to apply Theorem 3.2 to establish the existence
of fu(x+)x=0- In this case, we can write u'(0) = sgn(u’(0)) - fx+|x=0(0)/fuix*)x=0(u(0)). The

following lemmas show how «/(0) can be identified in this case.

Lemma 1. If Assumption 1 (1) holds, then fx« x—o(0) is identifiable.
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Proof. By Assumption 1 (1), the limit fx(0)4 := lim,|o fx(x) exists and is identifiable. Moreover,
Fx(0) := P(X; = 0) > 0. Therefore,

. fx(x) _ fx(0)+
10 Fx(O) z|0 Fx(O) FX(O)

is identifiable. O

Lemma 2. If Assumption 1 holds and there is endogeneity at X; = 0, then f,x+)(u(0)) is identi-
fiable.

Proof. By Assumptions 1 (1) and (2), we can apply Theorem 3.1 to find that, for X; = 0, ¥; =
w(X]) + €. This means that the variation of Y; at zero informs us about the variation of u(X}).
However, this variation is convoluted with the variation of ¢;. We must therefore deconvolute the
distribution of w(X}) from the sum.

First, we prove this using Assumption 1 (4a). For any y, u and e, define the cumulative dis-
tribution functions Fy|x—o(y) = P(Y; < y|X; = 0), Fyxnx=o(v) = Pu(X]) < ulX; = 0),
Fyx—o(e) = P(e; < e|X; = 0), and Fx_o+(e) = limg o Fx—,(e), where the latter is well defined
by Assumption 1 (4a) i. Then,

FY|X:0(y) =Pu(X])+ea <ylX;=0)= /Fu(X;)X:O(Z/ - €)dFe|X=0(€)
= /Fu(xmxo(y —e)dFx—o+(e),

which follows by conditions (4a) i and ii.?
Then, by Assumption 1 (4a) iii and the Dominated Convergence Theorem, Y;|X; = 0 has a

density function, fy|x—¢ and we can write the convolution inverse problem®

Frix—oly) = / Futxyx—oly — €)dF.x o+ (€). (7)

This problem has a well known closed form solution using the Fourier representation (see e.g.
Schennach 2021):

exp(—igu(0))ds,

Fu(x) x=0(u(0)) ! /E[ Elexp(ifY;)|X; = 0]

" 21 ) Eexp(i€(Yi — u(0)))]X; = 0F]

where i = /=1, and E[exp(i&(Y; — u(0)))|X; = 07] = lim, o E[exp(i£(V; — u(0)))|X; = z].

Next, we show that «(0) is identifiable. Since B and u are differentiable (and thus continuous)

®Precisely, the second equality follows by condition (4a) ii, and the third equality follows by condition (4a) i and
Helly-Bray Theorem, due to the fact that F,(x+);x=0(y — e) is bounded and continuous.

SSuppose u is non-decreasing in (—h, 0], then f Ju(x*) x=0(y — e)dFE‘X:m (e) = limp 0 f h_l(Fu<Xi*)|X:0(y —e)—
Fuxr)x=0(y —e—h))dF x_o+(e) = limpjo [ fuixr)x=0(l(y — €, h))dF, x_o+ (), where the second equality follows
because for each h, there exists [(y — e,h) € (y — e — h,y — e) such that the terms inside the integrals are equal by
the Mean Value Theorem. Then, the result follows by the Dominated Convergence Theorem applied to the sequence
fuxz)x=0(l(y — e, h)) as h | 0. The case where u is non-increasing is analogous.
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at zero,
u(0) = lim(B(z) + u(z)) = lﬁrolE[Yg\Xz =z] = E[Y;|X; = 07], (8)

which is identifiable by Assumption 1 (1).
Therefore,

1 Elexp(i€Y;)| X; = 0]

—5 | T B — o = S ENIX = 0%)de (9

Ju(x#) x=0(u(0))

is identifiable by Assumption 1 (1).

To prove this using Assumption 1 (4b) instead of (4a), note that fy|x—o and Fyx_o+ =

Fy, (0)-E[vi(0)|x7)|x=0+ exist, and therefore the equation

fyix=o(y) = /fW|X:0(?/ —e)dFx—o+(e)

defines the distribution fyyx—g, which is identifiable through the right-hand side of equation (9) by
Assumption 1 (1). By Assumption 1 (4b), the result follows.” O

Lemma 3. If Assumptions 1 (1)-(3) hold, then sgn(u'(0)) is identifiable.

Proof. By Assumptions 1 (1) and (2), the decomposition from Theorem 3.1 holds, and thus the

discontinuity in the outcome at zero satisfies
A = E[Yi|X; = 0] — E[Yi|X; = 0] = u(0) — E[u(X})| X < 0], (10)

where E[Y;|X; = 07] = lim, 0 E[Y;|X; = z|. By Assumption 1 (1), A is identifiable. Next, we show
that sgn(u/(0)) = sgn(A).

If «/(0) > 0, by Assumptions 1 (1)-(3), in that case u must be non-decreasing, and vary-
ing with positive probability, which implies that A > 0. Conversely, if A > 0, then u must
be non-decreasing and varying, which implies that «/(0) > 0. Since by Theorem 3.2, |u/(0)| =
Ix+1x=0(0)/ fu(x+)x=0(u(0)) > 0, and both densities are positive, u’(0) > 0. The case v'(0) < 0 is
analogous.

When «/(0) = 0, by Assumptions 1 (1)-(3), if there is endogeneity at X; = 0, Theorem 3.2
holds, and thus |u/(0)] > 0, which is absurd. This rules out the possibility that u/(0) = 0 when
there is endogeneity at X; = 0. It must then be the case that there is no endogeneity at X; = 0,
and therefore u(z) is constant almost everywhere for z < 0. By the continuities of u(x) and fx~(x)
in a neighborhood of zero, E[Y;|X; = 0] = «(0), which implies that A = 0. Conversely, if A = 0,
since by Assumption 1 (1), P(X* < 0) > 0 and by Assumption 1 (3), u is monotonic, we must have

" The idea is that if we generate & and W; from dF€|X+ and fyw|x—o, respectively, and Y, = Wi + &, then
0

ff/|X:0 ~ fy|x=0. Thus, cleaning up the distribution of €/X = 0% from Y|X = 0 is equivalent to finding the
distribution of W. Condition (4b) then means that those who are drawn with W; = «(0) in the simulated distribution
are similar (that is, present the same variation) as those who were drawn with u(X;) = u(0) (i.e., those who are at
the threshold X; = 0, and vary dFy|x«—o).
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u(z) constant almost everywhere in (—oc,0]. In this case, by the continuities of «/(x) and fx-(z)

in a neighborhood of zero, u/(0) = 0. O

The application of the three lemmas allows us to write, when there is endogeneity at X; = 0,

. d fx(0)4+

B(0) = lim —E[Y;| X; = z] — sgn(A) - ERE . (11)
T elsYi| X;=0 —i Y| X =
10 dx FX(O) ’ 2171' f E[eiE(Yz‘—E[[Yi|Xl:0+]>]\xi:0+]e . Oﬂdf

When there is no endogeneity at X; = 0, we showed in the proof of Lemma 3 that «'(0) = 0,
and that, in that case, A = 0. Therefore, equation (11) can be used to identify 3(0) in all cases. [

3.1 Introducing covariates

If a vector of variables which may be used as controls is observed, then it is possible to identify the
average marginal treatment effects with weaker assumptions.
Let the vector of observable controls be denoted by Z;. Define the conditional average marginal

treatment effect at X; = z as 8(z, Z;) = E[Y/ (2)|X; = =, Z;], and
X; = max{X},0}, P(X;<0[Z =2z)>0. (12)

All the components of the analysis in the previous section may then be redefined analogously to
reflect the conditioning on Z;, e.g. u(x,Z;), e =Y; — E[Y;|X?, Z;], and A(z) = E[Y;|X; =0T, Z; =
Z] - E[Y”XZ == O, Zl == Z].

Assumption 2. Suppose that X}, X; = max{X}, 0}, Y;(z) and Z; are random variables that satisfy:

1. X} has a conditional density fx«z—.(z) < C < oo for x < h, for some C,h > 0, which is

continuous at zero and positive a neighborhood of zero.

2. Yi(z) is continuously differentiable in x with probability one, E[Y;(x)| X} = 2/,Z; = 2| is
continuously differentiable in x and ', and E[|Y/ (x)| X} = 2/, Z; = z] < oo for all x € [0,h)
and ' € (—oo, h), for some h > 0.

3. E[Y;(0)|X; = z,Z; = z] is monotonic for x < 0, and P(:LE[Y;(0)|X; = 2,Z; = 2] = 0) €
{0,1}.

4. If the probability in the previous item is zero, then additionally either (a) i: Y;(0)|X;) =
x,Z; =z —q Yi(0)|XF =0,Z; = z as ¢ | 0; 4: Y;(0) — E[Y;(0)| X/, Z; = 2] L X/|X; =
0,Z; = z; and iii: frly(0)|x+,z=2]|x=0(y) < C < 00, for all y and some C' > 0; or the weaker
condition (b) suppose that Y;(0)|X; = 0,Z; = z admits a density fy () x=0,7=-> and that
Fy (0)—E[Y (0)|X*,2=2]| X=x,7=> converges pointwise as x | 0. Denote the limit distribution as
Fy (0)—E[y (0)|x*,2=2]|x=0+,7z==- Define Wi, a random variable derived from the deconvolution
of dFy (0)—E[y (0)|x*,2=2]|X=0+,2== Jrom fy o) x=0,z=z- Then fyx—0z=-(B[Yi|X; = 0", Z; =
2]) = fepy )| x*,2=2)|x=0,2=-(B[Yi| Xi = 0", Z; = 2]).
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Assumption 2 is weaker than Assumption 1 in two ways. First, the endogeneity at X; = 0
is now indexed by (X7, Z;), which is a multidimensional vector. This means that all continuity
requirements and the local independence assumption are weaker. Second, E[Y;(0)|X = z,Z = Z]

may be increasing in x for some z, and decreasing for others.
Theorem 3.4. If Assumption 2 holds, then (3(0, z) is identifiable.

Proof. All the identification arguments in the previous section may be repeated conditionally, and
so the following equations hold:

liﬁ)lE[Y;]Xi =ux,7; = z] = (0,2) + (0, 2)
x

and

fx12=2(0)+

E[ei€Yi|X;=0,Z;=2] e—ig]E[Yi\Xi:OhZ,-:z]df'

u'(0,2) = sgn(A(z)) - ;
FX|Z=Z(O) " or J E[i€(Vi—ElY; [X;=0F . Z;=2])| X, =0+, 7,—]

O

The identification of 4(0) must take some issues of aggregation into account, since conditional

on Z; there may be some instances where there is no bunching.

Theorem 3.5. Let Z be the set of values of the support of the distribution of Z; for which P(X; =
0|Z;) > 0. Then, if Assumption 2 holds on Z with probability one, then ((0) is identifiable.

Proof. We must first point out that the values of Z; for which there is no bunching do not matter
in the identification of the marginal treatment effect at the bunching point. Therefore, although

our method cannot be applied for those Z;, the limitation is irrelevant.
B(0) = E[B(0, Z;)| X; = 0] = E[B(0, Z)| X; = 0, Z; € Z|P(Z; € Z|X; = 0).

For almost all Z; € Z, by Theorem 3.4, (0, Z;) is identified. Since P(Z; € Z|X; = 0) is also
identified, it follows that so is 3(0).
O

3.2 Identification of average marginal treatment effects beyond the bunching
point

From equation (4), the identification of treatment effects 3(x) for x > 0 depends on the identification
of «/(x), which is nonparametrically identified in our setting only at x = 0. However, if it is
possible to assume that u satisfies some parametric structures, then it may be possible to identify
all the marginal treatment effects. It is interesting that moving from local to global identification
of all marginal treatment effects requires only assumptions on u without the need for additional

requirements on either B(z) (beyond differentiability) or ;.
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Assumption 3. u/(z) = g(x;0), where g is known, but the scalar 6 is not. Suppose also that g(0;0)

is inwvertible in 6.
Theorem 3.6. If Assumptions 1 and 3 hold, then B(x) is identified for all x.

Proof. Assumption 3 implies that
0 =g '(0;u(0)).

From Assumption 1, v/(0) is identifiable, and therefore so is . Then, from equation (4),

5(z) = S BIYIX = 2] - g(36)

is identifiable. O

This type of result is particularly useful in models with controls because it makes it possible
to extend the typical exogeneity conditions seen in applied work to allow for a semiparametric
endogeneity structure while still achieving nonparametric identification of the treatment effects.

The following example illustrates this point.

Example 3.1. (Linear endogeneity) Suppose that
u(z, z) = 6o(z) + (%),

then if Assumption 2 holds for Z; = z, u/(0,z) = 0(2), and thus the treatment effect f(z,z) =
%E[Yi]Xi =ux,Z; = z| — 6(z) is identifiable for all x.

Since the analysis above requires no additional assumptions on B(x) or €; beyond differentiability
of B(x) and what is implied by Assumption 2, this is far more general than most models implemented
in applied work. Consider, for example, a more restrictive model closer to what is often used in
applications,

Y = Bi X + Zivi + 6imi + €4,

where Bi, i, 0i, i L X;|Z;. We are interested in the average treatment effect § = E[B;]. This model
allows for endogeneity from a possible correlation between X; and the unobservable n;. This is one of
the models considered in Caetano et al. (2020), Caetano et al. (2021c) and Caetano et al. (2021d),
for example, where it is assumed that X* = m;Z;+n;, and m; 1L X;|Z;. In those papers, identification
is obtained from semiparametric or shape restrictions on the distribution of 1;|Z;.

However, identification may be obtained without the need to specify any distribution by observing
that, in this model, B(z,z) = f(2)z, and u(x,z) = Z'a(z) + §(2)x, where f(z) = E[Bi|Z; = 2],
a(z) = Elyi — 76 + €|Z; = 2|, and 6(z) = E[d;|Z; = z|. Then, if Assumptions 2(1) and 2(5)
hold (since all the other assumptions are satisfied automatically given the model), §(z) = (0, 2)
is identified, and therefore so is B(z). In fact, we do not need derivatives to identify the treatment

effects, only differencing:
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Then, if Assumption 2 holds almost surely for all Z;, the average treatment effects are identifiable:

B =E[YilXi =z + 1] - E[Yi| Xi = 2] — E[6(Z;)].

4 Estimation

For a sample {(Y;, X;)',i = 1,...,n}, the average marginal treatment effect at the bunching point

may be estimated with the following formula

B(0) = dxB{Yi|X; = 0] - sen(BY;|X; = 0] - BY|X; = 0) - 7 ffiiojjc (u(0))
- fux) x=0(u

)

where dXIE[Y}|X¢ = 07] is an estimator of lim, %E[YﬂXi = z|, and

5 1 E[eiYi|X; = 0] Lo
* — 0 = — — = 4 lgE[YL‘X’L_O ]d .
Jux )\X_O(U( ) o / R[eié(Vi-EBYi|Xi=07])| X, = O+]€ 3

All the components of this formula are standard objects frequently studied in econometrics. The

following list contains instructions for estimating all components.

1. The terms Fiy(0) and E[Y;|X; = 0] may be estimated with simple averages:

and

. . 1 &
EYi|Xi = 0] = Fx(0)7"- =3 Yil(X; = 0).
=1

2. The terms E[Y;|X; = 01] and dxE[Y;| X; = 07] are standard non-parametric regression bound-
ary quantities. Estimation of these objects has been extensively researched in the statistics
literature on local polynomial estimators, and in the Regression Discontinuity Design and
Regression Kink Design literatures in economics. In line with classical methods in this litera-
ture and with the vast majority of applications in boundary regression estimation, we propose
using a local linear regression of Y; onto X; at X; = 0, using only observations such that
X; > 0, for its superior properties of bias reduction and variance control at the boundary
over other methods.® The intercept coefficient of this regression is E[Y;|X; = 07], and the
slope coefficient is dxE[Y;|X; = 07]. This may be executed using any package for local linear
regression available in standard statistical packages (R, STATA, etc.).

8See Ruppert and Wand (1994) and Fan and Gijbels (2018), and also Cheruiyot (2020). See Imbens and Wager
(2019) and citations therein for recent proposals which may be superior to local linear estimators.
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Explicitly, for a bandwidth k1 > 0 and a kernel function k;,° solve the problem
N R n
bo, b1 = argmin > (Y; — by — b1 X;)%k1 (X;/h1)1(X; > 0), (13)
bo,b1 =1

then E[Y;|X; = 01] = by, and dxE[Y;|X; = 0] = b;. This estimator has a closed form
expression, which is commonly found on nonparametric econometrics textbooks, e.g. Li and
Racine (2007).

3. The term f x(0)4 is a boundary density. As in the case of nonparametric boundary regression
discussed in the previous item, the tendency for higher bias in this scenario necessitates the
use of corrective methods, such as the use of local polynomial estimators. We recommend
the approach recently proposed in Pinkse and Schurter (2021),'° which has two important
properties which are of great value in our case and which are not found in other estimators
currently available. First, this estimator achieves the same rates of bias convergence at the
boundary that is normally achieved in interior points. Second, the density estimator is never
negative, a situation which would be complicated to address in our case. Additionally, the
estimators have simple closed-form expressions, requiring only the choice of a bandwidth
tuning parameter, hs.

Following Pinkse and Schurter (2021), let Ly (x) = log fx (). We begin by estimating L’y (0)

aSll

i 2 (1-2X/he)1(0 < X; < ho)
Y IX(1-X,;/ho)1(0 < X; < hy)’

This, then, allows us to estimate the density at the boundary as

) LSk (Xi/ha)
O _ nha v —~ ’
fx(0)4 I ka(v) exp(L (0)vhs)dy

which can be calculated for many standard positive kernel functions ks. For example, as
in Example 5 of Pinkse and Schurter (2021), when ko is the Epanechnikov kernel ks(v) =
3/4(1 — v?) (which is the choice recommended by that paper) the denominator is equal to

3 2+ L (0)°h3 — exp(L (0)h2)(2 — 215 (0)hs)
2 L (0)3h3
This estimator is available in packaged form in standard statistics software and can be imple-

mented by simply restricting the sample to observations such that X; > 0 and then using the
package to estimate the density of X; at X; = 0.

4. The final term fu( x+)x=0(u(0)) is a standard deconvolution estimator. We follow the esti-

°The triangular kernel ki (v) = (1 — |v|), where |v| < 1 is recommended for boundary regressions such as this
(Cheng et al. 1997).

90ther estimators of boundary densities include Hjort and Jones (1996), Loader (1996), Cheng et al. (1997), Zhang
and Karunamuni (1998), Bouezmarni and Rombouts (2010) and Cattaneo et al. (2020).

"'This estimator is derived from applying Example 1 with z = 0 to equation (2) in Pinkse and Schurter (2021).

21



mator described in Schennach (2021), which is the focus of an extensive literature, although

there are many alternative proposals which are also referenced therein.

We first write E[eié(YrI@[YilXFOﬂ)‘Xi = 0] as a local linear regression of I (YVi—E[Yi| X =07))
onto X; at X; = 0 using only observations such that X; > 0. To do this, for a matrix x with
rows (1,X;)" and a diagonal matrix k, with diagonal elements ks(X;/h3)1(X; > 0), where
ks is the triangular kernel, and e; = (1,0)’, define the vector A(§) = (eig(yl_]@[yi'X:Oﬂ, .

., eié(Yan@[lélX:Oﬂ)’, and program the function

~

#(€) = e1(x'kx) "' x'kA(¢).

This is then imputed into a standard convolution estimator, such as for example:

. 1 <&
Fueoyeo(w0) = S g (1(X; =0),
with ) oxc (haf)
N ie(v;—R[v;| X;=0t]) PE U4
90 = o2 ¢ @ ©

where ¢y, (ha€) = [ ka(v)eth€¥dv is the Fourier transform of the kernel ky evaluated at h4€.

The nonparametric estimators just described require the choice of the bandwidth tuning param-
eters, hi, ha, hs and hy, which modulate the bias-variance trade-off. This choice is rather important,
and the subject of a great deal of interest in the nonparametrics estimation literature. At this stage,
our recommendation is that if an optimal method for bandwidth selection exists for the specific es-
timator used at a given step, then it should be used.'? However, it is possible that the optimal
bandwidths for B (0) are not the optimal bandwidths for each of the separate components.

Additionally, there is an interest in the use of bias correction techniques for inference in the
Regression Discontinuity Design literature which may have relevance in this context as well (e.g.
Calonico et al. (2014), Noack and Rothe (2019), He and Bartalotti (2020), Armstrong and Kolesar
(2020) and citations therein). This is because, if optimal bandwidths are used, 3(0) will be asymp-

totically biased. We leave these interesting questions for future research.

12For the selection of hy and hs, Ruppert et al. (1995) propose an optimal bandwidth estimator for the local linear
regression, and this or similar approaches for bandwidth selection are usually offered in standard local linear regression
packages. There are many proposals for improvement on bandwidth selection in the Regression Discontinuity Design
literature which may be adapted to this context, see, e.g. Imbens and Kalyanaraman (2012), Arai and Ichimura (2016),
Arai and Ichimura (2018) and Calonico et al. (2020). For hs, the optimal bandwidth is h = (72/(nfx (0)T53))'/°,
which may be calculated following Example 6 in Pinkse and Schurter (2021). B2 can be estimated using a pilot
estimate of fx (0)+ which is estimated with a large bandwidth (over-smoothing), and both these terms are then
added to the formula of the optimal bandwidth. Nevertheless, although theoretically sound, this method is not
yet studied, and thus in practice we recommend testing several bandwidths around this benchmark and looking for
robustness of the results. For h4, consider the several approaches studied in Delaigle and Gijbels (2004).
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4.1 Estimation with discrete controls

Estimation with controls depends on the nature of Z;. If Z; has a finite support, i.e. Z; € {z1,..., 21}
with P(Z; = 2z;) > 0, for all L = 1,..., L, then the exact procedures described for the unconditional

case may be performed separately for each z;. That is, for all z;, calculate

Y 1(Xi=0,Z =2), forl=1,...,L. (14)
=1

Pro =P(Z; = 2|X; = 0) = Fx(0)™" -

S

Then, for all z; such that p; o > 0, restrict the sample to observations such that Z; = z;, and estimate

B(0, z;) just as described in the unconditional case using the new, restricted, data.

The average marginal treatment effect estimator in this case is

L
B(0) = B(0, 2)pro- (15)
=1

Note that it is not possible to estimate 5(0, z;) when p;o = 0, but it is also not necessary to do so,

since those treatment effects have weight equal to zero in the estimator formula.

4.2 Estimation with continuous controls

When Z; is continuously distributed, one may apply a smoothing technique to the estimators de-
scribed above, so as to use information coming from values of the control around Z; to perform the
estimation. A simple strategy to estimate B(O, Z;) is as follows: let Z; = (Zy;,...,Zni), and for
bandwidths k1, ..., Ky, and kernel functions K, ..., K, restrict the sample to observations such
that —k1 < Z15 < K1,...,—kym < Zpyj < kp. Index the resulting dataset by ¢, suppose it has nyp

observations, and define

1 VAT AY vt — L
Ko(Z— Z;) == KMK1< 1 1>KM<MtM>

K‘l..' ,{11 K/M

Then, for each value Z; such that the restricted sample has bunching, i.e.

1 &

pio=— 1(X;,=0)>0,
pz,O nT; (t )

perform the methods described for unconditional estimation, only weighting each observation by
ko(Zi — Zi) = Ku(Ze — Z)) SO | K (Z1 — Zi).13

BThus, Fx|7-2,(0) = 7= 30 1(Xs = 0)ka(Z: — Zi), and E[Y;|X; = 0, Zi] = Fx|7-7,(0)"" - 7= 307, YVil(X, =
0)kw(Z: — Zi), BY;|Xi = 0%, Z;]. The densities leZ:Zi(O)Jr and fy|X:07Zi (Y3) are implemented in the same way
using the restricted sample, substituting ¢ by ¢ and n by nr in the formulas, and multiplying terms inside sums
indexed by t k. (Z: — Z;). Finally, E[}Q\Xi =07, Z;] and dXE[}Q\Xi =0, Z;] are respectively the intercept and slope
coefficients of a local linear regression of Y; onto X; at zero, using only observations such that X; > 0 and weights
ke(Zy — Z;), and IAE[fy‘Xzoyz:Zi (Y:)|X; = 0%, Z;] is the intercept of the same procedure, only with fy|X:07zzzi(Yi)
instead of Y;.
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Then,
B0) = B0, Z)pio-
=1

As in the previous section, it is not necessary to estimate B (0, Z;) when p; o = 0.

4.3 Estimation with mixed or large dimensional controls

In practice, most control lists include a mixture of discrete and continuous variables, and may
include a large number of terms. In such cases, smoothing is either impractical or impossible. We
have had success with a discretization technique which implements clustering methods, which are
popular in machine learning and have been recently adopted in economics.!?

Let {él, . ,éc} be a finite partition of the observations into groups, which we call clusters, and
let C; = (1(Z; € C1),...,1(Z; € Cc))' be the cluster indicators. We propose substituting Z; with
C;, which has finite support. This then transforms the estimation procedure into a discrete controls
case, which can be implemented exactly as described in Section 4.1.

Explicitly, for each cluster C., calculate

. 1 &
peo=Fx(0)71- = 1(X;=0,Z,€C), forc=1,...,C. 16
Peo = Fx(0) nZ( € Ce), forc (16)

=1

Then, for those clusters with p.o > 0, estimate B(O,éc) separately using a new dataset composed
only of observations within cluster C. (i.e. i such that Z; € C.). For this, follow the exact procedures

described in the unconditional case. The average marginal treatment effect estimator is, then,

C
B0) = B(0,Ce)peo- (17)
e=1
As in the previous sections, it is not necessary to estimate 3 (0,Cc) when p.o = 0.

In general, if 5(0, z) is continuous in z, the ability of this estimator to approximate 3(0) depends
on how much information about Z; is given by the cluster indicator vector Ce. Thus, it is desirable
to choose a clustering method that minimizes the within-cluster variation in the values of Z;. All
unsupervised clustering methods in the statistical learning literature could in principle be used
(e.g. k-means, k-medoids, self-organizing maps, and spectral — see Hastie et al. (2009)). In our
application, we show results using hierarchical clustering for its well-known stability.'?

The clustering strategy requires the choice of the number of clusters, which modulates the bias-
variance trade-off in the estimation of (0, z). The more clusters are used, the more similar are the

Z; within each cluster, and thus the smaller the bias and the larger the variance. Although there

14See, e.g. Bonhomme and Manresa (2015); Bonhomme et al. (2017); Cheng et al. (2019); Cytrynbaum (2020);
Caetano et al. (2020, 2021c,d).

Y5Hierarchical clustering requires the choice of a linkage method and a dissimilarity measure. The results we report
in our application use the Ward’s linkage and the Gower measure, which are recommended for mixed continuous and
discrete controls.
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must exist an optimal number of clusters, there are as yet no established methods to aid with this
decision.

Nevertheless, note that we are not directly interested in é (0, 2) but rather in B (0), which ag-
gregates the information over all clusters. The trade-off is, in theory, much less important for B 0),
and thus one should err on the side of having a larger number of clusters, with an eye for instabil-
ity which could be created by pathological clusters (e.g. clusters with bunching but with too few

observations near the bunching point, or clusters where every observation is bunched).

5 Application: the effect of watching TV on skills

In this section, we apply our method to estimate the marginal effect of time spent watching TV
on children’s skills, for those children currently choosing zero TV time.' We use the 1997, 2002
and 2007 Waves of the Child Development Supplement from the Panel Study of Income Dynamics
(CDS-PSID).'"

Table 1 presents summary statistics for our sample broken down also by grade range in order
to provide more context. Our outcome variable Y; is either cognitive or non-cognitive skill, and our
treatment variable X; represents how many hours per week the child watches TV.'® For context,
we also show summary statistics for an exhaustive list of other activities that make up the day. We
additionally show an extensive list of covariates that a researcher may wish to control for, in order
to weaken the identifying assumptions, as discussed in Section 3.1.

We have a pooled sample of 4,389 children ranging from 5 to 18 years of age, with an average
age of just over 11. While about half of these children are attending elementary school, the other
half is evenly split between middle and high school. The amount of time spent watching TV is on
average around 2 hours per day, and this average is fairly constant across grade ranges.

Importantly, about 5% of the sample is bunched at zero hours watching TV, and this proportion
is a bit higher in high school than in earlier grades. The bunching is evident in Figure 3, which
shows the unconditional c.d.f (left panel) and the empirical distribution (right panel) of X;.

The figure also shows that a very small proportion of children spend a marginal amount of TV
time above zero, suggesting that something special might be happening at zero TV time. Indeed,
Appendix A presents a model of constrained optimization that helps explain why bunching occurs
in this context. In that model, bunching may happen because some children are at a corner solution:
they would like to choose a quantity of TV time below zero, but they are constrained to choose only

non-negative amounts. In this scenario, the group at zero TV time is particularly heterogeneous,

63ee for instance Zavodny (2006), Gentzkow and Shapiro (2008) and Munasib and Bhattacharya (2010) for recent
empirical papers in this literature. These papers are well aware that watching television may be endogenous. Zavodny
(2006) tackles endogeneity using fixed effects, Munasib and Bhattacharya (2010) uses IV, while Gentzkow and Shapiro
(2008) uses the timing of the roll-out of children’s programming to different local markets to obtain causal estimates.

17 This application uses the same sample as Caetano et al. (2021c), which estimates the effect of enrichment activities
on skills. See that paper for further details about how the sample was created.

8For concreteness, the summary statistics table shows X as well as the other time activities in terms of hours per
day, instead of hours per week.
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Table 1: Summary Statistics

Outcome Variables All Grades K-5 Grades 6-8 Grades 9-12
Cognitive Skill 0.07 (0.93) -0.35 (0.93) 0.30 (0.76) 0.56 (0.72)
Non-cognitive Skill 0.01 (0.95) -0.02 (0.95) -0.03 (0.98) 0.11 (0.92)
Activities (hours per day)

Watch TV 1.99 (1.46) 1.92 (1.30) 2.12 (1.51) 1.97 (1.67)
Sleep 9.65 (1.34) 10.09 (1.13) 9.47 (1.29) 9.07 (1.48)
Class 4.40 (1.59) 4.29 (1.61) 4.64 (1.39) 4.35 (1.70)
Homework 0.55 (0.73) 0.42 (0.51) 0.60 (0.69) 0.75 (1.00)
Extra-Curricular Activities 0.37 (0.68) 0.30 (0.51) 0.40 (0.71) 0.47 (0.89)
Active Leisure 2.23 (1.60) 2.62 (1.63) 1.89 (1.42) 1.89 (1.56)
Other Passive Leisure 0.73 (1.10) 0.43 (0.71) 0.89 (1.12) 1.10 (1.46)
Duties/Chores 3.80 (1.47) 3.64 (1.16) 3.70 (1.33) 4.19 (1.94)
Other 0.26 (0.99) 0.29 (0.97) 0.27 (1.07) 0.22 (0.93)
Covariates ‘

Watch TV = 0 0.05 (0.22) 0.03 (0.17) 0.04 (0.20) 0.09 (0.28)
Child is Male 0.51 (0.50) 0.53 (0.50) 0.46 (0.50) 0.50 (0.50)
Child is White 0.48 (0.50) 0.49 (0.50) 0.47 (0.50) 0.47 (0.50)
Child is Black 0.40 (0.49) 0.39 (0.49) 0.41 (0.49) 0.41 (0.49)
Child is Hispanic 0.08 (0.26) 0.08 (0.27) 0.07 (0.26) 0.08 (0.27)
Child is Another Race 0.05 (0.21) 0.05 (0.21) 0.05 (0.21) 0.04 (0.20)
Child is in Grade PreK-5 0.47 (0.50) 1.00 (0.00) 0.00 (0.00) 0.00 (0.00)
Child is in Grade 6-8 0.27 (0.44) 0.00 (0.00) 1.00 (0.00) 0.00 (0.00)
Child is in Grade 9-12 0.27 (0.44) 0.00 (0.00) 0.00 (0.00) 1.00 (0.00)
1997 Wave 0.30 (0.46) 0.52 (0.50) 0.21 (0.41) 0.00 (0.00)
2002 Wave 0.44 (0.50) 0.44 (0.50) 0.37 (0.48) 0.49 (0.50)
2007 Wave 0.27 (0.44) 0.05 (0.21) 0.42 (0.49) 0.51 (0.50)
Child’s Father is Alive 0.97 (0.16) 0.98 (0.14) 0.97 (0.17) 0.96 (0.18)
Child’s Mother is Alive 0.99 (0.07) 1.00 (0.06) 0.99 (0.08) 0.99 (0.09)
Child is Home Schooled 0.01 (0.11) 0.01 (0.11) 0.01 (0.11) 0.01 (0.10)
Child is in Private School 0.08 (0.27) 0.08 (0.27) 0.08 (0.27) 0.07 (0.25)
Household Income (in $1,000s) | 73.62 (82.21) 66.63 (67.65) 72.79 (70.87) 86.77 (109.95)
Age (vears) 11.29 (3.64) 8.10 (2.13) 12.38 (0.95) 15.82 (1.19)
Observations ‘ 4,396 2,060 1,167 1,169

Activity categories are exhaustive. The 1997, 2002 and 2007 CDS Waves are pooled.

since they all choose the same amount of TV time (i.e., X; = 0), but the constraint may be binding
to different degrees for different children, in the sense that their unconstrained choices would have
differed (i.e. X differs across observations such that X; = 0). Intuitively, different children at
X,; = 0 would have wanted to “borrow against TV time” in different amounts in order to increase
their time spent on other activities. Thus, in the notation of Section 3, our identification strategy
relies on variation around X; = 0, since under Assumption 1 we can isolate the variation in Y; that
is entirely due to X and not due to X; or ;.

To see how Assumption 1 is plausible in the context of this application, note that Assumption

1(1) and (3) are reasonable if one interprets X as a choice and X* as the desired choice, which relates
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Figure 3: Unconditional Distribution of X;
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Note: The left panel shows the cumulative distribution function of X;. The right panel shows the kernel density
estimate along with the histogram for X; > 0 (bandwidth equals to 2). The darker bar is the proportion of observations
with X; = 0.

to the preference for TV time relative to other activities (see Appendix A for further details). See also
the left panel from Figure 3 as direct evidence that X* = X is continuous for X > 0. Assumption
1(2) also makes sense, as a child spending one minute a week watching TV is likely to have a similar
skill than if they had chosen 0 minutes instead. The other requirements from Assumption 1 are
standard and technical.

Next, we estimate A = E[Y;|X; = 07] — E[Y;|X; = 0] for each outcome variable. Specifically, we
run a local linear regression of Y; on X; using only observations such that X; > 0, and compare its
prediction at X; = 0 with the average of Y; at X; = 0. For context, each panel of Figure 4 shows
the fit of the local linear polynomial for all values of X; and the average of Y; at X; = 0, along with
their corresponding 90% confidence intervals. In the header of each panel we also show the p-value
of the test for whether there is a discontinuity at X; = 0. The discontinuity is clearly negative for
cognitive skills and positive for non-cognitive skills. Although this evidence is not local (i.e., X; =0
corresponds to co < X/ < 0), Lemma 3 implies that the sign of the bias of endogeneity (sgn(u’(0))
is the same as the sign of the discontinuity A.

Finally, we show the main results in Table 2. For simplicity in the exposition, we present the
results for hg = 0.5 (the bandwidth used for Y;, measured in standard deviations) and use the same
bandwidth for X; in all the other methods, h := h; = ha = hy (measured in hours per week)
of varying size.'” We have considered different bandwidths near the ones shown and the findings
are similar. We also chose the kernels ki, ky and ks following the discussion in Section 4.2° The
results show that a marginal increase in TV time from zero to one hour per week would increase the
children’s cognitive skills, while at the same time reducing their non-cognitive skills. The marginal
endogenous variation is of similar magnitude as the effect, but in opposite direction, as expected

given the discontinuities shown in Figure 4.

9We use a local linear regression in steps 2 and 4, and the method from Pinkse and Schurter (2021) in steps 3 and
4. See Section 4 for a detailed description of each step.
298pecifically, ki is the triangular kernel and ky and ks are the Epanechnikov kernel.
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Figure 4: Discontinuity in Y; at X; = 0 due to Confounders

P-value of Discontinuity: 0.000 P-value of Discontinuity: 0.02
© [aV ]
~ I = o+
= X
< (%)
7 o
o 2
21 TV
o 5
o Z %4
o © |
0 5 10 15 20 25 30 35 40 45 50 55 60 0 5 10 15 20 25 30 35 40 45 50 55 60
Hours Per Week Watching TV Hours Per Week Watching TV

Note: Each panel shows a plot of the local linear estimator (bandwidth equals to 10) of each outcome variable Y; onto
X, estimated using only observations with X; > 0, where X, represents the hours spent watching TV in a typical
week. We also present the average Y; for X; = 0 and show 90% confidence intervals everywhere. The discontinuity at
X; = 0 (along with the p-value on top) shows evidence of the sign of u/(0): negative for cognitive skills, and positive
for non-cognitive skills.

Table 2: Main Results

Bandwidth (in hours per week)

Cognitive Skill h=5 h=17 h =10
B(0) 0.178 0.259 0.338

(0.122) (0.113) (0.106)

u’(0) -0.232 -0.295 -0.357

(0.118) (0.105) (0.097)

Non-Cognitive Skill h=5 h=17 h =10
B(0) -0.215 -0.277 -0.331
(0.103) (0.098) (0.092)

u’(0) 0.212 0.269 0.326
(0.099) (0.087) (0.085)

Note: X is measured as hours per week, and Y is measured in standard deviation units. Following the discussion in
Section 4, ki is the triangular kernel and k2 and ks are the Epanechnikov kernel. While hs = 0.5, h = h1 = ha = ha
is shown in each column of the table.

6 Concluding remarks

When the treatment variable has bunching at the extreme of its distribution, this paper presents a
new design for identification of the average marginal treatment effects at the bunching point. This is
the first identification approach leveraging bunching phenomena which does not make assumptions
on functional forms nor on the distribution of the unobservables. Since the method does not rely
on exclusion restrictions or special data structures, it provides a new avenue for identification of
treatment effects when well established methods are not applicable.

The approach requires that the treatment be continuously distributed near the bunching point,

and it relies on the continuity of the treatment effects at the bunching point, the continuity of the
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function that indexes the endogeneity above and below the bunching point cutoff across the bunching
point, and the continuity of the distribution of the idiosyncratic error at the bunching point, plus
a local independence assumption between the idiosyncratic error and the indexing variable near
the threshold. These conditions are reminiscent of the Regression Discontinuity Design conditions
for continuous treatment if one understands the treatment extended into the negative side as the
running variable. The method requires that the function that indexes the endogeneity among the
bunched observations is monotonic, a condition which may be substituted by local monotonicity in
a negative neighborhood of the bunching point if the sign of the endogeneity bias is known (that is,
> 0 or <0, so it is not necessary to know if it is strictly positive or negative) in some other way,
e.g. through economic reasoning.

Identification is achieved by the comparison of the distribution of the treatment (observed on
the positive side) and the distribution of the function that indexes the endogeneity (observed on the
negative side, thanks to a deconvolution of the distribution of the outcome at the bunching point
to eliminate the noise from the idiosyncratic error). The ratio of these is exactly the endogeneity
bias.

The approach results in the identification of the average marginal treatment effect as a closed
form expression of identifiable quantities which are fairly standard well known quantities in the
econometrics literature, including the limits as the treatment approaches the bunching point of
(1) the density of the treatment, (2) the outcome, (3) the derivative of the outcome, and (4) the
deconvolution of the density of the outcome minus the limit of the expected outcome when the
treatment approaches the bunching point from the distribution of the outcome when the treatment
is at the bunching point. All these terms can be estimated with off-the-shelf methods readily
available in packaged form for all standard statistics software.

We also apply the method to the estimation of the effect of time watching TV on children’s
cognitive and non-cognitive skill, revealing that while children who do not watch TV would gain
cognitive skills from watching TV for some positive time, they would lose non-cognitive skills.
Measured in standard deviations, the offsetting effect is roughly the same, so that all that is gained

cognitively is lost non-cognitively, with perhaps more of a loss than a gain.
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Appendix

A Treatment as an optimal constrained choice

Consider the following model, where person i chooses X; and R; to maximize their utility function:

(Xi, R;) =argmax V(z,r; p;) (18)
x,r
s.t. r+r=24
x>0
r>0.

Here we design the model so as to reflect our application, where x stands for TV time, r stands for
remaining activities in the day, and time is measured continuously as hours per day. The parameter
p; represents the preference parameter. In this set up, we are modelling the remaining activity as a
“numeraire good” to keep our focus on x, but a generalization of this model to several activities is
straightforward.

Suppose V is a strictly concave differentiable function of (x, r), with partial derivatives V,.(z, r, p;)
a%V(:U,r;pi) and V,.(z,r, p;) = %V(aj,r;pi) which are differentiable with respect to p. Moreover,
suppose that @%Vx(% r;p) > 0 and a%Vr(x, r;p) < 0, so that the parameter p regulates the relative
preference for x over r. The relative preferences are drawn from a distribution F},, so that each
observation ¢ has a preference p;.

The person will choose the optimal X; and R; = 24 — X, where:

Ve(Xi, Ris pi) = Vi (X, Ris pi) if Xi,Ri >0
Va(Xi, Ri; pi) < Vi(Xi, Ris pi) if X;i=0 (19)
Va(Xi, Ri; pi) > Vie(Xi, Ris pi) if Xi=24

Since we do not observe anybody choosing X; = 24 in the data, for simplicity we consider only
the first two cases. There will be a threshold p such that

X; >0, if p; > p.

Thus, F,(p) is the probability of bunching at X; = 0. This probability might be larger than zero,
as in our application, if there are individuals whose preference for TV relative to other activities is
sufficiently low, p; < p.

Note that in this context X from Section 3 can be written as X = b(p; — p) for a continuous
function b such that b(0) = 0. Indeed, there is a direct connection between p;, the preference towards
x relative to r, and X. In the context of a constrained choice model, X' can be interpreted as the

“desired” choice of x under no non-negativity constraint, while X; can be interpreted as the actual
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choice of x. For identification in this paper, we explore equation (3), which is restated here for

convenience:

X; = max{X;,0}, 0<P(X;]<0)<1.

so that X; = X if X > 0 and X; = 0if X <0, with some individuals with X < 0. In the context
of the choice model from equations (18) and (19), this means that the non-negativity constraint
is binding for some individuals, so that p; < p and V,(X;, R;; pi) < Vi(X;, Ri; p;) for some 7. If
one were to think that this is not the case, then one would have to assume that for some reason
there is a mass point exactly at p in the otherwise continuous distribution of p;, which is difficult
to conceive.

To gather intuition about why X could be negative for some people, it may be helpful to
consider the idea that some people dislike watching TV so much that, if they could, they would
have preferred to “borrow” one hour from watching TV (going from x = 0 to z = —1) in order to use
this extra hour on another activity, r. Of course, it is difficult to conceive this idea more concretely
because z cannot be negative ever in the real world. However, there is one concrete situation that
might aid this intuition. Due to the daylight saving time, some countries set back their clocks by
one hour in the Fall in order to return to standard time. It is as if that one day had 25 hours
instead of 24 hours. If all individuals at X; = 0 were not constrained by non-negativity constraints,
ie. Vu(Xi, Ri; pi) = Vi(Xi, Ri; pi) Vi, then all individuals who typically choose X; = 0 in a regular
24 hour day would choose X; > 0 in that 25 hour day.?! This does not happen in practice: in the
context of our application, some individuals at X; = 0 do not even own a TV, and some others who
do own a T'V choose to use the full extra hour some other way. Thus, it is plausible that X < 0 for
some individuals in the regular 24 hour day, so some individuals are not exactly indifferent between

a marginal increase in X; and a marginal increase in R; at X; = 0.

B Structural Equation Model

This section aims to clarify the conditions of the method for those who prefer structural equation
models with explicitly defined unobservables. We translate all the conditions of Assumption 1 to

that notation (making slightly stronger assumptions for simplicity).
Y = g(Xi, Uy).

Assumption 4. Suppose that Y;, X;, X} and U; satisfy X; = max{X},0}, and ¥; = ¢g(X;, U;).
Suppose also that

1. X} has a density fx-(x) < C < oo for x < h, for some C,h > 0, which is continuous at zero

and positive in a neighborhood of zero.

21 This follows from the concavity of V(-,-;p;). As R; increases to R, due to the extra hour, it must be that

Vo (Xi, Ry pi) > Vie(Xi, Ri; pi), since Vi (X5, Ri; pi) = Vi (Xi, Ri; pi) in the regular day. It is easier to see this when V/
OV (X, Risps) > OV (Xi,Rispi)
or or

is twice differentiable, since then is implied by concavity.
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2. g(z,u) is continuously differentiable in x for all u and x € [0,h), and fyx+—,(u) ezists and
is continuously differentiable in x for all u and x € (—oo,h), for some h > 0. Moreover,
El|lgs(z,U;)| | X} = 2'] < 0o for all (z,2") in the support of the distribution of (X;, X7).

3. Forxz <0, E[g(0,U;)| X} = x] is monotonic, and g(0, u) is either constant in w with probability
one, or P (%E[Q(O, U)X} = O) = 0.

4. Define ¢, = g(0,U;) — E[g(0,U;)|X[]. Either (a) i: |X} =z —q /X =0 as z | 0;
i e L X7|Xi = 0; and i fgig0,0) x| x=0(y) < C < oo, for all y and some C' > 0;
or the weaker condition (b) suppose that g(0,U;)|X; = 0 admits a density fyou)x=0 and
that Fyx—, converges pointwise as x | 0. Denote the limit distribution as Fx—_o+. Define

Wi a random wvariable derived from the deconvolution of dFqx—o+ from fyou)x=0- Then
fwx=0(E[g(0,U;)|X; = 0F]) = frg0,0,))x=0(E[g(0,U;)|X; = 07]).
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