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Abstract
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excess sensitivity of consumption relative to income and its insensitivity to the real interest rate.
Our results also show how labour income uncertainty could explain the existence of a
subsistence level of consumption and, in that context, shed light on Kuznets’ paradox regarding
constancy of the average propensity to consume in the long run. Finally, we find that using the
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1. Introduction

This paper fills a gap in the theoretical life-cycle/permanent-income literature by deriving a
closed-form solution to the standard intertemporal utility maximisation problem of a risk averse
representative consumer whose labour income path is assumed to be volatile. Zeldes (1989)
firmly acknowledged this gap and its possible consequences for interpreting empirical evidence.
He used a numerical solution method to derive an accurate approximation to the solution of the
stochastic optimisation problem which he found to have different implications from that
obtained under certainty equivalence. His solution provided explanations for the main (inter-
related) puzzles regarding the excess sensitivity and excess smoothness of consumption, as
well as the emergence of precautionary saving behaviour, which Deaton (1987) had signalled
when questioning the empirical validity of the life-cycle model. Given its importance,
precautionary saving behaviour has been intensively studied in the literature and there is now
theoretical consensus on the positive (negative) effect of rising income uncertainty on savings
(consumption). Formal theoretical work on precautionary savings behaviour dates back to
Leland (1968) and Sandmo (1970), and it has kept evolving steadily. More recently, Deaton
(1991) and Carroll (1992, 1994) made considerable headway by showing that prudent
consumers’ propensity to consume out of income would be smaller the more volatile is the path
of income, concluding that precautionary motives are likely to trigger wealth accumulation
when consumers perceive a rise in uncertainty regarding their income profile.! Evidence on
this phenomenon had already started to appear in the literature in the late 1980s — e.g.,
Campbell (1987) examined the predictive power of saving for declines in labour income, and
Skinner (1988) investigated consequences of having a riskier occupation for savings — and the
question still continues to generate interesting empirical work. Lugilde et al. (2017) provide a
useful summary of the results reported in the literature and conclude that the existing evidence
remains inconclusive. Perhaps, to a greater extent, their conclusion resonates the earlier
concern raised by Carroll and Kimball (2008) that “researchers have not yet achieved
consensus on how the wide variety of survey and empirical evidence should be integrated with
theory.” Notwithstanding this concern, however, there exists sufficiently robust evidence to
render the phenomenon important. For instance:

= Caballero (1990) defines a measure of precautionary savings by decomposing
consumption and uses it in conjunction with evidence obtained from US data to explain
the puzzling empirical evidence regarding excess-growth, excess-smoothness, and excess-
sensitivity of consumption.?

! Theoretical work mainly focussed on issues such as extending the time horizon of the consumer and examining
the role of risk aversion properties of the utility function and the size of elasticity of intertemporal substitution in
determining the impact of uncertainty; see, e.g. Kimball (1990, 1991) and Kimball and Weil (2009).

2 Caballero also obtains a closed-form solution using a constant absolute risk averse utility function and setting
the subjective rate of time preference equal to the real interest rate. However, he incorporates the income
uncertainty in retrospect via augmenting the implied Euler equation he obtains from utility maximisation with an
income process which is approximated by an MA equation. Solving these jointly then yields his so-called closed-
form solution. His approach does not allow the consumer to take account of the information on income volatility
at the optimisation stage and does not, therefore, follow the conventional principles of stochastic dynamic
programming.



Carroll (1994) uses US data from Consumer Expenditure Survey (for 1960-1961
participants) and Panel Study of Income Dynamics (1969-1985 period) and finds that
consumers who face greater income uncertainty consume less.

Kazarosian (1997) uses the National Longitudinal Survey of Older and Young Men (US
Bureau of Labour Statistics) over the period 1966-1981 and finds evidence for a strong
precautionary motive: “A doubling of uncertainty increases the ratio of wealth to
permanent income by 29%.” Carroll and Samwick (1998) report very similar results.

Hahm and Steigerwald (1999) use a US panel data on individual forecasters to construct
a time-series measure of income uncertainty which they find to be positively correlated
with aggregate saving rate.

Engen and Gruber (2001) simulate a stochastic life-cycle model and find that reducing
income risk by providing a more generous unemployment insurance scheme (similar to
typical U.S. schemes) reduces a median worker’s precautionary savings. This result is then
confirmed by data on expected unemployment benefit replacement rates and financial
assets held by households in the Survey of Income and Program Participation (based on
US Census data).

Gourinchas and Parker (2002) use a life cycle model to estimate the optimal consumption
expenditures and saving behaviour with existence of labour income uncertainty. They find
that optimal consumption significantly changes over the lifecycle.

Murata (2003) uses self-reported measures of income uncertainty (drawn from Japanese
household data for those in their 30s) and finds that uncertainty concerning public pension
benefits stimulates precautionary savings, mainly among either nuclear-family households
or households that do not receive income transfers from parents.

Pozzi (2005) uses quarterly aggregate US data over the period 1952-2001 and finds
evidence that favours a negative correlation between consumer-specific income risk and
consumers’ expenditure.

Garz (2014) uses time-series data for Germany over the period 2001-2009 and finds that
favourable news stimulate consumer spending.

Christelis et al. (2020) use survey data from a representative sample of Dutch households
and find that expected consumption risk is positively correlated with being self-
employment and with having risky income, and is negatively correlated with age.

In Section 2 we set up and solve the stochastic life-cycle optimisation problem for a

risk averse consumer and interpret the results. We derive a generalised version of the Ramsey-

type consumption function when income follows the standard geometric Brownian motion, and

find that propensity to consume depends on its drift and volatility parameters. This

generalisation is then used to explain why precautionary savings, or in general underspending,

can arise when the consumer faces uninsurable labour income uncertainty, and clarifies why,

in fact, it is not feasible to expect a firm empirical consensus that precautionary saving is an

inevitable response to uncertainty. Our solutions, for the optimal level and path of consumption,
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also resolve the main consumption puzzles noted in the literature regarding the excess
smoothness of consumption relative to income, the excess sensitivity of consumption to income
beyond that predicted by the life-cycle/permanent-income hypothesis, and the failure to find a
positive and statistically significant explanatory role for the real interest rate as the main
determinant of consumption growth. Finally, our results also show how labour income
uncertainty could explain the existence of a subsistence level of consumption and, in that
context, clarify an early consumption puzzle pointed out by Kuznets’ regarding the conflict
between his observation that the average propensity to consume had remained remarkably
constant over a long period, and the early evidence (based on estimation of the absolute income
hypothesis model ascribed to Keynes) that implied the average propensity to consume should
decline the short-run as income rises. The existence of a subsistence level of consumption,
which arises because of income uncertainty, also implies that using the subjective rate of time
preference as the sole measure of a consumer’s impatience to consume could be misleading:
ceteris paribus, a higher degree of impatience characterised by a larger subjective rate of time
preference does not necessarily lead to a higher consumption level when labour income path is
sufficiently volatile. Section 3 offers a brief conclusion.

2. Optimal life-cycle consumption with uncertain labour income

The standard generalisation of the basic version of Ramsey-type intertemporal utility
maximisation problem with a stochastic exogenous path of labour income is as follows: at any
time t, the infinitely-lived representative consumer chooses her consumption stream {c}¢s¢ to
maximise her expected discounted life-time utility,

o

f e‘p(s‘t)u(cs)ds], (D

Ss=t

E

subject to her wealth accumulation constraint

dAg = (rAg + ys — cg)ds. (2)
All variables are in real terms, E; is the expectations operator based on information available
at time t, u(*) is the function measuring instantaneous consumption utility and satisfies the
standard concavity properties, p is a constant time-preference rate used to discount future
utility, A is the stock of accumulated savings (non-human, or financial, wealth) and its initial
level A; is known, r is the constant real rate of return on savings, and y is labour income which
we assume to follow the geometric Brownian motion

dys = nysds + oysdws. (3)
{ws}ssy is the standard Wiener process; wg = f: dw; where dws~N(0,ds) is the

independently distributed income innovation, and y < r and o > 0 are constant parameters
respectively representing the drift and volatility of income. Therefore, future labour income
evolves according to’

0.2
Vs = yte(” _7)(5_”“’“’5, s>t 4)

3 This is the continuous-time analogue of the discrete-time case in which Iny, follows random walk with a drift.
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and, given the initial income y;, the distribution of future income is known and u represents
the growth rate of expected income: E,y, = y,etC™8 s > t.

A closed-form solution to the above problem can prove useful in understanding how
income volatility affects the optimal level and path of consumption, in particular explaining
certain discrepancies between data-based evidence and theoretical implications that are
typically derived under the certainty equivalence assumption. However, as noted by Zeldes
(1989), such a solution for the case where u(c) is of constant relative risk aversion form does
not exist in the literature and, to the best of our knowledge, still remains unavailable.

The standard way to solve the above problem is to use the corresponding Hamiltonian-
Jacobi-Bellman equation

1
pV = max {u(c) +(A+y—o)V,y+puyV, + Eozszyy}, (5)

where V is the implied value function to be specified and Vj,V, and V,,, are its partial
derivatives. The first order condition with respect to consumption is V, = u'(c). Therefore,
under the appropriate concavity assumption, ¢ = u’_l(VA) which can be used to eliminate ¢
from (5) and obtain a second order partial differential equation whose solution will then enable
finding the implied consumption function, namely c(4,y) = u’_l(VA (4,¥)). The common
approach to solving the problem is to guess a consistent functional form for the value function
V(A,y) — based on u(c) and the anticipated properties of c(4,y) — and then find the specific
conditions under which it satisfies (5). This approach, however, does not seem to yield a
solution in the case we are considering here.* As a result, a solution that generalises, for the
existence of income growth and volatility, the standard Ramsey-type consumption function
which is obtained under certainty where y, remains constant and o = u = 0, that is

Ce = g(TAt + ), (6)

has not yet been found. Below we offer such a solution based on the simplest relative risk
averse preferences by assuming’ u(c) = Inc. Thus, we use the implied first order condition,
c¢~1 =V,, to eliminate ¢ from (5) and rewrite it as

1
pV =InVy ' + (rA+ y)V, + wyV, + Eazszyy - 1. (7)
A ‘generic’ solution for (7) can be assumed to have the form®
A+ @y
V=—"=+ny+ m, (8)

4 The problem we are trying to solve here is very similar to the stochastic portfolio model outlined in Merton
(1971) but assigns the uncertainty to the exogenous labour income stream instead.

3 Using u(c) = (¢¥™¥ — 1) /(1 — y) instead, where y > 0 is the risk-aversion parameter and 1/ is the elasticity
of intertemporal substitution, will generalise preferences but will also considerably complicate the derivation of a
closed-form solution. We are therefore using the special case of the latter by settingy = 1/y = 1.

® This is chosen on the grounds that any solution to (7) ought to be consistent with the nonlinear relationships that
could exist between ¢ and y given (3) as well as satisfying (2) and the implied life-time budget constraint. In
particular, the usual constant elasticity function ky“ is used to reflect the steady state functional form.
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where a, @, A, m and k are constant parameters that depend on the parameters of the model
(u, 0,1, p) and on the initial conditions regarding A; and y;.
The corresponding generic solution for consumption therefore is
¢ =Ky 9
which is obtained using the first order condition ¢™! = V, together with the partial derivative
of (8) with respect to A, namely
1

Ky®

Vo= (10)

Totally differentiating (9) using Ito’s Lemma gives dc = s—;dy + 102y2 % zds

which, upon substitution for the partial derivatives s—; = ai and % =ala—1) 37 and for dy
from (3), yields

dc = p.cds + o.cdw. (11)
Thus, at any time t, consumption evolves according to the geometric Brownian motion in (11)
where u, = au + %a(a —1)0? and 0, = ao. This is the continuous-time analogue of the

discrete time optimal consumption path proposed by Hall (1978) who concluded that
consumption is likely to follow random walk with drift. The main advantage of deriving it in
this way, in addition to explicitly relating the drift and volatility of consumption to those of
labour income, is that we are now able to obtain a solution for the level of the path. To do so,
note that the future level of consumption obeys

a\,.
cs = cte(“C_T)(s D¥oews o > ¢, (12)

Note that later in the next section, we show the situations become more complicated for
consumption since there are two characteristic roots for . The behaviour of consumption
becomes ¢ = k; Y%t + k,y*2. We then proceed with special cases in the next section to
discuss the dynamics of consumption and labour income uncertainty.

Provided that the transversality condition lim Age™ = 0 holds, the expected life-time budget

S—00

constraint implied by (2) is

j E,cse 767 0ds = A, + f E,ye D4t (13)
0 0
which, using (4) and (12) and assuming u,. < r, yields
c
: = At + yt .
r— U r—u
This result can then be rewritten in the form of a conventional consumption function as
¢ = 0(rd, + Byr), (14)

where 6 = 1 — u./r is the propensity to consume from the ‘drift-adjusted’ current total
income and f = (1 — u/r)~ ! is the scale factor that adjusts the ‘actual’ current total income,



(rA; + y,), for the drift in labour income, u.” To find the condition under which the consumer
saves, we use (14)and 8 = 1 — u./r to rewrite (2) as

dA; He — U
W—ucAﬁ(r_#)yt. (15)

Provided that 4; > 0, % > 0 always holds when p, > ¢ > 0, but when u. < u the consumer

will only save if her income is below a certain level, namely y, < (r — ) (u/p. — 1)"4,.2
To complete our derivation of a closed-form solution, below we shall derive an explicit
expression for @ in terms of the parameters (u,o,7,p). This will enable explaining how
uncertainty affects the rate of growth of expected consumption and the propensity to consume,
Uc and 8. However, even before doing so, the results so far can illustrate how precautionary
saving emerges, and explain why there may not in fact be any puzzle regarding the statistically
established evidence that consumption is smoother than labour income and is likely to show
sensitivity to current income beyond that captured by the effect of income innovation.
Precautionary saving is tantamount to consumers reducing their consumption when they
perceive a rise in their income volatility. We therefore examine how o2 affects 8 using,

L 10uc 11 1 Jda

da? T do? do
which shows that precautionary saving requires the expression in square brackets on the right-

hand-side of the above to be positive. As we shall see below, plausible circumstances exist in

.. 28 : L : L
which Frche 0, hence precautionary saving is not a necessary reaction to rising income

volatility. This clarifies the reason why, as pointed in the introduction, no firm consensus in
the empirical literature on the saving behaviour has emerged in the literature.

The excess smoothness anomaly was highlighted by observing that whilst the rational
expectations version of the life-cycle/permanent-income hypothesis, RE-LC-PIH, requires
consumption to be more volatile than labour income, data clearly show the opposite. For
instance, as Campbell and Deaton (1989) explain, given any plausible value of the real interest
rate, theory predicts the standard deviation of changes in consumption, ., to be larger than
that of the innovation in labour income, &, by a factor that exceeds 1.75. They report & = 25.2,
and 6. = 27.3 for total consumers’ expenditure and 6. = 12.4 for non-durables and services,
which is indeed puzzling. However, within our framework too consumption volatility is
proportional to labour income volatility and the relationship is 6, = ag. As we shall see below,
|a| < 1 can emerge under plausible conditions implying that consumption should in fact be
smoother than labour income.

7 u. < r also implies 0 < @ < 1; conditions under which this assumption holds are further discussed below.
When o = 0 but u < r, equation (14) offers a straightforward generalisation of the Ramsey-type consumption
function under certainty, namely ¢, = f(rA ¢ + By:), compared to equation (6) which corresponds to ¢ = u = 0.

It is straightforward to verify that this result can be obtained directly as the solution to the dynamic optimisation
problem defined by equations (1)-(3) when o = 0 but u < r.

8 The assumption that A, > 0, which we shall maintain throughout the paper, is particularly relevant in this context
since we relate to the literature in which the representative consumer portrays the aggregate behaviour. This is a
common assumption in Ramsey-Cass-Koopmans type neoclassical growth models where A; represents physical
capital and 4 is determined by a production function.



The RE-LC-PIH also predicts that consumption is a martingale, implying that the
change in consumption is unpredictable, and that transitory consumption is proportional to
income innovation. This is not consistent with the established econometric evidence which
finds consumption to respond to current income beyond that predicted by the RE-LC-PIH.
Flavin (1981) provided evidence on the existence of positive correlation between the change
in consumption and the lagged change in income and this persistent correlation, reported also
by other studies, became known as the excess sensitivity puzzle in the literature. To some extent,
this puzzle can be explained by the role of income drift in the consumption function. Rewriting
equation (14) as ¢, =0(A;+y,) +6(8 — 1)y, shows that the excess sensitivity

phenomenon emerges since f — 1 = ﬁ > 0 when 0 < u < r regardless of uncertainty. In

other words, what is being picked up by the above-mentioned correlation could simply be due
to the impact of the drift in labour income which has not been taken into account explicitly
when formulating the underlying regression equations. The planned level of consumption is

usually thought to be proportional to the expected life-time wealth (At + [ 000 E,y,e TG0 ds)

in the RE-LC-PIH models, or is related to the actual income (rA; + y;) in the conventional
empirical studies of consumption. Neither approach takes an explicit account of the role of drift
in y. Hence, depending on the regression model being used, disregarding the effect of labour
income drift could results in an omitted variable problem or a measurement problem which
would manifest itself in significant past income effect.

The excess sensitivity evidence is further explained within our framework by noting
the implications of uncertainty. To see this we obtain, from (12),

Eccs = cebes™0, s>, (17)
which shows that, conditional on the current consumption c;, the expected future consumption,
Eics, 1s affected by the determinants of consumption drift, u. = au +%a(a —1)o?, in

particular p and o. This becomes clear below where we derive explicit expressions for ¢ under
different scenarios which show that, for any given level of income volatility, the drift in income
is likely to be one of the main determinants of E;[c;/c;], s > t. Within the framework
developed here, therefore, the excess sensitivity puzzle — that arose because of statistically
significant correlation between changes in consumption and anticipated changes in income
(and hence with past changes in income) — might simply be due to a spurious interpretation of
evidence. What is captured by this ‘additional correlation’ is simply the effect of the drift in
labour income in determining the drift in consumption. Taking this explanation into account in
empirical work can in fact improve the quality of evidence if the regression equations depicting
the paths of consumption and income are jointly specified and the cross-equation restrictions
that link their drift and volatility coefficients are correctly identified and exploited as additional
information to gain efficiency. This task, however, lies beyond the scope of this paper.

2.1 Derivation of an explicit solution



We now derive an explicit solution for a in terms of the parameters (i, o, 1, p) in order to
explain how uncertainty affects consumption drift and volatility and the propensity to consume,
Uc, 0. and 6 respectively. Substituting into (7) for the partial derivatives of (8), i.e. (10) and

a(A+ A
v = - A+oy) o 1
Ky1+a K-ya y

and
a(l+ a)(A+ @y) 2a@ A
= Ky2+a - Ky1+a - }7

yy

and rearranging the resulting equation, we obtain

o?a(a—1)

[aza(1+a)
2

—a,u+r—p]AK‘1y‘“+[ _p+i+u_aﬂ]¢,€—1y—a—1

+ [a — pA]lny + [lnrc — pm —%/’laz + Au— 1] = 0.

For the above equation to hold, all the square brackets should be equated to zero, when

A > 0andy > 0, and solved to find (a, @, A, 7, k) in terms of (i, o, 1, p). The first two square

brackets can be solved to determine ¢ and «. It turns out that the consistency of the solution

requires ¢ = (r — u + ao?)™1, which can be used to eliminate ¢ from the above equation and
rearrange it as

[aza(l + a)

> —au+r— pl Ay+ (@ —pu+ac®) Dk 1y *1 + [a — pA]lny

1
+ [lnk — pm — 5/10'2 + Ay — 1] = 0. (18)

Equating the first bracket with zero results in a quadratic equation in @ whose roots are

(P oy -Eon

Let as and a; denote the small and the large root respectively, which will be real and distinct

if (ﬁ - %)2 - %(r —p) > 0. In this case the solution in (9) will be ¢ = kgy*S + K, y*L
where kg and x; will be determined as explained above. However, we need to rule out the
possibility that ag < 0 < a;, because it implies that starting from a given initial situation
(¥0» o), € tends to a large value both as y tends to a large value and as it tends to a small value.
Therefore, behavioural consistency requires choosing either ag or a; when ag < 0 < a; — on
some theoretical grounds — or imposing either 0 < ag < a;, or a; < a; < 0 on the roots in (19)

to maintain asymptotic consistency. Moreover, making the two roots distinct severely limits

analytical tractability as well as requiring to tie % —% >0 withr > pif0 < ag <y, and

% —% <0 withr <pifa; < a; <0, which is too restrictive. We shall therefore limit our

solutions to three more special cases of (19):

» p < r and the roots overlap;



» p = r and there are two real distinct roots of which one is zero;

» p>rand ﬁ - % = 0, hence there are two distinct roots, but we choose the positive

root.

Below, we first derive the solutions in each case and then provide a comparison between them
and discuss their implications.

1\2 2 2
Casel: p = pq; (%—E) —ﬁ(r—pl)zo and 3r<p1<r

2
. u 1 _ 2 _ _ U 1
In this case (; - E) = ;(r —py)>0. Thus, a = a; = — — and the gap between the
consumer’s subjective rate of time preference and the real interest rate is determined by the

scale and diffusion coefficients of labour income process,

e Z(Y

The path of consumption and its evolution are described by equations similar to (11) and (12),

2 2
and substituting for a; in the expression for y, it follows that u. = 3% (% — %) , and hence

in this case the propensity to consume is
1 2
6 =1——<———) . 21
1 > > (21)

2
6; < 1 always holds but 8; > 0, required for consistency, will hold if (ﬁ—%) <X

302’

restricting the range of the time preference rate in this case to gr <p; <r.

Case2:p=p, =71

This case is quite common in the literature and is usually used as a benchmark scenario under
certainty with constant labour income since it implies that at any time the consumer simply
consumes the whole of her actual income, c¢; = rA; + y; where y;, ¢; and A; remain constant.
To derive the corresponding solution under uncertainty, we impose p = r on (19) which leads

to two possible solutions, @, = 0 and a, = i—’; — 1. The existence of two distinct solutions

requires generalising the generic solution for consumption to ¢ = ik, + k,y%*2, and then
following the same approach used above we write the path of the variable component of
consumption, ¢, = (¢ — K,), as in equation (11), that is

dcy = pe,C2ds + 0., codw,

1 .
where now ., = au + S (a, —1)o? and 0c, = a;0. Thus, consumption evolves

according to

2
aCZ>
Uc,— —=|(s—t)+o., w
(cs —13) = (¢ — ’zz)e< e . s, szt



which, together with (4), can be substituted in the expected life-time budget constraint which
is now written as

j Kze—r(s—t)ds +f E.(cs — ,gz)e—r(s—t)ds = A, _|_f Etyse‘r(s‘t)dt,
0 0 0

and solved to obtain

K C; — K
—2+ : 2=At+ i .
r r—Ueg r—u

The above can then be rewritten in the form of the consumption function as
¢t = Cp + 0,(rAr + Bye), (22)

where ¢, = Ezrﬁ, B = (1—pu/r)"1 as before scales labour income for drift, and now the

marginal propensity to consume is 8, = 1 — ., /7. Thus, using p., = au + %az (a, — 1)o?,

and a, = 2 (% — %), we obtain ., = 40 (Ui — %)2 and

2

6, =1 402(” 1)2 (23)
2 r \o?2 2/’
which is similar to 6; in (21). In particular, 8, < 1 always holds but now ﬁ — % < ¥ is

required to ensure that 8, > 0 holds.
1
Case3: p =p3; %zi and r < p3 < 2r
This final case portrays a relatively impatient consumer — since p; > r = p, > p; — whose

income process is a special case of (4), namely y; = y,e°®s and E,y, = y,e*~D. Imposing

% = % on (19) yields a = + /% (p3 — 1), but allowing for both roots leads to behavioural

inconsistency explained above. We therefore rule out the negative root on the grounds that
0. = ao should hold and, a priori, income innovation is thought to have a positive impact on
consumption.’

Substituting from % = % and a; = /% (p3 — 1) into u. = au + %a(a —1)0? and

o, = ao it follows that ., = p3 —r and 6/, = 2(p3 — ). Thus, in this case the Brownian
motion describing the evolution of consumption has identical properties as that of income —
u 1

. u . .
since now —3* = — = b Consumption evolves according to ¢; = c,e?¢3“s, and the level of the
O¢y o

path is identical to (14). Using the expression for u, to evaluate 8 = 1 — u. /7, the propensity

to consume in this case is

%In Case 1 and 2 the sign of a could not be fixed a priori and would be determined by the size of income drift
relative to its volatility parameter via % - é; a < 0 would result if the growth rate of expected income was

sufficiently: u < %az.
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P3
=2-—= 24
0;=2-—, (24)

which satisfies 0 < 6; < 1if r < p; < 27 holds.

2.2 Comparing the solutions in the three cases

A comparison between solutions to three cases outlined above can provide further explanation
of excess smoothness of consumption relative to income, reveal additional aspects of the
impact of income volatility on consumer’s saving behaviour and, by doing so, clarify whether
the subjective rate of time preference is an accurate measure of consumers’ impatience to
consume when they face income uncertainty. These solutions also go some way in explaining
two other important empirical anomalies that have been noted in the literature: Kuznets’ (1942)
paradox on constancy of the average propensity to consume over a long time span; and, Hall’s
(1988) empirical evidence that shows the elasticity of intertemporal substitution is unlikely to
be positive.

2.2.1 Smoothness of consumption
To check the smoothness of consumption relative to income, we use the ratio of their volatility
implied in the three cases:

. . 1
Case I: 2= a, = £_ l, hence ¢ will smoother than y if £ —| <1
o g2 2 g2 2
2 ) . 1| _1
Case2: 2z= a, = —pzt — 1, hence ¢ will smoother than y if % — —| =
g o o 2 2

Case 3: % =q; = /% (ps — 1), hence ¢ will smoother than y if p; — 7 < %02

The condition in Case 3 is more subjective since it depends how one interprets the (positive)
gap between the subjective rate of time preference and the interest rate. Nevertheless, its
implications are worth highlighting: (i) for a given value of g, the smaller is this gap the less
volatile is consumption; and (i1) consumption will be smoother than income if the gap is less
than 50% of income volatility. The conditions in the other two cases 2 is more stringent and
can be confronted with data. For instance, examining US data we found that these conditions
do not hold for compensation of employees which happens to be rather smooth. However, the
sample mean and standard deviation of rate of growth of income of self-employed are 0.064475
and 0.93626, respectively, and the standard error of an AR(1) regression fitted to the rate of
growth of series is 0.78118, which satisfy the condition.!”

2.2.2 Under-spending and precautionary saving behaviour

10 We used annual data for period 1984-2020, from Federal Reserve Bank of St. Louis, available at:
https://fred.stlouisfed.org. Data on wages and salaries were constructed by multiplying the real GDP series
(GDPC1) with share of labour compensation in GDP (LABSHPUSA156NRUG). Data on income of self-
employed were obtained by deflating income before tax from self-employment (CXUSFEMPINCLB1202M) by
consumers’ price index (CPALTTOIUSM657N _NBD19600101).
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To examine the implications of our results for saving, we list in Table 1 below the expressions
dA; 20

for - and 907 which are obtained by evaluating equations (15) and (16) for each case. As
columns 2 and 3 of Table 1 show, precautionary saving — defined as a reduction in consumption
in response to a rise in income volatility — is not an inevitable outcome. In Cases 1 and 2, what
matters is how the volatility parameter compares to drift. With a relatively large value of ﬁ,
the consumer perceives her expected income to be growing sufficiently so as to feel reassured
against rising income volatility. The opposite occurs when % is relatively small, in which case
the consumer feels the need to save more to be prepared for rainy days ahead when she
perceives an increase in income volatility. In the same vein, this result explains why
elderly/retired consumers whose income is not expected to grow might tend to underspend.

Finally, as Cases 2 and 3 show, when % = %holds volatility does not affect consumption via

propensity to consume, but its impact is exerted through the scale factor § = (1 — u/r)™?!
since u is tied to 2.

Table 1. Impact of labour income volatility on propensity to consume and saving

Case Impact of 6% on u, Impact of 6> on 0 = 1 — % Saving
* ey _ 3 (1 _ 12 261 A <11 A _ 30— 3(r=p1)-p
! acz 2 (4 a"’) do? <0(>0) lfaz < 2 (> 2) dt 3(r pl)At + ( r—p )yt
5 au52_4(1_£) 652<0(>0)1f62<2(>2) a_, 2(£_l)2A .\ 402(L-2) -
o2 4 ot 906, _ 0i w1 dat a oz 2 t r—p YVt
Pyt 1f—2 ==
do o 2
Opcy 063 dAr _ _ p3—T—i
3 92 0 g2 0 at (p3 T)At +( r—u )yt

" In Case 1 % = 0 is ruled out because ﬁ —% # 0. Also in Case 1, o2 affects savings since p; depends on it via equation (20). The sign of

2
(i - %) determines the asymptotic properties of y, in the sense that lim y; - 0(— o) if (ﬁ - %) < 0(> 0) since lim (,u - U—) (s—1t)
s> s—00

o2 2

dominates lim owg in probability.
S§—00

With regard to the saving decision in general, as column 4 of Table 1 shows, provided
that A; > 0 the consumer will always save if she perceives that her expected income is not

growing sufficiently: it is straightforward to verify that % > 0 holds when u < 3(r — p;),

2
U< GT (or u = 0?), and u < p; — 1, respectively in the three cases. If u violates these

conditions, then the consumer saves if she perceives her income to be relatively small, for

(p3=m)(r—p) A;. In fact, the result
r+u—p3

. . dA .

instance, in Case 3 when u > p; —r > 0 then d—tt >0ify, <
for Case 3 is rather interesting because it shows that circumstances exist under which a
relatively impatient consumer (p; > 7 in this case) saves when she faces income uncertainty.

This result could not be obtained under certainty since a consumer with p > r does not save.!!

' The equivalent consumption function under certainty is ¢, = (5) (rA; + By.) — see footnote 7. It therefore

A .
follows thatd—; = (1 — g) A, +y,) — (g) B-1y, <0 wheng > 1since f > 1.
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Conventionally, the size of the subjective rate of time preference p which discounts the
future utility of consumption is used to characterise consumers’ degree of impatience to
consume. In other words, it is usually thought that, ceteris paribus, at any given time a
consumer with a larger p will plan to consume more. This certainly holds under certainty,

where ¢; = g (rA; + By:) —see footnote 7. We can now examine whether this also holds under

uncertainty. First consider two consumers that are identical in every respect except their p:
one with p > r as in Case 3 and the other with p = r as in Case 2. It might be somewhat
puzzling to find that the consumption level of the consumer in Case 2 initially exceeds that in
Case 3 until income reaches a certain threshold, regardless of the fact that propensity to
consume in the latter case were larger. This is depicted in Figure 1 where the existence of a
constant intercept ¢, in Case 2 explains this outcome: for given (A, 7,1, 0), we find that
0;(rA; + By;) > ¢, + 0,(rA; + By;) holds only after y, exceeds y;.

Next, consider comparing two identical consumers except that one has p < r as in Case
1 and the other has p = r as in Case 2. We therefore expect to find the consumption level of

the latter to exceed that of the former — when % — % # 0, so that the two cases are comparable.

But this result happens to hold only at relatively lower income levels only: as shown in Figure
1, again for a given (A, 1, 4, 0), the existence of a constant intercept ¢, in Case 2 implies that
Cy +0,(rA; + By:) > 0,(rA; + By;) is satisfied but only while y, <y/* It is
straightforward to verify that since 8; > 6, at some point the consumption level in Case 1 will
exceed that of Case 2 as income becomes sufficiently large. This outcome, which could not
arise under certainty, cautions against assuming that, ceteris paribus, a consumer who discounts
her future utility more will always consume more now.

Figure 1. Comparing consumption levels between Casel and Case 2

Case 3: ¢ = 0;(rA; + By:)

Case 1: ¢ = 0,(rA, + By.)

Case 2:c = G, + 0,(rA; + By)

Ny,
7
rA + Byi TAc + Byi” TAc + By
— - — 2 2
: = M; Y= %; 05 > 0, requires r < p3 <1+ 3%(% - %) ;81 > 0, always holds.

T e
It is worthwhile to point out at this juncture that the consumption function in Case 2

which has a constant intercept can also explain one of the oldest puzzles in the literature that
was first highlighted by Kuznets (1942). Early estimates of the propensity to consume were
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based on estimating the linear relationship between aggregate consumers’ expenditure C and
aggregate (disposable) income Y, that is C = a + bY. This relationship, which is known as the
absolute income hypothesis, was inferred from Keynes’ explanations regarding the likely
behaviour of the marginal and the average propensity to consume, MPC = d C/dY = b and
APC = C/Y = b + a/Y, respectively. As Keynes had expected, estimates of b were found to
be close to unity (around 0.75), those of a were positive too, and both estimates were
statistically significant. Kuznets pointed out that whereas a > 0, and hence MPC < APC,
would imply a declining C/Y as income grew, his reconstructed historical national accounts
data, spanning over almost a century, indicated that C/Y had remained remarkably constant
over that period. Attempts to explain this apparent empirical anomaly, later known as Kuznets’
paradox, led to a fascinating body of work on the theory and econometrics of the consumption
function amongst which the work of Duesenberry (1949) remains outstanding. At the time, his
proposed relative income hypothesis was overshadowed by the permanent income hypothesis
and the life cycle hypothesis which explicitly drew on microeconomic foundations of consumer
behaviour. But, by distinguishing between the short-run and the long-run consumption-income
relationships, his theory provided an interesting and unique approach to explaining Kuznets’
paradox.'? In his view, there was no paradox since while the long-run relationship between
consumption and income should exhibit unit income elasticity hence satisfying MPC = APC
as established by Kuznets, the short-run relationship was likely to be flatter, exhibiting MPC <
APC. In this way, a 1% increase in income raises consumption by 1% in the long-run but by
less than 1% in the short-run. Duesenberry provided a behavioural interpretation for the
constant intercept in the short-run consumption function which linked it to its long-run
counterpart and required the intercept to shift when income rose relative to some income
standard based on past income profile in the aggregate time series context. At the representative
household level, Duesenberry used cross section data and replaced the past income with some
income standard that the household sets based on the social hierarchy with which it identifies
itself.

A literal interpretation of Duesenberry’s relative income effect is tantamount to making
the short-run Keynesian consumption function dynamic, for instance C; = ag, AY; + bg, Yy,
where the lag length k is chosen to represent the reference horizon and the magnitude of A, Y;
determines the shift in the short-run function. In the long-run, A, Y;/Y; is constant and so is
C:/Y;. However, when the short-run function is modified in this way it can no longer
correspond to the level of consumption path that is derived within the standard utility
maximisation framework. For instance, within the life-cycle/permanent income framework
implies that at any given time the level of a consumer’s planned consumption, or permanent
income, is simply the annuity she derives from her net worth (the present value of human and
financial wealth). Shift in actual consumption are therefore its deviations around planned
consumption which are caused by labour income innovations (or transitory income, which is a

12 A phenomenon that later heavily influenced the development of the co-integration approach in econometrics.
His explanations also revealed the importance of confronting evidence from time series data with that based on
cross-section panel and survey data, and generalising consumers’ preferences to allow for phenomena such as
habits, altruism, envy, etc.
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white noise disturbance term and hence completely unpredictable) — see, e.g., Flavin (1981)
for details. Despite this, some post permanent income studies have continued to ascribe a
behavioural role to the constant intercept. For instance, in a study of post WWII aggregate US
data, Blinder (1975) found that, contrary to the prediction of the absolute income hypothesis,
the C;/Y; ratio had risen as income rose. He argued that this phenomenon could be explained
by the relative income hypothesis where the shifts in the short-run consumption function were
due to changes in the composition of the labour force. Musgrove (1980), who further developed
this idea by showing how the average propensity to consume is affected by income distribution,
argued that propensities of a household unit’s consumption are related to its income above a
subsistence level, the whole of which is consumed. Interpreted in this way, therefore, within
our framework ¢, is a constant level of consumption that the consumer can afford regardless
of her labour income and will be able to maintain when her labour income is zero. Thus, upon
imposing y, = 0 for all s > t, the budget constraint becomes ¢, + 8,174, = rA;, from which
we obtain

C, =(1—-0,)r4;, s=>t. (25)
According to our solution in Case 2, therefore, in the short-run, ¢ > 0 and its variations rotate
and shift ¢; = ¢, + 0,(rA; + By.). In the long-run, ¢ = 0 which implies that ¢, = 0, 8, = 1,
and ¢; = rA; + By, that is compatible with the life-time budget constraint. In this way, the
‘mechanics’ of Duesenberry’s explanation of Kuznets’ paradox holds here too as the short-run
function slides along the long-run function, but the driving force is the change in trend and
volatility of labour income.

Finally, our results also throw light on interpreting the role of the real interest rate in
determining the evolution of consumption; a relationship about which there has been somewhat
of a puzzle in the more recent literature. According to the rational expectations version of the
life-cycle hypothesis, the effect of the real interest rate on consumption growth should be
determined by the size of the elasticity of intertemporal substitution. Deaton (1987) expressed
some concern regarding the observed persistent growth of real consumption even during high
inflation periods when the real interest rate was negative. Hall (1988), who stressed the role
of elasticity of intertemporal substitution, reported evidence based on estimating the regression
equation he derived from the life-cycle theory'® which revealed that the size of elasticity would
be unlikely to exceed 0.1, and it is in fact more likely to be much closer to zero. Although these
findings might be somewhat puzzling, our results can provide some explanation for them. From
(12), the equation for the rate of growth of consumption is

dincg = p.ds + o.dws, s > t. (26)

Recall that u, = au + %a(a —1)0? and 0, = ao where, as we have seen above, a is a

coefficient of the generic solution which will, in general, depend on the parameters of the model

13 This relationship is derived from the Euler equation which, in model with discrete time, is given by
1+74q

E, [(W) u'(cHl)/u'(ct)] = 1. Postulating u(c) = (¢!™¥ — 1)/(1 — y), the implied regression equation is
Alnc, g = By + P41 + €c41 Where B; = 1/ is the elasticity of intertemporal substitution and € is expected to

behave as a white noise disturbance term under the rational expectations hypothesis.
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amongst which are the real interest rate as well as the elasticity of intertemporal substitution."
Below are the growth rates of expected consumption, y., in the three cases examined above
are:

2
Case 1: uclzﬁ(i—l) =3(r—py.)

g% 2
. _ a2 (B 1)

Case2: p,, =40 (; - 5)

Case3: pe, =p3—T
which clearly show that, depending on the circumstances, the role of the interest rate in
determining growth of expected consumption might vary drastically. Accordingly, when we
estimate the regression equation proposed by Hall (see footnote 14), the estimated coefficient
of the real interest rate is likely to be akin to a reduced form coefficient which is scaled by
parameters of the income process. Therefore, some caution ought to be exercised in interpreting
this coefficient. In fact, to measure the impact of the real interest rate on consumption growth,
it seems that one needs to jointly specify two regression equations, one for consumption path
and one for labour income path, that explicitly allow for the coefficient of the real interest rate
in the consumption equation to correctly embody the impact of drift and volatility of labour
income. To some extent, this explains why Hall, and the studies that followed, did not obtain
encouraging results when they tried to find a remedy by jointly modelling the paths of
consumption and the real interest rate but disregarded income uncertainty.

3. Conclusion

The more recent literature on the consumption function, driven by the implications of the
rational expectations version of life-cycle/permanent-income model, has revealed a number of
puzzles that stem from conflicts between theory and evidence. There has been no shortage of
work on trying to explain these puzzles, be it by remedying the underlying theory, mainly via
introducing some modification of the existing model, or by improving the quality of evidence,
for instance via augmenting the consumption regression equation with other variables, through
adding regression equations for income and/or interest rate, or by means of using panel and/or
survey date. Amongst these, it could be argued that generalising the optimisation framework
to include a volatile but uninsurable labour income should take priority. However, when the
representative consumer’s utility function is of the constant relative risk aversion form, a
closed-form solution to the life-cycle maximisation problem which takes account of income
volatility has not yet been derived. As a result, empirical work is still based on various
generalisations of the Euler equation despite the fact that numerical simulations of the model
with stochastically evolving labour income have revealed the shortcomings of that approach.

4 In our analysis we have used u(c) = Inc to enable obtaining a closed-form solution for consumption. Hence
this parameter will not explicitly feature as a determinant of . But since this argument does not require a closed-
form solution for the level of consumption, it is possible to derive a similar result for u(c) = (¢ —1)/(1 —y)
to illustrate the point more precisely.
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In this paper we have offered a closed-form solution for the life-cycle maximisation
problem of a representative consumer with constant relative risk aversion preferences whose
labour income follows the standard geometric Brownian motion. Our proposed solution for the
level of consumption generalises the Ramsey-type consumption function that is obtained under
certainty by making the propensity to consume from current income a function of the drift and
volatility parameters of the labour income process. We have shown that this generalisation
explains how precautionary savings might emerge, why consumption could be smoother than
income, how it turns out to exhibit sensitivity to current income beyond that predicted by the
rational expectations version of the life-cycle/permanent-income model, and why we should
not be so concerned about the observed insensitivity of consumption growth to the real interest
rate. Two further interesting implications also emerge from our results:

(i) We show that circumstances exist in which the consumption function includes a
constant intercept that characterises the subsistence level of consumption; an outcome
that could not occur under certainty. The existence of an intercept which shifts with
changes in the extent of income volatility and disappears when uncertainty about
income ceases to exist is shown to explain Kuznets’ paradox via the distinction between
the short-run and the long-run versions of the consumption function: the mechanism is
the same as the ‘ratchet effect’” proposed by Duesenberry but works through the shits in
the intercept and slope of the short-run function which are determined by the drift and
volatility coefficients of labour income process.

(i1)) We also explain why caution should be exercised in interpreting the subjective rate of
time preference as the sole measure of a consumer’s impatience since we find, when
comparing two consumers that are identical in every respect except their subjective rate
of time preference, that under uncertainty it is no longer necessarily true that the
consumer with a higher rate of time preference will always decide to consume more.

It is worthwhile to conclude by highlighting an empirical implication of our results. It
is generally agreed that circumstances could be found in which any single regression equation
which is used to estimate the parameters of a consumption function can correspond to a reduced
form equation whose coefficients of interest are nonlinear functions of the parameters of a more
general model. For instance, our results show that the drift and volatility parameters of the
labour income process feature in determining the coefficients of a Keynesian-type consumption
function or, even, of the Euler equation that governs the path of consumption. The implication
of these findings, which might seem to amount to stating the obvious, cautions strongly against
interpreting the coefficient estimates of the consumption regression equations unless it can be
clearly established that such interpretations remain robust to disregarding the income
generating equation and the possible cross equation restrictions. For instance, we highlighted
how such a pitfall could arise when one estimates the standard Euler equation and interprets
the coefficient of the real interest rate as a measure of the elasticity of intertemporal substitution.
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