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» This paper provides a method of estimation and inference for
unconditional quantile partial effects (UQPE) with high-
dimensional covariates (X).

» Before talking about this paper, I will spend a minute on the
background (UQPE & high-dimensional covariates).
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UQPE

» Unconditional quantile regression (Firpo, Fortin, and Lemieux,
2009) measures heterogeneous counterfactual effects.

» Unconditional quantile partial effect (UQPE) in the
unconditional quantile regression.

» “[A] simple way of performing detailed decompositions”
(Fortin, Lemieux, and Firpo, 2011, p. 76).

» Popular.
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High-Dimensional Covariates

» Oaxaca-Blinder decomposition of Fy into:

» structural heterogeneity (Fy|x) +

» distributional heterogeneity (F'x)

see Fortin et al. (2011).

» Causal interpretation under conditional exogeneity
(Chernozhukov, Fernandez-Val, and Melly, 2013, Sec. 2.3).

We want to use high-dimensional covariates X.
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UQPE and High-Dimensional Covariates
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UQPE

Y = observed outcome.

v

X = observed covariates.

v

v

The counterfactual distribution of ¥ when X; changed by ¢ is

Fy () :/FY|X=(x1+s,x1)dFX(97)-

v

The UQPE with respect to the first coordinate, X, of X is

UQPE() = 2 (F5) ()

e=0
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UQPE with High-Dimensional Covariates

» Three steps of the traditional estimation technique:

1. Estimate unconditional quantiles
2. Estimate the Re-centered Influence Function (RIF) regression
3. Integrate the RIF regression estimates

» To allow for high-dimensional covariates, X, we need some
regularized estimator (a.k.a. machine learner) in the 2°¢ step.

Y

The traditional method to incorporate estimation errors from
the 2% step to the 3'¢ step no longer applies.

4

We propose a locally robust score.
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Robust Score and Estimation
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Traditional Score

» Following Firpo et al. (2009), rewrite the UQPE in terms of
identifiable parameters:

_0(7)
fr(g:)’

where ¢, is the 7-th quantile of Y and

- aFY|X:J}(Q7—)
0(7) —/TdFX(w).

Y

» Large bias & variance in estimation if X is high-dimensional.

UQPE(T) =
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Doubly and Locally Robust Score

» We therefore estimate another representation:

. 8FY|X:¢(QT)
o(r) = [ FL iy o

—/@uxuyS%ywmwﬂ»mmxww>

N

TV
OFy | x=4(ar)

Adjustment for estimation of mi(x,qr) = o

:/ml(x,qT) — W(ZE>(1{'3/ S QT} - mo(iL‘,qT))dF}ﬁX(y

where

> (.U(x) axl 10ng1|X 1=T_— 1(:61)
» mo(z,q) = Fy|x=.(q), and
> ’I?’Ll(x,Q) = 87’)10(1‘,(])/8.%1

» Key insight: Newey (1994).

),
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Double Robustness

» This representation
07) = [ (ma(e.42) = )1y < 4} = mo(i.0))) B (3.2
is doubly robust in the sense that
0(r) = [ (is(,0.) = ()Mo < ar} = 70(2.07))) dPrcx (v )
and
0) = [ ma(e.42) = S04y < 47} = mo(i.))) B (3.2
hold for a set of values that (@, 1y, m;) takes.
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Local Robustness

» This representation

) = [ (ma(e.42) = )1y < a7} = o(i,0)) dFrcx 3.0

is also locally robust in the sense that

0(r) ~ / (7 (2, 00) — (@) (1y < 0} — 10 02))) dFyx (9, 7)

holds for a set of values that (@, mg, m) takes under
conditions to be statd ahead.
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Estimation Procedure
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Estimation Procedure

—_

. Let ¢, = the 7-th empirical quantile of Y.

[\]

Chy) =3 NL;HK1 (YZh:y> ~
3. Construct an estimator (w(x), mo(z,q),m1(z,q)) — see below.
4 0(7) = % Niepw [11(Xi, 0) — 0(XG) ({Y; < 4} = 1o (X5, 0.)] -

5.UQPE&):—f%%.
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Estimation: mg and my

» Follow the Lasso logistic regression (Belloni, Chernozhukov,
Fernandez-Val, and Hansen, 2017).

» Approximately sparse logistic regression model
mo(X,q) = AB(X) " By) + (X, q).
1. Lasso penalized logistic regression
By = argmin - 3 MO{Y; < 0},b(X); 8) + ] W]
q—argﬁmmN i >4y, i) AU

1€[N]
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Estimation: mg and m;, Continued

2. Post-Lasso estimator for 3, defined by

A

fo=  amwmin ST MO{Y: < ) b)),

BERP:Supp(B) CSupp(Bq)US1 i€[N]

3. rig(x, q) = AD(x) T By).

4. my(z,q) = %mo(x,q).
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Estimation: w

» Follow the Riesz representer approach (Chernozhukov, Newey,
and Singh, 2021a,b)

» Suppose

w(z) = h(x)"p + (approximation error).

» Since w(x) = 8%1 log fx,|x_1=s_, (%1), the integration by parts
yields
Eh(X)w(X) = —E0d,, h(X).
» Approximating w(z) by h(z)"p, we have

E[h(X)h(X)"]p = —ED,, h(X) + (approximation error).
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Estimation: w, Continued

» From the previous slide, we have

E[h(X)h(X)"]p = —ED,, h(X) + (approximation error).

> p A argmin, (=2MTp+ pGp + 2XL|p|1) ,
where G = Ph(X)h(X)" and M = —Pd,, h(X).

1. p=arg minp (—2Ml—|—p + pTélp + 2)\L|P|1) , where
G =% Liep MX)(X:) " and M = =% 37, ) Or, h(X0).
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Bootstrap Inference
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Bootstrap Procedure

» Steps to compute the boostrap estimator U/Q\PE* (1):

1. Draw n; = N(0,1) independently from data.
2. % = the integer part of 1+ SN, (7 4 n;(7 — 1{¥; < ¢:})).

3. @ = the rj-th order statistic of Y;.
£ _ N (ni+1) 1 Yi—
LR =S e ().
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Bootstrap Procedure, Cotinued

5. 0%(1):

1
e i+ 1) Z (m +1)x

1E€[N]
[ (Xo, @) — 0(X) (LY: < @) — ol Xs, 6))]

0" (1) =

6. UQ/P\E*(T):

G
£i(@)

UQPE (r) =
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Inference

» Uniform confidence band for {UQPE(T) : 7 € T}:
» Let ey (1 — o) = the (1 — «) quantile of

sup |(UQPE' (r) ~ UQPE(r))/6(r)

where

QUEFE*(T)(O'%) B QUEFE*(T)(

0.25)

o(r) = 1.34896

» Bounds of CBy onY are UQ/P\E(T) to(t)ex(l—a), 7€ Y.
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Asymptotic Theory
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Assumption (Primitive Model Restrictions)

1.

t

For every 7 € Y, Fy (q) is differentiable with respect to € in a
neighborhood of zero for every ¢ in a neighborhood of ¢,, and
Q-(Fy ) is well defined and is differentiable with respect to € in a
neighborhood of zero.

- J [sup e o5 |m1($7q)|]2+ddFX (z) and [ |w(x)[**9dFx (z) are finite

for some constant d > 0.

. For every x_1 in the support of X_1, the conditional distribution of

X1 given X_1 = z_1 has a probability density function, denoted by
Ix11x_,, which is continuously differentiable everywhere and is zero
on the boundary of the support of the conditional distribution of
Xi.

. my(z,q) and mo(z, q) are differentiable with respect to ¢ for g € QI

and the derivatives are bounded in absolute value uniformly over
x € Supp(X) and ¢ € Q°.

Iy is three times differentiable on Q° with all the derivatives
fy(y)

uniformly bounded. fy(g,) > 0 for every 7 € T.
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Conditions for mg and my

Assumption (Boundedness)

6. The following statements hold for positive constants 6, ¢, c:
(i) ¢ <Ebj(X)?<ceforevery j=1,...,p.
(ii) SUPzeSupp(X),qeQ? ‘ml(xﬂ Q)| <c
(i) supge o [|52,b(X) T Byllp.oo <
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Conditions for mg and my

Assumption (Restricted Eigenvalue Condition)

7. There are positive constants ¢, ¢ and a sequence my — oo such
that, with probability approaching one,

b(X T (X T
c< in [16(X) _Bllen,2 < s 116(X) " Blle, 2 <g
pA0lBllosmy  [16]l2 g0, lIBllo<my |18l
Il 52 6(X) T Blle,, 2 52b(X) T Blle,2
(S m T — sup RS DA -}
B#0,|1Bllo<mn 11812 85£0,181l0 <m 18112
o
||%5(X)Tﬁ||PW,,2 ‘leb(X)TB‘|]Pn,2
sup T v Ta + sup oA 1| =op(1)
p#£0.|18llo<mn | 1557 0(X) " Bllp,2 B820.[18llo<mn | |152=b(X) T Bllp,2

where ||v||o denotes the the number of nonzero coordinates of vector
v.
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Conditions for mg and my
Assumption (Sparsity)

8. supgeos ||Byllo < sp for a sequence s, = sy N satisfying s, = o(my),
splog(py) = o(N), where

‘|j=1 ,,,,, Db =1,...,pp

0
o = ma (I mae 15Ol 1y 27050l )
J X1

Assumption (Approximation Error)

9.
sup || =7 (X,q)|| = O((splog(ps)/N)"/?)
qeQ’ gl P,2
0
sup || 5= (X, q)|le,00 = O((log(py)s2C3 /N)Y?).
qEQ5 il
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Asymptotic Properties of my and m;

Theorem
Forj=0and1,
7 2 — s log(py)
sup [ |m;(x,q) —mi(z,q)|" dFx(x) = Op i E
qeQ’

Sup (2, q) —my(x, q)| = Op (CNSb 10g(pb)> :

q€ Q% ,z€Supp(X) N
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Conditions for w

Assumption (Boundedness)

6. There is C' such that with probability one, maxi<j<p, |h;j(X)| < C.

Assumption (Approximation Error)

7. Suppose |G; — Gloo + |M; — M|oo = O, < 10%8”“) where

| Al = max;; |A;;| for a matrix A.

Assumption (Sparsity)

—1/(1+2¢)
8. There exists C' > 1, £ > 1/2 such that for s, = C (log](\l;Jh))

there is p with |[p||o < sp, such that

1/2
(/ (w(z) — h(z) T p)*dFx (x >) < ()¢ and lw(z) — h(@) TPllpo0 = o(1).
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Conditions for w

Assumption (Restricted Eigenvalue Condition)

9. Suppose G is nonsingular and both G and G’s eigenvalues are
uniformly bounded in n, with probability approaching one. Also,
there is kK > 3 such that for p = p* and p,

. A'GA
inf =3 >0
DAY e gg 1AG1SK X je g, 1A] Zjejp A7

Assumption (Tuning Parameter)

10. A = lp/log(pn)/N, where £, = log(log(N)).
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Asymptotic Properties of w

Theorem

/ (6(x) — w(@)]? dFx (2) = Op(E.51 log(pn) /V)

and
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Conditions for

Assumption

1. Ki(+) is a second-order symmetric kernel function with a
compact support.

2. hy = ¢t N~ for some positive constant ¢; and some
1/2>H > 1/5.
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Asymptotic Properties of U/Q\PE

Theorem
— 0(r) £ (g-) ([ w2 K (u)du)h3
UQPE(r) — UQPE(r ZIF () + Y qﬁé(%) ! L 4 R(r)
UQPE (1) — UQPE(r Zm IR ( + R*(7),

where the residuals are op((log(N)Nhy)~Y2) uniformly in 7.

The influence function is IF;(7) = fze(((;-))hl K, (Yih_qu)
Y T
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Simulation Studies
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Simulation Setting

» The outcome variable:

p
Y| X ~N (9<X1> Yoy, 1) ,
j=2

where
gx) ==z in DGP 1,
g(xr) =2 —0.10 - 2 in DGP 2, and
g(r) =2 —0.10-2*+0.01 - 2° in DGP 3.
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Simulation Setting, Continued

» The high-dimensional controls (X1, ..., X,,)7:

p
X1 | (Xy,..., X,) ~ N (Zijj, 1) and
§=2
(XQ, ceey Xp) ~/ N(O, Epfl),

where ¥, 4 is the (p — 1) x (p — 1) variance-covariance matrix
whose (7, ¢)-element is 0.52("—¢l+1)
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Simulation Setting, Continued

» High-dimensional parameter vectors:

(1) (ag,..., )" = (V2,5 7) " = (0.5%,0.5% ..

(i) (a2,...,0)" = (y2,...,7) " = (0.5%,0.52 .
(i) (a9, ..., )" = (2,...,%) " = (0.5%,0.573 ..,
(iv) (a,..., )" = (Y2,...,7) " = (0.5%,0.5%4 ...,

» Focus on (i) in this presentation.

,0.57)7
0_5(:0+2)/2)T
0_5(p+4)/3>T

0_5(p+6)/4>T
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Additional Details on Simulations

v

Lasso preliminary estimators.

v

h(z) = (27, (23T, (x*)T)T for estimation of w;.

v

b(z) = (2T, (x*)T, (23)T)T for estimation of mg and m;.

v

hy = 1.066(Y)N~1/5-001
(the rule-of-thumb optimal choice undersmoothed)

A, = log(log(N))/log(dim(h(X))/N)

(following our assumption)

v

» N = 500.

v

p = 100.
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Simulation Results 1 — Our Proposed Method

True Estimates 95% Cover
DGP N p T UQPE Mean Bias RMSE Point  Unif.
0.20 1.00 1.03 0.03 0.16 0.948
. 0.40 1.00 1.02 002 0.13 0.948
L) 500 100 0.60 1.00 1.03  0.03 0.14 0.954 0.956
0.80 1.00 0.99 -0.01 0.16 0.948
0.20 1.12 1.14 0.02 0.18 0.952
. 0.40 1.03 1.05 0.02 0.13 0.946
2 (D) 500 100 0.60 0.95 098 0.03 0.13 0.950 0.956
0.80 0.87 0.88  0.00 0.15 0.950
0.20 1.14 1.17 0.03 0.18 0.950
. 0.40 1.04 1.06 0.02 0.13 0.942
3 500 100 0.60 0.97 1.00 0.03 0.13 0.944 0.950
0.80 0.91 0.90 0.00 0.13 0.952




Simulation Results 2 — Conventional RIF-Logit

True Estimates 95% Cover
DGP N »p T UQPE Mean Bias RMSE Point  Unif.
0.20 1.00 1.05 005 017 0372
0.40 1.00 103 003 0.3 0.892
= |4
5002560 1.00 103 003 013 0.808 0902
L) 0.80 1.00 105 005 017 0.886
0.20 1.00 018 082 132 0.008
0.40 1.00 133 033 063 0.500
50050 60 1.00 133 033 057 0.474 0000
0.80 1.00 015 -0.85 1.06 0.010
0.20 112 119 007 020 0.876
0.40 1.03 106 004 0.14 0.884 X
025 560 0.96 099 003 o012 o900 00
2 () 0.80 0.88 092 004 015 0.878
0.20 112 008 -1.03 128 0.006
0.40 1.03 136 034 058 0.464
.
0050 60 0.95 124 029 049 0.508 0000
0.80 0.87 034 -053 104 0.020
0.20 1.14 122 007 021 0.886
0.40 1.04 108 004 0.14 0.892
r
025 60 0.97 101 003 0.13 0.000 0012
3.) 0.80 0.90 095 004 015 0.874
0.20 T4 004 -1.10 L5 0.006
0.40 1.04 141 037 0.64 0.444
.
0050 60 0.97 128 031 052 0.502 0000

0.80 0.90 0.26 -0.65 0.98 0.016




Simulation Results 3 — With & Without the
Orthogonal Score

With the Doubly Robust Score

Without the Doubly Robust Score

95% Cover

95% Cover

DGP N p T Point  Unif. DGP N D T Point  Unif.
0.20 0.948 0.20 0.930
0.40 0.948 0.40 0.912
N e .
1(i) 500 100 0.60 0.954 0.956 1 (i) 500 100 0.60 0.902 0.912
0.80 0.948 0.80 0.910
0.20 0.952 0.20 0.924
. 0.40 0.946 . 0.40 0.908
2 (i) 500 100 0.60 0.950 0.956 2 (i) 500 100 0.60 0.906 0.910
0.80 0.950 0.80 0.916
0.20 0.950 0.20 0.932
0.40 0.942 0.40 0.910
1 |4 |4 o =
3 (1) 500 100 0.60 0.944 0.950 3 (i) 500 100 0.60 0.908 0.914
0.80 0.952 0.80 0.922




Heterogeneous Counterfactual Effects of Job Corps Training
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Job Corps Training

v

Largest training program for disadvantaged youth in the U.S.

v

Interested in heterogeneous counterfactual marginal effects of
the duration of the exposure to the program on hourly wages.

v

42 observed controls (and their powers).

v

Different sets of observations are missing across different
variables = Take the intersection of non-missing observations.

» n = 347
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25th

75th

Non-

Percentile Median Mean _Percentile Missing

Outcome ¥___Hourly wage 1750 5310 5892 6500 7606
Treatment X; Days in Job Corps 510 1200 1534 2370 478

Days taking classes 41.0 910 1202 179.0 4207
Controls X, Age 700 1800 1843 2000 14653

Female 0.000 0000 039 1000 14653

White 0.000 0000 0303 1000 14327

Black 0.000 1000 0504 1000 14327

Hispanic origin 0.000 0000 081 0000 14288

Native language is English 1000 1000 0855 1000 14327

Years of education 9.00 10.00 10.24 11.00 14327

Other job trainings 0.000 0000 0339 1000 13500

Mother’s education 1,00 1200 1153 1153 11509

Mother worked 1000 1000 0752 1000 14223

Father’s education 1.00 1200 1150 1200

Father worked 0.000 1000 0665 1000

Received welfare 0.000 1000 0563 1000

Head of household 0.000 0000 0123 0000

Number of people in household 2000 3.000  3.890  5.000

Married 0.000 0000 0021  0.000

Separated 0.000 0000 0017 0000

Divorced 0.000 0000 0007  0.000

Living with spouse 0.000 0000 0014 0000

Child 0.000 0000 0266 1000

Number of children 0.000 0000 0347 0000

Past work experience 0.000 1000 0.648 1000

Past hours of work per week 0.000 2400 2515  40.00

Past hourly wage 4250 5000 5142 5500 ’

Expected wage after training 7000 9000 9910 11000 6561

Public housing or subsidy 0.000 0000 0200  0.000 y

Own house 0.000 0000 0411 1000

Have contributed to mortgage ~ 0.000  0.000 0255  1.000

Past AFDC 0.000 0000 0301 1000

Past SST or SSA 0.000 0000 0251 1000

Past food stamps 0.000 0000 0438 1000

Past family income > $12K 0.000 1000 0576 1000

In good health 1000 1000 0871 1.000

Physical or emotional problem 0,000 0.000  0.049  0.000

Smoke 0.000 1000 0537 1000

Aleohol 0.000 1000 0584 1000

Marijuana or hashish 0.000 0000 0369 1000

Cocaine 0.000  0.000 0033 0000

Heroin/opium /methadone 0.000 0000 0012 0000 14327

LSD/peyote/psilocybin 0.000 0000 0055 0000 14327

Arrested 0.000 0000 0266 1000 14327

Number of times arrested 0.000 0000 0537 1000 14218
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Heterogeneous Counterfactual Marginal Effects

Outcome Treatment 7 UQPE(r) Pointwise 95% CI  Uniform 95% CB

(I) Hourly  Days in 0.2 1.16 [0.79 1.54] [0.30 2.03]
wage Job Corps 0.4 1.95 [1.52 2.39] [0.94 2.97]

0.6 160  [0.26 204 011 3.09]

0.8 4.56 2.96 6.16 [-0.67 9.79

(II) Log Days in 0.2 0.20 0.13 0.27 [0.02 0.38
hourly Job Corps 0.4 0.50 [0.30 0.69] [-0.12 1.11]

wage 0.6 0.12 [-0.15 0.38] [-0.20 0.43]

0.8 0.66 0.37 0.96 [-0.04 1.37

(III) Hourly  Days in 0.2 2.69 0.08 5.30] [-19.06 24.44
wage Job Corps 0.4 2.66 [2.07 3.25]  [-0.48 5.80]
cdasses 0.6 114 [0.00 220]  [0.58  2.87]

0.8 5.30 2.76 7.84 [-5.64 16.25

(IV) Log Days in 0.2 0.46 0.01 0.90 [-4.24 5.15
hourly Job Corps 0.4 0.64 [0.38 0.89] [-1.38 2.65]

wage classes 0.6 0.17 [-0.22 0.55]  [-0.25 0.58]

0.8 077 [0.42 113 [1.29  2.84]

46/ 49



Variables Selected at Different Quantiles

T 0.2 0.4 0.6 0.8

Intercept Intercept Intercept Intercept

Married

Separated Separated
Living with spouse

Education Education
Number of people Number of people Number of people Number of people

in household in household in household in household
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Summary
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Summary

» UQPE (Firpo et al., 2009)
> “a simple way of performing detailed decompositions”

» Popular (many Google Scholar citations)

v

High-dimensional X = unconfoundedness is more plausible.

Robust score.

v

v

Lasso + Riesz representer.

v

Bootstrap inference.

Simulations

v

v

Heterogeneous counterfactual marginal effects of Job Corps.
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Doubly Robust Score: A Proof Sketch

[ 1 @an) = 0@y < a0} = 0@, ar))) dFy x (0. 2)
o
= [ anarx @ - [f mote,ar) = mo(e a) (5 Fxy x_y =y (1)) derdFx_y (e-1)

1

= [manarx@ + [[ (mian - (5motan) ) ) (Fxiix_yme_y (60) dmrdFx_ (o)

= /ml(x,qr)de(x)
=6(7)

[ tmi@an) = 5@ (1 < 40} = mo(e,ar))) dFy x (v, 2)

= [mie anarx @ — [[ s@mo(e,ar) = moe,ar)ixy 1 x_y o, ds1dFx_ (o-1)

= /m1(w,qr)dF‘x(w)
= 0(7).
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