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Abstract

This paper shows that dropout training in Generalized Linear Models is the minimax so-
lution of a two-player, zero-sum game where an adversarial nature corrupts a statistician’s
covariates using a multiplicative nonparametric errors-in-variables model. In this game,
nature’s least favorable distribution is dropout noise, where nature independently deletes
entries of the covariate vector with some fixed probability §. This result implies that
dropout training indeed provides out-of-sample expected loss guarantees for distributions
that arise from multiplicative perturbations of in-sample data. In addition to the decision-
theoretic analysis, the paper makes two more contributions. First, there is a concrete
recommendation on how to select the tuning parameter ¢ to guarantee that, as the sample
size grows large, the in-sample loss after dropout training exceeds the true population loss
with some pre-specified probability. Second, the paper provides a novel, parallelizable,
Unbiased Multi-Level Monte Carlo algorithm to speed-up the implementation of dropout
training. Our algorithm has a much smaller computational cost compared to the naive
implementation of dropout, provided the number of data points is much smaller than the
dimension of the covariate vector.

Keywords: Generalized Linear Models, Distributionally Robust Optimization, Machine
Learning, Minimax Theorem, Multi-Level Monte Carlo.
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1. Introduction

Dropout training is an increasingly popular estimation method in machine learning.! The
general idea consists in ignoring some dimensions of the covariate vector at random while
estimating the parameters of a statistical model. A common motivation for dropout train-
ing is that the random feature selection implicitly performs model averaging, potentially
improving out-of-sample prediction error and thus mitigating overfitting. See Hinton et al.
(2012) for a discussion about this point in the context of neural networks. See also Draper
(1994) and Raftery et al. (1997) for classical results on the optimality of model averaging
for prediction purposes.

Our main goal is to contribute to the growing literature explaining the success of dropout
training in mitigating overfitting; e.g., Wager et al. (2013), Helmbold and Long (2015),
Wei et al. (2020). Our main result (Theorem 2) shows that dropping out input features
when training Generalized Linear Models can be viewed as the minimax solution to an
adversarial game known in the stochastic optimization literature (Shapiro et al. (2014)) as
a Distributionally Robust Optimization (DRO) problem.

Broadly speaking, a DRO problem is a two-player, zero-sum game between a decision
maker (a statistician) and an adversary (nature). The statistician wishes to choose an
action to minimize a given expected loss (e.g., squared loss in a typical linear regression
setting or, more generally, the negative of the log-likelihood function), while nature intends
this loss to be maximal. We consider a framework in which nature is allowed to harm the
statistician by corrupting the available data using a multiplicative nonparametric errors-in-
variables model; as in the classical work of Hwang (1986). The statistician is aware of the
data corruption and knows the distribution used by nature, but does not have access to
the realizations of the corruption noise. Under mild assumptions, nature’s least favorable
distribution in this game is shown to be dropout noise, where nature independently deletes
entries of the covariate vector with some fixed probability 6. The Minimax Theorem (Mor-
genstern and von Neumann, 1953) is shown to also hold for this game: the minimax value
coincides with the maximin solution, and these coincide with the payoffs in the game’s Nash
equilibrium. One direct consequence is that the statistician’s selected procedure in the face
of multiplicative nonparametric noise maintains optimal performance even if the adversary
is allowed to corrupt after the statistician uses the training data.

Our main result (Theorem 2) shows that, by construction, dropout training indeed pro-
vides out-of-sample performance guarantees for distributions that arise from multiplicative
perturbations of in-sample data. More precisely, given any fixed sample size, the out-of-

sample expected loss is no larger than that obtained by dropout training in-sample, provided

1. Section 7.12 of Goodfellow et al. (2016) provides a textbook treatment on dropout training. Bishop
(1995) and Srivastava et al. (2014) are seminal references on this topic.
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we consider out-of-sample distributions obtained as multiplicative perturbations of the in-
sample distribution. Therefore, our result formally qualifies the ability of dropout training
to enhance out-of-sample performance, which is one of the reasons often invoked to use the
dropout method. Moreover, our results show that for any parameter value the loss used in

dropout training is larger than the negative log-likelihood of Generalized Linear Models.

We make two additional contributions. First, we suggest a novel procedure to select
the dropout probability §. To this end, we study how often the in-sample loss of dropout
training exceeds the true (and unknown) population expected loss. When § = 0, the Central
Limit Theorem implies this event occurs with approximately .5 probability. When ¢ is fixed,
Theorem 2 implies this event occurs with probability 1. We show that picking § to be of
the form c¢/y/n (where n denotes the number of training examples) makes the in-sample
loss of dropout training exceed the population loss with probability that depends on c.
Consequently, by choosing a target probability, say 95%, it is possible to provide a concrete

recommendation for the selection of ¢, and therefore, of §.

Second, we suggest a new stochastic optimization implementation of dropout training.
A well-known drawback of dropout is its computational cost. As we will explain, a d-
dimensional covariate vector requires 2¢ evaluations of the loss in order to integrate out
the dropout noise for a particular data point. The computational cost is alleviated by
implementing dropout training by using either Stochastic Gradient Descent (Robbins and
Monro (1951)) or naive Monte-Carlo approximations to the expected loss, both of which
require draws from the joint distribution of the data and dropout noise. Unfortunately,
both of these approximations introduce bias to the solution of dropout training. Also, none
of these procedures can exploit the increasing availability of parallel computing in order to
alleviate their computational burden. We borrow ideas from the Multi-level Monte Carlo
literature—in particular from the work of Blanchet et al. (2019a)—to suggest an unbiased (in
a sense we will make precise) dropout training routine that is easily parallelizable and that
has a much smaller computational cost compared to naive dropout training methods when
the number of features is large (Theorem 4). Our algorithm thus complements the recent
literature suggesting approaches to speed-up dropout training by either using a parallelized
implementation of Stochastic Gradient Descent (Zinkevich et al., 2010) or a fast dropout

training based on Gaussian approximations (Wang and Manning, 2013).

The rest of the paper is organized as follows. Section 2 explains dropout training in the
context of Generalized Linear Models. Section 3 presents a general description of the DRO
framework used in this paper. Section 4 specializes the DRO problem by using the negative
log-likelihood of Generalized Linear Models to define a loss function for the statistician, and
by allowing nature to harm the statistician via a multiplicative errors-in-variables model

for the covariates. This section also presents our main theorem. Section 5 presents our
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approach to select the dropout probability, §. Section 6 discusses different computational
methods available for implementing dropout training (full integration, Stochastic Gradient
Descent, Naive Monte Carlo integration) and presents our suggested Unbiased Multi-level
Monte Carlo algorithm. Section 7 presents some simulations comparing our recommended
selection of ¢ to cross-validation, as well as our preferred implementation of dropout training
to Stochastic Gradient Descent. Finally, Section 8 discusses extensions of our results to a
particular class of feed-forward neural networks with a single hidden layer. We show that
dropout training of the hidden units in the hidden layer is distributionally robust optimal.

All the proofs are collected in the Appendix.

2. Dropout Training in Generalized Linear Models

This section describes dropout training in the context of Generalized Linear Models. As
some other recent papers in the literature, we view Generalized Linear Models as a conve-
nient, transparent, and relevant framework to better understand the theoretical and algo-

rithmic properties of dropout training.

2.1 Generalized Linear Models (GLMs)

A Generalized Linear Model—with parameters 5 and ¢—is defined by a conditional density
for the response variable Y € ) C R given X € R¢

FY1X,5,8) = h(Y 0)exp (V87X = (57 X)) fa(9)). M

see McCullagh and Nelder (1989, Equation 2.4). In our notation h(:,¢) is a real-valued
function (integrable with respect to the true data distribution), parameterized by ¢ defined
on the domain Y; a(-) is a positive function of ¢; and ¥(-) is the log-partition function,
which we assume to be defined on all the real line. It is well-known that in GLMs with
a scalar response variable the log-partition function is infinitely differentiable and strictly

convex on its domain; see Proposition 3.1 in Wainwright and Jordan (2008).

Normal, Logistic, and Poisson Regression have conditional densities of the form (1). For

the sake of exposition, we provide details below for linear and logistic regression.

Example 1 (Linear regression with unknown variance) Consider the linear model Y
BTX + ¢, in which € ~ N(0,0%) with unknown variance 0> € Ry, and e LX. The condi-
tional distribution of Y given X satisfies (1) with ¢ = 02, a(¢) = ¢, V(BT X) = (87 X)?/2
and h(Y, ¢) = (2r¢) % exp(—Y2/(2¢)).
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Example 2 (Logistic regression) Consider Y|X ~ Bernoulli(1/(1 + exp(—3" X)) with
Y = {0,1}. The conditional probability mass function of Y given X satisfies (1) with
a(¢) =1, ¥(B'X) =log(1 +exp(B8' X)) and h(Y, ) = 1.

Generalized Linear Models are typically estimated via Maximum Likelihood using (1).
Given n i.i.d. data realizations or training examples (x;,y;), the Maximum Likelihood esti-

mator (BML? QEML) is defined as any solution of the problem

rgidr)lz —1In f(yilwi, B, 9)- (2)
=1

Maximum Likelihood estimators in GLMs are known to be consistent and asymptotically
normal under mild regularity conditions on the joint distribution of (X;,Y;) (Fahrmeir and
Kaufmann, 1985). We denote this distribution as P*.

2.2 Dropout Training

An alternative to standard Maximum Likelihood estimation in GLMs is dropout training.
The general idea consists in ignoring some randomly chosen dimensions of x; while training
a statistical model.

For a given covariate vector z;—and an user-selected constant, 6 € [0,1)—define the

d-dimensional random vector

&= (&1, &a) €10,1/(1—0)},

where each of the d entries of &; is an independent draw from a scaled Bernoulli distribution

with parameter 1 — 4. This is, for j =1,...,d:

0 with probability d,
§ij = . - (3)
(1—9)"' with probability (1 — §).
Note that when ¢ = 0, the distribution of &; ; collapses to & ; = 1 with probability 1. Let
® denote the binary operator defining element-wise multiplication between two vectors of

the same dimension. Consider the covariate vector
_ T
i 0& = (i, Tiaid) - (4)

Some entries of the new covariate vector are 0 (those for which & ; = 0) and the rest are
equal to z; /(1 —6).
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In a slight abuse of notation, let E5 denote the distribution of the random vector &;,
whose distribution is parameterized by §. The estimators of (8, ¢) obtained by dropout

~ ~

training correspond to any parameters (3(d), ¢(d)) that solve the problem

win iz;m:a [~ In £ (yilas © &, B, )] . (5)

One possibility to solve (5) is to use Stochastic Gradient Descent (Robbins and Monro
(1951)). This is tantamount to i) taking a draw of (x;,y;) according to its empirical distri-
bution, ii) independently taking a draw of &; using the distribution in (3) and iii) computing

the stochastic gradient descent update using

We provide further details about the Stochastic Gradient Descent implementation of dropout
training in Section 6.
2.3 Question of Interest

Adding noise to the Maximum Likelihood objective in (2) seems, at first glance, arbitrary.
Our first obvious observation is that dropout training estimators will generally not share
the same probability limit as the Maximum Likelihood estimators whenever § # 0. This

can be formalized under the following assumptions:

Assumption 1 The log-partition function W(-) has a bounded second derivative.
Assumption 2 The second moment matriz Ep«[XX ] is finite, positive definite.

Proposition 1 (Consistency) Suppose that Assumptions 1 and 2 hold. Then for any
sequence 6, — 6 € [0,1) as n — oo, B(én) converges in probability to

pr(0) = argﬂmin Eps [Es [-In f(Y[X ©& 8,9)]], (6)

where the minimizer in (6) is unique and does not depend on ¢.

Proof See Appendix A.1. |

The proof of this result consists of expressing dropout training as an extremum estimator
and verifying standard conditions for consistency in Newey and McFadden (1994). The main

message of the proposition above is that the parameter *(0)—which gives the probability



DrorPOUT TRAINING IS DISTRIBUTIONALLY ROBUST OPTIMAL

limit of the Maximum Likelihood estimator—generally differs from S*(§) when § # 0,

which is the probability limit of the dropout estimator.? To further illustrate this point,
it is helpful to workout the details of the probability limit of the dropout estimator in the

linear regression model. Algebra shows that in this model
* T : ™) !
5(6) = (Ep-[XXT] + (8/1 - 8)diag(Ep-[X X)) Ep[¥ X],

which can be interpreted as a population version of the Ridge estimator. This estimator
differs from the best linear predictor of y using x as long as Ep+[Y X] # 0 and § # 0. This
estimator differs from Ridge regression in that Ep«[X X ] replaces the identity matrix (and

this simple adjustment makes the estimator scale equivariant).

Despite the lack of consistency, there is some literature that has provided empirical
evidence that using intentionally corrupted features for training has the potential to improve
the performance of machine learning algorithms; see Maaten et al. (2013). Even if one is
willing to accept that corrupting features is desirable for estimation, the choice of dropout

noise in (3) remains quite arbitrary.

The main contribution of this paper is to provide a novel decision-theoretic interpreta-
tion of dropout training (in the population and in the sample). We will argue there is a
natural two-player, zero-sum game between a decision maker (statistician) and an adversary
(nature) in which dropout training emerges naturally as a minimax solution. In this game,
dropout noise turns out to be nature’s least favorable distribution, and dropout training
becomes the statistician’s optimal action. The framework we use is known in the stochastic
optimization literature as Distributionally Robust Optimization and we describe it very
generally in the next section. We will therein also revisit the interpretation of 5*(d) in the

linear regression model.

3. Problem Setup

Consider a general problem where there is a multivariate predictor X € R% and a scalar
outcome variable Y € R. A Distributionally Robust Optimization (DRO) problem is a

simultaneous two-player zero sum game between a decision maker (statistician) and an

2. Relatedly, Farrell et al. (2020)—who study deep neural networks and their use in semiparametric
inference—report that their numerical exploration of dropout increased bias and interval length compared
to nonregularized models.
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adversary (nature).® In this section we describe the action space for each player, their

strategies, and the payoff function.

AcCTIONS AND PAYOFF: The statistician’s action space consists of vectors § € ©. The
ranking of the statistician’s actions is contingent on the realization of (X,Y’), and this is
captured by a real-valued loss function ¢(X,Y,0). We assume that the statistician is called
to choose an action before observing the realization of (X,Y"). If the statistician knew the
distribution of (X, Y )—which we denote by Q—the statistician’s preferred choice of § would
be the solution to

inf B [£(X, Y, 0)] (7)

Instead of assuming that the distribution Q is exogenously determined, we think of
the distribution Q as being chosen by nature. Thus, nature’s action space consists of a
set of probability distributions denoted as U. We refer to this set as the distributionally
uncertainty set. If nature knew the action selected by the statistician, nature’s preferred
action would be

sup Eg[¢(X,Y,0)]. (8)
Qeu

STRATEGIES AND SOLUTION: The choice of 8 and Q are assumed to happen simulta-
neously. A statistician’s strategy for this game consists of a choice of 6. Likewise, nature’s

strategy for this game consists of a choice of Q.

A Nash equilibrium for this game is a pair (6*, Q*) such that: a) given Q*, the parameter
0* solves (7) and b) given 6*, the distribution Q* solves (8).

The minimaz solution for this game is a pair (0*,Q*) that solves

inf sup Eg[¢(X,Y,0)], (9a)
0O QeU

while the mazimin solution is based on the program

sup inf Eg[¢(X,Y,6)]. (9b)
Qel 6o

If Q* solves (9b), we say that Q* is nature’s least favorable distribution. The mathematical

program in (9a) is typically referred to as a DRO problem.

3. A seminal reference is the robust inventory control problem of Scarf (1958). Recent references describing
the use of distributionally robust stochastic programs (as those considered in this paper) are Delage and
Ye (2010) and Shapiro (2017). Christensen and Connault (2019) used distributionally robust optimization
to characterize the sensitivity of counterfactual analysis with respect to distributional assumptions in a
class of structural econometric models.
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4. Dropout Training is Distributionally Robust Optimal

The previous section provided a general description of a Distributionally Robust Optimiza-
tion problem. We specialize the general framework of Section 3 by imposing two restric-
tions. First, we use the negative log-likelihood of Generalized Linear Models (McCullagh
and Nelder, 1989) as a loss function for the statistician. Second, we define nature’s uncer-
tainty set (i.e., the possible data distributions that nature can take) using the multiplicative

errors-in-variables model of Hwang (1986).

4.1 Statistician’s Payoff

We define the loss function for the statistician to be the negative of the logarithm of the
likelihood in (1), that is,

UX,Y,0) = —Inh(Y,0) + (¥(87X) — Y (8" X))/a(6), (10)

where # = (B7,¢")T € ©. Equation (10) defines the statistician’s objective and its set of

actions.

4.2 Nature’s Distributionally Uncertainty Set

We now define the possible distributions that nature can choose. We start out by letting Qg
denote some benchmark or reference distribution over (X,Y’). This distribution need not
correspond to that induced by a Generalized Linear Model. In other words, our framework
allows for the statistician’s model to be misspecified.

Next, we define nature’s action space by considering perturbations of Qp. Although
there are different ways of doing this—for example, by using either f-divergences (such as
the Kullback-Leibler as in Nguyen et al. (2020)) or the optimal transport distance (such as
the Wasserstein distance as in Blanchet et al. (2019b)) to define a neighborhood—we herein
use a nonparametric multiplicative errors-in-variables model as in Hwang (1986).

The idea is to allow nature to independently introduce measurement error to the covari-
ates using multiplicative noise. Multiplicative errors have found different applications in
empirical work across different disciplines, from economics to epidemiology. For example,
Alan et al. (2009) use it to account for measurement error in consumption data when esti-
mating the elasticity of intertemporal substitution via Euler equations. Pierce et al. (1992)
and Lyles and Kupper (1997) use it to relate health outcomes to the exposure of a chemical
toxicant that is observed with error. Moreover, due to privacy considerations, statistical
agencies such as the U.S. Census Bureau sometimes mask data using multiplicative noise;
see the discussion in Kim and Winkler (2003) and Nayak et al. (2011). Examples of datasets

that contain variables masked with multiplicative noise include the Commodity Flow Survey
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Data (2017), the Survey of Business Owners (2012)—both from the U.S. Census Bureau—

and the U.S. Energy Information Administration Residential Energy Consumption survey.

Let £ = (£1,...,&) " be defined as a d-dimensional vector of random variables that are

independent of (X,Y). We perturb the distribution Qg by considering the transformation
(X,Y) = (X161, Xaba, V)

As a result, each covariate X; is distorted in a multiplicative fashion by &;. We often
abbreviate (X1&1,...,Xqéq)" by X ® &, where ® is the element-wise multiplication.

We restrict the distribution of € in the following way. First, for a parameter 6 € [0, 1),
we define Q;(d) to be the set of distributions for ¢; that are supported on the interval
[0,1/(1 —§)] and that have mean equal to 1. More specifically,

Q;(0) = {Qj : Qj is a probability distribution on R, Q;([0, (1 —8)7']) =1, Eg,[¢] =1} .

(11)
This set of distributions prescribed using support and first-order moment information is
popular in the DRO literature thanks to its simplicity and tractability (Wiesemann et al.,
2014). From the perspective of an errors-in-variables model, these distributions are also
attractive because they preserve the expected value of the covariates, assuming that X;

and §; are drawn independently.

Consider now the joint random vector (X,Y,¢) € R? x R x R%. For a constant § € [0,1)
consider the joint distributions over (X,Y, &) defined by

U(Qo,&):{(@og)(@l@...@@d:@j € QJ((S) Vj:L...,d}, (12)

where ® is used to denote the product measure (meaning that the joint distribution is the
product of the independent marginals Q;, 7 = 0,...,d). Thus, in the game we consider

U(Qy, d) is nature’s action space or nature’s distributionally uncertainty set.

We will make only one assumption about the reference distribution Qy :

Assumption 3 The distribution Qg satisfies Eg[{(X ©&,Y,8)] < oo for any Q € U(Qy,J),
any 6 € ©, and any scalar § € [0,1).

This assumption implies a minimal regularity condition to guarantee that the expected
loss is well-defined for both the statistician and nature. Assumption 3 is trivially satisfied
when Qq is the empirical distribution of the data, which is one of the main cases of interest

in the paper.

10
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4.3 Dropout Training is DRO

We now present the main result of this section.

Theorem 2 Consider the two-player zero sum game where the statistician has the loss
function in (10) and nature has the action space in (12) for some reference distribution
Qo and a scalar § € [0,1). If Assumption 5 is satisfied, then the minimaz solution of the

two-player zero sum game defined by (10) and (12)

inf  sup Eg[l(X ©&Y,0)] (13)
00 QEU(Qo,5)

s equivalent to

inf Eg« /(X Y, 0 14
inf Eq:[((X ©& Y, 9)], (14)
where Q* = Q@ Q1 ®...®QY, and Q; = (1—06)"1 x Bernoulli(1 —6) is a scaled Bernoulli
distribution for any j = 1,...,d, i.e., under Q;
0 with probability 6,
£ = (15)

(1—-0)"Y  with probability (1 — §).

In addition, let 0* € © be a solution to (14). Then (6*,Q*) constitutes a Nash equilibrium
of the two-player zero sum game defined by (10) and (12) and Q* is nature’s least favorable

distribution.

Proof See Appendix A.2. |

The first part of theorem characterizes the statistician’s best response to an adversarial
nature that is allowed to corrupt the covariates using a multiplicative errors-in-variables
model. From the statistician’s perspective, nature’s worst-case perturbation of Qg is given
by Q* in (15). Under this worst-case distribution, nature independently corrupts each of the
entries of X = (X1,...,Xy)", by either dropping the j-th component (if £; = 0) or replacing
it by X;/(1 — ). Dropout training—which here refers to estimating the parameter 6 after
adding dropout noise to X—thus becomes the statistician’s preferred way of estimating the
parameter 6 when facing an adversarial nature. This gives a decision-theoretic foundation
for the use of dropout training.

Note that in order to recover the objective function introduced in (5) (the sample av-
erage of the contaminated log-likelihood) it suffices to set the reference measure—Qy—as
the empirical distribution P, of {(xs,yi)}7—, which satisfies Assumption 3. Likewise, The-

orem 2 allows to interpret the probability limit £*(J) of the dropout estimator derived in

11
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Proposition 1 as a solution to a DRO problem. In particular

B*(0) =argmin  sup Eq[-Inf(Y|X ©E, B, ¢)],
B QeU(P*9)
provided the data-generating distribution P* satisfies Assumption 3. In the specific case
of the linear regression model, this means that we can interpret $*(d) as giving us the
population’s best linear predictor for y in terms of x, provided nature is allowed to perturb

the distribution of covariates using a multiplicative error-in-variables model.

More generally, because dropout noise is nature’s best response for every 3, the dropout

loss is an upper bound for the true loss:

Eg [-In f(Y]X © &, 57(6),9)] = Ep- [-In f(Y|X ©& 87(0),9)].

We provide now some intuition about how dropout noise becomes nature’s worst-case distri-
bution. Algebra shows that, in light of Assumption 3, the expected loss under an arbitrary

distribution Q is finite and can be written as

EQ [K(X © 57 Y, 6)} = _]EQO [ln h(Ya <f>)]

+Eq, |Egie.co(T(BeX)TE) —Y((Bo X)TE)/a(¢)]|,

where the first expectation is taken with respect to the reference distribution, and the

second one with respect to £. For fixed values of (X,Y,0) we can define

Axyo(BOX)TE)=(T(BOX)TE) -Y((BOX)"E)/a(9).

Because ¥(:) is a convex function defined on all of the real line, the function A x y)(-)

inherits these properties. We show in the appendix that for these type of functions

sup {EQ1®...®Qd [Axye(BoX)]:Q; € Qj(5)} = Egio..004 [Ax,ye (B0 X)),
(16)
for any 6, and this establishes the equivalence between (13) and (14). The proof of the
equality above exploits convexity. In fact, to derive our result we first characterize the worst-
case distribution for the expectation of a real-valued convex function (Lemma 5) and then
we generalize this result to functions that depend on £ only through linear combinations,

as Ax,y,p)(-) (Proposition 6).

How about the Nash Equilibrium of the two-player zero sum game defined by (10) and
(12)? The equality in (16) clearly shows that Q* is nature’s best response for any 6 € ©.

If there is a vector #* that solves the dropout training problem in (14), then this vector is

12
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the statistician best’s response to nature’s choice of Q*. Consequently, (6*,Q*) is a Nash

equilibrium.

Finally, we discuss the extent to which Q* can be referred to as nature’s least favorable
distribution, which has been defined as nature’s solution to the maximin problem. It is well

known that the maximin value of a game is always smaller than its minimax value:*

sup inf Egl(X ©®&,Y,0)] <inf sup Eg[l(X ©®¢§,Y,0)].
QeU(Qop,8) b€© €O QeU(Qo,d)

We have shown that the right-hand side of the display above equals (14). Therefore,
if there is a * € © that solves such program, then Q* achieves the upper bound to the

maximin value of the game. This makes dropout noise nature’s least favorable distribution.

Now that we have established that dropout training gives the minimax solution of the
DRO game, we discuss the implications of this result regarding the out-of-sample perfor-
mance of dropout training. Suppose Qg is the empirical measure @n supported on n training

samples {(z;,y;)},. The in-sample loss of dropout training is

n

S B X 0 £ Y.0)X =2,Y = ). (17)
i=1

A typical concern with estimation procedures is whether their performance in a specific

sample translates to good performance out of sample. In our context, the out-of-sample

performance of dropout training can be thought of as the expected loss that would arise

for some other data distribution @0 over (X,Y) at the parameter estimated via dropout

training:

Eg, [¢(X,Y,00)).

The minimaxity of dropout training shows that for any distribution Qo over (X,Y) that
can be obtained from @n by perturbing covariates with mean-one independent multiplicative
error &; € [0, (1 — 6)7!] we have

1 n
Eg X, Y,07] < - Eo:[((X &Y. 00X = w0,Y =y,
=1

4. This follows from the fact that for any Q € U(Qo,J) :

inf Eqll(X ©€,Y,0)] < Eqll(X 06, Y.0)] < sup Eqlf(X @£ Y.6)]
0€® QeuU(Qo,9)

See also the discussion of the minimax theorem in Ferguson (1967) p. 81.

13
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This means that the out-of-sample loss will be upper-bounded by the in-sample loss. Thus,
our results give a concrete result about the class of distributions for which dropout training

estimation “generalizes” well.

Finally, we note that Theorem 2 was stated for a scalar § that is homogeneous across
the multiplicative noise ;. To model non-identical dropout noise, we can substitute the
sets in (11) and (12) by Q;(d;) for a collection of parameters (81,...,64) € [0,1)% In this
case, the results of Theorem 2 hold with QF = (1— §;)~! x Bernoulli(1—4;) for j = 1,...,d.

5. Statistical Guidance on Choosing 9

Theorem 2 in the previous section showed that dropout training is distributionally robust
optimal and that nature’s least favorable distribution is dropout noise with probability
d € [0,1). This section suggests a strategy to pick this parameter. Broadly speaking, our
approach relies on a simple idea: we study how often the in-sample loss obtained from
dropout training exceeds the population loss. If overfitting is successfully mitigated, this
probability ought to be large. We show that by appropriately tuning the parameter § of
the dropout noise, it is possible to control the probability of such event as the sample size

grows large.

5.1 Additional Notation

Throughout this section, we use gg to denote an arbitrary /n-consistent, asymptotically
normal estimator for the scale parameter ¢. Such estimator can be obtained, for example,
by using <$ML in (2). We use ¢* to denote the true, unknown scale parameter. Just as

before, we let B (6) denote the dropout estimator of the true 8* under dropout probability
J.

The in-sample loss of dropout training—given a dropout probability of d—evaluated at

parameters § and ¢ is given by

5 ¢a = *ZE(S —Inf yz|xz®£mﬁ ¢)] (18)

The goal of this section is to understand how likely is that the in-sample loss in (18)—when
evaluated at the dropout estimator B\ () and some estimator a—exceeds the true population

loss. Thus, if we define the population loss as
L(8*,¢") =Ep+ [-In f(Y]X, 8%, ¢")], (19)

14
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we are interested in understanding how often

Lo(B(6n), ,00) > L(B*, %), (20)

where the sequence 9§, is allowed to change with the sample size.

5.2 Additional Assumptions

It is well-known that under mild regularity conditions on the true data generating process—
and without the need of dropout training—the usual in-sample loss evaluated at the Maxi-
mum Likelihood estimators, which we can denote as En(B\ML, <$ML, 0), provides a consistent
estimator for the population loss. This remains true if the Maximum Likelihood estima-
tor for ¢ is replaced by another y/n-consistent estimator d: One sufficient condition that

guarantees such behavior is the following high-level assumption:

Assumption 4 The following central limit theorem result holds for some o

Vi (£a(8°,6.0) = L(8*,6%)) 5 N(0,0%).
In particular, the identity
Vit (£a(Bus 6,0) = £8%6%)) =Vt (£a(Buie, 6,0) = La (5", 6,0))
Vi (La(8*,6,0) = L(8",6") ) .
and Assumptions 1, 2, 4 imply
Vit (La(Baris 6,0) = L(8*,¢") ) % N (0,07, (21)

We view the result in (21) concerning the in-sample loss of Maximum Likelihood estimators,
which is quite standard, as unsatisfactory. Our main complaint is that the probability of

the event

En(B\MLn Q/g, 0) < ‘C(ﬁ*v ¢*)

approaches 1/2 as the sample size grows large. Our interpretation is that the in-sample
loss at the Maximum Likelihood estimator is deceivingly small, as the true population loss
will be above it 50% of the time if the sample size is large enough. We argue that this

probability can be made smaller by appropriately tuning dropout noise.

15



BLANCHET ET AL.

5.3 In-sample loss of dropout training

Theorem 2 showed that dropout noise is nature’s choice to inflict the highest loss for the
statistician at any parameter values. Therefore, invoking Theorem 2 using the empirical

distribution as the reference distribution, the random variable

Hn(ﬁv ¢7 5) = 'Cn(/Ba ¢a 6) - 'Cn(ﬁa ¢’O) (22)

is nonnegative for any 6 € [0,1). Since Proposition 1 has shown that B((Sn) L g for
any sequence 6, — 0, intuition suggests that the in-sample loss of dropout training,
En(fj\(én),;ﬁ, dn), may provide a consistent estimate of the population loss that does not
underestimate this limit frequently.

Our result is the following proposition:

Proposition 3 Suppose that Assumptions 1, 2, 4 hold. Then for any sequence 6, = ¢/+/n,
Vit (La(B(60),6,0) = £(8",6)) 5 N(j1oo(6%, 6", 0). 0%),
where pioo (8%, &%, ¢) > 0 is the probability limit of
Vi, (8.6.5,)

and pn(+) is defined as in (22).

Proof See Appendix A.3. u

The main message of Proposition 3 is that the probability of the event (20) can be
approximated, as the sample size goes large, by the probability—under a normal random
variable with positive mean—of the positive half of the real line. Some elementary algebra

can be used to illustrate the main argument behind the proof. Note that

Vit (£0(B(0.),8,80) = £(8%,¢7)) = Vi (£a(B(60). 6. 60) = La(5",3,50))
+ \/ﬁﬂn(ﬂ*v 57 57’1)
v (£a(87,6,0) = £(5%,8)) .
We start by showing that the first term converges in probability to zero. To do this we

show that

Vi(B(e/v/n) = B*)
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is asymptotically normal and that the derivative of £,,(-) with respect to 5 (evaluated at
[B*) converges in probability to zero.
The key step in the proof shows that the second term has a finite probability limit. In

fact, we can characterize this limit explicitly and show that

\/ﬁlﬁn(ﬁ*a q/b\a 671) £> C- W,

where

= | TEA V(X 078 | — dEp [¥(XT 8]+ Ep[YXT]5" | [a(s"),
ceA

and A is the collection of all vectors in {0,1}? for which there is only one zero. In Section
7 we provide an expression for this term in the linear regression model.

It is important to mention that the DRO interpretation of dropout training can be
leveraged to select the dropout parameter §. For example, a possible approach consists
in choosing ¢ so that true data generating process belongs to nature’s choice set with
some prespecified probability. This approach, which is often advocated in the literature
in machine learning and robustness (Hansen and Sargent, 2008), often leads to a very
pessimistic selection of § simply because this criterion is not informed at all by the loss
function defining the decision problem. Further, in our problem, it is not possible to apply
this approach given that the set of multiplicative perturbations of the empirical distribution
will, in general, not cover the true data generating process.

Another approach involves using generalization bounds leading to finite sample guaran-
tees; see, for instance a summary of this discussion in Section 6.2 of Rahimian and Mehrotra
(2019). This method, while appealing, often requires either distributions with compact sup-
port or strong control on the tails of the underlying distributions. Also, often, the bounds
depend on constants that may be too pessimistic or difficult to compute.

Finally, there is a recent method introduced in Blanchet et al. (2019b) for the case
in which nature’s choice set is defined in terms of the Wasserstein’s distance around the
empirical distribution. The idea therein is that—for a fixed d—every distribution that
belongs to nature’s choice set corresponds to an optimal parameter choice for the statistician.
Thus, one can collect each and every of the statistician’s optimal choices associated to each
distribution in nature’s uncertainty set, and treat the resulting region as a confidence set
for the true parameter. This confidence set grows bigger (in the sense of nested confidence
regions) as 0 increases. The goal is then to minimize § subject to a desired level of coverage
in the underlying parameter to estimate. This leads to a data-driven choice of § that is

explicitly linked to the statistician’s decision problem. However, this approach is not feasible
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in our problem because, once again, regardless of the value of §, the parameter choices for
each of the multiplicative perturbations of the empirical distribution will, in general, fail to
cover the true parameter.

Hence, we advocate the strategy of choosing the parameter ¢ to control how often the
in-sample loss obtained from dropout training exceeds the population loss. The proof of
Proposition 3 shows that peo(5*, ¢*,c) is of the form ¢ - p, where p depends on (5%, ¢*).
Consequently, as long as u > 0, it is straightforward to pick ¢ to guarantee a pre-specified

“coverage” of the population loss: for any a € (0,1), if we pick ¢ to be

Zl—a 0/M7

where z1_, is the 1-a quantile of a standard normal, then the probability of the event (20)

asymptotically approaches 1 — «. Thus, overfitting can be successfully mitigated.

6. An Algorithm for Dropout Training

The goal of this section is to suggest an algorithm for solving the dropout training problem

inf Eox[0(X O E.Y.0
inf o U(X ©&,Y,0)],

where Q* = ]?Dn RQT®...®Q% and Qj, j=1,...,dis the dropout noise distribution defined
in (15). Notice that we here consider the specific case in which Qg is set to the empirical
measure P, supported on n training samples {(x;,y;)}" ;. We will use 6} to denote the
solution of the dropout training problem above. It will sometimes be convenient to rewrite

this dropout training problem as
1 n
in — Eg«[4(X Y. 0)| X =x;,,Y =y 23
Hgnn; Q[( ®£a 9 )| ml) yl}v ( )

which coincides with expression (5). Conditioning on the values of (z;, y;) makes it clear that
the expectation is computed over the d-dimensional vector £&. We now briefly describe three

common approaches to implement dropout training and we discuss some of its limitations.

6.1 Naive Dropout Training

Because Q] places mass on only two points, namely 0 and (1 — §)~!, the support of the
joint distribution Q7 ® ... ® Q} has cardinality 2¢. Thus, a naive approach to solve the
dropout training problem (23) is to expand the objective function as a sum with n - 2¢
terms, then to apply a tailored gradient descent algorithm to the resulting optimization

problem. Unfortunately, this approach is computationally demanding because the number
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of individual terms in the objective function grows exponentially with the dimension d of

the features.

6.2 Dropout Training via Stochastic Gradient Descent

Another method to solve the dropout training problem in (14) is by stochastic gradient
descent (henceforth, SGD). This gives us the commonly used dropout training algorithm.

For the sake of comparison, we provide concrete details about this algorithm below.

Given a current estimate 5, we compute an unbiased estimate of the gradient to the
objective function of (14), and move in the direction of the negative gradient with a suitable
step size. Since Q* is discrete, the expectation under Q* can be written as a finite sum and

by differentiating under the expectation, we have

-~ -~

VoEg-[6(X ©&,Y,0)] = Eg- |Vel(X ®&,Y,0)] . (24)

The standard SGD algorithm uses a naive Monte Carlo estimator as an estimate of the

gradient (24), that is, at iterate k£ € N with incumbent solution @7“,

VGEQ* [E(X © g? Y> é\k)] = Veg(:vk © §k7 Yk, é\k)7

where (zg, yx, &) is an independent draw from Q*.

One drawback of using SGD to solve (14) is that it is not easily parallelizable, and thus
its implementation can be quite slow. Moreover, under strong convexity assumption of the
loss function ¢, SGD only exhibits linear convergence rate (Nemirovski et al., 2009, Section
2.1). By contrast, the gradient descent (GD) enjoys exponential convergence rate (Boyd
and Vandenberghe, 2004, Section 9.3.1).

6.3 Naive Monte Carlo Approximation for Dropout Training

Consider solving the dropout training problem in (23) using a naive Monte Carlo approxi-

mation. Instead of using 2¢ terms to compute
Eg[l(X ©&Y,0) | X =2, Y = yi,

we approximate this expectation by taking a large number of K ii.d. draws {é’f}le,
ff € RY, according to the distribution Qf ® ... ® Q. When d is large this approximation
is computationally cheaper than the naive dropout training procedure described above,
provided that K < 29.
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Thus, the naive Monte Carlo approximation of the dropout training problem is

n

K
1 1 i
min — Z e I;E(xl &, yi,0)|, (25)

e N

=1

where the random vectors fzk are sampled independently—over both k and i—using the
distribution Q] ® ... ® Q7.

Relative to the solution of the dropout training problem—which we denoted as 67 —the
minimizer of (25) is consistent and asymptotically normal as K — oo. This follows by
standard arguments; for example, those in Shapiro et al. (2014, Section 5.1). There are,
however, two problems that arise when using (25) as a surrogate for the dropout training
problem. First, the solution to (25) is a biased estimator for 6. This means that if we
average the solution of (25) over the K - n different values of ff, the average solution need
not equal #%. Second, implementing (25) requires a choice of K and, to the best of our

knowledge, there is no off-the-shelf procedure for picking this number.

6.4 Unbiased Multi-level Monte Carlo Approximation for Dropout Training

To address these two issues, we apply the recent techniques suggested in Blanchet et al.
(2019a) that we refer to as Unbiased Multi-level Monte Carlo Approximations. Multi-level
Monte Carlo methods (Giles, 2008, 2015) refer to a set of techniques for approximating
the expectation of random variables. The adjective “multi-level” emphasizes the fact that
random samples of different levels of accuracy are used in the approximation. Before pre-
senting the detailed algorithm, we provide a heuristic description. To this end, let 5,:(1( )
denote the level K solution of the problem in (25); that is, the solution based on K draws.
Define the random variable
Ax =05 (K) —05(K —1).

and, for simplicity, assume @*I(O) is defined to equal a vector of zeros. Under suitable

regularity conditions, there holds
0 ~
> E[Ag] = lim E[6}(K)] =0},
o) K—o0

Consider now picking K* at random from some discrete distribution supported on the
natural numbers. Let p(-) denote the probability mass function of such distribution and

consider a Monte Carlo approximation scheme in which—after drawing K*—we sample
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K* - n different random vectors 511“ € R? according to Q@ ® ... ® Qj. The estimator

N
p(K*)

Z(K*) =

has two sources of randomness. Firstly, the random choice of K* and, secondly, the random

draws ﬁf Averaging over both yields

— S E[Z(K)|K" = = 3 (EIAK)/P(K)) - p(K) = 0},
K=1 K=1

Thus, by taking into account the randomness in the selection of K, we have managed to
provide a rule for deciding the number of draws (specifically, our recommendation is to
pick K* at random) and at the same time we have removed the bias of naive Monte Carlo

approximations.

One possible concern with our suggested implementation is that the expected computa-
tional cost of Z(K™*) could be infinitely large. Fortunately, this issue can be easily resolved
by an appropriate choice of the distribution p(-). To see this, define the computational cost
simply as the number of random draws that are required to obtain Z(K*). In the construc-
tion we have described above, we need K* - n draws for the construction of the estimator.

Thus, the average cost is
o
nl=n Z K - p(K)
K=1

which, under mild integrability conditions on p(-), will be finite.”

We now present the algorithm that will be used to solve the dropout training problem.
To ensure that the estimator Z(K™*) has a finite variance, instead of defining A as the
difference between the level K and K — 1 solutions to problem (25) in the above heuristic
arguments, we use solutions to problem (25) with a sample of size 2€*! and with its odd

and even sub-samples of size 2.

ALGORITHM FOR THE UNBIASED MULTILEVEL MONTE CARLO: We present a paral-
lelized version of it using L processors, but the suggested algorithm works even when L = 1.
Parallel computing reduces the variance of the estimator, and our suggestion is to use as

many processors as available in one run.

Fix an integer mo € N such that 2™+ <« 29 For each processor | = 1,...,L we

consider the following steps.

5. For example, if p(+) is selected as a geometric distribution with parameter r, the expected computational
cost will be n(1 —r)/r.
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i) Take a random (integer) draw, mj, from a geometric distribution with parameter
r>1/29

ii) Given mj, take 2K +1ii.d. draws from the d-dimensional vector & ~ Qf ® ... ® Q¥,
where
K =mo+mj.

Repeat this step independently for each i = 1,...,n.

iii) Solve problem (25) using the first 20 i.i.d. draws of ; for each i. Let 6;,,, denote a

minimizer.

iv) Denote by 5,*1(2Kl*+1), 5,?(21(7 ), and §§(2K7) any solution to the following optimization

problems (all of which are based on sample average approximations as (25)):

n oK[+1
0% (25 € arg géiéli; 2K11*+1 ; Ui © & i) |
P 11X
o5 (257) Gargreréign; szﬂg(xi@ffkl,yz’ﬁ) ;
P 11
0L (2K ¢ argreréiéln; 21{7;16(%@&%’%79)

Intuitively, 5,? and 5{;3 denote the solutions to problem (25) but using a sample of size

251 with only odd and even indices, respectively.

v) Define
— -~ * 1 -~ * N *
Agy = 0,250 — S (07 (2"7) + 6,/ (257))

and let _

Z(K[)= ———=——
( l) T'(l —T‘)Kl —my

+ (9[7m0.

6. To see why we require that » > 1/2, notice if the computational cost of evaluating Z(K™*) (as in
the heuristic description above) increases exponentially in K and takes the form C - 2K the expected
computational cost will be

> cCre(-r)* =cr/21-r),
K=1
provided 2(1 —r) < 1, or equivalently, r > 1/2. As we show in the proof of Theorem 4, constraining the

variance requires then imposing r < 3/4. Ultimately, optimizing the product of computational cost and
variance leads to the optimal selection r =1 — 273/2,
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Our recommended estimator is

1L
7D Z(KD).
=1
We now show that the suggested algorithm gives an estimator with desirable properties.

We do so under the following regularity assumptions.

Assumption 5 Suppose that the parameter space © is compact. Suppose in addition that

the optimal solution 6 to the dropout training problem in (23) is (globally) unique.

Assumption 6 Let @\;‘L(K) denote the solution of the problem in (25) based on K draws.
Suppose that as K — oo,
1% *

where the expectation is taken over the i.i.d dropout noise distribution used to generate 521“

Assumption 7 Assume that for each (X,Y,€), {(X ©&,Y,-) is thrice continuously differ-
entiable over © and that
VQQEQ* [E(X © 5? Y7 9:;,)]

s non-singular.

Theorem 4 Under Assumption 5, E[Z(K])] = 0. The number of random draws required
to compute Z(K') is n- 257+ and thus the expected computational complexity for producing
Z(K}) equals

n(2mothyy

omotl 20,
5T < n( )<< n

Suppose, in addition, that é;*l(K) is almost surely in the interior of © for K large enough.
If Assumptions 6 and 7 hold, and r < 3/4. Then Var(Z(K})) < oco.

Proof See Appendix A.4. |

Our suggested algorithm has finite expected computational complexity that does not
grow exponentially with the dimension d, thus every time we need to obtain 57*1(2Kl* +,
we can do so by applying a gradient descent algorithm. Combined with parallelization,
the Unbiased Multi-level Monte Carlo approach produces an unbiased estimator with a
variance that can be made arbitrarily small if L is large enough, provided that the regularity

assumptions that give Var(Z(Kj)) < oo are satisfied.
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7. Numerical Experiment

We conduct numerical experiments in this section to compare our preferred implementation
of dropout training to Stochastic Gradient Descent, as well as our recommended selection
of § to cross-validation. The benefits of our suggested Unbiased Multi-Level Monte Carlo
algorithm are analyzed using a high-dimensional regression, whereas our selection of ¢ is

analyzed using a low-dimensional regression model.

7.1 Advantage of the Unbiased Multi-level Monte Carlo Estimator

We present a simple numerical experiment to illustrate the advantage of using the Unbiased
Multi-level Monte Carlo estimator suggested in Section 6.4. We consider the linear regres-
sion problem with known variance and we focus on solving the dropout training problem
with our recommended & chosen according to Proposition 3.

Our simulation setting considers a linear regression model with covariate vector having
dimension d = 100 and sample size n = 50. We pick a known regression coefficient 3y € R?
being a vector with all entries equal to 1. With fixed coefficients, we assume the covariate
vector follows independent Gaussian, as well as for the regression noise. More specifically,

we can get our n = 50 observations (z;,y;) via
e sampling z; ~ N (0,1;),i=1,...,n,

e sampling y; € R conditional on x;, where y; is given by the linear assumption and ¢;

are i.i.d. random noise following A/(0,102), for i = 1,...,n.

Our simulation setting considers first a high-dimension setting (relative low ratio between
sample size per dimension n/d = 0.5) with high noise to signal ratio (variability on residual
noise is high compared to the variability on x;).

If we set Qg to be the empirical distribution of {(z;, y;)i"_; }, the dropout training problem

in the linear regression model is

min Eg- [(ﬁT(XQQ —Yﬂ .

BERE

Corollary 7 in Appendix A.5 shows that in the linear regression model the dropout training

problem can be written as
min — | (Y — Xp) (Y—Xﬁ)—l-iliéﬂ AB|,

where Y = [y1,¥2,...,9n] ", X = [21,22,...,2,]" and A is the diagonal matrix with its

diagonal elements given by the diagonals of X X. Moreover, there is a closed-form solution
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for the dropout training problem and it is given by the ridge regression formula:

5 _1
B = <XTX + 151\) X'y,
We choose the dropout probability § following Proposition 3. More specifically, Propo-
sition 3 suggests the choice § = ¢//n where ¢ = z1_, - 0/pu. For linear regression with

known variance, it is straightforward to compute

M:

1 2 2 *\2
20 ;EP*[Xj](ﬂj) )

and
(Y - ()7 X)?

2¢*
Choosing a = 0.1 and note that f* = Sy, ¢* = 10%, we have § ~ 0.26.

Since neither our suggested Multi-level Monte Carlo algorithm nor standard SGD (as

1
0? = Varp~ [2 log(2m¢*) +

defined in Section 6.2) uses closed-form formulae for their implementation, we analyze the
extent to which these procedures can approximate the parameter 8. We provide more

details of the algorithms as follows. The two algorithms we compare are:

e Standard SGD algorithm with a learning rate 0.0001, and initialization at the origin.
Note that however we take batched SGD instead of single-sample SGD introduced in
Section 6.2.

e Multi-level Monte Carlo algorithm with the geometric rate r = 0.6 and the burn-in
period my = 5. Note that in each parallel running, we use gradient descent (GD) with

0.01 learning rate and initialization at origin for steps iii) and iv) in Section 6.4.

We run our simulation on a cluster with two Intel(R) Xeon(R) CPU E5-2640 v4 @ 2.40GHz
processors (with 10 cores each), and a total memory of 128 GB. We fix 60 seconds as a
“wall-clock time”, so that we terminate the two algorithms after 60 seconds.”

We run 1000 independent experiments. For each run, we calculate and report the
average parameter estimation divergence to ) and 1-standard deviation error bar for the
divergence. We consider difference number of parallelizations (i.e., L in Section 6.4) from
400 to 2400. We cap the run at 2400 due to the saturation of divergence after ~ 2000

parallelizations.

7. The parameters for the SGD algorithm are appropriately tuned to achieve good convergence within 60s
(see Appendix A.6 for the tuning procedure). However, we do not claim that this choice of parameters
is optimal.
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Figure 1 shows the Iy divergence to the true 3 of the two algorithms for varying L,
while Figure 2 and Figure 3 show [, and [; divergence, respectively. We observed that
our unbiased estimator outperforms standard SGD algorithm once the number of parallel
iterations reaches above some moderate threshold (~ 1000 here). We provide supporting
evidence in Appendix A.6 to argue our choice of learning rate, initialization, and wall-clock

time, where our proposed algorithm is robust to any reasonable choices.
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7.2 Coverage of the True Loss of Dropout Training

We validate that our recommended selection of § guarantees that the in-sample loss of
dropout training is covering the true loss with arbitrary high probability as prescribed by

Proposition 3.
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We use the same linear regression model with dimension d = 10 and training samples
n € {103,10*}. We choose different quantiles of the normal as in Proposition 3. We also
include 10-fold cross validation and ordinary least squares for comparison. See Table 1,
where we estimate the frequency of coverage over 1000 independent runnings. The main
message is that our suggested choice of § guarantees that the in-sample loss of dropout
training exceeds the true, unknown, population loss with probability 1 — «. Using standard
OLS or choosing § by cross-validation the in-sample loss is smaller than the population loss
with probability close to 1/2, which implies that these methods are unsatisfactory in terms

of frequency of coverage.

a=0.2 a=0.1 a=0.00 10-fold CV  plain OLS
n=10°|0.77+0.01 0.884+0.01 0.94+0.01 0.52+0.02 0.40=+0.01
n=10*|0.794£0.01 0.90+£0.01 0.9440.01 0.4940.02 0.47+0.02

Table 1: Frequency of in-sample loss covering the true population loss. Our recommended
selection of & = ¢/+/n with ¢ = z1_,0/p has a theoretical 1—a« coverage probability.

8. Extensions

In this section we discuss the extent to which the decision-theoretic support for dropout
training carries over to Neural Networks. The main idea is that we use a GLM model where
the natural parameter is no longer a linear function of the covariates, but instead a neural

network.
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8.1 One-hidden-layer Feed-Forward Neural Networks

Suppose the scalar response variable Y is generated by the conditional density

fY1X,0,9) = h(Y, ¢) exp (Y2 (X)) — ¥ (Q2(X))) /a(0)), (26)

where Qg(X) is a neural network with parameters 6 and X € R?. This is a simple extension
of the regression model that has been used recently to study deep neural networks; see
Schmidt-Hieber (2020) in which the conditional density is Gaussian.

In this section, we will assume that y(X) is a neural network with a single hidden
layer, a differentiable activation (squashing) function, and linear ouput function. A function
h:R — [0,1] is a squashing function if it is non-decreasing and if

Tli>rgo h(r) =1, rggloo h(r) = 0.
See Definition 2.3 in Hornik et al. (1989).

Although these types of networks—which will be formally described below—are restric-
tive compared to the modern deep learning architectures, they can approximate any Borel
measurable function from a finite-dimensional space to another, provided the hidden units
in the hidden layer are large; see Hornik et al. (1989).

Consider a neural network with K units in the hidden layer, each using input weights
wyp € RY k=1,..., K. Denote the activation function in the hidden layer as h(-). Assume
the output function is linear with vector of weights 3 € RX. Thus, the network under

consideration is defined by the function:
Qp(X) = Bih(w{ X) + ... + Brh(wi X) = 8T H(X),

where H(X) = (h(w{ X),...,h(w}X))". The neural network is parameterized by 0 =
(BT, w/,... ,w,;r)T. Under this model, the distribution of Y|X is a GLM model with co-
variates H(X).

8.1.1 STATISTICIAN’S OBJECTIVE FUNCTION

We will endow the statistician with the loss function given by the negative of the conditional
log-likelihood for the model in (26).

8.1.2 NATURE’S UNCERTAINTY SET

We allow nature to introduce additional noise to the statistician’s model. We do this in
two steps. First, we allow nature to distort the distribution of X using a multiplicative
noise denoted as £(1) € R?. This is exactly analogous to what we did in the GLM model,
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where nature was allowed to pick a distribution for the covariates of the form (X ® £(1)).
Using the jargon of neural networks, we allow nature to contaminate the input layer with
independent and multiplicative noise. Second, we also allow nature to contaminate each of
the hidden units with multiplicative noise £(2) € R¥. That is, nature is also allowed to pick
a vector £(2) = (£(2)1,...,&(2)k) ", independently of £(1) € R?, to distort the each of the
K units in the hidden layer as

H(X)©&2) = (h(w) X)E2)1, ..., h(wi X)E2)k) "

Our choice of a one-hidden neural network was simply for expositional simplicity, but

the analysis would be the same with a feed-forward neural network with L hidden layers.

8.1.3 MINIMAX SOLUTION

The minimax solution of the DRO game is given by
irelfs%p% [~Inf(Y|IH(X ©&)©® &, B,¢)], (27)

where Q now refers to the joint distribution of (X, Y, £(1),£(2)) and f(Y|X, 5, ¢) is the GLM
density defined in (1). We continue working with the assumption that & = (£(1)",£(2)7)"
has independent marginals and that it is independent of (X,Y).

We would like to solve for the worst-case distributions of the random vectors (1) and
£(2), assuming that both of these satisfy the restrictions analogous to (12). The solution
for the distribution of £(2) can be obtained as a corollary to Theorem 2, as it suffices to
define

X = H(X 0€1),

and view (27) as the DRO problem in a linear regression model, in which the data is
(X,Y) and £(2) € R¥ is simply the multiplicative noise that transforms the covariates into
(X ©£(2)).

The worst-case choice of £(1), the multiplicative error for the inputs, is more difficult
to characterize and we were not able to find general results for it. Below, we provide a
heuristic argument suggesting that dropout noise might approximate the worst-case choice
when the output layer is a Gaussian linear model. Let {(1); denote the j-th coordinate of
€(1). Suppose that the distribution of this random variable places most of its mass on the

interval [1 — ¢, 1+ ¢|.® This allows us to ‘linearize’ the output of each of the hidden units

8. This is compatible with dropout noise for which ¢ is very close to zero.
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around the output corresponding to unperturbed inputs as

Pl (X ©€1) = hlwl (X6 (1)~ 1) +w] X)
A X) + (] X) - (we® X)T(€(1) - 1)) .

%

In the notation above, 1 denotes the d-dimensional vector of ones. For the sake of exposition,
ignore the approximation error in the linearization above. If we fix (X,Y,£(2)), then the

worst-case choice for the distribution of {(1), denoted by Q(1), maximizes

2

K d
Egay | | DBk -€@)k - [A(w] X) + [ Alwi X) D we; - X;- (£(1); — 1)
k=1 Jj=1

among all distributions with independent marginals for which Eq)[£(1);] = 1 for all j =

1,...,d. Algebra shows that such maximization problem is equivalent to maximizing
K ‘ d 2
Egy || Y Bk €@k - hlwi X) - [ D> wiy- X+ (6(1); = 1) ; (28)
k=1 j=1

which in turn can be written as
T 2
Eon | (a"(61) - 1))

for an appropriate choice of a vector a € R? that depends only on (B,ﬁ(2),h,h,w,X ).

Proposition 6 in Appendix A.2 shows that the solution to this problem is dropout noise.

9. Concluding Remarks

In this paper we studied dropout training, an increasingly popular estimation method in
machine learning. Dropout training is a fundamental part of the modern machine learning

techniques for training very deep networks (Goodfellow et al., 2016).

Our main result (Theorem 2) established a novel decision-theoretic foundation for the
use of dropout training. We showed that this method, when applied to Generalized Linear
Models, can be viewed as the minimax solution to an adversarial two-player, zero-sum
game between a statistician and nature. The framework used in this paper is known in
the stochastic optimization literature (Shapiro et al., 2014) as a Distributionally Robust
Optimization (DRO) problem.

Our minimaxity result showed, by construction, that dropout training indeed provides

out-of-sample performance guarantees for distributions that arise from multiplicative per-
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turbations of the in-sample data. Our result thus justified explicitly the ability of dropout
training to enhance the out-of-sample performance, which is one of the reasons often invoked
to promote the dropout method.

In addition to our theoretical result, we also suggested a new strategy to select the
dropout probability and a new stochastic optimization implementation of dropout training.
For the latter, we borrowed ideas from the Multi-level Monte Carlo literature—in particular
from the work of (Blanchet et al., 2019a)—to suggest an unbiased dropout training routine
that is easily parallelizable and that has a smaller computational cost compared to naive
dropout training methods when the number of features is large (Theorem 4). Crucially,
we showed that under some regularity conditions our estimator has finite variance (which
means there are also theoretical, and not just practical, gains from parallelization).

We also discussed the extent to which our theoretical results extended to Neural Net-
works (in particular, to the universal approximators in (Hornik et al., 1989) consisting of a
single-hidden layer and a squashing activation function). Our results showed that Theorem
2 can be used to establish the optimality of dropout training to estimate the parameters of
the last hidden layer in general feed-forward neural networks, where the output layer takes
the form of a Generalized Linear Model. We hope that our analysis serves as a foundation

to understand the benefits of dropout training in Neural Networks.
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Appendix A.
A.1 Proof of Proposition 1

Algebra shows that the dropout estimator of § maximizes
1 n
Qn(B) =~ vi(B @) —Es, [W(8" (: © ©))].
i=1

In a slight abuse of notation, let £5 denote a realization of dropout noise parameterized by 9.

Then it is possible to re-write the objective function as a weighted average of the functions
Qe ()= -3 w8720 — W5 (2, 065,)
n7£6n - n 4 - Yi [ 2 onl):
1=

It will be convenient then to define the limiting objective function to be

Q(B) =Ep«[Y (8" X)] - Ep«[Es[¥ (8" (X @ O))]],

which, by Assumptions 1 and 2, is finite and strictly concave. The population objective

function is then the average (over dropout noise) of
Q¢,(8) =Ep+[Y (8" X)] — Ep«[¥(8T (X © &))].

It is straightforward to show that £*() in (6) denote the unique maximizer of Q(f3).

Proof The proof follows from standard arguments in the theory of extremum estimators.
In particular, it suffices to verify the conditions of Theorem 2.7 in Newey and McFadden
(1994).

Condition i) in Newey and McFadden (1994) requires Q(3) to be uniquely maximized
at *(6). This holds because Assumptions 1 and 2 imply that Q(f) is strictly concave.

Condition ii) in Newey and McFadden (1994) requires $*(J) to be an element in the
interior of a strictly convex set, which holds because in the GLM models under consideration

the parameter space is R?. Furthermore, Q,,(3) is trivially concave by Assumption 1.

Condition iii) requires @, () to converge in probability to Q(3) for every 3. For this
purpose, it suffices to show that @, ¢; (8) converges in probability to Q¢,(8) for each fixed
B, and for a sequence &5, and &5 that have zeros and non-zeros in exactly the same entries.
Assumptions 1 and 2 imply Ep«[Y (3T X)] < oo for all 8. Thus, using the Law of Large

32



DrorPOUT TRAINING IS DISTRIBUTIONALLY ROBUST OPTIMAL

Numbers for i.i.d sequences

% Z Y;(BTX:) B Ep[Y(BTX)).
i=1

Finally, Assumptions 1 and 2 imply that the triangular array

Zni=V(B(X;0&,)), 1<i<n,

)

satisfies the conditions for the Law of Large Numbers for triangular arrays (Theorem 2.2.11

in Durrett (2019)), and consequently
1 n
=3 w(ET (X 06,) B Ee [WET(X 0&)].
i=1

This completes the proof. |

A.2 Proof of Theorem 2

The proof of Theorem 2 relies on the following two preparatory results.

Lemma 5 (Extremal expectation of a univariate convex function) For any —oo <
a < b < +oo, let ¢ be a random variable in [a,b] with mean p € [a,b]. For any function
f :]a,b] = R conver and continuous, the distribution of ¢ that mazimizes E[f({)] among
all distributions over [a,b] with a given mean p € [a,b] is a scaled and shifted Bernoulli
distribution, i.e.,

a  with probability (b — p)/(b— a),

(= , y (29)
b with probability (n —a)/(b— a).

Proof Let Q* denote the probability measure induced by the random variable in (29). By

definition

Eq-[f(O] = =L () + £=2 1)

Suppose first that ¢ = a. In this case, Jensen’s inequality implies that for any other

probability measure @ over [a,b] with mean u = a,
Eqlf ()] < f(Eq[¢]) = f(a) = Eq-[f(¢)]-
An analogous result holds if yu = b.
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Consider then the case in which p € (a,b). For an arbitrary probability measure @ over
[a,b] with mean p € (a,b), we have
b— —a
F0aQ= [ flar=> +52=)aq < /[ N
a,

a
[a,b] ay — b—a a

(—a
b—a

F(b))dQ,

where the inequality follows from the convexity of f. By the linearity of the integral operator
and the fact that f[a b ¢dQ = p, we find

[ s©de ==L+ =250
[a,b] a

b—a

Because the probability measure () was chosen arbitrarily, this implies that the distribution

of ¢ in (29) maximizes the expectation of f((). [ |

Proposition 6 Fiz a vector of tuning parameters 6 € (0,1)%. Let Q;(d;) be defined as in

(11). Suppose that A is a convex and continuous function on R. For any 6 € R?, we have

sup {E@l@o...@@d [A(0T¢)]: Q€ Qj(5j)} = Eg:a..00;[A(07 ),

where Q7 is a scaled Bernoulli distribution of the form Q} = (1— §;)~1 x Bernoulli((1—6;))
foreach j=1,...,d.

Proof First note that QF € Q;(d;) for each j, and thus Qf ® ... ® Q is a feasible solution
to the maximization problem. It suffices to show that for any set of feasible measures
Qj € Q;(05),5 =1,...,d, we have

Eg®..004[A(07€)] < Eg:e..004[A0TE)].

Towards this end, pick any k € {1,...,d}. By Fubini’s theorem, we can write

EQ1®...®Qd [A(QTf)] = EQl®--~®Qk—1®@k+1®~--®@d]EQk [A(@Tf)] .

For any fixed value (£1,...,&k—1,&k+1,--.,&) the function & — A3,y 0;€ + Ok&) is

convex in the variable & over the interval [0, (1 — 6;)~!]. Thus by Lemma 5,

B, [A 0;& +0kék)] < Eq: [AQ | 0;¢+0x&k)]  for any fixed (€1, &r—1,&rs1,- -+ Ea).
pors o
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Thus by the monotonicity of the expectation operator,

Egie..00,A078)] < Egie. 001 80410..80.E0: [A(0T6)] = Eg,5. 004_,90:500..90,[A(0 ).
By cycling through all possible values of k € {1,...,d} we conclude that
Eg®..00:[A(0"€)] < Eg:e..004[A0TE)].

Therefore, the postulated claim holds. |

We are now ready to prove Theorem 2.

Proof Note that for Q € U(Qy, d), Assumption 3 implies Eg[¢(X ©¢&,Y, 0)] is finite for any
0 € © and any scalar § € [0,1). Therefore, from Fubini’s theorem and the definition of loss

function:

EQ[E(X © fa Y? 9)] = EQO [EQ1®---®QCI [K(X © 5’ Ya 9)]]
— Eq, [Egie.oa,- nh(Y,0) + (#(8T(X ©€) - Y (8T (X ©€))/a(@)]
= _EQO [lnh(Y, ¢)]

+Eg, [Eaie.00,[(T(8T (X ©6) = Y(8T (X ©.9)/a(@)]]
Algebra shows that for any 3, X and ¢:
plixeg=(Box)¢
Thus, we can fix the values of (X,Y,6) and define the function
A yo(Be X)) = (P(BT(X 08) - Y5 (X ©8))/a(¢).

Note that A(x,y,p) satisfies the condition of Proposition 6. Therefore

sup {EQ@...@Qd[A xv,o((BO X)T)]:Q; € Qj(5j)} = Egie..00;[4x,ye(B© x)Te)),

for any (X,Y, ), which completes the proof. [ |
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A.3 Proof of Proposition 3

Proof We write \/ﬁ(ﬁn(g(én), o, dn) — L(B*, ¢*)) as the sum of the following three terms

Vit (£a(B(60),8,80) = La(5",8,00)) (30a)
Vi (La(B",6.02) = La(8",6,0)) . (30b)
Vi (£a(8,6,0) = £(57,6",0)) (30c)

The last term converges in distribution to a normal random variable, so we only need to
analyze (30a) and (30b).

By Assumptions 1 and 2 the term in (30a) admits an exact second-order Taylor expan-
sion around S* for every ¢ and §. We argue that because of this, the term in question if
op(1). First, using the same arguments as in Theorem 3.1 in Newey and McFadden (1994)

we can show that for any sequence J,, = ¢/\/n
Vi(B(on) = %) % (87 Na(—efi.al6)S(5°)).

where

S(B) = Ep-[U(XTBXXT],
and

i= [ S ER(X 088X 06)] | - (d— DEm[YX] + S(698"
(eA
The set A above is defined as {¢ € {0,1}% : exactly one entry of ¢ is zero}. The argument
is essentially the same as in every proof of asymptotic normality for extremum (or M-
estimators), with the only difference being that, because of the dropout noise, the score

term is asymptotically normal with a nonzero mean. In fact,

n

VoLa(6,6.50) = VsLal(5:, 014 (i S B (X 0 (8T (X 0 6))] - Xib(x] m) ,
a i=1

where
1 1 B
= - X:(Y; —v(X, B)).
a(¢)n; ( (X; B))

Recognizing the term VgL, (83, ngﬁ, 0) as the negative of the score function in the GLM model

VsLn(B,,0)

and doing some algebra, it is possible to show that V3L, (8, &5, dn) is 0p(1).
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For the term in (30b), note first that it is nonnegative. Also: £, (8%, <$, on) — Ln (8%, &5, 0)

equals
1 1 - T % T %
— | — Es [V((X; - ¥ (X, .
0 <ﬁ; 5, [V ((X; © )T 7)) — W B))
The term in parenthesis has finite mean equal to
Ay =EpEs, [¥((X ©6)'59)] - Ep [U(X 7). (31)

It can be shown—Dby verifying the conditions for the Law of Large Numbers for triangular
arrays (Theorem 2.2.11 in Durrett (2019))—that

VI(Ln(B*,60) — Ln(B*,0) — a(d)'A,) B 0.

Moreover, Assumptions 1 and 2 imply

where

A=c| Y EplU(X 088 — dEp:[U(X8Y)] + Ep: [¥(X T8 X 5]
£eA

This gives the desired result.

A.4 Proof of Theorem 4

Proof By definition -
Agr

Z(K[) = W

+ el,moa
where K is a discrete random variable with probability mass function:
pUKT) = (1 = )i,

and supported on the integers larger than my.
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We first show that the estimator Z(K}) is unbiased (as we average over both K and
¢K). Algebra shows that

E[Z(K7)] = Z E[Z(K[)|K] = K]p(K)
K=mg
= Z E K —K] p(K)

- >E

+9l ,mo

K = K] p(K)

K=mg
= ( i (25H) — S @92) +5£<2K>>] + Eff1m,]
= 5 (BO7@7)) + BB @7)]) + Elbim] + lim EF;(2).

The expectations in the last line are all finite because © is compact. In addition, since the
draws are i.i.d. and 6, ,,, is the solution to the problem (25) when 2"° draws are used we

have
1

2

Moreover, the sequence of random variables

(B2 23] + E0F 25)]) + El6tm,] = 0.

{0r25)}

is uniformly integrable, because © is a compact subset of a finite-dimensional Euclidean

space. Finally, we know that
o525 Loy

as K — o0o. The uniform integrability of the sequence of estimators then implies

lim E[0%(25+1)] = [ Jim 5;(2“1)] =07,
—00

K—o0

see Theorem 6.2 in DasGupta (2008). We conclude that

E[Z(K})] = lim E[g% (251 = 67

K—o0

Now we show that the expected computational cost of Z(K]) is finite. In order to com-

pute Z(K) for a given K we need n-25+1 random draws. Thus, the expected computational
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cost of Z(K]) is

o0

)
Z n2K+17“(1 o T,)K—mo = n- (2m0+1) .p Z 2K—m0(1 - T)K_mo

K=mg K=my
o

= n-@™ e Y @21 —r)fme.

K=mg
The term above converges to

n - (2motl) .y B n - (2motl) .y
1-21—r)  2r—1

provided that 2(1 —r) < 1, which holds because we have chosen r > 1/2.

For the proof on finite variance, we intend to show that
E {A}AK} = O(27 %K) (32)

as K — oo. Equation (32) guarantees that every processor generates an estimator Z(K;)

with finite variance. Since K| is a discrete random variable with probability mass function
p(K}) = r(1 —r)K —mo,
and

E[Z(K) Z(K))] = > E|Z(K)TZ(K7)| K} = K| p(K)

i (p@;wemof(@gw,mg]p(m

< 3 IE[ K}p(K)-ﬁ- > E{Hfmﬁz,mo} p(K)
K=mg p K=mg
> 2—2K
< of 30 2 e el
= p(K)
0
< ¢ ! + sup 0]13p(K)
u
= K ol 92mo 92(K — mO)p(K) 068 2P
< C Z ! +C
= K 7"4’”0 (4(1 — r))EK=—mo >
=my
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The geometric sum in the last expression is finite because we have assumed that r < %.

To show (32), we do a Taylor expansion of the first-order conditions of the problem (25)
around 6%. The Karush-Kuhn-Tucker optimality condition for the level 2/ solution 5,*1(2K )
of the problem in (25) implies

n 1 2K R
0=>" oK > Vol(wi © & i, 05(25))
k=1

=1 =

It follows by the Taylor expansion and Assumption 4 that

n [ 2K n 2K
1 . 1 . o
0 = Z oK > Voll © & yi 0) | + Z oK > Vool © &3, 0}) (e;(z ) — 9;)
=L k=l 1 =t k=1
+Ricg
n i 1 oK 1 n
= | g O Vellas €62 | + D0 VaBor (60X © 6 Y. 0)1X = 2, Y = ] (:(25) - 67)
=1 k=1 i=1
+Rg + Rk g, (33)
where
n 1 oK
Rie= ()] oK > Vool(xi © &, yi, 0) — VegEor [((X O &Y, 03)|X = z;,Y = y,] (0;(21() N 92>
1=1 k=1
and

n

| Ricll2 < Z sup [|Vegol(z; © &, 4, 0)|ly
“— peo,e

~ 2 ~ 2
SR A e R

by Assumption 4. Thus by Assumption 3, we have
E[RjoRi.) = 0(27%F)

as K — oo. Moreover, by the multivariate version of Theorem 2 in Bahr (1965) which

follows from the Cramér-Wold theorem, we have that

4
n

2K
1 * *
E > oK > Vool(zi © &, i, 0) — VesBor [((X O &Y, 03)|X = 2;,Y = y;]
=1 k=1 2
is O(272K).
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We can express Ry Ry as |R|®. The Cauchy-Schwarz inequality implies

E[Rj Ri]

2
n

2K
1 N .
<E |3 | 5 2 Voollai © 6,9, 03) = VooEgr (X © &Y, 03)|X =20, Y = yi]
=1 k=1

)

By Holder’s inequality we have

2

05 (2%) — 02

E[RRk]
n 2K 4 %
1 k

<E ; 3K ;V(M(wi O &, yi,05) — Vg (X © &Y, 00)|X =2, Y =y X

- - 2

. 473
IE[ 0 (25) —or J

<0(272K),

Finally, consider the solutions % (257 +1) 60 (2K7) §E (2K1') conditional on K = K. De-
note the remainder terms in (33) corresponding to the level 251 solution 6%(25+1) as
R 11, R 41 p- Similarly, denote the remainder terms in (33) corresponding to the level 2
solution 51? (2K) (and, respectively, 55 (25)) as RY, R%e ( R%,R%e). By the construction
of 99(2K), 6E (2K using odd and even indices, we have, from (33)

n —~ 1 ~ ~
=3 Va6 @ 6 Y0501 = i ¥ = i) (B2 - J@22%) + B2 )
=1

* 1 O E * 1 O E
=Ry — §(RK + Ryg) + Rfc10 — §(RK,9 + Rip)-

By Assumption 4,

> VesEq (X @ &Y, 05)|X = ;Y = yi] = n- VogEq: [((X © £, Y, 0})]
=1
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is invertible. Thus, we have shown that

B = G241 = S(E2(2F) + 5 (25))

o 1 X 1
— (0 Vb X © € V00D (Ricos = J(R% + RE) + Ricovg — (20 + RES)).

Since each of the terms on the right-hand side have been shown to be O(272X), we conclude
that E[AL Ag] = O(272K). u

A.5 Dropout Training in Linear Regression

Corollary 7 (Linear regression with ¢ = 1) For linear regression with (x,y, 3) = (8 z—

y)?2, we have

. T 20 . T 2
min, o Eq[(37(X @) ~¥)'] = min B [(7T (X 0. - ¥)’]

where Q* =P, o QX ®. .. ®Qj and Q5 = (1 —68)~1 x Bernoulli(1 — §) for each j =1,...,d.

Moreover,

: o1 0
min Eo: [ (5T(X ©6) = ¥)’] = min - [(Y —XB) (Y -XB) + HﬁTAB] SNCE

which implies that the dropout training estimator equals

N B -1
B(6) = (XTX + 15dmg(XTX)> X'y,
Finally, if Ep«[XX ] is a diagonal matriz with strictly positive entries then

B(6) B (1-6)Ep-[ XX 'E[XY].

Proof The first part of the corollary follows directly from (13) and (14) in our main
theorem. The second part of the corollary follows from Proposition 1. According to this

proposition, the limit of E (0) is
5°(6) = (Ep-XXT] + (5/1 — 0)ding(Ep- [XXT])>_1 Epe [V X].

Thus, if Ep«[X X '] is a diagonal matrix, we obtained the desired limit.
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A.6 Additional Numerical Results

Here we try to provide some justifications for our choice of parameter.

Learning Rate: We first fix an all zeros initialization scheme, and vary the learning
rate. We summarize the average parameter divergence and 1-standard deviation error for
20 repetitions of the SGD algorithm in Table 2. We can observe the learning rate 0.0001
shows a clear advantage.

Initialization: Next we fix the learning rate to be 0.0001, and consider different initial-
ization schemes. We note that the mean value (resp., absolute value) of elements in S* is
0.3947 (resp., 0.6977). Table 3 shows the average parameter divergence and the 1-standard
deviation from 20 repetitions of the SGD algorithm. We see that the initialization at origin

is a fair choice.

Learning rate 0.001 0.0001 0.00001
1Bsap — B |lso | 0.0827 +0.0133 | 0.0301 & 0.0025 | 0.6702 + 0.1082

Table 2: Comparison for different learning rates, with fixed zero initializations.

Initializations all zeros all 0.2’s all 1’s
1Bsap — B |ls | 0.0301 £ 0.0025 | 0.0317 4+ 0.0047 | 0.0614 + 0.0196
Initializations i.id N(0,1) iid M(0,10) | i.i.d N(0,10%)
1Bsap — B*llee | 0.0376 4 0.0067 | 0.1006 + 0.0469 | 0.3208 + 0.1432

Table 3: Comparison for different initialization schemes with fixed learning rate 0.0001.

Wall-Clock Time: We then document the numerical results for 120s/180s wall-clock
time, see Figures 4 - 6 for the case of 120s and Figures 7 - 9 for the case of 180s. We see
that the proposed unbiased approach outperforms the standard SGD when the number of
parallel iterations reaches above some threshold.
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