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Abstract

We consider the problem of inference in Difference-in-Differences (DID) models when
there are few treated units and errors are spatially correlated. We first show that, when there
is a single treated unit, existing inference methods designed for settings with few treated and
many control units remain asymptotically valid when errors are weakly dependent. However,
these methods may be invalid with more than one treated unit. We propose asymptotically
valid, though generally conservative, inference methods for settings with more than one
treated unit. These alternatives are valid even when the relevant distance metric across
units is unavailable. We also present an empirical application that highlights some common
misunderstandings in the use of randomization inference in DID applications, and illustrates
how our results can be used to provide proper inference.
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1 Introduction

Difference-in-Differences (DID) models present a series of challenges for inference. There
is a large number of inference methods for DID, but the effectiveness of different solutions
depend crucially on the set of assumptions one is willing to make on the errors, and on
many features of the empirical design, such as the number of treated and control units.
We consider a common setting in which a satisfactory solution is not yet available, when
(i) there is a small number of treated units, (ii) the number of periods is fixed, and (iii)
errors are possibly spatially correlated, but there is no available distance metric across units.
Throughout, we refer to “spatial correlation” as any correlation in the cross section, not
necessarily related to a geographical distance metric.

We first derive conditions in which the inference methods proposed by Conley and Taber
(2011) (henceforth, CT) and Ferman and Pinto (2019) (henceforth, FP) remain asymptot-
ically valid in the presence of spatial correlation when there is a single treated and many
control units, even when a distance metric across units is not available. The main assump-
tions are that (i) the post-pre difference in average errors for each unit has the same marginal
distribution for all units — we can relax this assumption by allowing for heteroskedasticity
depending on observed covariates —, and (ii) the cross-section distribution of this post-pre
difference in average errors is weakly dependent for the control units. Under these conditions,
the asymptotic distribution of the DID estimator depends only on the post-pre difference
in average errors of the treated unit (as originally shown by CT). Moreover, the residuals
of the control units asymptotically recover the distribution of the errors of the treated unit
even when there is spatial correlation (in contrast, CT and FP assume independence across
units for this result or a spatial correlation depending on an observed distance metric).

However, when there is more than one treated unit, we show that the inference methods

1A non-exhaustive list of papers that proposed and/or analyzed different inference methods in the DID
settings include Arellano (1987), Bertrand et al. (2004), Cameron et al. (2008), Brewer et al. (2017), Conley
and Taber (2011), Donald and Lang (2007) Ferman and Pinto (2019), Canay et al. (2017), MacKinnon and
Webb (2020), and Ferman (2021).



proposed by CT and FP may not be asymptotically valid if there is spatial correlation,
and the applied researcher does not have information on the relevant distance metric. The
intuition is clear: when we (mistakenly) assume errors are independent across clusters, we
underestimate the volatility of the average of the errors for the treated units if errors are
positively correlated across the treated units.

We propose two alternative inference methods that are asymptotically valid, though
generally conservative, in this setting. The first one considers the worst-case scenario for the
(unobserved) dependence between the errors of the treated units. While this guarantees a
test that is asymptotically valid when the number of control units increases (with the number
of treated units fixed), the cost of being robust to unobserved spatial correlation among the
treated units is a potential loss in terms power.

The second alternative we propose applies to common settings in which the outcome
variable is the aggregate of unit x time individual-level observations, and is valid whether
we have access to the individual-level data or only to the aggregate-level data. In such
settings, we are able to use information on the within-unit correlation to bound the spatial
correlation between treated units. Under the assumption that two individuals within the
same unit are relatively more correlated than two individuals in different unit, we derive
an alternative inference method that can be substantially less conservative relative to the
previous alternative, implying a relatively lower loss in terms of power.

We analyze a Monte Carlo simulation based on the spatial correlation structure of the
American Community Survey (ACS). We then revisit the work by Sommers et al. (2014),
who analyzed the effects of the Massachusetts 2006 health reform, in light of our results. This
empirical application highlights some common misunderstandings in the use of randomization
inference in DID applications, and illustrates how our results can be used to provide proper

inference in this and other more complex settings.



2 Setting

Let Y5:(0) (Yi:(1)) be the potential outcome of unit s at time ¢ when this unit is untreated

(treated) at this period. We consider that potential outcomes are given by

Yo (0) = 05 + v + 1t 1)
Yt (1) = ag + Y (0),

where o is the (possibly heterogeneous) treatment effects for unit s at time ¢, 0, are time-
invariant unobserved effects, and 7, are group-invariant unobserved effects. The error term
ns represents unobserved determinants of Yy (0) that are not captured by the fixed effects.
This structure for the potential outcomes, together with Assumption 2.1(i) below, is similar
to assuming parallel trends for all periods. We can extend our results to consider alternative
parallel trends assumptions (Marcus and Sant’Anna, 2021) and alternative estimators.

We focus on the case in which treatment is non-reversible and starts for all treated units
after date t* (see Remark 3.5 for the case with variation in adoption time). There are N;
treated units, Ny control units, and 7" time periods. Let Z; (Zy) be the set of indices for
treated (control) units, while 77 (7) be the set of indices for post- (pre-) treatment periods.
We treat {a}ser, te7; as fixed parameters,” and define a = N%T% 25621 Zteﬂ g as the
average treatment effects across treated units and treated periods. In this case, we have the

following DID model
Yo = adg + 05 + 91 + (s — a)dss + st (2)

where Y,; is the observed outcome variable for unit s at time ¢, while dg is an indicator

2CT and FP also consider a setting in which {as}sez, te7; is fixed. FP consider a setting in which
treatment effects are not only fixed, but also homogeneous, which is stronger than what we assume. CT also
consider in their Section III.A the case in which treatment effects may be heterogeneous across units and
time. Since we consider a setting with N7 fixed, it would not be possible to assess the distribution of ag,
if we considered this term as stochastic. Therefore, it would not be possible to provide valid inference if we
consider ay; as stochastic and define the estimand of interest as its expected value.



variable equal to one if unit s is treated at time ¢, and zero otherwise.

Following FP, for a generic variable A;, define VA = ﬁ Zteﬂ A — ti Zte% A, In
particular, we define Wy = Vnjy, which is the post-pre difference in average errors for each
unit s. Note that by focusing on this linear combination of the errors, Wy, we do not impose
any restriction on the serial correlation of the errors.

In this case in which treatment starts at the same period for all treated units, the DID
estimator is numerically equivalent to the two-way fixed effects (TWFE) estimator of «,”

which is given by

_ 1 1 1 1
a = EZVK—EZvn:a+EZWS—EZWS. (3)

se€Ty telp se€Ty s€lp

We consider a repeated sampling framework over the distribution of {W}sez,uz,, in which
treatment assignment is pre-determined (alternatively, we can consider that the analysis is
conditional on the vector of treatment assignment). We allow the distribution of W to vary

across s according to an observed covariate Z,, as considered by considered by FP.

Assumption 2.1 (i) E[W,|Z,] = 0 for all s € Z, UZy; (i) W, = h(Zs, 6)&,, where &, is
independent of Z; and has the same marginal cdf F¢ for all s € Z; U7, with finite second
moment and continuous distribution; (iii) h(z,0) is a known function, where § € R™ is
an unknown parameter, and h(z,d) < h(§) for some function h(d); (iv) Z, has the same

marginal cdf F, for all s € Zy; (v) let Z ~ F, and & ~ F¢ with Z L €. Then, for any ¢(Z,¢)

such that B[|g(Z, &)%) < 00, = Y e, 9(Z: &) 2 Elg(Z,€)).

Assumption 2.1(i) is a standard DID identification assumption. Assumptions 2.1(ii)
to 2.1(iii) restrict the marginal distribution of the treated and control units. With this
assumption, the residuals of the control units become informative about the distribution of

the errors of the treated units, which is the main insight from CT. If we set h(Z;, §) constant,

30ur results are also relevant and can be extended for alternative estimators. For example, we can
consider the first differences estimator, or the estimators proposed by de Chaisemartin and D’Haultfoeuille
(2018), Sun and Abraham (2020) and Callaway and Sant’Anna (2018).



then these assumptions imply that the marginal distribution W; is the same for both treated
and control units, as considered by CT in their running model. More generally, we allow for
scale changes in the distribution of W, depending on observable variables Z,. For example,
FP consider in detail the case in which Y}; is the average of individual-level observations
Y;. In this case, variation in units’ sizes lead to heteroskedasticity, which can be captured
by h(Zs,d). Note that we do not impose any restriction on the distribution of Z for the
treated units, as we evaluate the properties of different inference methods conditional on the
realization of {Z}sez,. Therefore, in the example considered by FP, we can encompass cases
in which treated units are systematically smaller or larger relative to the control units.

Finally, Assumption 2.1(v) allows for spatially correlated shocks, but restricts such de-
pendence so that we can apply a law of large numbers when we consider the control units.
This will be satisfied, for example, if we assume strong mixing conditions in the cross section
(see Theorem 3 from Jenish and Prucha (2009)). For simplicity, we refer in the text to
Assumption 2.1(v) as a weak dependence assumption. Importantly, Assumption 2.1 allows
for unrestricted spatial correlation among the treated units.

Since we focus on settings in which researchers do not have information on what generates
the spatial correlation or they are not willing to assume such structure, we do not need to
model in detail the sources of spatial correlation. As a concrete example, we can consider a
setting in which the N; treated units are closely located geographically, but we have a larger
number of control units in different locations. In this case, if spatial correlation goes to
zero when geographical distance increases, then we would have Assumption 2.1(v) satisfied,
even though we may have arbitrarily strong spatial correlation among the N; treated units.
The spatial correlation may also arise from other mechanisms not related to geographical
distance (for example, units with similar industry shares may have more correlated errors).
See also Appendix A2 from Ferman (2019) for an example of a spatial correlation model in
a DID setting that would satisfy this weak dependence condition. Importantly, we consider

a setting in which the applied researcher may be unaware or may not have information on



the relevant distance metrics in the cross section, which is common in DID applications. We
further discuss the validity of this assumption in Remark 3.4.

Moreover, while we consider a setting in which the treatment allocation is fixed, we can
think about an underlying model in which treatment assignment and errors are stochastic,
and units that experience correlated shocks are more likely to receive the same treatment
status. In this case, once we condition on the treatment allocation, we would have a setting
in which the errors of the treated units are correlated.

Under Assumption 2.1, it follows from equation (3) that the limiting distribution of &

when N; is fixed and Ny — oo is given by @ = a + W, where W = NS Ws. This

s€Ty
result comes essentially from Proposition 1 of CT, with the minor difference that we allow
for scale changes in the distribution of W,. The intuition is that, given the weak dependence
condition (Assumption 2.1(v)), the average of the control errors converges in probability to
zero as Ny — oo. However, since the number of treated units remain fixed, the distribution

of & will still depend on the errors of the treated units even asymptotically. In this case, the

estimator is unbiased, but not consistent.

3 Inference with spatially correlated shocks

CT propose an interesting inference method in this setting by noting that the residuals
/WS of the control units may be informative about the distribution of W, and, therefore, about
the distribution of @. In their running model, the main idea is to estimate the distribution
of W using the empirical distribution of {/V[Z}sezo. Assuming that the distribution of W is
the same across units, this works because, as Nyg — o0, Ws BW, for s € Ty.* Therefore, hy-
potheses tests and confidence intervals can be constructed based on the empirical distribution
of {WS}SEZO- EFP consider a setting in which we may have scale changes in the distribution of

W, as present in Assumption 2.1(ii). In this case, we would approximate the distribution of

4CT consider in their appendix other inference procedures that allow for some types of heteroskedasticity
and spatial correlation (if a distance metric is available).



Wy for a treated unit s with the empirical distribution of {h(Z;, S)Wq/h(Zq, 0)}qez,- That is,
we estimate the heteroskedasticity parameters 9, and used this estimated structure so that
the residuals of the control units become informative about the distribution of the errors of
the treated units.

In their running model, CT show validity of their inference method when W is inde-
pendent across s (Assumption 2 in CT). They also provide in their appendix an example
model that allows spatial dependence. However, in this case they require an observed dis-
tance metric across units, and correct specification of the spatial correlation structure. We
consider instead a setting in which such distance metric is not available, as is common in
DID applications. FP also assume in their main analysis that W, is independent across s.”

It is easy to understand the importance of this independence assumption when N; > 1 for
the standard methods proposed by CT and FP. Consider a simple case in which N; = 2, and
{Wy, W3} is multivariate normally distributed with correlation p. For simplicity, consider the
case in which h(Z,, ) is constant. Under Assumption 2.1, & 2 a + W, where the variance
of W is given by 2-(1 + p)V(W,). However, given Assumption 2.1(v), if we consider two
random draws from {/Ws}sgo to recover the distribution of I, the correlation between these
draws would converge to zero when Ny — oco. As a consequence, the standard approach
proposed by CT would recover a distribution for W that has a variance given by 271V ().
Therefore, the variance of @ would be underestimated if p > 0, leading to over-rejection.’

The same problem applies for the inference method proposed by FP.

3.1 Validity of existing methods when N; =1

When N; = 1, however, we show that the inference methods proposed by CT and FP
can remain valid even if we allow for spatial correlation, and even when we do not have

information on the relevant distance metric. The main intuition is that, under Assumption

5In Section IV, they consider an alternative that allows for spatial correlation, but that relies instead on
a large number of pre-treatment periods.
Tf p < 0, then we would have under-rejection.



2.1, the asymptotic distribution of & depends only on Wi, and the distribution of W; can
still be asymptotically approximated using the residuals from the controls.
Let ]35(0) = Ny! > set, l{ws/h(Zs, 6) < ¢}, where 0 is an estimator for . We first show

that ﬁg(c) approximates the distribution of &, if 4 is consistent.

Proposition 3.1 Suppose Assumption 2.1 holds, and § is a consistent estimator for & when
Ny — oo. Then, as Ny — o0, }*A}(c) converges in probability to F¢(c) uniformly on any

compact subset of the support of €.

We present details in Appendix A.1. In this setting with N; = 1, the inference method
proposed by FP would approximate the asymptotic distribution of & with the empirical
distribution of {h(Z, 5)/1/178 Jh(Zs,0)}sez,. Tt immediately follows from Proposition 3.1 that
the inference method proposed by FP remains valid for the case with N; = 1, even when
we may have spatial correlation. To formalize this result, let ¢rp be an indicator variable
equal to one if we reject the null hypothesis Hy : @ = o for a 7 nominal level test using the

inference method proposed by FP.

Corollary 3.1 Consider the problem of testing the null hypothesis Hy : o = «, for some
ao € R. Suppose Assumption 2.1 holds, and b is a consistent estimator for & when Ny — oo.

Then, if Ny =1 and the null is true, E[¢pp|Z1 = z] = 7 when Ny — 0.

Therefore, if we consider the setting with a single treated unit, the inference method
proposed by FP remains asymptotically valid, even when we condition on the Z; for the
treated unit. Note that if we set h(Z,d) constant, and h(Z,,d) = 1, then Proposition
3.1 and Corollary 3.1 imply that the standard procedure proposed by CT in their running
model is also asymptotically valid when N; = 1 and Ny — oo, even when we have spatial
correlation. We show in Appendix A.1 that these results remain valid when we include

covariates in model (2).

Remark 3.1 While a standard permutation test, as proposed by Fisher (1935), would be

valid under any structure on the potential outcomes if treatment is randomly assigned, note



that Assumption 2.1 does not require random assignment. For example, we allow for a
setting in which the error of the treated unit has larger variance than the error of the control
units. In this case, we show that FP would be valid, while a standard permutation test

would lead to over-rejection.

3.2 Alternatives when N; > 1

As explained above, however, the inference methods proposed by CT and FP would not be
valid when N; > 1 and errors are spatially correlated (considering the case in which we do not
have information on a distance metric). Given this potential problem, we consider the case in
which the errors of all treated units are perfectly correlated as a worst-case scenario to provide
an asymptotically valid, though possibly conservative, inference method in this setting. More
specifically, from Proposition 3.1, ﬁg(c) asymptotically recovers the marginal distribution of
&, even when we allow for spatial correlation. Given that, instead of considering independent
draws from this distribution to put in place of the treated units, we sample only one fAs =
WS / h(ZS,S) and place it for all treated units. Therefore, we approximate the asymptotic
distribution of & with the empirical distribution H(c) = NLO >oner, NS o, M Z, S)Eh <
c}. This would recover the asymptotic distribution of @ if {W;}scz, were perfectly correlated.
When treated units are not perfectly correlated, though, we would recover a distribution for
a that has a higher variance relative to the true distribution of @. Let Z be a matrix with
information on Z, for all treated units. To formalize this idea, we consider the following

high-level assumption.

Assumption 3.1 (regularity condition) For any 7 € (0, 1), let ¢, be the T—quantile of the
distribution of N;' Y7 ;. h(Z,0)¢ conditional on Z = z, and define W = N > sez, W
Then Pr ({W <} UW > 1y }|Z = z) <7

If we consider the simpler case in which h(Z;, 0) is constant, then this regularity condition

simply means that, regardless of the spatial correlation among the treated units, the prob-

10



ability of having extreme values for the average of the treated units, W, is weakly smaller
than the probability of having extreme values for a single draw of W,. We analyze this
assumption in detail. We focus on the case in which h(Zs,d) is constant, but all arguments
remain valid when we consider a setting in which we may have variation in h(Z;, ¢).

First, note that Assumption 3.1 is satisfied if {W}scz, is multivariate normal. In this
case, W would also be normally distributed, and we have that V(W) < V(W) irrespectively
of the spatial correlation among the treated units. Therefore, W will be less likely to attain
extreme values than W,. This is valid for any value of the spatial correlation, even when
treated units are negatively correlated. Moreover, note that in many DID applications
we have that Y, is the aggregate of individual-level observations Y. If we can apply a
central limit theorem to these averages, then the aggregate errors would asymptotically be
multivariate normal (when the number of individuals in each unit x time cell increases).
Therefore, in settings in which Yy, is the aggregate of many individual-level observations (for
example, employment rate or average income in a state s at time t), we should also expect
Assumption 3.1 to hold.

More generally, for any distribution of Wy (whether or not it is multivariate normal), we
can always guarantee that V(W) < V(W;). However, we may find some extreme examples
in which Assumption 3.1 may not hold. To provide more intuition on this assumption, we
present in Appendix A.3 an example in which this assumption may not hold. To engineer
such example, we had to consider a distribution for Wy that is bimodal, and such that the
two peaks are very far apart, which is not something we should expect in common empirical
applications. In this example, when the two peaks are not very far apart, then Assumption
3.1 would still hold.

Importantly, we note that applied researchers can evaluate the marginal distribution of
WS in their empirical applications. Therefore, if the marginal distribution does not exhibit

such large peaks in the tails of the distribution, then they should have more confidence that

Assumption 3.1 is valid. Moreover, from the discussion above, we note that we should not

11



expect to see distributions for the errors with such extreme feature when Y, is the aggregate
of many individual-level observations.

Finally, we also present in Appendix A.3 an exercise showing that this assumption would
be satisfied if we consider the ACS data that we used to base our MC simulations. We
consider either the case in which W is the average of two independent or of two highly
correlated units. Therefore, Assumption 3.1 is reasonable for a dataset that is widely used
in applied work.

It follows directly from Proposition 3.1 and Assumption 3.1 that this modified test asymp-
totically controls for size under Assumption 2.1. Let ¢, be an indicator variable equal
to one if we reject the null hypothesis Hy : a = o for a 7 nominal level test using this

alternative inference method.

Proposition 3.2 Consider testing the null hypothesis Hy : o = avg with a significance level
T by contrasting & — ag with the 7/2 and 1 — 7/2 quantiles of PA[(C) Suppose Assumptions

2.1 and 3.1 hold, and we have an estimator S that is consistent for 6 when Ng — oco. Then,

if the null is true, limsupng —oolB[Gen|Z = 7] < T.

Therefore, this conservative test provides a viable alternative in settings where N; << N
that is robust to weakly dependent spatial correlation. While we guarantee that this modified
test does not over-reject (asymptotically), it will generally be conservative when N; > 1,
unless the errors of treated units are perfectly correlated. In Appendix A.1, we extend this

result for settings in which allow for covariates in model (2).

Remark 3.2 If a distance metric is available and the researcher is willing to assume such
distance metric is the relevant one for the spatial correlation, then other available alternatives
might present better power (for example, the inference method proposed in the appendix
of CT). In this case, there would be a trade-off between a test that is more powerful but

requires correct specification of the spatial correlation, versus a test that is less powerful,

12



but does not require correct specification of the spatial correlation. We also recall that the

test we propose does not require observation of a distance metric in the cross section.

Remark 3.3 Related to Remark 3.2, another alternative to provide a more powerful test
may be to infer about the spatial correlation using the time series. However, such alternatives
would require a large time series,” while the alternatives we propose remain valid even when
we have only one pre- and one post-treatment periods. Given the survey from Roth (2019),

settings in which the time series dimension is short is prevalent in DID applications.

Remark 3.4 The assumption that W is weakly dependent would not be satisfied if there
are unobserved shocks that affect all control units in the same way (and differently from
how they affect the treated units, so they are not captured by the time fixed effects). In
this case, the DID residuals /V[7S would not capture these group-specific shocks, and ﬁg(c)
would underestimate the dispersion of the marginal distribution of &. As a consequence,
even the conservative test may over-reject. Importantly, however, the over-rejection of the
conservative test in this case would be no larger than the over-rejection of CT (or FP). In
contrast, this weak dependence assumption may be reasonable when units closer in some
distance metric have more correlated errors, but such correlation goes to zero when this
distance increases. Such distance metric does not need to coincide with geographical distance
(for example, we may have that units with similar industry shares have more correlated

errors), and we do not even need to have information on the relevant distance metrics.

Remark 3.5 Constructing a conservative test becomes more complicated if treated units

start treatment at different periods, as we discuss in Appendix A .4.

4 A more poweful test

While the conservative test presented in Section 3.2 is valid even when we have weakly de-

pendent spatial correlation, such test may be too conservative, implying low power. We now

"For example, Vogelsang (2012), Ferman and Pinto (2019) (Section IV) and Chernozhukov et al. (2019).
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show that it is possible to construct a test that is asymptotically valid and less conservative
in common settings in which Y, represents averages of M, individual-level observations Y;;.
We can consider either the case in which the econometrician observes only unit aggregates
Y., or the individual-level data Y;."

To illustrate this setting, we consider a simplified model in which the N = N; 4+ Ny units
are partitioned into F' = N/2 pairs, Ay, ..., Ap, and potential outcomes of individual 7, in

unit s, and period ¢, are given by

}/:ist(o) = 93 + Yt + 25:1 Ck)ft]l{s € Af} + Vgt + €5t (4)
Y;Zst(l) =a+ Y;st(o)7

where wy; generates spatial correlation across units in the same partition Ay, and vy gener-
ates spatial correlation for individual within the same unit. To simplify the exposition, we
consider the case in which {wy,}{; is iid across f, {vg}{_; is iid across s, and we observe
a panel with individuals with {eist}thl iid across i and s. Moreover, we assume that these
variables are multivariate normal and mutually independent. Note that we do not impose
any restriction on the serial correlation for these variables. We also assume for simplicity
that treatment effects are homogeneous. We relax these simplifying assumptions below.
Consider the case in which N; = 2, with numbers of individual-level observations M; and
M, that do not vary with ¢ for the treated units. Since we focus on settings in which we may
have relevant spatial correlation, but there is no available distance metric across unit, we
consider the case in which (i) the econometrician does not have information on the partitions
Ay, ..., Ap, and (ii) the two treated units belong to the same partition (so their errors are
spatially correlated). Considering the case in which both treated units start treatment at
the same period, the DID estimator using individual-level data is numerically equivalent to

the DID estimator using aggregate data with population weights. Let a be this weighted

8In case we observe individual-level data, then the idea in these approaches is to aggregate at the unit
level to take within unit correlation into account.
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DID estimator. Under Assumption 2.1, we have that

M M
~ D 1 2
alat+—t W +— W, 5
M, + M, "M+ M, ? (5)

where

F M

1 S

W, = E VWfﬂ{S S Af} + Vv, + Vi E Veis. (6)
f=1 5 i=1

For a given unit s with number of observations My = m, we have that
1
V(WM = m) = V(Vwy) + V(Viy) + —V(Veis) = A+ B/m, (7)
m

where A = V(Vwy) + V(Vi,) and B = V(Ve;,).

The main idea from FP is to estimate A and B using the residuals from the OLS regres-
sion, and then re-scale the residuals from the control units, so that they become informative
about the distribution of the errors of the treated units.” Instead of considering the empirical
distribution of {Wq}qelo to approximate the distribution of W; for a treated unit s € Z;, FP
consider the empirical distribution of {W, x (A + BM;1)2/(A + BM; )2} jeq,.

As we discussed in detail in Section 3, this procedure would not work well in this setting
with Ny > 1 and spatial correlation. The problem is that the asymptotic distribution of

& — a, conditional on (M, My) = (my, my), is N(0,02, ), where

? ¥ true

mi +mj ¥ 1

ol. = V(Vwy)+ 5 V(Vi,) + ————V(Vey,). (8)

true

(m1 + mz)

In contrast, a naive approach suggested by FP, without taking into account spatial cor-

9More specifically, we regress /VIZQ on a constant and 1/M;.
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relation, would asymptotically recover a normal distribution with variance

2 2
2 my + m; 1 5 2myme
=T (VY V(Vi,) + ————V(Vei,) =02 — ——2_V(Vuwy), (9
Ullalve (ml m2>2( ( wf) —I— ( v )) —I— ml m2 ( € ) 9 rue (ml m2)2 ( wf) ( )

which will under-estimate the true asymptotic variance of a if V(Vwy) > 0, leading to
over-rejection.

The conservative test presented in Section 3.2 would consider an extreme scenario for the
spatial correlation between W; and W5, asymptotically recovering a distribution for a with
variance given by

1 1 2
2 [(L) (A+ By )} + (L) (A+ Bmgl)Q] >o2 (10)

m1+m2 m1+m2

We refer henceforth to this test as “conservative test 1.” As discussed in Section 3.2, a
potential problem with this test is that it may be very conservative, leading to substantial
loss in terms of power.

We consider an alternative that is less conservative for this setting. We note that, given
the structure on the errors considered in Model (4), the correlation between two individuals
in different units is weakly smaller than the correlation between two individuals in the same
unit. Therefore, a worst-case scenario for the spatial correlation in this setting would be
one in which the correlation between individuals in different treated units is the same as the
correlation between two individuals in the same unit. In this case, it would be as if we only
had one treated unit, which is a combination of units 1 and 2.

Therefore, we propose an alternative inference method in which we consider that we only
have a single treated unit with M; + M5 observations. In this simpler case in which My, does
not vary with ¢, we can generate a single treated unit that is a weighted average of the treated
units, y; = ﬁyu + ﬁy%, with a number of observations M = My + My. In this
case, the DID estimator using this collapsed treated unit with A/ and {M;}sez, as weights is

numerically the same as the one using the original data with {M}scz,07, as weights. Then
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we can apply the inference method proposed by FP for this modified DID model with a single
treated unit. We name this procedure as “conservative test 2.” In this case, conditional on
(My, My) = (mq, ms), we would asymptotically recover a distribution with variance equal to

02  =A+B(mi+my)". (11)

cons2

Importantly, we have that o2 _ < o2 so this alternative would be less conservative

cons2 consl?

2

true?

than the conservative test 1, considered in Section 3.2. Moreover, we have that 62, > o
so we would still be conservative to the true variance of the asymptotic distribution of a.
Intuitively, the main assumption behind this approach is that individuals in the same unit
are more spatially correlated than individuals in different units. Therefore, we can use
information on the within-unit correlation as an upper bound to the across-unit correlation.

2 =02 _when V(Vv,) = 0, meaning that all spatial

cons2 true

Note that we would have equality o
correlation (if any) comes from the shocks wy;. In this case, this test would remain valid and
it would not be conservative. In contrast, we would generally have 0% | > o2 | so that the
conservative test 1 would still be conservative in this case.

We formalize the conservative test 2 in Appendix A.2. Importantly, the exact structure
on the errors presented in Model (4) is not crucial for this approach. Let M = (M, ..., My, ),
m = (my,..,my,), and W = #%Ws The key assumptions we need are that
(i) Wy = [A+ B/Ms]l/Qfs, where &, has the same marginal distribution for all s € Z; U I,
and (i) Pr ({W < ¢;pp} U{W > ¢c1_-2}[M =m) < 7 for any 7 € (0,1), where ¢, be the
T—quantile of [A+ B/(3 ez, ms )|V,

Condition (i) states that the marginal distribution of Wj is the same for all units, up
to a scale parameter that depends on the number of observations in unit s. FP show that
this parametric form for the conditional variance holds under a wide range of structures on

the errors. In particular, we do not need to impose the restrictive structure from Model

(4) that we assumed for expositional purposes.'” While the condition that variation in the

10We can relax the assumption that the within-unit correlation comes from a unit-level shock that affects

17



number of observations across units generate only scale changes in the aggregate distribution
of the errors can be guaranteed assuming that all shocks are multivariate normal, we can
see this condition as an approximation in case we relax this multivariate normal condition.
Simulations from FP and from a previous version of this paper (Ferman, 2020) using real
datasets without imposing normality suggest that such approximation is reasonable. More-
over, Ferman and Pinto (2017) provide in their appendix a series of MC simulations in which
errors are not normally distributed, and the approach proposed by FP also perform well.
Condition (ii) is equivalent to the regularity condition we present in Assumption 3.1.
With multivariate normal shocks, this is valid under the condition discussed above that
individuals within the same unit are more correlated than individuals across different units.
Under this condition, regardless of the distribution of Wy, we guarantee that VOV|M = m) <
[A+ B/(3_ ez, ms)]. Therefore, under multivariate normality, this implies that condition
(i) would be satisfied. More generally, this inequality does not guarantee condition (ii) when
we relax the normality assumption. Still, as discussed in Section 3.2 and Appendix A.3, this

is a reasonable condition in common applications.

Remark 4.1 We consider the case in which M, varies across ¢ in Appendix A.2.

5 Simulations with Real Datasets

We analyze the spatial correlation problem, and the proposed conservative tests, in sim-
ulations based on the ACS (Ruggles et al., 2015). We estimate a model for the spatial
correlation in which the covariance between two PUMAs may depend on their distance, on

whether they belong to the same state, and on their population sizes (details in Appendix

all individuals in the same unit X time in the same way. For example, we may have individuals in county ¢ and
state s, where individuals in the same state but different counties are spatially correlated, but individuals
in the same county are relatively more spatially correlated. Importantly, such more complex within-unit
dependence does not need to be observed nor modeled by the applied researcher. We can also have either
a panel or a repeated cross-section of individual level observations in each unit. See FP for more details.
Moreover, the structure for the across units correlation can be substantially more general.
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A.5). If we consider all pairs of PUMAS, the correlation between their errors in this esti-
mated model is greater than 0.05 in only 0.42% of the cases. Therefore, the weak dependence
condition we consider seems reasonable in this setting. Still, we have PUMAs with spatial
correlation as strong as 0.30. Therefore, we may have a setting in which the N; treated
PUMASs exhibit strong spatial correlation.

In line with our theoretical model, we consider a setting in which we fix Ny € {1,2, 3,4, 5}
PUMASs as the treated ones, and generate multivariate normal draws of Wy with this esti-
mated spatial dependence. To illustrate issues related to spatial correlation, we choose the
PUMA with the strongest spatial correlation with some other PUMA in our dataset to be
treated, and then include the N; — 1 PUMAs that are most correlated with this one as
the remaining treated PUMAs. We consider three different inference procedures: (i) the
naive version of FP approach (which assumes errors are independent across PUMAS), (ii)
the conservative test presented in Section 3.2 (which we refer to as “conservative test 17),
and (iii) the conservative test proposed in Section 4 (which we refer to as “conservative test
27). In Appendix A.5, we show that other alternatives, such as inference based on cluster
robust variance estimator (CRVE) and on wild cluster bootstrap (WCB) perform poorly in
our setting, both because the number of treated units is very small, and because we have
spatial correlation.!!

Figure 1.A presents the size of these tests when we vary N7, while Figure 1.B presents the
ratio of length of the confidence intervals relative to the length of an unfeasible confidence

interval using the distribution of @ in the simulations.

HSee, for example, MacKinnon and Webb (2017) and Djogbenou et al. (2019) for discussions on asymptotic
approximations for CRVE and WCB.
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Figure 1: MC simulations
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Notes: Figure A presents rejection rates for the three difference inference methods we discuss in Section 5
for different values of N;. Figure B presents information on the ratios between the average length of the CI

relative to the length of the CI considering the MC distribution of a.

Overall, these simulations highlight the main messages of the paper: (1) the inference
methods proposed by CT and FP remain valid when we have a single treated unit, even when
errors are spatially correlated; (2) with N; > 1, these inference methods over-reject when
errors are spatially correlated, and the over-rejection is increasing with Vy; (3) the proposed
conservative tests control for size, although they may be conservative when N; > 1; (4) we
are able to provide a less conservative test exploiting the structure of common empirical
applications in which units are aggregates of individual-level observations to construct a
more powerful test (even if we do not have information on the individual-level observations).

Note that the length of the confidence intervals of the conservative test 2 is only 20% larger
than the unfeasible confidence intervals when N; = 5 (in contrast, the conservative test 1 has
a 60% larger confidence interval). Of course, if we had information on the relevant distance
metrics in the cross section, then it would be possible to correct for spatial correlation with
a more powerful test. Still, these simulations illustrate that it is possible to construct valid

tests even when such information is unavailable or the researcher is not willing to impose a
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structure on the spatial correlation.

6 Empirical Illustration

We illustrate our findings analyzing the effects of the Massachusetts 2006 health care
reform. This reform was analyzed by Sommers et al. (2014) using a DID design comparing 14
Massachusetts counties with 513 control counties from 45 different states that were selected
based on a propensity score to be more similar with the treated counties.'> Sommers et al.
(2014) find a reduction of 2.9%-4.2% in mortality in Massachusetts relative to the controls
after the reform (depending on whether covariates are included). Their inference procedures
were then re-analyzed by Kaestner (2016).

We revisit the use of different inference methods for this empirical application in light of
our findings.!® Table 1 presents p-values and the length of confidence intervals for a wide
number of different inference methods.'*

The first conclusion is that p-values vary wildly across inference methods, which reflects
the fact that some inference methods are not appropriate for this empirical application. Since
(i) we have only a single treated state, (ii) errors are possibly correlated across counties within
the same state, and (iii) there is variation in population sizes across counties/states that may

lead to heteroskedasticity, we consider FP at the state level as the most appropriate inference

12The propensity score used age distribution, sex, race/ethnicity, poverty rate, median income, unemploy-
ment, uninsured rate, and baseline annual mortality as predictors. We take this first selection step as given
in our analysis. We find similar results if we consider a DID regression using all counties, so that there is no
pre-selection of control counties.

13We consider a DID estimator based on OLS TWFE regression with no covariates. Point estimates are
slightly different than reported in the original paper because we use the publicly available data set (so we do
not have death counts for cells with fewer than 10 deaths), and because we weight observations by population
mean across years to avoid problems with TWFE estimand highlighted in recent papers. See, for example,
Goodman-Bacon (2018), de Chaisemartin and D’Haultfoeuille (2018), and Callaway and Sant’Anna (2018).
We also restrict to counties with information non-missing information for all years. We end up with 485
control counties, as compared to 513 from the original study.

4The difference inference methods are, in order presented in Table 1 , (1) clustered standard errors at the
state level, (2) WCB with the null imposed at the state level, (3) WCB without the null imposed at the state
level, (4) clustered standard errors at the county level, (5) WCB with the null imposed at the county level,
(6) WCB without the null imposed at the county level, (7) CT at the state level, (8) FP at the state level,
(9) CT at the county level, (10) FP at the county level, (11) the conservative inference method proposed in
Section 3.2, and (12) the conservative inference method proposed in Section 4.
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method for this application, and use the p-values and CIs from this inference method as a
benchmark.

However, such alternative would be unfeasible in case we did not have information on the
relevant distance metric (in this application, information on the states), or if we had a more
complex setting in which we had states with both treated and control counties.'” Therefore,
we analyze the performance of the conservative tests we propose in this scenario in which
aggregating at the state level would not be feasible. The advantage of analyzing these tests
in this empirical illustration is that we can contrast our findings with the conclusions based
on FP at the state level, which we use as a benchmark.

The conservative tests we propose in Sections 3.2 and 4 present p-values very similar to
the ones from FP at the state level. The fact that we find similar results to FP at the state
level reinforces that these conservative tests would have worked well even if we did not have
information on a distance metric, and despite the fact that we have spatial correlation across
counties. When we consider the conservative test proposed in Section 4, the length of the
confidence intervals is only 7.5% larger for one of the outcomes, and 23% larger for the other.
Therefore, there is some loss in terms of power, but in settings in which a distance metric
is not available, this may be a cost we would have to pay to provide a test that controls for
size in the presence of spatial correlation.

The results from Table 1 also illustrate some common potential problems in the use of
alternative inference methods in this setting. First, clustering at the state level substan-
tially underestimates uncertainty, which was the main criticism of Kaestner (2016) to the
inference procedures considered by Sommers et al. (2014). As Ferman (2021) reports, it is
not uncommon that applied researchers rely on such inference procedure, despite leading to
large over-rejection. WCB at the state level also perform poorly in this setting.'¢

Moreover, most of the inference methods that exploit across-county variation present

15Note that within-state variation in treatment assignment does not imply that spatial correlation is
innocuous.

16Tn this case with a single treated cluster, WCB without the null imposed leads to large over-rejection,
while when we impose the null the Cls are extremely wide (MacKinnon and Webb, 2017).
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very low p-values, which is consistent with the presence of spatial correlation across counties
within the same state.!” In Appendix A.6 we propose a test for spatial correlation in this
setting, which reinforces that spatial correlation is indeed relevant in this application.

Finally, in all cases the p-values based on FP are smaller than the ones based on CT. This
is consistent with the fact that MA counties are relatively larger than the control counties.
Therefore, following the rationale from FP, a standard implementation from CT (without
taking heteroskedasticity into account) would be too conservative.

Note that one of the approaches considered by Kaestner (2016) to revisit the findings
from Sommers et al. (2014) was a permutation test at the county level. We show that this
approach may lead to over-rejection due to state-level shocks, but also to under-rejection
due to variation in population sizes. When we correct for these two problems, we find no
evidence that the policy led to statistically significant effects on mortality. However, it is
interesting to note that if we corrected only for heteroskedasticity, using FP at the county

level, then we would have found very low p-values due to spatial correlation.

1"The only exception is when we consider CT at the county level. This happens because the MA counties
are relatively larger, which leads to under-rejection. See discussion in the next paragraphs.
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Table 1: Alternative inference methods for Sommers et al. (2014)

All cause mortality Health care-amenable mortality
(deaths per 100,000 adults) (deaths per 100,000 adults)
p-value length of CI p-value length of CI
(1) (2) (3) (4)

CRVE and WCB at state level

CRVE 0.025 22.34 0.001 11.61

WCB with null imposed 0.419 399.02 0.433 300.73

WCB without null imposed 0.000 11.36 0.000 8.03
CRVE and WCB at county level

CRVE 0.002 16.08 0.001 11.36

WCB with null imposed 0.007 20.98 0.022 16.50

WCB without null imposed 0.009 21.62 0.016 16.31
CT and FP at state level

CT 0.434 113.75 0.357 63.98

FP 0.344 58.94 0.210 32.04
CT and FP at county level

CT 0.304 54.13 0.266 38.81

FP 0.062 26.72 0.013 14.83
Conservative tests

Conservative test 1 0.463 79.24 0.319 41.47

Conservative test 2 0.393 72.60 0.229 34.47

Notes: This table presents p-values and lengths of confidence intervals for a series of alternative inference
methods for the application from Sommers et al. (2014). The point estimates are —12.77 for all cause

mortality and —9.94 for health care-amenable mortality.
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7 Conclusion

We consider the problem of inference in DID models when there are few treated units and
errors are spatially correlated. We first show that, when there is a single treated unit, the
inference methods proposed by C'T and FP, which were designed for settings with few treated
and many control units, remain asymptotically valid when errors are weakly dependent. This
extends the set of possible applications in which the tests proposed by CT and FP can be
reliably used when there is only a single treated unit. However, these methods can lead
to over-rejection with more than one treated unit. We propose two alternative inference
methods that are asymptotically valid, though generally conservative, in the presence of
spatial correlation. These tests provide interesting alternatives when spatial correlation is
likely relevant, but the researcher does not have information on a distance metric or is not

willing to impose a structure on the spatial correlation.
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A Appendix

A.1 Proof of main results

We consider a setting including covariates, which is more general than the setting we

considered in the main text. We have that
Yo = ady + X;tﬁ + 05 + v + (st — a)dg + 1, (12)

where X is a (p x 1) vector of covariates. As in the main text, we consider Wy = Vg,
which is the post-pre difference in average errors for each unit s. Moreover, we assume that
we observe a (¢ x 1) vector Z4 that potentially generates heteroskedasticity on W. We do not
impose any restriction on whether X, and Z; share common elements or not. Propositions
3.1 and 3.2 and Corollary 3.1 follow by considering = 0 and that we do not observe X.
We considered the case without covariates in the main text to simplify the exposition of the

main results. We consider the following assumption instead of Assumption 2.1.

Assumption A.1 (i) (9, ..., ns) have expectation zero conditional on (Zs, X4, ..., X ), for
both s € Zy and s € 7y, (ii) Wy = h(Zs, )&, where & is independent of (Z, X1, ..., X) and
has the same marginal cdf F¢ for all s € Z; UZ,, with finite second moment and continuous
distribution; (iii) h(z,0) is a known function, where 6 € R™ is an unknown parameter, and
h(z,0) < h(d) for some function h(8); (iv) (Z,, VX,) has the same marginal cdf’s F,, for
all s € Zy; (v) X has finite second moments, and the residuals of X, and dg after the
projection on time and unit fixed effects are linearly independent and those residuals of X,
have variation in the limit; (v) let (Z,VX) ~ F,, and & ~ Fg, with (Z,VX) L £ Then, for
any g(Z, VX, €) such that E[|g(Z, VX, €)]’] < 00, 35 3 ez, 9(Zs, VX, &) = E[9(Z, VX, 6)].

We need to impose Assumption A.1.(i) on the 7,’s rather than on the linear combination
W, and the extra Assumption A.1.(v), because of the covariates X;. Under these assump-

tions, we have conditions such that (8 is consistently estimated when Ny, — oco. Instead
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of considering these assumptions, it would have been possible to simply add a high-level
assumption stating that we have enough variation in X, so that [ is consistently estimated.
Finally, note that we can consider the homoskedastic case with covariates by setting h(Z, )
constant.

First, under Assumption A.1, we can still apply Proposition 1 from CT, so & = a +
Nt > ez, Ws, where W, = V. Now let Ay = Ag—A,— A+ A, where A, = % Zte’lﬁuIl Ag,
Ar = 5w Yosezour, Asty and A = F5= 30 8 Y er iz, At From Frisch-Waugh-Lovell
theorem, it follows that 7y = (o — a)dst +X (B — E) + Wsr + N5, where we define wy;, =

(st — a)dg. Therefore, for s € Ty,

T No+ N,
= W,+7+ (VX, - VX) (8- D), (14)

W, = (a—a)(T_t*)< M >+(VXS—V7)’(@—B)+WS—W (13)

where 7 = (@ — a) (1) <N0]Y+1N1) — W. We use the fact that VA, = VA, — VA, where
VA= T% Zteﬂ A — tl Zte% A,;. Note that Vws = 0 for s € Zy.

We assume we have a consistent estimator for 4, 5. Note that this implicitly impose
restrictions on the function h() and on the distribution of Z;. See FP for an example in
which heteroskedasticity comes from variation in the number of observations per unit, and
we have a consistent estimator of the parameters of this function h().

We consider an estimator for the cdf of & given by the empirical distribution of Es =

h(Zs,g)_lﬁ/\s of the control units. Let ﬁg(c) =Nyt > et ]1{55 < ¢}, and F¢(c) be the cdf
of &,.

Proposition A.1 Suppose Assumption A.1 holds, and we have an estimator S that is con-
sistent for & when Ng — oo and Ny is fixed. Then, as Ny — oo, ]35(0) converges in probability

to Fe(c) uniformly on any compact subset of the support of €.

Proof. This proof follows similar steps from the proof of Proposition 2 from CT, but

correcting for heteroskedasticity as FP do, and allowing for spatial correlation.
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First, let

As(6 a1, a9, a3, a8) = 1{h(Zs,a1) "  (Wy + ag + (VX, — a3) (8 — as)) < ¢}, (15)

and

e ar, as, az,as) = Pr(MZ,a1) ™" (W + a2 + (VX —a3)' (B — aq)) < ). (16)

-~

Note that A(c¢; a1, az, ag, as) = E[As(c; a1, az, ag, a4)], and that A(¢; 0,0, E[VX], 8) = Fe(c).
Moreover, from the characterization of W, above, we have that Xs(c; 25\, 7, VX, 3) = 11{58 <
c}.

For any compact subspace €2 of the support of &,

21615 F( ) — Fe(c) —sctelg Z)\ < ;S,i)\ VX, B) AMe;0,0,EIVX], B)] (17)

< i‘é}?ﬁozfs (c,a,a,vx,ﬁ)—A( 5,0, VX /3) + (18)

Fsup|A (c; 5.5, VX, B) — A€ 6,0, E[VX], 5)‘ (19)
ce)

Now consider a compact subset of the parameter space of (ai,as,as, ay), ©, where

(0,0,E[VX], 8) is an interior point. Then,

su X ( A) Y (c;&@,vx A) < 11{ 5.0,VX, [ @} 20
cet| No Z 0 B ( )£ 0} (20)
1 ~
+ sup ~ Z As (a1, a2, a3,a4) — A(c; a1, a2, a3, as) (21)
ceN,(a1,a2,a3,a4)€EO NO To

From Proposition 1 of CT we have that B 2 3, and we assume 5B 5. Since @ = 0,(1)
and Ni(N;+Nyg)~' = o(1), combined with Assumption A.1, we have ¥ = 0,(1). Finally, from
Assumption A.1 VX & E[VX]. Therefore, (5,7, VX,3) & (6,0, E[VX], 3), which implies
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that 1{(6,7, VX, 3) ¢ ©} = 0,(1).

For the other term, note that E[/)\\S (¢;a1,a9,a3,a4)] = A(c;aq,a9,a3,a4). From As-
sumption A.1, we have that N, ZSGIO Xs (c;a1,as,as, aq) LN\ (¢; a1, as,as,ay). Moreover,
Xs (¢;aq,as9,as3,a4) is continuous with probability one and bounded by 1 for any ¢ and
(a1,a9,a3,a4), and 2 and © are compact. A simple adaptation from Lemma 2.4 of Newey
and McFadden (1994) to allow for spatial dependence satisfying Assumption A.1(v) instead
of iid sampling implies that the first term is also o0,(1).

Finally, note that h(Z, 5)_1 (W +7+ (VX - VX)(B— B)) 4 § ~ F¢. Therefore, from
Lemma 2.11 from van der Vaart (1998), the term in line 19 is o0,(1), which completes the

proof. m

A.2 Conservative test 2

We consider a more general setting than the one considered in Model (4). Consider the

following model
}/;t = O{dst + 65 + Yt + (ast - Oé)dst + Nst, (22>

where we also observe M, which is the (time-invariant) number of individual-level obser-
vations that generate the aggregates Y,;.'® We consider below the case in which M, varies

with t. With some abuse of notation because we used a different definition of o in the main

text, we define o = N%T% D oser. Zteﬂ Mg, where {mg}ser, are the realized number of ob-
servations for the treated units. Note that all of our analyses in this section are conditional
on M = (M,..., My,) being equal to m = (myq,...,my;). The following assumption is

similar to Assumption 2.1.

Assumption A.2 (i) E[W,|M,] = 0 for all s € Z; UZy; (ii) for some parameters A and

B, W, = (A + B/M,)"/?¢,, where &, is independent of M, and has the same marginal

I18Tf we observe the individual-level data, then the idea in these approaches is to aggregate at the unit level
to take within-unit correlation into account.
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cdf Fy for all s € Z; UZy, with finite second moment and continuous distribution; (iii)
My is uniformly bounded and has the same marginal cdf F), with positive variance for all
s € Iy; (iv) if M ~ F,, and & ~ Fg, then, for any g(M, &) such that E[|g(M,&)!] < oo,

oS e 9(M, &) B Elg(M, €)).

We consider in this case the DID estimator using M, as weights, av. We have that

~ 1 1
TP o VTN S o VAT (23)
23611 s s€T, ZSGIO s s€Ty
Given Assumption A.2, we have that ﬁ > sezy MdWs = 0,(1). Therefore, con-
s€Zy s
ditional on (My,...,My,) = (mi,...,mp,), we have that @ = o 4+ W, where W =
1
Soor s 2usery MW

The following assumption is a regularity condition similar to Assumption 3.1.

Assumption A.3 (regularity condition) For any 7 € (0, 1), let ¢, be the T—quantile of the
distribution of [A+B/(3>", <z, ms)]"/¢s. Then Pr ({W < ¢r2} U{W > 1,2} M = m) <

T.

Let P(c) = N sl 1{[A + E/(Z:S/GI1 my)|V2E, < c}. Also, let ¢...., be an indicator
variable equal to one if we reject the null hypothesis Hy : a = g for a 7 nominal level test

that contrasts @ — a with the 7/2 and 1 — 7/2 quantiles of P(c)

Proposition A.2 Consider testing the null hypothesis Hy : o = ag with a significance level
T by contrasting & — ap with the 7/2 and 1 — 7/2 quantiles of ﬁ(c) Suppose Assumptions
A.2 and A.3 hold. Then, if the null is true, limsupny—ocoE|Poonss

M=m)| <.

If M, varies with ¢, then the original DID estimator would not be numerically the same as
the one using an aggregate treated unit ;. In this case, we recommend first aggregating the
data at the unit x time level, and then estimating the DID estimator using sampling weights

. . 1T :
M = mingersun { Mgt} (or M@e*» = T3~ My). Then we can conduct the conservative
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inference method proposed above based on this alternative DID estimator. The advantage
of using M is that we guarantee a conservative estimator for the variance of W, which in
this case will be a weighted average of W of the treated units using M. The reason is that
for each ¢t we will calculate 7; = ngl %Yst, where My > M for all t € ToUTq
and s € Z;. Note that this way we would also have that the estimand is a well-defined
weighted average of the heterogeneous treatment effects, avoiding the problems highlighted
by de Chaisemartin and D’Haultfoeuille (2018) for the TWFE estimator in settings in which
we have variation in the number of observations per cell. Moreover, if My does not vary

much on ¢, then the estimand and the resulting estimator should be close to the original

DID estimator using individual-level data.

A.3 On the validity of Assumption 3.1

Consider first the case in which h(Z, 0) is constant. As discussed in the paper, Assumption

3.1 is satisfied if {W,}.ez, is multivariate normal. In this case, W = N1 > ez Wi will also

s€ly
be normally distributed, and we have V(W) < V(Wjs), implying that Assumption 3.1 is
satisfied. The condition that Wj is normally distributed can be justified in settings in which
Y: is the average of many individual-level observations in unit s at time ¢, and we can apply
a central limit theorem for these averages. In this case, {Ws}sez, would approximately be
multivariate normal.

Overall, if W has the same marginal distribution, we always have that V(W) < V(Ws),

regardless of the distribution of W,. This happens because

( ) szzcov W, W;) QZZV W,). (24)

However, having a lower variance does not directly imply that the probability of having
extreme outcomes is lower for W if we consider a generic distribution for W,. One case in

which this assumption may not be valid for some values of 7 is when the distribution of W
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is bimodal, with the two peaks very far apart. To illustrate that, consider the case in which
Wy is N(—4.167,1) with probability 0.96 and N(100,1) with probability 0.04. Therefore,
we have that E[W;] = 0. If we consider 7 = 0.1, then ¢y o5 ~ —5.792 and ¢p95 ~ —1.857.
If we use these critical values to calculate p when we have N; = 5, then we have p ~ 0.18.
This happens because the probability that at least one of the observations come from the
distribution with mean 100 is approximately 18% and, conditional on that, the probability
that W > Co.95 is close to one.

We stress, however, that this is a distribution for the errors that we engineered to provide
an example of a distribution in which Assumption 3.1 would not hold, and that this is not
a kind of distribution for the errors we should expect in common applications. To construct
this example, we need not only a bimodal distribution, but also the distance between that
peaks to be very large. If instead we consider a setting in which W is N(—0.042,1) with
probability 0.96 and N(1,1) with probability 0.04 (so, again, E[W;] = 0), then we would
have p ~ 0. If we had instead that the mean of the second peak is 10, then we would
have p = 0.066 < 0.1 = 7. Overall, this example highlights that we need very extreme
and unrealistic distributions for the errors so that Assumption 3.1 fails. Note also that in
empirical applications it would be possible to observe the marginal distribution of /I/IZ, and
check whether it has this kind a shape that could invalidate Assumption 3.1. If we find
evidence that this marginal distribution does not have peaks or large mass on the tails, then
we should be more comfortable with Assumption 3.1.

In order to provide even more evidence in favor of the validity of this assumption in
common empirical applications, we provide evidence that this assumption is valid when we
consider the ACS data that we base the MC simulations presented in Section 5. As presented
in detail in Appendix A.5, we calculate the residuals /WS at the PUMA level with the ACS
data, and then estimate a model for the spatial correlation across PUMAs. In order to
assess the validity of Assumption 3.1, for a given 7 € (0,1), we first calculate the 7/2 and

1 — 7/2 quantiles of the distribution of {WS}, crj2 and c¢i_rj3. Then, we use the estimated
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correlation matrix to identify for each PUMA the other PUMA that is most correlated
with it, and calculate the proportion of pairs in which the average of these two PUMAs is
smaller than c., or greater than c¢;_,/,. For all 7 € {0.01,0.02,...,0.99}, we find that this
proportion is smaller than 7. We reach the same conclusion if we consider the average of two
random PUMAs. Therefore, Assumption 3.1 is reasonable in the application we consider for
our MC simulations.

When we consider the setting in which 2(Z, §) is not constant, we also have that V(W |Z =

z) < V(N3 o7 h(z,6)€). In this case,

V(Z=2) = 52 XS W WiZ, = 202 = 5) € 55 3 0 hZu bl V()
— V(g)Ni12 (Z h(z,, 5)) =V (Nll > h(z, 5)5) . (25)

Again, while this result guarantees that Assumption 3.1 holds if £ is normally distributed,
it would be possible to engineer examples in which it does not hold. As before, however,
such examples would generally consider extreme and unrealistic distributions that we should

not expect to see in common empirical applications.

A.4 Variation in treatment timing

Constructing a conservative test as proposed in Section 3 becomes more complicated if
treated units start treatment at different periods. For example, consider that unit 1 starts
treatment after ¢;, while unit 2 starts treatment after ¢5. In this case, the asymptotic distri-
bution of @ would depend on the linear combinations of the errors Wi (1) = T+t1 Zthtl 1T
ﬁ L e, and Wy(2) = T+t2 ZtT:t2+1 Mot — % S 2. We can still consistently estimate
the marginal distributions of W7 (1) and W5(2) by considering the appropriate linear combi-

nation of the residuals from the control units. This is what CT and FP do, and works well in

a setting in which Wi (1) and W5(2) are independent. When we allow for spatial dependence,
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however, it becomes harder to define a worst case scenario. The worst case scenario will gen-
erally not be such that corr(ny, ) = 1. To see that, suppose there are 3 time periods, with
t; =1 and t, = 2. In this case, @ —a 2 0.5(0.5113 + 0.5712 — 711) + 0.5(123 — 0.57725 — 0.5721 ).
Therefore, assuming corr(ny, 79;) = 1 will lead to a lower variance relative to the case with
no spatial dependence if V(7;2) is substantially larger than the variance at the two other
periods. A possible alternative in this case could be to first estimate the variance/covariance
matrix of the marginal distribution of (7, ..., ns) for the treated units using the residuals of
the control units. These estimated marginal distributions would be the same for all treated
units under the stationarity assumption from CT, or will vary depending on the estimated
heteroskedascity as considered by FP. Then we can calculate the spatial correlation param-
eters among the treated units (which will be Ny(N; — 1) symmetric 7' x T matrices) that
maximizes the variance of @ to construct a worst case scenario. To implement that, we
could follow a similar strategy as the one considered by CT to deal with spatial correlation
in their appendix. The difference is that, since we cannot estimate the spatial dependence
because there is no distance metric in our setting, we would have to do a grid search over
the possible variance-covariance matrices that are consistent with the marginal distributions

of the errors, and consider the worst case scenario.

A.5 Details on the MC simulation

We construct our MC simulations based on the American Community Survey (ACS).
We restrict the sample to women between the ages 25 and 50, and consider log wages as
outcome variable. With data from 2015 to 2018, we estimate the residuals WS at the PUMA
level, considering a setting in which that treatment starts after 2016. More specifically, we
compute the residuals from a PUMA X year regression using PUMA and time fixed effects,
and then calculate WS = (€s,2018 + €5.2017)/2 — (€s,2016 + €52015)/2-

Given /V[Z for all PUMAS, we estimate a model for the spatial correlation in which the

covariance between two PUMAs may depend on their distance, on whether they belong to
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the same state, and on their population sizes. More specifically, let Z; be the centroid of
PUMA s, and Ss be the state of PUMA s. We assume that (W, ..., Wy) is multivariate

normally distributed with mean zero and variance/covariance matrix

(

0%+ 0%+ 0%, + 02/ M, ifs=nh
cov(W, Wh) = § 02 + 0%, exp(—ad(Z,, Z,))  if s # h and S, = S}, - (26)
0-31'515 eXp(—Oéd(ZS, Zh)) if s 7£ h and Ss 7é Sh

where d(Zs, Zy,) is the distance between the centroids of PUMAs s and h in kilometers.
We impose the restrictions that the parameters (0%, 02, 0%, 0% ,, @) are non-negative. These
parameters are estimated by maximum likelihood. We find

(6%,62,6%,62.,,&) = (0.000373,0.918491, 0.000155,0.001127, 0.088673).

€

For the MC simulations presented in Section 5 we first selected a PUMA that exhibits
a strong spatial correlation with some other PUMASs to be treated. Then we selected the
N; — 1 PUMASs that are most correlated with this one to be the remaining treated PUMAs.
Given this treatment assignment, we draw random normal variables (W7, ..., Wy) from the
estimated DGP.

We present in the main text the results for a naive FP, and for conservative tests 1 and
2. We present in Appendix Figure A.1 the results using alternative inference methods. For
inference based on CRVE and WCB without the null imposed we have over-rejection for two
reasons: because we have few treated clusters and because we have spatial correlation. This
is why rejection rates do not become close to 5% even when N increases. For WCB with
the null imposed we have over-rejection due to spatial correlation and under-rejection due to
a small number of treated clusters. When N; = 5 the distortions due to spatial correlation

dominates, and the test over-rejects.
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Figure A.1: MC simulations - alternative inference methods
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Notes: This figure replicates Figure 1 for alternative inference methods. We consider inference based on

CRVE, WCB without the null imposed, and WCB with the null imposed.

A.6 Testing for Spatial Correlation

It is common in empirical applications to have settings in which, for example, there are
only a few states that are treated, but we observe subgroups (e.g., counties) within each state.
Consider a setting in which there is only one treated state, and assume spatial correlation
is restricted within states. In this case, the researcher could decide between using CRVE at
the county level or a method such as CT and FP at the aggregate level. There is a trade off
in terms of assumptions for these different type of methods. The first one relies on no spatial
correlation within states, while the former relies on homoskedasticity (or heteroskedasticity
with a structure as considered by FP). See Ferman (2021) for a more thorough comparison
among different inference methods.

In this setting, we can consider a simple way to assess whether spatial correlation poses
a problem for CRVE at the county level. Let /VIZS be the post-pre different in the residuals
of county ¢ in state s. Under the assumption that errors are independent across counties,

and given that WCS LN W.s, we should expect that the proportion of residuals Wcs that is
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positive to be uniform across states (if W, is symmetric, then we should expect that to
be approximately 1/2 for all states). In contrast, if there are state shocks, then we should
expect positive residuals concentrated in some states, and negative residuals concentrated in
others.

This suggests the following test. We calculate the proportion of positive residuals for
each state (ps), and construct a test statistic ¢t = Zle(ﬁs — p)?, where S is the number of
states and p = S~! Zle ps. Then we can consider permutations of WCS, and reconstruct
p°. With that, we then calculate t* for each permutation, and check whether ¢ is extreme
in the distribution of permutations. The distribution of the permutations would recover the
discrepancies between ps and p that we should expect when errors are independent, given
that we have only a finite number of counties per state. If ¢ is extreme in this distribution,
then this would indicate relevant within-state spatial correlation.

This idea is similar in spirit to the test for appropriate level of clustering proposed
by MacKinnon et al. (2020). Note, however, that CRVE at the state level would not be
consistent in our setting, so their test would not be valid. Following the work by Roth
(2019), we consider such test with caution, as we may fail to reject the null of no spatial
correlation due to sampling variation. Still, such test may be very informative about when
we cannot rely on CRVE and, therefore, should focus on alternatives such as CT and FP. If
we consider this test for the empirical illustration in Section 6, the p-value is virtually equal
to zero, providing strong evidence that spatial correlation is problematic in this setting.

When we consider this test for the empirical application considered in Section 6, we find
a p-value of zero. This provides strong evidence that spatial correlation is important in this

setting.
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