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Abstract

We propose a nonparametric inference method for causal effects of continuous treatment vari-
ables, under unconfoundedness and in the presence of high-dimensional or nonparametric nui-
sance parameters. Our double debiased machine learning (DML) estimators for the average dose-
response function (or the average structural function) and the partial effects are asymptotically
normal with nonparametric convergence rates. The nuisance estimators for the conditional ex-
pectation function and the conditional density can be nonparametric or ML methods. Utilizing a
kernel-based doubly robust moment function and cross-fitting, we give high-level conditions under
which the nuisance estimators do not affect the first-order large sample distribution of the DML
estimators. We further provide sufficient low-level conditions for kernel and series estimators, as
well as modern ML methods - generalized random forests and deep neural networks. We justify
the use of kernel to localize the continuous treatment at a given value by the Gateaux derivative.
We implement various ML methods in Monte Carlo simulations and an empirical application on
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1 Introduction

We propose a nonparametric inference method for continuous treatment effects, under the un-

confoundedness assumption!

and in the presence of high-dimensional or nonparametric nuisance
parameters. We focus on the heterogenous effect with respect to the continuous treatment or
policy variables T'. To identify the causal effects, it is plausible to allow the number of the control
variables X to be large relative to the sample size n. To achieve valid inference and to employ
machine learning (ML) methods, we use a double debiased ML approach that combines a doubly
robust moment function and cross-fitting.

We consider a fully nonparametric outcome equation Y = ¢(7T', X, ). No functional form as-
sumption is imposed on the unobserved disturbances e, such as restrictions on dimensionality,
monotonicity, or separability. The potential outcome is Y (t) = ¢(t, X, ) indexed by the hypothet-
ical treatment value . The object of interest is the average dose-response function as a function
of t, defined by the expected value of the potential outcome across observations with the observed
and unobserved heterogeneity (X, ¢), i.e., 5 = E[Y(t)] = [ [g(t, X,e)dFx.. It is also known as
the average structural function in nonseparable models in Blundell and Powell (2003). The well-
studied average treatment effect of switching from treatment ¢ to s is S, — ;. We further define the
partial (or marginal) effect of the first component of the continuous treatment 7" at t = (t1,...tg,)’
to be the partial derivative 6; = 9f;/0t;. In program evaluation, the average dose response func-
tion f; shows how participants’ labor market outcomes vary with the length of exposure to a job
training program. In demand analysis when T contains price and income, the average structural
function f§; can be the Engel curve. The partial effect ; reveals the average price elasticity at
given values of price and income and hence captures the unrestricted heterogenous effects.

We are among the first to apply the double debiased machine learning approach to inference
on the average structural function 3; and the partial effect 8; of continuous treatments, to our
knowledge. They are non-regular nonparametric objects that cannot be estimated at a root-n
convergence rate. We propose a kernel-based double debiased machine learning (DML) estimator
that utilizes a doubly robust moment function and cross-fitting via sample-splitting. The DML

estimator uses the moment function

Ky (T; —t)
Jrix (| X;)
!This commonly used identifying assumption based on observational data, also known as conditional indepen-

dence and selection on observables, assumes that conditional on observables, the treatment variable is as good as
randomly assigned, or conditionally exogenous.




an estimator 4(¢,z) of the conditional expectation function y(t,z) = E[Y|T' = ¢,X = z], an
estimator fT‘ x(t|z) of the conditional density (or generalized propensity score) frix(t|z), and a
kernel K, (T; —t) that weights observation ¢ with treatment value around ¢ in a distance of h. The
number of such observations shrinks as the bandwidth h vanishes with the sample size n. A L-fold
cross-fitting splits the sample into L subsamples. The nuisance estimators 4(t, X;) and fpx (t|X;)
use observations in the other L — 1 subsamples that do not contain the observation i. The DML
estimator averages over the subsamples. Then we estimate the partial effect 6; by a numerical
differentiation.

The doubly robust moment function in equation (1) has appeared in Kallus and Zhou (2018)
without asymptotic theory and has been extensively studied in Su, Ura, and Zhang (2019) for
Lasso-type nuisance estimators. We utilize cross-fitting and provide high-level and low-level con-
ditions that facilitate a variety of nonparametric and ML methods.

We show that the kernel-based DML estimators are asymptotically normal and converge at non-
parametric rates. We provide high-level conditions under which the nuisance estimators (¢, X;)
and fT| x(t]X;) do not affect the first-order asymptotic distribution of the DML estimators. Specif-
ically our high-level conditions on the convergence rates use a partial L, norm that fixes the treat-
ment value at ¢, in contrast to the standard L, norm that integrates over the joint distribution of
(T, X), i.e., the root-mean-squared rates.

We further give low-level conditions for conventional nonparametric kernel and series esti-
mators, as well as modern ML methods: the generalized random forests in Athey, Tibshirani,
and Wager (2019) and the deep neural networks in Farrell, Liang, and Misra (2021b). These
results on the convergence rates of the nuisance estimators are new to the literature, to our best
knowledge. In addition, we propose a generic ML estimator for the conditional density frx(t|z)
for the low-dimensional T" and high-dimensional X, which may be of independent interest. See
Chernozhukov, Chetverikov, Demirer, Duflo, Hansen, Newey, and Robins (2018) (CCDDHNR,
hereafter) and Athey and Imbens (2019) for potential ML methods, such as ridge, boosted trees,
and various ensembles of these methods.

We aim for a tractable inference procedure that is flexible to employ nonparametric or ML
nuisance estimators and delivers a reliable distributional approximation in practice. Toward that
end, the DML method contains two key ingredients: a doubly robust moment function and cross-
fitting. The doubly robust moment function reduces sensitivity in estimating [, with respect

to nuisance parameters.? Cross-fitting further removes bias induced by overfitting and achieves

2Qur estimator is doubly robust in the sense that it consistently estimates 3; if either one of the nuisance functions
E[Y|T, X] or fpx is misspecified. The rapidly growing ML literature has utilized this doubly robust property to
reduce regularization and modeling biases in estimating the nuisance parameters by ML or nonparametric methods;
for example, Belloni et al. (2014), Farrell (2015), Belloni et al. (2017), Farrell et al. (2021b), Chernozhukov et al.



stochastic equicontinuity without strong entropy conditions.?

Our work builds on the results for semiparametric models in Ichimura and Newey (2017), Cher-
nozhukov, Escanciano, Ichimura, Newey, and Robins (2018) (CEINR, hereafter), and CCDDHNR
and extends the literature to nonparametric continuous treatment /structural effects. It is useful
to note that the doubly robust estimator for a binary/multivalued treatment replaces the kernel
K, (T; — t) with the indicator function 1{7; = t} in equation (1) and has been widely studied,
especially in the recent ML literature. We show that the advantageous properties of the DML
estimator for the binary treatment carry over to the continuous treatments case.

Our DML estimator utilizes the kernel function K} (T; — t) for the continuous treatments 7" of
fixed low dimension and averages out the high-dimensional covariates X, so we can maintain the
nonparametric nature and circumvent the complexity of the nuisance parameter space. Our kernel-
based estimator appears to be a simple modification of the binary treatment case in practice, yet
we make non-trivial new observations on distinct features of continuous treatments in theory:

First, from the literature on estimating regular parameters, the Gateaux derivative is funda-
mental to construct estimators with desired properties, such as bias reduction and double robust-
ness (Ichimura and Newey (2017) and Carone, Luedtke, and van der Laan (2018)). We show that
one important feature of non-reqular nonparametric parameters is that the Gateaux derivative and
the Riesz representer are not unique, depending on what we choose to approximate the continuous
treatment distribution of a point mass. And the kernel function is a natural choice. Neyman
orthogonality holds as h — 0 (Neyman, 1959). This is in strong contrast to the binary treatment
case and regular semiparametric parameters. Moreover, to construct the DML estimator of a linear
functional of ; that preserves the good properties, the corresponding moment function is simply
the linear functional of the moment function of ;. Therefore we provide a foundational justifi-
cation for the proposed kernel-based DML estimator, relative to alternative approaches, such as
Kennedy, Ma, McHugh, and Small (2017) and Semenova and Chernozhukov (2020).* To the best

of our knowledge, this is the first explicit calculation of Gateaux derivative for such a non-regular

(2018), CCDDHNR, Rothe and Firpo (2019), and references therein.

3CCDDHNR point out that the commonly used results in empirical process theory, such as Donsker properties,
could break down in high-dimensional settings. For example, Belloni et al. (2017) show how cross-fitting weakens
the entropy condition and hence the sparsity assumption on nuisance Lasso estimator. The benefit of cross-fitting
is further investigated by Wager and Athey (2018) for heterogeneous causal effects, Newey and Robins (2018) for
double cross-fitting, and Cattaneo and Jansson (2019) for cross-fitting bootstrap.

4Kennedy et al. (2017) construct a “pseudo-outcome” that is motivated from the doubly robust and efficient
influence function of the regular semiparametric parameter [ S;fr(t)dt. Then they locally regress the pseudo-
outcome on T at t using a kernel to estimate S;. Semenova and Chernozhukov (2020), an updated version of
Chernozhukov and Semenova (2019), illustrate in an example to estimate §; by the best linear projection of an
“orthogonal signal of the outcome” which is the same “pseudo-outcome” proposed by Kennedy et al. (2017). In
contrast, we motivate the moment function of our DML estimator directly from g; via the Gateaux derivative or
the first-step adjustment.



nonparametric parameter.

A second motivation of the moment function is adding to the influence function of the regression
(or imputation) estimator n=' >"" | 4(¢, X;) the adjustment term from a kernel-based estimator
4 under the low-dimensional case when the dimension of X; is fixed. A series estimator 4 yields
a different adjustment. These distinct features of continuous treatments are again in contrast to
the regular binary treatment case, where different nonparametric nuisance estimators 4 result in

the same efficient influence function.

There is a small yet growing literature on employing the DML approach for non-regular non-
parametric objects. For example, the conditional average binary treatment effect E[Y (1)—Y (0)|X4]
for a low-dimensional subset X; of the high-dimensional X is studied in Chernozhukov, Newey,
Robins, and Singh (2019), Chernozhukov and Semenova (2019), Fan, Hsu, Lieli, and Zhang (2021),
and Zimmert and Lechner (2019). Their causal objects of interest are different from our average
structural function and partial effect of continuous treatments. As our DML estimator, most of
the papers mentioned above use a kernel to localize the low-dimensional X, while Chernozhukov
and Semenova (2019) use a series-based localization.

Our paper also adds to the literature on continuous treatment effects estimation. In low-
dimensional settings, see Imbens (2000), Hirano and Imbens (2004), Flores (2007), and Lee (2018)
for examples of a class of regression estimators n=' Y """ | 4(¢, X;). Galvao and Wang (2015) and
Hsu, Huber, Lee, and Lettry (2020) study a class of inverse probability weighting estimators.
The empirical applications in Flores, Flores-Lagunes, Gonzalez, and Neumann (2012) and Kluve,
Schneider, Uhlendorff, and Zhao (2012) focus on semiparametric results. We extend this literature
to high-dimensional settings and enable ML methods for nonparametric inference in practice.

A main contribution of this paper is a formal inference theory for the fully nonparametric
causal effects of continuous variables, allowing for high-dimensional nuisance parameters. To
uncover the causal effect of the continuous variable 7" on Y, our nonparametric nonseparable
model Y = ¢(T, X, ¢) is compared to the partially linear model Y = 6T + g(X) + € in Robinson
(1988) that specifies the homogenous effect by 6 and hence is a semiparametric problem. The
important partially linear model has many applications and is one of the leading examples in the
recent ML literature, where the nuisance function g(X) can be high-dimensional and estimated
by a ML method.® Another semiparametric parameter of interest is the weighted average of 3,
or #; over a range of treatment values t, such as the average derivative that summarizes certain

aggregate effects (Powell, Stock, and Stoker, 1989) and the bound of the average welfare effect in

°See CEINR, CCDDHNR, and references therein. Demirer et al. (2019) and Oprescu et al. (2019) extend to
more general functional forms. Cattaneo et al. (2018a), Cattaneo et al. (2018b), Cattaneo et al. (2019), and Farrell
et al. (2021a) propose different approaches.



Chernozhukov, Hausman, and Newey (2019). In contrast, our average structural function f; and
the partial effect 8; capture the fully nonparametric heterogenous effects of T

The paper proceeds as follows. We introduce the framework and estimation procedure in
Section 2. Section 3 presents the asymptotic theory point-wise in ¢ and low-level conditions for
various ML methods. We also discuss uniform inference over ¢ by a multiplier bootstrap method.
Section 4 justifies our kernel-based DML estimator. Section 5 demonstrates the usefulness of our
DML estimator with various ML methods in Monte Carlo simulations and an empirical example

on the Job Corps program evaluation. All the proofs are in the Appendix.

2 Setup and estimation

Let {Y;, T}, X/}7; be an i.i.d. sample from Z = {V,T", X'} € Z=Y x T x X C R!T4Hd= with a
cumulative distribution function (CDF) Fyrx(Y,T, X). We give assumptions and introduce the

double debiased machine learning estimator.

Assumption 1 (i) (Conditional independence) T and e are independent conditional on X .
(ii) (Common support) frix(t|x) is bounded away from zero almost everywhere (a.e.).
(iii) For (y,t',2') € Z, fyrx(y,t,x) is three-times differentiable with respect to t.

Define the product kernel as K, (T;—t) = H}i;lk((Tji—tj)/h)/hdt, where Tj; is the j component

of T; and the kernel function k() satisfies Assumption 2.

Assumption 2 (Kernel) The second-order symmetric kernel function k() (i.e., [k(u)du = 1,
Juk(u)du = 0, and 0 < [w?*k(u) < c0.) is bounded differentiable. For some finite positive
constants C,U, and for some v > 1, |dk(u)/du| < Clu|™ for |u| > U.

Assumption 2 is standard in nonparametric kernel estimation and holds for commonly used
kernel functions, such as Epanechnikov and Gaussian. By Assumptions 1-2 and the same reasoning

for the binary treatment, it is straightforward to show the identification for any interior ¢ € T,

B =By ()] = | BIYIT =t XdPx(X) =Bt X)] 2)
[ KT —=1)Y g [K(T =Y
)z frx(tX) AFyrx(V T, X) = ’IHOE [ frix ([ X) ] ’ )

The expression in equation (2) motivates the class of regression (or imputation) based estimators,

while equation (3) motivates the class of inverse probability weighting estimators; see Section 4.2

SEquivalently T and the potential outcome Y (t) = g(t, X, ¢) are independent conditional on X for any ¢.
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for further discussion. Now we introduce the double debiased machine learning estimator.

Estimation procedure

Step 1. (Cross-fitting) For some fixed L € {2,...,n}, partition the observation indices into L
groups Iy, £ = 1,..., L. For each ¢ =1, ..., L, the estimators J,(¢, x) for v(¢t,z) = E[Y|T =
t,X = ] and fy(t|x) for frix(t|x) use observations not in I, and satisfy Assumption 3

below.

Step 2. (Double robustness) The double debiased ML (DML) estimator is defined as
1 & Kn(T; — 1)
A . n(di — .

Step 3. (Partial effect) Let t* = (t1 +1/2,to, ..., tq,) and t~ = (t; — n/2,ts,...,14,), where 1 is a
positive sequence converging to zero as n — oo. We estimate the partial effect of the first
component of the continuous treatment 6, = 95,/0t; by 0, = (,@ﬁ — Br) /.

Assumption 3 For each ¢ =1,...,L and for anyt € T,

(i) [ Gult2) = 7(t,2))* Frx(t,2)dz 5 0 and [ (fotlz) — frix ()’ frx (¢ 2)dz 2 0.
(ii) Nuh? ( [y (Foltle) = frix(t]2)) medx) (S Gt )= :c))2fTX(t,ac)dw>l/2ﬁ> 0.

In Section 3.1, we provide sufficient low-level conditions for Assumption 3 when the nuisance
estimators are kernel estimators, series, the generalized random forests in Athey, Tibshirani, and
Wager (2019), and the deep neural networks in Farrell, Liang, and Misra (2021b).

When there is no sample splitting (L = 1), 4; and fl use all observations in the full sample.
Then the DML estimator (3 in (4) is the doubly robust estimator considered in Kallus and Zhou
(2018) and Su, Ura, and Zhang (2019). The numerical differentiation estimator 6, is simple and
avoids estimating the derivatives of the nuisance parameters.

Our results are readily extended to include binary/multivalued treatments D at the cost of
notational complication, e.g., Cattaneo (2010) for the low-dimensional setting. Specifically, the fre-
quency method replaces the kernel with an indicator function: Btd =n"! Zf 1D e I, {71 (t,d, X;)+
1{D; = d}Ku(Ti—t) (Yi—Au(t, d, X;)) / frpix, (t,d|X;) }, where v (t,d, X;) =E[Y|T = t,D = d, X =
Xi] and frpx(t,d|X;) = fripx(t|d, X;)Pr(D = d|X = X;). There is a literature on the kernel
smoothing of discrete (categorical) variables (Aitchison and Aitken (1976), Ouyang, Li, and Racine
(2009) and reference therein); such extension to smoothing discrete treatments is out of the scope

of this paper.



Remark 1 (Common support) Assumption 1(ii) implies that we need to observe sufficient
individuals in the population who can find a match sharing the same value of the control variable
X and receiving the counterfactual value t. An analogous assumption in the binary treatment case
is that the propensity score is bounded away from zero, e.g., Hirano, Imbens, and Ridder (2003).
The common support assumption is standard, although it may be strong in some applications. For
the binary treatment case, Khan and Tamer (2010) study extensively irregular identification and
inverse weight estimation, when the propensity score can be close to zero as a small denominator.
For the continuous treatment case, the convergence rate of Bt might similarly be affected if the
generalized propensity score can be close to zero. We believe that this interesting extension is
beyond the scope of the paper and is worthy of a separate research project. See also Su, Ura, and
Zhang (2019) for the related discussion.

Another possible approach to relaxing Assumption 1(ii) is to define the object of interest by
a common support via fixed trimming, e.g., Lee (2018). Without imposing this common support
assumption, we instead focus on the causal object defined by a common support for the subpop-
ulation whose control variable takes values in a common support X* = {z : inf;cr+ fT|x(t|:r)Zc} C
Nier= Supp(X|T = t), which is a subset of the intersection of the supports of X conditional on T = ¢
for t € T* C T for a positive constant c. Intuitively it is reasonable to focus on the subpopulation
who has nontrivial chance to receive the counterfactual value . More specifically, define the trim-
ming function 7(z) = 1{inf;e7+ fr;x(t|x) > c} to select the common support X*. Then define the
causal object of interest by [, E[Y (t)|X = z]n(x)fx(x)dz = [LE[Y|T =t,X = z]n(x) fx(2)dz.

It is straightforward to include 7(x) in all our results at the cost of notational complication.

2.1 Conditional density estimation

We propose an estimator of the generalized propensity score (GPS) fr|x that allows us to use
various nonparametric and ML methods designed for the conditional mean. We provide a con-
vergence rate to verify Assumption 3. The theory of ML methods in estimating the conditional
density is less developed compared with estimating the conditional mean. Alternative estimators
can be the kernel density estimator, the artificial neural networks in Chen and White (1999), or
the Lasso method in Su, Ura, and Zhang (2019).

Let E[IW|X] be an estimator of the conditional mean E [IW|X] for a bounded random vari-
able W. Suppose a root-mean-squared convergence rate is available, ( [, (E[W\X =z|-E[W|X =
x})2fx(x)dx)l/2 = Op(R,) for a sequence of constants R; = Ri,. We estimate frx(t|x) by
fT‘X(t|x) = E[gn, (T — t)|X = x|, where the bandwidth h; is a positive sequence vanishing as n
grows, the product kernel g, (T; — t) = H?;lg((Tj,- —t;)/h1)/h{t, and g() satisfies Assumption 2



with ¢() replacing k() and with an unbounded support. We can choose ¢() to be the Gaussian
kernel.” In Section 3.1, we demonstrate this generic GPS estimator using the kernel, series, the
generalized random forests in Athey, Tibshirani, and Wager (2019), and the deep neural networks
in Farrell, Liang, and Misra (2021b) and how Assumption 3 can be verified.

We can view our approach as estimating the ratio K (7; — t)/ frix(t|X;) (or the Riesz repre-
senter in Section 4.1) by Kj(T; — t)/E[gn, (T — t)|X = X;] with flexible nonparametric and ML
methods. A possible drawback of using the proposed GPS estimator is that the estimate could be
negative or small in finite samples. In practice, the small denominator problem often occurs due
to observations near the tails of the distribution. An advantage of our kernel-based approach is
that intuitively, when we choose the kernel k with a bounded support and h < hy, K,(T; —t) in
the numerator serves as a trimming function to mitigate the possibly small denominator. When
T; is far from the target value ¢ and fT‘ x (t|X;) is small, a bounded-support kernel K,(T; —t) =0
excluding this observation 7. The Monte Carlo simulations in Section 5.1 support that our DML

estimator with various ML methods performs well without additional trimming.®

Lemma 1 (GPS) Let frx(t|z) be (d¢ + 1)-times differentiable with respect to t for any x €
X and ||frix(t])lee = SUDperxx < C that is a positive constant. Then ([ (fT|X(t|x) -
fT‘X(t|x))2fTX(t, x)dx) Y2 _ Op(Rihy™ + h3) for anyt € T.

Assumption 3 specifies the root-mean-squared convergence rate of our conditional density es-
timator. Note that our conditional density estimator is a regression of a kernel function of the
continuous treatment on the covariates X, i.e., the treatment value ¢ is in the dependent variable
and the conditioning variables are the covariates. Thus as long as the root-mean-squared conver-
gence rate of a ML method is available, Assumption 3 is satisfied with a suitable bandwidth h;.
Then we are able to use such a ML method to estimate the conditional density, as discussed in
Section 3.1.

We note that the convergence rate provided in Lemma 1 is not sharp. We may attain a tighter
bound if we could compute the mean-squared error directly; for example, see a kernel-based

estimator in Section 3.1.1. Nevertheless the proposed estimator and Lemma 1 offer a convenient

"We thank one referee who suggested this estimator that we had considered at the early stage of this project,
where we used a kernel function g with a bounded support in Monte Carlo simulations. The resulting dependent
variable gp, (T —t) in the regression estimator E[gy, (T’ — )| X] has a mass point at zero, so the estimator and the
corresponding DML estimator Bt performed poorly in the simulation study. In this version, we require the kernel
function g to have an unbounded support, so the distribution of gy, (T' — t) is continuous.

8We may adopt the same trimming approach to addressing this concern in the literature. For example, following
Hsu et al. (2020), we can use the estimate max{fT|X(t|Xi), €, } for some positive sequence €, — 0. We may further
normalize the ratio weight by dividing K}, (T; — t)/fT|X(t|Xi) with Y7 | Kp(T; — t)/fT|X(t\Xi), following Imbens
(2004) for the binary treatment, Flores et al. (2012), and Kallus and Zhou (2018).



bound for estimating the GPS using various ML methods.

3 Asymptotic theory

We first derive the asymptotically linear representation and asymptotic normality. We provide
low-level conditions for various nuisance estimators in Section 3.1. We discuss uniform inference

over t in Section 3.2.

Theorem 1 (Asymptotic normality) Let Assumptions 1-3 hold. Let h — 0, nh®* — oo, and
nht — C € [0,00). Assume that var(Y|T = t,X = x)frx(t|z) is bounded above uniformly
over x € X. Then for any t in the interior of T,

n

nhd: (Bt _ ) het Z { . t|X (Y E[Y|T =t,X = Xj])

YEY|T =, X = X]] —ﬁt} +0,(1) (5)

and v/ nh (Bt — B — h28t> N N(0,V,), whereVy = Elvar(Y|T = t, X)/ frix (| X)] [0 k(u)?du
and B, = YU E [l LEY|T =t X]+ ZE[Y|T =t X] & fT|X(t|X)/fT|X(t|X)] % u2k(u)du.

2 at2

Note that the second part in the influence function® in (5) n=' 3" | E[Y|T =t, X = X;] -, =
0,(1/+/n) = 0,(1/v/nha) and hence does not contribute to the first-order asymptotic variance V.
We keep these smaller-order terms to show that the nuisance estimators have no first-order influ-
ence on the asymptotic distribution of Bt This is in contrast to the binary treatment case where
K, (T; —t) is replaced by 1{T, —t} in f3;, so 3, converges at a root-n rate. Then the second part in
(5) is of first-order for a binary treatment, resulting in the well-studied efficient influence function
in estimating the binary treatment effect in Hahn (1998).

Theorem 1 is fundamental for inference, such as constructing confidence intervals and the
optimal bandwidth h that minimizes the asymptotic mean squared error. The leading bias arises
from the term associated with the kernel K, (T —t) in the influence function, so we may estimate the
leading bias h2B, by the sample analogue h*n~* S5 > icr, Kn(Ti =) (Yi—Ault, X))/ folt] X;). We

can estimate the asymptotic variance V,; by the sample variance of the estimated influence function

9For our non-regular parameters, we borrow the terminology “influence function” in estimating a regular pa-
rameter that is y/m-estimable. An influence function gives the first-order asymptotic effect of a single observation
on the estimator. The estimator is asymptotically equivalent to a sample average of the influence function. See
Hampel (1974) and Ichimura and Newey (2017), for example.
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Ve = hdn=t 300 S, 03, where ¢y = Ky (Ti—t) (Vi —Ae(t, X3))/ ot X:) +40(t, X;) = ;. Then we
can estimate the optimal bandwidth that minimizes the asymptotic mean squared error (AMSE)

or the asymptotic integrated MSE given in the following corollary.
Corollary 1 (AMSE optimal bandwidth) Let the conditions in Theorem 1 hold.

(i) Fort € T, if By is non-zero, then the bandwidth that minimizes the asymptotic mean squared
error is hy = (dtvt/(él:B%))1/(dt+4)n_1/(dt+4)‘

(i) Consider an integrable weight function w(t) : T — R. The bandwidth that minimizes the
asymptotic integrated MSE [~ (V¢/( nh)+h482) (t)dt is hiy = (diVw/ (4B, ))1/ ) =1/ (dr4)
where Vo = [ Vyw(t)dt and B, = [ Biw(t)dt.

A common approach is to choose an undersmoothing bandwidth A smaller than Ay such that the
bias is first-order asymptotically negligible, i.e., h2v/nhd — 0. Then we can construct the usual
(1—a) x 100% point-wise confidence interval [Bt +d71(1—-a/2) Vt/(nhdt)] , where @ is the CDF
of N(0,1). Alternatively, we may consider a further bias correction following Calonico, Cattaneo,
and Farrell (2018) to allow for a wider range of bandwidth choice. Such robust bias-corrected
inference is left for future research.

Next we present the asymptotic theory for 6,. We consider two conditions for the tuning
parameter 1 via n/h — p for (i) p = 0 and (ii) p € (0,00]. Let 9" = 8¢g(t,-)/0t” denote the v

order partial derivative of a generic function g with respect to t and 9; = 9}.

Theorem 2 (Asymptotic normality - Partial effect) Let the conditions in Theorem 1 hold.
Assume that for (y,t',2') € Z, fyrx(y,t,x) is four-times differentiable with respect to t, and B,

18 twice differentiable.

(i) Letn/h — 0, nh%*+2? — 0o, and nh®+?n> — 0. Assume (a) n~'hE[5,(t, X) —(t, X)] = 0,
0 ELfo(HX) = Frix (HX)] = 07 (b) 0~ b/ nhELfo(tX) = frix (HX)]E[e(t, X) = (£, X)] =
0, for any t € T. Then for anyt e T,

t /hdt+2 Y Y; = y(t, X))
Vahd2(f, — ;) = Z ath" fﬂX(t‘X) + 0,(1) (6)

and Vnh@+2(0, — 6, — h*B?) —L5 N(0,V?), where B = Z [(8'52jat1’7(t7X)fT|X(t|X)/2+
at-at17(t7X)atjfT\X(ﬂX)—i_@tj'Y(t?X)(8t]-at1fT\X(t’X)_atjfT|X(t|X)at1fT\X(th)fT|X(t|X)71>)
Frix (81 X) }quk Ydu and V¢ = E [var(Y|T = t, X)/ fr1x (tX)] [ ¥ (u)*du.
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(ii) Letn/h — p € (0,00], nh¥n® — oo, and nh¥n* — 0. Then for anyt € T, \/nhden?(0,— 0, —
h?BY) N N(0,V?), where V) = 2E [var(Y|T = t, X)/ frix (t|X)] ( J70 k(u)?du — k(p)) with
the convolution kernel k(p) = [7°_k(u)k(u — p)du and B} = 0B, /0t; given in Theorem 1.

Theorem 2(i) is for the case when 7 is chosen to be of smaller order than h. The conditions (a)
and (b) imply that n cannot be too small and depends on the precision of the nuisance estimators.
In Theorem 2(ii) when n/h — oo, k (n/h) = 0 and hence V¢ = 2V,. This is in line with the special
case of a fixed n implied by the result in Theorem 1.

3.1 Nuisance estimators

In this section, we illustrate that the high-level conditions on the convergence rates in Assumption 3
are attainable by the nonparametric and ML methods: kernel, series, the generalized random
forests in Athey, Tibshirani, and Wager (2019), and the deep neural networks in Farrell, Liang, and
Misra (2021b). Lasso methods have been extensively studied in Su, Ura, and Zhang (2019), Sasaki
and Ura (2021), and Sasaki, Ura, and Zhang (2021). These ML methods require different low-
level conditions and have their own (dis)advantages depending on the settings and data generating
processes.

We seek theoretical results to provide insights on choosing the tuning parameters in practice,
which is challenging and under-developed in the ML literature. We can use the optimal choices
for the nuisance estimators, as they do not affect the first-order asymptotics. A common method
for selection of the tuning parameters is cross-validation.

To simplify notations, let the root-mean-squared norm, or the Ly(7X) norm, of a random
vector (T, X) with distribution Frx be |5 —[lrx = ( [ (Gt x) — (¢, 2))? fTX(t,:1U)alacalt)l/2
We define the partial Ly(tX) norm for any t € T as |7 — Yl|rx = V(T X) — (T, X)|py =
([t 2) = v(t, 2))* frx(t, z)dz) 1/2 , where the joint distribution Frx(t, X) is evaluated at a
fixed value of T" equal to t.

Assumption 3(ii) requires \/Wﬂf—fﬂxﬂptx 15—, = 0. Consider the conditional density
estimator f given in Section 2.1 that uses a conditional mean estimator with a Lo(X') convergence
rate [|B [W[X] = E[W|X] |5 = ([ (BW[X = 2] —E[W|X = 2])fx(x)dz)""* = O,(Ry) for a

bounded random variable W. Then by Lemma 1, Assumption 3(ii) requires

VA 5 = Al (h

E[W|X] - E [W|X]HFX n hf) 2, (7)

Therefore, we need to obtain the partial Ly(tX) convergence rate || — 7| r,, and the standard
Ly(X) convergence rate ||E [W|X] — E [W|X] || g
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The condition in (7) provides insights on selection of the tuning parameters. We could choose
the optimal bandwidths for 4 and E[IW|X] that respectively minimize |5 — || m, and ||E [W|X]—

E [W|X]||ry, which might be available in the literature. Similarly we can derive the optimal
hioc Ry

Notice that cross-validation is an approximately unbiased estimator of the integrated MSE,
which is the expected integrated squared error, or E[||¥ — 7| p.«]; see, e.g., Theorem 19.7 in
Hansen (2021). As we show in the following sections that some estimators have the same partial
Ly(tX) convergence rate as the standard Lo(7X) convergence rate, it is reasonable to use cross-
validation for the nuisance estimators as a rule-of-thumb method to choose the tuning parameters

in practice.

We derive the Ly(tX) convergence rate for series in Section 3.1.2. In Section 3.1.4, we propose
a deep MLP-ReLU network kernel estimator for v(¢,x) and derive its Lo(tX) convergence rate.
These results are new and non-trivial extensions of existing results in the literature.

The partial Ly(tX) convergence rate may seem non-standard. We provide Result 1 below to
obtain the Lo(tX) convergence rate when more common convergence rates, such as point-wise
convergence rate, of a ML method are available. These results for the L, convergence rates are
also useful for the semiparametric cases in CCDDHNR. We will use Result 1(i) for a kernel-based
estimator in Section 3.1.1 and Result 1(ii) for the generalized random forests in Athey, Tibshirani,
and Wager (2019) in Section 3.1.3.

Result 1 For any (t,x) € T x X, suppose either
(i) the mean-squared error MSE(Y(t,z)) = E[(Y(¢, ) —v(t, x))*] = O(a?) and is bounded a.e.,*

n

or
(ii) |3(t,x) — y(t,z)| = Oplay) for 4(t,x) and y(t,z) that are uniformly bounded over T x X.!*
Then |5 = Yllpry = Oplan) and ||[§ = 7||ry = Oplan) for any t € T.

In the following sections, we focus on conditional mean estimators for +. For the conditional
density estimator for frx described in Section 2.1, we use the results of the Ly(X) convergence
rate. The corresponding estimators using the following methods are constructed by replacing the

dependent variable Y with gy, (T — t) and replacing the regressors (7', X) with X.

""Note that E[|¥ — vI1%, ] = [7«x E(3(t, 2) — (t, 2))*|dFrx (t,x) is an integrated MSE. When MSE(4(t,x))
is bounded a.e., E[||§ — 7|7, ] = O(a2). Then Chebyshev’s inequality implies ||¥ — 7||p,x = Op(an). The same
argument applies to show E[[[y — |3, .| = [, E[(5(t, 2) — v(t,2))?] frx (t, z)dz = O(a2).

USince 4 — v is bounded, there exists some constant M such that |y(¢,z) — (¢, z)|/a, < M, for all n and
(t,z) € T x X, with probability approach one (w.p.a.1). It follows that [ . (5(t,z) — y(t,x))* frx (¢, x)dtdr <
foX M?a? frx(t,z)dtde = M?a?, w.p.a.1. Similarly for the Ly(¢X) convergence rate, for any t € T, fX (A(t,z) —

v(t,2))? frx (t,z)de < [, M?a2 frx(t,z)de = M?a?, w.p.a.l.
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3.1.1 Kernel

The mean-squared error of a kernel-based estimator is well-studied (see, e.g., Chapter 19 in Hansen
(2021)), so we can use Result 1(i) to verify Assumption 3. Consider the Nadaraya-Watson regres-
sion estimator 4(t,z) = Y| ViKy, (T; — t) Ky, (X; — z)/ >0 Ki (T; — t)K), (X; — z) with a
bandwidth h. and a kernel of order r,. The mean-squared error is O(a;,,) for any (t,z) € T x X,
where a,,, = (nhfl/)*l/2 +hy and d = d; + d,.

Estimate the GPS fr|x by the standard kernel estimator frx(t|z) = > ", K (Ti—t) K, (Xi—
x)/ >t Kp, (X; — x) with a bandwidth h; and a kernel of order ry. The mean-squared error of
frix(tlz) is O(az ;) for any (t,x) € T x X, where any = (nh$)™/> + b/ Assumption 4 ensures
that the MSEs of 4 and frx are bounded a.e.

Assumption 4 (First-step kernel) frx(t,z) is bounded away from zero. var(Y|T = t, X =
x) is bounded and continuous. the second derivatives of ~(t,z) and frx(t,z) are bounded and

continuous a.e.

By Assumption 4 and Result 1(), 4 1llry = |15 = 2 rrx = Oplan) and || frix — frixllry =
Op(ans). Then Assumption 3(ii) requires \/W((nhfc)_l/2 + h;f) ((nhd)=12 4+ hT) — 0. It further
implies that we can choose the AMSE optimal bandwidths of 4 and fr|x, respectively, i.e., h,
n=1@rH) and fy o no M @)

3.1.2 Series

We illustrate how a series estimator satisfies Assumption 3 using the results in Newey (1997)
summarized in Chapter 20 in Hansen (2021). For a detailed review of series methods, see Chen
(2007).

Let Zx = Zg(T,X) be a K x 1 vector of regressors obtained by making transformations of
(T, X), such as polynomial. The series approximation to (¢, x) is yx(t,x) = Zk(t,z)' Sk, where
Bk = E[Zx Z}| "E[ZkY]. Consider a least squares estimator fx = (Y1, ZxiZh) " Sory ZiiYi
and A (t,2) = Zg(t, ) fk.

To analyze the asymptotic properties, define Qx = foX Zi(t,x)Z(t,z) dFrx(t,x), (x =
SUD(1,) (ZK(t,:v)'Ql_(lZK(t,x))l/Q, and the projection approximation error ri(t,z) = ~v(t,x) —
Z(t, ) B

2Consider the GPS estimator proposed in Section 2.1, ie., f = fT‘X(t|:v) = > gn (T — Ky (X5 —
x)/ > Kn, (X; — x). Lemma 1 implies If - frixllFx = Op(hi + hfdt((nhcflz)_l/2 + h;f)), which is a larger

bound than a,, with h; = h¢ and the same kernel g = K. This shows that the bound provided in Lemma 1 is not
sharp.
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Assumption 5 (Series) (i) The smallest eigenvalue of Qg is bounded away from zero.
(ii) ¢%log(K)/n — 0 asn, K — co.

(i) There are a and By such that sup( pyerxa 7K (t,7)| = O(K™) as K — oo.

(i) var(Y|T =t,X = x) and fpx(t,z) is bounded above uniformly over T x X.

Theorem 3 (Series) Let Assumption 5 hold. Then ||k —Y||rx = Op(\/K/n+K~2) fort € T.

Theorem 20.7 in Hansen (2021) provides the convergence rate of an integrated squared error
which is defined as [|9x — v[|%,, . i.e., under Assumption 5, the Ly(7T'X) convergence rate ||§x —
Y rrx = Op(v/K/n + K~). Theorem 3 contributes the convergence rate for the partial Ly (tX)
norm for a series estimator that is the same as the standard Lo(7'X) convergence rate.

To verify Assumption 5(ii), (x < O(K) for power series and (x < O(K'/?) for splines under
the assumption that frx(¢,z) is strictly positive on 7 x X (Theorem 20.3 in Hansen (2021)).
Assumption 5(iii) is from Assumption 3 in Newey (1997) and is satisfied for splines and power
series by a = s/d, where s is the number of continuous derivatives of ~(t,x). It implies that
|7k ||Fry = O(K™%) and |7k ||r = O(K~%). Note that Assumption 5(iii) is sufficient to obtain
|17k ||, for the partial Lo(tX) norm, but it may be stronger than necessary; see Theorem 20.2 in
Hansen (2021) for the Lo(7T°X) norm ||rg || py.y -

3.1.3 Generalized random forests

Theoretical properties of random forests have not been fully understood; see, e.g., Biau and Scornet
(2016), Athey, Tibshirani, and Wager (2019), and references therein. Choosing tuning parameters
justified by theory is challenging. In practice, it is recommended either cross-validating or using
the defaults in the software. We show that in theory, Assumption 3 is attainable by the generalized
random forests in Athey, Tibshirani, and Wager (2019).

We use Result 1(ii) that the pointwise convergence rate of a uniformly bounded estima-
tor 4(t,z) of a uniformly bounded function 7(t,z) implies the Ly(TX) convergence rate and
the Ly(tX) convergence rate. Theorem 5 in Athey, Tibshirani, and Wager (2019) implies that
A(t,2) — y(t,7)] = O,(n~1=A/2) for any (t,z) € T x X. The convergence rate depends on
B that corresponds to the subsample size s = n® and satisfies B < 8 < 1, where B =
1— (147 Ylog(w™))/(log((1 —w)™1)))~!, 7 is the lower bound of the probability that the tree

splits on each variable, and w is the minimum fraction of the observations in the parent node into
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each child in every split.!® Assumption 6 imposes further regularization conditions from Athey,
Tibshirani, and Wager (2019).

Assumption 6 (Generalized random forests) (i) T x X = [0, 1]%"% and Y is compact. (ii)
For (t,x) € T x X, var(Y|T = t,X = x) > 0 and ~(t,x) is Lipschitz in (t,x). (i) For
(t,x) € T x X, var(T|X = x) >0 and frx(t|x) is Lipschitz in x.

When Y is compact, the generalized random forest estimator §(¢, x) and (¢, x) are bounded
uniformly over 7 x X. It then implies that under our setup and Assumption 6(i) and (ii), the
Ly(TX) and Ly(tX) convergence rates are n!=#)/2,

The estimator for the conditional density frx proposed in Section 2.1 is constructed by re-
placing the dependent variable Y with g, (T — t) and replacing the regressors (7, X) with X.
Further let Assumption 6(iii) hold.

To see Assumption 3 is attainable, let h = Cn~® and h; = Cin~" for some positive constants
C, Cy. Assumption 3(ii) requires vnhdin=(1=A/2(n=0=0)/2p 4 L b2y — ( that implies (1—ady)/2—
(1—-p)+bd; <0and (1 —ad;)/2—(1-p)/2—2b<0. For one continuous treatment variable
d; = 1, the conditions are (—a + )/4 < b < (1 +a)/2 — 8 that imply a > (58 — 2)/3.

To see these conditions can be satisfied, consider an example of 7 = 0.5 and w = 0.05. Then
Bmin = 0.9915. It follows that a > 0.987, which is larger than 0.2 for the AMSE optimal bandwidth
hi given in Corollary 1, resulting in undersmoothing.

We remark that for the semiparametric cases in CCDDHNR, the parallel condition of Assump-
tion 3(ii) is y/nn~1*# — 0 that implies 8 < 0.5. For our continuous treatment case, 3 < (2+43a)/5.

Since a > 1/5, our nonparametric case of continuous treatments requires a less restrictive £.

3.1.4 Deep neural networks

We consider the deep neural networks in Farrell, Liang, and Misra (2021b) (FLM, hereafter)
that use the fully connected feedforward neural networks (multilayer perceptron, or MLP) and
the nonsmooth rectified linear units (ReLLU) activation function. We propose a deep MLP-ReLLU
network kernel estimator for (¢, ). The proposed estimator serves the purpose to conveniently
apply the Lo(TX) convergence rate given in FLM to obtain the Ly(tX) convergence rate. So we
can deliver valid asymptotic inference for g; and 6; following deep learning. In this section, we

closely follow the notations in FLM for easy reference, by slightly abusing our notations.

13Theorem 5 in Athey et al. (2019) shows that (§(t,z) — y(t,z))/on(t, z) 4, N(0,1), where the sequence
o2 (t,z) =polylog(n/s)~ts/n. Since polylog(n/s) is bounded away from zero and increases at most polynomially
with log(n/s), polylog(n/s)~! is bounded above. So we obtain a loose bound 4(¢,z) — v(t,x) = Op(on(t,z)) =

0,(v/3/n) = O(n=0-912),
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We consider a kernel-weighted loss function for any t € T,

alf, 2) = 3 (Y = JX)P K (T 1),

where a product kernel Ky(T —t) = H?’;lk((Tj —t;)/b)/b™ with the kernel function k() satisfying
Assumption 2 and a positive sequence of bandwidth b. We define the deep MLP-RelLU network

kernel estimator for any t € T as

n

ftb(Xi) = arg min Z gtb(fe, Zi)> (8)

fo€Fnmrp.llfollcc<2M =

where Fpp is the MLP class, M is an absolute constant, and 6 collects the weights and constants
over all nodes. We refer the details of the MLP-ReLU network estimators to FLM. Then we obtain

At @) = ftb(x)'

Assumption 7(i) is due to the kernel function k in the loss function. Assumption 7(ii)-(iv)
collect assumptions from FLM. To simplify exposition, X is assumed to be continuous, but discrete
variables in X are allowed. Theorem 1 in Farrell, Liang, and Misra (2021a) find that the rate only

depends on the dimension of the continuously distributed components.

Assumption 7 (DNN) Foranyte T,
(i) The second derivatives of frix(t,x) and y(t, x) with respect to t are bounded and continuous.

(ii) X are continuously distributed with support X = [—1,1]%. For an absolute constant M > 0,
V(oo < M and ¥ C [=M, M].

(iii) ~y(t,) lies in the Holder ball WP ([—1,1]%), with smoothness 3 € Ny and WP ([—1,1]%) =
{f: maxq |aj<s €8S SUPe(_1 1j¢= | DV f ()| < 1}, where oo = (an, ..., a,), || = a1 + ... + g,

and D*f 1s the weak derivative.
() || frx (t])][ee < M.
Theorem 4 (DNN) Let Assumption 7 hold. Let fu be the deep MLP-ReLU network kernel
estimator defined by (8).

. . dp .
(i) Let width H j (nb%) 26+ log? (nb®*) and depth L =< log(nb**). Then | fu — |3, <
C- { (nb?) 7% log® n + loglogn/ (nb™) + bz} with probability approaching one asn — oo,
for a constant C' > 0 independent of n, which may depend on d, M, and other fixed constants.

17



(ii) For fy, with a uniform kernel, width H = (nbdf)Q(ﬁ%-ﬂ log®(nb™) and depth L =< log(nb™),
1w =%, =0, ((nbdt)_ﬁ log® n + loglog n/(nb%) + b4>, as nb¥ — oco.M

To estimate the conditional density fr|x, we use the estimator proposed in Section 2.1, where
the conditional mean estimator E[g((T — ¢)/m)|X = #] = furp(z) is the MLP estimator in
FLM who use the unweighted loss function ¢(f, Z) = (g((I' —t)/h1) — f)2. Assuming frx(t]-) €
WH([=1,1]%), Theorem 1 in FLM provides the Ly(X) convergence rate || farp(X) — Elg((T —
t)/h)| X115, = Op (n_ﬁ log®n + loglogn/n> for any t.

We are ready to show that Assumption 3 is attainable by the MLP-ReLLU network estimators.
Assumption 3(ii) for d; = 1 is nh((an)fﬁ log®n 4+ loglogn/(nb) + b2> <h1_2 (niﬁ log®n +

log log n/n) + h‘f) — 0. When h = hy = b, letting smoothness 8 > 1.6d, is sufficient for the
above inequality to hold. FLM discuss the condition § > d, for the average treatment effect of a
binary treatment variable. Similarly we note that this condition is not minimal but to justify the
practical use of the MLP-ReLLU network estimators for valid inference on the average structural

function and the partial effect of continuous treatments by our approach.

Remark 2 To estimate (7, X), we could use the unweighted loss function for least squares
((f,Z) = (Y — f)?/2 to obtain the MLP estimator fi.p(T,X) in FLM. FLM provide the cor-
responding Lo(TX) convergence rate ||farpp — e = Op (n_ﬁfc”t log® n + log log n/n) and
illustrate its usefulness for semiparametric inference on the average treatment effect of a binary
treatment. But we find it challenging to obtain the L,(tX) convergence rate ||farzp — 7| 5y for
our case of continuous treatments by extending FLM’s results. So we use a different loss function

lu(f, Z); detials are in the proof of Theorem 4 in the Appendix.

The partial Ly convergence rate also appears in Noack, Olma, and Rothe (2021) who study
covariate adjustments in regression discontinuity designs. The following corollary provides the
partial Ly convergence rate for ¢ at the boundary that can be applied to the policy threshold in

regression discontinuity designs.

Corollary 2 Lett be at the boundary of T. Let the conditions in Theorem 4 hold.

~ __B8_
(i) Then ||fo — Iz, < C - {(nbzdt) #+dx log® n + loglogn/ (nbdt) + b} with probability ap-
proaching one as n — 0o, for a constant C' > 0 independent of n, which may depend on d,
M, and other fized constants.

14\We thank Christoph Rothe for the insight on the effective sample size nb®.

18



(ii) For fy, with a uniform kernel, width H = (nbdf)Q(ﬁ%-ﬂ log®(nb™) and depth L =< log(nb™),
I.feo — YME = Op ((nbdt)_ﬁ log® n + loglog n/(nb%) + 62>, as nb¥ — co.

3.2 Uniform inference

We extend the asymptotic theory to uniformity over ¢ € 7y which is a compact subset of 7. The
uniform asymptotic representation in Theorem 5 is the basis for a uniform inference procedure for

B¢ and 6;. Assumption 8 strengthens Assumption 3 for the nuisance estimators.

Assumption 8 For each ¢ =1,..., L,
(i) supreq, Vohe ( [y (foltle) = frix (t]2))? frx (t,@)de) " ( [y (eltle) =y (t,2))° frx (¢, x)da)* B 0.

(ii) There exist positive sequences Ay, —A> 0 and Az, — 0 such that supy ,yeqxa [Fe(t; ) —
Yt 2)| = Op(Arn) and sup, yeqo e [ fe(tlz) = frix (tz)] = Op(Azn).

(iii) Ai(t, ) and fi(t|x) are Lipschitz continuous in t € Tg, for any x € X.

Assumptions 8(i) is the uniform analogs of Assumptions 3(ii). In addition, Assumption 8(ii)
requires the nuisance estimators to converge uniformly at some rates. Fan, Hsu, Lieli, and Zhang
(2021) make similar assumptions for the conditional average binary treatment effect. We may
verify Assumption 8 for the kernel and series estimators by extending our results in Sections 3.1.1
and 3.1.2, respectively, and using the existing results in the literature (e.g., Newey (1994b) and
Cattaneo, Farrell, and Feng (2020)). Verifying Assumption 8 for the modern ML methods, the
generalized random forests in Athey, Tibshirani, and Wager (2019) and the deep neural networks
in Farrell, Liang, and Misra (2021b), is more involved and beyond the scope of this paper.

Theorem 5 Let the conditions in Theorem 1 and Assumption 8 hold. Then (i) the asymptotically
linear representation of By in (5) holds uniformly in t € To. (ii) Furthermore let the conditions
in Theorem 2 hold. Then the asymptotically linear representation of 6, in (6) holds uniformly in
teT,.

We consider a multiplier bootstrap method for uniform inference on 5; and 6; over t € Ty. The
method and proof closely follow Su, Ura, and Zhang (2019) and Theorem 4.1 in Fan, Hsu, Lieli,
and Zhang (2021), where the moment functions share a similar structure with that of 3,. Let

{U;}?, be a sequence of i.i.d. random variables satisfying Assumption 9.
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Assumption 9 (Multiplier bootstrap) The random variable U; is independent of Z;, E[U;] =

var(U;) = 1, and its distribution has sub-ezponential tails.'®

Assumption 9 is standard for multiplier bootstrap inference and can be satisfied by a normal

random variable, for example. Then we compute

ZZU{WX P 0 wx»}

(=1 i€l

We use Vnhd (BZ‘ — Bt) to simulate the limiting process of vnhd (Bt — B;) indexed by t € 7. That
is, repeat the above procedure for B times and obtain a bootstrap sample of {sz}szl.

For the partial effect, compute the numerical differentiation estimator HA;* following Step 3 in
the estimation procedure with Bt* Then we simulate the limiting process of vnhd+2 (ét —6;) by
Vnh@+2(0 — 0,). Theorem 6 below shows the validity of the multiplier bootstrap.

Theorem 6 (Multiplier bootstrap) Let the conditions in Theorem 5 and Assumption 9 hold.
Then V/nh® (5; — Bt) = \/ hdt/n > i U Kn(T; )(Y vt X)) Frix (H1X) +(, Xo) = Be} +
0p(1) and Vnh@+2(0; = 0;) = \/hUF2[n S0 U0Kw(Ti — 1) [0t (Y = 7 (t, X2)) ) frix (HX0) + 0,(1)

uniformly in t € Ty.

Next we discuss inference using the multiplier bootstrap in Su, Ura, and Zhang (2019) and Fan,
Hsu, Lieli, and Zhang (2021). Theorem 6 implies that v/nhd (ﬁ;—ﬁt) and Vnhé+2(0; —0,) converge
in distribution to the limiting distribution of vnhd (,@t — 6,5) and Vnhd+2 (ét — 0;), respectively,
conditional on the sample path with probability one. Following Su, Ura, and Zhang (2019),
obtain ¢;(a) as the o' quantile of the sequence { B;‘ b— B}szl. The standard 100(1 — )% percentile
bootstrap confidence interval for 3; is (gt(a/2)+5}, q}(l—a/?)%—ﬁt) or (—(jt(a/Q)—{—Bt, q}(a/2)+5}).

We can follow the approach in Fan, Hsu, Lieli, and Zhang (2021) to construct uniform confi-

dence bands. Specifically obtain Q(a) as the a'® quantile of the sequence {supteTo
e
the maximum over a chosen fine grid over 7. Then construct the 100(1 — a))% uniform confidence
band as (Bt — Q(1 — )6,/vVnh, B + Q(1 — a)6/v/nh). For example, we could use 67 = V, the
sample variance estimator described in Section 3. Following the proof of Theorem 3.2 in Fan et al.

where 67 is a uniformly consistent estimator of V;. The supremum is approximated by

(2021), one could show sup;c IV, — V| = 0p(1). Based on Theorem 6, the asymptotic validity of
the confidence band could follow the proof of Theorem 4.2 in Fan et al. (2021). We do not include

the formal theoretical details in this paper to conserve space and focus on the new results.

15A random variable U has sub-exponential tails if P(|U| > u) < ¢; exp(—cou) for every u and some constants
¢ and ca,
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4 Kernel localization

We discuss the construction of the doubly robust moment function by Gateaux derivative and
a local Riesz representer in Section 4.1. In Section 4.2, we discuss the adjustment for the first-
step kernel estimators in the moment functions of the regression estimator and inverse probability
weighting estimator that do not use the doubly robust moment function and cross-fitting. We

illustrate how the DML estimator assumes weaker conditions.

4.1 Gateaux derivative limit

One way to obtain the influence function is to calculate the limit of the Gateaux derivative with
respect to a smooth deviation from the true distribution, as the deviation approaches a point
mass, following Ichimura and Newey (2017) and Carone, Luedtke, and van der Laan (2018). The
partial mean f3; is a marginal integration over the conditional distribution of Y given (7', X') and
the marginal distribution of X, fixing the value of T" at ¢t. As a result, the Gateaux derivative
depends on the choice of the distribution f2 that belongs to a family of distributions approaching
a point mass at 7" as h — 0. We construct the locally robust estimator based on the influence
function derived by the Gateaux derivative, so the asymptotic distribution of Bt depends on the
choice of f that is the kernel function Kj,(T —t). To the best of our knowledge, this is the first
explicit calculation of Gateaux derivative for a non-regular nonparametric parameter. Importantly
the expression in (9) below is the building block to construct estimators for 5; and the linear
functionals of f;.

More specifically, for any ¢ € T, let ;(-) : F — R, where F is a set of CDFs of Z =
(Y, T, X")’ that is unrestricted except for regularity conditions. The estimator converges to [;(F')
for some F' € F, which describes how the limit of the estimator varies as the distribution of a data
observation varies. Let F be the true distribution of Z. Let F} approach a point mass at Z as
h — 0. Consider F™ = (1 — 7)F° + 7F} for 7 € [0, 1] such that for all small enough 7, F™ € F
and the corresponding pdf f™ = fO+ 7(f2 — f°). We calculate the Gateaux derivative of the
functional B;(F™) with respect to a deviation F — F° from the true distribution F°.

In the Appendix, we show that the Gateaux derivative for the direction f2 — f9 is

lim - G(F™)| = 5(t,X) ~ fi + lim / / v ””fym(y,t,mdydx

h—0 dT =0 h—0 frix (t]x)

= 3(0,X) = ot S i ) ©
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Note that the last term in (9) is a partial mean that is a marginal integration over ) x X, fixing
the value of T" at t. Thus the Gateaux derivative depends on the choice of f2.
We then choose f2(z) = K,(Z — 2)1{f°(z) > h}, following Ichimura and Newey (2017), so

Y—n(tX) lim fh(t)

frix (1 X) n0”T S 8.9 lim K, (T — t).

a fT|X(t|X) h—0

Theorem 1 in Ichimura and Newey (2017) shows that if a semiparametric estimator is asymp-
totically linear and locally regular, then the influence function is limy,_,o dS;(F™)/d7|,—o. Here,
we use the Gateaux derivative limit calculation to motivate our moment function that depends
on F. Then we show that our estimator is asymptotically equivalent to a sample average of the

moment function.

Remark 3 (Linear functional of 3;) Consider a non-regular function-valued linear functional
of B;, denoted by oy = A[S] for a linear operator A. So «y is also a nonparametric function of ¢.
To construct the DML estimator of «;, the Gateaux derivative of «; is simply the linear functional

of the Gateaux derivative of 5; in (9), i.e.,

::hnlféA[ﬂxﬁvhﬂ

=0 h—0 dT

— Afy(t, X)) — A[g] + lim A | =26 X)

. d Th
lim —oy (F™) o =0 | frx (1 X)

h—0 dT

fr(t)

We may work out the close-form expression of this Gateaux derivative of «; and use its estimated
sample analogue to construct the DML estimator of a;. An alternative DML estimator is simply
&, = A[B].

Note that the partial effect can be expressed as a linear functional of 5;: 0, = A[S;] = 95,/ 0t;.
An example of a weighted conditional average partial derivative given 77 = t; can be defined as
ar = [ Guw(t)dty...dtg, that is a function of ¢; with a weight function w(t) = w(ty,tz,...,tq,). In
contrast, the weighted average derivative oy = fT O,w(t)dt = a does not depend on ¢t. The DML
estimation for such regular real-valued parameter o has been well-studied in the semiparametric
literature. We contribute to the DML literature by focusing on the function-valued non-regular

nonparametric objects based on ;.

Remark 4 (Local Riesz representer) The above discussion on the Gateaux derivative sug-
gests that the Riesz representer for the non-regular f; is not unique and depends on the kernel or
other methods for localization at t. We define the “local Riesz representer” to be au,(T,X) =
R@)/ frix(T1X) = Kuy(T — t)/ frix(T|X) indexed by the evaluation value ¢t and the band-
width of the kernel h. Our local Riesz representer oy, (T, X) satisfies 5, = [, y(t, X)dFx(X) =
limy, o f;{ fT ap (T, X)y(T, X)dFrx (T, X) for all v with finite second moment, following the in-
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sight of the local Riesz representation theorem for a regular parameter (Newey, 1994a). Then we
can obtain the influence function by adding an adjustment term (7T, X)(Y — (7, X)), which
is the product of the local Riesz representer and the regression residual. For a series localization,
Chen, Liao, and Sun (2014) define the sieve Riesz representer for plug-in sieve M estimators of
irregular functionals; see also Chen and Pouzo (2015) for general semi/nonparametric conditional

moment models.

4.2 Adjustment for first-step kernel estimation

We discuss another motivation of our moment function. We consider two alternative estimators

for the dose response function, or the average structural function, S;: the regression estimator

t n &

. 1 &
REG __ Zﬁ/(ta Xz)
=1

that is based on the identification in (2), and the inverse probability weighting (IPW) estimator

v _ Ly~ KT = )Y,
t — A
nea fT\X(thi)

that is based on the identification in (3). Adding the influence function that accounts for the first-
step estimation partials out the first-order effect of the first-step estimation on the final estimator,
as discussed in CEINR and Bravo, Escanciano, and van Keilegom (2020) for the semiparametric
empirical likelihood inference in a low dimensional nonparametric setting.

For BtREG, consider 4(¢,x) to be a local constant or local polynomial estimator with band-
width h for low-dimensional X. Newey (1994b) and Lee (2018) have derived the asymptotically
linear representation of BﬁEG that is first-order equivalent to that of our DML estimator given
in Theorem 1. Specifically we can obtain the adjustment term by the influence function of the
partial mean [, 4(t,x)f(z)de = n=' 350 Kn(Ti — t)(Yi — v(t, X))/ frix (8 X3) + 0p((nh™)~17?)
with a suitably chosen h and regularity conditions. Thus the moment function can be constructed
by adding the influence function adjustment for estimating the nuisance function (¢, X) to the
original moment function ~(¢, X).

IPW  when fT‘ x is a standard kernel density estimator with bandwidth A, Hsu,

Similarly for /3
Huber, Lee, and Lettry (2020) derive the asymptotically linear representation of B{P W that is
first-order equivalent to our DML estimator. We can show that the partial mean [ = Kn(T —
t)Y/fT|X(t|X)dFYTX =n 1Y " (X)) (1 — Ky(T; — t)/fT|X(t\Xi)) +0,((nhd)~1/2) with a suit-

ably chosen h and regularity conditions. Thus the moment function can be constructed by adding
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the influence function adjustment for estimating the nuisance function frx to the original moment
function Kp(T — )Y/ frix (t|X).

Remark 5 (First-step bias reduction) In general, nonparametric estimation of an infinite-
dimensional nuisance parameter contributes a finite-sample bias to the final estimator. It is note-
worthy that although the kernel function in the DML estimator Bt introduces the first-order bias
h?Bs, Bt requires a weaker bandwidth condition for controlling the bias of the first-step estima-
tor than the regression estimator 3RFS and the IPW estimator 8/, Our DML estimator for
continuous treatments inherits this advantageous property from the DML estimator for a binary
treatment. Therefore the DML estimator can be less sensitive to variation in tuning parameters

REG
t

of the first-step estimators. To illustrate with an example of B , consider the first-step 4 to be

a local constant estimator with bandwidth h; and a kernel of order r. To control the bias of 4 to
be asymptotically negligible for AtREG, we assume nhilf — 0. In contrast, when 4 and fT‘ X
in the DML estimator f3; are local constant estimators with bandwidth h; and a kernel of order
7, Assumption 3(ii) requires h2v/nhd — 0. It follows that the DML estimator need not under-
smooth the nuisance estimators, while the regression estimator BtREG requires an undersmoothing
4. Moreover we observe that the condition is weaker than hf\/n — 0 for the binary treatment

that has a regular root-n convergence rate.

Remark 6 (First-step series estimation) When 4(¢,z) is a series estimator in GREC

, Com-
puting the partial mean [, 4(t,z)f(2)dz for the influence function results in a different adjust-
ment term than the kernel estimation discussed above.l® Heuristically, let us consider a basis
function b(T, X), including raw variables (T, X) as well as interactions and other transforma-
tions of these variables. Computing [, 4(t, z)f(x)dz implies the adjustment term of the form
Efb(t, X)) (171 Sy 0T, XOB(TL X)) 0 S0, T X0 (3 — AT X)) = 7 S50, (s —
v(Ti,XZ-)), resulting in a form of an average weighted residuals in estimation or projection of
the residual on the space generated by the basis functions. Notice that the conditional density
Jrix(t|X) is not explicit in the weight Ay. Such adjustment term may motivate different esti-
mators of f;; for example, the approximate residual balancing estimator in Athey, Imbens, and

Wager (2018), CEINR, and Demirer, Syrgkanis, Lewis, and Chernozhukov (2019).

6For example, Lee and Li (2018) derive the asymptotic theory of a partial mean of a series estimator, in
estimating the average structural function with a special regressor.
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5 Numerical examples

This section provides numerical examples of Monte Carlo simulations and an empirical illustration.
The estimation procedure of the proposed double debiased machine learning (DML) estimator is
described in Section 2. To estimate the conditional mean function y(¢t,z) = E[Y|T = t, X = z]
and the conditional density (or the generalized propensity score GPS) fr|x, we employ three
machine learning methods: Lasso, the generalized random forests in Athey, Tibshirani, and Wager
(2019), and the deep neural networks based on Farrell, Liang, and Misra (2021b) as described in
Section 3.1.4. We implement our DML estimator with these three algorithms respectively in
Python, using the packages scikit-learn, pytorch, numpy, pandas, rpy2 and scipy. We use the R
package “grf” for the generalized random forest implementation, implementing it in Python via

the rpy2 package. Software is available from the authors.

5.1 Simulation study

We describe the nuisance estimators in more detail.

Lasso: The penalization parameter is chosen via grid search utilizing tenfold cross validation
for 4 and fT| x separately. The basis functions contain third-order polynomials of X and T, and

interactions among X and 7.

Generalized Random forest (GRF): We use the generalized random forests in Athey, Tib-
shirani, and Wager (2019), with 2,000 trees and all other parameters chosen via cross validation
in every Monte Carlo replication. The parameters tuned via cross validation are: The fraction
of data used for each tree, the number of variables tried for each split, the minimum number of
observations per leaf, whether or not to use “honesty splitting,” whether or not to prune trees
such that no leaves are empty, the maximum imbalance of a split, and the amount of penalty for

an imbalanced split. Unlike Lasso, we do not add any additional basis functions as inputs into

GREF.
Deep neural network (DNN): We use the deep neural networks described in Section 3.1.4

with four hidden layers. Each hidden layer has 10 neurons and uses rectified linear units (ReL.U)
activation functions. The weights are fit using stochastic gradient descent with a weight decay of
0.2 and a learning rate of 0.01.)” For the selection of the neural network models, we perform a

train-test split of the data and chose the models based on out-of-sample performance.

1"Weight decay is a form of regularization to prevent overfitting. Weight decay is a penalty where after each
iteration the weights in the network are multiplied by (1 — a\) before adding the adjustment in the direction of
the gradient, where « is the learning rate (step size) and A is the weight decay.
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We consider the data-generating process: v ~ N(0,1), e ~ N (0, 1),
X =(X1,..., X100) ~N(0,%), T=®BX'9) +0.750 — 0.5, Y =127+ 1.2X'0 + T* + TX, + ¢,

where 0; = 1/5%, diag(X) = 1, the (i, j)-entry X;; = 0.5 for |i—j| = 1 and ;; = 0 for |i—j| > 1 for
i,j=1,...,100, and ® is the CDF of A/(0,1). Thus the potential outcome Y () = 1.2t + 1.2X'6 +
t2 +tX, + e. Let the parameter of interest be the average dose response function at ¢t = 0, i.e.,
Bo =E[Y(0)] = 0.

We compare estimations with cross-fitting and without cross-fitting, and with a range of band-
widths to demonstrate robustness to bandwidth choice. We consider sample size n € {500, 1000}
and the number of subsamples used for cross-fitting L € {1,2,5}. We use the second-order
Epanechnikov kernel with bandwidth h. For the GPS estimator described in Section 2.1, we
choose bandwidth h;y = h. Let the bandwidth of the form h = copn="? for a constant ¢ €
{0.5,0.75,1.0,1.25,1.5} and the standard deviation o7 of T. We computed the AMSE-optimal
bandwidth A} given in Corollary 1(i) that has the corresponding ¢* = 1.43. Thus using some un-
dersmoothing bandwidth with ¢ < ¢*, the 95% confidence interval [Bt + 1.963.6.} is asymptotically
valid, where the standard error (s.e.) is computed using the sample analogue of the estimated
influence function, as described in Section 3.

Table 1 reports the results based on 1,000 Monte Carlo replications. The estimators using
these machine learning methods perform well in the case of cross-fitting (L = 2,5), with coverage
rates near the nominal 95% for small bandwidths. Under no cross-fitting (L = 1), the confidence
intervals generally have lower coverage rates than under cross-fitting. The coverage rate and bias
are improved the most for GRF with cross-fitting. Cross-fitting should improve our estimation in
the case that the machine learning algorithm is over-fitting. Given that cross-fitting only results
in small improvements for Lasso and DNN, it might suggest that those algorithms do not have a
severe over-fitting problem for this data-generating process, but GRF does. It may be possible to
alleviate this over-fitting via more regularization.

We do not find significant difference between L = 2 and L = 5. However one issue with
choosing a smaller L is that the machine learning algorithm is fit on a smaller subset of the data.
For example, we see some large RMSE for Lasso for L = 2 in n = 500. CCDDHNR  also discuss
that the fivefold cross-fitting estimates use more observations to learn the nuisance functions than
twofold cross-fitting and thus are likely learn them more precisely.

All three methods seem somewhat robust to bandwidth choice under cross-fitting. Overall
these results demonstrate consistency with the theoretical results of this paper, confirming the

importance of cross-fitting for these ML methods.
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Table 1: Simulation Results

Lasso Random Forest Neural Network
n L ¢ Bias RMSE Coverage Bias RMSE Coverage Bias RMSE Coverage

500 1 0.50 | 0.010 0.195 0.935 0.137  0.211 0.802 -0.083  0.286 0.964
0.75 | 0.010 0.134 0.939 0.115 0.180 0.826 -0.086  0.240 0.963
1.00 | 0.017  0.125 0.946 0.102  0.165 0.845 -0.088  0.217 0.962
1.25 | 0.027  0.120 0.950 0.096 0.154 0.865 -0.090  0.202 0.959
1.50 | 0.040 0.118 0.938 0.093  0.150 0.865 -0.091  0.192 0.947

2 0.50 ] 1.026 86.508 0.973 -0.011  0.208 0.947 -0.092  0.297 0.966
0.75 1 -0.359  9.620 0.965 -0.005 0.170 0.953 -0.093  0.247 0.962
1.00 | -0.020  0.598 0.950 -0.002  0.151 0.953 -0.094 0.221 0.958
1.25 ] -0.055  2.720 0.956 0.000 0.138 0.957 -0.095  0.206 0.958
1.50 | 0.037 0.124 0.941 0.004 0.130 0.963 -0.096  0.196 0.945

5 0.50 | -0.161  5.785 0.950 -0.005 0.196 0.957 -0.089  0.292 0.964
0.75 | -0.003  0.200 0.948 0.000 0.163 0.950 -0.090  0.244 0.963
1.00 | 0.013  0.130 0.944 0.004  0.145 0.957 -0.091  0.220 0.959
1.25 | 0.024 0.121 0.951 0.007 0.134 0.963 -0.093  0.205 0.955
1.50 | 0.038  0.119 0.943 0.012  0.127 0.962 -0.094  0.195 0.942

1000

—_

0.50 | 0.010 0.121 0.954 0.121  0.169 0.718 -0.084  0.229 0.969
0.75 | 0.014 0.106 0.949 0.105  0.149 0.752 -0.081  0.195 0.960
1.00 | 0.018  0.097 0.951 0.096  0.137 0.769 -0.082  0.177 0.949
1.25 ] 0.025  0.093 0.935 0.092  0.130 0.779 -0.083  0.166 0.931
1.50 | 0.034  0.092 0.924 0.090 0.126 0.780 -0.083  0.157 0.929

2 0.50 | -0.061  1.566 0.960 0.003  0.149 0.954 -0.091  0.235 0.969
0.75 | 0.007  0.158 0.952 0.009  0.125 0.953 -0.086  0.199 0.958
1.00 | 0.018  0.098 0.954 0.013  0.113 0.946 -0.086  0.180 0.945
1.25 ] 0.025  0.094 0.936 0.016  0.105 0.947 -0.087  0.169 0.928
1.50 | 0.035 0.092 0.919 0.021  0.099 0.940 -0.086  0.160 0.921

5 0.50 | 0.008 0.124 0.956 0.007  0.144 0.954 -0.088  0.232 0.965
0.75 | 0.013  0.106 0.952 0.013  0.122 0.949 -0.084  0.197 0.959
1.00 | 0.018  0.097 0.952 0.017  0.110 0.948 -0.084 0.179 0.946
1.25 ] 0.025  0.093 0.933 0.020  0.103 0.939 -0.086  0.168 0.929
1.50 | 0.034  0.092 0.923 0.026  0.098 0.932 -0.085 0.158 0.928

Notes: L = 1: no cross-fitting. L = 2: twofold cross-fitting. L = 5: fivefold cross-fitting. The
bandwidth is h = corn ™2, and ¢ = 1.43 for the AMSE-optimal bandwidth. The nominal coverage
rate of the confidence interval is 0.95.
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5.2 Empirical illustration

We illustrate our method by re-analyzing the Job Corps program in the United States, which was
conducted in the mid-1990s. The Job Corps program is the largest publicly funded job training
program, which targets disadvantaged youth. The participants are exposed to different numbers
of actual hours of academic and vocational training. The participants’ labor market outcomes may
differ if they accumulate different amounts of human capital acquired through different lengths of
exposure. We estimate the average dose response functions to investigate the relationship between
employment and the length of exposure to academic and vocational training. As our analysis builds
on Flores, Flores-Lagunes, Gonzalez, and Neumann (2012), Hsu, Huber, Lee, and Lettry (2020),
and Lee (2018), we refer the readers to the reference therein for further details of Job Corps.

We use the same dataset in Hsu, Huber, Lee, and Lettry (2020). We consider the outcome
variable (Y') to be the proportion of weeks employed in the second year following the program
assignment. The continuous treatment variable (T') is the total hours spent in academic and
vocational training in the first year. We follow the literature to assume the conditional indepen-
dence Assumption 1(i), meaning that selection into different levels of the treatment is random,
conditional on a rich set of observed covariates, denoted by X. The identifying Assumption 1 is
indirectly assessed in Flores, Flores-Lagunes, Gonzalez, and Neumann (2012). Our sample con-
sists of 4,024 individuals who completed at least 40 hours (one week) of academic and vocational
training. There are 40 covariates measured at the baseline survey. Figure 1 shows the distribution

of T' by a histogram, and Table 2 provides brief descriptive statistics.

Implementation details We estimate the average dose response function f; = E[Y (¢)] and
partial effect 6, = OE[Y (t)]/0t by the proposed DML estimator with fivefold cross-fitting. We im-
plement three DML estimators Lasso, the generalized random forest, and the deep neural network.
The parameters for these three methods are selected as described in Section 5.1. For the deep
neural networks described in Section 3.1.4, the regression estimation of v uses a neural network
with two hidden layers and a weight decay of 0.1. The first hidden layer has 100 neurons and the
second hidden layer has 20 neurons. The GPS estimation uses a network with four hidden layers
and a weight decay of 0.1. Each layer has 10 neurons.

We use the second-order Epanechnikov kernel with bandwidth h. For the GPS estimator,
we use the Gaussian kernel with bandwidth hy = h. We compute the optimal bandwidth A}
that minimizes an asymptotic integrated MSE derived in Corollary 1(ii) after an initial choice
of bandwidth 367n7%% = 563.34. A practical implementation is to choose the weight function
w(t) = 1{t € [t,t]}/(t — t) to be the density of Uniformlt,t] on [t,t] C T. Set m equally spaced
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grid points over [t,#]: {t = t1,ts,...,t,, = t}. A plug-in estimator I (\7w/(4éw))1/5n—1/5,
where V,, = m™* ZTZI\A/tjl{tj e [t,7]}/(E—t) and B, = m™! > Igtzjl{tj e[t t)]}/(t—1t). We
use [t, t] = [160, 1840] and t; —¢;_; = 40 in this empirical application. We then obtain bandwidths
0.8h;, for undersmoothing that are 418.87 for Lasso, 363.40 for the generalized random forest, and
318.26 for the deep neural network.

Results Figure 2 presents the estimated average dose response function (; along with 95%
point-wise confidence intervals. The results for the three ML nuisance estimators have similar
patterns. The estimates suggest an inverted-U relationship between the employment and the
length of participation. DNN estimates appear to be the most erratic, possibly due to the smaller
bandwidth compared with other estimators.

Figure 3 reports the partial effect estimates ét with step size n = 160 (one month). Across all
procedures, we see positive partial effects when hours of training are less than around 500 (three
months) and negative partial effect around 1,500 hours (9 months). Taking the estimates by Lasso
for example, B400 = 47.03 with standard error s.e. = 1.31 and é400 = 0.0211 with s.e. = 0.0062.
This estimate implies that increasing the training from two months to three months increases the
average proportion of weeks employed in the second year by 3.38% (about two working weeks)
with s.e. = 1%.

Lee (2009) finds that the program had a negative impact on employment propensities in the
short term (104 weeks since random assignments) and a positive effect in the long term (104-208
weeks). Note that Lee (2009) considers a binary treatment variable of being in the program or not,
with the outcome variable 1{Y" > 0} in our notations. We focus on the employment proportion in
the second year following the program assignment (52-104 weeks) and estimate the heterogenous
effects of the total hours spent in academic and vocational training in the first year.

We note that the empirical practice has focused on semiparametric estimation; see Flores,
Flores-Lagunes, Gonzalez, and Neumann (2012), Hsu, Huber, Lee, and Lettry (2020), Lee (2018),
for example. The semiparametric methods are subject to the risk of misspecification. Our DML

estimator provides a feasible approach to implementing a fully nonparametric inference in practice.

6 Conclusion and outlook

This paper provides a nonparametric inference method for continuous treatment effects under
unconfoundedness and in the presence of high-dimensional or nonparametric nuisance parameters.
The proposed kernel-based double debiased machine learning (DML) estimator uses a doubly

robust moment function and cross-fitting. We provide tractable high-level conditions for the
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nuisance estimators and asymptotic theory for inference on the average dose-response function (or
the average structural function) and the partial effect. A main contribution is to provide low-
level conditions for kernel and series estimators, as well as modern ML methods: the generalized
random forests in Athey, Tibshirani, and Wager (2019) and the deep neural networks in Farrell,
Liang, and Misra (2021b). We justify the use of the kernel function by calculating the Gateaux
derivative.

For a future extension, our DML estimator serves as the preliminary element for policy learn-
ing and optimization with a continuous decision, following Manski (2004), Hirano and Porter
(2009), Kitagawa and Tetenov (2018), Kallus and Zhou (2018), Demirer, Syrgkanis, Lewis, and
Chernozhukov (2019), Athey and Wager (2019), Farrell, Liang, and Misra (2021b), among others.

Another extension is robustness against multiway clustering, where the conventional cross-
fitting does not ensure the independence between observations in I, from Ij. We may adopt
the K?2-fold multiway cross-fitting proposed by Chiang, Kato, Ma, and Sasaki (2021) that focus
on regular DML estimators as in CCDDHNR. Since the form of estimators and the proofs of
asymptotic theories for our continuous treatment case are similar to those studied in Chiang,
Kato, Ma, and Sasaki (2021), we expect that their proposed algorithm works for Bt; a formal
extension is out of the scope of this paper.

When unconfoundedness is violated, we can use the control function approach in triangular
simultaneous equations models by including in the covariates some estimated control variables
using instrumental variables. In particular, Lee (2009) studies the issue of sample selection for
the wage effects of the Job Corps program. To extend our empirical application to the wage effect
of the length of exposure to the program, we may follow Lee (2009) to estimate bounds on the
wage effect of the continuous treatment using the excess number of individuals who are induced
to be selected.'® A closer approach to our estimator is Das, Newey, and Vella (2003), who study
a nonparametric sample selection model with endogeneity and show that the propensity score
and reduced form residuals lead to a control function method to account for both selection and
endogeneity. Imbens and Newey (2009) show that the conditional independence assumption holds
when the covariates X include the additional control variable V' = Fpz(T'|Z), the conditional
distribution function of the endogenous variable given the instrumental variables Z. The influence

function that accounts for estimating the control variables as generated regressors has derived

180ne key identification assumption in Lee (2009) is monotonicity that assumes the potential sample selection
indicator to be weakly monotonic in the treatment value, i.e., 1{Y(¢) > 0} > 1{Y(¢') > 0} for ¢ > ¢'. In words,
suppose an individual is employed in the second year. The monotonicity assumption requires that this individual
must be employed if he/she received more hours of training. Such monotonicity assumption is not testable but
may not be supported by our estimation results. Das et al. (2003) use an exclusion assumption for instrumental
variables.

30



in Corollary 2 in Lee (2015). Lee (2015) shows that the adjustment terms for the estimated
control variables are of smaller order in the influence function of the final estimator, but it may
be important to include them to achieve local robustness. This is a distinct feature of the average
structural function of continuous treatments, as discussed in Section 3. Using such an influence

function to construct the corresponding DML estimator is left for future research.

Figure 1: Histogram of Hours of Training
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Table 2: Descriptive statistics
Variable Mean Median  StdDev ~ Min Max
share of weeks employed in 2nd year (V) 44.00 40.38 37.88 0 100

total hours spent in 1st-year training (7))  1219.80  992.86 961.62 40 6188.57

Notes: Summary statistics for 4,024 individuals who completed at least 40 hours of academic and vocational

training.
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Figure 3: Estimated partial effects and 95% confidence interval
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Appendix

Proof of Lemma 1 By the triangle inequality,
3 9 1/2
{/x (leX(t|a?) — fT|X(t|;E)) fTX(t,as)da:}
£ 1/2
<{ [ Grixttia) = frustt0)*Fx(araaC |
X

- {%/X (fE {H?tzlg (TJh__ltﬂ) ’X :x] _E {H?’;lg (le;tj) ‘X =xD2fx(a:)dg;}

+ {C’/X (E [th (T —1) ’X = x} — fTX(t|x)>2fX(x)dx}1/2 (10)
= O, (Rihi™ + h3).

For the second term (10) to be O,(h?), we follow the standard algebra for kernel, using integration
by parts and change of variables. 0

Asymptotically linear representation We give an outline of deriving the asymptotically lin-
ear representation in Theorem 1, following CEINR. The moment function for identification is
m(Z;, By, v) = v(t, X;) — B¢ by equation (2), i.e., Elm(Z;, i, v(t, X;))] = 0 uniquely defines ;. The
adjustment term ¢(Z;, By, v, A) = Kup(T; — t)A(t, X;) (Y; — (¢, X5)), where A(t,x) = 1/ frx(t]x).
The doubly robust moment function (Z;, 8, v, \) = m(Z;, By, v(t, X;))+d(Z;, B, v(t, X;), Mt, X;)),
as in equation (1).

Let v; = v(t, X;) and \; = A(¢, X;) for notational ease. We decompose the remainder term

Vnh— Z{ Zlvﬂt/% ) ¢(Zi75ta77 A)}
h R A
\/72 {% Yi — — %] + Kn(Ti — )X — %) — E[Kh(Ti — )iy — %)] } (R1-1)
+ \/gz {Kh(Tz’ — 1) (N — M) (Y — %) — E[Kn(T3 — t)(A — \)(Yi — )] } (R1-2)
WZ { J(L = Kn(Ti = t)\i)] + E[(S\z — X)) KW (T — ) (Y; — %)]} (R1-DR)

S im0 2 G- ("
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The remainder terms (R1-1) and (R1-2) are stochastic equicontinuous terms that are controlled
to be 0,(1) by the mean square consistency conditions in Assumption 3(i) and cross-fitting. The
second-order remainder term (R2) is controlled by Assumption 3(ii).

The remainder term (R1-DR) is controlled by the doubly robust property. Note that in the
binary treatment case when K3 (7; —t) is replaced by 1{7; = t}, the term (R1-DR) is zero because
1 is the Neyman-orthogonal influence function. In our continuous treatment case, the Neyman
orthogonality holds as h — 0. Under the conditions in Theorem 1, (R1-DR) is O, (E[(&(t, X) —

(it X)) + E[(A(E, X) = At, X)))VnhtH) = o,(1).

Proof of Theorem 1 The proof modifies Assumptions 4 and 5 and extends Lemma A1, Lemma
12, and Theorem 13 in CEINR. Let Z§ denote the observations z; for i # I,. Let 45 = 74(t, X;) us-
ing Z7 for i € I,. Following the proof of Lemma A1 in CEINR, define Ay = Fie —vi —E [ie — i for
i € I;. By construction and independence of Z7 and z;,i € Iy, ]E[AM]ZQE] =0 and E[AMAJ-Z\ZE] =0
fori,j € I,. Fori € I, and for all t, h*E[A2|Z¢] = O L (h% [(Fie—:)? fx(X:)dX;) 2 0 by Assump-

tions 1(ii) and 3(i). Then E [(\/ ht/n3 e, z€> ‘Ze] (h/n) Dier, E [Azge ch} < b [ (e —
7)) fx(X;)dX; 2 0. The conditional Markov inequality implies that /A% /n3",, icl, A B 0.

The analogous results also hold for Ay = Kn(T; — )Ni(vi — Yie) — E[Kp(T; — t)A ( : — Yie)]
n (R1-1) and Ay = Kp(T, — t)(\ie — X)) (Vi — ;) — E [Kh(n —H)(Nie — M) (Y; — ;)| in (R1-2).

[

In particular, for (R1-2), hth[Az | Z5] = (fk: )2du f)( (5\21 > frx(t, X5) dX)
the smoothness condition and Assumption 3(i). So (R1-1)-2+ 0 and (R1-2)-2+ 0.
For (R2),

E |:‘\/ hdt/nz Kh(’_z—; — t)(j\ig — /\Z)(’j/Z — ’%4)‘ Zg:|
i€ly

< Vnhd / / ‘Kh(Ti — t)(j\iﬂ — i) (i — ”AYie)‘fTX(Tsz)dedXi
xJT

< Vnhdt/ Frix (t1X:) | (Mie = M) (% — e ‘fx )dX; + 0,(Vnhdth?)
X

< Vb ([ e = NP1 C) ([ a0 =025 (600X) " 4 0,01)
250 (11)

by Cauchy-Schwartz inequality, Assumption 3(ii), and nh%*+* — C. So (R2)—2» 0 follows by the
conditional Markov and triangle inequalities.
For (R1-DR), in the first part E[1 — K,,(T; — t)A| X;] = E[frix(tX:) — Kn(T; — )| X;] A =
h2fT|X (1 X)) A [ u?K(u)du/2 + Op(h?). A similar argument yields (R1-DR)= O,((E[(§(t, X) —
y(t, X)) + E[(At, X) — At, X)) Vrh®h?) = 0,(1).
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By the triangle inequality, we obtain the asymptotically linear representation

\/W ! Zz 1( (Zlaﬁta’ytu)\t) @Z)(Zivﬁt’%v)‘t)) :Op(l)'

ForBt,E[M(Y A, X))] E[WE[K;L(T )(’y(T,X)—fy(t,X))\X]].Astan—

x)
dard algebra for kernel yields

— 1) (4(T, X) — (t, X)) |X]
/ Ku(T — 1) (4(T, X) = 5(t, X)) fryx (T|X)dT

— [ k) (o 4+ 0k, ) = 3(6,)) frix e+ ublX)du

dy u2h2
= /k(ul) k(ua,) Zujhat v(t, X) + ] d;(t, X)

J=1

dt 2p2
X <fTX<t’X) + Zu]'hatjfT‘X@’X) + UJ 82 fo(t’X)> duy - -+ dudt + O(hg)

Jj=1

_ 2 / u%(u)duzt (atﬂ(t,X)atj Frix (1 X) + %83]_7(15, X) fT|X(t\X)) +O(h®)

Jj=1

for all X € X. Thus

E | g BT 0 6T ) — (6. [x]]

dy
= hz/uQIc(u)duZE {atj’y(t, X)% + %8%7(15,)()] + O(R%).

The asymptotic variance is determined by h%*E [((Y v(t, X)) Kn(T; — t)/ frix (61 X)) } A

standard algebra for kernel as above yields V;. Asymptotic normality follows directly from
the Lindeberg-Lévy central limit theorem. Specifically, by the above calculation the condition
h*E[)(Z;, Br, v, A)?] < oo holds under the conditions given in the theorem. O

Proof of Corollary 1 (i) By Theorem 1, the asymptotic MSE is h*BZ + V,/(nh®). (ii) The
asymptotic integrated MSE is [ (h*Bf + V;/(nh™))w(t)dt. The results follow by solving the
first-order conditions. 0

Proof of Theorem 2 We decompose 6, — 6, = (8, — 0,)) + (B4, — 6;), where 6, = (Bes — B-) /-
By a Taylor expansion, the second part 6, — 6, = O(n) if 8?3,/0t3 exists.

Let Bt =n"! Z?zl &ti =n"" Z:-L:l (wti“‘Rti)a where vy = V(Zi, Br, Vi, Mi), % = (Zi, Be, Vi, 5\1),
and the remainder terms Ry are defined above in (R1-1), (R1-2), (R1-DR), and (R2). Thus

ét — 091577 = 77_171_1 Z?:l (¢t+i — 1/175—1' + Rﬁ—i — Rt—i)' Denote ft|X1- = fT|X(t|Xz)
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(i) By n/h — 0 and a Taylor expansion, the variance of n~*n=t 3" | (Tﬂm‘ — %*i) is dominated
by the variance of n=' 3" | 9;,¢;, where

Trx,

Thus the leading term of the variance of n~'n™1 Y " | (@/Jﬁi — @/}tﬁ) is [ (8t1Kh(T — t))QE[(Y —
y(t, X))?|T, X} fT‘X/fﬁXdT = h_(dt+2)E[va'r’(Y|T = t,X)/fT|X(t|X)} [ K (u)?du + o(h=(4+2) =
O (h-(@es2).

To control Vnh®+2n=tp=t 31 (Rtﬂ — Rtfi) = 0,(1), the conditions (a) and (b) give a crude
bound +/h% /n Y7 | Ryuhn~ = 0,(1) following the proof of Theorem 1.

For the bias BY,

/{@lKh(Y} B t)’y(Ti,Xi) — (X)L KT, — )0, (7<Ti,Xi) — v(tXi)) } FrodT,

O Vi = athh(Ti — t) 7 X
t| X

+ Kh(T‘z - t)ah ( ) + atlﬁy(t’ XZ) - Qt'

Tix, Fix,
Oy (T Xo) frx, O fy)x,
= / Kh(ﬂ—t){ i ftlx)fT'X +(v(Tz~,X¢)—v(t,Xi))—ffi"X
- OO X ) < x 2 Aan
ipe 2

& u?h? & uh?
= / { (ftm + ; O, frx;ush + @ijﬂxijT) (; 0,00y (8, Xi)ush + 07,00, y(8, Xi) =5 )

de 212 dy 27,2
ush ush
+ (Z atj")/(t, Xz)u]h + 8152]")/(75, Xz) ]2 ) (atl ft|Xi + Z atjatl ft|Xinh + afj&tlft‘xi ]2

=1 =1
ds 272
ush\ O, fux, 1
= (s + 2 0 s+ 08 f ) BT L) k{wg s du, + O()
=1 ft|Xi ft\Xi
d
L /1 O fax. Ot X By, fiix,
- h2 Z (58752]&17(75, X’L) + atjatlﬁy(ta Xz) ?.fthl + t]fy( ) (atjahftXi - atj ft|X.L ! ftXl))
s e e frx,

X /qu:(u)du—i- O(h?),
where the first equality is by integration by parts.

(ii) v nhdfn2(9t—9m) = Vnhd (BH—Bt——(ﬂﬁ —5»:—)) = Vnhdn=' Y1, (¢t+i—¢t—i+Rt+i—Rt—i) =
nhdn=t 3" | (Y — Y-;) + 0p(1) by Theorem 1.
For VY, the term involved the convolution kernel comes from the covariance of ¥+; and t,-; in
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the following. E[wtﬂwt—i] is bounded by the order of

fyiex (YT, X) frix (T X)
Jerix fe-1x

E U / Kn(T — 1)K (T — £)(Y — 75, X))V — (=, X)) 4y dT

= lIE[/(IE:[Y?|T:t++uh,X] — (" +uh, X) (vt X) + (7, X)) + (T, X)v(E, X))

h
ke (o= ) 5
_ %k; (D)e {var}iﬁf(ﬂ:;),)f)] +O(h).

O

Proof of Theorem 3 The proofs of Theorem 20.6 and Theorem 20.7 in Hansen (2021) analyze
19 — Y||%,, - We follow the same argument to analyze the Ly(¢tX) norm.

We can write Y = Z) Sk + ek, where ef is the projection error. Define ZKz = }1/2ZK,-,
QK = n‘l ZZ 1 ZKZZKza and QKt fX ZK t, Z’)ZK(t .T) fo(t .T)d

19 — Y5, = /x (ZK(tvx)/(BK — Bk) — T’K(t,ﬂf))2fTX(t,fE)de
= (Bx — Br)’ (/ ZK(tam)ZK(t7x),fTX(t7x)dx> (Bx — Br) (12)
X
— Q(BK — 5[{)/ </X ZK(t, ZL‘)T’K(t,JT)fo(t,l’)dl’) (13)
—|—/ ri(t, x)? frx(t, x)ds
X
= 0y ((Bre = Br) Quce(Bic = Bre) + el ) -
Assumption 5(iii) implies ||rx|m, = O(K~%). Consider the term in (13). For the Ly(7T'X)

norm, f’rxx Zi(t,x)rg(t,x)dFrx(t,x) = 0 due to the regression and projection errors. But this
is not the case for the Ly(¢X) norm.

\(BK—M ( / ZK<w>rK<t,x>fTX<t,x)dx)\ < [ (e, ) = et ) riclt, )] st )

< | (Ax = v&) Tr || Fix

< W — vkl px 1Tk || Fixe s

where ||7KA— Yl = S (Zk (t,2) (B — Bx ) frx(t,2)dz = (Bx — Br) Qi (B — B)-
Write Bx = (Z)Zk) " 24 Y, where Zx = (Z1,...,Z,) and Y = (Y, ...,Y,). We show the
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term in (12)
(Bx — Br)' Qut(Br — Br) = (€ Zx)(ZZx) ' Qre(ZiZx) " (Zcer)
n*Q(ekiK)Q;Q;/QQMQ;ﬂQ;(i’KeK)
~N—1~—1/2 -1/2 -1 2 -2 1 7 7/
< ()\max (QK QK QKtQK QK )) <n eKZKZKeK>

= Op(l) (TL_2GIKZKQI_(1Z/K6K)
= O,(K/n).

The last equality follows the proof of Theorem 20.7 in Hansen (2021). The above inequality is by
the Quadratic Inequality, where A\.x(Q) denotes the largest eigenvalue of a matrix Q. By the
Schwarz Matrix Inequality, /\max(Nj_(l }l/QQKtQ;mQ}I) < )\maX(Q[_{l)/\maX( ;}1/ 2)/\max (Qxt)
X Amax (Qre ) Amax (Qi ), which is O,,(1) by Assumption 5(i) and Theorem 20.5 in Hansen (2021).
We notice that Qg; does not affect the bound.

Putting together, we obtain || — |7, = Op(K/n + K72). O

Proof of Theorem 4 (i) Let f,;, = arg mineyys.~ E[ly(f, Z2)], [, = arg N e 7 p v | Flloo <2M Ilf—

fevlloo, and €, = epyn = || fu — fuvllo- Let the bounded kernel function k() < & for some constant
kE > 0.
We modify equation (2.1) in FLM to the following:
i
[6a(f, Z) = Lun(g, 2) < Ko (T = 1) M| F(X) = g(X)| < 3 - M| f(X) = g(X)], (2.1-1)
2(Ellw(f, 2)] = Eltw(fu, 2)]) = |f =I5, +O0%). (2.1-2)

Lemma 8 in FLM and the bounded kernel k() imply the Lipschitz condition (2.1-1). The key of
our modification is the condition (2.1-2) that replaces ¢E[(f — f.)?] < E[l(f, Z)] — E[l(f., Z)] <
el f—f. Hig(x) in FLM’s (2.1). We prove (2.1-2) at the end of this proof. In the proof of Theorem 1
in FLM, the main decomposition in equation (A.1) starts with the inequality in their equation (2.1):
cl||f— f*||%2(x) < E[E(f, Z)| —E[l(f«, Z)]. This is the only place where this inequality is used. We
modify it to (2.1-2) that implies || f, — 7|3, = O, (]E[Etb( Io. Z)] = Elly(fro, Z)]) + 0,(h?). Thus

we can bound || f, — 7||%,, using the bound of E[lw(fy, Z)] — E[ly(fup, Z)]. We modify (A.1) in
FLM and bound

Elluw(fs, 2)] = Elbss(fus, Z)] (14)
< (B = En)[lu(for 2)] = Bllw(fr, 2)] + Bl fu, Z) = b fur, Z)].

To bound the second bias term, FLM only use the inequality in (2.1) E[((f, Z)] = E[((f., Z)] <
eollf — f*H%Q(X) in the second inequality in their (A.2). We use (2.1-2) that implies E[ly(f, Z) —

bl s ) = Oplll a2l + OR) = Oy +12). A A
Next we modify the proof of Theorem 1 in FLM by replacing all (¢, f, f.) with (¢4, fp, fs) for

38



any t € T and b. We only point out the key modifications of their proof in the following.
By (2.1-1), var[lu(fn, 2) — li(fuvs 2)] = Op (M?|| 1 — fio||%/b™). Thus (A.2) in FLM is mod-

. 9 2025 | 7C,M#
ified to co€;, + €\ o + “ra

Similarly the last equation on page 201 in FLM is modified to V(g] = E [|¢s(f, 2) — i (fes, 2) |2] <
CEE[(f — fu)*Ko(T — 1)?] = O (C3Mr3/b™). Thus the statement for (A.7) in FLM is modified to

~ 2r2~ . ~
the following: we find that (E—E,)[€s(f, 2)—lw(fu, 2)] = O, (GEanQ o/ T 233G, #)

On page 202 of FLM, the bound of E, R,G is multiplied by b~%. This is because in Lemma 2
and Lemma 3 in FLM, the Lipschitz condition is modified by |¢( f1)—&(f2)| < L|fi— fol (k/b)%.1 Tt
follows that (A.9) in FLM is modified to g - < e \/WL loeW Jog n + \/20”) + o€’ + €, Qan‘Z? +

bt

3OMCZ%. And the bound in (A.10) in FLM is multiplied by b=%. Thus (A.14) in FLM is
modified to

_ KvC |WLlogW C’g’y 2(cz V1) 1 / 120MCg
r = logn +
c1 b n nbdt nbdt bdt

Therefore (A.17) in FLM is modified to

o < WLlogVVlognJr \/loglogn—l—v +€n>

nb2de nbdt

with some constant ¢’ > 0 that does not depend on n. Thus we can optimize the upper bound
on page 206 of FLM,

2dz
log(1/e, 7 loglogn +
r< ' \/ il g(b2£t€) >logn+\/—g ngbdt 7+€n

by choosing €, = (nb?¥)"2 W, H = ~(nb2df)2(ﬁdfdz> log?(nb*¥), L < -log(nb**). Hence, w.p.a.1,
we can bound (14)

E[tw(fo. Z)] — Ellw(fur, Z)] <7 < C ((andt)_dez log® n + bglog_"”) .

nbdt

The remaining proof is to show (2.1-2). We add and subtract (7', X) to the loss function,
and by the law of iterated expectations, we obtain 2E[(y(f, Z)] = Elvar(Y|T, X)Ky(T — t)] +

19We might obtain a tighter bound by incorporating the kernel function in Lemma 2 and Lemma 3 in FLM. For
example, in Lemma 2, we might bound the Rademacher complexity to 2LE,, [supfe}- nTE Y i f (X)) Ke (T — t)]
Such extension is out of the scope of this paper.
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E[(v(T, X) — f(X))?Ky(T —t)]. Since the first term does not depend on f, we focus on the second
term Qy(f) = E[(y(T, X) — f(X))*Ky(T — 1)].

Let Q(f) = |f — 7”th For any f, a standard algebra yields Qy(f) = Q(f) + b*B(f) + o(b?),
where B(f) = E[(07)*fux + (v = /207 fux /2 + 200y(y = [)Ocfux + (v = [)OFyfux] [ u?k(u)du

under Assumption 7(i) that the second derivatives 97 fyx and 877 are bounded and continuous.
Note that v(¢,z) = argming lim, o E[¢(f, Z;)] = argminy Q(f). Therefore,

2(E[luw(f, 2)] = Ellw(fa, 2)]) = Qu(f) — Qu(fir)
= If = YllEy = 1o = +0*(B() = B(fur)) + o). (15)

Next we show that Q(fu) = ||fw — 7%, = O(®). We find a bound for Qu(f.s) by the
definition of the minimizers: Q(f.) > Q(7) = 0 and Qu(7) > Qu(fwr)- So Qp(fur) — Q(frp) =
“B(fu) + 0(b?) < Qu(fu) < @Qu(y) = *B(y) + 0(b?). Therefore, o(b?) < Q(fus) = [Ifo — I <

b*(B(7) — B(fw)) + o(b).
By (16), [/ =I5, = 2 (Elln(f, 2)] — E[lw(fu. Z D+)||f*b—7||%tx+52(B(f*b)—B(f))+0(b2) =
1-2).

)
O (Eltw(f, 2)] — Eltw(fu, Z2)]) + O(?). We obtain (2.

(ii) The deep MLP-ReL U network uniform-kernel estimator for any ¢t € T is

n

; 1 2 d
X;)=ar mi Y, — f(X;)) x IS 13 |1 — t:| < b /(20).
ol =g min 525 06 = FX) < IUI{T, - 6] < 0}/(20)
Let Ty, = H?tzl[tj_b, tj+0b]. As H?;11{|Tj—tj| < b} = 1{T € Ty}, we can treat 1{T" € Ty} as a dis-
crete variable for any ﬁf<ed b and re-write fu,(X;) = arg MiNfye 7y p | folloe <2M Do (i:TeTs) s (Y — fo)?.
Then we can analyze fy,(z) as an estimator of f(v) =E[Y|X = 2,T € Ty] = E[Y[|X = 2, 1{T €
T} = 1] for any fixed b. Let n, = Y | 1{T; € T} be the number of observations used in fy.
The results in FLM can be applied to every category of the discrete data; see also Theorem 1 in

R _8_
Farrell et al. (2021a). Therefore as n, — 0o, || fu, — fullf, < C ( » 7% log® ny, + log log nb/nb>,

w.p.a.l. R

Observe that n,/(n(20)%) =n=t > H?tzll{ﬂ}j - t;j| <b}/(2b) = fr(t) is the uniform-kernel
density estimator of fr(¢). By the consistency of fr(t) and the continuous mapping theorem,
fr(t)™ = fr(t)~t = 0,(1) and hence fr(t)~! = n(2b)% /ny = O,(1). Therefore ny < nb®. It follows

that as nb% — oo, || fu — ful3, < C <(nbdt)_ﬁ log®(nb®) + log log(nbdt)/(nbdf)), w.p.a.l.
Next we show f(z) =E[Y|X =2,T € Ty) = E[Y|X = 2,T = t] + O(b*). Consider d; =1 for
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simple exposition, and the result for d; > 2 follows immediately.

P<Y S yaT S 7;17) = FYT(y7t+b) - FYT(y7t_ b)
b? b3
= FYT(y,t) + b@tFYT(y, f}) -+ Ea?FYTQ/, t) -+ gafFYTQ/, t)
3

b 8E’FYT(y,t)) +O(b")

b2
- (FYT(’y,t) —bOFyr(y,t) + EafFYT(Z/J) — 3

20°
= 2b(9tFYT(y, t) + ?&?ij“(y, t) + O<b4>
Similarly, P(T" € Ty) = 2bfr(t) + %Lf@ff;p(t) + O(b*). Then

f () = B%P(Y <y, TeTy) _ 2bfyr(y,t) + Z:J,LfathYT(yyt) +O(b)
Y|T€Tw P(T c ,Eb) QbfT(t) + %i?az?fT(t) + O<b4)
3L fr(t)

It follows that E[Y|X = z,T € Ty] = [vyfyixren, (ylx)dy = EY|X = 2, T = t] + O(b*), which

implies || — 7(t, )y = O(?). A A
Putting everything together, || f—71%,, < [ (fio(2)—7(t, 2))2fx (@)de| frix (t) oo = Op(ll i

At )Iy) = Op ((nb®) 757 log® (nb™) + loglog(nb®) / (nb*) + 1) 0

= fyir(ylt) + +O0(v%).

Proof of Corollary 2 The arguments in the proof of Theorem 4 hold with some modifications

noted below.
(i) We modify (2.1-2) to the following:

A(E[ly(f, Z)] — E[lw(fw, 2)]) = [If = + OO). (2.1-2b)

The key modification is due to fooo k(u)du = 1/2. For any f, a standard algebra yields Q,(f) =
Qf)/2 +BB(f) + o(b), where B(F) = B20y(y — f)fux + (7 — FY0fux] Jo uk(u)du. Therefore

2(E[lw(f, 2)] = Ellw(fa, 2)]) = Qu(f) — Qu(fur)
= If =5 /2 = o = YN, /2 + B(B(S) = B(fs)) + 0(b). (16)

Next we show that Q(fw) = ||fw — 7%, = O(b). We find a bound for Q,(fw) by the
definition of the minimizers: Q(f«) > Q(v) = 0 and Qp(7) > Qp(fur)- So Qu(fup) — Q(fip)/2 =
BB(f.1) + 0(0) < Qulfs) < Qu(7) = VB(3) + o(b). Thercfore, o(b) < Q(F)/2 = Lo — 1l /2 <
b(B(7) = B(fi)) + o(b).

By (16), |f — 120 /2 = 2 (Blu(f, 2)] — Ellwfun Z2)]) + s — 11 /2 + H(B(fs) — B +
o(b) = O (E[lw(f, Z)] — E[lw(fw, Z)]) + O(b). We obtain (2.1-2b).

(ii) Consider d; = 1 for simple exposition. Let 75, = 1{T € [t,t + b]}. Then f,(X;) =
arg Min e 7y, ol follo<2M 2 ey % (Y; — f(Xi))2 X 1{Ti € [t,t+ b]} The arguments for the inte-
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rior ¢ hold, so as nb — oo, || f — falz, <C ((nb)_ﬁ log®(nb) + log log(nb)/(nb)>, w.p.a.l.
Next we show fu(z) =E[Y|X =2,T € Ty =E[Y|X =2, T = t] + O(b).

PY <y,TeTy) =Fyr(y,t +b) — Fyr(y,t)

b2
= Fyr(y,t) + b0 Fyr(y,t) + EatzFYT(ya t) — Fyr(y,t) + O(b%)

bQ
= b0, Fyr(y,t) + EﬁfFYT(y, t) +O(°).

Similarly, P(T € Ty,) = bfr(t)+% 0, fr(t)+O(b?). Then fyirer, () = frir(ylt)+5 20020 1O1?).
It follows that E[Y|X = z,T € Ta] = [yfvixrer,(ylx)dy = EY|X = 2,T = t] + O(b), which
implies || fuip — (¢, *)||rx = O(b). We complete the proof. O

Proof of Theorem 5 (i) We show the remainder terms (R1-1), (R1-2), (R1-DR), and (R2) are
0p(1) uniformly over ¢ € 7;. Denote the nuisance estimators 4+ = 74(t, X;) and Nigr = 1/fg(t|Xi)
that use Z§ for i € I,. Denote §(t) = n=' >0, > ier, Kn(Ti — t)A(t) and Wi(t) = Ki(T; —
DA (t) — E[Kp(T; — t)Au(t)], where Ay(t) = (Nier — Nit) (Yier — vir) for (R2).

We follow similar decompositions in the proof of Theorem 3.1 in Fan, Hsu, Lieli, and Zhang
(2021). First, to show that sup,cs E[§(t)] = 0,(1/In(n)/(nhdt)), the same argument in (11) holds
uniformly over ¢ € 7y by Assumption 8(i).

Since 7y is compact, it can be covered by a finite number M,, of cubes Cy,, with centered t,,
and length m,,, for k =1,..., M,,. So M,,  1/md. Decompose

sup |g(t) — E|g(t)|| = max su g(t) — Elg(t
sup [9(1) ~ B = max, _swp [9(0) ~ E[o(0)]
< max su g(t) — g(tn 17
< 1§k§Mwem}gmlg() 9(ten))| (17)
+ max |G(tkn) — E[G(trn)]| (18)
+ max  sup |[E[§(tnr)] — E[g(2)]]- (19)

1<k<Mn €T Ch

For a positive constant C' and positive sequences A, and As, given in Assumption 8(ii), let
‘Fn(c) = {<7T7 )‘T) : Sup(t,x)E’ZBXX ”YT(tax) - 7<t7x)‘ < CAlnasup(t,x)eﬁxX |)\T<t,(IJ) - A(ﬂ?)‘ <
C Ay, }. Let Ap(C) = {(Fier, Mier) € Fu(C)} and A, (C) = Nk Ap,. On A, (C), ice., Fior, Nier) €
Fu(C) for £ =1,..., L, supeqs ieq, | Die(t)] < C? A1, Agy = C*A,. Assumption 8(ii) implies that for
any ¢ > 0, there exists a positive constant C', such that P(A,(C)) > 1 — ¢ for n large enough.

Observe that

P (n™'Wig(t) >, A (C)) = E [P(n™ ' Wig(t) > 0,1 Z§)1{ A (C)}]
_E [ [ Wtt) > nrazaazatAn@n]. @)
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The second equality is due to cross-fitting with (7, ;\) using Zj.
We will use the following inequalities. By exp(w) < 1+w+w? for |w| < 1/2 and 1+w < exp(w)
for w > 0, we have

Elexp(W)] < 1+ E[W] + E[W?] < exp(E[W?)) (21)

for a random variable W satisfying |WW| < 1/2 and E[W] = 0. The Markov inequality for any
positive sequence a,: P(W > n,) < Elexp(a,W)]/ exp(a,n,).

First consider (18). For any 7, > 0, P(maX1gk§Mn |g(tk7n)—E[g(tk,n)H > nn) < M, super P( g(t)—

E[g(t)]} > 1, An(C)) +£. We show that for ¢ € Ty,
9(t) = E[g(t)] > ma, Au(C))

> Ny An (C)>

( ZZWM > 1, n(C’)) +P <n—1 D) Walt) < —nn,An(C)>

P(

(=1 icl, (=1 i€l,

< DD AP (07 Warlt) > 1 A(O)) + P (=0 Wiglt) > 1, A (©)) )

< Z E [I{Agn(C’)}E [exp (annfll/VZ-g(t)) + exp(—an,n Wi(t) ‘ZZH /exp Ann)

¢
< 2nexp(—ann,)E [exp (a2nE [Wi(t)*|Z5])] - (22)

The second inequality uses (20) and the Markov inequality. Due to cross-fitting, conditional on
Z¢, % and X are fixed functions. When 1{Az,(C)} = 1, |ann "Wie(t)] < 1/2, for all ¢,i,¢ and for
n large enough by choosing a,, = y/In(n)nh® /A, . So by (21) the last inequality holds.

We choose n,, such that a,n, — oo and Aty > a2n T E [Wi(t)?| ZE), so sup,er P(|g(t) —
E[g(t)]| > nn, Am) = 0,(1). For n large enough, there exists a p081t1ve constant ¢; such that
E [Wie(t)?|Z§] < eh™%A2. We can choose a,n, = coIn(n) for some positive constant ¢y, so 1, =
cay/In(n)/(nhd)A,. Then we can choose M, such that P (maxi<p<nr, [9(thn) — E[G(ten)l] > ) <
M, 2nexp(—cyIn(n) +c;In(n)/n) +e < 2M,n~(2=am" =1 1 ¢ < 2¢ for ¢; > 2 and n large enough.
So ma<penr, [9(tn) — El3(tn)l| = Op(1n) = op(y/ M)/ ().

For (17), the Lipschitz condition in Assumption 8(iii) implies sup;cznc, | K (T; — ) Ne(t) —
Ku(T; — tk,n)Aig(tkm)ﬂ < egh (D) SUDyeTyre, . 1T — thnll < csh~ @ty for some constant
c3 > 0 and the Euclidean norm of a vector || - ||. By choosing m,, = o(y/In(n)h(d+2)/n),
s Sk, S, |9(E) — §(tin)] < csh™ D, = o,(y/I(n) ] (A%)).

By the same argument, we can show that for (19) maxi<x<n, SUPsernc, . |E[§(tnx)] —E[g(t)]]| =

op(v/In(n)/(nh)).

The same arguments apply to (R1-1) and (R1-2) by defining A;(t) accordingly: let Ay (t) =
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Niet(Fiee — Yier) for (R1-1) and Ay(t) = (i — Aiee) (Vi — 7ier) for (R1-2).
For (R1-DR), the argument for the pointwise convergence in the proof of Theorem 1 can be
extended to uniform convergence by Assumption 8(ii).

(ii) The results in Theorem 2 can be extended to uniformity in ¢ by the same argument in (i). O

Proof of Theorem 6 The proof follows closely the proof of Theorem 5, so we only notice the
difference to conserve space. The idea is that the derivations proceed conditional on U; and using
the law of iterated iterations. Let §(t) =n~" > 0, 3., UiKy(T; — t)Au(t). The main difference
is in (18). We show that for t € 7y,

i€ly

P(|g(t) = E[g(t)] > 1, An(C))
= ( _1EL:ZUVVM >nmAn(C)>

( ZUW > 1, An(C ) <n liZUWw < nn,An(0)>
gi;{P(n UWie(t) > 1y An(C)) + P (=0 UWig(t) > 0, Aen(C)) }
:iZE[P( TWie(t) > na/Us, Ae(C)|U3) 1{T; > 0}

+ P (=n""Wi(t) > —n, /Ui, Aen(C)|U;) 1{U; < 0}
+ P (=n""Wie(t) > 00 /Ui, Aen(C)|U;) 1{U; = 0} + P (n™ ' Wig(t) > =1, /Uy, A (O)|U;) 1{U; < 0}]

< i E[l{Agn(C)}E [exp (annflvVig(t)) + exp(—a,n Wi (t) ‘Zg, ] exp (— annn/!UiD}

< 2nE [exp(—ann./|U|)] E [exp (apn™ E [Wi(t)?| Z(])] -

The same arguments following (22) are valid conditional on U;. Due to U;, here we choose
apMn = coln(n)ln(n) for some positive constant co. So 7, = coy/In(n)/(nh%)A, In(n). Next
we show that we can choose M,, and ¢y such that P (maxlSkSMn \g(t,m) — E[g(tkn)” > nn) <
M,2nE[exp(—ca In(n) In(n)/|U;| + ¢1In(n)/n)] + & < 2M,E[n-c2nM/IVil+er/nt1] 4 o < 92 for n
large enough.

By Assumption 9, there exist some constants ¢y, ¢5 such that P (—co In(n)/|U;| + ¢1/n+1>0) <

P(|Ui] > eaIn(n)/(c1 + 1)) < csexp(—cseaIn(n)/(c1+1)) < egn=se2/( @+ S0 E [pczn(m)/IVilter/nt1]
< E [prenm/UVita/ntly fcIn(n)/|U;] + c1/n + 1 < 0} +n T P (—co In(n)/|Ui| 4+ ¢1/n+ 1 > 0),
where the second term < ¢ynet1=ese2/(e1+1) = (1) by choosing c,. Therefore we show that we can
choose M, and ¢, such that P (maxi<g<nr, |§(tin) — E[§(ten)]| > 1n) < 2e for n large enough.

For (17), sup;e ey, \ Ui K (T; =) Do (8) = Ui Ki (Ty =t ) Die (b)) | < csh™(@HD) SUDse ey 16—
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tenll|Ui| < csh=e+Dm, |U;], for some constant ¢z > 0. We can choose m,, = o(+/In(n)h(@+2) /n)
such that max s, SPrerne . [9(0)—3(tkn)| < csh= D mun= S U] = o/l [T,
since n~t Y " |U;| = O,(1).

The result for the partial effect follows the same argument. ([l

Gateaux derivative Let the Dirac delta function 6,(7) = oo for T' = t, 6,(T) = 0 for T' # t,
and [ g(s)d:(s)ds = g(t), for any continuous compactly supported function ¢.*° For any F € F,

Bi(F) = [ BIYIT = t.X = alfx(a)ds
://E[Y\T:s,X:a:]ét(s)dsfx(x)dx

/ / / yBi(s fYTij;(S””i{X( ) dydsda.

A o R e

///fy5t f}qTX(y787$)+f§}}*TX(y,S7.I‘))fX(;L‘)
+ frrx(ys s @) (= fx( )+ i (x)) ) dydsda

/// youls fYT)}iffx))fX( )(—fgx(s,fo%X(s,a:)) dydsdz.

The influence function can be calculated as

: d Th
}Zlg(l) Eﬁt(F )

t x
=7(t, X 5t+hm//y il fYTX(yatax)dydx

Jrix (t|z)

—1(t, X)
(t|X) h—)OfT()

7=0

~y(t, X) — 6+

In particular, we specify F2 following equation (3.12) in Ichimura and Newey (2017). Let
Ky(2) = H;l;lk(Zj/h)/h, where Z = (Zy, ..., Z4,)" and k satisfies Assumption 2 and is continuously
differentiable of all orders with bounded derivatives. Let F™ = (1 — 7)F° + 7F} with pdf with
respect to a product measure given by f™(2) = (1—7) f%(2) +7f°(2)6%(2), where 6%(2) = K, (Z —
2)1{f%z) > h}/f°(2), a ratio of a sharply peaked pdf to the true density. Thus fl, «(y,t,7) =
Kn(Y —y)Kp(T — ) Kp(X — 2)1{f°(z) > h}. It follows that limy, o f2(t) = limy_,0 K(T —t) and

hm// Jtox)dyde = —————= lim K, (T — t).
B0 fT|X t|$ fYTX (y ) Yy fT|X(t|X) ho0 h( )

20Note that a nascent delta function to approximate the Dirac delta function is K, (T —t) = k((T —t)/h)/h such
that 5t (T) = limhﬁo Kh (T — t).
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E[LB.(F™)| _] =EN(tX) -5 + JYT*‘;E‘;‘Q Kx(T —t)] = O(h?). So Neyman orthogonality
holds a h — 0.
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