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Introduction

For general choice spaces, standard dynamic preference models cannot
simultaneously satisfy desirable properties of time consistency (TC), psychic
temporal resolution of risk indi¤erence (TRI) and separation of time and risk
preferences (SEP).

This applies to the EU (expected utility), KP (Kreps and Porteus 1978),
Selden and Stux (1978) and EZ (Epstein and Zin) (1989) models.
In context of dynamic consumption-portfolio optimization underlying a
number of asset pricing and macro models, we derive necessary and su¢ cient
conditions such that all three properties are satis�ed.
Only under these conditions, can one unambiguously separate speci�c roles of
time and risk preferences in explaining asset demand and intertemporal
consumption-saving behavior.
Also under these conditions, quite surprisingly the KP and Selden and Stux
DOCE (dynamic ordinal certainty equivalent) models generate identical
demands. (Our goal is not to evaluate relative superiority of two models.)
DOCE Preferences are constructed from separate time U and risk preferences
V (for simplicity assume T = 3): U (c1,bc2,bc3), where bci = V�1 (EV (eci ))
(i = 2, 3).
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Temporal Resolution Indi¤erence (TRI)

One key di¤erence between KP and DOCE preferences relates to TRI.

Consider following two trees

Period 1 Period 2 Period T­1 Period T

(a)
Period 1 Period T­1Period 2 Period T

(b)

DOCE explicitly assumes indi¤erence between trees (a) and (b).

KP preferences, based on typical speci�cations of (U,V ), always prefer tree
(b).
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Computing DOCE Utility

Assume given (U,V ) �Property SEP satis�ed

Period 2 Period 3Period 1

TRI

Property TRI =) three period tree decomposed into (i) period 2 tree and
(ii) single stage compound "lottery" paying o¤ c31, ..., c34.
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Special Utility Building Blocks

Extensively use Modi�ed Bergson/HARA utilities1

u(ct ) = �
1
δ1
(ct � b)�δ1 and V (ct ) = �

1
δ2
(ct � b)�δ2 (δ1, δ2 � �1),

u(ct ) = �
exp(�κ1ct )

κ1
and V (ct ) = �

exp(�κ2ct )
κ2

(κ1, κ2 > 0),

u(ct ) =
1
δ1
(b� ct )�δ1 and V (ct ) =

1
δ2
(b� ct )�δ2 (δ1, δ2 < �1).

CES and CRRA time and risk preference utilities used in EZ special case of
KP preferences

u(ct ) = �
1
δ1
ct�δ1 and V (ct ) = �

1
δ2
c�δ2
t (δ1, δ2 > �1).

For this case, EIS and Pratt-Arrow relative risk aversion measures given by

EIS =
1

1+ δ1
and � ct

V 00(ct )
V 0(ct )

= 1+ δ2.

1Homothetic to translated origins.
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Optimization Problem

Since DOCE preference can be time inconsistent, need to consider standard
Strotz-Pollak resolute, naive and sophisticated solution techniques.

Period 1 consumption-portfolio optimization problem

P1 : max
c1,c21,c22,c31,c32,c33,c34

U(1) (c1, c21, c22, c31, c32, c33, c34)

S .T . c1 + n1 + nf 1 = I .

Period 2 optimization problem if upper state realized2

P21 : max
c21,c31,c32

U(21) (c21, c31, c32)

S .T . c21 + n2 + nf 2 = R21n1 + Rf 2nf 1
c31 = R31n2 + Rf 3nf 2 and c32 = R32n2 + Rf 3nf 2.

Period 2 optimization problem if lower state realized

P22 : max
c22,c33,c34

U(22) (c22, c33, c34)

S .T . c22 + n2 + nf 2 = R22n1 + Rf 2nf 1
c33 = R33n2 + Rf 3nf 2 and c34 = R34n2 + Rf 3nf 2.

2All assets have one period maturity.
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Time Consistency for DOCE Preferences

Key Assumptions:
[ICER]: Assume that for all st , t < T ,

∑
s t+1�s t

π(st+1 jst )
�
R(st+1) � en(st )��δ2

=

 
R̂pt ∑

j
enj (st )

!�δ2

,

where R̂pt is non-stochastic.3

[RF]: there exists a risk free asset.

The consumer�s preferences satisfy TC (time consistency) if and only if at
any time t and all c, c0 with some payo¤ history st ,

U
�
cjst+1

�
� U

�
c0jst+1

� �
8st+1 � st

�
) U

�
cjst

�
� U

�
c0jst

�
,

where c (st ) = c 0 (st ).

3Stronger assumption that asset returns i.i.d. (independently and identically distributed)
made in important papers Levhari and Srinivasan (1969), Samuelson (1969), Weil (1993),
Campbell and Cochrane (1999) and Barro (2009).
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Time Consistency for DOCE Preferences (continued)

Period 3Period 1 Period 2 Period 1 Period 2 Period 3
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Time Consistency for DOCE Preferences (continued)

For homothetic DOCE preferences and [ICER], optimal intertemporal choice
in set

I0 =
�

c 2 R7+ : c = (c1, c21, c22, α1c21, α2c21, α3c22, α4c22),
(α1, ..., α4) 2 R+,π31α�δ2

1 + π32α�δ2
2 = π33α�δ2

3 + π34α�δ2
4

�
.

Proposition
Assume set of 4 branch consumption trees satisfying [ICER]. Homothetic DOCE
preferences corresponding to

u(c) = �c
�δ1

δ1
and V (c) = �c

�δ2

δ2
(δ1 > �1, δ2 � �1)

satisfy TC over domain I0.
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Time Consistent DOCE Demands: HARA Class

Theorem
Assumptions [ICER] and [RF] hold and consumer solves consumption-portfolio
problem. Then DOCE demands are time consistent i¤ one of following holds

(i) u(c) = � (c � b)
�δ1

δ1
and V (c) = � (c � b)

�δ2

δ2
(δ1, δ2 > �1),

(ii) u(c) = �exp (�κ1c)
κ1

and V (c) =
exp (�κ2c)

κ2
(κ1, κ2 > 0),

(iii) u(c) =
(b� c)�δ1

δ1
and V (c) =

(b� c)�δ2

δ2
(δ1, δ2 < �1).

Intuition: For special tree structure assumed, quasihomothetic preferences
and consumption-portfolio problem, assumed existence of risk free asset
e¤ectively translates quasihomothetic case into homothetic one.
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Another Time Consistent Rationalization

How do time consistent DOCE and KP demands compare?

Proposition
Assumption [ICER] holds and consumer solves consumption-portfolio problem.
For DOCE preferences, assume

u(c) = �c
�δ1

δ1
and V (c) = �c

�δ2

δ2
(δ1, δ2 > �1, δ1, δ2 6= 0).

Then demands can be also rationalized by the KP preferences, wherea

U (ct , x) = �

�
c�δ1
t + β (�δ2x)

δ1
δ2

� δ2
δ1

δ2
and VT (x) = �

x�δ2

δ2
.

a In restricted choice domain where [ICER] holds, there is no early resolution tree and hence
there is no preference for early resolution.

Similar result for quasihomothetic DOCE and KP (u,V ) building blocks if
[ICER] and [RF] hold.
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Impossibility Result

We have the following impossibility result.

Proposition
Assume preferences over dynamic consumption satisfy independence of unrealized
alternatives and are time consistent. Then if TRI is satis�ed, SEP cannot hold.

Examples
Although time preferences are characterized by (δ1, β) = (0, 1) and risk
preferences are characterized by an arbitrary δ2, TRI holds:

U (c) = exp
�
ln c1 �

1
δ2
ln
�

π21 exp (�δ2 (ln c2 + ln c31))
+π22 exp (�δ2 (ln c2 + ln c32))

��
= c1c2

�
π21c

�δ2
31 + π22c

�δ2
32

�� 1
δ2

= exp
�
ln c1 + ln c2 + ln

�
π21c

�δ2
31 + π22c

�δ2
32

�� 1
δ2

�
.

Time preference parameter value cannot vary and hence fails the SEP De�nition.
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π21 exp (�δ2 (ln c2 + ln c31))
+π22 exp (�δ2 (ln c2 + ln c32))

��
= c1c2

�
π21c

�δ2
31 + π22c

�δ2
32

�� 1
δ2

= exp
�
ln c1 + ln c2 + ln

�
π21c

�δ2
31 + π22c

�δ2
32

�� 1
δ2

�
.

Time preference parameter value cannot vary and hence fails the SEP De�nition.
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Extension of Two Period KPS Demand Properties

Gollier (2001) and Selden and Wei (2019): excess saving θ = srisky1 � scertain1 .

Proposition
Assumption [ICER] holds. Consumer solves consumption-portfolio problem, where

u(c) = �c
�δ1

δ1
and V (c) = �c

�δ2

δ2
(δ1, δ2 > �1).

Then for KP and DOCE preferences, θ T 0, δ1 S 0, EIS T 1.

Proposition
[ICER] and [RF] hold and consumer solves consumption-portfolio problem, where

u(c) = �c
�δ1

δ1
and V (c) = �c

�δ2

δ2
(δ1, δ2 > �1).

Then in each period t, optimal asset ratios nf (st ) /nj (st ) = ηj (s
t ) are same for

KP and DOCE preferences and are independent of δ1 and β.
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Concluding Comments

One key insight: in intertemporal demand problems TC behavior does not
depend just on preferences, but prices (or asset returns) can also play a
crucial role. This di¤ers from typical decision theoretic analyses (KP and
Johnsen and Donaldson 1985) where the conditions for TC are implicitly
assumed to hold for all prices. ([ICER] and [IR] have been shown to
essentially be restrictions on return distributions or, for complete markets, on
contingent claim prices.)

It would be interesting to consider more generally when joint restrictions on
preferences and prices such that dynamic choice behavior is time consistent.

For instance, assuming a simpli�ed tree structure and βRf 3 = 1 (and no
restrictions on risky returns), a consumer with CES time and CARA risk
preference DOCE utility satis�es TC (and SEP and TRI).
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