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Abstract

Using LASSO related methods to solve high-dimensional financial problems has
become the new mainstream in recent years thanks to efficient computational algo-
rithms and their capacity in dealing with very large dimensions. Nonetheless, empiri-
cal work has demonstrated strong evidence that high dimensional datasets are usually
highly correlated and unfortunately the LASSO estimator performs poorly under such
circumstance.! Subsequently, we consider the correlation-robust Ordered-Weighted-
LASSO (OWL) estimator (Figueiredo and Nowak, 2016) which is structure-free and
data-driven. This paper extends the theoretical work of Sun (2019) and focuses on
developing its asymptotic properties under less restrictive assumptions (i.e., mixing
condition and fatter tails) on random variables. Then we further develop the de-
biased version of the OWL estimator and show that it is asymptotically normally
distributed. Using simulated data, we find that the de-biased OWL estimator can
greatly reduce the estimation error of the OWL estimator for various sample sizes,
while the true value of parameter is included in the 95% confidence interval with sat-
isfying coverage rate. Empirically, we apply the de-biased OWL estimator on factor
investing using 15 large stocks in the Dow Jones industrial average index.
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1 Introduction

Economic and financial research topics related to the LASSO (Tibshirani, 1996) estimator
have burgeoned and evolved rapidly in the past decade as high-dimensional big datasets
become more available. For some examples, see Feng et al. (2020), Freyberger et al. (2019),
Kozak et al. (2020) among others. However, as pointed out by Babii et al. (2019): [“..the
bulk of machine learning methods assume i.i.d. regressors and residuals.”]. They further
argue that time series data are usually correlated and, as a remedy, they utilize a structured
group-LASSO estimator using mixed frequency time series data.? Nonetheless, empirical
evidence has suggested that correlations are also commonly observed in the cross-sectional
dimension,® yet we often encounter insufficient information to impose structural restric-
tions on cross-sectional covariates. Consequently, it is not straightforward to implement
the group-LASSO method while the cross-sectional dimension being large and potentially
highly correlated. Conversely, we resort to a newly developed machine learning tool, the
Ordered-Weighted-LASSO (OWL) estimator, which is structure-free (needless to define
group structures ex ante) and entirely data-driven to exploit cross-sectional correlations.
Figueiredo and Nowak (2016) demonstrated that the OWL estimator explicitly permits
correlations among covariates and achieves correlation identification and sparsity shrink-
age simultaneously. Sun (2019) further established the consistency property of the OWL
estimator under i.i.d Gaussian assumptions and applied the OWL estimator to dissect the
factor zoo.

This paper focuses on developing robust inference of the OWL estimator under more
general conditions. First, we relax the usual i.i.d. assumption for regressors and instead im-
pose less restrictive weak dependence conditions among high dimensional covariates before
we derive the non-asymptotic bounds for the prediction error and the parameter estima-
tion error. In particular, we assume a—mixing conditions and potentially fatter (than

sub-Gaussian) tails on variables and their distributions. We leave a free parameter ¢ that

2In particular, each group consists of lagged values of either the dependent variable or a single explana-
tory variable, which means in effect, correlations on the time-series dimension are all retained in separate
groups.

3 Asness et al. (2013) find negative correlation between value and momentum factors which can be utilized
to achieve superior portfolio performance. Kleibergen (2009) cautions about the collinearity between factor
loadings when implementing a Fama-MacBeth regression.



controls the fatness of the tail distribution and we derive the probability measure of the
validity of the oracle inequality in relation to ¢q. Furthermore, we do not rely on an upper
bound assumption for any random variable, which is usually required before implementing
a Bernstein type inequality. Instead, we follow Dendramis et al. (2019) to truncate ran-
dom variables at a level which will be specified later to bring together a refined bound for
Bernstein type inequality under strong mixing conditions. In this respect, our theoretical
framework requires much less restrictive assumptions and explicitly allows researchers to
investigate cross-sectional correlations.

Second, following recent development of the de-sparsified LASSO estimator, for instance
see Van De Geer et al. (2014), Belloni and Chernozhukov (2012), Kock (2016), Caner and
Kock (2018), Kock and Tang (2019) among others, we extend Figueiredo and Nowak (2016)
and Sun (2019) to develop the de-biased OWL estimator using the nodewise LASSO tech-
nique. The OWL estimator has appealing properties of grouping together highly correlated
variables without pre-specifying any factor structures. Although Sun (2019) shows that the
OWL estimator is consistent under some regularity conditions, it is biased in small samples.
The de-biased OWL estimator bridges that gap. We show that after bias-correction, it is
asymptotically normal and we derive the confidence intervals for each parameter.

Empirically, we apply the de-biased OWL estimator on 15 large stocks in the Dow Jones
industrial average index with 80 factors constructed using accounting data. We implement
a portfolio sorting method to obtain our factor zoo library.* It is worth stressing that we
are not implementing a two-pass Fama-MacBeth type of regression or a stochastic discount
factor (SDF) method® to identify true factors that drive asset prices, which are most com-
monly studied in the cross-sectional asset pricing literature. Instead, this exercise focuses
on forecasting. We implement a simple one-pass time series regression to predict stock
returns directly from lagged values of factors, which are high dimensional and potentially

correlated.® We are interested in whether the de-biased OWL estimator can outperform

4 In particular, we sort stocks (after removing micro-stocks) from the NYSE, NASDAQ and AMEX
into decile portfolios according to a large number of firm characteristics at each point of time. For each
characteristic we compute the spread returns between the top and bottom decile portfolios at each point
of time.

°See Sun (2019) for an example of implementing the SDF method to find pervasive factors on the
cross-section of stock returns.

6 Nonetheless, the de-biased OWL estimator can also be implemented for the Fama-Macbeth regression



other benchmarks in an out-of-sample framework in terms of predicting asset returns given
a set of test assets. Empirical evidence suggests that the de-biased OWL estimator yields
higher out-of-sample Sharpe ratios compared to standard LASSO and OLS methods. In
addition, the de-biased OWL estimator illustrates a clear pattern of time-varying nature
of factor selections during different periods, while LASSO and OLS do not show strong
evidence of such pattern.

This paper builds naturally on the active and expanding literature pertaining to the
LASSO estimator, in both the machine learning and empirical asset pricing literature.
Tibshirani (1996) proposes the LASSO estimator that achieves efficient dimension reduction
within a convex optimization problem, which enjoys huge success. Since then voluminous
research has evolved to broaden the scope of the LASSO estimator. Yuan and Lin (2006)
allow covariates sharing similar characteristics to be grouped together as a unit and propose
the group LASSO estimator that performs sparse selection among groups. Freyberger et al.
(2019) apply the adaptive group LASSO method to find pervasive firm characteristics to
predict stock returns while Babii et al. (2019) implement the group LASSO estimator with
mixed-frequency time series data for nowcasting GDP growth. Belloni and Chernozhukov
(2012) and Belloni et al. (2014) propose the three-pass double LASSO estimation method to
de-bias LASSO coefficients of a set of factors that of primary interest to researchers. Feng
et al. (2020) adopt the double LASSO selection procedure to “tame” the factor zoo. Zou and
Hastie (2005) combine the ¢; and ¢; norm regularization and propose the elastic net (EN),
which stabilizes LASSO coefficients especially when covariates exhibit correlations. Kozak
et al. (2020) employ EN in a Bayesian framework and find that sparse components can
largely explain the cross section of average returns. Bondell and Reich (2008) propose the
octagonal shrinkage and clustering algorithm for regression (OSCAR) method by exploring
the o, norm of parameters pair-wisely to achieve clustered selections when covariates are
highly correlated. Zeng and Figueiredo (2015) and Figueiredo and Nowak (2016) promote
the Ordered-Weighted-LASSO (OWL) estimator, which is closely related to the SLOPE
(Sorted ¢; Penalized Estimator) by Bogdan et al. (2015): both assign a fixed and decreasing

weighting vector to penalized coefficients (by contrast, LASSO estimator assigns the same

(or SDF method) to identify pricing factors for a universe of stocks.



penalty to all coefficients), with the larger coefficients (absolute value) receiving larger
penalty. Bogdan et al. (2015) continue to specify a normal CDF based (non-linear) design
for the decreasingly ordered weighting vector, before using the false discovery rate (FDR)
to infer significance in the multi-testing framework assuming i.i.d. covariates. On the other
hand, the OWL estimator, although having the same design in the regularization as the
SLOPE, differs substantially in the weighting vector specification. Figueiredo and Nowak
(2016) specify a linear weighting vector, and they further find that, by adopting a linear
weighting vector, the OWL estimator encompasses the OSCAR regularization, which has
appealing properties to group together highly correlated variables without imposing any
structural restrictions ex ante. Van De Geer et al. (2014) developed the de-sparsified
LASSO estimator using the nodewise LASSO technique, which enables them to find a
way to approximate the usually un-invertible scaled Gram matrix to identify and quantify
the bias of the LASSO estimator. The de-sparsified LASSO estimator enjoys asymptotic
normality. Kock (2016), Caner and Kock (2018) and Kock and Tang (2019) expand the
de-sparsified LASSO estimator on panel data and develop statistical properties under sub-
Gaussian assumption. Babii et al. (2019) extend the nodewise LASSO technique to group-
LASSO estimator using mixed frequency time-series data. This paper marries the OWL
estimator and the nodewise LASSO technique to propose the de-biased version of the OWL
estimator. Meanwhile, this paper relaxes the usual i.i.d. and sub-Gaussian assumptions
to derive (non)asymptotic properties of the estimator. In particular, we allow for weak
dependence (a-mixing) between covariates and fatter (than sub-Gaussian) tails.

In the remainder of this paper, Section 2 outlines the OWL estimation framework and
we study its (non)asymptotic properties and further discuss a de-biased version of the
OWL estimator and its asymptotic normality property. Section 3 studies Monte Carlo
experiments with various settings in dimensions and correlations. Section 4 applies the
de-biased OWL estimator on 15 large stocks to find the best predictors from a factor zoo

library constructed from accounting data.



2 Model

In this section, we define the Ordered-Weighted-LASSO (OWL) estimator and derive its
theoretical properties under mixing and some other regularity assumptions. Then we de-
velop the de-biased OWL estimator, and show that it has asymptotically normal distribu-

tion.

Notation
Throughout this paper, X is a n X p matrix, and y is a n X 1 vector. We denote by

A 1 A
¥ = —X'X the scaled Gram Matrix of X, while ¥ = E(X) is the expected (true) value
n

n
of the scaled Gram matrix. For any x,y € R", we denote ||z|, = (3. 22)Y2 ||z|, =
i=1

i |zi], [|2]|cc = maxi<i<n |4, [|2]]o the cardinality of x, and x ® y the Hadamard (point-
Z\;ilse) production of two vectors. For matrix Ml € R"*", A,,.;, and A4, denotes the smallest
and largest eigenvalues of M. For two sequences x,, and y,,, we write x,, < y, if there exist
0 <a<b< oo, such that ay, < z, < by, and we write x,, < vy, if z,, < by, for some
0 < b < co. For any set s, s¢ denotes the complimentary set. For two scalers p and g,
pV q := max(p,q) and p A ¢ := min(p,q). For any f = {#,---,58,} € RP, we denote
B, = (Bl 1Bl -+ 1Blw)’, where [Blyy > |l = -+ = |l and Bl is the j*

element of |3].

2.1 OWL estimator and the oracle inequality

Consider a linear model

y=Xp"+e, (1)

where X := (Xy,---,X,) and 8° = (87, , 8))". Note that in the high-dimensional case,
we allow p > n and Xs can be correlated for j = 1,---,p. The OWL estimator B

minimizes the objective function

. 1 1 P
_ . - . X 2 — / — . . 2
B arg min Sy = XBll + —w Iﬂh} , W8l ;:1 w; Bl (2)



grouping

Figure 1. Geometric illustration for the atomic norm of OWL and LASSO penalty

where w = (w1, ,wp), w; = A+ Xa(p—17j), j =1,---,pand A\, \s > 0 are tuning
parameters.

Zeng and Figueiredo (2015) have shown that the OWL estimator has sparsity selec-
tion and correlation identification properties. Figure 1 shows the geometric interpretation
of the OWL penalty («'|3];) and the LASSO penalty (||8]|1).” In particular, the tuning
parameter A; controls the overall level of penalty while Ay influences the grouping prop-
erty: large (small) Ay encourages (discourages) correlated variables to be grouped together
by assigning them with similar coefficients, see Sun (2019) and Figueiredo and Nowak
(2016) for a detailed discussion. We want to stress here that we do not impose any factor
structure restrictions in our model, for instance defining groups ex ante to encapsulate cor-
related variables. Correlation identification is entirely data-driven. On the other hand, the
OWL penalty term encompasses the LASSO setup. Setting Ay = 0, the OWL estimator
will collapse to the standard LASSO estimator. A gradient proximal algorithm can be
implemented to solve the optimization problem in (2), see Sun (2019) for technical details.

Before we derive the statistical properties for the OWL estimator B, we make the

following assumptions which are the foundation for building the theoretical framework and

"This figure shows the atomic norm of the OWL penalty and the LASSO penalty and explains why
the OWL estimator achieves Sparsity selection and correlation identification simultaneously, while LASSO
only having the sparsity selection property.



add novelty to our contributions. Assumption 1 states restriction on random variables,
including cross-sectional dependence and on tails of their distributions. Assumption 2 is a
standard requirement for developing asymptotic theory for LASSO type estimators in high
dimensions. Assumption 3 specifies some rates on s, n and p required to obtain consistent

estimators.
Assumption 1 (Random variables, Dendramis et al. (2019)).

a) Forallj=1,--- ,p, {X;;}", and {X; ;;}, are a—mixing sequences, which are not
J ) Ji=1 5] i=1 g
necessarily stationary. The mizing coefficients have property oy, < cd®, ¢ > 0,0 <

o<1, k>1;

(b) sup; ; P(|X; ;] > a) < erexp[—ca®] and sup; P(|e;| > a) < ¢ exp[—cpa®] for all

a >0, for some q1,q2 > 0 and cy1,co > 0 which do not depend on a,1i, j;
(c) E(&|Xi ;) =0, and H%%XE(X{Z) < 00.

Assumption 1(a) relaxes the i.i.d condition which is usually assumed on X; in the bulk
of LASSO related literature, for instance see Kock (2016), Van De Geer et al. (2014) and
Belloni and Chernozhukov (2012). Instead, we allow variables X; to be weakly dependent,
i.e. a—mixing. Furthermore, mixing condition permits heteroscedasticity which is typically
exhibited in empirical data. Assumption 1(b) further specifies tail bounds of distributions
of X; and e. Although we use an exponential type of bound, it allows tails to be fatter
than in the sub-Gaussian case. The tail parameter g controls the fatness of the tails, and it
encompasses the sub-Gaussian tail (¢ = 2) as a special case. Assumption 1(c) is a standard
assumption stating that the error term is orthogonal to covariates, in other words {X; j¢;}
is a zero mean sequence. Note that we do not assume random variables to be bounded
which is typically assumed when implementing a Bernstein type inequalities. To this end,
our assumptions are more general and less restrictive than many of those in the literature

which typically consider sub-Gaussian i.i.d. random variables.

Assumption 2 (Restricted eigenvalue condition on %, Bickel et al. (2009)).
Let sg C {1,---,p} be a subset and s := |so| the cardinality of sy. For B =

{Blv”' 7/6]7}7 denoteﬁsO = 511{2 S SOvi = 17 7p}7 685 = 511{2 ¢ SOai = 17 7p}7

8



1 < 3||Bs |1, 2 satisfies the

so that 3 = B, + Bsc. We suppose that for all B such that ||Bs

restricted eigenvalue condition

Lo
b
¢?) = min min b 52 > 0. (3)
s0C{1, ,p} sern\{0} || BslI3
s<p 1856 11 <3|Bsg 1

Assumption 2 is a cornerstone to many theoretical results related to LASSO estimation.
First of all, it allows to specify the approximate sparsity condition as follows: only for a
subset sg, the true parameter vector has non-zero values (3? # 0 : Vi € sg), while the
complement contains only zeros (37 = 0 : Vi ¢ sy). The cardinality s of such subset sg
does not need to be known ex ante nor its elements, though we restrict it so that s < p.
The restricted eigenvalue condition implies the compatibility condition of Buhlmann and
Van de Geer (2011) (see below Lemma 1), which is an essential element in the proof of

Theorem 2.1.

Lemma 1 (Compatibility condition for 3, Buhlmann and Van de Geer (2011)). If the

scaled Gram matriz 3. satisfies the restricted eigenvalue condition in (3), then for any (

185017 < (B'S5)s/ 5

Proof: see Appendix A.J

Assumption 3 (Rates on n, p and s). Denote by s := |sq| the sparsity parameter indicating
the number of non-zero elements in 3 as in (2) and s; the sparsity parameter in (15) by
regressing the ' column of X on the remaining columns of X. For any j € {1,--- ,p},

we assume

(0) (s 5, 5L = o(1),

(b) sj\/loi P _ (1),

Assumption 3 specifies some rates on n, p, s and s; which lead to consistent estimators.
The rate that is required in 3(a) is rather standard and similar to that used in Kock (2016)
and Van De Geer et al. (2014). The other requirement in 3(b) is typically weaker than in
Kock (2016).



2.1.1 Statistical properties

Next, we investigate some statistical properties for the OWL estimator. Theorem 2.1
establishes oracle inequality for the prediction error and parameter estimation error. The
probability we obtained is based on the assumption of weak dependence. Its proof uses

Bernstein type inequalities for c—mixing variables obtained in Dendramis et al. (2019).

1
Theorem 2.1 (Oracle inequality). Suppose Assumption 1 and 2 hold. Set \g = K ﬂ,

n
slogp

A
where k 1s a positive constant. Let A= 29 and assume 2 = O,( ). Suppose that
n n

for some § >0, p < nd.

1. Let n,p — oo. Then for sufficiently large k,

L1X(3 — 8l < 4005/ + 20/2STAT, (W
18— Bl < 8305/63 + Mos| )

with probability at least 1 —cup™© — 1, for some € > 0, where ¢, is a positive constant

which is independent on n and p.

2. Let p be bounded. Then (4) and (5) hold with probability at least

/ fToen )\ ¢
1 — pey exp(—%f%2 log p) + exp (—0’2 (Logp> )] : (6)

2log®n

where ¢ = q/(q+1),q = q1q2/(q1 + q2) and ¢y, ¢y, ¢y are some positive constants which

are independent on n and p.
Proof: see Appendiz A.1.

Remark 1 Theorem 2.1 offers bounds for the prediction error || X (8 — 3°)]|s/n and pa-
rameter estimation error ||3 — °||; for the OWL estimator under strong mixing conditions.
Once we further incorporate Assumption 3, we will derive consistency and the convergence
rate for the OWL estimator. See Corollary 2.1.

Remark 2 We analyze the probability of (4) and (5) to hold under two scenarios. First,

when n,p — 0o, we find that those inequalities hold with probability tending to one once

10



a sufficiently large & is chosen. Second, when p is fixed, we find that the probability of (4)
and (5) to hold converges to 1 — pcgexp(—c/x*logp) as n — oo, where ¢y and ¢ = ¢} /4
are some positive constants which depend only on the mixing coefficient oy, in Assumption
1. Then we need to select r sufficiently large to ensure that pcy exp(—c/x*logp) is close to
zZero.
Remark 3 Our results on the probability measures are obtained under general assumption
of exponential decaying tails on random variable z;; := X, j&;. If ¢1,¢2 = 2, equation (6)
encompasses the sub-Gaussian case, which is a popular assumption in related literature, see
Kock (2016) and Kock and Tang (2019) for example. In addition, it also accommodates for
fatter tails, i.e. 0 < ¢q,¢2 < 2. However, when both p and n are bounded, the probability
of (4) and (5) to hold depends also on the tail parameters. The thinner is the tail of the
distribution of the random variable z; ; (i.e., large ¢, where ¢ = ¢1qa/(q1 + ¢2)), the closer
of the probability in (6) is to one.

To this end, we want to emphasize that our results in Theorem 2.1 are based on less
restrictive assumptions, where we allow for weak dependence between random variables
X ]’~s and we further relax the sub-Gaussian tail restriction where we leave a parameter ¢

that controls the fatness of the tail distributions.

Corollary 2.1 (Convergence rate). Suppose Assumption 3 is satisfied and assume n,p —

0o. Then for sufficiently large k, with probability tending to one,

168l = O, (x/“‘;gp):opm, 16—l =0, (sx/lo,fp):opm. @)

Proof: see Appendiz A.2.

Corollary 2.1 establishes the convergence rate in ¢; and f5 norm of the OWL estimator
B . After specifying some growth rate for n and p in Assumption 3, we show that the OWL

estimator is consistent.

2.1.2 Choice of penalty parameters

It is well recognized that the choice of penalty level has huge impact on the performance

of LASSO type estimators. In the machine learning literature, cross-validation is the

11



most commonly implemented method for choosing penalty parameters. However, cross-
validation can be computationally expensive to implement, for instance, in a recursively

8 Hence, it would be useful if we can infer an appropriate penalty

estimated application.
level based on the statistical properties of the estimator. Belloni and Chernozhukov (2012)
argue that we should choose a penalty level that is sufficiently large to cancel noises coming
from estimation errors (i.e. P(\g > 2||X¢||s/n) is large), yet not overly large to write off
signals from variables. To achieve that, we propose the rule of thumb about penalty choice

below based on a similar argument to Belloni et al. (2012) but incorporating our unique

setting for random variables (weak dependence and exponential tails).

Proposition 2.1. Let Assumption 1 be satisfied, ®1(-) denote the inverse of the standard
normal distribution function. We propose the following values for turning parameters A\

and Ay in (2).

A1 _ 4 1 241 (1 a) A2 _ A1 Vdogp
logn ’

2 n o n ynp’ ®)

where we evaluate o* recursively similar to Algorithm A.1 in Belloni et al. (2012) and « is
a significance level.

Proof: see Appendix A.6.

Note that « is selected to ensure the probability that the penalty is large enough to
cancel out noises is close to one, that is P(A\g > 2| X'¢|loo/n) > 1 — . So a smaller
value of a will result in larger penalty level. Proposition 2.1 offers a guideline for penalty
choices when cross-validation is too expensive to implement. Equation (8) suggests that
the penalty level depends on four elements. First, the noise level o* affects penalty level.
Large variance of the error term requires a higher penalty level to cancel out noises. We
evaluate o* recursively: we first evaluate the model and obtain the residuals while setting

o* = 1, then update ¢* with the empirical residual variance and re-evaluate the model.

8Taking the commonly used 10-fold cross-validation as an example, at each step of the recursive exercise
(for instance, a rolling window estimation procedure), we need to split the sample into 10 folds, while holding
one tenth of the sample as testing sample and the remaining as estimation sample to evaluate and test the
model, then swap positions of testing/estimation samples to re-evaluate the model (10 times). Suppose we
have two tuning parameters and we want to search for a best fit in a 5 x 5 grid, and suppose the rolling
window requires T recursive estimations. Then the 10-fold cross-validation method would require to run
the model 52 * 10 * T times.

12



Second, large n reduces the penalty level. Note that the total penalty is determined by Ay /n
and \y/n in (2), so large n commands smaller values for \;/n and A\y/n. From a different
perspective, we can view that large n leads to smaller variance o2, which requires less
penalty on parameters. Third, the dimension of covariates p dictates the optimal penalty
level. Large p requires higher level of penalty to shrink off more irrelevant variables. Fourth,

the significant parameter a.

2.2 De-biased OWL estimator

Although Theorem 2.1 shows that the OWL estimator is consistent under some regularity
conditions, it is biased in small samples. In this section, we discuss a bias-corrected version
of the OWL estimator using the nodewise LASSO method introduced in Van De Geer
et al. (2014). Then we develop the asymptotic normal approximation result for the de-

biased OWL estimator.

2.2.1 Identifying the bias of the OWL estimator

For the convenience of expression, the OWL estimator defined in (2) can be written as
Bza%gmlmy—XﬂMﬂ%+%HMMﬂ, (9)

where we extract 2 out of the weighting vector w.” The first order condition of minimization

of (9) gives

1 if >0
~X'(y—-XB)n+woi/m=0, F=S[-11] if f=0 (10)
~1 if B<o.

where ® denotes point-wise product of two vectors, and 7 is the definition of sub-gradient

of |6A|¢ We further utilize the equality y = X% + ¢ and ¥ = X’X/n. Then (10) can be

9Note that w is exactly pinned down by A; and Ay which can be determined according to (8). So for
the convenience of expression, we keep the same notation here for w.

13



written as

S(6— 8% +wei/n=X'e/n. (11)

Since ¥ is not invertible when p > n, we are using a relaxed form S) suggested by Van De
Geer et al. (2014) to approximate the unobservable 7! where ¥ is the population value

of 3. Suppose such © exists. Then we can write

B—B"4+6we?/n=0X"e/n—A/Vn, (12)
A =/n(OS = 1)(B -8, (13)

where we will show later that ©X’ ¢/n is asymptotically normal and the approximation

error, A, is negligible. Then we obtain the de-biased OWL estimator

b=F+0woi/n=F+0X"(Y - XpB)/n, (14)

where the second equation holds in view of (10). So the bias is identified as bias =

Owe 7 /n = 0X’ (Y-X B) /n. In the next subsection, we construct required approximation

~

©.

2.2.2 Construction of ©

We follow Van De Geer et al. (2014) and Kock (2016) and use the nodewise LASSO tech-
nique to obtain ©. First, the nodewise LASSO estimator is defined as

5; = argmin (|| X; — X_73/n+ 2X[71h) (15)

yeRpP—1

where 4; = {%;x : 4,k = 1,---,p, k # j} € RP' is a row vector of the nodewise
LASSO estimator by regressing X (the j column of matrix X) on X_; (which denotes
the remaining columns of X') with LASSO penalty A;. Define a p x p matrix C and a PXp

14



diagonal matrix T2 as

L e
. —A 1 ... —A . o .
Com | T T T 1 diag(82,62, - 82), (16)
e TR
where for j =1,--- ,p,
07 = 1% — X_y5ll2/n + A3 (17)
Then O is constructed by setting
6 = T2C: (18)

For a close consideration of whether © is a good approximation of 7!, see Appendix A.5.

2.2.3 Inference on the de-biased OWL estimator

12 N 1 .n
Denote Yy, := E[= > (X&) (X/e;)], xe = — Y [(X/é)(X}é)'] and © := X~ For any
=1

=1
1€ {1,..,p}, let ©; (6)) be the I'" row of the © (©) matrix, written as a column vector.

3

Theorem 2.2. Let b and © be defined as in (14) and (18), respectively. Then the following
hold:

V(b — %) = 6X'e/v/n+ 0,(1), (19)
©/X'e/\/n — N(0,0/3x.0)), (20)

Furthermore, a uniformly valid point-wise confidence interval based on the t-statistics for

B2 where L =1,--- ,p is given by
[l;l - O(Oé, éla XA]X&)a Bl + C(O[, él? XA}XG)]v (21)

where C(a, ), Yxc) = @11 — a/2)4/O/XxO,/n and « is the confidence level.
Proof: see Appendiz A.S5.

Theorem 2.2 arrives at the asymptotic normality property for the de-biased OWL es-

15



timator b and allows uniformly valid test for 8? (i.e. the confidence interval applies to
all { = 1,---,p). The confidence interval is derived through the ¢-statistics based on the
asymptotically normal property of the de-biased OWL estimator b. Alternatively, a re-
lated Wald test can be subsequently developed. However, in this paper, we focus on the
t-statistics and using (21) for testing the significance of the de-biased OWL estimator in
our empirical exercises (i.e. we exclude covariates from a set that only contains useful
covariates if their estimated coefficients are tested not significantly different from zero).
Next, we investigate the performance of the de-biased OWL estimator using simulated

data.

3 Simulation

This section reports results on the performance of the de-biased OWL estimator alongside
other benchmark estimations using simulated data. First, let us consider a toy example of
300 test assets (N = 300) and 20 covariates (K = 20). The oracle (true) values of the first
six coefficient parameters of covariates are non-zeros and the rest are all zeros. Specifically,
we set Oy = {10, 2,12, ..., 42.0,0,...,0} € R*. Variables are not correlated.

Figure 2 displays the plots of estimated coefficients using various methods, alongside the
true values (b0, blue line). The shaded area is the 95% confidence interval for the de-biased
OWL estimator. First of all, we find the OWL estimator (red/circle) exhibits good sparse-
selection property: it shrinks the coefficients of all useless factors to zeros. Meanwhile, we
also find that the OWL estimates for the non-zero coefficients are all biased towards zero,
which is a common pitfall of many LASSO related estimators in small samples. On the
other hand, we find that the de-biased OWL estimator (yellow/asterisk) corrects the bias:
the bias-corrected estimates are much closer to the oracle values (blue line), with the oracle
values lying inside the confidence interval (shaded area). On the flip side, the de-biased
OWL estimates lose the sparse-selection property: all those useless factors now have non-
zero coefficients using the de-biased OWL estimator. However, this incorrect de-biasing is
bounded by the confidence intervals. We find that the true values (zeros) of the coefficients
of these useless factors lie inside the confidence interval. Hence, we can easily remove those

useless factors by running a t-test. This simple toy example illustrates the nice properties
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Figure 2. A toy example
This graph plots the estimated coefficients using OWL estimator and its de-biased version, along side with
the true values (b0, blue line). There are total 20 covariates, the first six (true value) are non-zeros, while
the remaining are zeros. The shaded area is confidence interval for de-biased OWL estimator. Variables

are uncorrelated.

of the de-biased OWL estimator. Next, we run a sequences of Monte Carlo experiments
to investigate how dimensions of data-set, correlations and other aspects would affect the
performance of the de-biased OWL estimation.

We set the dimension of covariates X such that K = dim(X) € {100,1000} and the
number of observations N € {60,800,1000}. We allow covariates in X to be correlated,

and their covariance structure is defined as
Corr; ;(X) = % ;(p) = pl™1, i,7€{1,2,.., K}, p€{0,0.3,0.5,0.7},

where Corr; ; is the element in the i row and j* column of a correlation coefficient matrix.

The true oracle value for ( is set to be

10 10 10
= {10, —, ..., —,0,0,...,0} € RX.
/80 { 727 37 767 5 Uy ooy }e

The first six elements are non-zeros, and the rest are zeros. The covariates matrix X and
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the response y are generated through the following distribution

X = Zxchol(¥), Z~N(0,1) € RV*K,
y=XpB+e, €e~N(0,0.01)ec RV

where chol(.) is the lower triangle matrix of the Cholesky decomposition. We use the de-
biased OWL estimator to obtain estimated coefficients. The penalty hyper-parameters of
A1 and As are chosen according to the optimal level discussed in Proposition 2.1 in Section
2.1.2.

!
m)m@_l(l - ﬁ)/\/ﬁ,
Xao/N =(\/N)\/log K/(VNE),

where ®71(-) is the inverse of a normal cumulative distribution function and o = 5%.
We set ¢ = 40* = 0.01 to gain computational speed.' We compare the de-biased OWL
estimator with other benchmarks, including the OLS (when it is feasible) and the LASSO
estimators. The number of the Monte Carlo repetition is 500 (rep = 500) for all set-ups.
We report four estimated coefficients of B , of which two have the true value of non-zeros:
{B3, s}, the other two have true values of zeros: {f12, f20}. We report the performance of

B in Table 1 using the following criteria:

1. Coverage rate for de-biased OWL. We compute the confidence interval of de-biased
OWL according to (21). The coverage rate is the rate of the true value of the param-
eter included in the confidence interval throughout all Monte Carlo repetitions. We

compute the coverage rate for each of these four parameters.

2. The width of confidence intervals (CI) for the de-biased OWL estimates. We compute
the average width of confidence intervals of de-biased OWL throughout all Monte

Carlo repetitions.

10WWe opt to this easy choice of * to gain computation speed, especially in high-dimensional cases. The
de-biased OWL estimates may be sub-optimal, and a carefully cross-validated choice of ¢* can potentially
improve the de-biased OWL estimates.
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3. MAE (Mean Absolute Errors). We compare the mean absolute estimation errors be-

tween the de-biased OWL, LASSO and OLS estimates. The MAE for each coefficient

: rep . :
j € {3,6,12,20} is defined as MAE], , .. = > |8l — B /rep, and the
i=1
average MAE across all coefficients of j € {3,6,12,20} for each benchmark is defined
rep ) N .
as MAEbenchmark = Z Z ’ﬁ;,(} o B?enChmark’Z‘/(4T’€p).
i=1

Table 1. Simulation result

Panel A: Coverage rate, CI width and MAE comparison between benchmarks

Coverage rate of dowl Width of CI of dowl Average MAE

B3 B 12 B2 53 B 12 B2 dowl ols lasso lasso_cv
K =50, N =60
p=0 0.9360 0.9350 0.9600 0.9360 | 0.1016 0.0665 0.0820 0.0942 | 0.0112 0.0263 0.0819  0.0819
p=03 0.9560 0.9300 0.9280 0.9320 | 0.1316 0.0948 0.1138 0.1424 | 0.0143 0.0347 0.0657  0.0657
p=05 0.9560 0.9320 0.9420 0.9560 | 0.1209 0.1271 0.2372 0.1142 | 0.0154 0.0396 0.0894  0.0894
p=0.7 0.9780 0.9780 0.9620 0.9500 | 0.1857 0.1782 0.1897 0.1504 | 0.0185 0.0495 0.0663  0.0663
K = 50, N = 1000
p=0 0.9420 0.9480 0.9380 0.9600 | 0.0129 0.0123 0.0127 0.0121 | 0.0015 0.0026 0.0689  0.0689
p=03 0.9480 0.9600 0.9480 0.9540 | 0.0139 0.0139 0.0137 0.0137 | 0.0016 0.0028 0.0813  0.0813
p=05 0.9640 0.9380 0.9280 0.9520 | 0.0158 0.0170 0.0162 0.0161 | 0.0019 0.0033 0.0758  0.0758
p=0.7 0.9380 0.9600 0.9420 0.9400 | 0.0214 0.0207 0.0210 0.0211 | 0.0025 0.0044 0.0755  0.0755
K = 1000, N = 800
p=0 0.9080 0.9340 0.9400 0.9300 | 0.0939 0.1000 0.0907 0.0726 | 0.0131 N/A  0.0738  0.0738
p=03 0.9460 0.9360 0.9280 0.9460 | 0.0823 0.0804 0.0996 0.0925 | 0.0105 N/A  0.0777  0.0777
p=05 0.9620 0.9580 0.9460 0.9420 | 0.0878 0.0889 0.0832 0.0762 | 0.0096 N/A  0.0806  0.0806
p=0.7 0.9720 0.9400 0.9400 0.9680 | 0.0756 0.0837 0.0882 0.0840 | 0.0089 N/A  0.0776  0.0776

Panel B: MAE comparison of each coefficient
MAE_dowl MAE ols MAE lasso

Bs Be B2 B20 B3 Be P2 Bao B3 Bs B2 P20
K =50, N =60
p=0 0.0219 0.0173 0.0019 0.0036 | 0.0257 0.0243 0.0328 0.0223 | 0.1645 0.1629 0.0000  0.0000
p=03 0.0266 0.0198 0.0048 0.0060 | 0.0405 0.0277 0.0276 0.0428 | 0.0562 0.2064 0.0000  0.0000
p=05 0.0238 0.0266 0.0082 0.0029 | 0.0292 0.0313 0.0678 0.0299 | 0.1857 0.1721 0.0000  0.0000
p=07 0.0337 0.0315 0.0043 0.0045 | 0.0488 0.0572 0.0492 0.0429 | 0.0576 0.2075 0.0000  0.0000
K = 50, N = 1000
p=0 0.0026 0.0026 0.0005 0.0003 | 0.0026 0.0026 0.0026 0.0024 | 0.1403 0.1352 0.0000  0.0000
p=03 0.0028 0.0027 0.0004 0.0004 | 0.0028 0.0027 0.0028 0.0028 | 0.1445 0.1807 0.0000  0.0000
p=0.5 0.0031 0.0036 0.0007 0.0004 | 0.0031 0.0036 0.0034 0.0032 | 0.1017 0.2014 0.0000  0.0000
p=0.7 0.0045 0.0041 0.0007 0.0008 | 0.0045 0.0041 0.0044 0.0046 | 0.0603 0.2417 0.0000  0.0000
K = 1000, N = 800
p=0 0.0228 0.0231 0.0033 0.0030 | N/A N/A N/A N/A 0.1465 0.1488 0.0000  0.0000
p=03 0.0164 0.0182 0.0044 0.0030 | N/A N/A N/A N/A 0.1392 0.1717 0.0000  0.0000
p=05 0.0157 0.0174 0.0026 0.0027 | N/A N/A N/A N/A 0.0995 0.2231 0.0000  0.0000
p=0.7 0.0130 0.0180 0.0032 0.0016 | N/A N/A N/A N/A 0.0783 0.2319 0.0000  0.0000

Panel A of Table 1 shows the results of coverage rate and the confidence interval (CI)

width of the de-biased OWL estimator, as well as the average MAE (mean absolute error)
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of each method. For LASSO estimator, we consider two methods for tuning the penalty
parameter: one is by a ten-fold cross-validation (lasso_cv), which is widely used in ma-
chine learning literature; another one is by specifying the maximum number of non-zero
coefficients we want to obtain.'! We consider three settings in our experiment about the
dimension of the dataset. First, we consider the case where K = 50, N = 60 (N ~ K) .
Second, we look into the near asymptotic case where K = 50, N = 1000 (N > K). Third,
we investigate the high-dimensional case where K = 1000, N = 800 (K > N). First of
all, we find that the coverage rates of the de-biased OWL estimates for all cases are above
90%. In particular, the coverage rate for the near asymptotic case is near the correct size
(95%) when correlation is not too high (p < 0.5). Comparing coverage rates with different
correlation profile within each settings suggests that the coverage rate is typically higher
when correlation is high (p = 0.7). However, we find that this is a result of enlarged con-
fidence interval width rather than improved estimation accuracy. The width of confidence
interval at the near asymptotic case suggests that when the correlation coefficient increases
(p increases from 0 to 0.7), the width of confidence interval enlarges, particularly when p
changes from 0.5 to 0.7. Meanwhile, an increase in p also associates with a decrease in
estimation accuracy: the average MAE for the de-biased OWL estimate increases steadily
when p increases. Also, comparing the average MAE of four coefficients (83, 5, S12, 520)
between the de-biased OWL, OLS and LASSO estimators, we find that the de-biased OWL
estimate yields the lowest estimation errors in all cases.

Panel B of Table 1 gives a detailed illustration of MAE comparison between benchmarks
for each coefficient. We find that the OLS estimator is good at estimating 35 and s because
the OLS estimator is unbiased. However, the OLS estimation error is large when estimating
[b12 and [og when their true values are zeros. The performance of the LASSO estimator is
the opposite: it correctly shrinks f12 and fag to zeros (in which case there is no estimation
error for 515 and f9) but the LASSO estimates for 3 and [ are biased, and the estimation
errors are large compared to the OLS estimates. The de-biased OWL estimate combines
the merits of the OLS and LASSO estimators: it achieves unbiased estimation for the

non-zero coefficients but also shrinks zero coefficients. In the cases where K = 50 (the

We specify the maximum number of non-zero coefficients as ten to ensure sparse selection. After
evaluation, we find both methods for choosing LASSO penalty parameter tend to yield the same result.
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OLS estimator is feasible), the de-biased OWL estimates for f3 and g are very close to
the OLS estimates, especially in the near asymptotic case. Meanwhile, the de-biased OWL
estimates for 812 and [y are close to LASSO estimates, performing sparsity shrinkage for
useless covariates (whose true coefficients are zeros). In the high-dimensional case where
K = 1000, we find that the MAE of the de-biased OWL estimates are substantially smaller
than that of the LASSO estimates while the OLS estimates becoming infeasible.

This Monte Carlo experiment shows that, in both the low- and high-dimensional cases,
the de-biased OWL estimator delivers unbiased estimation for useful covariates (whose
true coefficients are non-zeros) as good as the OLS estimator while shrinking off useless

covariates almost as good as the LASSO estimator.

4 Empirical application on factor investing

In this section, we apply the de-biased OWL method to predict stock returns using firm-
characteristic based factors. We first introduce the dataset and the empirical method before

conducting the empirical analysis.

4.1 Data and empirical method

We use the U.S. stock data from the Center for Research in Security Prices (CRSP) and
Compustat database, both downloaded from the Wharton Research Data Service. The
data spans between January 1980 and December 2017, totalling 456 months on all NYSE,
AMEX and NASDAQ listed common stocks. Risk-free rate and market returns are down-
loaded from Kenneth French’s on-line data library.'?> For predicting stock returns, we use
a factor library which contains 80 anomaly factors constructed using characteristics sorted
portfolios. More details of constructing those anomaly factors can be found in Sun (2019).
We consider 30 stocks in the Dow Jones Industrial Average index as test assets while
deleting stocks having any missing data between January 1980 and December 2017, which
leaves 15 stocks as test assets. We then use these characteristic-based factors to predict

stock returns for each of those 15 stocks.

Lhttps 1 | /mba.tuck.dartmouth.edu/pages/ faculty /ken. french/datayibrary.html
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Suppose we use the lagged factor returns to predict individual stock return. The pre-

dicted return of any stock 7 at time ¢ is

Riy =fif, B e {BfOWE, BOWE, pEASSO RIS, (22)
BOWE =B E 1 O(R; — fiaB7M) [, (23)
GPWE = arg min IR, — fio1B3 + QUB), (24)
BrASSO ZarggninHRi — feea B3 + MBI, (25)
3PS = aTg min IR, — fioaBl3, (26)

where (3, includes the de-biased OWL (‘dOWL’) estimator as well as benchmarks such
as the OWL, OLS and LASSO estimators. © is constructed in (18). S°"E is the OWL
estimator in (2) and SO is the de-biased OWL estimator in (14). A is a hyper parameter
for LASSO estimator and we use two methods to determine its value: either by a 10-
fold cross-validation (CV) method or restricting its maximum non-zero coefficients to ten

(DFmax = 10) to ensure sparsity.

4.2 A stock-by-stock analysis

In this subsection, we look at each stock and find which factors are the best predictors using
the full sample estimation. However, it is worth stressing that our target here is to predict
stock returns using a potentially large number of predictors. Since our approach is stock-
specific, the selected factors for each stock should not be interpreted as a cross-sectionally
valid true factors. Cross-sectional stock returns are typically investigated through the
Fama-MacBeth regression method or the SDF method, see Sun (2019) for more details on
dissecting the factor zoo for cross-sectional asset returns.

Figure 3 shows the contour plot of the estimated de-biased OWL coefficients (absolute
value).'® The vertical axis lists all the factors considered in the factor library and the hor-

izontal axis shows 15 stocks as test assets. The left panel displays the estimated coefficient

13Note that we excluded ‘betasq’ in the factor library because the correlation coefficient between ‘beta’
and ‘betasq’ is more than 0.9. Including both of them in the factor zoo leads to serious estimation problems
for OLS and LASSO estimators. For that reason, we exclude ‘betasq’ from the factor library.
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Figure 3. Contour plot of the de-biased OWL estimator of factor loadings. Yellow (blue)
areas indicate large (small) estimated coefficients in terms of absolute values. The blank
area indicates the estimated coefficients are close to zeros. The left panel is before testing

and the right panel is after testing.

before testing, while the right panel displaying the contour plot of the de-biased OWL

estimate after removing insignificant ones by applying the confidence interval in (21) at a

significance level a = 5%. We first find that ‘sales’ related factors are typically selected

as strong predictors for many stocks, while ‘profitability’ and ‘investment’ related factors

form the second tier of strong predictors for stocks returns. The right panel confirms that

most of those strong predictors are tested significant while many other minor predictors

are removed after applying the confidence interval. Meanwhile, it also suggests that some

stocks, for instance ‘KO’ and ‘MMM’ are sensitive to only very few (less than five) fac-

tors in our factor library, while others like ‘J&J’ and ‘DIS’ having many (more than ten)

after testing, alprﬁzlo.OS
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significant predictors.

Next we choose a random stock, for instance ‘DIS’ to compare the estimation results
using different methods. Figure 4 shows the plot of estimated coefficients using the de-
biased OWL (blue), OWL (red), LASSO (yellow, with DFmax = 10), LASSO_CV (purple,
with 10-fold cross validation) and OLS (green) estimators. The grey area displays the 95%

confidence intervals for the de-biased OWL estimator.
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Figure 4. Estimated factor loadings of ‘DIS’
This figure plots the estimated factor loadings using the de-biased OWL, OWL, LASSO and OLS estima-
tors. The shaded area is the 95% confidence interval for the de-biased OWL estimator.

Figure 4 shows that the OWL estimator yields very similar result to the LASSO esti-
mator (with maximum number of non-zero coefficients restricted to ten to ensure sparsity)
for the sparsity property, i.e., they both shrink many factors’ coefficients to zeros, yet they
differs in some of the survival factors (i.e., factors having non-zero estimated coefficients).
Meanwhile, the estimated coefficients of survival factors of both the OWL and the LASSO
(yellow) estimators are very close zero, which are caused by an inward bias pulling the
coefficients towards zeros. The cross validated LASSO estimator yields very similar result
to the OLS estimator. Cross validation method suggests all factors are useful to predict
stock returns and thus shrinks no factors and yields almost the same result as the OLS
estimator. The de-biased OWL estimator corrects that bias for the OWL estimator. We
find that after bias-correction, the de-biased OWL estimate displays a similar trend to the
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OLS estimator, although the magnitude of estimated coefficients varies on some factors
compared to the OLS estimator. Meanwhile, the de-biased OWL estimator loses the spar-
sity property (i.e. no factors receive zero coefficients for the de-biased OWL estimator),
but we find that many of those factors receiving zero coefficients in the OWL estimation
are insignificant in the de-biased OWL estimation after applying the confidence intervals.
In addition, to preserve the sparsity property of the OWL estimator while correcting the
bias for survival factors, we can selectively de-bias these estimated non-zero coefficients of

the OWL estimator.

5 Conclusion

In high dimensional datasets where covariates exhibit high correlations, Zou and Hastie
(2005) and Figueiredo and Nowak (2016) have shown that the LASSO estimator performs
poorly. Figueiredo and Nowak (2016) introduced the Ordered-Weighted-LASSO (OWL)
estimator which is specifically tailored to deal with correlations between covariates. Sun
(2019) introduced the OWL estimator to dissect the factor zoo for the cross sectional asset
returns and further developed asymptotic properties for the OWL estimator. Although
Sun (2019) shows that the OWL estimator is consistent, it is biased in small samples. This
paper extends Figueiredo and Nowak (2016) and Sun (2019) to study the (non)asymptotic
properties of the OWL estimator with less restrictive assumptions and further propose a
bias-corrected version of the OWL estimator. Monte Carlo experiments show that, in both
the low- and high- dimensional settings, the de-biased OWL estimator delivers unbiased
estimation for useful covariates as good as the OLS estimator while shrinking off useless
covariates almost as good as the LASSO estimator. In the empirical analysis, we implement
the de-biased OWL estimation to predict returns for 15 stocks from the Dow Jones Indus-
trial Average index using 80 factors. We find some ‘sales’, ‘profitability’ and ‘investment’

related factors are strong predictors for many stock returns.
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Appendix

A Technical proofs

A.1 Proof of Theorem 2.1

Proof. The proof of Theorem 2.1 consists of two parts. In the first part we derive the
oracle inequality (4) and (5) under the event E, which will be specified below in (A.4).
The second part we will derive the probability of this event P(F) to be true.

Part I. According to the “argmin” property,

1 X A 1 1<
ly = XBl5 + - > wilBly < ly = XA + - > wil Bl (A1)
j=1 j=1
Since (wy, - -+ ,wp)’ where w; = A\ +Xa(p—7), 7 ={1,---,p} is in a monotone non-negative

cone, SO wy > wy > ... > wy,. Then we have

V4
> wilBliy = wllBllr = MlIBIL,

j=1

> wil B < willBll = [+ dalp — DAL
=1

Together with y = X 3° + ¢, this implies that (A.1) can be simplified as follow:

1 A 1 - 1 1

—lle = X8 = BB+ —wl1Bll < llell3 + ]|l (42
1 - ALy A 2 - 1
X3 = BB+ Bl < ZeX(F - )+ D+ dalo— DI (A3)

Note that € X (5 — 3°) < ||¢X]loo||3 — 8°)]1. Let Ao > 0 and consider an event

Ao

1
=< =€ < — .
B { Xl <3}, (A.4)
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1
where \g = r4/ @, where £ > 0 is a constant. Then in view of (A.4), (A.3) can be
n

bounded as
1 - A A
LX)+ 2218l < dolld— B+ T+ el - DS (A5)

A
By assumption of the theorem, 2= 2)p. So we obtain
n

1 .
EIIX(ﬂ—ﬁo)H% ||6||1 < —IIB Bl + = [A1+A2( - DAL (A.6)

By the definition of sq, 3 = s, —1—338. Utilizing the triangle inequality ||a|[s+1|b]|1 > ||a+b]||1

for any vector a and b, we obtain

1811 = 11Beollt + 1Bsgll = 118511 = 11Bss = Bl + 1185511 (A7)
18 = 811 = 11Bs — B2 I1 + [1Bss] 11 (A.8)
Therefore, using (A.7) and (A.8), (A.6) can be written as
2 - 2\ N .
—|IX (5 =81l + 1(Hﬂ e = 118y = Byl + 1185 1)
Ao
< gl(HﬁsO — Boll + 18 llh) + [/\1 +X2(p = D]IB1- (A9)
Note that |35 [l1 = [|6°]|1, so (A.9) can be written as
2 - Ay s 3\ 2\
2113 - 1 + 22118l < 21, — i+ 228Dy (ao)
By (A.8), || Il = 1185 — B2 || Utilizing this in (A.10), we obtain
2 A A A 4\ 2\
2ix(3 - 8 + 22118 - 80 < 2, - s+ 222 Dy a)

Utilizing the compatibility condition ||8,,]|3 < (8'£8)s/¢3 given in Lemma 1 on ||8s, — 52 ||:
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!/

and using definition 3= , we obtain

1Bs = Bull} < (B = B°YE(5 = 5°)s/ 95 = X (5 — 835/ (n®}),

R A (A.12)
185 = Ballt < 11X (8 = B%)[l2v/5/ (v/n®y).
Therefore, applying inequality 4ab < a® + 4b?, we obtain
4\ X(3-pB° A /5
5 - gl <o (IEEZ D) (Ais
\/ﬁ n q)[)
1 A A g S
< ZIX(B = B3 + 422 =
< LI - I+ 45 s
So (A.11) can be written as
1 5 A 2\
HIX (= 1B + 2018 - 21l < 40 + P20, (A13)

A /1 A 1 )\2
By assumption of the theorem, 2L =9 = ng, and 22 < < S08P . Therefore,
n n n np P

(A.13) can be written as
—||X(5 BOI3 + 2Xl16 = 8111 < 16755/ + 225s|8°) 1. (A.14)

Using va? + b < a+ b, for all a,b > 0, (A.14) implies

%HX(B—ﬂO)Hz S AXoV's/Po + Ao/ 25181, (A.15)
18 = 81 < 8Xos/DF + Xos||B°|1. (A.16)

This shows that (4) and (5) in Theorem 2.1 are valid, assuming that (A.4) holds.
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Part II. Next we calculate P(E). We have

c\ __ 1 ! )‘0 o 1 a )\0
() = P Xl > ) = P max |3 Kol > 3)
n oV
<) P(—=) [ Xijal > Y 0) =p max P(— Y |Xi 6] > 2.
By Assumption 1, for j = 1,---,p, sequence {z;;}1~, = {X, €&}, is a—mixing with

exponential decaying mixing coefficients, and by Lemma A4 in Dendramis et al. (2019), we
have

P(|z;| > a) < ¢y exp(—cea?),

where a > 0,9 = q1¢2/(q1 + ¢2) > 0. It also has zero-mean, i.e. E(z;;) = 0. Thus, by
Lemma 1 in Dendramis et al. (2019), for all j = 1,--- | p,

1 &v/n\°
P <% > é) < o [exp(—c’1£2> exp (_0,2 (bg—2n> )] ’
where ¢ = ¢/(q¢ + 1) and constants ¢y, ¢, ¢y do not depend on &, ¢ and j.

Note that A\g = k\/logp/n. Setting £ = A\gy/n/2 = ky/log p/2, we obtain

m/nl(z')gp)C
2log™n (A.18)

n

i=1

AoV

1
P(—=2i5] >
p( |zv.7| 2

NG

K
) < peo eXp(—C’l(§)210gp) + peg exp(—ch(
=Tt T

Now we consider two cases of different rates of p and n.
Case 1: n,p — oo.

Selecting x > 0, such that ¢} (x/2)? > 1 + € for some small number ¢ > 0, we obtain
rp < pegexp[—(1+€)logp] =cop™© — 0, as p— oo. (A.19)

By Assumption p = O(n?) for some § > 0, we have n!/* > p'/*9)_ Also, n'/* > 2log®n as
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n — 00. Then

ky/nlogp
2log®n

( ) > cé(mpl/(46)\/logp)c > (1+e€)logp, asp— . (A.20)

Therefore, equation (A.19) and (A.20) imply that

/
Tpn <Tp — 0, as n,p— oo.

Then by (A.17) and (A.18), we obtain

P(E®) =1y + 1, <21, < 2cp™,

(A.21)
PEY=1-P(E)>1—c¢p =1, as n,p— oo,
where ¢ = 2¢¢. This proves the first probability claim in part one of Theorem 2.1.
Case 2: p is bounded.
In this case, logp is also bounded, then 7, and 7, in (A.18) can be bounded as
Ty, = pe exp(—c—llfi2 log p) r = pcyexp | —c rynlogp C
P 0 4 ’ pn 0 2\ 2log’n '
Therefore,
/ / 1 C
P(E)=1—-P(E°) =1-pcy exp(—c—lfﬁ;2 log p) + exp | —c4 (L;)gp) . (A.22)
4 2log”n
which complete the proof of Theorem 2.1.
O

A.2 Proof of corollary 2.1

Proof. Note that \g = k4/logp/n, where £ > 0 is a tuning parameter. By (5) in Theorem
2.1 and Assumption 3(a), it follows naturally that

A I
18— Bl = Op(sy/ —22) = 0,(1), (A.23)

n
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which proves the second claim of (7). Utilizing 3 = X'X/n, we obtain

1X(B - BY)3/n= (8- B")S(B -5

A R A A A (A.24)
=(B-8)(E-5)(B-8)+(8-B)2(8 - 8.

Note that ¥ = E(X) is non-singular, so
(8= B°VE(B — %) = Al — BII3,

where A,,;, is the smallest eigenvalue of 3, and A,,;, > 0. Moreover, the first part of the

r.h.s of (A.24) has the following property:
(B=8Y(S=2)(6 -8 = —[% - SlllB - 83,

where |2 — %o := maxi<; j<p|Zi; — 2ij|. Using lemma 14.12 in Buhlmann and Van de
Geer (2011), we have maxy<; j<p |2i; — 3| = Op(y/logp/n). Together with 16— 8°); =
O,(sy/logp/n) obtained in (A.23), this implies that (A.24) can be bounded as

LIX( = B3 = (5~ BYS(E —8°) + (B~ BY(S — D) )

> A28 = 81 — IS~ =lf - 217 (A.25)
) log p\ 2
> K5 - #1- 0, (2 (2E2) ).

Note that \g < y/logp/n. So by (4) we obtain

1 . B slogp
LIX(3 - 1 = 0, (2252} (A.26)

Plugging (A.26) into (A.25) and rearranging (A.25), we obtain

o< Lo, (), L, (o (ler)”
2_‘A%mn P n A?mn P n ’
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logp)”? 1 0
where O, <32 ( ng) ) =0, (S ng) O, <s ng). Note that A, > a > 0 where
n n n

a is a constant, hence e O(1). Then by Assumption 3, we obtain

min

18 = B°I13 = 0,(1), (A.27)

which proves the first claim of (7). Also, by Theorem 2.1 part one, (A.23) and (A.27) hold
with probability tending to one. This completes the proof. O

A.3 Proof of Theorem 2.2

Proof. By the definition of b in (14) and by extracting \/n from (12), it is easy to show
that

V(b — 8°) = OX'e/v/n - A,

where A is defined in (13). Then to prove (19), it suffices to show that
A = o0,(1). (A.28)

Let X; be a 1 X p vector and denote

Sxe = S (X (X (4.29)

i=1

To show (20) and (A.28), it suffices to prove that for any [ = 1,2,--- | p such that

_ Vb)) _ 6X'eva A

JOrE 16, \/@ ) \/@ 500,

where t; is asymptotically normal and ¢, = 0,(1).

=11 + 19,

Step 1: we will show that ¢; is asymptotically normal. Let

IR
o @'X’ /\/— @lizleiEZ/\/ﬁ
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1.
where Yy, = E[— Y (X/e;)(X/e;)']. We assume in Theorem 2.2 that Xe; is a stationary
n ;=

sequence, then Yy, = E[(X]e1)(X{€e1)] = Var(Xje;) > 0. By Assumption 1 and the

definition of ¥ x., we have

0;5 Xlei/v/n
=1

0, X'e/\/n

NGOG

E

VO Ex.6 ’

and .
2 "LSN XN (X e
@EXIG/\/E _ G)lnzzzl( zel)( zel) @l .
VOE .6, CHWACT ’

where ©;X .0, is bounded away from zero. Indeed, since Yy, is a symmetric positive

definite matrix, it can be decomposed such that
OXx 0, = O} Peig(Xx) PO; > Npin(Sxe)||O1])5 > 0, (A.30)

where eig(Xx.) is the diagonal matrix that collects the eigenvalues of Y., and P is an
orthonormal matrix. Because Ain(Xxc) > a > 0 where a is a constant and ||©;]|3 > 0, so
O}Xx0; > 0. Then by Theorem 24.6 and Corollary 24.7 in Davidson (1994), ©]X"e/\/n —
N(0,0,Xx.0)), or t; — N(0,1).

Next we will show that

02x0; — O/2x0| = 0,(1). (A.31)
Set
- 1 <&
Yxe = — X&) (Xe)]. A.32
Xe n;[( 267«)( zel)] ( 3 )

33



Then

|é;2X6él — @;EXe@l’ < |égixeél — é);EXe(:)l] + ]é{EXEC;)l — @EEXe@ll
< ’é;ixeél — é;ixeél’ + ’é;ixeél — é;zxeéﬂ + \GEEXE(:)Z — @EEXe@l‘
— (1) + (IT) + (IT1).

(A.33)
For (I), we have
|éEiXeél - éEiXeé” S ||§A]Xe - iXGHOOHé)lH%
Note that ¢; = ¢; + Xi(ﬂo — B) Plugging €; into f]XE — XN]XG, we obtain
A ~ 1 n . . 1 n
Sxe=Exe=-> [{X{(ei + X (8 = DX+ X8 = )| = — D [(Xie) (Xiew)'
=1 =1
1 & .
—— ZX Xi(B = BIX[Xi(B° = B) + = > Xja[X[Xi(5" - B))
n 1=1
+ = Z [(X!IX,(8° — B)](Xle;)

=(7) + (23) + (diz).

Next, we will show that ||(7)||cc = Op(s\/logp/n), ||(it)]|ec = Op(y/slogp/n) and ||(i17)||c =
O,(+/slogp/n). First of all, for (i), we have

1 & . . 1 A -
=D XiXi(B = BOXIX(B — ) oo =11 D XiXi(B = B°)(B — B XiXi
i=1 i=1
1 -
<= D IXXXIXG 18 = A1 (A.34)
=1
1 ;
<max 3 X 18- 5l
=1

where j = 1,---,p. By Assumption 1, P(]X;;| > a) < ¢ exp(—coa®). Set Vi ; = X}, then
P(|Yi;| > a) = P(|X; ;] > a'/*) < ¢1 exp(—c2a®/*). So X}!; also has exponential tail bound

(with a different parameter). Then by (A.17) and (A.21), for all j = 1,--- ,p, we have
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n
P(jn~! Zl X —E(X})] > Mo/2) < ¢gp™ — 0 as n, p — oo, where ¢ is a positive constant
1=

and ¢ > 0 is a small number. Note that Ao =< /logp/n. Hence |n~"! zn: X} — BE(X})| =
O,(y/log p/n) with probability tendlng to one. Then by Assumption 1 E (Xi;) < oo, and
by Assumption 3, v/logp/n = 0,(1), so we have |n~! ZX4| < |n7! ZX4 — BE(X)|+
[E(X)] = 0p(1) + Op(1) = Op(1). By (7) we have Hﬁ Bl = 0 ( Vlogp/n) with
probability tending to one. Therefore, we have ||(i)||« = O,(s+/logp/n) with probability
tending to one.

For (i7), we have

||—ZX’ZXX IIm—\I—ZX’EzXlloo (8" =B

n

SEII ZXﬁXiXéXiG?HiéQ(Z[Xz(ﬁO - B

=1

maXZX4 2 1/2 HXi(ﬁo—B)H%)l/?

z]z

maXZXf] €;) V2( ||X(50—B)||2)-

By (4) and Assumption 3, we have |[n"'X (5 — 8°)||]2 = O,(+/(slog p)/n). Since both X; ;
and ¢; are a—mixing and have exponential tail distributions, then following a similar argu-

ment as in (i) and using (A.17) and (A.21), for any j = 1,--- ,p, we have n=* Z Xte? =

4,71

O,(\/1ogp/n) +O0,(1) = 0,(1) + O,(1) = O,(1). Therefore, ||(ii)]|o = Op(\/slogp/n) For
(i17), it is easy to show that (i7i) = (i), so ||(#4i)||cc = Op(y/slogp/n).
Then by Lemma 2 below, ||©;; = O,(y/51) and by Assumption 3, we obtain

(=0, <5\/ lofjp) 0,(s) +0, (\/ “j’fp> Oy(s0) = 0y(1).

For (IT), we have

9/2x.0; — O]Zx 0| < [Zxe — Exell]|O1]13,
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where

1 n n

LY (X (Xfe) — Bl Y (Xien) (X))

HSXe — 2X€||oo =

o0

Since X/¢; is a—mixing and has exponential tail distribution, by (A.17) and (A.21), || Xx.—
Yxelloo = Op(1/logp/n) with probability tending to one. Therefore, by assumption 3, we

obtain (I7) = O,(+/logp/n) Oy(s;) = 0,(1).

For (III), by Lemma 3.1 in the supplement material of Van De Geer et al. (2014),
1615 x01 — 015 xO1| < [[Sxcllocl|Or = OUlf} + 2/ SxO12[|0: — O,

where, by Lemma 2, ||©; — €], = O,(s;y/logp/n) and [|©; — O]y = O,(/s1logp/n).
Furthermore, note that ¥ and © := X! are symmetric positive definite matrices, and
their smallest eigenvalues are strictly greater than zero and their largest eigenvalues are
bounded above. Denote Var(e) := o2 which is a scalar and 0 < 02 < co. Then Xy, := Y2

Therefore,

ISxelloo <IExellz = Amax(Exe) = 0% Amax(2) = Op(1),
1ExOtlloe <Excllool|Oulloc < Op(1)[IOll2 = Op(1)Armaa(©) = Op(1)/Apin (%) = Op(1).

Thus, by Assumption 3, we obtain that (I11) = O,(s?logp/n) + O,(y/silogp/n) = o0,(1).

Therefore, in equation (A.33) we have
1012x0; — O;8x 0| < (I) + (II) + (I1]) = 0,(1).
Next, we will show that
01X e//n— ©)X"e/\/n| = 0,(1). (A.35)

By Lemma 2, |6, — O]l = O,(s;/logp/n) and by (A.17) and (A.21), | X'e/no =
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O,(+/logp/n). Then by Assumption 3, equation (A.35) can be written as

X'e

0/ X'e/v/n —0;X"e/\/n| <6, — O1 - [SV4D

=0 (s1y/ “ER)0,( <EL) it = 0,(*ZEL) = o,(1)

with probability tending to one, which completes the proof of (20).

Step 2: now we will show that to = 0,(1). Note that for any [ =1,--- ,p,

1Al = [VA(OF = 1)(B = 5°) oo < vnmax||56; — erflocll8 = 5|1,

where O, is the I row of © written as a column vector and e; is a p x 1 column vector

where the [t"

et al. (2014), 1/6? = O,(1) where 67 is defined as in (17), and by (A.41), we obtain

element is one, while elsewhere being zeros. By Lemma 5.3 in Van De Geer

oy log p log p logp slogp
31 <V 5 0401/ 22) = V0,4 110,04/ 28) = 0" 2 = 1)
We have shown that ]égﬁ)xeél—QgZ)@@A = 0,(1) and by (A.30), |©/Xx0;| > a > 0 where
a is a constant. Using triangle inequality |@;f]xeé)l — 01X x O > |0 Xx 0O — |é2f]xeél|,
we obtain |©]3x.0;| > a — 0,(1) > 0. Therefore,

A = Vn(OSxe—e)(B -8
tg == — — = — ~ - Op(l)v
@;ZXe@l \/ @;XJXe@l
which proves (A.28). O

A.4 Proof of Lemma 1

Proof. The restricted eigenvalue condition for 3 in (3) implies that

BB _ B'EBs
18115 = 11851

0<¢p <
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where for the second inequality we utilize the norm inequality v/s||Bs,|l2 > ||8s,|l1. Rear-

ranging the above inequality, we have
1B 11} < (B'EB)s/ 6%,

which completes the proof. a

A.5 © as approximation of X!

In this section, we closely follow Van De Geer et al. (2014) and Kock (2016) to check
whether O is a good approximation of ¥~!. The first order condition of (15) implies
X' 5(X; = X_535)/n = Ny (A.36)
Note that ;A;7; = A;||9;][1. Then left-multiplying 47 on both sides of (A.36) implies
ViXL(X5 — X35) /n = Nl (A.37)
Therefore, plugging the above equation into (17), we have

52.:

. . 1. .
E (Xj — X_%) (X5 — X_j%;) + ﬁ’yjl‘Xl—j(Xj - X_9)

= —[(X; — X_4) + %X 1(X; — X 54) (A.38)

J

SI—3—3|~

Xi(X5 = X_%)-

By definition of C; (" row of matrix (') in (16), we have X; — X_;4; = X}, and by the
definition of ©; = 03/5]2 in (18), equation (A.38) becomes

or  —X;XO;=1. (A.39)

n n

where éj is the j' row of © written as a column vector. Thus we can see that © is a good
approximation of the inverse of the Gram matrix 3 := X'X /n.

Next, we look into the approximation error |[©% — I, or specifically the ;™ column
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of the approximation error, which is ||£0; — e,||o for all j = 1,---, p, where ¢; is the j
column of the identity matrix. By the definition of 7 in (10), ||7]l~ < 1. Taking the norm
on both sides of (A.36) and using ©; = CAZ'J/SJ?, we obtain

IX25(X5 = X3 oo/ = 1IX; X Cilloe = 2575l oos (A.40)
XX 65100 /m = AilIF 100 /0> < A /5.

By the definition of X_; and ¥ := X'X/n and by (A.39), we have HX’_J-X@J-HOO = |26, -
€;lloo- Thus (A.40) can be written as

126, = ¢jllo0 < 4;/65. (A.41)

Next, we formally investigate the asymptotic properties of o.
Asymptotic properties of )
Let © denote the population value of © such that © := E(é)) := X~ First, partitioning

Y71 into the first element and the remaining ones gives

1 O1,1 O1,-1
Y11 X1 5 e -1 g ST
’ ’ = (21,1 - Z1,—12_1,_12—1,1) —@1,121,—12_17_1 ,
Y1 Xl 1 1
-5 -4 - - -1
—X7 1X1161, (B =228 )

where ‘—1" indicates all the rows (columns) excluding the first row (column). More gener-

ally, for the j** row and column of ©, we can write

8 = (Tj; — 5527 ;8557 0j—; = —0;,;5,;57] (A.42)

—J,—J —J,=J°

Denote «; the population value of 4;. Then

1 n
;= in— Y E(X;;— X _~)>
7 argvmm n Z ( »J Z,—]fy)

i=1

39



Then the first order condition of the above equation implies,

ZE X ZE LX) =50 S (A.43)

Thus, (A.42) and (A.43) implies that ©; ; = —0;;7;. Denoting 532 the population value
of 62 and utilizing (A.43), we obtain

1 n
= B[~ Y B(Xi;— X{ %))
=1
=%+ 5520 8 — 28005y,

f— o e e— . . _1 ol T e—
= Yy, Z]v—ﬂzfj,sz—]ﬂ - 9.
3.

where the last equality comes from (A.42). Therefore, ©;; = 1/07 and ©;_; = —7;-/(5}-2.

Then it follows that © = T—2C, where C'is the population value of C' in (16) (by replacing

#; with ;) and T2 is the population value of 72 in (16) (by replacing 532 with 67).
Formally, the following lemma derives the rate of the approximation éj and the true

value ©);.

Lemma 2. Suppose Assumption 1 and 2 hold, then

A log p
185 = 65ll1 = Op(s;y/ ),
A s;logp
195 = O4ll2 = Op(y/ = —),

1851l = O(/55),
1951l = Op(v/3))-

Proof of Lemma 2. First, we consider |5J2 — 0%|. From (A.38) we have 5? = Xi(X; -
X_;4;)/n. Suppose X; = X_;v, +n; and X; = X_;4; + 7, where n; and 7, are residuals.
Then we obtain that 5]2 = Xin;/n and 7j; = X_;(y; —7;) +n;. Plugging X and 7); into 5]2

40



gives

(X% + ﬁj)/[X—J<'7 Yi) + 77]]
(A.44)

2
N ]'/ ]‘//
7”+E%Xﬂm+ﬁmXﬁWf_

1

1
n

1 A /
—~ i)+ i

Therefore, we obtain

. 1 1 ) 1 1 )
07 — 7] < =5 = 82 + |=mi X500 = A+ [ Xyl + 1 XX (5 = 45)

= [+ 1T+ IIT+1V.
(A.45)

For (I), note that §; = E(X; — X_;v;) = E(n;). We assume 77 is a—mixing with
exponential decaying mixing coefficients as in Assumption 1. Then by (A.17) and (A.21)

we obtain \\/_ E n;; — En? ;| = Op(1). Therefore,

1
| 77j773 2| - |_ an] - Enz] p(%) (A46)

For (I1), we have
|—77JX' (=3l < —||77J X jllooll = A5l (A.47)

1
here — ||/ X _j||c0 = — ixMi;|. Note that X; xn; ; is a—mixi ith -
where n||77] il i {1 }\{ }|nlzl kNij|. Note that X xn; ; is a—mixing with expo
nential decaying tail dlstrlbutlon Then by (A.17) and (A.21), we obtain

1 /
ﬁllan—jHoo = O,(y/logp/n). (A.48)

Together with ||v; — ;]1 = Op(s;+/logp/n), (A.47) can be bounded

| - . log p log p s;logp
|E77jX—j(’yj - 7j)| = Op( " )Op(s; " )= OP(JT)- (A.49)

For (I11), we have
(A.50)

1 1
[~ Xl < D= X il 5l
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Note that X; = X_;v; +n;. we can bound J; ; as
E(XjX;) = %55 = E[(X_j7) Xjm) = %557 = A1, (A.51)

where A,,;, is the smallest eigenvalue of ¥_; ; (i.e., removing j" row and column from
¥ gives ¥_;_;). Since ¥ is a symmetric positive definite matrix, so Ay, > @ > 0, thus
1/AZ,, = O(1). Then the above inequality implies that ||v;]l2 < \/2;;/Amin. Further uti-
lizing the norm inequality [|v;]ly < \/55]|7;l2, we obtain [|v;]l1 < \/5;5;;/Amin. Therefore,
by (A.48), inequality (A.50) can be bounded as

1, log p /silogp
|E’Yijj77j| = Oy( n )Op(\/s_j) = Oy( jT)

For (IV), the first order condition of nodewise LASSO in (A.36) implies

M + %X'jxm - %X'jxj 0.
Plugging X; = X_,;v,; + n; into the above equation gives

1, . .1,

XL X =) = N = X
By (A.48) and \; < /log p/n, ||#]le < 1, we obtain

logp)
).

1 R 1 .
”EX/—jX—j(/Yj —Yillloo < ||EX/—j77j||OO + A7 llc0 = Op(

Note that by (A.51), |||l = O(1). Then using the norm inequality, we have |v;|1 <
V5illvill = O(y/55). Therefore, (IV') can be bounded as

1 . 1 R s;logp
|57}XL1X—J‘(%' — )| < HEXLJ'X—J'(%‘ = Ai)llocllslle = Op(y/ = ) (A.52)

Note that max;(s;logp/n) = o(1), thus for any j = 1,--- ,p, s;logp/n < \/s;logp/n.
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Therefore, we have

A s;logp
5 - 021 = 0, D),

1 1
By Lemma 5.3 in Van De Geer et al. (2014), we have i O,(1) and 2= O(1). Then it
j J
follows ’
11 |07 — 07| sjlogp
7S e oW
J 773
Then, by the definition of © and C' in (18) and (16), we obtain
é 1 —;
18, = 85lh = I - ||1 = || ol
02 07
1 7 Vi
<l - 2”1 H___j—i_A_J__QHI
02 9; ] 02 02 0
1 1 1 A 53
< H52 52Hl+ = H 195 =l + H%Hlﬂg—? - 5—?Hl (A.53)
s;logp log p s;logp
= Op( \/ ]T) + Op(1)Op(s; \ ) + Op(1/55) Op( JT)
log p
= Op(s; n ).

N 1 1
Next, we will bound ||©; — ©;]|2. Note that ||4; — ;|2 = Op(+/s;logp/n) and Hﬁ—ﬁﬂg =
J

J
1 1 1 1
||§ — §||1 and ||§||2 = ||§||1 since they are both scalars. Similarly to (A.53) we have

J J J J

) 1 1
H@j—@szSH 52H2+H 21195 = sgllz + Il = 12
7 J

- Opq/ 08D | op<1>0p<\/ 8D 10, (1)0,(1) D)
= 0,y 8P I:Lgp).
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Next, by the definition of © and y/logp/n = 0,(1), we obtain

1 1 1
1951l < 155 l1l1Cslh < sl + s llallslle = O(V/35),
J J J

- . logp
1951l < 19 = Ol + 1851l = Op(s4) —>=) + O(V/55) = Op(V/5)),

which completes the proof of Lemma 2. O

A.6 Proof of Proposition 2.1

Proof. We utilize the self-normalized sums properties in Lemma 4 under weak dependence
to bound tuning parameters A\; and \s. To choose appropriate values for turning parameters
such that the penalty level is large enough to cancel out noises from estimation errors, we
need to ensure that P(||X'e||o/n < Ao/2) is close to one. Or equivalently we want to show
that

P(|| X €||loo/m > Xo/2) < «, (A.54)

where o is a small positive number. First, suppose that all X ;8 are normalized, such

1
that for all j = 1,...,p, — Z X2 — 0% asn — oco. Let G denote an event such that

%]t

N i=1
12 o?
G = {m<aX| ZXf]ef — 0% < Iog } Suppose that when n — oo, P(G) — 1, and on G,
i<p n;
1.
2 2 s 2.2 2
Z X7;€ < (1+1/logn)o®. The definition of G' ensures that — Y~ X7e; converges to o

=1
at the rate of logn. Then, utilizing the union bound in (A.54), we have

P(|| X e||oo/n > Xo/2) < P(|| X €]loc/n > Ao/2,G) + P(G°) (A.55)
1 & o o
= P(max| - 2; Xijeil > 5, G) +P(GY) (A.56)
1 n
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| n 1/2
Note that on G, we have (— > Xfef) > (1+1/logn)/20. So (A.57) can be written as

n ;=1

|5 > Xl \
Z N 0
)1/2 20(1+1/logn)'/2

P(|| X €lloo/n > Ao/2) <p P NG | +P(GY)
(15 xze

(A.58)
f:Xi,jEi/\/ﬁ Ao/

SQP]P) =1

>
1727 20(1+ 1/ logn)1/?
(z X2 Z/n)

< a. (A.60)

+o(l)  (A.59)

Applying the self-normalization theorem of Chen et al. (2016) given in Lemma 4 below on
(A.59) gives

in‘,jGi/\/ﬁ )\0\/% )\0\/5
iz = 20(1 + 1/ logn)'/? =9 (20(1+1/10gn)1/2> '
(S xzem)

Together with (A.60), this implies

20 |1 (g7 g <~

2 1
)\0>_J(1+_

vn

Since A\;/n = 2)g, we obtain the first part of (8). Also, since A\y/n = O,(slogp/(np))
Vlogp
and
Vn
sy/logp
NZD

a recursive procedure to evaluate the unknown variance following Algorithm A.1 in Belloni

. (A.61)

).

1/25-1(1 _
e

logn

= A\ /n, and we assume that s is small relative to p, so we approximate

~ A1 /n, which gives the second part of (8). However, o is unknown. We implement

et al. (2012). In particular, we first set o = 1 to evaluate the penalized regression and get a

preliminary empirical variance 62. Then we refine the estimation result using the updated
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empirical variance for . We repeat this exercise K times to get the final estimate.!* O

A.7 Auxiliary lemmas

Lemma 3 (Dendramis et al. (2019), Lemma 1). Let {X},, be a sequence that satisfies
Assumption 1. Then

. ( % . 5> <6 {exp<—c1£2) +exp (—@ (fgﬁn))] |

where s = q/(q+ 1), and constants cy, c1,c2 do not depend on & and i.

Proof: see Dendramis et al. (2019).

>

=1

Lemma 4 (Chen et al. (2016), Theorem 4.1). Let weekly dependent random variable X;
k+m

be zero-mean, E(X;) = 0. Write Sy, = >, Xi. Suppose for a positive constant c,
i=k+1

E(S;,,) = cm for any k>0, m > 1. Let my > my >0, m* =my +my, k= [n/m*].

For1<j <k, denote Hjy ={i: (j—1)m"+1<i<(j—1m*+mq} and H;p = {i :
k k

(j—)m*+mi+1<i<jm'}. DefineY;:= > X; and W, := > Y;/(3 Y?)Y2. Then
= .:1

’L’EH]‘J J 1 7

P(W, > 1)

_ 1
1—o@)

uniformly in 0 < t < o(n'/®).
Proof: see Chen et al. (2016).

“For instance in Belloni et al. (2012), K = 15.
15We use |-] to denote the integer part of a floating number.
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