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Abstract

Once a popular tool to estimate welfare changes, the money metric of McKenzie (1957)
and Samuelson (1974) gradually faded from use after welfare theorists and practioners
argued that it led to inegalitarian recommendations. We present a rehabilitation articulated
through Uzawa’s saddle-point theorem of concave programming. Allowing for non-ordered
preferences, we (i) prove that any competitive equilibrium allocation maximizes the money-
metric sum at the associated competitive equilibrium price; and (ii) connect the results to
Radner’s local welfare measure and the behavioral welfare proposals of Bernheim-Rangel
(2009). As a foundation for its use in local cost-benefit analysis, we also give conditions
for the money-metric to be differentiable in consumption, without either transitivity or
convexity of preferences.
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1 Introduction

The money-metric of McKenzie (1957) and Samuelson (1974) gives the smallest income
or wealth at given prices that leaves a consumer at least as well off as with a given
consumption bundle.! In the quarter-century after Samuelson’s 1974 essay popularized
the money-metric, it was widely estimated, and the estimates used to evaluate the wel-
fare effects of policies, especially taxation.? Following the publication of an important
paper by Blackorby and Donaldson (1988), practitioners and welfare theorists came to
argue that the money-metric sum would tend to produce inegalitarian policy recom-
mendations,® and its use gradually waned in applied welfare economics. An exception
is Angus Deaton who, while acknowledging the criticisms of welfare theorists, continues
to recommend a first-order approximation to the money-metric for welfare analysis.*
These anxieties about the money metric were expressed in the setting of the stan-
dard neoclassical theory of the consumer, a theory in which choices are at a minimum
rationalized by a complete and transitive preference relation, typically one representable
by a utility function. Economists and other choice theorists have proposed models that
drop either completeness or transitivity, while maintaining that choice is rationalized by
a binary relation; and behavioral theorists often drop the idea of rationalizable choice
altogether. The first complicates applied welfare analysis since a utility representation,
and thereby an (individualistic) social welfare function, is impossible, and the second
threatens to leave welfare economics “high and dry” altogether.® Undeterred, Bernheim
and Rangel (2009) propose a generalization of revealed preference in the context of a
choice-based approach to welfare economics for behavioral models. In a sentence, our
goal is, first, to spell out some normative implications of using money-metrics for wel-
fare in general, including the in classical setting of the literature in our first paragraph;

Khan and Schlee (2016) review the influence and history of McKenzie’s minimum income function.

*Prominent examples include King (1983), Varian (1982), Blundell, Preston, and Walker (1994), and Deaton
(1980). The first starts with an expenditure function specification, the second famously uses revealed preference
methodology, and the last two use approzrimations to the money-metric. Other important papers are Knoblauch
(1992) and Blundell, Browning, and Crawford (2003). Varian (2012) explains that his original reason for pursuing
revealed preference was to develop a method for estimating Samuelson’s money-metric.

3Among empirical researchers, those disavowing or expressing reservations about using money metrics for
applied welfare because of their possible inegalitarian implications include Diewert and Wales (1988, p. 305),
Banks, Blundell, and Lewbel (1996, p. 1232-3), Deaton and Zaidi (2002, p. 11), and Bargain, Decoster, Dolls,
Neumann, Peichl, and Siegloch (2013). Among welfare theorists, those expressing reservations include Blundell,
Preston, and Walker (1994, p. 38), Slesnick (1998, p. 1241), and Hammond (1994, Section 3.1), Blackorby and
Donaldson (1987), and the already-mentioned Blackorby and Donaldson (1988).

“Deaton and Zaidi (2002) compare the merits of the money-metric sum and a proposal of Blackorby and
Donaldson (1987) but write somewhat defensively that “Our own choice is to stick with money metric utility” (p.
11). They develop aggregate consumption measures for general welfare evaluations based on it; see also Deaton
(2003). Two other examples of money-metric applications include Creedy and Hérault (2012) and Aaberge,
Colombino, and Strgm (2004).

5The quote is from Gorman (1971, p.82), who analyzes consumer theory with intransitive indifference.



and, second, to show the surprising usefulness of money-metrics for welfare analysis in
non-standard and behavioral choice models.%

More concretely, a simple question that does not seem to have been posed, much less
answered is this: specifically, what allocations mazimize the money-metric sum, and
what efficiency /equity properties do they satisfy (or fail to satisfy)? A second, related,
question is this: what changes in allocations does the money-metric sum sanction? The
second question certainly has been asked and studied; see for example Fleurbaey and
Maniquet (2011, pp. 20-1), who also succinctly review some of the history of money-
metrics in welfare and social choice analysis.

Starting with the second question, our twist is to reformulate it to this: what does
the money-metric sum say about whether a change is a potential Pareto improvement,
that is, the new allocation can be redistributed so that that everyone prefers it to the
original allocation? We give two answers to this reformulation. For the first, fix a price
p and consider the the money-metric sum evaluated at an allocation A. If the cost of
another allocation B at p is less than the money-metric sum at A, then B cannot be a
potential Pareto improvement over A (Proposition 2). For the second, we show that, if
each consumer’s money-metric is differentiable, then the derivative of the sum equals a
local welfare measure proposed by Radner (1993 [1978]), and if the derivative is positive,
a small-enough change of aggregate consumption in that direction is a potential Pareto
improvement (Propositions 3 and 4). The last result gives a welfare foundation for
those who, like Deaton, recommend a first-order approximation to the money-metric for
welfare. A potential Pareto improvement can be regressive—the consumption of some
who have more of every good than others might grow faster than poorer consumers—but
it can also be progressive, or neither. As a foundation for local cost-benefit analysis,
we prove that a money metric is differentiable under surprisingly-minimal assumptions
(Section 9.3).

As for our first question—what allocations maximize a money-metric sum?—we an-
swer it in the setting of a private-ownership, Arrow-Debreu-McKenzie model. We prove
that, if the common price in each consumer’s money metric is a competitive equilibrium
price for some distribution of endowments and ownership shares, then the money-metric
sum is maximized at any of the associated competitive equilibrium allocations (Theo-
rem 2(a)). Since the first welfare theorem holds in our framework, each of these are
Pareto optimal. Regarding equity, competitive equilibrium allocations clearly can be
inequitable (under any reasonable notion): all of society’s goods can be given to a single
person. They can also be equitable (under some widely-held notions): in an economy
with equal endowments and ownership shares, any competitive equilibrium allocation is

5In this regard we should mention that Fleurbaey and Schokkaert (2013) extend Bernheim and Rangel (2009)
to include equity considerations.



envy-free as well as Pareto optimal: no consumer would rather have another’s equilib-
rium bundle. In short, as far as maximizers of the money-metric sum go, our Theorem
2 suggests that they are largely neutral with respect to ethics. This, then, is the basis
for our rehabilitation. There is by now a large social choice literature involving money
metrics, and, in particular, Bosmans, Decancq, and Ooghe (2018) develop their own
rehabilitation by axiomatizing a (generally) non-additive welfare function of individual
money-metrics. We relate their work to ours in our Section 5, and elaborate on and
qualify the ethical neutrality that Theorem 2 suggests.”

Our Theorem 2 is reminiscent of two classical welfare results. Let u; represent con-
sumer ¢’s preferences over commodity bundles z; and consider the linear combination
> Aiwi(x;) for positive numbers A;. Consider the choice of a feasible allocation of goods
to maximize this sum. First, any solution to this problem is Pareto optimal, and so if
that optimal allocation is supportable as a competitive equilibrium, the conclusion is
the same as our Theorem 2. The other is this: if each w; is concave and each firm’s
production set is convex, then Negishi (1960, Theorem 3) proved that any competitive
equilibrium allocation solves the celebrated saddlepoint inequalities from concave pro-
gramming (Uzawa (1958)) for some choice of weights and with the multiplier on the
resource constraint equal to the associated competitive equilibrium price. The choice
of a price vector in the money-metric sum seems analogous to the choice of a vector of
weights in the linear combination of utilities.

The facts in the last paragraph lead to these questions: what is new in our results?
and why are they surprising? We think our results are new and surprising for two

8 even if

reasons. First, they hold even if money-metrics do not represent preferences;
preferences are incomplete or intransitive, so there is no preference representation at
all; and indeed even if choices are not rationalized by any binary relation, as in some
behavioral models; the last is our Theorem 3. Our results suggest that money-metrics
can be an especially useful welfare tool in nonstandard or behavioral models.?

The second surprise has to do with what it was that Blackorby and Donaldson (1988)
prove about the money metric, a remarkable fact that helped lead to its withering away
in applied welfare economics: that it is concave in consumption for every price if and

only if preferences are quasihomothetic (their Propositions 1 and 2).1° In their set-

"And we relate both rehabilitations to an earlier theorem of Fleurbaey and Maniquet (2011). Their book
as well as Decancq, Fleurbaey, and Schokkaert (2015, Chapter 2) touch on much of the associated literature.
We also mention that Chambers and Hayashi (2012, p. 811) axiomatize the aggregate money-metric for social
choices involving risk by conceiving of it as the sum of von Neumann-Morgenstern utilities.

8We know that money metrics need not represent consumer preferences even under standard assumptions
on the consumption sets and preferences; we will elaborate in the body of the text, but a classic reference on
this point is Weymark (1985a).

9For example, we can accommodate framing effects and “multiple selves” models. Such multiple-selves
models figure prominently in Bernheim and Rangel (2009).

10They combine their non-concavity result with a theorem of Debreu and Koopmans (1982) that the quasi-



ting, if demand is single-valued, quasihomotheticity is equivalent to straight-line wealth-
expansion paths of demand—a knife-edge condition that is empirically implausible.!!
The Blackorby-Donaldson propositions effectively imply that money-metrics are almost-
never concave in consumption. The surprise, then, is this: even though the money
metric is not concave, and even though it does not in general represent a consumer’s
preferences, any demand point solves the celebrated saddlepoint inequalities from con-
cave programming for the problem of picking a consumption to maximize a (nonconcave)
money metric on the budget set. This is our Theorem 1. Our Theorem 2 then extends
this individual money-metric saddlepoint theorem to the economy as a whole. We stress
that Negishi’s Theorem 3 on saddlepoints and competitive allocations fails if concavity of
the utilities is weakened to quasiconcavity—and that, even if preferences are convex, not
every convex preference relation has a concave representation,'>—whereas our Theorem
1 holds without preference convexity, transitivity, or completeness.

Samuelson’s (1974) interest in the money metric was to propose new definitions of
complementarity in consumption, but he sensed that economists would be ineluctably
drawn to add individual money metrics and use the sum for welfare analysis. He con-
cludes his essay with a disavowal.

Since money can be added across people, those obsessed by Pareto-optimality in welfare
economics as against interpersonal equity may feel tempted to add money-metric utilities
across people and think that there is ethical warrant for maximizing the resulting sum.
That would be an illogical perversion and any such temptation should be resisted. (p.
1266, emphasis added).

In the classical setting that Samuelson tacitly works in, individual money metrics do
represent preferences, so the sum is an individualistic Bergson-Samuelson welfare func-
tion, and any maximizer of it is Pareto optimal. Samuelson’s objection to the sum is
that it is just about optimality and ignores ethics.'®> At one level our rehabilitation
modestly seeks to restore the money-metric sum to the contempt that Samuelson held it
in, precisely because of its neutrality with respect to ethics. And beyond that to restore
it as a useful tool for those, who, if not obsessed by Pareto optimality, are at least keenly
interested in it, a tool whose power is most evident in non-standard or behavioral choice
models, where conventional questions of welfare economics are most vexing.

concavity of a sum of functions implies that all but one of the individual functions is concave to conclude that
money-metric sums are not generally quasiconcave in consumption. Fleurbaey (2009, Section 4.4) puts the
Blackorby-Donaldson theorem in the broad context of social choice theory and welfare economics.

Special cases include homothetic, quasi-linear, and Stone-Geary preferences; see Deaton and Muellbauer
(1980, chapter 6), or Mas-Colell, Whinston, and Green (1995, chapter 4) for textbook treatments.

12For the last point, see Kannai (1977) and his references.

13T be clear, we emphatically agree with Samuelson that it would be a perversion to think that there is an
ethical warrant for simply maximizing the money-metric sum and accepting the result. Just as we think there
is no ethical warrant for stopping at mere Pareto optimality.



2 Preliminaries: Definitional, Notational and Conceptual

The next subsection introduces the standard definition of the money metric, and dis-
cusses ways to extend it to cover the non-standard preferences we consider. The rest of
the section reviews background facts from the literature; a reader in a hurry to get to
our main results can skip to Section 3 and refer back to subsections 2.2-2.4 as needed.

2.1 Money-metrics: The Background

We begin with the basic notation and definitions. There are L > 1 commodities, and
the consumption set X C RZ is is assumed throughout to be non-empty and closed.
The binary relation 2C X x X describing a consumer’s preferences, is interpreted as
weak preference. We write x = y if = 2~ y but not y = = (strict preference) and x ~ y if
x 22y and y 7~ x (indifference). We consider two sets of assumptions on 7.

Standard Assumptions. 7 is complete, transitive, closed, and locally nonsatiated
(LNS).1

Note that neither ~, nor the set over which it is defined, is assumed here to be convex,
and, in particular, “discrete” commodities are allowed, as in McKenzie (1957).

In the classic textbook case of X = Ri and the Standard Assumptions plus mono-
tonicity (z >> y implies z > y), the money-metric at price p assigns the wealth level w
to the indifference set passing through any point z demanded at (p,w). In this classic
textbook setting, this assignment of numbers to indifference sets represents 77 on X;
see Figure 2 (but ignore for now the points a,b and z’). In this case the money-metric
is related to the familiar expenditure function, defined as e(p, %) = minygy>z p - 7', by
substituting for @ the utility level u(z) attained by the commodity bundle z. This is to
say that M (z,p) = e(p,u(z)).

The next set of assumptions is substantially weaker and accommodates non-standard
decision theories which relax completeness or transitivity.?

Minimal Assumptions. = is reflexive and locally nonsatiated, and = is open.®

14~ is complete if, for every = and y in X, either = > y or y = z. It is transitive if, for every z, y, and z in X
with z =y and y 2= 2, x 7= 2. It is closed if the set {(z,y) € X?|z = y} is closed; it is locally nonsatiated if, for
every « € X and open neighborhood N of z in R, there is a y € N N X such that y > .

5Tt can accommodate, for example, Bewley’s (2002) “multiple selves” model of incomplete preferences, along
with many others; Fishburn (1991) reviews some classic models of intransitive preference.

16— is reflexive if x > « for every & € X; > is open if {(x,y) € X?|x > y} is an open relative to X x X.
That > is open implies that the set {y € B(p,w)|y # z} of points that do not dominate x is closed for any
x € B(p,w). Absent completeness and under our definition of demand as undominated affordable points, this
seems an apt form of continuity. The only place we use it is in the proof of Corollary 1.



A p " X=Ww,

Figure 1: Monetary-labelled indifference curves

For a price-wealth pair (p,w) € RJLF“, with p # 0, the budget set and the demand
correspondence are

B(p,w) ={r € X|p-z <w} and d(p,w) = {y € B(p,w) |z =y = = ¢ B(p,w)}.

Under the Standard Assumptions, the money-metric M (-, ) is the value function for the
following wealth-minimization problem®”
M(z,p) = minp - 2. (1)
'z
Since we also consider non-standard preferences, the question arises as to what the
appropriate definition is for these cases. One possibility is to use the definition McKenzie
(1958) proposes when 77 is possibly-not closed,
M,(z,p) = inf p-a’. (2)
'
If >~ is closed, then the two definitions agree.'® Since - is reflexive, the constraint set
in (2) is nonempty; and since X is a closed subset of Rf_, the infimum is nonnegative.

Y"M(-,) is the minimum income function in McKenzie (1957), who emphasized it as a function of p for fixed
x. Samuelson (1974, pp. 1272-1273) clearly ascribed the concept to McKenzie but studied it as a function of
z for a fixed p. Given his emphasis, he changed the nomenclature of an expenditure or a minimum income
function to a money-metric, and it is this change that illuminates the inherent duality of the object and opened
up new vistas and applications for it.

18The Minimal Assumptions require that > is open and we explained the rationale for it in footnote 16. The
reason we do not also assume that = is closed is the Theorem in Schmeidler (1971). It asserts that if X is a
connected topological space, 7~ is closed and transitive, > is open and nontrivial (z > y for some z,y in X),
then = is complete. We want to allow the possibility that X is connected and 77 is transitive, but not complete.



For another possible definition, for x € X, let R(x) be the closure of the set {2’ €

X | 2" > x}. Define

M(z,p) = wlrgn%r(lm)p -2’ and h(p, r) = argmin,, ,p - z’. (3)
As with (2), definition (3) agrees with (1) under the Standard Assumptions. We will
use (3) as our definition of the money metric. We do this in part because our Theorems
hold for the Minimal Assumptions when we use this definition. In the Appendix (Section
9.1) we show that M(z,p) > M.(z,p). That inequality suggests the names lower money
metric for (2) and upper money metric for (3); and we prove that the two are equal
if we strengthen local nonsatiation to rule out “thick indifference sets” (Proposition
5). We refer to h(-,-) as the (Hicksian) compensated demand to distinguish it from the
(Marshallian) demands already defined.

To conclude this preliminary section, we remind the reader that the money metric
is related to two other classical welfare measures: the compensating variation and the
equivalent variation. Impose the Standard Assumptions with the classical consumption
set Ri, so that M (-, p) represent the consumer’s preferences. The equivalent variation
for a move from price-wealth pair (p°, w°) to (p',w') is (for 2t € d(p*, wt) for t = 0,1)

EV(pO, (p17 wl)) = M<x17p0) - M(xoapo);
and the compensating variation for that move is
CV(p(), <p17 wl)) = M(mlapl) - M(x()’pl).

The equality M (x!,p°) = EV(p°, (p', w')) + w® reveals that the equivalent variation is a
special case of the money metric, in that the money metric is defined for all consumption
plans € X, not just those that are demanded at some price-wealth pair, that is,
x € d(p,w) for some (p,w) >> 0.1

2.2 Example: Money-metrics and Quasi-linear Utility

We now calculate the money-metric for the familiar and historically-important special
case of quasi-linear preferences defined on two goods, X = RZ, and represented by
the quasi-linear-in-good-2 form u(xq,x2) = ¢(z1) + x2, where ¢ is strictly concave and
differentiable with ¢ > 0. The strict concavity of ¢ implies that preferences are strongly
convex. For this subsection, we take good 2 to be numeraire and set p, = 1.

For p; > 0, define f(p;) to be the unique number (if any) that solves the Kuhn-Tucker

19With the proviso that p° is taken as an equilibrium price, the equivalent variation is what King (1983)
proposes as a welfare measure; he calls it equivalent income.



conditions for the consumer’s problem of choosing z; > 0 to maximize ¢(x1) +w — p1x71,
i.e., by ignoring the non-negativity constraint on xs. These conditions are

¢ (f(p1) —prf(p1) <0 flp) [@'(f(p1)) —pif(p1)] =0, andf(p:) > 0.

If there is no solution to these conditions, set f(p;) = oo. The demand for good 1
equals f(p1) if f(p1) < w/p; (that is, the constraint xs > 0 does not bind), and equals
w/py otherwise. The indirect utility function for the consumer is v(py, w) = ¢(f(p1)) —
pif(p1) +w if w > pif(p1) and ¢(w/p;) otherwise. Note that the marginal utility of
wealth equals 1 if and only if the non-negativity constraint on good 2 does not bind.
For reference utility @ in the range of wu, the expenditure function equals e(p;,u) =
u—o(f(p1) +pif(pr) if > &(f(p1)) and equals py¢—'(u) otherwise. It follows that
the money-metric is given by

M (z,p) = { u(zy, ) — [¢(f(p1)) _plf(pl)} if u(zy,x2) > o(f(p1)) n

P19~ (u(wy, x2)) otherwise

In particular, for fixed p, M (x, p) = u(x1, ) up to an additive constant if and only if the
non-negativity constraint on xq in the expenditure minimization problem does not bind
at p; otherwise the two functions diverge.Of course, since x5 enters the representation
linearly and X = R?, the non-negativity constraint for z, must bind for a region of values
for (p,u), namely those for which the compensated demand for good 2 is 0. Applications
that hope to preserve the simplicity of quasi-linearity then, often implicitly, restrict
parameters to avoid corner solutions for the numeraire good. And these parameters from
the viewpoint of the consumer are endogenous equilibrium variables from the viewpoint
of the economy as a whole.?’

The defining simplification of quasi-linearity, and the one that justifies consumer’s
surplus calculations, is Marshall’s elusive “constancy of the marginal utility of money” -
provided that the the commodity in which the preferences are quasi-linear in is consumed
in positive quantities; see Samuelson (1942). An important stream of the last seventy
years of applied welfare economics seeks to justify consumers’ surplus calculations in
economies that are not quasi-linear.?! An attraction of the money-metric lies precisely
in its guarantee of the sought-after constancy of the marginal utility of money without
the strong assumption of quasi-linearity; and in the effortless way that it handles corner
solutions, non-convexities, and even non-ordered preferences.

200ne workaround is simply to drop the non-negativity constraint on the numeraire good altogether, as in
Mas-Colell, Whinston, and Green (1995, Chapter 3, p. 44 and Section 10.C).

2'For example, Harberger (1971), Willig (1976), Tirole (1988, pp. 7-13), Weitzman (1988), Vives (1999,
chapter 3), Schlee (2013b), and Hayashi (2017).

10



2.3 The Non-concavity of the Money-metric

The surprise of our money-metric saddlepoint theorem is that money metrics are not
generally concave. In order to help the reader see the non-concavity, we outline an
alternative proof of the Blackorby-Donaldson (1988) theorem that uses the least-concave
representation result of Debreu (1976); see Khan and Schlee (2017). The assertion is
that a money-metric is concave in consumption at every price p >> 0 if and only if
preferences are quasihomothetic (implying demand is affine in wealth). Let X = RE,
suppose the Standard Assumptions on preferences hold, and that x 2~ 0 for every x € X
(for example, >~ is monotone).?? In this case the money metric itself is a preference
representation; see Shafer (1980, Lemma) or Section 9.4 below. For any representation
u, write the money-metric as M (x, p) = e,(p, u(zx)), where e, is the expenditure function
associated with u. There are two cases. Either there is no concave representation of
preferences, in which case we are done;?® or there is a concave representation u of preferences.
In the second case, the indirect utility function is concave and strictly increasing in w for each
p.2* Since the expenditure function e,(p,-) is the inverse of the indirect utility for fixed p,
ew(p, ) is convex. So M(-,p) is a convex transformation of any concave representation; which
is to say that it is less concave than any concave representation.?® By Debreu (1976), there is
a least concave representation, u; that is, if u is a concave representation, then u = T o @ for
some concave, strictly increasing function T : Range(u) — R. So either i) M(-,p) is affinely
related to @ —that is M (x,p) = a(p) + b(p)u(x) for every p for some functions a and b — and
hence the money-metric is also a least concave representation; or ii) it is not concave for some
p. Since i) implies that the indirect utility is affine in wealth, this completes the argument.
The literature is silent about the region of consumption for which the money-metric is not
concave, but Samuelson (1974, p. 1276) makes an intriguing assertion. He writes that the
money-metric M (z,p°) is “locally concave in all z that are near to 2° [a point demanded at
p°] (and which may as well be restricted to s that are at least as good as 2°).” But what he

writes in symbols is
VM (2%, p°) - (& — 2%) = M(x,p°) — M (2°,p°) (5)

for all  in a neighborhood of 2°, that is, that M (-,p°), is concave precisely at the demanded

22Unfortunately Khan and Schlee (2017) omit explicit mention of this last assumption.

23The Finetti-Fenchel-Kannai examples highlight how a convex preference relation may not have a concave
representation for precisely such plausible preference orderings. See Kannai (1977) and Kannai (1981) for
examples and the antecedent background.

24Tf the consumer has expected utility preferences and we interpret u as a von Neumann-Morgenstern utility,
this fact implies that aversion for wealth risk follows from aversion for consumption risk; see Kreps (2013,
Proposition 6.16, p. 136).

25For two continuous real-valued functions f and g on a convex set D C R™ that represent the same binary
relation -, g is less concave than f if there is a convex, and strictly increasing, real-valued function 7' on
Range(f) that is convex with g =T o f.

11



point 9.26 Whereas (5) is certainly true if money metric is differentiable at a demanded point
and the demanded point is in the interior of the consumption set, Samuelson’s verbal assertion

about concavity in a neighborhood of a demand point remains to this day an open question.?”

2.4 Saddlepoints and Uzawa’s Theorems

Here we recall for the reader Uzawa’s (1958) saddlepoint theorems. Let ) # Z C R’, and
let f:Z — Randg:Z — R™ be functions, where n and m are positive integers. Consider
the constrained optimization problem max,czf(z) subject to g(z) < 0, and the saddlepoint
inequalities asserting the existence of z* > 0 and A* > 0 such that

L(z,\") < L(z",A) < L(z%,\)

for all z € Z and A € R, and where L(z,\) = f(z) — X - g(2).
We can now present

Theorems (Uzawa (1958)). 1. If (z*,\*) satisfies the saddlepoint inequalities, then z* solves
the optimization problem. 2. If z* solves the optimization problem, Z is convex, f is concave,
g is convex, and there exists Z € Z such that g(2) << 0 (Slater’s constraint qualification), then

there exists \* > 0 such that (z*, \*) satisfies the saddlepoint inequalities.

If the saddlepoint inequalities hold, then z* maximizes f(z) — A*g(z) on Z without directly
imposing the constraint g(z) < 0. A difficulty in applying Uzawa’s Theorem 1 is to verify
that the saddlepoint inequalities hold. The deeper Theorem 2 gives sufficient conditions for
the saddlepoint to hold; it applies to the consumer’s problem if preferences are representable
by a concave function. There are two well-known impediments for a successful application.
First, the value of the multiplier, the marginal utility of money, depends on the parameters
of the problem, and thereby complicates its use for comparative statics. Second, it requires a
concave representation of preferences, and as already pointed out in the introduction, even if
one imposes convexity of preferences, some convex preference relations are not representable
by a concave function.?® We remind the reader that concavity cannot be relaxed to quasi-
concavity in Uzawa’s Theorem 2 even if the constraint function g is linear. The Cobb-Douglas
function u(x1, xe) = x122 for the consumer’s problem is a simple counterexample.

26By “concave at the point z” for a differentiable function f we mean that Vf(z) - (y — 2) > f(y) — f(z) for
all y in some neighborhood of z.

2"For what it is worth, it was reflection on Samuelson’s assertions about local concavity of money-metric that
lead us to think about what global properties of concave functions, if any, that it preserves, independently of
differentiability and interiority assumptions, and thereby to Uzawa’s saddlepoint theorems.

28See the references in Footnote 23.
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Figure 2: The consumption set equals the vertical bars, so the consumption set is not convex.
Assume that preferences are strongly monotone. If 22 = x! = 29 then x = 2! violates the
local cheaper point at p® = (1/2,1/2). The point 22 is demanded at (p°, M (p®, 2')), but there
is no point in a small-enough neighborhood of 22 that is cheaper at those prices. We have
M (p°, zt) = M(p°,2?), even though x? = z!. The curves in the Figure are not indifference
curves but are meant to be a visual aid.

3 A Money-Metric Saddlepoint Theorem

If 77 is transitive, then it follows that
z Zy implies that M (z,p) = M(y,p), (6)

since the constraint set for the income minimization problem (2) at x is a subset of the con-
straint set for that problem at y. If - is complete and transitive, it follows if =’ € d(p,w),
then 2/ maximizes M(-,p) on the budget set B(p,w). In this section we are after something
bolder: that 2’ maximizes M (x,p) — p-x on X without imposing the budget constraint, and
even if preferences are not complete or not transitive. Of course if M (-, p) represents -, then
any maximizer 2’ of M(-,p) on B(p,w) is a demand. But without further restrictions on the
consumption set, a money metric does not in general represent preferences even under the
Standard Assumptions: in particular, we can have z = y, but M(x,p) = M(y,p).?? The pos-
sibility is depicted in Figure 2. The consumption set equals the vertical bars, preferences are
strongly monotone, and x? - ! = 20, At the price p = (1/2,1/2), M (z!,p) = M(2?,p). But
nothing prevents 22 = z!. In that case M (-, p) does not represent the consumer’s preferences
on X, and x! ¢ d(p,p - ') even though it maximizes M (z,p) on the budget set B(p,w). We
now introduce a variant of the condition that McKenzie (1957) uses in his derivation of the
Slutsky equation.3°

29Weymark (1985a) is the classic reference for money metrics as a preference representation for general
consumption sets. Shafer (1980) proves that the money metric represents preferences for the classic consumption
set X = Rf_ under what we call our Standard Assumptions if in addition = = 0 for every z € X.

39We warn the that the cheaper point assumption is being formulated in a slightly different way than in
Walrasian general equilibrium theory where for each price, it is the existence of a cheaper point in the budget
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Definition 1. A point x € X satisfies the local cheaper point condition at p € Ri if, for
every ' € d(p, M(p,z)) and every open neighborhood N of z’, there is a point " € NN X
such that p-x" <p-a.
In Figure 2, if 22 > ' = 29 then 2! violates the local cheaper point condition since z? €
d(p,p- '), but there is no point in X that is cheaper than it at price (1/2,1/2). Of course z?
itself violates the cheaper point condition as well, but this violation does not pose a problem
for us since 22 is itself demanded at price p and income p - 2%: 2% € d(p,p - 2%). The difficulty
for 2! is that o' ¢ d(p,p - z1).

The role of the local cheaper point condition is spelled out in the next lemma. With it,
compensated and uncompensated demands are equal; and the constraint 2’ =~ x in the wealth
minimization problem (2) binds. We prove the Lemma in the Appendix.

Lemma 1. Fix p >> 0. If 7 satisfies the Standard Assumptions, and x € X satisfies the local
cheaper point assumption at p, then

(a) hp,) = d(p, M(z,p)); and (b) 2’ ~ for any 2’ € h(p, ).

Of course in the classic case X = ]Ri the local cheaper point assumption holds for every x # 0.
Again, the point £ = 0 poses no problem for us since it is itself demanded at zero wealth at
any price: 0 € d(p,0).

We now turn to our main result for a single consumer. It lays the foundation for our agenda

on money metrics in consumer theory.

Theorem 1 (Money-Metric Saddlepoint). Fiz (p,w) > 0. Define L(x,\) = M (z,p) + ANMw —
p - x]. Consider the saddlepoint inequalities for (z*,1) with z* € X :

L(xz,1) < L(z",1) < L(z,N) for every x € X and A > 0. (7)

(a) If - satisfies the Minimal Assumptions and x* € d(p,w), then the saddlepoint inequalities
(7) hold.

(b) If 7 satisfies the Standard Assumptions, p >> 0, the saddlepoint inequalities (7) hold,
and if ©* satisfies the local cheaper-point condition at p, then x* € d(p,w) for w =p-x*.

We remind the reader that a money metric is not generally concave in consumption or even
quasiconcave—and that quasiconcavity cannot replace concavity in Uzawa’s Saddlepoint The-
orem 2. And we emphasize that parts (a) and (b) hold even if the money metric does not
represent preferences, as in the example in Figure 2, and (a) holds even if preferences are
incomplete nor intransitive, so that there is no representation at all. We leave the proofs of
Theorems 1(a) and 2(a) in the text since they are short and informative. The part-(b) proofs
for each are in the Appendix.

set of each consumer that is being asserted.
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Proof of (a): Let 2* € d(p,w) for some w > 0. Since - satisfies local nonsatiation, p - * = w,
and so L(z*,\) = 0 for every A > 0, including A = 1. The inequalities “L(z,1) < L(z*,1) for
all z € X7 is equivalent to “x* maximizes M (z,p) — p-x on X.” Since, by local nonsatiation
of =, any 2/ € X is in R(z'), the closure of {z € X | x > '}, and so is itself feasible for
the wealth minimization problem (3) at x = z/; it follows that M (z,p) — p-x < 0 for every
x € X, implying that the difference is certainty maximized whenever it equals zero. Consider
any y € X with p-y < p-2* = w. Since z* € d(p,w), y # x*. We will show that y ¢ R(x*).
Consider any convergent sequence " in X with 2™ > z* for every integer n. Since z* € d(p, w),
p-x™ > w for every n. Since p -y < w, it follows that y # limz™, and so y ¢ R(z*). Then z*
solves problem (3), implying M (z*,p) — p - z* = 0. O

We now specialize to the classic case of X = Rf_ to illustrate a use of Theorem 1. It asserts
that the wealth expansion path at a price p equals the set of maximizers of M (x,p)—p-z on X. It
has the implication that we can replace the standard utility maximization problem in classical
consumer theory—maximize utility subject to a budget constraint—with an unconstrained
optimization problem using the money metric, whether or not it represents preferences. It
illustrates that for some well-behaved consumption sets, we can dispense with completeness
and transitivity to get the conclusion of Theorem 1(b). For Corollary 1, we don’t need the full
conclusion of Lemma 1, but simply that 2’ € d(p,p - 2) if and only if p- 2’ = M(2', p).3!

Corollary 1. Let X = Ri and p >> 0. If the Minimal Assumptions hold, then x’ € d(p,w)

for some w > 0 if and only if x' mazimizes M(xz,p) —p-x on X.

The corollary puts consumer theory on the same footing as producer theory: maximizing
benefit minus cost on a consumption or production set, at least for the classic case X = RJLF.
In a sequel to this paper we use this formulation to simplify dramatically the comparative
statics of the consumer’s problem. A long-recognized difficulty in applying the lattice-theoretic
comparative statics methodology of Topkis (1995) and Milgrom and Shannon (1994) to the
consumer’s problem is that different budget sets do not stand in the strong-set-order relation.??

Corollary 1 bypasses this problem by dispensing with the budget constraint.

Proof of Corollary 1: If 2’ € d(p,w) then, by Theorem 1(a), 2’ maximizes M (x,p) —p-x on X
under the Minimal Assumptions. Now suppose that 2’ maximizes M (z,p) —p-x on X = Ri.
As in the proof of Theorem 1(a), local nonsatiation implies that M (z,p) < p-x for any = € X.
Since 0 € X and M(0,p) = 0, it follows that 0 = M(0,p) —p-0 < M(2',p) —p-2’ <0
which implies that M (z',p) = p-2’. Set w = M(z',p) > 0. We will show that y € B(p, w)
implies that y % 2/. Let y € B(p,w). If 2’ = 0, then w = 0 and the budget set B(p,w) is a
singleton, so the conclusion holds since 7 is reflexive (implying > is irreflexive). Let 2’ # 0,
which since X = R implies that 2’ > 0. If p-y < w, then y % 2’ by the definition of

31 Absent transitivity, it is well-known that the equality in Lemma 1(a) fails; see Fountain (1981).
32G8ee for example Quah (2007) and Mirman and Ruble (2008).
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M (', p) = min,eg(yyp- 2 and w = M(a2',p). If p-y = w, then since 2’ # 0 and p >> 0, we
have w > 0, which in turn implies that y > 0. Consider the sequence y" = (1 — %)y Fix n.
Since p - y™ < w, it follows that y™ € {z € X, |z % 2'}, which is a closed set since > is open.
We then have lim,, - y" =y # 2/, so 2’ € d(p,w). O

4 Competitive Allocations and the Money-metric Sum

We now extend the framework of Section 2 to I consumers. This is to say that each consumer
1 has a consumption set X; C Ri that is nonempty and closed; and a preference relation
~iC X; x X, satisfying either the Standard or Minimal Assumptions. Define M;(z,p) =
inf g,y p- @’ with (p,z) € RY x X;. For (p,w) € RY™ and B(p,w) = {z € X |p-z < w}, we
let d;(p,w) = {2’ € B(p,w) |z =; 2’ implies z ¢ B(p,w)}.

Let there be J > 1 firms, with firm j endowed with a production set Y; C RL satisfying
0 € Y; (possibility of inaction). The aggregate production set is ¥ = > j Y;, assumed to be
closed. Let

;(p) = maxp-y;
when it exists. Consumers are endowed with goods and ownership shares in firms. Consumer
i’s price-dependent wealth is w;(p) = p - w; + Zj 0;;mi(p), where w; € X; is consumer i’s
endowment of goods and 6;; is i’s ownership share of firm j. We assume that w =", w; > 0.

Definition 2. Let A = II; X; x II;Y;. An allocation is a point (z1,...,x1,y1,...,Y5) € A.
An allocation (x4, ...,x1,y',...,y;) is feasible if

Dwi <) wit )y
i i j
We will denote an allocation by (x,y). We denote aggregate consumption by z = >, x5,

aggregate production by y = > i Yjs and the aggregate endowment by w = > w;.

Definition 3. A competitive equilibrium is a feasible allocation (x*,y*) and a nonzero
price vector p* € Ri such that

1. For every j=1,...J, p*-y; > p* - y; for every y; € Y;;
2. For everyi=1,....1, x; =; x} implies x; ¢ B(p*, w;(p*)).

For each consumer i and p € R_LH let X ile (p) € X; be the set of consumption plans that satisfy
the local cheaper point condition at p.

We now show that any competitive equilibrium allocation maximizes the sum of money
metric utilities on the set of feasible allocations—despite the non-concavity, and even though
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the money metric need not represent preferences.?® In what follows we assume that competitive
equilibrium prices are nonnegative. This would follow, for example, if, for every good ¢, some
consumer’s preferences were strictly monotone in that good, or if the production set Y satisfies
free disposal.

Theorem 2. Let L,(x,y, 1) =Y, Mi(zs,p)+p-[w+y—=x]. Consider the following saddlepoint
inequalities at (x*,y*,p*) € A x RL:

EP* (X7 Y7p*) < EP* (X*v y*vp*) < £p* (X*> y*a M) fOT every (X7 Y, M) € Ax Ri (8)

(a) If (x*,y*,p*) is a competitive equilibrium, and each consumer’s preferences satisfy the
Minimal Assumptions, then the saddlepoint inequalities (8) hold. It follows that (x*,y™)
mazimizes Y, M;(x;,p*) on the set of feasible allocations.

(b) If the saddlepoint inequalities (8) hold at some p* >> 0; if each consumer’s prefer-
ences satisfy the Standard Assumptions; and if for every consumer i, x; € XZ-le(p*);
then (x*,y*,p*) is a competitive equilibrium for some distribution of endowments and
ownership shares.

Proof of (a): Let (x*,y*,p*) be a competitive equilibrium. Since for any p € Ri, e lw+y* —
x*] > 0 and, by local nonsatiation, p*-[w+y*—x*| = 0, certainly L, (x*,y*,p*) < Ly« (x*,y", 1)
for every p € Ri. Profit-maximization for each firm j at p = p* implies that p* - y* > p* -y for
every y € Y; and for each consumer i, M;(z;, p*) — p* - x; < 0 for every z; € X;, with equality
at 7 by Theorem 1(a). So Ly-(x,y,p*) < Lp=(x*,y*,p*) = p* - (w+y*). Since the saddlepoint
inequalities (8) hold, it follows from Theorem 1 in Uzawa (1958) (part 1. of the Theorem in
Section 2.4 here) that the competitive allocation maximizes the sum of money metrics on the
set of feasible allocations. g

Figure 2 helps illustrate a difference between parts (a) and (b). Suppose it describes a
single-consumer economy with endowment z' and that the line x; + o = const describes
the set of feasible consumption bundles with the economy’s constant-returns technology. If

2 2 maximizes the

22 = x' = 20 then the unique equilibrium allocation is = 2. The plan z
consumer’s money metric at p = (1/2,1/2). The point z? is not covered by part (b) since
1 2

- T

allocation is z!, which satisfies the local cheaper point assumption and solves the saddlepoint

it violates the local cheaper point assumption. But if x > 29, then the equilibrium

inequalities at p = (1/2,1/2). It is also a competitive equilibrium, illustrating part (b).
We conclude this section with a series of remarks.

330ur results go through under two kinds of market incompleteness. The first is that there simply aren’t
markets for some goods, so consumers must consume their endowments of those goods. The second is that
every consumer must consume the same physical good across a common set of states, locations, or dates. On
the inclusion of public goods and non-priced commodities as parameters of the money-metric, see Hammond
(1994), Fleurbaey and Maniquet (2011) and Fleurbaey and Blanchet (2013).
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Remark 1 (The money-metric sum and (in)justice). Theorem 2 asserts that, at a price p,
any competitive equilibrium allocation associated with that price (for some distribution of
endowments and ownership shares) maximizes the money-metric sum. Of course, a competitive
equilibrium allocation can give everything to a single person. But it can also be, for example, an
egalitarian Walrasian allocation, that is, a competitive equilibrium allocation in an economy
in which everyone has the same wealth (and so is envy-free). As far as mazimizers of the
money-metric sum go, there does not seem to be an inherent tendency towards inequity or
equity. It seems to be, as Samuelson (1974) intuited, and inveighed about, largely ethically

134

neutral.>* We elaborate on and qualify this point in our Section 5 O

Remark 2 (The saddlepoint and the wealth of nations). The last sentence of Theorem 2(a)
asserts that a competitive equilibrium allocation maximizes the money-metric sum on the set
of feasible allocations. The saddlepoint inequalities (8) imply something more surprising: a
competitive allocation maximizes the monetary sum ), M;(x;,p*) — p* - © + p* - y on the set
A of allocations, feasible or not. O

Related to this Remark, the next result is an immediate implication of Corollary 1 that
we write out formally for completeness. The point is that we can solve for the allocations
demanded at a price ignoring the budget constraint.

Corollary 2. Let X; = Ri for every consumer i, and suppose that each consumer’s preferences
satisfy either the Standard or Minimal Assumptions. Then x* € (di(p,w1),...,dr(p,wr)) for
some (w1, ...,wr) > 0 if and only if x* maximizes Y, M;(z;,p) —p-x on Rf.

Theorem 2 shows that a competitive equilibrium allocation maximizes the sum of money
metrics if the reference price is the associated competitive equilibrium price. That includes any
other competitive equilibrium allocations, supportable at a possibly-different price. This dis-
tinguishes the sum of money metrics from the sum of compensating variations, since generally
the sum of compensating variations is positive when moving from one competitive equilibrium

to another.35

Remark 3 (The sum as a individualistic Bergson-Samuelson welfare function (B-S SWF)).
Suppose that each consumer i’s money metric represents 7-;. Then the money-metric sum is
a a individualistic Bergson (1938)-Samuelson (1947) social welfare function (B-S SWF). Since
terminology is not uniform, we clarify that we define a B-S SWF' to be a real-valued function
W on the set of allocations A; we define an individualistic B-S SWF to be a B-S SWF such

34Tf p* is not a competitive equilibrium price for some distribution of endowments and ownership shares, then
our theorem is silent about what allocations maximize the money-metric sum. If a price fails to be an equilibrium
price because of preference nonconvexities, then considering an economy with a continuum of consumers might
expand the scope of Theorem 2.

35This possibility has become known as the Boadway (1974) paradox. Like the sum of equivalent variations,
the sum of money metrics is nonpositive when moving from one competitive allocation to another. This fact
was one consideration in King’s (1983) adoption of the money-metric for welfare.
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that, for every consumer ¢, and for each fixed consumption levels of the other consumers, W
represents ;.36 A classic example is the additive B-S SWF mentioned in the Introduction,
> Aiui(x), where, for each 4, A; > 0 and u; represents ;. If M;(-,p) represents —; for every 1,
then the money-metric sum is obviously a special case of this form.

As with any other individualistic B-S SWF, it follows that any maximizer of the money-
metric sum on the set of feasible allocations is Pareto optimal. This fact and our Theorem
2(a) give a new proof of the first welfare theorem that every competitive equilibrium allocation

is Pareto optimal.3” ]

Remark 4 (The sum as a family of B-S SWFs). One use of families of B-S SWFs in workaday
economics is simply to calculate the set of Pareto optimal allocations. Consider for example,
the family of additive B-S SWFs as in Remark 3 as the weights vary over all positive values. It
is well-understood that a Pareto optimal allocation might not maximize any of these sums: in
general one must allow some of the weights to be zero; the resulting sum is no no longer
an individualistic B-S SWF, and some allocations which maximize it need not be Pareto
optimal. It does follow that, if the utility-possibility set is convex, then the entire set of
Pareto optimal allocations is in range of maximizers of an additive B-S SWF as the weights
vary over all nonnegative, nonzero vectors; more broadly it is in the range of maximizers of
W(x) = W(ui(z1),...,ur(x7)) over all nondecreasing functions W on R’.38

If some consumer’s preferences are not represented by the money metric, then the money-
metric sum is no longer an individualistic B-S SWF. Still a similar result follows for the money-
metric sum. Consider any economy in which the conclusion of the second welfare theorem
holds, specifically in which any Pareto optimal allocation can be supported as a compensated
equilibrium with prices p > 0. (For example, Y is convex and satisfies free disposal, and each 77;
satisfies either the Minimal Assumption or the Standard Assumptions plus convexity.) Then
as we vary p over all nonnegative elements of the unit simplex, the set of maximizers of the
money-metric sum equals the set of Pareto optimal allocations.?” [l

Remark 5 (Ranking other allocations). Theorem 2 and the preceding remarks consider allo-

cations that maximize the money-metric sum. Here we consider how the money-metric sum

36Many authors define a Bergson-Samuelson social welfare function simply to be an increasing function map-
ping utility profiles to real numbers. See for example Mas-Colell, Whinston, and Green (1995, p. 117) and Kreps
(2013, Section 8.4). The original articles suggest that our definition is historically more accurate. Fleurbaey
and Mongin (2005) give a fascinating account of the history of the idea and its relationship to Arrow’s social
welfare function and his celebrated impossibility theorem. They refer to what we call a B-S SWF simply as a
Bergson-Samuelson function.

3TBergstrom (1973), Gale and Mas-Colell (1977), Fon and Otani (1979), Weymark (1985b), and Rigotti and
Shannon (2005) prove versions of the first welfare theorem with incomplete or intransitive preferences.

38Gee for example Kreps (2013, Section 8), especially Proposition 8.1 and his discussion of Figure 8.3.

39Tf in addition the economy is Gorman (1953), that is, in addition to the Standard Assumptions, strong
convexity, and monotonicity, each consumer ¢ has an expenditure function of the quasihomothetic form
ei(p, ;) = ai(p) + b(p)u;, where the function b(-) > 0 is common across consumers, consumer i’s money
metric is M;(z, p) = ai(p) +b(p)ui(x), where u; is a corresponding representation of ¢’s preferences. Each money
metric is concave and the set of maximizers of the sum does not depend on the reference price. In particular,
the sum is maximized at a feasible allocation if and only if it is Pareto optimal.
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p-y=Mx,p)

\

Figure 3: The curve is the boundary of the at-least-as-good-set at x;. Since p - z; < M;(z;,p),
point z; cannot be strictly preferred to x;. If 7—; is complete, then x; = z;. It follows that, in
the notation of Bernheim and Rangel (2009), that (z;,z;) ¢ R’; and if z; and x; are comparable
under =—;, then x; P*z; in their notation.

~

ranks other allocations. What can be said depends on preferences in the economy. If each
consumer’s preferences are represented by ¢’s money metric, then of course the money-metric
sum is an individualistic B-S SWF and so Pareto consistent: if the sum rises with an allocation
change then at least one consumer is strictly better off. Two other cases are of interest.

1. Each consumer’s preferences are complete and transitive, but for some consumer i,
M;(-,p) does not represent i’s preferences. In this case the sum is no longer a indi-
vidualistic B-S SWF. But the sum is still Pareto consistent. This fact follows from our

equation (6).

2. Some consumer’s preferences are either incomplete or intransitive. In this case the sum
of money metrics need not be Pareto consistent. But the sum can still be used to identify
aggregate consumption plans that are not a potential Pareto improvement relative to
some allocation x. The important fact here is that a consumer’s money metric can be
used to identify bundles that are not better than a given bundle (even though it of course
does not represent preferences). Fix a consumer, a reference price p and a consumption
plan z;. If p-y; < M;(p,x;), then y; # x;. Of course if z; € d;(p,p - x;), this is just
the statement that x; is directly strictly revealed preferred to y;. But the money metric
reveals more than this, since the point z; need not be demanded at p; see Figure 2. In
Section 7 we show that we can aggregate this result to rule out allocations that are not

potential Pareto improvements (Proposition 2). O
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We repeat that the conclusion of Theorem 2(a) holds even under cases 1 and 2 of Remark
5: a competitive equilibrium allocation maximizes the money-metric sum (at the associated
competitive equilibrium price) even if the money metric does not represent preferences of some
consumers. The sum can still be used to identify candidates for optimal allocations.

Remark 6 (Money-metrics and Bernheim-Rangel’s (2009) unambiguous choice relations).
Bernheim and Rangel (2009) propose two unambiguous choice relations that extend the usual
revealed-preference relation. Their purpose is to give a foundation for choice-based welfare
analysis in non-standard (behavioral) decision theories in which choices violate the weak ax-
iom of revealed preference—and so any rationalizing binary relation is either incomplete or
intransitive. They work in a setting of a choice function defined over a family of constraint
sets which includes all finite subsets of an underlying “consumption set,” including all two-
point constraint sets. In a general equilibrium setting, of course, budget sets are included in
the family of constraint sets. They assume that choice in any constraint set in the family is
nonempty. They define an unambiguously chosen over relation P* by xP*y if y is never chosen
if x is available. They also define a weakly unambiguously chosen over relation R by xR’y if,
whenever z is available and y is chosen, z is also chosen.*?

The money metric in case 2. of our Remark 5 can be used to uncover whether alternatives
do or do not stand in these relations. Specifically, if p -y < M (x,p), then (i) either x > y and
therefore xP*y, or x and y are not comparable, in which case it cannot be that yR'z; and if
in addition 7~ is complete, then x > y and therefore xP*y. See Figure 2.

Not all behavioral models can be described as choosing undominated elements according
to a possibly-incomplete or intransitive binary relation. (Richter (1971) characterizes the set
of demands that can be rationalized by some binary relation.) It turns out that we can
reformulate the money metric for these cases using the Bernheim-Rangel relation P*. Let
Ri(x) = {2’ € X | 2/ Pz}, and replace R;(z) with R}(x) in the definition of the money metric,
(3). Define the behavioral money metric (or Bernheim-Rangel money metric) by M/ (x,p) =
mingers(z)p - 2. Let dj(p,w) = {y € B(p,w) | € B(p,w) = (z,y) ¢ P/} Note that any

choice of consumer 7 in the budget set B(p, w) must be an element of d} (p, w). O

The next theorem asserts that the conclusions of Theorem 1(a) and Theorem 2(a) holds
for the behavioral money metric.

Theorem 3 (Behavioral money-metric). If for each consumer i P} is locally nonsatiated (for

every x € X and neighborhood N of x, there is a y € NN X with yP}x), then the conclusions
of Theorem 1(a) and Theorem 2(a) hold for the behavioral money metric, M.

Since Bernheim and Rangel (2009, Theorem 7) prove a generalized first welfare theorem for
a behavioral competitive equilibrium, this modified money-metric sum can be used to identify

40A motivation for the “unambiguously-chosen-over” relations is that one alternative is always chosen over
another independently of any “frame” of the decision problem.
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candidate generalized Pareto optima (on their definition).** Of course the demand d* in the
theorem statement is rationalized by the relation P*, but the consumer’s actual demand need
not be.*? And the conclusions hold for any selection from d.

Proof of Theorem 3: If the conclusion of Theorem 1(a) holds for the behavioral money metric,
so does the conclusion of Theorem 2(a). But the conclusion of Theorem 1(a) follows from the
proof of Theorem 1(a) word-for-word after substituting R* for R, M for M, and d* for d.[]

Remark 7 (A Representative Consumer?). A natural question arises as to the sense which the

” Remark 5 suggests a limitation

sum of money-metrics gives us a “representative consumer.’
of this interpretation. A positive representative consumer refers to a hypothetical consumer
who owns all the economy’s wealth and has a preference relation that generates the economy’s
aggregate demand at every price-aggregate wealth pair. Maximizing the sum of money-metrics
at a price-aggregate wealth pair generates a set consisting of every vector of demands generated
by any distribution of that aggregate wealth (Corollary 2). The italicized words indicate the
differences. An example might help further illustrate the differences. Consider an exchange
economy with two consumers and two goods. Consumer i only cares for good i, the more
the better. Consumer ¢’s endowment is a fraction «; of the aggregate endowment w; = a;w.
(That is, endowments are collinear.) This economy has an aggregate demand generated by
Cobb-Douglas preferences: U(x1,x2) = x]"25?, so clearly there is a positive representative
consumer for this economy. The representative consumer has homothetic preferences. The
economy, however, is clearly is not Gorman: the consumers do not have wealth expansion
paths that are straight lines with common slope. The sum of money-metric utilities is M =
p1211 + paxog where x;; is consumer ¢’s consumption of good . Maximizing this sum subject
to p121 + poxe < w = prwi + pows gives all aggregate consumption plans that meet the budget
constraint (with consumer i getting all of good 7). The “money-metric aggregate consumer”
is indifferent between Pareto Optimal allocations at a given aggregate wealth level. That

“consumer’s” maximum value is simply aggregate wealth at any such allocation.*3 0

41 As a highly-stylized framing example that satisfies our assumptions on P* and R, fix a bundle z° € X.
Suppose that a consumer i’s demand at (p,w) maximizes u;(x) if z° € B(p,w), but maximizes v;(z), if 2° ¢
B(p,w), where u; and v; are locally nonsatiated and strictly quasiconcave, but not ordinally equivalent.

“?For example suppose that L = 2 and that d*(1,1,1) = {(0,1), (1,0)} and d*(2,1,1) = {(0,1), (1/2,0}). This
correspondence can be generated by a binary relation in which every interior consumption point along either
budget line is dominated by one of the two endpoints. But the selection f(1,1,1) = (0,1) and f(2,1,1) = (1/2,0)
is not. The selection violates Sen’s a for choice functions, that a point chosen in some set remains chosen in
any subset that contains it.

43To make the aggregate money-metric consumer look more like a representative consumer, one is tempted
first to maximize the sum of money metric utilities with respect to an allocation z’ subject to the constraint that
the aggregate consumption plan is no larger than some fixed vector (x1,...,2r), and to interpret the resulting
value function M(p; 1, ...,z1) as a representation of preferences of a representative consumer. In the example,
this maximized sum-of-money-metrics reduces just to M(p; z1,z2) = p121 + p222. Maximizing this subject to
the aggregate budget set p1x1 + paxe < w gives all affordable aggregate plans. With this procedure inefficient
allocations are precluded by the “min” inequalities in the SP: in order for A = 1 to minimize £(z, A), it must
be that T21 = T12 = 0.
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5 Nonconcave Money-Metrics and (In)Equities

As we mentioned in our Introduction, one reason for the waning of the money metric in
applied welfare analysis was the money-metric non-concavity. We briefly consider some of its
implications here; we also relate it to recent developments in social choice theory that show the
potential usefulness of money metrics for welfare and criteria for equity in allocations. As we
point out in Remark 1 to Theorem 4, allocations that maximize the money-metric sum can be
just or unjust (whatever one’s notions of these qualities), provided that they are supportable
as competitive equilibrium and that the associated competitive equilibrium price is used as
the reference price. Any potential (in)justice there does not rely on the (non)concavity of the
money metric.

To set the stage for our discussion, we begin with a simple example of how maximizers of

the sum of non-concave money metrics might be inequitable.

Example 1 (Money-metrics and inequality). Consider an exchange economy consisting of two
consumers with identical preferences 7 on X = Ri that satisfy the Standard Assumptions, and
in addition are conver and monotone (x >>y implies that x = y), but not quasi-homothetic;
and let M(-,p) be their common continuous, non-concave (at some p) money-metric.** Then

we know that it is not mid-point concave at some p, which is to say,
2M (3z + 3y, p) < M(z,p) + M(y,p) for some x and y € X. (9)

Let the aggregate endowment be x +y. Then the money-metric sum is higher at the unequal
allocation which gives one consumer x and the other y than if they both get (x +y)/2. O

Our rehabilitation obviously does not rule out this example. But we note that it depends on
the reference price. By Theorem 2, if we consider a reference price p* that supports equal
division as a competitive equilibrium allocation in this exchange economy, then the sum of
those money-metrics would not increase with a move to an unequal allocation.

As mentioned already, Bosmans, Decancq, and Ooghe (2018) (BDO) present a social-
choice rehabilitation of money metrics. It consists of a representation theorem for a social
preference relation, that is, a relation which specifies, for each possible profile 2= = {71, ..., 221}
of preferences in an economy, a binary relation R- over allocations. It asserts that social
preferences satisfy six axioms if and only if there is a reference price vector p and a strictly
increasing, Schur-concave function® W such that, for each preference profile ,

x'R-x if and only if W(Mi(2,p), ..., Mi(a],p)) > W (Mi(21,p), ..., Mi(x1,p)).

44 For our purpose here, preferences are quasi-homothetic if there is an indirect utility is of the form Vip,w) =
a(p) + b(p)w for some functions a(-) and b(-). For the continuity claim in Equation (9), we appeal to Weymark
(1985a, Proposition 2).

45 A function f on a nonempty convex set D C R™ is Schur-concave if f(x) > f(y) whenever y majorizes x,
that is, whenever Zf Yl > Ef xp) for k = 1,...,n — 1, with equality for k = n, where y,) > yjn—1) > yp1) and
Tln) 2 Tln—1] 2 T[1)-
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The money-metric sum is intended to capture efficiency, the Schur-concave function W, equity.
We note that BDO work in a classical setting, with monotone, convex preferences on Rf;. In
this classical setting, a money metric represents a consumer’s preferences.

Since the sum of money metrics is a special case of the representation theorem that they
prove,*® the BDO rehabilitation likewise does not rule out Example 1. Their novel axiom and
the one that they use to capture equity considerations, they refer to as the Efficiency-Preserving
Transfer Principle. To explain it, consider an economy in which two of the consumers in it
have the same preferences, and, furthermore, an allocation in which one of these consumer has
more of every good than the other. The efficiency-preserving transfer principle asserts that if
the richer consumer transfers some consumption to the poorer (but remains weakly richer), and
the Scitovsky set for the economy remains unchanged by the transfer, then the new allocation
is weakly preferred in the social order.*”

The question is, how does Example 1 escape this axiom? One of two ways. Either the
preferences of the consumers are quasi-homothetic, in which case their money-metrics are
concave and the example cannot arise; or, in the second case, they are not quasi-homothetic.
In the second case, the Scitovsky sets typically vary as the allocation of a fixed stock of goods
changes, and so the axiom does not apply. Indeed, Gorman (1953) proved that the Scitovsky
set is globally preserved under transfers if and only if the preferences of consumers are quasi-
homothetic with a common slope of their wealth-expansion paths.*®

The BDO representation, including the special case of a sum of money metrics, violates
what Fleurbaey and Maniquet (2011) call the Transfer Among Equals axiom (their Axiom 2.5,
and henceforth TAE); namely if a society includes two consumers with the same preferences,
and one of them has more of every good than the other, then a transfer of goods from the
richer to the poorer without reversing their rank improves social welfare. This of course is the
same as BDO’s efficiency-preserving transfer principle, minus the requirement that the transfer
preserve the Scitovsky set.

We want to emphasize that the TAFE axiom can fail even when the money-metric is concave,
having seen already that Example 1 directly exploits the lack of concavity of the money metric.

Example 2 (Concave money-metrics and inequality). Consider an economy with two con-
sumers with identical preferences represented by the Cobb-Douglas function u(xy,x2) = \/Z1, 2.
The money metric utility for this function is M (x,p) = pi/2p;/2\/xl,7$2. Set the reference price
equal to p = (1,1), so that the money metric equals the preference representation. Since the

money-metric is concave, the construction in Example 1 cannot arise. Consider the unequal

46The function f(y) = Yy is (weakly) Schur-concave.

4TThe Scitovsky set for a population of consumers (1, ..., I) at a reference allocation (z1, ..., 1) is the sum of at-
least-as-good-as sets from this allocation. Formally, at an allocation (z1, ..., zs) it equals {z' € X |z’ = Zle xh,
wi(x}) > wi(z;), i = 1,..., I}, where for each consumer i, u; represents that consumer’s preferences.

%8To be sure, Bosmans, Decancq, and Ooghe (2018) write in their Footnote 14 that “This axiom does not
cover all cases where the distributions before and after the transfer are both efficient (equal marginal rates of
substitution). Indeed, in some such cases the Scitovsky boundaries do not coincide, but rather intersect at the

societal bundle.”
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allocation ((1,1),(6,6)). The sum of money-metrics is 7. The sum of money-metrics at the
more-equal allocation ((3,2),(4,5)) is =~ 6.92. This sum of identical, homothetic, concave
money-metrics therefore violates the Fleurbaey-Maniquet TAE axiom. O

The example helps illustrate a fundamental point: some inequities of the money-metric sum
do not depend on a failure of concavity. It is a general property of additive B-S SWF func-
tions, even well-behaved ones, and indeed of the BDO non-additive generalization, short of the

maximin limit
W(Ml(l‘lap)) M2($27p)7 X M[(l’],p)) = min{Ml(l'lyp%MQ(l'?ap), “eey M](l‘[,p)},

which violates BDO’s strong monotonicity axiom.

The Transfer Among Equals axiom has obvious normative appeal. Fleurbaey and Mani-
quet (2011, Theorem 3.1) prove a startling result. When combined with two other seemingly
innocuous axioms, this transfer axiom implies what they call Absolute Priority to the Worst
Off: if an economy has two consumers with the same preferences, and one of them has more of
every good than the other, then social welfare rises with any feasible decrease in consumption of
the richer and increase in consumption of the poorer, even if some goods are thrown away. For
example, the “leaky bucket” transfer between equals from the allocation ((1, 1), (100, 100) ) to
((1+e,1+4¢€), (14+2¢,1+2¢)) is socially a (weak) improvement for any e € (0, 1), however close
to 0. The Absolute Priority axiom, however, seems less appealing than the Transfer among
Equals axiom since it justifies destruction of resources. One welfare function that satisfies the
transfer axiom Fleurbaey-Maniquet call the Walrasian Egalitarian function. It is defined using

the profile of money-metrics and is given by

W(x) = max min{Mi(x1,p),...., Mi(xr,p)}. (10)
{plpw=1}

Note that the money-metric reference price potentially varies with the allocation. This way of
choosing the reference price is analogous to putting more weight on the least-well-off person
in this sense: for a fixed price p, normalized so that p-w = 1, consider d;(p,p - Aw) for
A € [0,1], consumer i’s demand at price p and wealth equal to the value of a fraction A of
the economy’s endowment; the value W(x) in (10) is the smallest value of A such that some
consumer ¢ is indifferent between d;(p,p - Aw) and z;, ¢’s consumption in the allocation; and
any such indifferent consumers are deemed to be the worst off; see Fleurbaey and Maniquet
(2011, Figure 5.3). They prove that, for exchange economies, the set of maximizers of WW on .4
equals the set of egalitarian competitive allocations, that is, the set of competitive equilibrium
allocations starting from equal endowments (Theorem 5.7). They go on to observe that the
“min” function in equation (10) is the only function of the money-metric profile satisfying this

equality that also satisfies the Transfer among Equals axiom.
Their theorem is presented in a classical environment with convex, monotone preferences
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defined on the consumption set R%, so that money-metrics represent consumer preferences.
The main surprise of our theorems, to repeat, is that they hold in non-classical environments
in which money metrics need not represent preferences, and indeed when there is no prefer-
ence representation at all. Fleurbaey and Maniquet (2011, Chapter 5) consider extensions to
nonconvexities in preferences and consumption sets, but maintain completeness and transi-
tivity. As mentioned already, Fleurbaey and Schokkaert (2013) extend Bernheim and Rangel
(2009) to allow for equity considerations when individual preferences are incomplete. An inter-
esting open question is what properties the representation in Bosmans, Decancq, and Ooghe
(2018) has in non-classical environments involving not just non-convexities, but incomplete
or intransitive preferences, and indeed in behavioral models not rationalizable by any binary
relation. That money-metrics are well-defined in these non-classical settings and that they
have interesting welfare properties gives some hope for a useful answer.

6 Relationship to the Benefit and Distance functions

We now consider the relationship between money metric utility and two other functions: the
benefit function of Luenberger (1992a) and the distance function analyzed by Gorman (1970).4°
Throughout this subsection, we impose the Standard Assumptions on preferences for each
consumer and assume that each consumer i’s preferences has a utility representation, u; on
X;. We point out that versions of Theorems 1 and 2 hold for these functions. We refer the
reader to Luenberger (1992a) and Gorman (1970) for proofs of the properties of the benefit
and distance functions that we assert here.

To elaborate, let x; € X;, u; € Range(u;), g € ﬁ{lei (assuming the intersection is
nonempty). Define b;(x;,u;), consumer i’s benefit function at (x;,u), to be the number g
which solves u(x; — 8g) = 4; if a solution exists, —oo otherwise. And define f;(x;, 4;), consumer
i’s distance function at (x;,4;) to be the number v which solves w;(x;/v) = u; if a solution

51

exists, —oo otherwise.”* To convert these numbers into money units, define B;(x;,u;,p) =

bi(.%'i, ﬂi,p)p - g and Fi(l‘i, ’l]i,p) = fz(l'z, ﬁi)ei(p, ﬁi).52

Parallel to Theorem 1, one can show that if 2} € d;(p, w), then (z, 1) solves the saddlepoint
inequalities with either B;(x;, Vi(p,w),p) or F;(z;, Vi(p, w), p) replacing the consumer’s money-
metric in the Lagrangian. Luenberger (1992a) proved the first, without using the language of
saddlepoints. As a corollary it follows that x} maximizes both B;(z;, Vi(p,w),p) — p - x; and
Fi(z;, Vi(p,w),p) — p - ; on X;—again ignoring the budget constraint. An important lemma
in the proof of this fact spells out the relationship between the expenditure functions and the

“9The distance function was introduced in producer theory by Shepard (1953) and in consumer theory by
Malmquist (1953); Deaton (1979) reviews some of the history of this function.

50Gorman (1970) is reprinted in Blackorby and Shorrocks (1995); proofs of the properties we use here can
also be found in Deaton (1979) and Luenberger (1995). Finally, we refer the reader to Fuchs-Seliger (1990a)
and Fuchs-Seliger (1990b) for a reconsideration of these measures in the context of revealed preference theory.

51Gorman (1970) works in a setting for which the distance function is real-valued.

52Luenberger (1992a) normalizes prices so that p- g = 1, so the extra multiplicative term drops out.
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benefit and distance functions:

ei(p, u;) = Illél% {p-xif fizi,u)} = ;}gg{p g — by(wi, i) }, (11)
where, for the first equality, prices are normalized so that p- g = 1.

We know of no proof of the fact that if 7 € d;(p, w;) then 2} maximizes F;(x;, Vi(p, w), p) —
p-x; on X;. We sketch it here. Clearly p -z = w and f(z},V(p,w;)) = 1, so the objective
equals 0 at z}. Substitute V;(p, w;) into the utility argument on both sides of the first equality
in (11) to get w = ming,ex, (p-xi)/ f(xi, Vi(p, w;)) < p-2'/ f(2', Vi(p,w;)). For any affordable 7,
p-x; < w, so the preceding inequality implies that f(x}, Vi(p, w;))w; < p-x, so the objective is at
most 0 for any affordable z; € X;. Define B(x,@) = ), Bi(xj, 4;) and F(x,0) = Y, Fi(x;, @),
where u = (41, ..., uy) is a utility profile. Parallel to Theorem 2, if (x*,y*, p*) is a competitive
equilibrium, then (x*,y*) maximizes B(x,u*) +p* -y —p* -z and F(x,u*)+p*-y —p*-x on
A, where u} = Vj(p*,w;(p*)) for i = 1,...,I. Luenberger (1992b) proves this last fact for the
aggregate benefit function.?® We can now present

Proposition 1. The conclusion of Theorem 2(a) continues to hold if each M; is replaced by
F;; or each M; is replaced by B;.

For special cases F;(x;, Vi(p,w),p) and B;(x;, Vi(p,w), p) equal the money-metric M;(x;,p)
(sometimes up to an additive constant). For X; = RY, Fi(z;, V;(p,w),p) = M;(x;,p) when
i’s preferences are homothetic (the consumer’s wealth drops out of F; when preferences are
homothetic); and B;(x;, Vi(p, w),p) = M;(z;,p) + w when ¢’s preferences are quasi-linear with
respect to some good ¢ and the reference bundle g equals the /-th unit vector. Unlike the
money-metric function, the benefit and distance functions are concave whenever preferences
are convex, and so they avoid the inegalitarian implications of Example 1. Like the money-
metric function, the benefit and distance functions need not represent preferences: as already
mentioned, there are convex preference relations not representable by a concave function (Kan-
nai (1977)).>* They each also fail property (6) that the money metric satisfies. It is easy to
show that the aggregate benefit and distance functions are not Pareto consistent: a change can
increase the measure, but every person is worse off with the change. Such examples are easy
to construct in single-consumer economies even for preferences that are Cobb-Douglas (for the
benefit function) or quasilinear (for the distance function). In sum, the aggregate benefit and
aggregate distance functions can do better than the money-metric sum on equity, they often
do worse on efficiency grounds. We hope to explore these points more fully in future work.

531t is hard to believe that the aggregate distance function F(z,@*) has not been used by someone, and that
the Proposition has not been proved for it, but we do not know a reference for it.
54 Compare with the first paragraph in Chambers, Chung, and Fire (1996).
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7 Potential Improvements and Local Cost-Benefit Analysis

We now show how the money-metric sum can either rule out or identify potential Pareto
improvements. We start with the first issue. We say that an allocation x’ is a potential
Pareto improvement over allocation x if there is some allocation x” with z” = a/, 2/ 7= 2} for
every consumer i with the preference strict for at least one consumer i (where 2% = >, 2% for
0 € {')"}). It is a strict potential Pareto improvement if the preference can be taken to be

strict for each consumer 7.

Proposition 2. Consider a consumption allocation x = (z1,..,x7) and fix a price p >> 0. If
p-a’ <>, M} (xi,p) for an allocation X" and each consumer’s preferences satisfy the Minimal

Assumptions, then X' is not a strict potential Pareto improvement over x.

Proof: Consider a consumption allocation x and a price p >> 0. and an aggregate consumption
' I p-a’ <3, M;(xi,p), then the aggregate consumption plan 2’ cannot be a potential Pareto
improvement over x. If z} = x; for i = 1,...,1 — 1, then p - 2} > M;(x;,p) for i =1,...,1 — 1.
Sum over i to find p- S0 et > S MG (a4, p). Since p -2’ < 3, Mi(xi,p), it follows that
p-a < Mi(zr,p), so ' # xr and X’ is not a strict potential Pareto improvement over x. [

7.1 Radner’s Local Welfare Measure

We now establish a partial converse to Proposition 2. Toward that end, we remind the reader of
Radner’s (1993 [1978]) local welfare measure. He considers an economy in which each consumer
i’s preferences are represented by a C?, concave, nonsatiated function u; on X; = Ri. Let
7:[0,1] = Y, where Y C R” is a connected, nonempty production set. Radner (1993) refers
to the scalar « as indexing projects. Suppose that g is differentiable at & = 0. The total
supply for project o is w+g(«). A feasible consumption allocation of the total supply w + g(«)
is a point (z1,...,z7) € R such that >, 2; < w + §(a). A feasible consumption allocation
x = (z1,...,x1) is a valuation equilibrium relative to a price p € ]RJLFJr if, for each i = 1, ..., 1,
x; € di(p,p - x;). We stress that the model is silent about how the aggregate production
plan is chosen; in particular it need not be part of a competitive equilibrium. The valuation
equilibrium assumption assures that the consumption allocation of a given supply is Pareto
optimal: the source of any inefficiency in the economy is the aggregate production plan.
Radner (1993 [1978]) proposed this local measure of welfare,

pO : g,(o)a (12)

where the feasible allocation %X(0) = (Z1(0), ..., Z7(0)) of the initial supply w+g(0) is a valuation
equilibrium with respect to p°. He assumes that each #;(0) is in the interior of i’s consumption
set, so the consumer’s first-order conditions hold as an equality. Equation (12) is the derivative

55Under the additional assumption that preferences are strongly upper nonsatiated—Definition 4 in the next
subsection—the allocation x’ cannot be even a potential Pareto improvement.
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of p°- (f(a) — 7(0)) at a = 0; in words, it is the change in the value of the aggregate production
plan measured by the initial valuation equilibrium prices. He goes on to give conditions under
which, if (12) is positive, then for some & > 0, the supply w + y(«) is a potential Pareto
improvement over the supply w + y(0) for every a € (0,@): the total supply of w + y(«) can
be allocated so that each consumer i’s prefers its consumption in this allocation to Z;(0).

7.2 The Money-metric Sum and Radner’s Measure

In what follows let x(a) = w+g(a) be a consumption allocation of the supply w+ g (a). Define
M(a) = 3, Mi(3;(a),p?), the sum of money-metric utilities. The next result asserts that

M'(0) equals Radner’s local welfare measure.

Proposition 3 (The money-metric sum and Radner’s measure). Suppose that (a) each 7;
satisfies Minimal assumptions on X =RE; (b) %(0) >> 0 and X(-) is differentiable at v = 0;
(c) each M;(-,p°) is differentiable at x; = ;(0); and (d) the allocation %(0) is a valuation
equilibrium relative to some p° € Ri—k' Then

M'(0) = p° - 7(0).
We use the next easy fact in the proof.

Lemma 2. Suppose that 7-; satisfies the Minimal assumptions. Fiz :UORQJr and p° € Ri+ with
20 € di(p,p - 2°) If M;(-,p°) is differentiable at x = x°, then

Dy M; (2", p") = p°. (13)

Proof of Lemma 2: Since 2° € d;(p°, p° - 29), 2° maximizes M;(z,p°) — p° - 2 on RL by
Theorem 1(a). And since M;(-,p°) is differentiable at 27, the necessary Kuhn-Tucker conditions
must hold at x; = 2¥. Since 2¥ >> 0, the Kuhn-Tucker conditions hold as equalities, and (13)
holds. 0.

Proof of Proposition 3: By Lemma 2, and (a)-(d), each M;(%;(a),p°) is differentiable at
a = 0 and the derivative equals p? - #:(0). Sum over all consumers and use feasibility to find
M(0) =327 #(0) = p” - 7(0). O

Under the additional assumptions that for each a € [0,1], (Z(«),p(e)) is a competitive
equilibrium of an exchange economy in which consumer i’s endowment is z;(0) + (1/1)(g(«) —
7(0)); and p(-) differentiable at a = 0, Radner (1993 [1978], p. 136) proved that if p"-7/(0) > 0,
then for all small-enough o > 0, each consumer i strictly prefers Z;(«) to Z;(0): the new supply
w + g(a) is a strict potential Pareto improvement over the initial allocation; that is, the new
supply can be allocated so that each consumer i prefers its new consumption to #;(0) and
that preference is strict for at least one consumer ¢. By exploiting properties of the money
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metric, we come to the potential Pareto improvement conclusion while dispensing with the
assumptions that x(«) is a valuation equilibrium with respect to some price p(«); and that
p(-) is differentiable at a = 0.

Under the Standard Assumptions the conclusion foll by equation (6). With intransitive
preferences, (6) can fail. In the proof we construct a local version of equation (6) that holds
without transitivity. In place of transitivity, we require that preferences satisfy a strengthening
of local nonsatiation used by Danan (2008).5

Definition 4. Let X C Ri be nonempty and closed. A reflexive binary relation 7—-C X X X is
strongly upper nonsatiated if, for every x ~ y and every open neighborhood N of y, there
1saz€ NNX with z > x.

The assumption rules out “thick” indifference sets; see Figure 4 in Section 9.1.

Proposition 4 (Local Potential Pareto Improvements). In addition to (b)-(d) of Proposition 3,
assume that (e) for each consumer i, 7; is complete, closed, and LNS; and for some consumer
j, 7; is strongly upper nonsatiated. If M'(0) = p® - y/(0) > 0 then for every o in some
nonempty interval (0,&), the total supply at o/ is a potential Pareto improvement over the
allocation at o = 0. If each consumer’s preferences are strongly upper nonsatiated, then the is

a strict potential Pareto improvement.

Proof of Proposition 4: Assume throughout that conditions (b)-(e) hold and that p°-4/(0) > 0.
Define (o) = 20 + }(y(a) — y(0)) for every @ € [0,1] and i = 1,...,1. The allocation
x(a) is clearly feasible for the economy with total supply w + y(«) for every «a € [0,1]. Let
M;(a) = M;(#;(),p°). By Lemma 2, M’(0) = p°-5'(0)/I > 0, which 1mphes/\/l (o) > M;(0)
for consumer 7 for every a in some interval (0, al). By Theorem 1(a), M;(z?,p%) = p°-29, and so
M;(%i(a),p°) > p°- 20 for every a € (0, ;). Tt follows that z¥ is not feasible for problem (3) at
(Zi (), pY), that is, 2¥ ¢ R;(x}(a)) for every a € (0, ;). Since =; is complete, #;(a) =; ¥ for
every a € (0,a;). Now suppose that 2Z; is strongly upper nonsatiated. Then :):0 ¢ Rj(x;(a))
implies Z;(a) iL'j, so Tj(a) >; 9 for every a € (0,¢5). Set a = mln{al,...,al). If
each consumer’s preferences are strongly upper nonsatiated, then clearly, for some o* > 0,
Zi(a) = 2 for each consumer i and every a € (0, a*). O

Proposition 4 extends Radner’s (1993 [1978]) theorem to intransitive preferences.’” We do
not extend it to incomplete preferences for two reasons. First, with incompleteness, potential
Pareto improvements are harder to generate.®® More seriously, the differentiability assumption

56 As we show in the proof of Proposition 5 in Section 9.1, two sufficient conditions for it are local nonsatiation
plus either transitivity or strong convexity.

STFountain (1981) points out difficulties for standard welfare measures for changes “in the large” when con-
sumers have intransitive preferences, but does not touch on local changes, the subject of Proposition 4.

58This first problem can be finessed by changing the definition of a Pareto improvement to “no consumer
strictly prefers its initial consumption to the new consumption, and some consumer strictly prefers its new
consumption to the old.”
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on the money-metrics are likely to fail with incomplete preferences: typically, with incomplete
preferences, for each price there is more than one demand; and for each consumption plan
there is more than one (normalized) price that supports it as a demand. And it is easy to find
examples of economies with incomplete preferences for which the Radner measure is positive,
but the conclusion fails. It fails, for example, in the economy that Rigotti and Shannon (2005)
use to illustrate consumer inertia and indeterminacy: their consumers all have incomplete

preferences of the class proposed by Bewley (2002) that has “kinks everywhere.”

7.3 Other Welfare Measures in the Small

Schlee (2013a) shows that Radner’s local measure equals the derivatives of four other welfare
measures, including aggregate consumers’ surplus. The three other measures are the Slutsky
change in real income, the nominal Divisia price index, and a nominal version of Debreu’s
(1951) coefficient of resource utilization. As Schlee (2013a) points out, the derivative of the five
measures also equal the derivatives of the compensating and equivalent variations, bringing the
total of locally equivalent measures to seven. Schlee (2018) points out that the local equivalence
between Radner’s measure and the coefficient of resource utilization is false.?® Proposition 3
and Corollary 4 extend these equivalences to the sum of money-metric utilities.

One can also show that the local equivalence extends to the aggregate benefit and distance
functions of Section 6. This follows since the conclusion of Lemma 2 holds for these functions:
V., Bi(zi, Vi(p,w),p) = p = Vg, Fi(x;, Vi(p,w),p) whenever an interior point z; is demanded
at (p,w). The last paragraph of Schlee (2018) gives the details.

As already mentioned, both Blackorby and Donaldson (1987) and Hammond (1994) develop
new welfare measures as alternatives to the sum of money metrics, at least partly in response
to the non-concavity of individual money metrics. Blackorby and Donaldson (1987) propose

an alternative that they call welfare ratios. For consumer ¢ with utility representation wu; it is
w;

e(p,u;)’

It can be converted into money units by multiplying r; by e(p®,u;) for some reference price

given by r;(p,w) = where 4; is taken to be a poverty level of utility for consumer 7.
pY (following Deaton (2003, equation (8))). Letting R;(p,w,p?) denote the resulting product,
it follows that V., R;(p,p - z;,p°) = p” when the derivative is evaluated at (p",p° - z;,p°) and
the local equivalence extends to the sum of such nominal welfare ratios. Hammond’s (1994)

aggregate money-metric measure is the number p given by
W (Vi(p,w1), ..., Vi(p,wr)) = W(VA(p°, wi + p), .., Vi(p®, wi + 1)

where V; is consumer 4’s indirect utility function, W is some strictly increasing function of the
utility profile, and the price-wealth pairs to the right of the equality describe some baseline

59The correct equivalence is between Radner’s measure and a measure related to the coefficient that takes
as a reference point a production plan that need not be a part of a Pareto optimal allocation, rather than the
entire aggregate production set.
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allocation. This measure is generally not locally equivalent to the derivative of the sum of
money-metrics.® This failure is not an oversight of the author’s: The function W is intended
to incorporate equity concerns and so, unlike the money-metric sum, rank some non-equilibrium
allocations higher than competitive equilibrium allocations.

8 Concluding Remarks on Future Work

We conclude with two remarks on future directions that are opened up by our rehabilita-
tion of the money-metric. The first concerns the notion of complementarity; and the second,
comparative-static analysis of the consumer’s problem. Both will draw on our money-metric
saddlepoint theorem presented here.

Samuelson (1974) used the money-metric to offer two new definitions of complementary
commodities (his fifth and sixth definitions), and thereby connect to basic and classical themes
in consumer theory. This program we carry forward in future work. Thus our next step is to
reconsider his definitions of complementarity in light of our Corollary 1, and relate it to other
proposed definitions in the literature. Of particular interest are those suggested or explored by
Chipman (1977) and Kannai (1980), and more recently by Chambers, Echenique, and Shmaya
(2010).

Of perhaps greater interest is the use of the money-metric in reconsidering results in mono-
tone comparative statics of Quah (2007), Mirman and Ruble (2008), and Barthel and Sabarwal
(2018). A important tool to carry this out is our Corollary 1, which formulates the consumer’s
problem as one subject only to non-negativity constraints, bypassing the budget constraint
altogether. This point is of obvious importance since one stumbling block in applying lattice
methods to the consumer’s problem is that the budget set is not a lattice; more to the point,
different budget sets are not comparable in the strong-set order.

9 Appendix

9.1 Relationship between the lower and upper money-metrics.

We first point out that the upper money metric (3) is at least as large as the lower money
metric (2), that is,

M(z,p) > M,(z,p) for every p>>0,w >0, and z € X. (14)

Let x* be any solution to the problem defining the upper money metric, namely M (z,p) =
Mingcg(z) p - ¢ Since x* € R(x) = cl{z’ = x}, there is a sequence z" with z" >~ z for every

50T his follows from his equation (39) after suppressing the public good and imposing budget balance on the
right side. Only in the special in which his w; weights are equal does the local equivalence go through.
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n and lim, o 2™ = x*. Since 2" > x, p- 2™ > M,(z,p) = infy, p - 2’ for every n. Then
M (z,p) = limy, 0o p - 2™ > M, (x,p), establishing (14).

To show that the inequality can be strict, let X = R%, let ug(x) = 122, and let ui(z) =
21+ x2. Let x = y if and only if us(z) > uy(y) for t = 0, 1. If up(x) > up(y) and u(x) < ue(y)
for t,t' € {0,1}, with at least one inequality strict, then x ~ y. Figure 4 illustrates that
M(z°,p) > M, (2°,p), where 2§ = 2 and p; < ps. Note that, if we replaced indifference
with incomparability when the two functions disagree about ranking two points, then the two
money metrics would be equal (the upper money metric is unchanged, but the lower increases).

X
2.

p X = M*(Xoa p)
p - x=Mx"’p)

hy S|

Figure 4: The upper and lower money metrics. h is the compensated demand for the upper-
and h, the compensated demand for the lower money metric when every point in the region
between the two thicker curves is indifferent to z¥. If every point in this region is not comparable
to 20, then M, (2%, p) would increase to M (z°,p).

The next proposition shows that the strengthening of local nonsatiation to strongly upper
nonsatiation (Definition 4) implies the equivalence between the upper and lower money metrics.

Proposition 5. Suppose that the Minimal Assumptions hold.
1. If = is strongly upper nonsatiated, then M (z',p) = M, (z',p) for every (z',p) € X xRE .
2. If either 7 is transitive or 7 is strongly convezx, then 7 is strongly upper nonsatiated.

Proof of Proposition 5: Fix (z,p) € X XR_LH_. Suppose 77 is strongly upper nonsatiated. By the
definition of M, (z,p), there is a sequence ™ with 2™ 77 x for every n and limp- 2™ = M, (x,p).
There are two cases. First there is a subsequence z™*) of 2™ with z"*) = z for every k, so
that p - 2% > M(z,p) for every k. Then M,(z,p) = limyp - 2% > M(x,p) > M,.(z,p)
and the conclusion follows. Or there is a subsequence (™) of z" with (") ~ z for every
m. For every m let B,, denote an open ball in R* with radius 1/m centered on 2™ By

strong upper nonsatiation, for every m, there is a y™ € B,, N X, with y™ > x. By the triangle
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inequality, the sequence p - y™ is convergent with the same limit as p - (™). It follows that
M, (z,p) = limy, p - 2™ = lim,, p - y™ > M(x,p) > M(z,p), and part 1. follows. Strong
upper nonsatiation follows immediately if 77 is LNS and transitive, or if 7 is strongly convex.
O

The next corollary is immediate.

Corollary 3. Suppose that the Minimal Assumptions hold. If in addition - is strongly upper
nonsatiated, then the conclusion of Theorems 1(a) and 2(a) hold for the lower money metric,
M..

9.2 Omitted proofs

Proof of Lemma 1: Fix x € X satisfying the local cheaper point condition at p >> 0. Since
p >> 0, 7 is closed, and X is closed and bounded from below, both h(p, z) and d(p, M(x,p))
are nonempty. Let 2’ € h(p,z) and 2" € d(p, M(z,p)). Since p -2’ = M(x,p) and 7 is com-
plete, 2’ =~ 2’. By 2/ = x and transitivity, 2" = z. Since by local nonsatiation, p-z” = M (z, p),
" € h(p,z). And since z satisfies the local cheaper point assumption, there is a sequence z™
in X with limit 2” and p- 2" < p-2” = M(x,p), so, by completeness, x > =™ for every n. By

closedness of -, = 7= limz"™ = 2", so 2” = 2/ 7z = 77 2” and both 2/ € d(p,p- z) and 2’ ~ z

~?

follow from transitivity. O

Proof of Theorem 1(b): If the Saddlepoint inequalities (7) hold, then by Theorem 1 in
Uzawa (1958), x* maximizes M (-,p) on B(p,w). If M(-,p) represents preferences on X—for
example if X = Ri—then we would be done by Uzawa’s (1958) Theorem 1. Since we consider
more general consumption sets, we proceed using Lemma 1. Let 2/ € h(p,z*), so by Lemma
1, ' ~ 2* and 2’ € d(p, M(p,x*)). The inequalities L£(z*,1) < L(z*,\) for every A > 0
imply that p-z* = w, so * € B(p,w). And the inequality £(z’,1) < L£(z*,1) implies that
M(z',p)—p-a' < M(z*,p) —p-x*. Since 2’ ~ z*, M(2',p) = M (z*,p), so L(x,1) < L(z*,1)
reduces to w = p-2* < p-a’. Since z* ~ 2/ = x for every z € B(p,w) and 7= is transitive,
z* € d(p,w). O

Proof of Theorem 2(b): Now suppose that the saddlepoint inequalities (8) hold at some
p* >> 0. That L,«(x*,y*,p*) < Lp«(x*,y", ) for every o € Ry and p* >> 0 implies that
w+y* —a* =0. That L,«(x,y,p*) < Ly-(x*,y*,p*) for every (x,y) € A immediately implies
that p* - y7 > p* - y; for every y; € Y; for every firm j. Since p* >> 0, w > 0, and 0 € Y,
p*(w+y*) > 0. Let v; be given by p* - 27 = v;(p* - w + p* - y*) and set w} = v;(p* - w +p* - y*).
Set consumer i’s endowment of goods equal v;w and i’s ownership share of each firm equal to
v;, so i's wealth is w}. That 2} € d;(p*, w}) now follows from Theorem 1 (b). O
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9.3 On the Differentiability of a Money-metric

We give preference conditions for M;(-, p) to be differentiable at a point x € d(p,p-x). We use
such differentiability in Section 7. Let g;(z) = {p € R, | Y. pr = 1 and = € d;(p,p - z)}, the

normalized inverse demand correspondence for consumer 1.

Proposition 6 (Money metric differentiability). Suppose that X; = Rf;, and that 7=; is com-
plete, closed, and strongly upper nonsatiated. Letx9 >> 0 and suppose that {z0} = d;(p°, p-2°),
that is x¥ is the unique demand at (p°,2°). Then M;(-,p°) is differentiable at x = % if in
addition

(a) gi(x) is nonempty and single-valued for every x in some open neighborhood N, C X of
0

l‘i ,'

(b) gi(x) is Lipschitz continuous at the point x¥: namely, for some open neighborhood
N C N, of 29, there is a real number K > 0 such that, for every x € N

lgi(a7) = gi(2) ]| < K27 — x|

Before turning to a proof, we make a few remarks. First, we do not assume that preferences
are transitive or convex, though we do assume that the demand is single-valued at (po,x?).
Single-valuedness is not necessary as the case of perfect-substitute preferences represented by
u(z) = >, x; illustrates; the money metric is min{pi,...,pr} > ,z¢. We extend this example
in Corollary 3 below.

We can of course replace (b) with the assumption that g;(-) is differentiable in a neigh-
borhood of #¥. If the inverse demand g;(zY) is not unique, then the conclusion can fail.®! It
remains to be seen how far Lipschitz continuity of the inverse demand at a demand point can
be relaxed. In a follow-up paper on comparative statics with the money metric, we confirm
that if >~ has an increasing C'! utility representation with no critical point on the consumption
set Ri +, then the money metric is monotone and C'! with no critical point. In this case g; is
clearly continuous but not necessarily Lipschitz-continuous-at-a-point.

We use the next fact in the proof of Proposition 6. The conclusion is standard, but we do

not assume transitivity or convexity.5?

51The case of homothetic preferences in which the homogenous-of-degree-1 representation is not differentiable
makes this point clear: the money metric takes the form u(x)b(p) where u is homogenous of degree 1. If u is
not differentiable at a demand point, then neither is the money-metric (e.g. Leontief preferences).

52Honkapohja (1987 ) proves that the compensated demand is upper hemicontinuous in (p,x) for transitive
preferences. Transitivity is used in an essential way in his proof. He uses this Lemma in his proof that the
money metric is jointly continuous in (p,x). Shafer (1980) had already done one better by showing that the
money metric is jointly continuous in (p,z, ), where the space of preferences is endowed with the Hausdorff
topology of closed convergence.
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Lemma 3. If 7=; is complete, closed, and strongly upper nonsatiated, then the compensated
demand correspondence hi(p, x) defined in (3) is upper hemicontinuous at every (p, ) € ]RLr X
RE.

+

Proof of Lemma &: Suppress the consumer subscript throughout. We will show that the lemma
is a consequence of Berge’s theorem.%® Since X is closed, p >> 0 and 7 is closed, h(p, z) is
nonempty and sfor every (p,z) € RY | x RY. Fix (p%,2%) e RY | x X. Let K = {z € X |2, <
1+ Y- xo/pg, ¢ =1,..,L}. Since X is closed, K is compact and z° € K. Moreover for
some neighborhood N of 2 and P of p°, h(p,2) C K. This follows since for any y € h(p,x),
ye < M(x,p)/pe <p-x/p. For x € N, let R(z) = {y € K|y 7 «}. Then for (p,z) € P x N,
h(p, ) = argmin, ¢ p(,)p-@’. We now show that the correspondence R(-) : N = K is continuous
at 20, Since 2= is closed, R is upper hemicontinuous. To prove that it is lower hemicontinuous,
let 4° € R(2") and consider any sequence 2" in X converging to 2°. We need to construct a
sequence y" converging to y° with y* € R(z") for every n. If y° = 2, then, since > is open,
there is an n* such that y° > z” for all n > n*. Take ¢y = 2" for n < n* and y" = y° for all
n > n*. If y° ~ 29, then, by strong upper nonsatiation, there is a sequence 2™ with limit 3°
and 2™ = 0 for all m. For each n, consider m(n) = sup{m € NU {—o00,00} | 2™ = 2"}. If

m(n) = —oco (that is, the set is empty), then set y® = z"; if m(n) < co, then set 3" = 2™,
if m(n) = oo then set y™ = z™ for the smallest m > n with 2™ 77 2. By construction,
y" € R(z™) for every n. Since for every fixed m, there is an n* with 2™ = ™ for all n > n*| it

follows that lim, . y™ = 3°. ]

Proof of Proposition 6: We omit the consumer ¢ subscript throughout. By Lemma 2, if M (-, p)
is differentiable at z’ € d(p,p - 2') with 2/ >> 0, then D, M (2',p) = p. We will show that

|M (0, p") — M(2,p°) — p° - (a° — 2)|

o0 o~ 2] =0 =
From the Saddlepoint inequalities of Theorem 1 we have
M (2% p%) — M(z,p°) > p°- (2° — 2), (16)
for every x € X, so for any € X with z # z°
M (2% p°) — M(z,p°) —p° - (2 — ) > 0. (17)

For x € N, we have M(z,g(x)) = g(x) - x and—recalling that g(z) is a singleton on N—
M(2°, g(x)) < g(x) - 2° whenever x # 2°. From these inequalities find that

M(2°, g(x)) — M(z, g(x)) < g(z) - (2° — ) (18)

%3For a statement of Berge’s theorem, see for example Kreps (2013, p. 476).
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which, adding and subtracting the same terms, is the same as
M(2®,p%) = M(z,p°) = p° - (2° —2) < (g(2) = p°) - (2" —2) = T(=) (19)

whete T(x) = [M(29, g(x)) — M(2%,5°)] + [M (2, ") — M(z, g(a)].
Since M (x,-) is concave, M (2',p") < M(z,p) + Y(pa) - (" — p) Where y(, ;) is any element
of h(p,z).%* If follows that

L(z) > (9(x) = p°) gy a0) + 0° = 9(2)) - Y00 (20)

for any selections from the compensated demand correspondences h(g(z),2°) and h(p°, ).
Insert (20) into (19) to find

M($07p0) - M((E,po) - pO ' (xO - LL’) < (g((L‘) _pO) : (‘TO -+ Y(g(x),z0) — y(po,x)) (21)
Combine (17) and (21) to find
|M(2°,p%) = M(z,p") = p° - (2° — 2)| < Q) (22)

where Q(z) = (g(z) — p°) - (2% — 2 + Y(g(x),20) — Y(po,z))- Since h is upper hemicontinuous by
Lemma 3, and h(p°, 2°) is single-valued by Corollary 1 and the single-valuedness of d(p°, p°-x°),
it follows that lim, .0 Y(g(z),00) = 20 = lim,_, .0 Y(po,z)- The Lipschitz condition (b) and the

Cauchy-Schwartz inequality imply that

Q(z)

lz—a0]—0 ||z — 20|

0, (23)

so (15) follows. O
Proposition 6 requires that the demand d(p®,p® - 2°) be single-valued. The already-
mentioned perfect-substitutes example u(x) = Y z; demonstrates that demand single-valuedness
is not necessary. The next corollary extends this example to preferences that are locally quasi-
homothetic around a demand point x°, without requiring d(p°, p° - 2°) to be single-valued.

Corollary 4. Suppose that X; = Ri, and that 7; is complete, closed, strongly upper non-
satiated. Let (2°,p°) € d(p°, p° - 2°) and suppose that preferences are locally quasihomothetic
in the sense that M;(z,p) = a;(p) + bi(p)u(x) on some open neighborhood Q@ C X x RE, of
(29, p%). Then M(-,p°) is differentiable at x = x° if (a) and (b) of Proposition 6 hold and b;
is Lipschitz at the point p°.

Proof: The function T' in the proof of Proposition 6 here equals I'(z) = [b(g(z)) — b(p°)] -
[u(2) — u(z)]. By Lemma 3 u is continuous. And since b is Lipschitz at the point p°, the

54For example, the proof of Proposition 9.24f in Kreps (2013) applies word-for-word here, with just a change
in notation.
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conclusion follows by combining (17) and (19) for this I', then taking limits. O

9.4 A Representation Theorem

We slightly extend the representation theorem in Khan and Schlee (2016). This theorem differs
from those in Weymark (1985a) in that we do not impose convexity of the consumption set.
Fix p >> 0. corollary. Let X%(p) C X be the set of consumption plans satisfying = € d(p,p-z),
that is, plans = that are demanded at (p,p - x).

Theorem 4. Let X C Ri be nonempty and closed. If € X x X satisfies the Standard
Assumptions, and p >> 0, then M(-,p) represents > on X'P(p) U X%(p). If X = Ri and
x 72 0 for every x € X, then M(-,p) represents -, on X.

Lemma 4. If x € X%(p), and p >> 0, then the conclusion of Lemma 1 holds for (z,p); that
is, (a) d(p, M(z,p)) = h(p,x), and (b) if y € d(p, M(x,p)) theny ~ .

Proof of Lemma 4: Suppose that y € h(p,x), so that p-y = M(x,p) and y Z x; it follows
that y € d(p, M(z,p)). Suppose that y € d(p, M(x,p)), so y 7 x. By local nonsatiation,
p-y=M(z,p),soy € h(p,z). Since x € d(p, M (z,p)), it follows that y ~ x. O

We can now complete the proof of Theorem 3.

Proof of Theorem 4. Suppose that x - y. By transitivity, {z € X |z Z y} C{z € X |z = y},
so M(z,p) > M(y,p). Now suppose that y > x. By Lemmata 1 and 4, 2/ € d(p, M(z,p))
implies that 2’ ~ z for z = z,y. Soy ~ y = x ~ 2/. By transitivity, y = 2/. By LNS,
M(y,p) > M(z,p). If X = RE and z 7 0 for every x € X, then X = X'(p) U X%(p). O
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