
Policy Targeting under Network Interference∗

Davide Viviano †

This Version: December, 2020
First Version: June, 2019.

Abstract

This paper discusses the problem of estimating treatment allocation rules under net-
work interference. I propose a method with several attractive features for applications:
(i) it does not rely on the correct specification of a particular structural model; (ii) it ex-
ploits heterogeneity in treatment effects for targeting individuals; (iii) it accommodates
arbitrary constraints on the policy function, and (iv) it can also be implemented when
network information is not accessible to policy-makers. I establish a set of guarantees on
the utilitarian regret, i.e., the difference between the average social welfare attained by
the estimated policy function and the maximum attainable welfare, allowing for known
and unknown propensity score. I provide a mixed-integer linear program formulation,
which can be solved using off-the-shelf algorithms. I illustrate the advantages of the
method for targeting information on social networks.
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1 Introduction

One of the researchers’ objectives conducting an experiment or quasi-experiment is often

identifying the most effective policy. This paper addresses the following question: “which

individuals should be treated to maximize social welfare?”. This question is challenged by

the presence of network interference, which naturally occurs in a large number of economic

examples, including public policy programs (Egger et al., 2019), cash transfer programs

(Barrera-Osorio et al., 2011; Alatas et al., 2012), educational programs (Opper, 2016), viral

marketing (Zubcsek and Sarvary, 2011), advertising campaigns (Bond et al., 2012).1 The

rule we develop maximizes the empirical welfare in the presence of spillover effects across

units and constraints on the policymaker’s decision space. We name our method Network

Empirical Welfare Maximization (NEWM).

The following setting is considered. Units are connected under a possibly fully connected

network. Individuals are assigned treatments whose effects are assumed to propagate locally

in the network (e.g., to their neighbors).2 Researchers sample n units, collecting informa-

tion on their covariates, treatment assignments, outcomes, covariates, and assignments of

their neighbors, while we do not require knowledge of the entire population network. Us-

ing in-sample information, researchers aim to estimate a treatment allocation rule for new

applications. For example, in the experiment discussed in Cai et al. (2015) on studying the

effect of information sessions on insurance take-up in rural villages subject to environmen-

tal disasters, we estimate which individuals the insurance company should target in other

villages to maximize insurance adoption.

Collecting network information of the target population is often expensive or impracti-

cal.3 We develop a method that allows for arbitrary constraints. We do not require policy-

makers to observe network information on the target population, in which case we leverage

the dependence between network information and covariates on the in-sample observations

to target individuals.

We interpret the policy targeting as a treatment choice problem (Manski, 2004; Kitagawa

1Spillover effects have been documented in development economics (Banerjee et al., 2013), social economics
(Sobel, 2006), medicine (Christakis and Fowler, 2010) among many others. Ignoring network effects can lead
to sub-optimal allocations since (i) may induce treatments on non-central individuals; (ii) may bias treatment
effects estimators.

2The above condition is known as local interference and satisfied in the presence of exogenous peer effects
(Manski, 2013). Empirical studies making this assumption include Sinclair et al. (2012); Duflo et al. (2011);
Muralidharan et al. (2017), where for the second reference, networks can be considered groups of classrooms
with units within each classroom being fully connected. Exogenous interference is often documented in
practice. For example, Cai et al. (2015) shows that inviting individuals to information sessions affects their
friends’ take-up in subsequent sessions, documenting direct local spillovers. The authors also show that each
individual’s take-up decision does not depend on her friends’ take-up decision, consistently with an exogenous
interference model.

3The reader may refer to Breza et al. (2020) for a discussion on the cost associated with collecting network
information.
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and Tetenov, 2018; Athey and Wager, 2020), and evaluate the method’s performance based

on its maximum regret, i.e., on the difference between the best utility achieved at the

truly optimal policy function and the expected utility from deploying the estimated policy

function. We consider a two-step estimation procedure: in the first step, we estimate the

empirical welfare of the network as a functional of the policy function, using semi-parametric

estimators; in the second step, we solve a constrained optimization procedure over the

policy space using an exact optimization algorithm. We exploit unobserved heterogeneity

in treatment and spillover effects for targeting individuals.

From a theoretical perspective, the contribution of this paper is three-fold. First, (i) we

provide conditions to identify the social welfare under local interference and random network

formation. In the absence of incentive-compatible treatment assignments, we interpret the

targeting problem from an intention-to-treat perspective. Second, (ii) we discuss the first set

of guarantees for individualized treatment assignment rules on the utilitarian regret under

interference and introduce an estimation procedure to achieve the n−1/2-convergence rate

also in the absence of known propensity score by exploiting chromatic properties of the

network and using a coloring procedure for estimation purposes. Finally, (iii) we show that

for a large class of policy functions, the optimization problem can be written as a mixed-

integer linear program, which can be solved using off-the-shelf optimization routines. We

now discuss each of these contributions in detail.

In Section 3, we discuss the identification of the social welfare under interference, with

the utilitarian welfare also depending on the distribution of the edges across individuals.

We assume conditional independence of potential outcomes with the neighbors’ identity and

treatment assignments of the units in the experiment, given arbitrary observable individual

and neighbors’ characteristics. The condition is attained under arbitrary network formation

models where individuals construct links based on observable characteristics and exogenous

unobservables.4 We consider the case where target and sample units may have networks

drawn from different distributions, and we formally quantify its effect on the properties

of the policy function. A distinctive feature of network interference is that spillovers may

also incur over the compliance of individuals. We show that our framework also extends to

non-compliance and exogenous spillovers over the compliance whenever information from

second-degree neighbors of the experimental participants is available to the researchers.

Under bounded complexity of the function class of interest, local dependence, and stan-

dard moment conditions, the regret of the estimated policy scales at the rate 1/
√
n, under

bounded degree.5 We discuss properties under known and unknown propensity score. We

4Network exogeneity is often implicitly assumed when inference is conducted conditional on the under-
lying network (Aronow et al., 2017; Forastiere et al., 2020), and explicitly assumed otherwise (Leung, 2020;
Auerbach, 2019). The reader may refer to Goldsmith-Pinkham and Imbens (2013) for a discussion.

5In our empirical application, the maximum degree is bounded by five. In the presence of an unbounded
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achieve the 1/
√
n-rate using double robust estimators in the latter case. We introduce a

novel cross-fitting algorithm consisting of coloring in-sample units, assigning the same colors

to disconnected observations, and constructing different estimators for each group of units

assigned to the same color.

We derive results under weak moment conditions and dependent observations, where the

effects of the policy are mediated via the network structure. This framework requires new

theoretical arguments compared to the previous literature on statistical treatment choice.

We deal with local dependence by partitioning individuals into groups of independent but

not necessarily identically distributed observations. We provide bounds on the maximal

size of such partition as a function of the chromatic number and, ultimately, the maximum

degree. To bound the function class’s complexity obtained from the composition of direct

and spillover effects, we exploit contraction inequalities, appropriately derived also to deal

with an unbounded outcome.

The presence of network interference leads to a novel formulation of the optimization

problem. We derive an exact mixed-integer linear program of such a problem, allowing for

a large class of policy function classes, which includes maximum score estimators (Florios

and Skouras, 2008). Compared to standard i.i.d. settings, the formulation introduces an

additional set of linear constraints to achieve a linear representation of spillover effects in

the objective function. We illustrate our method in an empirical application. Using data

from Cai et al. (2015) we show that the NEWM method shows out-of-sample improvements

in welfare compared to random seeding strategies to methods that ignore network effect

(Akbarpour et al., 2018; Kitagawa and Tetenov, 2018; Athey and Wager, 2020), when net-

work information is not accessible on the target village. We also show that the estimated

policy is positively correlated with each individual’s number of neighbors, similarly to the

oracle method that has access to network information, even if the network on the target

population is not directly observable by the policymaker.

We organize the paper as follows. In the remaining part of this section, we discuss

the related literature. In Section 2, we provide an overview of the method. In Section

3, we discuss the identification condition, the causal estimands, and the welfare function.

Estimation and theoretical analysis is contained in Section 4. Optimization is contained in

Section 5; Section 6 contains numerical studies. Section 7 contains the extensions; Section

8 concludes.

degree, our proofs characterize the rate of convergence as a function of moments of the maximum degree,
capturing the level of dependence across individuals. The reader may refer to Theorem D.1 in the Appendix
for details.
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1.1 Related literature

This paper builds on the growing literature on statistical treatment choice. Regret analysis

is often a central topic in this literature, and examples include Kitagawa and Tetenov

(2018), Kitagawa and Tetenov (2019), Athey and Wager (2020), Mbakop and Tabord-

Meehan (2016). A list of additional references on optimal treatment allocation includes

Armstrong and Shen (2015), Bhattacharya and Dupas (2012), Hirano and Porter (2009),

Stoye (2009), Stoye (2012), Tetenov (2012) among others. Further connections are more

broadly related to the literature on classification (Elliott and Lieli, 2013). Our focus is

quite different from previous references: we estimate an optimal policy when the violation

of SUTVA occurs. To the best of our knowledge, this paper is the first to introduce and

studying properties for targeting treatments under network interference in the context of

the empirical welfare maximization problem.

In economics, common methods for targeting on network consist of targeting based on

some particular measure of centrality (Bloch et al., 2017). Recent advances include Jackson

and Storms (2018), Akbarpour et al. (2018), Banerjee et al. (2019), Banerjee et al. (2014),

Galeotti et al. (2020) among others. Studying the influence of individuals on a network is

a topic of interest in many disciplines, including computer science and marketing, where

examples include Kempe et al. (2003), Eckles et al. (2019) and references therein. However,

the above references often impose homogeneity in the effects (Akbarpour et al., 2018); (ii)

lack of constraints on the policy space, and knowledge of the network structure also of the

target units (Galeotti et al., 2020); (iii) structural modeling assumptions that theoretically

justify a particular measure of centrality (Eckles et al., 2019; Banerjee et al., 2014).

From an empirical perspective, the above methods have one additional disadvantage:

an empirical comparison across centrality measures requires cluster design experiments to

compare two alternative decision rules only (Banerjee et al., 2019; Kim et al., 2015; Chin

et al., 2018). This paper instead (i) does not rely on one specific centrality measure, but

instead, it combines different observable characteristics to target individuals optimally; (ii)

its estimation considers a possibly uncountable set of candidate policies; and (iii) is feasible

also in the presence of observational studies.

We build a connection to the econometric and statistical literature on inference on net-

works, including literature on social interaction (Manski, 2013; Manresa, 2013), and more

generally causal inference under interference (Liu et al., 2019; Baird et al., 2018; Leung,

2020; Li et al., 2019; Hudgens and Halloran, 2008; Goldsmith-Pinkham and Imbens, 2013;

Sobel, 2006; Ogburn et al., 2017; Athey et al., 2018; Sävje et al., 2020). However, knowledge

of treatment effects is not sufficient to construct optimal treatment rules in the presence

of either (or both) constraints on the policy functions or treatment effects heterogeneity.

We use the notion of non-parametric estimators from the literature on causal inference for
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the construction of welfare. Non-parametric estimation of causal effects builds on inverse-

probability weighting (IPW) (Horvitz and Thompson, 1952) and augmented IPW (AIPW)

estimators (Robins et al., 1994) under network interference, previously discussed also in

Aronow et al. (2017) among others. We study these estimators in the context of policy-

targeting and devise a novel cross-fitting algorithm to achieve the minimax rate of con-

vergence of the regret. Finally, our identification also under non-compliance relates to

discussion in Imai et al. (2020), Kang and Imbens (2016), Vazquez-Bare (2020), DiTraglia

et al. (2020). The above references discuss the identification of treatment effects under non-

compliance and interference imposing alternative conditions than the one considered in this

paper, such as either monotonicity, lack of spillovers over the compliance, or linear model

formulations. This paper interprets the problem from an intention-to-treat perspective ex-

ploiting the assumption of anonymous and local interference for identification of the welfare

(instead of treatment effects) when non-compliance occurs. The key insight for identifica-

tion under non-compliance consists of separately identifying the selection into treatment

mechanism and the conditional average treatment effect of each individual as functions of

the treatments assigned to the first and second order degree neighbors.

Spillover effects have been studied in the context of policy intervention from different

angles. Bhattacharya et al. (2019) and Wager and Xu (2020) study the effect of a global

policy intervention on social welfare. In the first case, the authors propose a partial identi-

fication framework for inference on the policy’s effects due to endogenous spillovers on the

compliance. The second case proposes a structural model for studying pricing on online

platforms through sequential experimentation. This paper considers instead individualized

policy interventions, under local interference, and point identification due to the local in-

terference assumption. In the presence of spillover effects, Li et al. (2019), Graham et al.

(2010), Bhattacharya (2009) consider the problem of optimal allocation of individuals across

independepent groups. Differences are: (i) policy functions denote group assignment mecha-

nisms, instead of binary treatment allocations, inducing a different definition and identifica-

tion of the welfare function; (ii) the allocation does not allow for constrained environments,

and (iii) the authors assume a clustered network structures with small independent clus-

ters. Additional references include Su et al. (2019) which discuss a closed for expression

for treatment allocations under interference in an unconstrained environment, imposing a

linear model where interactions between the individual treatment and the number of treated

neighbors are not allowed. Laber et al. (2018) instead consider a Bayesian structural model

whose estimation relies on computational intensive Monte Carlo methods and whose validity

requires the correct model specification.
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2 Policy targeting: a stylized description

In this section, we introduce a stylized description of the problem. We defer a formaliza-

tion and comprehensive discussion on the identification conditions and estimation in later

sections.

The policy targeting exercise considered in this paper consists of two steps. In the first

step, researchers collect data from an experiment or quasi-experiment. In the second step,

they estimate a policy-recommendation to be implemented on an independent sample. We

discuss each of these two steps in the following lines.

Experiment: sampling First, we introduce necessary notation. Two individuals (i, j)

are connected if Ai,j = 1, where Ai,j denote the edge between individual i and individual j,

with Ai,j = Aj,i ∈ {0, 1} and Ai,i = 0. Edges are drawn as Ai,j ∼ Pi,j , with Pi,j being left

unspecified. We consider an infinite dimensional adjacency matrix A ∈ A.6

Define the set of neighbors of each individual to be Ni = {j 6= i : Ai,j = 1}, with

|Ni| denoting the cardinality of the set Ni. There are in total n individuals participating

the experiment. For each unit i ∈ {1, · · · , n} in the experiment, an arbitrary vector of

pre-treatment covariates Zi ∈ Z is observed by the researcher. This vector may contain

individual, and possibly also neighbors’ covariates statistics. For some function f(·) known

in an experiment, and to be estimated in a quasi-experiment, an individualized binary

treatment is assigned to each experimental participant as follows:

Di = f(Zi, εDi), εDi ∼iid D, with εDi being exogenous, i ∈ {1, · · · , n}. (1)

Individuals interact within neighborhoods. For the case of one degree interference, given

the realized treatment assignments, the outcome variable is drawn as follows

Yi = r
(
Di,

∑
k∈Ni

Dk, Zi, |Ni|, εi
)
, εi ∼ E (2)

where the function r(·) is unknown to the researcher, and {εi}ni=1 define exogenous unob-

served (possibly local dependent) variations. Discussion on εi is included in the follow-

ing section. Equation (2) assumes that interactions are anonymous (Manski, 2013), and

spillovers occur within neighbors only. Athey et al. (2018) provide a general framework for

testing anonymous and local interference.7 The condition also states that unobservables

are independent with the identity of the neighbors, and neighbors’ covariates conditional

6Our results directly extend when a sequence of data-generating processes indexed by some N > n is
instead considered.

7Local interference is often assumed in practice. See e.g., Leung (2020), Ogburn et al. (2017), Forastiere
et al. (2020).
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on covariates Zi, which can also contains sufficient statistics of neighbors’ covariates, and

the number of neighbors. Under Equation (2), the potential outcomes can depend on the

number of treated neighbors or the average number of treated neighbors, or even the prod-

uct of neighbors’ treatment allocation (i.e., on whether at least one neighbor is treated).

Extensions to higher-order interference are allowed and discussed in Section 7. Finally, for

each unit i ∈ {1, · · · , n}, researchers observe the vector(
Yi, Zi, Zj∈Ni , Di, Dj∈Ni , Ni

)
.

Welfare and targeting The planner’s goal is to design a treatment mechanism that

maximizes social welfare on units j ∈ I, where I denotes the target population, whose

members, for simplicity, are assumed not to be connected to the experimental participants.

The policy-maker has only access to the variables

Xj ⊂ (Zj , |Nj |), Xj ∈ X ⊂ Z, j ∈ I,

denoting a subset of individuals’ characteristics. Three main features are considered for

targeting:

(A) Individuals may be treated differently, depending on observables characteristics;

(B) The assignment mechanism must be easy to implement, without requiring knowledge

of the population network and covariates of all other individuals;

(C) The assignment mechanism can be subject to arbitrary constraints (e.g., ethical or

economic constraints).

We formalize the above conditions by defining an individualized treatment assignment of

the following form:

π : X 7→ {0, 1}, π ∈ Π, (3)

where Π denotes the set of constraints imposed on the decision-function. The map amounts

to a partition of X , the support of Xi. The decision rule π(·), states that each unit j ∈ I
is treated according to π(Xj). Observe that the policy function may depend on arbitrary

observables Xi, such as measures of centrality, covariates or others.8 Its corresponding

8The policy function is individual-specific in the sense that for individual i, it maps from a given set of
covariates, that can potentially also include a measure of centrality of such individual and other covariates, to
the treatment of individual i only. This policy function is preferred to policy functions that assign partitions
of individuals to treatment for the following reasons: (i) it can be implemented in online fashion, individual
by individual; (ii) it is feasible, since it does not require knowledge of the population network and covariates
of all units. The policy can depend on identities of sub-groups such as villages or neighborhoods whenever
those are available to the policy-maker.
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utilitarian welfare (Manski, 2004), is defined as follows

W (π) =
1

|I|
∑
j∈I

E
[
r
(
π(Xj),

∑
k∈Nj

π(Xk), Zj , |Nj |, εj
)]
, (4)

where the expectation is taken with respect to the vector
(
Xj , Xk∈Nj , Nj , Zj , εj

)
.9 The

goal is to find π that (approximately) maximizes W (π).

Estimation and policy evaluation We construct a proxy for W (π), using information

from the experiment. Given the estimate Ŵn(π) for the social welfare, discussed in Section

4, we maximize the empirical welfare

π̂ ∈ arg max
π∈Π

Ŵn(π). (5)

We show that the above optimization problem can be cast as a mixed-integer linear pro-

gram. Its solution is obtained through off-the-shelf optimization algorithms. Following the

statistical treatment choice literature (Manski, 2004; Kitagawa and Tetenov, 2018; Athey

and Wager, 2020) we evaluate the performance of the estimator by studying its regret, which

defines as follows

sup
π∈Π

W (π)−W (π̂). (6)

The above expression denotes the difference in the population welfare, between the truly

optimal policy and the estimated policy. Whenever sampled units are representative of the

target population, the welfare W (π̂) evaluated at the policy that maximizes the in-sample

welfare converges in expectation to the oracle welfare at the rate 1/
√
n under bounded

degree. Further discussion is deferred to Section 4. We conclude our discussion with a final

remark in the presence of non-compliance.

Remark 1 (An extension under non-compliance). Consider the case where spillovers also

occur over individuals’ compliance. Let Di ∈ {0, 1} denote the assigned treatment and

Ti ∈ {0, 1} denotes the selected treatment from individual i. Assume that researchers col-

lect information
(
Yi, Zi, Ti, Di, Zj∈Ni , Tj∈Ni , Dj∈Ni , Ni, Nj∈Ni , Zj∈Ni

)
, which also contains

information on the second degree neighbors. Outcomes and selected treatments are sampled

as follows:

Yi = r
(
Ti,
∑
k∈Ni

Tk, Zi, |Ni|, εi
)
, Ti = hθ

(
Di,

∑
k∈Ni

Dk, Zi, |Ni|, νi
)
, νi ∼i.i.d. V (7)

9The welfare in the above equation differs from the definition of welfare in Kitagawa and Tetenov (2018),
Athey and Wager (2020), since the potential outcome also depends on the treatment assignment of other
individuals.
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where νi denote an exogenous unobservables, independent from εi, and (r(·), θ) are un-

known, with θ denoting the set of parameters indexing h. Intuitively, treatment effects and

compliance depend on neighbors’ selected and assigned treatments. Denote

Ti(π) = hθ

(
π(Xi),

∑
k∈Ni

π(Xk), Zi, |Ni|, νi
)

the potential selected treatment, if treatments Di were assigned under policy π(·) (i.e.,

Di = π(Xi))). The utilitarian welfare is the expected outcome, once treatments Di are

assigned according to the deterministic rule π(Xi). Formally,

Wnc(π) =
1

I
∑
j∈I

E
[
r
(
Ti(π),

∑
k∈Ni

Tk(π), Zi, |Ni|, εi
)]
. (8)

Intuitively, welfare denotes the average effect of assigning treatments under policy π(·),
considering its effect mediated through {Ti}, averaged over the distribution of covariates

and neighbors’ characteristics. Under exogeneity of (νi, εi) and νi ⊥ εi, we show that

E
[
r
(
Ti(π),

∑
k∈Ni

Tk(π), Zi, |Ni|, εi
)]

= E
{ ∑
d∈{0,1},s≤|Ni|

E
[
Yi

∣∣∣Zi, |Ni|, Ti = d,
∑
k∈Ni

Tk = s
]

︸ ︷︷ ︸
(A)

×

× Pθ
(
Ti = d

∣∣∣Zi, |Ni|, Vi(π)
)
×

∑
u1,··· ,ul:

∑
v uv=s

|Ni|∏
k=1

Pθ

(
T
N

(k)
i

= uk

∣∣∣ZN(k)
i
, |N

N
(k)
i
|, V

N
(k)
i

(π)
)

︸ ︷︷ ︸
(B)

}
,

(9)

where Vi(π) = {Di = π(Xi),
∑

k∈Ni Dk =
∑

k∈Ni π(Xk)}, and Pθ(Ti = 1|·) denotes the con-

ditional probability indexed by the parameters θ. Observe that (B) takes a simple expression

which only depends on the individual probability of selected treatments Pθ(Ti = 1|·), condi-

tional on individual’s and neighbors’ treatment assignments. To the best of our knowledge,

the above decomposition is a contribution of independent interest and it guarantees exten-

sions of our framework also under non-compliance. Formal details are discussed in Section

3.5.

3 Set up and identification

This section discusses the main identification conditions, the causal estimands of interest,

and defines utilitarian welfare under interference. We consider the problem where the re-

searchers run an experiment after sampling units i ∈ {1, · · · , n}. We then target units i ∈ I
possibly drawn from a different population. Identification conditions are only imposed on

sampled units. On the other hand, sampled and targeted units are assumed to satisfy the

same local interference assumption discussed in Section 3.1.
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3.1 Interference

In the presence of interference, the outcome of individual i depends on its treatment as-

signment and all other units’ treatment assignments. For a given D = {Dj}, A denoting

respectively the vector of treatment assignments and adjacency matrix of all individuals, we

define

Yi = r̃(i,D,A,Zi, εi),

where εi defines unobservables. We impose that the outcomes only depend on the treatment

assigned to their first-degree neighbors, and we make assumptions on interactions being

anonymous (Manski, 2013).

Assumption 3.1 (Interference). For all (i, j), given D = {Dk}, D̃ = {D̃k} and A, Ã ∈ A,

r̃(i,D,A, z, e) = r̃(j, D̃, Ã, z, e)

for all z ∈ Z, e ∈
{

supp(εi) ∪ supp(εj)
}

, if all the following three conditions hold: (i)∑
k Ai,k =

∑
k Ãj,k; (ii)

∑
k Ai,kDk =

∑
k Ãi,kD̃k; (iii) Di = D̃j .

Assumption 3.1 postulates that outcomes only depend on (i) the number of first-degree

neighbors, (ii) the number of first-degree treated neighbors (iii) individual’s treatment status

as well as covariates of interest. Under Assumption 3.1 we can write

Yi = r
(
Di,

∑
k∈Ni

Dk, Zi, |Ni|, εi
)
. (10)

3.2 Identification and dependence

In the following lines, we impose restrictions on the conditional distribution of unobservables.

Assumption 3.2. For all (i, j), P (εi ≤ x|Zi = z, |Ni| = l) = P (εj ≤ x|Zj = z, |Nj | = l) for

all z ∈ Z, l ∈ Z, x ∈ supp(εi) ∪ supp(εj).

The condition states that unobservables are identically (but not necessarily indepen-

dently) distributed. In the following lines, we assume that individuals who are neighbors

and who do not share any common neighbor up to a finite degree are independent.

Assumption 3.3 (M-Local Dependence). Assume that for any A ∈ A and some possibly

unknown M ≥ 2, (
εi, Zi, Zk∈Ni

)
⊥
(
εj , Zj , Zk∈Nj

)∣∣∣A
for any {(j, i) ∈ {1, ..., n}2 : j 6= i, j 6∈ Ni,M−1}, where Ni,M−1 denote the set of nodes

connected to i by at most M − 1 edges.10

10Formally, such set is defined as the set {k : AM−1
i,k 6= 0}.
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V1 V2 V3 V4V5

Figure 1: Example of network. Under Assumption 3.3 with M = 4, the vectors(
εi, Zi, Zk∈Ni

)
are independent only between V5 and V4, while they can be dependent

for any other pair of nodes.

Assumption 3.3 states that the vectors of covariates, potential outcomes, first degree,

and second-degree neighbors treatment assignments and neighbors’ covariates are indepen-

dent for individuals that are not in a neighborhood up to M − 1 neighbors. We state the

assumption conditional on the population adjacency matrix A. The choice of conditioning

on A guarantees independence of the vector Zi, Zj also when these vectors contain measures

of network centrality respectively of nodes i and j.11

Example 3.1 (Graphical Illustration). Consider Figure 1: under Assumption 3.3, for M =

4, for each node the corresponding vector
(
εi, Zi, Zk∈Ni

)
are independent only between V5

and V4, while they can be dependent for any other pair of nodes.

Example 3.2. Let

Yi = r
(
Di,

∑
k∈Ni

Dk, Zi, |Ni|,
∑
k∈Ni

ηk

)
.

Let {ηk} be i.i.d.. Then εi =
∑

k∈Ni ηk and εi ⊥ εj |A for i 6∈ Nj,2, where Nj,2 = Nj∪{Nk, k ∈
Nj}.

Finally, we discuss the unconfoundeness condition in the following lines.

Assumption 3.4 (Unconfoundeness). For some arbitrary function fD(.), let the following

hold:

(A) Di = fD(Zi, εDi) and εDi are i.i.d., and εDi ⊥ {Zj , Nj , εj , Zk∈Nj , Nk∈Nj , εk∈Nj}j∈{1,...,n};

(B) For each i, εi ⊥
(
Ni, Zk∈Ni , Nk∈Ni

)∣∣∣Zi, |Ni|.

Condition (A) states that the treatment is randomized in the experiment based on ob-

servable Zi. Since Zi may contain network information of a given individual, the assumption

also accommodates for randomization schemes where treatment assignment is based on net-

work information. Condition (B) imposes conditional network exogeneity, given individual

covariates, neighbors’ statistics contained in Zi, and the number of neighbors. The assump-

tion states the following conditions: (i) Zi contains sufficient information on neighbors’

11Local dependency graphs are often assumed in the presence of network data, see, e.g., Leung (2020),
Aronow et al. (2018).
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covariates; (ii) neighbors’ identity is independent of potential outcomes given individual

characteristics and neighbors’ sufficient statistics and given the number of neighbors. The

second condition is an identification assumption satisfied under exogenous network forma-

tion models (e.g., Auerbach (2019)).

Example 3.3. Let Ai,j = g(Zi, Zj , αi,j), Zi ∼i.i.d. Γ for some function g(·) and αi,j denoting

exogenous unobservables jointly independent on observables and {εj}. Then Condition (B)

in Assumption 3.4 holds.

3.3 Causal Estimands

Next, we discuss the causal estimands of interest.

Definition 3.1 (Conditional Mean). Under Assumption 3.2 the conditional mean function

is defined as

m(d, s, z, l) = E
[
r(d, s, Zi, |Ni|, εi)

∣∣∣Zi = z, |Ni| = l
]

(11)

as a function of (d, s, z, l) only.

Assumption 3.2 is necessary in order for the conditional mean function to be identical

across units. The second causal estimand of interest is the propensity score. We denote the

propensity score as the joint probability of treating a given individual and assigning a given

number of neighbors to treatment.

Definition 3.2 (Propensity Score). Under Condition (i) in Assumption 3.4, the propensity

score is defined as

e(d, s,x, z, l) = P
(
Di = d,

∑
k∈Ni

Dk = s
∣∣∣Zk∈Ni = x, Zi = z, |Ni| = l

)
for d ∈ {0, 1}, s ∈ Z, s ≤ l, as a function of (d, s,x, z, l) only.

The definition of the propensity score follows from the literature on multi-valued treat-

ments (Imbens, 2000). Condition (i) in Assumption 3.4 guarantees that the propensity score

does not depend on the index of unit i or of its neighbors. Instead, it allows the propensity

score to depend on the number of neighbors and individual and neighbors’ covariates.

Lemma 3.1. Under Assumption 3.4, the following identity holds:

e(d, s,x, z, l) = P
(
Di = d|Zi = z

)
×

∑
u1,··· ,ul:

∑
v uv=s

l∏
k=1

P
(
D
N

(k)
i

= uk

∣∣∣Z
N

(k)
i

= xk,.
)
.

(12)
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The lemma directly follows from Condition (A) in Assumption 3.4.12

3.4 Welfare of networks

We consider the problem of designing an individual-specific and deterministic policy function

π : X 7→ {0, 1} that maps to individual treatment assignment.

We assume that π ∈ Π, where Π denotes some given function class. We aim to maximize

the welfare on the target population I. Following Manski (2004), we define welfare from a

utilitarian perspective, as the expected outcome obtained on such population. The welfare

of the target units is defined as

1

|I|
∑
j∈I

E
[
r
(
π(Xj),

∑
k∈Nj

π(Xk), Zj , |Nj |, εj
)]
,

namely to the average effect over each unit in the target population, where the expectation

is taken with respect to covariates, neighbors’ covariates, unobservables, and edges.

In practice, we will replace W (π) with its sample analog Wn(π). In the following result,

we identify the expected value of the welfare in terms of the conditional mean function of

the potential outcome.

Proposition 3.2. Let Assumption 3.1, 3.2, 3.4 hold. Then for any function π ∈ Π

1

n

n∑
i=1

E
[
r(π(Xi),

∑
k∈Ni

π(Xk), Zi, |Ni|, εi)
]

=
1

n

n∑
i=1

E
[
m
(
π(Xi),

∑
k∈Ni

π(Xk), Zi, |Ni|
)]

The above result guarantees the identification of the welfare of the experimental partici-

pants.13

On the other hand, the distribution of the network may differ across sampled and target

units. Discrepancies between the expected welfare of sample units and the targeted welfare

W (π) will reflect in the quality of the estimated policy function. We introduce the following

definition.

12The lemma decomposes the probability of the event into sums of probabilities of disjoint events, each
corresponding to a given combination of treatment assignments (u1, · · · , ul), whose sum equals to s.

13To motivate the conditions stated, we provide the main argument in the following lines. By the law of
iterated expectations, we write

E
[
r(π(Xi),

∑
k∈Ni

π(Xk), Zi, |Ni|, εi)
]

= E
[
E
[
r(π(Xi),

∑
k∈Ni

π(Xk), Zi, |Ni|, εi)
∣∣∣Zi, Ni, Xk∈Ni ]

]
Under Assumption 3.2, 3.4, we obtain

E
[
E
[
r(π(Xi),

∑
k∈Ni

π(Xk), Zi, |Ni|, εi)
∣∣∣Zi, Ni, Xk∈Ni

]]
= E

[
m(π(Xi),

∑
k∈Ni

π(Xk), Zi, |Ni|)
]
.
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Definition 3.3 (Sample-Target Discrepancy). Let

sup
π∈Π

∣∣∣ 1
n

n∑
i=1

E
[
m
(
π(Xi),

∑
k∈Ni

π(Xk), Zi, |Ni|
)]
−W (π)

∣∣∣ = KΠ(n),

for some function KΠ(.) : Z 7→ R+.

KΠ(.) denotes the difference between the expected welfare of in-sample units and the

welfare of the target population. Such difference captures the bias induced by estimating

the policy function on units that are possibly drawn from a different population than target

units. In the following lemma, we provide conditions for the discrepancy to be equal to zero.

We let X = {Xj} to denote the matrix of covariates for all units.

Lemma 3.3. Suppose that (Zi, Ai,. ⊗ X,Ai,., εi) ∼ D for all i in the target and sample

population. Then KΠ(n) = 0.

In the lemma above we showcase that KΠ(n) is equal to zero whenever the vector

(εi, Zi, {Xk : Ai,k = 1}, Ai,.) for target and sample units is drawn from the same distri-

bution. The lemma follows from the definition of welfare under interference. The condition

in Lemma 3.3 requires that researchers sample the vector (Yi, Zi, {Xk : Ai,k = 1}, Ai,.) of

units participating in the experiment from a super-population of interest at random.14 Ex-

ample 3.3 satisfies the conditions in Lemma 3.3 whenever {αi,.} are identically distributed

(but not necessarily independently distributed) for all i. Throughout our discussion, we

will characterize the error of the policy function also as a function of the target-sample

discrepancy.

3.5 Non-compliance

We now discuss identification under non compliance following Remark 1. The proposition

implicitely assumes consistency of potential selected treatments Ti(π) defined in Remark 1

(Imbens and Rubin, 2015).

Proposition 3.4. Consider the model in Equation (7). Assume that εi ⊥ {Nj , Zj , νj , εDj}∀j
∣∣∣Zi, |Ni|,

νi ⊥ {Zj , Nj , εDj}∀j. Then, for each i ∈ {1, · · · , n}, Equation (9) holds.

The proof is contained in the Appendix. The above proposition permits identifying and

then estimating welfare using information from the drawn sample while also considering non-

compliance. For the sake of brevity, throughout the rest of our discussion, we will assume

compliance with the treatment, referring to Proposition 3.4 when this does not occur.

14To gain further intuition, notice that the condition in the above example is satisfied if the conditional
distribution of Zi given Xj∈Ni = x,Ni = l is the same after exchanging entries in the vector x (e.g., the
dependence between neighbors’ covariates does not depend on neighbors’ identity), and the unconditional
marginal distribution of edges is the same across units.
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4 Network empirical welfare maximization

We now discuss the procedure and its theoretical properties. We defer discussion on the

optimization method to Section 5.

4.1 Semi-parametric welfare estimation

First, we discuss the construction of the nuisance functions.

Pseudo-true conditional mean and propensity score The first step consists of esti-

mating the conditional mean and, if unknown, the propensity score. These two quantities

may be misspecified. In our discussion, we let researchers postulate the counterfactual out-

come to be mc(d, s, z, l) being potentially misspecified and postulate ec(d, s,x, z, l) that is

assumed to satisfy the strict overlap condition (e.g., trimming is imposed under weak over-

lap). We denote m̂c and êc being the estimated conditional mean and propensity score.

Explicit conditions on m̂c, êc are discussed in later paragraphs, where the propensity score

is estimated by estimating separately P (Di = 1|Zi) and then using Lemma 3.1.

Welfare For notational convenience, we let Si(π) =
∑

k∈Ni π(Xk) be the assigned treat-

ment to neighbors of i under policy π. A non parametric estimator of the welfare function

is denoted as

W ipw
n (π, ec) =

1

n

n∑
i=1

1{Si(π) =
∑

k∈Ni Dk, π(Xi) = Di}

ec
(
π(Xi), Si(π), Zk∈Ni , Zi, |Ni|

) Yi. (13)

We denote Ŵ ipw
n (π, êc) the corresponding estimator with ec being substituted by the esti-

mated propensity score êc.15 We formalize the unbiasedness of the estimator in the following

lines.

Lemma 4.1. Let Assumption 3.1, 3.2, 3.4 hold. Then

E
[1{Si(π) =

∑
k∈Ni Dk, π(Xi) = Di}

e
(
π(Xi), Si(π), Zk∈Ni , Zi, |Ni|

) Yi

]
= E

[
m
(
π(Xi), Si(π), Zi, |Ni|

)]
.

The proof is in the Appendix. One possible disadvantage of the above estimator is large

variance. Therefore, we also consider the following double robust estimator (AIPW) of the

15Non-parametric estimators of causal effects under interference have been discussed in Aronow et al.
(2017), Chin et al. (2018) for unconditional probabilities and Forastiere et al. (2020) for conditional proba-
bilities, in the context of inference on networks, assuming a fixed network structure. In the context under
consideration, the number of treated neighbors Si(π) depends on the array of covariates Xk∈Ni , via the policy
function π. Such dependence, together with the neighbors’ identity Ni being considered random, requires a
different identification strategy that imposes conditions on Zk∈Ni in Assumption 3.4.
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welfare function of the following form:

W aipw
n (π,mc, ec) =

1

n

n∑
i=1

1{Si(π) =
∑

k∈Ni Dk, π(Xi) = Di}

ec
(
π(Xi), Si(π), Zk∈Ni , Zi, |Ni|

) (
Yi −mc

(
π(Xi), Si(π), Zi, |Ni|

))

+
1

n

n∑
i=1

mc
(
π(Xi), Si(π), Zi, |Ni|

)
.

(14)

We denote W aipw
n (π, m̂c, êc) the welfare for estimated propensity score and conditional mean.

The estimator inherit double robust properties similarly to what discussed in Robins et al.

(1994). The estimated policy function maximizes the empirical welfare criterion.

Remark 2 (Overlap with few largely connected nodes). Strict overlap can be violated in the

presence of few nodes with unbounded degree. To guarantee overlap consider the following

estimator:

1

n

n∑
i=1

{1{Si(π) =
∑

k∈Ni Dk, π(Xi) = Di}

ec
(
π(Xi), Si(π), Zk∈Ni , Zi, |Ni|

) Yi × 1
{
|Ni| ≤ κ

}}
. (15)

where κ is a finite constant. The above estimator accounts for the spillover effect of treating

nodes with a large set of neighbors to their connections, but it excludes from estimation

the direct effect on the largely connected nodes. To motivate the above choice, consider a

setting with few largely connected nodes, with

Jn =
∣∣∣j ∈ {1, · · · , n} : |Nj | ≥ κ

∣∣∣ ≤ √n,
where Jn denotes the set of sampled units with degree larger than κ. Under standard

moment assumptions, we observe that the welfare effect of units j ∈ Jn on the aggregate

welfare scales to zero at rate 1/
√
n, motivating the estimator in Equation (15).

4.2 Oracle analysis

In this section, we discuss the theoretical properties of the estimated policy function. For

a given function class Π, we aim to show that the welfare evaluated at the optimal policy

converges in expectation to the welfare evaluated at the estimated policy function π̂. In

our analysis, we impose conditions on the function class Π, on the potential outcomes, and

on the function, mc(.) and ec(.), denoting the pseudo-true conditional mean and propensity

score. We assume that the propensity score is known while we discuss the problem in the

presence of estimation error in the subsequent sub-sections.

Assumption 4.1. Let the following hold:
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(LP) mc(d, s, z, l) is L-Lipschitz a.e. in its second argument, for some arbitrary∞ > L ≥ 0;

(OV) For all d ∈ {0, 1}, there exist some δ ∈ (0, 1) such that ec
(
d, s,x, z, l

)
∈ (δ, 1− δ) for

all s ≤ l, for all z ∈ Z, l ∈ Z,x ∈ Z l × Zl.

(TC) For Γ2
1,Γ

2
2 < ∞, ∀i ∈ {1, ..., n}, E

[
supd∈{0,1},s≤|Ni|r(d, s, Zi, |Ni|, εi)3

∣∣∣A] < Γ2
1, and

E
[
supd∈{0,1}m

c(d, 0, Zi, |Ni|)3
∣∣∣A] < Γ2

2, almost surely.

(VC) π belongs to a function class of measurable functions16 Π, where Π has finite VC

dimension;17

(BD) Assume that |Ni| ≤ J <∞ almost surely.

Condition (LP) is satisfied for any bounded mc(.)18, but it also accomodates for un-

bounded mc(.). Remarkably, the condition is agnostic on the true conditional mean function

m(.).

Condition (OV) is the usual overlap condition, often imposed in the causal inference

literature. Here we impose the condition on the pseudo-true propensity score, and therefore

it is always guaranteed when the propensity score is constructed after trimming (Crump

et al., 2009). Under (OV), we let δ0 be the largest constant such that ec
(
d, 0,x, z, l

)
∈

(δ0, 1 − δ0), for all z ∈ Z, l ∈ Z,x ∈ Z l × Zl. Such constant is always larger than δ by

construction.

Condition (TC) imposes moment conditions on the outcome, and similar or stronger

conditions are often assumed in the statistical treatment choice literature (Zhou et al.,

2018; Kitagawa and Tetenov, 2019).

Condition (VC) imposes restrictions on the geometric complexity of the function class of

interest. It is commonly assumed in the literature on empirical welfare maximization, and

examples include Kitagawa and Tetenov (2018), and Athey and Wager (2020), among others.

Condition (VC) is motivated by restrictions that policymakers often impose: treatment

16In this paper, we do not impose pointwise measurability of Π, but we only require the measurability
of each function π ∈ Π. Since in this case, the pointwise supremum may not be necessarily measurable for
the processes of interest (such as |Wn(π,mc, ec)−W (π)|), we refer to the supremum function as the lattice
supremum whose measurability is guaranteed by Lemma 2.6 in Haj lasz and Malỳ (2002). The definition
of lattice supremum is the following: for a probability space, (Ω,F ,P), the lattice supremum as defined in
Haj lasz and Malỳ (2002) is a family of measurable functions on Ω, defined as the supremum with respect to
the ordering, neglecting sets of measure zero. Lemma 2.6 in Haj lasz and Malỳ (2002) shows that the lattice
supremum exists and it equals the supremum over a countable sub-family of the function class of interest,
whose VC dimension is therefore bounded by VC(Π). The lattice and pointwise supremum are equal in the
presence of a countable function class Π.

17The VC dimension denotes the cardinality of the largest set of points that the function π can shatter.
The VC dimension is commonly used to measure the complexity of a class. See for example Devroye et al.
(2013).

18To see why the claim hold, let mc(d, S, Zi) < B a.e. Since S ∈ Z, |mc(d, S, Zi)−mc(d, S′, Zi)| ≤ B|S−S′|.
In fact, |S − S′| > 1 for all S 6= S′. Therefore the function is Lipschitz with constant B.
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allocation rules must be simple and easy to communicate to the general public, and they

can often only depend on a small subset of variables. Mbakop and Tabord-Meehan (2016)

provides several examples under which the assumption holds.

Condition (BD) bounds the degree of dependence across observations. From an inspec-

tion of the proof, the reader can observe that our results directly extend to the presence of

unbounded degree with regret-bounds scaling polynomially with the size of the maximum

degree.19 In our application using data from Cai et al. (2015) the maximum degree equals

five.

In our first result, we discuss theoretical guarantees for the oracle case where the policy

function maximizes W aipw
n (π,mc, ec), for some arbitrary functions mc and ec. We then relate

the following to the case where such functions must be estimated. We define

π̂aipwmc,ec ∈ arg max
π∈Π

W aipw
n (π,mc, ec).

Theorem 4.2 (Oracle Regret). Let Assumptions 3.1, 3.2, 3.3, 3.4, 4.1 hold. Assume that

either (or both) (i) mc(.) = m(.) and/or (ii) both ec(.) = e(.). Then,

E
[

sup
π∈Π

W (π)−W (π̂aipwmc,ec)
]
≤ (Γ1 + Γ2)C̄

δ

(
L+

L+ 1

δ2
0

)√VC(Π)

n
+ 2KΠ(n),

for a constant C̄ <∞ independent of the sample size.

Corollary (Known Propensity Score). Let π̂ipw ∈ arg maxπ∈ΠW
ipw
n (π, e) for known propen-

sity score and let the conditions in Theorem 4.2 and Lemma 3.3 hold. Then

E
[

sup
π∈Π

W (π)−W (π̂ipw)
]
≤ C̄ ′

√
VC(Π)/n

for a constant C̄ ′ <∞ that does not depend on the sample size.

The proof of the theorem is in the Appendix. Theorem 4.2 provides a non-asymptotic

upper bound on the regret, and it is the first result of this type under network interfer-

ence. The theorem is double robust to misspecification of mc and 1/ec. The first corollary

shows that the bound scales at rate 1/
√
n, which has been shown to match the maximin

lower-bound in the i.i.d. with no-interference. The second corollary provides regret guaran-

tees when researchers maximize the welfare with a known propensity score. Observe that

19In our proofs, the amount of dependence is captured by the maximum degree of the sub-network contain-
ing the sampled units and their neighbors up to M degree. Namely, let Nn,M denote the maximum degree of
units {1, ..., n} and their neighbors up to Mth degree. Intuitively, Nn,M provides information on the effect of
the network topology on the regret bound, and it captures the degree of dependence in the network. Under
bounded degree Nn,M ≤ J <∞ uniformly in the sample size for some 0 ≤ J <∞.
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the bound in the above corollary is distribution-free (i.e., it holds for all data-generating

processes satisfying the conditions in the corollary).

Theorem 4.2 imposes the following conditions: (i) one-degree interference, (ii) identically

distributed unobservable characteristics εi, (iii) locally dependent units, and (iv) the un-

confoundeness condition. Condition (i), (ii), and (iv) guarantee that W aipw
n is an unbiased

estimated of the welfare on the in-sample units, namely that

E
[
W aipw
n (π,mc, ec)

]
=

1

n

n∑
i=1

E
[
m
(
π(Xi),

∑
k∈Ni

π(Xk), Zi, |Ni|
)]
,

under correct specification of either the conditional mean function or the propensity score.

The derivation of the theorem consists in deriving uniform bounds on the empirical

process |W aipw
n (π,mc, ec)−W (π)|. Since target and sampled units may be drawn from dif-

ferent populations, Wn(π,mc, ec), which denotes the in-sample welfare, may not be centered

around the target welfare W (π). Therefore, the first step consists in upper bounding the

supremum of the empirical process of interest as follows:

sup
π∈Π

∣∣∣W aipw
n (π,mc, ec)−W (π)

∣∣∣
= sup

π∈Π

∣∣∣E[W aipw
n (π,mc, ec)

]
−W aipw

n (π,mc, ec) +W (π)− E
[
W aipw
n (π,mc, ec)

]∣∣∣
≤ sup

π̃∈Π

∣∣∣E[W aipw
n (π̃,mc, ec)

]
−W (π̃)

∣∣∣︸ ︷︷ ︸
(A)

+ sup
π∈Π

∣∣∣E[W aipw
n (π,mc, ec)

]
−W aipw

n (π,mc, ec)
∣∣∣︸ ︷︷ ︸

(B)

.

(16)

The term (A) is KΠ(n) and it is equal to zero whenever the in-sample units are drawn from

the same population of the target units. The term (B) instead captures the distance between

the sample welfare and its expectation, over all the policy functions in the class Π. The

term (B) is bounded by the Rademacher complexity of a function class that is constructed

from a composition of the conditional mean and propensity score function with the policy

function that assigns treatments to the individual and to its neighbors. The regret-bound

also depends on the degree of dependence, and controlled by the maximum degree. The

proof is split into several lemmas contained in the Appendix.20 In the following corollary,

20The derivation relies on new arguments with respect to previous literature on statistical treatment
choice, since (i) the welfare depends on an arbitrary composition of functions, and (ii) observations are locally
dependent, and only weak moment conditions are imposed. To address the first issue, we extend the Ledoux-
Talagrand contraction inequality to products of functions and indicators, and we derive a series of results
that exploit Lipschitz continuity and the moment condition to guarantee the applicability of this extension.
We then provide bounds on the empirical Rademacher average of the function class of interest. The proof
deals with local dependence (Assumption 3.3) by partitioning units into groups of conditional independent
observations. We bound the Rademacher complexity within each group of independent observations, and we
exploit properties of the chromatic number to guarantee bounds in terms of the maximum degree.
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we discuss the rate of convergence for the AIPW estimator with known propensity score

and with the conditional mean function being estimated on an independent sample.

Corollary (Sample Splitting). Let π̂saipwm̂c,e ∈ arg maxπ∈ΠW
aipw
n (π, m̂c, e), where e(.) is the

known propensity score and m̂c(.) is estimated on an hold-out and independent sample, with

m̂c(.) uniformly bounded. Let the conditions in Theorem 4.2 and Lemma 3.3 hold. Then

E
[

sup
π∈Π

W (π)−W (π̂saipwm̂c,e )
]
≤ C̄ ′

√
VC(Π)

n
,

for a finite constant C̄ ′ <∞ which does not depend on the sample size.

4.3 Estimation error of nuisance functions under unknown dependence

structure

In this subsection, we discuss the case where m̂c and êc are estimated on the same sample

used to compute the policy function. In the next sub-section, we then discuss improvements

in the rate of convergence under stronger independence conditions. The following condition

is imposed.

Assumption 4.2 (Convergence rate to pseudo-true values). For some ξ1, ξ2 > 0,

E
[ 1

n

n∑
i=1

sup
d∈{0,1},s≤|Ni|

∣∣∣m̂c(d, s, Zi, |Ni|)−mc(d, s, Zi, |Ni|)
∣∣∣] = O(1/nξ1).

E
[ 1

n

n∑
i=1

sup
d∈{0,1},s≤|Ni|

∣∣∣(Yi −mc(d, s, Zi, |Ni|)
)(
ec(d, s,Oi)− êc(d, s,Oi)

)∣∣∣] = O(1/nξ2).

(17)

where Oi = (Zk∈Ni , Zi, |Ni|). In addition, assume that êc(·) ∈ (δ, 1− δ) almost surely.

Assumption 4.2 imposes conditions on the convergence rate of m̂c to its pseudo-true

value mc and the convergence rate of êc to the pseudo true ec. Parametric convergence

rate for the least-squares estimator can be guaranteed under cross-sectional dependence by

imposing conditions on the maximum degree to be bounded. Convergence rate for penalized

regression on networks is found in He and Song (2018) among others. Estimation via the

method of moments that satisfy the high-level conditions in Hansen (1982) also guarantees

parametric convergence rates 1/
√
n of the estimators of interest.

We now aim to provide a guarantee for the policy function

π̂aipwm̂c,êc ∈ arg max
π∈Π

W aipw
n (π, m̂c, êc),

which is constructed using the estimated conditional mean function and propensity score.
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Theorem 4.3. Let Assumption 3.1, 3.2, 3.3, 3.4, 4.1, 4.2 hold. Assume that either mc(.) =

m(.) or ec(.) = e(.). Then,

E
[

sup
π∈Π

W (π)−W (π̂aipwm̂c,êc)
]
≤ (Γ1 + Γ2)C̄

δ

(
L+

L+ 1

δ2
0

)√VC(Π)

n
+O

(
1/nξ

)
+ 2KΠ(n),

where ξ = min{ξ1, ξ2}, for a constant C̄ <∞ independent of the sample size.

Theorem 4.3 provides a uniform bound on the regret, and it is double robust to correct

specification of the conditional mean and the propensity score. The theorem’s result depends

on the convergence rate of êc and m̂c to their pseudo-true value. For parametric estimators

of the conditional mean and the propensity score and bounded degree, the regret bounds

scale at rate 1/
√
n.

4.4 Rate improvements of double robust methods under known depen-

dence structure

Next, we turn to discuss improvements in rates of convergence under stronger independence

conditions. In particular, the following assumption is stated.

Assumption 4.3 (Dependency graph and network exogeneity). Assume that (Zi, Zk∈Ni , εi) ⊥
{Zj , Zk∈Nj , εj}j 6∈Ni,M |A where Ni,M denotes the set of neighbors of i degree at most M <∞.

Assume in addition that εi ⊥ A|Zi, |Ni|.

Assumption 4.3 states that individuals are mutually independent (instead of pairwise

independent) if they are not neighbors up to degree M . The condition also states that the

adjacency matrix is exogenous.21

Differently from the previous results, for estimation, we require that the researcher knows

the level of dependence across sample units. This is satisfied if either researcher collects the

complete network information in all villages participating in the experiment (while the

network information from the target villages is not necessarily observed), or researchers

construct the network connecting “triads” as discussed in Alatas et al. (2016).

21We observe that, whereas in the previous sections, we only required exogeneity of neighbors’ identities,
but not of the entire matrix A, here exogeneity of A is required. The reason is that the proof technique
in the previous section consists first of bounding the supremum of a centered empirical process with its
Rademacher complexity, which depends on the population conditional mean and propensity score, and then
bounding the conditional Rademacher complexity, given the matrix A, whose summands are centered by
the construction of the Rademacher random variables. The estimation error enters linearly in the bound
through the triangular inequality. Differently, for a rate improvement, we need to show that the supremum
of the empirical process, which also depends on the estimated nuisance functions, is centered around zero,
up to a factor that converges to zero at rate 1/

√
n. To show this latter condition, we invoke independence

of the errors with the estimated propensity score, which is guaranteed only conditional on the matrix A.
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Under the above condition, we propose a modification of the cross-fitting algorithm

(Chernozhukov et al., 2018), to account for the local dependence of observations, and a

possibly fully connected network. The procedure reads as follows.

Algorithm 1 : Network Cross-Fitting

1. Create K folds and assign to each fold individuals that are not dependent under

Assumption 4.3;

2. For each unit j in fold k, estimate the conditional mean, and the propensity score

using all observations within the fold k only, with the exception of observation j.

To the best of our knowledge, Algorithm 1 is novel to the literature on network interference.

The key intuition of the above algorithm is to construct folds of independent observations

and estimate via leave-one-out each conditional mean within each fold. Alternative algorith-

mic procedures have been proposed for multi-way and clustered data (Chiang et al., 2019),

while here we consider the different setting of networked observations, which requires using

chromatic properties of the network in the construction of the fitting procedure.

In the following assumption, we discuss conditions on the convergence rate of the pro-

posed procedure.

Assumption 4.4. Assume that for each d ∈ {0, 1}, s ∈ Z, An × Bn = O(n−2v) for some

v ≥ 1/2, where

An =
1

n

n∑
i=1

E
[

sup
d,s

(
m̂c(d, s, Zi, |Ni|)−m(d, s, Zi, |Ni|)

)2]
Bn =

1

n

n∑
i=1

E
[

sup
d,s

( 1

êc(d, s, Zk∈Ni , Zi, |Ni|)
− 1

e(d, s, Zk∈Ni , Zi, |Ni|)

)2]
.

(18)

Assume in addition that for a universal constant c <∞, for n ≥ Ñ , for some Ñ

sup
d,s,z,l

∣∣∣m̂c(d, s, z, l)−m(d, s, z, l)
∣∣∣ ≤ c, sup

d,s,v,z,l

∣∣∣1/êc(d, s, v, z, l)−1/e(d, s, v, z, l)
∣∣∣ ≤ 2/δ2. (19)

Assumption 4.4 imposes conditions on the product of the convergence rate of the es-

timator to the true conditional mean and propensity score function, in the same spirit of

standard conditions in the i.i.d. setting (e.g., Farrell (2015)). Observe that the condition in

Assumption 4.4 is satisfied for general machine-learning estimators under bounded degree.22

22This follows directly from Brook’s theorem (Brooks, 1941), which bounds the chromatic number by

the maximum degree. Observe that we can partition the expression 1
n

∑n
i=1 E

[
supd,s

(
m̂c(d, s, Zi, |Ni|) −
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Under the above conditions, we can state the following theorem. The proof is contained in

the Appendix.

Theorem 4.4. Let Assumption 3.1, 3.2, 3.3, 3.4, 4.1, 4.3, 4.4 hold, with mc = m, ec = e.

Let estimation being performed as in Algorithm 1. Then, for n ≥ Ñ ,

E
[

sup
π∈Π

W (π)−W (π̂aipwm̂c,êc)
]
≤ C̄ ′

√
VC(Π)

n
+ 2KΠ(n)

for a constant C̄ ′ <∞ independent of the sample size.

5 Mixed-integer linear program formulation

In this section, we discuss the optimization procedure. For the sake of brevity, we consider

the optimization of the welfare W aipw
n (π,mc, ec). The argument works as follows. Firstly,

we define the estimated effect of assigning to unit i treatment d, after treating s of its

neighbors. For the double robust estimator, this quantity is defined as

gi(d, s) =
1{
∑

k∈Ni Dk = s,Di = d}

ec
(
d, s, Zk∈Ni , Zi, |Ni|

) (
Yi −mc

(
d, s, Zi, |Ni|

))
+mc

(
d, s, Zi, |Ni|

)
, (20)

where we omit the dependence of gi(·) with mc and ec for sake of brevity. Secondly, we

define Ii(π, h) = 1
{∑

k∈Ni π(Xk) = h
}

the indicator of whether h neighbors of individual i

have been treated under policy π. We now observe that the following holds:

|Ni|∑
h=0

{(
gi(1, h)− gi(0, h)

)
π(Xi)Ii(π, h) + Ii(π, h)gi(0, h)

}
= gi

(
π(Xi),

∑
k∈Ni

π(Xk)
)
. (21)

Namely, the estimated treatment effect on unit i, obtained after implementing policy π,

is the sum of effects obtained by treating zero to all neighbors of i. Each element in the sum

is weighted by the indicator Ii(π, h), and only one of these indicators is equal to one. Next,

we define n variables pi that denote the treatment assignment of each unit after restricting

the policy function in the function class of interest. Namely, we let pi = π(Xi), π ∈ Π.

m(d, s, Zi, |Ni|)
)2]

= 1
n

∑
Cn(j)∈C

∑
i∈Cn(j) E

[
supd,s

(
m̂c(d, s, Zi, |Ni|) − m(d, s, Zi, |Ni|)

)2]
, where C de-

notes the set of partitions and Cn(j) denotes the set of indexes of individuals with color j. Under
bounded degree we have finitely many partitions Cn(j) ∈ C. As a result, the convergence rate of

1
n

∑
i∈Cn(j) E

[
supd,s

(
m̂c(d, s, Zi, |Ni|) −m(d, s, Zi, |Ni|)

)2]
is proportional to ñ−αm

j
ñj

n
where ñj = |Cn(j)|

and ñ−αm
j denotes the rate of convergence of m̂c to m estimated on the units colored with j. Since αm ≤ 1,

ñj ≤ n, we have ñ−αm
j

ñj

n
≤ n−αm . Similar reasoning applies to the propensity score.
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For example, for policy functions of the form

π(Xi) = 1{X>i β ≥ 0}, β ∈ B,

similarly to Kitagawa and Tetenov (2018) we write

X>i β

|Ci|
< pi ≤

X>i β

|Ci|
+ 1, Ci > supβ∈B|X>i β|, pi ∈ {0, 1},

where pi is equal to one if X>i β is positive and zero otherwise. We now introduce additional

decision variables to represent Ii(π, h) through linear constraints. We define the following

variables:

ti,h,1 = 1
{ ∑
k∈Ni

pk ≥ h
}
, ti,h,2 = 1

{ ∑
k∈Ni

pk ≤ h
}
, h ∈ {0, ...., |Ni|}.

The first variable is one if at least h neighbors are treated, and the second variable is

one if at most h neighbors are treated. Observe first that the following equality holds.

ti,h,1 + ti,h,2 =

 1 if and only if
∑

k∈Ni pk 6= h

2 otherwise
⇒ ti,h,1 + ti,h,2 − 1 = Ii(π, h). (22)

We now define ti,h,1, ti,h,2 using linear constraints. The variable ti,h,1 can be equivalently be

defined as

(
∑

k Ai,kpk − h)

|Ni|+ 1
< ti,h,1 ≤

(
∑

k Ai,kpk − h)

|Ni|+ 1
+ 1, ti,h,1 ∈ {0, 1}. (23)

The above equation holds for the following reason. Suppose that h <
∑

k Ai,kpk. Since
(
∑
k Ai,kpk−h)
|Ni|+1 < 0, the left-hand side of the inequality is negative and the right hand side is

positive and strictly smaller than one. Since ti,h,1 is constrained to be either zero or one,

in the latter case, it equals zero. Suppose now that h ≥
∑

k Ai,kpk. Then the left-hand

side is bounded from below by zero, and the right-hand side is bounded from below by one.

Therefore ti,h,1 is set to be one. Similar reasoning follows for ti,h,2.

We now can write the objective function as

1

n

n∑
i=1

|Ni|∑
h=0

{(
gi(1, h)− gi(0, h)

)
pi(ti,h,1 + ti,h,2 − 1) + (ti,h,1 + ti,h,2 − 1)gi(0, h)

}
. (24)

The above objective function leads to a quadratic mixed integer program. On the other

hand, quadratic programs can be computationally expensive to solve. We write the problem
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as a mixed-integer linear program introducing one additional set variables, that we call ui,h

for h ∈ {0, ..., |Ni|}, with ui,h = pi(ti,h,1 + ti,h,2 − 1). We provide the complete formulation

below.

max
{ui,h},{pi},{ti,1,h,ti,2,h},β∈B

1

n

n∑
i=1

|Ni|∑
h=0

{(
gi(1, h)− gi(0, h)

)
ui,h + gi(0, h)(ti,h,1 + ti,h,2 − 1)

}
(25)

under the constraints:23

(A) pi = π(Xi), π ∈ Π

(B)
pi + ti,h,1 + ti,h,2

3
− 1 < ui,h ≤

pi + ti,h,1 + ti,h,2
3

, ui,h ∈ {0, 1} ∀h ∈ {0, ..., |Ni|},

(C)
(
∑

k Ai,kpk − h)

|Ni|+ 1
< ti,h,1 ≤

(
∑

k Ai,kpk − h)

|Ni|+ 1
+ 1, ti,h,1 ∈ {0, 1}, ∀h ∈ {0, ..., |Ni|}

(D)
(h−

∑
k Ai,kpk)

|Ni|+ 1
< ti,h,2 ≤

(h−
∑

k Ai,kpk)

|Ni|+ 1
+ 1, ti,h,2 ∈ {0, 1}, ∀h ∈ {0, ...., |Ni|}.

(26)

The first constraint can be replaced by methods discussed in previous literature such as max-

imum scores (Florios and Skouras, 2008), whereas the additional constraints are motivated

by the presence of interference.24 In the presence of capacity constraints, the problem can

be formulated as above, after adding additional linear constraints on the maximum number

of treated units. Whenever units have no-neighbors, the objective function is proportional

to the one discussed in Kitagawa and Tetenov (2018) under no interference.25 Therefore, the

formulation provided generalizes the MILP formulation to the case of interference.26 In the

next theorem, we formalize the argument discussed in the above lines. Clearly, the above

theorem holds for any functions mc, ec regardless of whether these are data-dependent.

Theorem 5.1. The function π∗ that solves the optimization problem in Equation (25) under

the constraints in Equation (26) is such that π∗ ∈ argmaxπ∈ΠW
aipw
n (π,mc, ec).

Theorem 5.1 is a direct consequence of the argument in the current section, and it

guarantees exact solutions.

23To motivate the constraint for ui,h, notice first that we can write pi(ti,h,1 + ti,h,2−1) = pi× ti,h,1× ti,h,2
since (ti,h,1 + ti,h,2 − 1) is equal to one if both variables are ones and zero if either of the two variables are
ones and the other is zero. The case where both variables are zero never occurs by construction. Therefore
we can write

pi+ti,h,1+ti,h,2

3
− 1 < ui,h ≤

pi+ti,h,1+ti,h,2

3
, ui,h ∈ {0, 1}.

24In practice, we observe that including additional (superfluous) constraints stabilizes the optimization
problem. These are

∑
h(ti,h,1 + ti,h,2 − 1) = 1 for each i and

∑
i

∑
h ui,h =

∑
i pi.

25This follows from the fact that under no interference the second component in the objective function is
a constant and the first component only depends on the individual treatment allocation.

26Also, observe that the formulation differs from those provided for allocation of an individual into small
peer groups (Li et al., 2019) since the latter case does not account for the individualized treatment assign-
ments, encoded in the constraints (A)-(D), and in the variables in the objective function ti,h.
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6 Empirical application and numerical studies

6.1 Empirical application

We now illustrate the proposed method using data originated from Cai et al. (2015). The

authors study the effect of an information session on insurance adoption in 47 villages in

China, documenting (i) positive spillover effects resulting from direct treatments to neigh-

bors; (ii) absence of endogenous spillovers.27 To evaluate our procedure’s performance, we

“simulate” the following environment: researchers collect information on the first 25 villages.

They estimate the policy to target individuals in the remaining villages, which in total are

22. On the remaining villages, we assume that the policy-maker does not have access to the

network information. Throughout our discussion, we consider the population of individuals

having at least one neighbor.28 Individuals are connected under a “strong” adjacency ma-

trix, whose edges are equal to one if both individuals of a given pair indicated the other as

a connection. The training set contains n = 1315 observations, and the maximum degree is

bounded by five. For simplicity, we assume full compliance with the treatment.29

The outcome of interest is insurance adoption, and it is binary. Whereas the experi-

ment considers more than two arms, we only focus on the effects of assigning individuals

to intensive information sessions for simplicity. These were randomized at the household

level. The experiment of Cai et al. (2015) consists of two rounds: two consecutive sets of

information sessions were performed within a few days. The authors assume that spillovers

occur only to individuals participating in the second information session. To capture these

effects, we estimate the policy function using an asymmetric adjacency matrix, where in-

dividuals participating in the first round of information sessions have no incoming edges.

We evaluate the performance of the remaining villages using the true population adjacency

matrix. Here, estimating the conditional mean function is performed non-parametrically

using Random Forest (Breiman, 2001). The function depends on the percentage of treated

neighbors, the individual treatment assignments, and their interaction. We also condition

on age, rice area, risk aversion, their interactions with the treatment assignments as well as

gender, age, literacy level, the index of risk aversion, the probability of a climate disaster,

education, and the number of friends of the participant. We maximize welfare using the

double robust estimator. We estimate the individual probability of treatment as in Lemma

3.1, using logistic regression, conditioning on the above individual-specific covariates. To

guarantee overlap, we trim the propensity score whenever the joint probability of individual

27Endogenous spillovers define the effect of increasing insurance take-up as a function of the purchase
decision of direct neighbors.

28This follows from the fact that the optimization problem over individuals having no connections can be
treated as a separate problem.

29In the experiment more than 90% of farmers attended the sessions.
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and neighbors’ treatment is below 5%.30 We compare the methods using the estimated

doubly-robust estimator on observations from the remaining villages.

We consider a linear policy rule of the following form:

π(Xi) = 1
{
β0 + ageβ1 + rice areaβ2 + risk adversionβ3 ≥ 0

}
. (27)

To avoid trivial solutions, we impose three different levels of capacity constraints, namely

20%, 30%, 40% of individuals are treated. Whenever allocations exceed the capacity con-

straints on the target sample, we treat the units with the largest estimated score X>i β̂. We

compare the proposed method to four competitors: (i) the EWM rule discussed in Kitagawa

and Tetenov (2018), with estimated propensity score of individual treatment (i.e., it ignores

network effects), and a policy function class as in Equation (27); (ii) the doubly robust

method of Athey and Wager (2020) with a correctly specified conditional mean function;

(iii) the method that targets at random the same number of individuals as NEWM; (iv)

the “oracle” NEWM method, which maximizes the double-robust welfare over each village

on the target sample, estimating a village-specific linear decision rule which depends on the

age, rice area, and risk aversion as well as the number of neighbors of each individual. The

method is named “oracle” since it has access to the outcomes and the network information

from the target villages. We solve the optimization problem using the mixed-integer linear

program.31

We collect results in Table 1. In the table, we observe that the proposed method uni-

formly outperforms those methods that do not account for spillover effects. The method

underperforms relative to the oracle method since the feasible NEWM estimator does not

directly use information from the target villages other than the age, rice area, and risk aver-

sion of each individual. In Figure 2 we compare the oracle method to the feasible method

under different capacity constraints. Two facts are worth noticing. First, (i) the assignments

under the oracle method positive correlates with the degree of individuals. However, the

method does not treat all the units with the largest degree; instead, it balances treatments

30Results are robust if we choose 2% trimming.
31We estimate the model using a MILP program as in Kitagawa and Tetenov (2018) for the EWM methods

and as in the main text for the NEWM method. Strict inequalities in the program formulation require that
the inequalities hold up to a small slackness parameter ε. This parameter is chosen to ensure the stability of
the solutions at the expense of restricting the parameter space. The feasible NEWM method uses a slackness
constraint that enforces the strict inequalities of the MILP formulation constraints equal to 10−3 for capacity
constraints being 0.2 and 0.3 and 2× 10−3 for capacity constraints equal to 0.4. For the EWM, due to the
simpler formulation, a smaller slackness parameter (which corresponds to a larger parameter space) of order
10−7 guarantees stability. In either case, the predicted policy is 1{X>i β̂ ≥ −ε}, with a maximum number
of units that can be treated on the target sample, corresponding to the ones with the largest score. The
dual gap of each estimated method is zero, with the exception of the oracle method, which, due to time
constraints over the optimization, incurs a dual gap over a few villages. However, as noted in Table 1, the
dual gap of the oracle method does not affect its performance relative to the other methods.
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across different sub-populations to exploit heterogeneity in treatment effects. Second, (ii)

the feasible method treats more individuals with the largest degree, although network in-

formation is not used by the policy function. The figure shows how the NEWM method

exploits information on the dependence between the degree and observable covariates from

in-sample units for best targeting individuals when network information is not directly ac-

cessible by the policy-maker. Finally, in Table 2, we report the estimated policy function’s

coefficients. We observe a positive dependence of the optimal treatment rule with the risk

aversion and the rice area of the individual, and a negative dependence with age.

Table 1: Welfare measured as the probability of insurance adoption times insurance premium
(valued 12 units (Cai et al., 2015)). EWM denotes the method in Kitagawa and Tetenov
(2018), DR denotes the method discussed in Athey and Wager (2020), and Oracle is the
NEWM that estimates different policies in the target villages, having access to outcomes
and network information in those villages. Different rows correspond to the case where
capacity constraints. In parenthesis cluster robust standard errors clustered at the village
level.

Feasible NEWM Random EWM DR Oracle NEWM

Capacity 0.2 2.168 1.783 1.861 2.118 4.219
(0.754) (0.585) (0.651) (0.691)

Capacity 0.3 2.574 2.049 1.876 2.299 4.842
(0.782) (0.626) (0.604) (0.708)

Capacity 0.4 2.778 2.119 1.876 2.492 5.363
(0.822) (0.724) (0.604) (0.726)

Table 2: Estimated coefficients of the policy function using the feasible NEWM, rescaled by
the size of the risk-adversion coefficient.

Intercept Age Rice Area Risk Adversion

Capacity 0.2 6.944 -1 2.204 1
Capacity 0.3 -0.919 -0.426 1.512 1
Capacity 0.4 0.594 -0.132 0.330 1
Capacity 0.5 0.524 -0.037 0.134 1

6.2 A numerical study

In this section, we study the numerical performance of the proposed methodology in a small

simulation study. We simulate data according to the following data generating process

(DGP):
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Figure 2: Target sample. The plot reports the probability of being treated for the population
with a given number of neighbors (x-axis) under the NEWM method. The right-panel
denotes the feasible NEWM and the right panel denotes the oracle NEWM which uses
network information and outcomes from the target villages.

Yi = |Ni|−1
(
Xiβ1 +Xiβ2Di + µ

) ∑
k∈Ni

Dk +Xiβ3Di + εi

εi = ηi/
√

2 +
∑
k∈Ni

ηk/
√

2|Ni|, ηi ∼i.i.d. N (0, 1),
(28)

where |Ni| is set to be one for the elements with no neighbors. We simulate covariates

as Xi,u ∼i.i.d. U(−1, 1) for u ∈ {1, 2, 3, 4}. We draw β1, β2, µ ∈ {−1, 1}3 independently

and with equal probabilities. We draw β3 ∈ {−1.5, 1.5} with equal probabilities. We

evaluate the NEWM method with and without propensity score adjustment, under correct

specification of the conditional mean function. We impose trimming at 1% on the estimation

of the propensity score. We compare the performance of the proposed methodology to two

competing methods. First, we consider the empirical welfare maximization method that

does not account for network interference discussed in Kitagawa and Tetenov (2018) with a

known propensity score of individual treatment. Second, we also compare the double robust

formulation of the EWM method discussed in Athey and Wager (2020), with a linear model

specification where no network effects are included in the regression. For any of the method
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under consideration, we consider a policy function of the form

π(Xi) = 1
{
Xi,1φ1 +Xi,2φ2 + φ3 ≥ 0

}
. (29)

Optimization is performed using the MILP formulation.

In a first set of simulations, we consider a geometric network formation of the form

Ai,j = 1{|Xi,2 −Xj,2|/2 + |Xi,4 −Xj,4|/2 ≤ rn} (30)

where rn =
√

4/2.75n similarly to simulations in Leung (2020). In a second set of simulations

we generate Barabasi-Albert networks, where we first draw uniformly n/5 edges according to

Erdős-Rényi graph with probabilities p = 10/n and second we draw sequentially connections

of the new nodes to the existing ones with probability equal to the number of connection

of each pre-existing node divided by the overall number of connections in the graph. We

estimate the methods over 200 data sets, and we evaluate the performance of each estimate

over 1000 networks, drawn from the same DGP. Results are collected in Table 3. The

table reports the median welfare, with different sample sizes. Observe that by construction

the sample size also corresponds to the different data-generating processes of the network

formation model.

Table 3: Out-of-sample median welfare over 200 replications. DR is the method in Athey
and Wager (2020) with estimated propensity score and EWM PS is the method in Kitagawa
and Tetenov (2018) with known propensity score. NEWM1 is the proposed method with a
correctly specified outcome model. NEWM2 is the double robust NEWM. G denotes the
geometric network, and AB the Albert-Barabasi network.

Welfare n = 50 n = 70 n = 100 n = 150 n = 200

G AB G AB G AB G AB G AB

DR 1.51 0.94 1.50 1.08 1.42 1.05 1.53 0.95 1.41 0.95

EWM PS 1.21 0.93 1.23 0.92 1.32 0.93 1.38 0.90 1.29 0.95

NEWM1 1.74 1.31 1.87 1.38 1.93 1.37 1.91 1.40 2.00 1.39

NEWM2 1.78 1.22 1.89 1.33 1.89 1.37 1.94 1.28 1.95 1.33

7 Extensions

In this section, we sketch the main extensions. For each of these extensions, the reader may

refer to the online supplement for formal details.
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7.1 Higher-order interference

In the presence of higher order interference, we assume that researchers also observe second

degree neighbors. Namely, researchers collect information(
Yi, Zi, Zj∈Ni , Zj∈Ni,2 , Di, Dj∈Ni , Dj∈Ni,2 , Ni, Ni,2

)
. Here Ni,2 denote the set of nodes j

having a path to individual i through one common neighbor.32 The outcome model reads

as follows. Yi = r
(
Di,
∑

k∈Ni Dk,
∑

k∈Ni,2 Dk, Zi, |Ni|, |Ni,2|, εi
)
. Intuitively, the outcome

depends on the number of first-degree neighbors and the number of second-degree neighbors.

The welfare reads as follows.

W2(π) =
1

|I|
∑
i∈I

E
[
r
(
π(Xi),

∑
k∈Ni

π(Xk),
∑
k∈Ni,2

π(Xk), Zi, |Ni|, |Ni,2|, εi
)]
.

Identification and estimation follow similarly to previous sections.

7.2 Capacity constraints

Capacity constraints often arise in practice. For simplicity, let Xi ∼ FX have the same

marginal distribution for each unit in the target and sample population. For instance, in

our application, Xi denotes the age, education, and rice area.

We are interested in solving the optimization problem of the form:

sup
π∈Π

W aipw
n (π,mc, ec), s.t.

∫
x∈X

π(x)dFX(x) ≤ K (31)

where K ∈ (0, 1] denotes the maximum fraction of treated units. Whenever FX is known to

the researcher, all the previous theoretical results directly extend also to this case. Whenever

researchers do not know the distribution FX , the capacity constraint can be replaced by its

sample analog.33

7.3 Different target and sample units

Finally, we discuss the case where target and sampled units are drawn from different popu-

lations. The following condition is imposed.

Assumption 7.1. Assume that target and sample units follow the following laws:

(Zi, Xk∈Ni)
∣∣∣|Ni| ∼ Fs,|Ni|, |Ni| ∼ Gs ∀i ∈ {1, ..., n},

32Formally, for a given adjacency matrix A we let Ni,2(A) = {j|kj,i(A)| : kj,i(A) = {k 6∈ {j} ∪ {i} :
A(i,k)A(k,j) 6= 0}}, the set containing second degree neighbors, where each element j has multiplicity |kj,i(A)|.

33Concentration of the capacity constraint is discussed in the online supplement.
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and

(Zi, Xk∈Ni)
∣∣∣|Ni| ∼ Ft,|Ni|, , |Ni| ∼ Gt ∀ i ∈ I.

Assume in addition that Assumption 3.2, 3.3 and Condition (B) in Assumption 3.4 hold for

all sampled as well as for the target units.

Assumption 7.1 states that the distributions of individual covariates, neighbors’ covari-

ates, and the number of neighbors differ across the target and sampled units only. The

assumption reads as follows: the joint distribution of (Zi, Xk∈Ni), given the degree |Ni| is

the same across units having the same degree and being in the same population (either

target or sampled population) and similarly the marginal distribution of |Ni|, whereas such

distributions may be different between target and sampled units.

Under the second condition in Assumption 7.1 the conditional mean function is the same

on target and sampled units, whereas the distribution of covariates and network may differ.

We define fs,|Ni|, ft,|Ni| the corresponding Radon-Nikodym derivatives of Fs,|Ni|, Ft,|Ni|, of

sampled and target units with respect to a common dominating measure on Z ×X |Ni| and

similarly gs, gt the corresponding Radon-Nikodym derivatives of Gs, Gt.
34 Then, we impose

the following condition:

Assumption 7.2. Assume that ft,|Ni|(Zi, Xk∈Ni)gt(|Ni|) = ρ(Zi, Xk∈Ni , |Ni|)fs,|Ni|(Zi, Xk∈Ni)gs(|Ni|),
with ρ(Zi, Xk∈Ni , |Ni|) ≤ ρ̄ <∞ almost surely.

Assumption 7.2 follows similarly to Kitagawa and Tetenov (2018), where the ratio of

the two densities is assumed to be bounded almost surely. The empirical welfare criterion

is constructed as follows:

W t
n(π,mc, ec) =

En
[1{Si(π) =

∑
k∈Ni Dk, π(Xi) = Di}

ec
(
π(Xi), Si(π), Zk∈Ni , Zi, |Ni|

) (
Yi −mc(π(Xi), Si(π), Zi, |Ni|)

)
× ρ(Zi, Xk∈Ni , |Ni|)

]
+ En

[
mc(π(Xi), Si(π), Zi, |Ni|)ρ(Zi, Xk∈Ni , |Ni|)

]
,

(32)

where En denotes the empirical expectation. Intuitively, the empirical welfare reweights

sampled observations by the ratio of the densitites with respect to the target units.

Theorem 7.1. Let Assumption 7.1, 7.2 hold. Then under conditions in Theorem 4.2, we

obtain that for π̂aipwmc,ec maximizing Equation (32),

E
[

sup
π∈Π

W (π)−W (π̂aipwmc,ec)
]
≤ ρ̄2 (Γ1 + Γ2)C̄

δ

(
ρ̄L+

ρ̄L+ 1

δ2
0

)√VC(Π)

n
+ 2KΠ(n),

34Since |Ni| is discrete, gs(l), gt(l) corresponds to the probability of the number of neighbors being equal
to l.
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for a constant C̄ <∞ independent of the sample size.

The proof is discussed in the Appendix.

8 Conclusions

In this paper, we have introduced a novel method for estimating treatment allocation rules

under network interference. Motivated by applications in the social sciences, we consider

constrained environments, and we accommodate for policy functions that do not necessarily

depend on network information. The proposed methodology is valid for a generic class

of network formation models under network exogeneity, and it relies on semi-parametric

estimators. We provide a mixed-integer linear programming formulation to the optimization

problem, and we discuss theoretical guarantees on the regret of the policy under network

interference.

Random network formation requires carefully re-define identification and distributional

assumptions. We make three key assumptions: interactions are anonymous, interference

propagates at most to one or two-degree neighbors, and the network is conditionally exoge-

nous. We leave to future research relaxations of these conditions.

Our results shed some light on the effect of the network topology on the performance of

NEWM. Our method is particularly suited when the maximum degree is controlled. Future

research should further explore the effect of the network topology on the performance.

Finally, the literature on influence maximization has often stressed the importance of

structural models, whereas literature on statistical treatment choice has mostly focused on

robust and often non-parametric estimation procedures. This paper opens new questions on

the trade-off between structural assumptions and model-robust inference when estimating

policy functions, and exploring such trade-off remains an open research question.
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Appendix A Proofs: Notation and Definitions

Before discussing the main results, we need to introduce the necessary notation. We define

Si(π) =
∑

k∈Ni π(Xk). We denote An the space of symmetric matrices in Rn×n with entries

being either zero or ones.

Definition A.1 (Proper Cover). Given an adjacency matrix An ∈ An, with n rows and

columns, a family Cn = {Cn(j)} of disjoint subsets of [n] is a proper cover of An if ∪Cn(j) =

[n] and Cn(j) contains units such that for any pair of elements {(i, k) ∈ Cn(j), k 6= i},
A

(i,k)
n = 0.

The size of the smallest proper cover is the chromatic number, defined as χ(An).

Definition A.2 (Chromatic number). The chromatic number χ(An), denotes the size of

the smallest proper cover of An.

Definition A.3. For a given matrix A ∈ A, we define A2
n(A) ∈ An the adjacency matrix

where each row corresponds to a unit i ∈ {1, ..., n} and where two of such units are connected

if they are neighbor or they share one first or second degree neighbor. Similarly AMn (A) is the

adjacency matrix obtained after connecting such units sharing common neighbors up to Mth

degree. Here Ni,M defines the set of neighbors of individual i ∈ {1, · · · , n} with adjacency

matrix AMn .

For notational convenience, throughout our discussion, we will suppress the dependence

on A whenever clear from the context. The proper cover of A2
n is defined as C2

n = {C2
n(j)}

with chromatic number χ(A2
n). Similarly CMn = {CMn (j)} with chromatic number χ(AMn ) is

the proper cover of AMn .

Next, we discuss definitions on covering numbers.35 For zn1 = (z1, ..., zn) be arbitrary

points in Z, for a function class F , with f ∈ F , f : Z 7→ R, we define,

F(zn1 ) = {f(z1), ..., f(zn) : f ∈ F}. (33)
35Here we adopt similar notation to Chapter 28 and Chapter 29 of Devroye et al. (2013).
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Definition A.4. For a class of functions F , with f : Z 7→ R, ∀f ∈ F and n data points

z1, ..., zn ∈ Z define the lq-covering number Nq
(
ε,F(zn1 )

)
to be the cardinality of the small-

est cover S := {s1, ..., sN}, with sj ∈ Rn, such that for each f ∈ F , there exist an sj ∈ S
such that ( 1

n

∑n
i=1 |f(zi)− s(i)

j |q)1/q < ε.

Throughout our analysis, for a random variable X = (X1, ..., Xn) we denote EX [.] the

expectation with respect to X. The Rademacher complexity is defined as follows.

Definition A.5. Let X1, ..., Xn be arbitrary random variables. Let σ = {σi}ni=1 be i.i.d

Rademacher random variables (i.e., P (σi = −1) = P (σi = 1) = 1/2), independent of

X1, ..., Xn. We define the empirical Rademacher complexity as

Rn(F) = Eσ
[
supf∈F |

1

n

n∑
i=1

σif(Xi)|
∣∣∣X1, ..., Xn

]
. (34)

Appendix B Auxiliary Lemmas

Lemma B.1. (Van Der Vaart and Wellner (1996)) Let σ1, ..., σn be Rademacher sequence

independent of X1, ..., Xn. Then

E
[

supf∈F

∣∣∣ n∑
i=1

f(Xi)− E[f(Xi)]
∣∣∣] ≤ 2E

[
supf∈F

∣∣∣ n∑
i=1

σif(Xi)
∣∣∣].

Lemma B.2. The following holds: χ(An) ≤ χ(AMn ) ≤MNM+1
n,M+1.

Proof of Lemma B.2. The first inequality follows by Definition A.3. The second inequality

follows by Brook’s Theorem (Brooks, 1941), since two individuals (i, j) ∈ {1, · · · , n}2 are

connected if they share a common neighbor up to the Mth degree. The maximum degree

is bounded by Nn,1 +Nn,1 ×Nn,2 + · · ·+
∏M+1
s=1 Nn,s ≤MN

M+1
n,M+1.

Lemma B.3. Let F1, · · · ,Fk be classes of bounded functions with VC-dimension v < ∞
and envelope F̄ <∞, for k ≥ 2. Let

J =
{
f1(f2 + ...+ fk), fj ∈ Fj , j = 1, ..., k

}
, Jn(zn1 ) =

{
h(z1), ..., h(zn);h ∈ J

}
.

For arbitrary fixed points zn1 ∈ Rd,
∫ 2F̄

0

√
log
(
N1

(
u,J (zn1 )

))
du < cF̄

√
k log(k)v. for a

constant cF̄ <∞ that only depend on F̄ .

Proof of Lemma B.3. Let F−1(zn1 ) = {f2(zn1 )+...+fk(z
n
1 ), fj ∈ Fj , j = 2, ..., k}. By Theorem

29.6 in Devroye et al. (2013),

N1

(
ε,F−1(zn1 )

)
≤

k∏
j=2

N1

(
ε/(k − 1),Fj(zn1 )

)
.
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By Theorem 29.7 in Devroye et al. (2013),

N1

(
ε,Jn(zn1 )

)
≤

k∏
j=2

N1

(
ε

2(k − 1)F̄
,Fj(zn1 )

)
N1

(
ε

2F̄
,F1(zn1 )

)
. (35)

By standard properties of covering numbers, for a generic set H, N1(ε,H) ≤ N2(ε,H).

Therefore

(35) ≤
k∏
j=2

N2

( ε

2(k − 1)F̄
,Fj(zn1 )

)
N2

( ε

2F̄
,F1(zn1 )

)
.

We apply now a uniform entropy bound for the covering number. By Theorem 2.6.7 of Van

Der Vaart and Wellner (1996), we have that for a universal constant C <∞,

N2

( ε

2(k − 1)F̄
,Fj(zn1 )

)
≤ C(v + 1)(16e)(v+1)

(2F̄ 2(k − 1)

ε

)2v

which implies that

log
(
N1

(
ε,Jn(zn1 )

))
≤
k−1∑
j=1

log
(
N2

( ε

2F̄ (k − 1)
,Fj(zn1 )

))
+ log

(
N2

( ε

2F̄
,F1(zn1 )

))
≤ k log

(
C(v + 1)(16e)v+1

)
+ k2v log(2CF̄ 2(k − 1)/ε).

Since
∫ 2F̄

0

√
k log

(
C(v + 1)(16e)v+1

)
+ k2v log(2CF̄ 2(k − 1)/ε)dε ≤ cF̄

√
k log(k)v for a

constant cF̄ <∞, the proof completes.

The next lemma provides a bound on the Rademacher complexity in the presence of the

composition of functions. We discuss the Ledoux-Talagrand contraction inequality (Ledoux

and Talagrand, 2011; Chernozhukov et al., 2014) to the case of interest in this paper.

Lemma B.4. Let φi : R 7→ R be Lipschitz functions with parameter L, ∀i ∈ {1, ..., n}, i.e.,

|φi(a) − φi(b)| ≤ L|a − b| for all a, b ∈ R, with φi(0) = 0. Then, for any T ⊆ Rn, with

t = (t1, ..., tn) ∈ R, α = (α1, ..., αn) ∈ A ⊆ {0, 1}n,

1

2
Eσ
[

supt∈T ,α∈A

∣∣∣ 1
n

n∑
i=1

σiφi(ti)αi

∣∣∣] ≤ LEσ[supt∈T ,α∈A

∣∣∣ 1
n

n∑
i=1

αiσiti

∣∣∣].
Proof of Lemma B.4. The proof modifies the one in Theorem 4.12 in Ledoux and Talagrand

(2011) to deal with the additional α vector. First note that if T is unbounded, there will be

some setting so that the right hand side is infinity and the result trivially holds. Therefore,

we can focus to the case where T is bounded. First we aim to show that for T ⊆ R2, for

α ∈ {0, 1}2,

E
[
supt∈T ,α∈Aα1t1 + σ2φ(t2)α2

]
≤ E
[
supt∈T ,α∈Aα1t1 + Lσ2t2α2

]
. (36)
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If the claim above is true, than it follows that

E
[
supt∈T ,α∈Aα1φ1(t1)σ1 + σ2φ(t2)α2|σ1

]
≤ E

[
supt∈T ,α∈Aα1φ1(t1)σ1 + Lσ2t2α2

∣∣∣σ1

]
.

as σ1φ(t1) simply transforms T (and it is still bounded, if not the claim would trivially

holds), and we can iteretively apply this result. Hence, we first prove Equation (36). Define

for a, b ∈ A, I(t, s, a, b) := 1
2

(
t1a1 + a2φ(t2)

)
+ 1

2

(
s1b1 − b2φ(s2)

)
. We want to show that

the right hand side in Equation (36) is larger thant I(t, s, a, b) for all t, s ∈ T and a, b ∈ A.

Since we are taking the supremum over t, s, a, b, we can assume without loss of generality

that

t1a1 + a2φ(t2) ≥ s1b1 + b2φ(s2), s1b1 − b2φ(s2) ≥ t1a1 − a2φ(t2). (37)

We can now define four quantities of interest, being

m = b1s1 − b2φ(s2), n = b1s1 − Ls2b2, m′ = a1t1 + La2t2, n′ = a1t1 + a2φ(t2).

We would like to show that 2I(t, s, a, b) = m + n′ ≤ m′ + n. We consider four different

cases, similarly to the proof of Ledoux and Talagrand (2011) and argue that for any value

of (a1, a2, b1, b2) ∈ {0, 1}4 the claim holds.

Case 1 Start from the case a2t2, s2b2 ≥ 0. We know that φ(0) = 0, so that |b2φ(s2)| ≤ Lb2s2.

Now assume that a2t2 ≥ b2s2. In this case

m− n = Lb2s2 − b2φ(s2) ≤ La2t2 − a2φ(t2) = m′ − n′ (38)

since |a2φ(t2)− b2φ(s2)| ≤ L|a2t2− b2s2| = L(a2t2− b2s2). To see why this last claim holds,

notice that for a2, b2 = 1, then the results hold by the condition a2t2 ≥ b2s2 and Lipschitz

continuity. If instead a2 = 1, b2 = 0, the claim trivially holds. While the case a2 = 0, b2 = 1,

then it must be that s2 = 0 since we assumed that a2t2 ≥ 0, b2s2 ≥ 0 and a2t2 ≥ b2s2. Thus

m − n ≤ m′ − n′. If instead b2s2 ≥ a2t2, then use −φ instead of φ and switch the roles of

s, t giving a similar proof.

Case 2 Let a2t2 ≤ 0, b2s2 ≤ 0. Then the proof is the same as Case 1, switching the signs

where necessary.

Case 3 Let a2t2 ≥ 0, b2s2 ≤ 0. Then we have a2φ(t2) ≤ La2t2, since a2 ∈ {0, 1} and by

Lipschitz properties of φ, −b2φ(s2) ≤ −b2Ls2 so that a2φ(t2) − b2φ(s2) ≤ a2Lt2 − b2Ls2

proving the claim.

Case 4 Let a2t2 ≤ 0, b2s2 ≥ 0. Then the claim follows simmetrically to Case 3.

We now conclude the proof. Denote [x]+ = max{0, x} and [x]− = max{−x, 0}. Then we
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have

E
[1

2
supt∈T ,α∈A

∣∣∣ n∑
i=1

σiφi(ti)αi

∣∣∣] ≤ E
[1

2
supt∈T ,α∈A

( n∑
i=1

σiφi(ti)αi

)
+

]
+ E

[1

2
supt∈T ,α∈A

( n∑
i=1

σiφi(ti)αi

)
−

]
≤ E

[
supt∈T ,α∈A

( n∑
i=1

σiφi(ti)αi

)
+

]
where the last inequality follows by symmetry of σi and the fact that (−x)− = (x)+. Notice

that supx(x)+ = (supxx)+. Therefore, using Equation (36)

E
[
supt∈T ,α∈A

( n∑
i=1

σiφi(ti)αi

)
+

]
= E

[(
supt∈T ,α∈A

n∑
i=1

σiφi(ti)αi

)
+

]
≤ E

[(
supt∈T ,α∈A

n∑
i=1

Lσitiαi

)
+

]
≤ E

[∣∣∣supt∈T ,α∈A

n∑
i=1

σiφi(ti)αi

∣∣∣] ≤ E
[
supt∈T ,α∈A

∣∣∣ n∑
i=1

σiφi(ti)αi

∣∣∣]
which completes the proof.

Lemma B.5. ec(.) ∈ (δ, 1− δ) for δ ∈ (0, 1). Then
1{N=

∑
k∈Ni

Dk,d=Di}

ec
(
d,N,Zk∈Ni ,Zi,|Ni|

) is 2/δ-Lipschitz in

its second argument for all d ∈ {0, 1}

Proof of Lemma B.5. Let Oi = Zk∈Ni , Zi, |Ni|. Then for any N,N ′ ∈ Z∣∣∣1{N =
∑

k∈Ni Dk, d = Di}

ec
(
d,N,Oi

) −
1{N ′ =

∑
k∈Ni Dk, d = Di}

ec
(
d,N ′, Oi

) ∣∣∣ ≤ 2

δ
.

for N 6= N ′. The last inequality follows from the fact that by the overlap condition and the

triangular inequality. Since N is discrete, the right-hand side is at least 2/δ|N −N ′| which

completes the proof.

Lemma B.6. Let F a class of uniformly bounded functions, i.e., there exist F̄ < ∞,

such that ||f ||∞ ≤ F̄ for all f ∈ F . Let (Yi, Zi) ∼ Pi, where Y ≥ 0 is a scalar. Let

{(Yi, Zi)}ni=1 be pairwise independent across individuals i. Assume that for some u > 0,

E[Y 2+u
i ] < B, ∀i ∈ {1, ..., n}. In addition assume that for any fixed points zn1 , for some

V <∞,
∫ 2F̄

0

√
log
(
N1

(
u,F(zn1 )

))
du <

√
V . Let σi be i.i.d Rademacher random variables

independent of Y, Z. Then there exist a constant 0 < CF̄ < ∞ that only depend on F̄ and

u, such that ∫ ∞
0

E
[

supf∈F

∣∣∣ 1
n
σi

n∑
i=1

f(Zi)1{Yi > y}
∣∣∣]dy ≤ CF̄√BV

n

for all n ≥ 1.
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Proof of Lemma B.6. The proof modifies the one in Kitagawa and Tetenov (2019) (Lemma

A.5) to allow for the lack of identically distributed random variables and to express the

bound as a function of the covering number (instead of the VC-dimension). First, define

ξn(y) = supf∈F

∣∣∣ 1
n

n∑
i=1

f(Zi)1{Yi > y}σi
∣∣∣.

Denote p̄(y) = 1
n

∑n
i=1 P (Yi > y).

Consider first values of y for which np̄(y) =
∑n

i=1 P (Yi > y) ≤ 1. Due to the envelope

condition, and the definition of Rademacher random variables, we have∣∣∣ 1
n

n∑
i=1

f(Zi)1{Yi > y}σi
∣∣∣ ≤ F̄ 1

n

n∑
i=1

1{Yi > y}, ∀f ∈ F .

Taking expectations we have E[ξn(y)] ≤ F̄E
[

1
n

∑n
i=1 1{Yi > y}

]
= F̄ p̄(y) and the right hand

side is bounded by F̄ 1
n for this particular case.

Consider now values of y such that np̄(y) > 1. Define the random variableNy =
∑n

i=1 1{Yi >
y}. Then we can write

1

n

n∑
i=1

f(Xi)1{Yi > y}σi =

{
0 if Ny = 0
Ny

n
1
Ny

∑n
i=1 f(Zi)1{Yi > y}σi if Ny ≥ 1.

If Ny ≥ 1, then

ξn(y) = supf∈F

∣∣∣Ny
n

1

Ny

n∑
i=1

f(Zi)σi1{Yi > y}
∣∣∣

= supf∈F

∣∣∣Ny
n

1

Ny

n∑
i=1

f(Zi)σi1{Yi > y} − p̄(y)
1

Ny

n∑
i=1

f(Zi)1{Yi > y}σi+

+ p̄(y)
1

Ny

n∑
i=1

f(Zi)1{Yi > y}σi
∣∣∣

≤
∣∣∣Ny
n
− p̄(y)

∣∣∣supf∈F

∣∣∣ 1

Ny

n∑
i=1

f(Zi)1{Yi > y}σi
∣∣∣+ p̄(y)supf∈F

∣∣∣ 1

Ny

∑
i=1

f(Zi)σi1{Yi > y}
∣∣∣.

Denote Eσ the expectation only with respect to the Rademacher random variables σ. Con-

ditional on Ny, ξn(y) sums over Ny terms. Therefore, for a constant 0 < C1 <∞ that only

depend on F̄ ,

Eσ
[
p̄(y)supf∈F |

1

Ny

∑
i=1

f(Zi)σi1{Yi > y}
∣∣∣] ≤ C1p̄(y)

√
V g(Ny)

by Theorem 5.22 in Wainwright (2019) (Lemma F.7 in Supplement B), where g(.) is defined

in Lemma F.3. Similarly,

Eσ
[∣∣∣Ny

n
− p̄(y)

∣∣∣supf∈F

∣∣∣ 1

Ny

n∑
i=1

f(Zi)1{Yi > y}σi
∣∣∣] ≤ ∣∣∣Ny

n
− p̄(y)

∣∣∣C1

√
V g(Ny).
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For Ny ≥ 1, it follows by the law of iterated expectations,

E[ξn(y)|Ny] ≤ |Ny
n
− p̄(y)|C1

√
V g(Ny) + C1p̄(y)

√
V g(Ny) ≤ |Ny

n
− p̄(y)|C1

√
V + C1p̄(y)

√
V g(Ny)

(39)

where the last inequality follows by the definition of the g(.) function and the fact that

Ny ∈ {0, 1, ..., }. For Ny = 0 instead, we have

E[ξn(y)|Ny] ≤
∣∣∣Ny

n
− p̄(y)

∣∣∣C1

√
V g(Ny) + C1p̄(y)

√
V g(Ny) = 0

by the definition of g(.). Hence, the bound in Equation (39) always holds. We are left to

bound the unconditional expectation with respect to Ny. Notice first that

E
[∣∣∣Ny

n
− p̄(y)

∣∣∣] ≤ C1

√
V

√
E
[∣∣∣Ny

n
− p̄(y)

∣∣∣2] = C1

√
V

√√√√Var
( 1

n

n∑
i=1

1{Yi > y}
)
.

By independence assumption,

C1

√
V

√√√√Var
( 1

n

n∑
i=1

1{Yi > y}
)
≤ C1

√
V

√√√√ 1

n2

n∑
i=1

P (Yi > y).

In addition, since np̄(y) > 1, by Lemma F.9 , E[g(Ny)] ≤ 2√
n
√
p̄(y)

. Combining the inequal-

ities, it follows

E[ξn(y)] ≤ C1

√
V

√√√√ 1

n2

n∑
i=1

P (Yi > y) + p̄(y)C1

√
V

2
√
n
√
p̄(y)

≤ 2(1 + C1)

√
V

n

√√√√ 1

n

n∑
i=1

P (Yi > y).

This bound is larger than the bound derived for np̄(y) < 1, up to a constant factor that

depend on F̄ , namely up to CF̄ <∞. Therefore,

E[ξn(y)] ≤ CF̄

√
V

n

√√√√ 1

n

n∑
i=1

P (Yi > y).

We can now write∫ ∞
0

E[ξn(y)]dy ≤
∫ ∞

0

CF̄

√
V

n

√√√√ n∑
i=1

P (Yi > y)

n
dy =

∫ 1

0

CF̄

√
V

n

√√√√ n∑
i=1

P (Yi > y)

n
dy

+

∫ ∞
1

CF̄

√
V

n

√√√√ n∑
i=1

P (Yi > y)

n
dy.

The first term is bounded as follows.
∫ 1

0 CF̄

√
V
n

√∑n
i=1

P (Yi>y)
n dy ≤ CF̄

√
V
n . The second

term is bounded instead as follows.∫ ∞
1

CF̄

√
V

n

√√√√ n∑
i=1

P (Yi > y)

n
dy ≤ CF̄

√
V

n

∫ ∞
1

√√√√ n∑
i=1

E[Y 2+u
i ]

ny2+u
dy ≤ CF̄

√
V

n

∫ ∞
1

√
B

y2+u
dy ≤ C ′F̄

√
V B

n

for a constant C ′
F̄
<∞ that only depend on F̄ and u.
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Lemma B.7. Let Π be a function class with π : Rd 7→ {0, 1} for any π ∈ Π, with finite

VC-dimension, denoted as VC(Π). Let X1, ..., Xh, V ∈ Rd, O ∈ Rk, Y ∈ R. Let {Ki}ni=1 =

{(Vi, X1
i , X

2
i , ..., X

h
i , Oi, Yi)}ni=1 be pairwise independent random variables, with E[Y 2+u

i ] <

B1 < ∞ for all i ∈ {1, · · · , n} for some u > 0. Let σ1, · · · , σn be independent Rademacher

random variables, independent on {Ki}ni=1. Let f : Z × Rk 7→ R be L-Lipschitz in its first

argument. Assume that E[f(0, Oi)
2+uY 2+u

i ] < B2 < ∞ for all i ∈ {1, · · · , n} for some

u > 0. Let 1 ≤ h <∞. Then for a constant C <∞ that only depend on u,

E
[

sup
π∈Π

∣∣∣ 1
n

n∑
i=1

f
( ∑
k∈{1,...,h}

π(X
(k)
i ), Oi

)
π(Vi)σiYi

∣∣∣] ≤ C(L+1)

√
(h+ 1) log(h+ 1)VC(Π)(B1 +B2)

n
.

(40)

Proof of Lemma B.7. First, we add and subtract the value of the function f(0, Oi) at zero.

Namely, the left hand side in Equation (40) equals

E
[

sup
π∈Π

∣∣∣ 1
n

n∑
i=1

σi

(
f
( ∑
k∈{1,...,h}

π(X
(k)
i ), Oi

)
− f

(
0, Oi

)
+ f

(
0, Oi

))
Yiπ(Vi)

∣∣∣]

≤ E
[

sup
π∈Π

∣∣∣ 1
n

n∑
i=1

σi

(
f
( ∑
k∈{1,...,h}

π(X
(k)
i ), Oi

)
− f

(
0, Oi

))
Yiπ(Vi)

∣∣∣]
︸ ︷︷ ︸

(1)

+E
[

sup
π∈Π

∣∣∣ 1
n

n∑
i=1

σif
(

0, Oi

)
Yiπ(Vi)

∣∣∣]︸ ︷︷ ︸
(2)

(41)

where the last inequality follows by the triangular inequality. We bound first (1). First, we

write the function of interest as follows

E
[

sup
π∈Π

∣∣∣ 1
n

n∑
i=1

σi

(
f
( ∑
k∈{1,...,h}

π(X
(k)
i ), Oi

)
− f

(
0, Oi

))
Yiπ(Vi)

∣∣∣]

= E
[

sup
π∈Π

∣∣∣ 1
n

n∑
i=1

σi

(
f
( ∑
k∈{1,...,h}

π(X
(k)
i ), Oi

)
− f

(
0, Oi

))
|Yi|sign(Yi)π(Vi)

∣∣∣]

≤ 2E
[

sup
π∈Π

∣∣∣ 1
n

n∑
i=1

σ̃i

(
f
( ∑
k∈{1,...,h}

π(X
(k)
i ), Oi

)
− f

(
0, Oi

))
|Yi|π(Vi)

∣∣∣]
(42)

where σ̃i are Rademacher random variables independent on K1, ...,Kn.36 Since |Yi| > 0, we

have

(42) = 2E
[

sup
π∈Π

∣∣∣ 1
n

n∑
i=1

σ̃i

(
f
( ∑
k∈{1,...,h}

π(X
(k)
i ), Oi

)
− f

(
0, Oi

))∫ ∞
0

1{|Yi| > y}dyπ(Vi)
∣∣∣]

≤ 2E
[

sup
π∈Π

∫ ∞
0

∣∣∣ 1
n

n∑
i=1

σ̃i

(
f
( ∑
k∈{1,...,h}

π(X
(k)
i ), Oi

)
− f

(
0, Oi

))
1{|Yi| > y}π(Vi)

∣∣∣dy]

≤ 2

∫ ∞
0

E
[

sup
π∈Π

∣∣∣ 1
n

n∑
i=1

σ̃i

(
f
( ∑
k∈{1,...,h}

π(X
(k)
i ), Oi

)
− f

(
0, Oi

))
1{|Yi| > y}π(Vi)

∣∣∣]dy
36To check the last claim the reader might consider that P (σ̃i = 1|Yi) = P (σisign(Yi) = 1|Yi) = 1/2.
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where the last inequality follows by the properties of the supremum function and Fubini

theorem. We decompose the supremum over π ∈ Π as follows.∫ ∞
0

E
[

sup
π∈Π

∣∣∣ 1
n

n∑
i=1

σ̃i

(
f
( ∑
k∈{1,...,h}

π(X
(k)
i ), Oi

)
− f

(
0, Oi

))
1{|Yi| > y}π(Vi)

∣∣∣]dy
≤
∫ ∞

0

E
[
supπ1∈Π,π2∈Π

∣∣∣ 1
n

n∑
i=1

σ̃i

(
f
( ∑
k∈{1,...,h}

π2(X
(k)
i ), Oi

)
− f

(
0, Oi

))
1{|Yi| > y}π1(Vi)

∣∣∣]dy.
Let φi(N) = f

(
N,Oi

)
− f
(

0, Oi

)
. Conditional on the data, φi is not random. By assump-

tion it is Lipschitz and φi(0) = 0. By Lemma B.4, and the law of iterated expectations,∫ ∞
0

E
[
supπ1∈Π,π2∈Π

∣∣∣ 1
n

n∑
i=1

σ̃i

(
f
( ∑
k∈{1,...,h}

π2(X
(k)
i ), Oi

)
− f

(
0, Oi

))
1{|Yi| > y}π1(Vi)

∣∣∣]dy
≤ L

∫ ∞
0

E
[
supπ1∈Π,π2∈Π

∣∣∣ 1
n

n∑
i=1

σ̃i

( ∑
k∈{1,...,h}

π2(X
(k)
i )

)
1{|Yi| > y}π1(Vi)

∣∣∣]dy. (43)

We decompose the supremum as follows:

L

∫ ∞
0

E
[
supπ1∈Π,π2∈Π

∣∣∣ 1
n

n∑
i=1

σ̃i

( ∑
k∈{1,··· ,h}

π2(X
(k)
i )

)
1{|Yi| > y}π1(Vi)

∣∣∣]dy
≤ L

∫ ∞
0

E
[
supπ1∈Π,π2∈Π,··· ,πh+1∈Π

∣∣∣ 1
n

n∑
i=1

σ̃i

( ∑
k∈{1,...,h}

πk+1(X
(k)
i )

)
1{|Yi| > y}π1(Vi)

∣∣∣]dy
︸ ︷︷ ︸

(J)

.

We re-parametrize the class of functions as follows.

(J) =

∫ ∞
0

E
[
supπ1∈Π,π̃2∈Π2,··· ,π̃h+1∈Πh+1

∣∣∣ 1
n

n∑
i=1

σ̃i

( ∑
k∈{1,...,h}

π̃k+1(X
(1)
i , · · · , X(h)

i )
)

1{|Yi| > y}π1(Vi)
∣∣∣]dy,

where Π2, ...,Πh+1, are such that π̃j ∈ Πj : π̃j(X
(1)
i , · · · , X(k)

i , · · · , X(h)
i ) = π(X

(j)
i ). By

Theorem 29.4 in Devroye et al. (2013), VC(Πj) = VC(Π) for all j ∈ {1, ..., h}.37 Let

Π̃ =
{
π1

( h∑
j=1

πj+1

)
, πk ∈ Πk, k = 1, · · · , h+ 1

}
.

For any fixed point data point zn1 , by Lemma B.3, the Dudley’s integral of the function class

Π̃(zn1 ) is bounded by C
√

(h+ 1) log(h+ 1)VC(Π), for a finite constant C. Therefore, by

Lemma B.6 and B.3∫ ∞
0

E
[
supπ1∈Π1,π2∈Π2,...,πh+1∈Πh+1

∣∣∣ 1
n

n∑
i=1

σ̃i

( ∑
k∈{1,...,h}

πk+1(X
(k)
i )

)
1{|Yi| > y}π1(Vi)

∣∣∣]dy
≤ C

√
B1(h+ 1)

VC(Π) log(h+ 1)

n

37The reader might recognize that each πj ∈ Πj can be written as the sum of π and functions constant at
zero.
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for a constant C <∞. Next, we bound the term (2) in Equation (41). Following the same

argument used for term (1), we have

E
[

sup
π∈Π

∣∣∣ 1
n

n∑
i=1

σ̃if
(

0, Oi

)
Yiπ(Vi)

∣∣∣] ≤ 2E
[

sup
π∈Π

∣∣∣ 1
n

n∑
i=1

σ̃i|f
(

0, Oi

)
Yi|π(Vi)

∣∣∣]
≤
∫ ∞

0

2E
[

sup
π∈Π

∣∣∣ 1
n

n∑
i=1

σ̃i1{|f
(

0, Oi

)
Yi| > y}π(Vi)

∣∣∣]dy.
Since Π has finite VC-dimension, and it contains functions mapping to {0, 1}, by Theorem

2.6.7 of Van Der Vaart and Wellner (1996) 38,
∫ 2

0

√
N2(u,Π(zn1 ))du < C

√
VC(Π) for a

constant C. Hence, by Lemma B.6 and B.3,∫ ∞
0

2E
[

sup
π∈Π

∣∣∣ 1
n

n∑
i=1

σ̃i1{|f
(

0, Oi

)
Yi| > y}π(Vi)

∣∣∣]dy ≤ c′0
√
B2VC(Π)

n

for a constant c′0 <∞. The proof is complete.

In the next lemma we provide bounds on the Rademacher complexity of locally depen-

dent random variables.

Lemma B.8. Let Π be a class of functions with π : Rd 7→ {0, 1} for any π ∈ Π. Assume that

it has finite VC-dimension, namely VC(Π) < ∞. Let X1, ..., Xh, V ∈ Rd, O ∈ Rk, Y ∈ R.

Let {Ki}ni=1 = {(Vi, Xj∈Ni , Oi, Yi)}ni=1 ∈ K be n random variables of interest such that for

any A ∈ A being the population adjacency matrix, Ki ⊥ Kj |A if j 6∈ Ni,M . Assume that

E[Y 2+u
i |A] < B1 <∞, for all i, for some u > 0. Let σ1, · · · , σn be independent Rademacher

random variables, independent on {Ki}ni=1. Let f : {0, 1} × Z × Rp 7→ R be L-Lipschitz in

its second argument. Assume that E[f(d, 0, Oi)
2+uY 2+u

i |A] < B2 < ∞ for all i ∈ {1, ..n},
d ∈ {0, 1} for some u > 0. Then for a constant C <∞ that only depends on u,

E
[

sup
π∈Π
| 1
n

n∑
i=1

f
(
π(Vi), Si(π), Oi

)
σiYi|

∣∣∣A] ≤MC(L+1)NM+1
n,M+1N

3/2
n,1 log(Nn,1+1)

√
(B1 +B2)VC(Π)

n

where Si(π) =
∑

k∈Ni π(Xk).

Proof of Lemma B.8. By the triangular inequality,

E
[

sup
π∈Π
| 1
n

n∑
i=1

f
(
π(Vi), Si(π), Oi

)
σiYi|

∣∣∣A] ≤E
[

sup
π∈Π
| 1
n

n∑
i=1

f
(

1, Si(π), Oi

)
π(Vi)σiYi|

∣∣∣A]︸ ︷︷ ︸
(I)

+ E
[

sup
π∈Π
| 1
n

n∑
i=1

f
(

0, Si(π), Oi

)
(1− π(Vi))σiYi|

∣∣∣A]︸ ︷︷ ︸
(II)

.

38The argument is the same used in the proof of Lemma B.3.
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We proceed by bounding (I), while (II) follows similarly. We denote CMn the proper cover

of AMn , where AMn is defined in Definition A.3 and CMn is defined in Definition A.1. Notice

that CMn is measurable with respect to the sigma-algebra generated by A. Conditional on

A, we write

E
[

sup
π∈Π
| 1
n

n∑
i=1

f
(

1, Si(π), Oi

)
π(Vi)σiYi|

∣∣∣A] = E
[

sup
π∈Π
| 1
n

∑
CMn (j)∈CMn

∑
i∈CMn (j)

f
(

1, Si(π), Oi

)
π(Vi)σiYi|

∣∣∣A]
≤ E

[ ∑
CMn (j)∈CMn

E
[

sup
π∈Π
| 1
n

∑
i∈CMn (j)

f
(

1, Si(π), Oi

)
π(Vi)σiYi|

∣∣∣A]
︸ ︷︷ ︸

(i)

∣∣∣A].

We focus on bounding (i) first. We decompose the term into sums of terms that have the

same number of neighbors. Namely,

E
[

sup
π∈Π
| 1
n

∑
i∈CMn (j)

f
(

1, Si(π), Oi

)
π(Vi)σiYi|

∣∣∣A]
= E

[
sup
π∈Π
|

∑
l∈{0,...,Nn,1}

1

n

∑
i:|Ni|=l,i∈CMn (j)

f
(

1, Si(π), Oi

)
π(Vi)σiYi|

∣∣∣A]
≤ E

[ ∑
l∈{0,...,Nn,1}

E
[

sup
π∈Π
| 1
n

∑
i:|Ni|=l,i∈CMn (j)

f
(

1, Si(π), Oi

)
π(Vi)σiYi|

∣∣∣A]∣∣∣A],
where the last inequality follows by the triangular inequality. Consider now the case of units

having at least one neighbor. Namely consider units i such that |Ni| ≥ 1. Then we have by

Lemma B.7 39,

E
[

sup
π∈Π
| 1
n

∑
i:|Ni|=l,i∈CMn (j)

f
(

1,
∑
k∈Ni

π(X
(k)
i ), Oi

)
π(Vi)σiYi|

∣∣∣A]

≤ CL

√√√√∣∣∣i : |Ni| = l, i ∈ CMn (j)
∣∣∣(l + 1) log(l + 1)(B1 +B2)VC(Π)

n2
,

where
∣∣∣i : |Ni| = l, i ∈ CMn (j)

∣∣∣ denote the number of elements in
{
i : |Ni| = l, i ∈ CMn (j)

}
.

By Definition A.1,
∣∣∣i : |Ni| = l, i ∈ CMn (j)

∣∣∣ ≤ n. Therefore, for a constant C <∞ that only

depends on u,

E
[

sup
π∈Π
| 1
n

∑
i:|Ni|=l,i∈CMn (j)

f
(

1,
∑
k∈Ni

π(X
(k)
i ), Oi

)
π(Vi)σiYi|

∣∣∣A]

≤ C(L+ 1)

√
(l + 1) log(l + 1)(B1 +B2)VC(Π)

n
.

(44)

39The reader might recall that random variables within each sub-cover are pairwise independent.
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Summing up the terms in Equation (44), we have

E
[ ∑
l∈{1,...,Nn}

E
[

sup
π∈Π
| 1
n

∑
i:|Ni|=l,i∈CMn (j)

f
(

1,
∑
k∈Ni

π(X
(k)
i ), Oi

)
π(Vi)σiYi|

∣∣∣A]∣∣∣A]

≤ E
[ ∑
l∈{1,...,Nn,1}

C(L+ 1)

√
(l + 1) log(l + 1)(B1 +B2)VC(Π)

n

∣∣∣A]. (45)

By concavity of the square-root function, we have

(45) ≤ E
[√
Nn,1C(L+ 1)

√∑
l∈{1,...,Nn,1}(l + 1) log(l + 1)(B1 +B2)VC(Π)

n

∣∣∣A]
≤ E

[√
Nn,1C ′(L+ 1)

√
N 2
n,1 log(Nn,1 + 1)(B1 +B2)VC(Π)

n

∣∣∣A]
for some constant C ′ < ∞ that only depend on u. Consider now the case where |Ni| = 0.

By Lemma B.6,

E
[

sup
π∈Π
| 1
n

∑
i:|Ni|=0,i∈CMn (j)

f
(

1, 0, Oi

)
π(Vi)σiYi|

∣∣∣A] ≤ CE[√(B1 +B2)
|i : |Ni| = 0, i ∈ CMn (j)|VC(Π)

n2

∣∣∣A]
for some constant C <∞ that only depend on u. Here |i : |Ni| = 0, i ∈ CMn (j)| denotes the

number of elements in {i : |Ni| = 0, i ∈ CMn (j)}. Notice that

C ′′E
[√

(B1 +B2)
|i : |Ni| = 0, i ∈ CMn (j)|VC(Π)

n2

∣∣∣A] ≤ C ′′√(B1 +B2)
VC(Π)

n
.

Summing over all possible sub-covers40

E
[√
Nn,1

∑
CMn (j)∈CMn

C(L+ 1)

√
N 2
n,1 log(Nn + 1)(B1 +B2)VC(Π)

n
+

∑
CMn (j)∈C2n

C ′′
√

(B1 +B2)
VC(Π)

n

∣∣∣A]

≤ E
[
χ(AMn )

√
Nn,1Nn,1 log(Nn,1 + 1)c0(L+ 1)

√
(B1 +B2)VC(Π)

n

∣∣∣A]
where the last inequality follows since Nn,1 is a positive integer, for a constant 0 < c0 <

∞. Here χ(AMn ) is defined in Definition A.2 and AMn in Definition A.3. By Lemma B.2,

χ(AMn ) ≤MNM+1
n,M+1. The bound for (II) follows similarly. The proof is complete.

Appendix C Identification

Lemma C.1. Let Assumption 3.1, 3.2, 3.4 hold. Then

E
[1{Si(π) =

∑
k∈Ni

Dk, π(Xi) = Di}

e
(
π(Xi), Si(π), Zk∈Ni

, Zi, |Ni|
) Yi

]
= E

[
m
(
π(Xi), Si(π), Zi, |Ni|

)]
.

40Recall that sub-covers are disjoint sets.
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Proof. Under Assumption 3.1, we can write

E
[1{Si(π) =

∑
k∈Ni

Dk, π(Xi) = Di}

e
(
π(Xi), Si(π), Zk∈Ni , Zi, |Ni|

) Yi

]
= E

[1{Si(π) =
∑
k∈Ni

Dk, π(Xi) = Di}

e
(
π(Xi), Si(π), Zk∈Ni , Zi, |Ni|

) r
(
π(Xi), Si(π), |Ni|, Zi, εi

)]
.

(46)

Using the law of iterated expectations, the previous equation is equal to

E
[
E
[1{Si(π) =

∑
k∈Ni

Dk, π(Xi) = Di}

e
(
π(Xi), Si(π), Zk∈Ni

, Zi, |Ni|
) r

(
π(Xi), Si(π), |Ni|, Zi, εi

)∣∣∣Ni, Zk∈Ni
, Zi

]]
. (47)

Under Assumption 3.4, which states independence of εi with Ni and Zk∈Ni and uncon-

foundeness of treatment assignments, we can then write

(47) = E
[
E
[1{Si(π) =

∑
k∈Ni

Dk, π(Xi) = Di}

e
(
π(Xi), Si(π), Zk∈Ni , Zi, |Ni|

) |Ni, Zk∈Ni , Zi

]
×

× E
[
r
(
π(Xi), Si(π), |Ni|, Zi, εi

)∣∣∣Ni, Zk∈Ni , Zi

]]
.

By definition E
[

1{Si(π)=
∑
k∈Ni

Dk,π(Xi)=Di}

e

(
π(Xi),Si(π),Zk∈Ni ,Zi,|Ni|

) |Ni, Zk∈Ni , Zi

]
= 1. Finally, by Assumption 3.4,

E
[
r
(
π(Xi), Si(π), |Ni|, Zi, εi

)∣∣∣Ni, Zk∈Ni , Zi

]
= m

(
π(Xi), Si(π), |Ni|, Zi,

)
.

Lemma C.2. Let Si(π) be defined as in Section 4. Let Assumption 3.1, 3.2, 3.4 hold. Then

E
[ 1{Si(π) =

∑
k∈Ni

Dk, d = Di}

ec
(
π(Xi), Si(π), Zk∈Ni , Zi, |Ni|

)(Yi −mc
(
π(Xi), Si(π), Zi, |Ni|

))
+mc

(
π(Xi), Si(π), Zi, |Ni|

)]
= E

[
m
(
π(Xi), Si(π), Zi, |Ni|

)]
,

if either ec = e or (and) mc = m.

Proof. Whenever ec = e, similarly to what discussed in Lemma C.1, we obtain that

E
[ 1{Si(π) =

∑
k∈Ni

Dk, d = Di}

ec
(
π(Xi), Si(π), Zk∈Ni

, Zi, |Ni|
)Yi] = E

[
m
(
π(Xi), Si(π), Zi, |Ni|

)]
.

Let now mc = m. let Oi = Zk∈Ni , Nk∈Ni , Ni, Zi. Then under Assumption 3.4

E
[ 1{Si(π) =

∑
k∈Ni

Dk, d = Di}

ec
(
π(Xi), Si(π), Zk∈Ni , Zi, |Ni|

)(Yi −m(π(Xi), Si(π), Zi, |Ni|
))∣∣∣Oi]

= E
[ 1{Si(π) =

∑
k∈Ni

Dk, d = Di}

ec
(
π(Xi), Si(π), Zk∈Ni

, Zi, |Ni|
)(r(π(Xi), Si(π), Zi, |Ni|, εi

)
−m

(
π(Xi), Si(π), Zi, |Ni|

))∣∣∣Oi]

= E
[ 1{Si(π) =

∑
k∈Ni

Dk, d = Di}

ec
(
π(Xi), Si(π), Zk∈Ni , Zi, |Ni|

)∣∣∣Zk∈Ni
, Nk∈Ni

, Ni, Zi

]
×

× E
[(
r
(
π(Xi), Si(π), Zi, |Ni|, εi

)
−m

(
π(Xi), Si(π), Zi, |Ni|

))∣∣∣Oi] = 0.
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Proof of Proposition 3.4. First using the law of iterated expectations

E
[
r(Ti(π),

∑
k∈Ni

Tk(π), Zi, |Ni|, εi)
]

= E
[
E
[
r(Ti(π),

∑
k∈Ni

Tk(π), Zi, |Ni|, εi)
∣∣∣Vi(π), Zi, Zk∈Ni

, Zv∈Nj ,j∈Ni
, Ni, Nj∈Ni

]
︸ ︷︷ ︸

(I)

]
,

Vi(π) =
{
Di = π(Xi),

∑
k∈Ni

Dk =
∑
k∈Ni

π(Xk), Dj = π(Xj),
∑
v∈Nj

Dv =
∑
v∈Nj

π(Xv), j ∈ Ni
}
.

Define Ṽi(π) = Vi(π)∪{Zi, Zk∈Ni , Zv∈Nj ,j∈Ni , Ni, Nj∈Ni}. Using the definition of the expec-

tation, we have

(I) =
∑

s∈{1,··· ,|Ni|}

E
[
r(d, s, Zi, |Ni|, εi)

∣∣∣Ṽi(π), Ti(π) = d,
∑
k∈Ni

Tk(π) = s
]

︸ ︷︷ ︸
(i)

×P
(
Ti(π) = d,

∑
k∈Ni

Tk(π) = s
∣∣∣Ṽi(π)

)
︸ ︷︷ ︸

(ii)

.

We now discuss (i) and (ii) separately. First observe that the condition in the proposition,

we have εi ⊥ {νj , Zj , Nj , Dj}j∈{i,Ni,Nj∈Ni}|Zi, |Ni|. As a result, we can write

(i) = E
[
r(d, s, Zi, |Ni|, εi)

∣∣∣Zi, |Ni|, Ti(π) = d,
∑
k∈Ni

Tk(π) = s
]

= E
[
r(d, s, Zi, |Ni|, εi)

∣∣∣Zi, |Ni|, Ti = d,
∑
k∈Ni

Tk = s
]

= E
[
Yi

∣∣∣Zi, |Ni|, Ti = d,
∑
k∈Ni

Tk = s
]

where in the second equality we used consistency of potential outcomes and in the last

equality we used the definition of Yi and the exogeneity of εi. Consider now (ii). Observe

that by exogeneity of νi being independent with Ṽi(π) and by the fact that νi are i.i.d., we

can write

(ii) = P
(
Ti(π) = d

∣∣∣Ṽi(π)
)
×

∑
u1,··· ,ul:

∑
v uv=s

|Ni|∏
k=1

P
(
T
N

(k)
i

(π) = uk

∣∣∣Ṽi(π)
)

where the expression sums over all possible combinations of selected treatments such that

the sum of the selected treatments of the neighbors is s. Using again exogeneity of νi, we

have

P
(
Ti(π) = d

∣∣∣Ṽi(π)
)

= P
(
Ti(π) = d

∣∣∣Zi, |Ni|, Di = π(Xi),
∑
k∈Ni

Dk =
∑
k∈Ni

π(Xk)
)
.

Finally, using consistency of potential outcomes P
(
Ti(π) = d

∣∣∣Zi, |Ni|, Di = π(Xi),
∑

k∈Ni Dk =∑
k∈Ni π(Xk)

)
= P

(
Ti = d

∣∣∣Zi, |Ni|, Di = π(Xi),
∑

k∈Ni Dk =
∑

k∈Ni π(Xk)
)
. Similar rea-

soning also applies to neighbors’ selected treatments, which depend on the assigned treat-

ments to the second-degree neighbors. The proof completes.

The proofs of Proposition 3.2 is described in the Footnote 12 of the main text and

omitted for the sake of brevity.
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Appendix D Regret Bounds

Theorem D.1. Suppose conditions in Theorem 4.2 holds. Then,

E
[

sup
π∈Π
|W (π)−Wn(π̂aipwmc,ec)|

]
≤ (Γ1+Γ2)

C̄

δ

(
L+

L

δ2
0

+
1

δ2
0

)
E[NM

n,MN
3/2
n,1 log(Nn,1)]

√
VC(Π)

n
+KΠ(n),

for a universal constant C̄ <∞.

Proof. Let Si(π) =
∑

k∈Ni π(Xk). To prove the result we will use Lemma B.8 combined

with the symmetrization argument (Lemma B.1). Notice first that by Equation (16),

E
[

sup
π∈Π
|W (π)−Wn(π)|

]
≤ KΠ(n) + E

[
sup
π∈Π
|W ∗(π)−Wn(π)|

]
where

W ∗(π) =
1

n

n∑
i=1

E
[
m(π(Xi), Si(π), Zi, |Ni|

)]
.

By Lemma C.2, we have that W ∗(π) = E[Wn(π,mc, ec)] under correct specification of either

mc or ec. Therefore for i ∈ {1, · · · , n}

W ∗(π) =
1

n

n∑
i=1

E
[1{π(Xi) = Di,

∑
k∈Ni

π(Xk) =
∑
k∈Ni

Dk}

ec
(
π(Xi), Si(π), Oi

) (
Yi −mc

(
π(Xi), Si(π), Zi, |Ni|

))]
+

+ E
[
mc
(
π(Xi), Si(π), Zi, |Ni|

)]
,

where Oi = (Zk∈Ni , Zi, |Ni|). Using the triangular inequality, we decompose the supremum

of the empirical process into three terms as follows.

sup
π∈Π
|W (π)−Wn(π,mc, ec)| ≤ sup

π∈Π

∣∣∣T1(π,mc, ec)− E[T1(π,mc, ec)]
∣∣∣︸ ︷︷ ︸

(A)

+ sup
π∈Π

∣∣∣T2(π,mc, ec)− E[T2(π,mc, ec)]
∣∣∣︸ ︷︷ ︸

(B)

+ sup
π∈Π

∣∣∣T3(π,mc)− E[T3(π,mc)]
∣∣∣︸ ︷︷ ︸

(C)

,

where

T1(π,mc, ec) =
1

n

n∑
i=1

1{π(Xi) = Di,
∑
k∈Ni

π(Xk) =
∑
k∈Ni

Dk}

ec
(
π(Xi), Si(π), Oi

) Yi

T2(π,mc, ec) =
1

n

n∑
i=1

1{π(Xi) = Di,
∑
k∈Ni

π(Xk) =
∑
k∈Ni

Dk}

ec
(
π(Xi), Si(π), Oi

) mc
(
π(Xi),

∑
k∈Ni

π(Xk), Zi, |Ni|
)

T3(π,mc) =
1

n

n∑
i=1

mc
(
π(Xi), Si(π), Zi, |Ni|

)
.

(48)
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The proof consists in providing upper bounds for (A), (B), and (C). For each the three cases

we have by Lemma B.1 and the law of iterated expectations

(A) ≤ 2E
[
E
[

sup
π∈Π
| 1
n

n∑
i=1

σi
1{π(Xi) = Di,

∑
k∈Ni

π(Xk) =
∑
k∈Ni

Dk}

ec
(
π(Xi), Si(π), Oi

) Yi|
∣∣∣A]]

(B) ≤ 2E
[
E
[

sup
π∈Π
|
n∑
i=1

σi
1{π(Xi) = Di,

∑
k∈Ni

π(Xk) =
∑
k∈Ni

Dk}

nec
(
π(Xi), Si(π), Oi

) mc(π(Xi),
∑
k∈Ni

π(Xk), Zi, |Ni|)|
∣∣∣A]]

(C) ≤ 2E
[
E
[

sup
π∈Π
| 1
n

n∑
i=1

σim
c
(
π(Xi), Si(π), Zi, |Ni|

)
|
∣∣∣A]].

(49)

Here, σ1, · · · , σn denote independent Rademacher random variables. We complete the proof

by invoking Lemma B.8 for each of the three terms in the right hand sides of Equation (49).

This step requires to check the conditions in Lemma B.8, which include lipschitz continuity

and bounded third moment whenever
{∑

k∈Ni π(Xk) = 0
}

. We start from the first term

(A). We first check Lipschitz continuity. Under Assumption 4.1, by Lemma B.5

φi(d,N) :=
1{d=Di,N=

∑
k∈Ni

Dk}

ec
(
d,N,Oi

) is 2
δ -Lipschitz in N conditional on the data. In addition,

the function is bounded by Assumption 4.1, therefore

E
[
Y 3
i

1{π(Xi) = Di, 0 =
∑

k∈Ni Dk}

ec
(
π(Xi), 0, Oi

)3

∣∣∣A] < Γ2
1

δ3
0

<∞.

By Lemma B.8,

E
[
E
[

sup
π∈Π
| 1
n

n∑
i=1

σi
1{π(Xi) = Di,

∑
k∈Ni

π(Xk) =
∑
k∈Ni

Dk}

ec
(
π(Xi), Si(π), Oi

) Yi|
∣∣∣A]]

≤ C

δ

1

δ
√

3
0

E[NM
n,MN

3/2
n,1 log(Nn,1)]Γ1

√
VC(Π)

n
.

Next, we bound the second term E[supπ∈Π |T2(π,mc, ec) − E[T2(π,mc, ec)]|]. We claim

that the conditions in B.8 are satisfied for T2(π,mc, ec). To show this, observe that by

Assumption 4.1 (LP) mc(d, S, Zi) is Lipschitz in its second argument. As a result

oi(d,N) :=
1{d = Di, N =

∑
k∈Ni Dk}

ec
(
d,N,Oi

) mc(d,N,Oi)

is L
δ -Lipschitz in its second argument, for N ∈ Z.41 In addition, the moment condition is

41Observe that

|oi(d,N)− oi(d,N ′)| ≤
1

δ
|mc(d,N,Zi)−mc(d,N ′, Zi)| ≤

L

δ
|N −N ′|.
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satisfied, since under Assumption 4.1 (TC),

E
[1{π(Xi) = Di,

∑
k∈Ni Dk = 0}

ec
(
π(Xi), 0, Oi

)3 mc(d, 0, Zi)
3
∣∣∣A] < Γ2

2

δ3
0

<∞.

By Lemma B.1 and Lemma B.8, for the same argument used for the first term,

E
[

sup
π∈Π
|T2(π,mc, ec)− E[T2(π,mc, ec)]|

]
≤ C ′ (L+ 1)

δ
√

3
0 δ

E[NM
n,MN

3/2
n,1 log(Nn,1)]Γ2

√
VC(Π)

n

for a finite constant C ′ < ∞. Similarly, by Lemma B.1 and Lemma B.8 and the same

argument used for the first term,

E
[

sup
π∈Π
|T3(π,mc)− E[T3(π,mc)]|

]
≤ C ′′(L+ 1)E[NM

n,MN
3/2
n,1 log(Nn,1)]Γ2

√
VC(Π)

n

for a universal constant C ′′ <∞.

Corollary. Theorem 4.2 holds.

Proof. Following Kitagawa and Tetenov (2018),

E
[

sup
π∈Π

W (π)−W (π̂mc,ec)
]

= E
[

sup
π∈Π

W (π)−Wn(π̂mc,ec ,m
c, ec) +Wn(π̂mc,ec ,m

c, ec)−W (π̂mc,ec)
]

≤ E
[

sup
π∈Π

W (π)−Wn(π,mc, ec) +Wn(π̂mc,ec ,m
c, ec)−W (π̂mc,ec)

]
≤ E

[
2 sup
π∈Π
|W (π)−Wn(π,mc, ec)|

]
where the last inequality follows by the triangular inequality. The bound on the right hand

side is given by Theorem D.1.

Corollary. Theorem 4.3 hold.

Proof. Let Oi = (Zk∈Ni , Zi, |Ni|) and Ii(π) = 1{Di = π(Xi),
∑

k∈Ni Dk = Si(π)}. We have

E
[

sup
π∈Π

W (π)−W (π̂aipwm̂c,êc)
]
≤ 2E

[
sup
π∈Π
|W aipw

n (π,mc, ec)−W (π)|
]

︸ ︷︷ ︸
(I)

+ 2E
[

sup
π∈Π
|W aipw

n (π, m̂c, êc)−Wn(π,mc, ec)|
]

︸ ︷︷ ︸
(II)

.

Term (I) is bounded by Theorem D.1. We now study (II).

(II) = E
[

sup
π∈Π

∣∣∣ 1
n

n∑
i=1

Ii(π)

êc(π(Xi), Si(π), Oi)

(
Yi − m̂c(π(Xi), Si(π), Zi, |Ni|

)
+

1

n

n∑
i=1

(
m̂c(π(Xi), Si(π), Zi, |Ni|

)
−mc(π(Xi), Si(π), Zi, |Ni|

))
− 1

n

n∑
i=1

Ii(π)

ec(π(Xi), Si(π), Oi)

(
Yi −mc(π(Xi), Si(π), Zi, |Ni|

)∣∣∣].
(50)
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We can now use the triangular inequality.

(50) ≤ E
[

sup
π∈Π

∣∣∣ 1
n

n∑
i=1

Ii(π)

ec(π(Xi), Si(π), Oi)êc(π(Xi), Si(π), Oi)
(Yi −mc(π(Xi), Si(π), Zi, |Ni|))×

×
(
ec(π(Xi), Si(π), Oi)− êc(π(Xi), Si(π), Oi)

)∣∣∣]
+ E

[
sup
π∈Π

∣∣∣ 1
n

n∑
i=1

(
m̂c(π(Xi), Si(π), Zi, |Ni|

)
−mc(π(Xi), Si(π), Zi, |Ni|

))∣∣∣]
+ E

[
sup
π∈Π

∣∣∣ 1
n

n∑
i=1

Ii(π)

êc(π(Xi), Si(π), Oi)
(m̂c(π(Xi), Si(π), Zi, |Ni|)−mc(π(Xi), Si(π), Zi, |Ni|)

∣∣∣].
By Assumption 4.1, and Holder’s inequality we have that

E
[

sup
π∈Π

∣∣∣ 1
n

n∑
i=1

Ii(π)

ec(π(Xi), Si(π), Oi)êc(π(Xi), Si(π), Oi)
(Yi −mc(π(Xi), Si(π), Zi, |Ni|))

×
(
ec(π(Xi), Si(π), Oi)− êc(π(Xi), Si(π), Oi)

)∣∣∣]
≤ 1

δ2
E
[

sup
π∈Π

1

n

n∑
i=1

∣∣∣(Yi −mc(π(Xi), Si(π), Zi, |Ni|))×
(
ec(π(Xi), Si(π), Oi)− êc(π(Xi), Si(π), Oi)

∣∣∣)].
(51)

Similarly,

E
[

sup
π∈Π

∣∣∣ 1
n

n∑
i=1

Ii(π)

êc(π(Xi), Si(π), Oi)

(
m̂c(π(Xi), Si(π), Zi, |Ni|)−mc(π(Xi), Si(π), Zi, |Ni|

)∣∣∣]
≤ 1

δ
E
[

sup
π∈Π

1

n

n∑
i=1

∣∣∣(m̂c(π(Xi), Si(π), Zi, |Ni|)−mc(π(Xi), Si(π), Zi, |Ni|
)∣∣∣].

Now notice that for the conditional mean we have that the following expression

sup
π∈Π

∣∣∣m̂c(π(Xi),
∑
k∈Ni

π(Xk), Zi, |Ni|)−mc(π(Xi),
∑
k∈Ni

π(Xk), Zi, |Ni|)
∣∣∣.

is bounded by Holder’s inequality by

∣∣∣ |Ni|∑
h=1

(mc(π(Xi), h, Zi, |Ni|)− m̂c(π(Xi), h, Zi, |Ni|))1{
∑
k∈Ni

π(Xk) = h}
∣∣∣

≤ max
s≤|Ni|

|mc(π(Xi), s, Zi, |Ni|)− m̂c(π(Xi), s, Zi, |Ni|)|,

since
∑|Ni|

h=1 1{
∑

k∈Ni π(Xk) = h} = 1. A similar bound applies to Equation (51). By

Assumption 4.2 the proof completes.
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D.1 Proof of Theorem 4.4

Throughout the proof we define

Ii(π) = 1{π(Xi) = Di,
∑
k∈Ni

π(Xk) =
∑
k∈Ni

Dk}, Ĩi(d, s) = 1{d = Di, s =
∑
k∈Ni

Dk},

ei(π) = e
(
π(Xi),

∑
k∈Ni

π(Xk), Zk∈Ni
, Zi, |Ni|

)
, ẽi(d, s) = e

(
d, s, Zk∈Ni

, Zi, |Ni|
)

mi(π) = m(π(Xi),
∑
k∈Ni

π(Xk), Zi, |Ni|), m̃i(π) = m(d, s, Zi, |Ni|).

(52)

We denote ε̃i = Yi−m(π(Xi),
∑

k∈Ni π(Xk), Zi, |Ni|). Whenever we use ê, m̂ we refer to the

estimated nuisances. By Lemma F.2, we have

E
[

sup
π∈Π

W (π)−W (π̂aipwm̂c,êc)
]
≤ 2E

[
sup
π∈Π
|W ai

n (π,mc, ec)−W (π)|
]

︸ ︷︷ ︸
(I)

+2E
[

sup
π∈Π
|W ai

n (π, m̂c, êc)−Wn(π,mc, ec)|
]

︸ ︷︷ ︸
(II)

.

Term (I) is bounded by Theorem D.1. We now study (II).

E
[

sup
π∈Π
|W aipw

n (π, m̂c, êc)−Wn(π,mc, ec)|
]

= E
[

sup
π∈Π
| 1
n

n∑
i=1

Ii(π)

êi(π)
(mi(π)− m̂i(π)) + εi

Ii(π)

êi(π)
+ m̂i(π)−mi(π)|

]
= E

[
sup
π∈Π
| 1
n

n∑
i=1

( Ii(π)

êi(π)
− Ii(π)

ei(π)

)
(mi(π)− m̂i(π)) + ε̃i

Ii(π)

êi(π)
+
( Ii(π)

ei(π)
− 1
)
m̂i(π)−mi(π)|

]
.

(53)

The last equality follows after adding and subctracting the component Ii(π)
ei(π)(mi(π) −

m̂i(π)). Observe now that we can bound the above component as follows.

E
[

sup
π∈Π
| 1
n

n∑
i=1

( Ii(π)

êi(π)
− Ii(π)

ei(π)

)
(mi(π)− m̂i(π)) + ε̃i

Ii(π)

êi(π)
+
( Ii(π)

ei(π)
− 1
)
m̂i(π)−mi(π)|

]
≤E

[
sup
π∈Π
| 1
n

n∑
i=1

( Ii(π)

êi(π)
− Ii(π)

ei(π)

)
(mi(π)− m̂i(π))

∣∣∣]︸ ︷︷ ︸
(i)

+E
[

sup
π∈Π

∣∣∣ 1
n

n∑
i=1

ε̃i

( Ii(π)

êi(π)
− Ii(π)

ei(π)

)
︸ ︷︷ ︸

(ii)

∣∣∣]

+ E
[

sup
π∈Π

∣∣∣ 1
n

n∑
i=1

ε̃i
Ii(π)

ei(π)︸ ︷︷ ︸
(iii)

∣∣∣]+ E
[

sup
π∈Π

∣∣∣ 1
n

n∑
i=1

( Ii(π)

ei(π)
− 1
)

(m̂i(π)−mi(π))︸ ︷︷ ︸
(iv)

∣∣∣].
(54)

The first step consists in showing that the terms (ii), (iii), (iv) are centered around zero.

(iii) directly follows since none of the nuisance functions is estimated. We therefore discuss

the expectation of (ii) and (iv). We start from (ii). By Algorithm 1, under Assumption

4.3, we claim that

E
[
ε̃i

(Ii(π)

êi(π)
− Ii(π)

ei(π)

)]
= 0. (55)
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This follows by the underlying argument: using the law of iterated expectations

E[(ii)] = E
[
E
[(
r(π(Xi),

∑
k∈Ni

π(Xk), Zi, |Ni|, εi)−mi(π)
)(

Ii(π)

êi(π)
− Ii(π)

ei(π)

)∣∣∣êi, Zi, Zk∈Ni
, π(Xi),

∑
k∈Ni

π(Xk), A
]]
.

(56)

Observe now that since êi(π) is estimated on an independent sample from εi, conditional

on A, under Assumption 3.4,

E
[
r(π(Xi),

∑
k∈Ni

π(Xk), Zi, |Ni|, εi)
( Ii(π)

êi(π)
− Ii(π)

ei(π)

)∣∣∣êi, Zi, π(Xi), Zk∈Ni

∑
k∈Ni

π(Xk), A
]

=

m(π(Xi),
∑
k∈Ni

π(Xk), Zi, |Ni|)E
[ Ii(π)

êi(π)
− Ii(π)

ei(π)

∣∣∣êi, Zi, π(Xi), Zk∈Ni

∑
k∈Ni

π(Xk), A
]
,

(57)

where the last equality follows by the network exogeneity assumption in Assumption 3.4.

Therefore, Equation (55) holds. Using Lemma B.1, we have that

(ii) ≤ 2E
[

sup
π∈Π

∣∣∣ 1
n

n∑
i=1

σiε̃i

(
Ii(π)

êi(π)
− Ii(π)

ei(π)

)∣∣∣] (58)

where σi are Radamacher random variables. For n > Ñ , we have that

sup
π∈Π,i

∣∣∣ Ii(π)

êi(π)
− Ii(π)

ei(π)

∣∣∣ ≤ sup
d,s,i

∣∣∣ Ĩi(d, s)
ẽi(d, s)

− Ĩi(d, s)

ˆ̃ei(d, s)

∣∣∣ ≤ 2

δ
. (59)

Therefore, since s is discrete we obtain that for n ≥ Ñ , Ĩi(d,s)
ẽi(d,s)

− Ĩi(d,s)
ˆ̃ei(d,s)

is Lipschitz in s

with constant 4/δ. Under Assumption 4.1, we obtain that ε̃i has third moment bounded.

Under Lemma B.8, Assumption 3.3, the bounded degree assumption and the law of iterated

expectations, we have that for n ≥ Ñ ,

E
[

sup
π∈Π

∣∣∣ 1
n

n∑
i=1

σiε̃i

(
Ii(π)

êi(π)
− Ii(π)

ei(π)

)∣∣∣] ≤ C̄√VC(Π)/n (60)

for a constant C̄ <∞ which does not depend on n. Notice now that the same reasoning also

applies to (iii) and (iv) since, under the Network cross-fitting rule, each of these elements

is centered around zero. We are now left to bound (i). Observe that we have

(i) ≤ E
[√√√√ 1

n

n∑
i=1

sup
d,s

( 1

ẽi(d, s)
− 1

ˆ̃ei(d, s)

)2

√√√√ 1

n

n∑
i=1

sup
d,s

(
m̃i(d, s)− ˆ̃mi(d, s)

)2]

≤

√√√√E
[ 1

n

n∑
i=1

sup
d,s

( 1

ẽi(d, s)
− 1

ˆ̃ei(d, s)

)2]√√√√E
[ 1

n

n∑
i=1

sup
d,s

(
m̃i(d, s)− ˆ̃mi(d, s)

)2]
≤ C̄n1/2,

(61)

for a finite constant C̄ <∞.

59



Theorem 7.1

By the law of iterated expectations we obtain that if either mc or ec are correctly specified,

and since the identification conditions also hold on target units,

E[W t
n(π,mc, ec)] = W (π) (62)

similarly to what discussed in Kitagawa and Tetenov (2018). We can now bound the regret

using similar arguments as above. In particular, by trivial rearrengement, we obtain that

sup
π∈Π

W (π)−W (π̂aipw) ≤ 2 sup
π∈Π

∣∣∣W t
n(π,mc, ec)−W (π)

∣∣∣. (63)

Notice now that the exact same argument for bounding the above term follows from the

proof of Theorem D.1 holds, whereas in such a case the moment conditions also depend on

ρ̄. In particular the moment bounds are multiplied by ρ̄3. Similarly, the Lipschitz constant

of the conditional mean function also must be multiplied by the term ρ̄.

Appendix E Extensions

E.1 Increasing overlap by restricting treatment exposures]

Additional modeling restrictions may be imposed to reduce the dimensionality of the prob-

lem and guarantee strict overlap. For example, suppose that the researcher imposes the

following restriction, for some ordered τ1, τ2, τ3, τ4:42

r(d, s, z, l, e) =



r̄1(d, z, l, e) if s/l ≤ τ1

r̄2(d, z, l, e) if τ1 < s/l ≤ τ2

r̄3(d, z, l, e) if τ2 < s/l ≤ τ3

r̄4(d, z, l, e) if τ3 < s/l ≤ τ4

(64)

for some possibly unknown functions r̄1, r̄2, r̄3, r̄4. Then the number of possible exposures

reduces to 8 different exposures. In this case the propensity score defines the probability

of each of this exposure. In particular, for the individual treatment assignment d and a

percentage of treated neighbors we have the following definition of propensity score:

ẽ(d, τm,x, z, l) = P
(
Di = d, lτm−1 <

∑
k∈Ni

Dk ≤ lτm
∣∣∣Zk∈Ni = x, Zi = z, |Ni| = l

)
=

∑
s∈{τm−1,...,τm}

e(d, s,x, z, l).
(65)

42The choice of four neighbors’ exposures is purely for expositional convenience.
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Then define gi(π) = arg minm

{∣∣∣∑k∈Ni π(Xk)/|Ni| − τm
∣∣∣, s.t. : τm ≥

∑
k∈Ni π(Xk)/|Ni|

}
the index corresponding to the treatment exposure for the given policy intervention. The

inverse-probability estimator for a policy π, takes then the following form

1

n

n∑
i=1

1{τgi(π)−1 <
∑

k∈Ni Dk ≤ τgi(π), π(Xi) = Di}

ẽ
(
π(Xi), τgi(π), Zk∈Ni , Zi, |Ni|

) Yi. (66)

E.2 Higher Order Interference

In this section, we discuss the case of two-degree interference. The generalization to K-

degree interference follows similarly to what is discussed in this section. For a given A,

we denote the set of second degree neighbors of individual i as Ni,2(A). The set Ni,2(A)

contains each element j 6= i such that there exists a connecting path of length two between

j and i, repeated by the number of such paths.

Formally, for a given adjacency matrix A we let Ni,2(A) = {j|kj,i(A)| : kj,i(A) = {k 6∈
{j}∪{i} : A(i,k)A(k,j) 6= 0}}, the set containing second degree neighbors, where each element

j has multiplicity |kj,i(A)|. We will refer to the set of Ni, Ni,2 by omitting their dependence

on the adjacency matrix A whenever possible. We will assume that the first and second-

degree neighbors are observable. We also assume that researchers observe the treatment

assignment Di of each unit, covariates of individuals, Zi, that may also contain sufficient

statistics of first and second-degree neighbors’ statistics. We let the policy function depend

on characteristics Xi ⊆ (Zi, |Ni|, |Ni,2|), Xi ∈ X .

Assumption E.1. (Two-Degrees Interference Model) For all unit i, there exist a function

r(.) such that

Yi = r
(
Di,

∑
k∈Ni

Dk,
∑
k∈Ni,2

Dk, Zi, |Ni|, |Ni,2|, εi
)

almost surely, where Ni,2 = {j|kj,i(A)| : kj,i(A) = {k 6∈ {j} ∪ {i} : A(i,k)A(k,j) 6= 0}}.

Assumption E.1 generalizes Assumption 3.1 to two-degrees interference. It assumes

each unit’s potential outcome only depends on its treatment status, the number of first

degree neighbors, the number of second-degree neighbors, the number of treated first-degree

neighbors, and the number of treated second-degree neighbors.

Assumption E.2. Let the following holds.

(ID) For all (i, j) ∈ {1, ..., n}2,

P (εi ≤ x|Zi = z, |Ni| = l, |Ni,2| = l2) = P (εj ≤ x|Zj = z, |Nj | = l, |Nj,2| = l2)

for all z ∈ Z, l, l2 ∈ Z, x ∈ R.
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(UN1) For all i ∈ {1, ..., n}, Di = fD(Zi, εDi) where εDi are i.i.d. and independent of observ-

ables and unobservables.

(UN2) For all i ∈ {1, ..., n}, εi ⊥
(
Ni, Zj∈Ni , Ni,2, Zj∈Ni,2 , Ni∈Ni , Ni∈Ni,2

)∣∣∣Zi, |Ni|, |Ni,2|.

Based on the previous assumption, we can now formalize the definition of the conditional

mean function and the propensity score.

Definition E.1. (Conditional Mean) Under Assumption E.1 and Assumption E.2 the con-

ditional mean function under two degree interference is

m2(d, s1, s2, z, l, l2) = E
[
r
(
d, s1, s2, Zi, |Ni| = l, |Ni,2| = l2, εi

)∣∣∣Zi = z
]

as a function of (d, s1, s2, z, l, l2) only.

The second causal estimand of interest is the propensity score.

Definition E.2. (Propensity Score) Under Assumption E.2 the propensity score is defined

as

e2(d, s1, s2,x1,x2, z, l, l2) = P
(
Di = d,

∑
k∈Ni

Dk = s1,
∑
k∈Ni,2

Dk = s2

∣∣∣Vi(x1,x2, z, l, l2)
)

Vi(x1,x2, z, l, l2) = {Zk∈Ni = x1, Zk∈Ni,2 = x2, Zi = z, |Ni| = l, |Ni,2| = l2}

Assumption E.2 guarantees that the propensity score is not unit-specific. The expres-

sion above can be decomposed as a sum of products of marginal conditional probabilities,

similarly to what discussed in Equation (12) under one degree interference.43

Estimation can be performed similarly to what discussed in Section 4 under one degree

interference. For instance the estimated welfare obtained by using the conditional mean

function only is defined as

Ŵn,2(π) =
1

n

n∑
i=1

m̂2

(
π(Xi),

∑
k∈Ni

π(Xk),
∑
k∈Ni,2

π(Xk), Zi, |Ni|, |Ni,2|
)
. (68)

43Namely,

e2(d, s1, s2,x1,x2, z, l, l2) = P
(
Di = d|Zi = z

)
×( ∑

u1,...,u|Ni|:
∑

v uv=s1

l∏
k=1

P
(
D
N

(k)
i

= uk

∣∣∣Z
N

(k)
i

= xk,.1

))

×
( ∑
u1,...,u|Ni,2|:

∑
v uv=s2

l2∏
k=1

P
(
D
N

(k)
i,2

= uk

∣∣∣Z
N

(k)
i,2

= xk,.2

))
,

(67)

which can be estimated by plugging-in the conditional marginal probabilities obtained via maximum likeli-
hood.
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E.3 Capacity Constraints

In this section, we discuss capacity constraints using concentration arguments, and we quan-

tify such an error in the presence of locally dependent random variables. Further discussion

on capacity constraints for i.i.d. data can be found in Kitagawa and Tetenov (2018), Bhat-

tacharya and Dupas (2012), Adusumilli et al. (2019), whereas here we differently account

for the network structure. To achieve this goal, we impose conditions on the dependence of

the random variables used for the targeting exercise.

Assumption E.3. (Local Dependence 2) Let {Wi, i ∈ {1, ...,∞}} denote an arbitrary set of

possibly unobserved independent random variables. For each i ∈ {1, ..., n} let Si ⊂ {1, ...,∞}
denote an arbitrary set of such random variables. Suppose that we can write Xi : WSi 7→ X
depending on some arbitrary WSi. Suppose in addition that maxi∈{1,...,n} |j : Si ∩ Sj 6= ∅| ≤
m <∞, where |j : Si ∩ Sj 6= ∅| denotes the cardinality of the set of dependent Xi.

The condition is similar to what discussed in Assumption 4.3, whereas here it is only

imposed on variables Xi. Under Assumption E.3, we show that the constraint equation

concentrates uniformly over all possible policies around its expectation at an exponential

rate. Such a result guarantees control on the number of treated units, also once the policy

is scaled at the population level.

Proposition E.1. Suppose that Assumption E.3 holds and Xi are identically distributed.

Assume that Π has finite VC-dimension. Then there exists a universal constant C̄ such that

with probability at least 1− γ,

sup
π∈Π

∣∣∣ 1
n

n∑
i=1

π(Xi)−
∫
x∈X

π(x)dFX(x)
∣∣∣ ≤ C̄√VC(Π)/n+ 2m

√
log(2/γ)/n (69)

Proposition E.1 guarantees non-asymptotic probability bound on the in-sample capacity

constraint. Intuitively, it shows that the sample analog constraint converges to the target

constraint at the optimal rate, for the bounded degree, uniformly on the function class, also

under local dependence.

Proof. First, by Lemma B.1 we can bound the expectation as

E
[

sup
π∈Π

∣∣∣ 1
n

n∑
i=1

π(Xi)− E[π(Xi)]
∣∣∣] ≤ 2E

[
sup
π∈Π

∣∣∣ 1
n

n∑
i=1

σiπ(Xi)
∣∣∣]. (70)

By finiteness of the VC dimension, and by the fact that the maximum diameter of Π is two,

we have as discussed in Chapter 5 in Wainwright (2019), that for a universal constant C̄∫ 2

0

√
log(N2(u,Π))du ≤ C̄

√
V C(Π). (71)
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Therefore by Lemma F.7

E
[

sup
π∈Π

∣∣∣ 1
n

n∑
i=1

σiπ(Xi)
∣∣∣] ≤ C̄ ′√V C(Π)/n. (72)

for a universal constant C̄ ′. We are left to show concentration of the left-hand side in

Equation (69) around its expectation. Notice now that

1

n

n∑
i=1

π(Xi)−
∫
π(x)dFx(x) (73)

satisfies the bounded difference inequality with constant 2/n. In addition, by Assumption

E.3, units Xi satisfy the definition of (HD,m) discussed in Definition 3 in Paulin (2012)

for finite m. In addition by Lemma 1.1 in Paulin (2012), the random variables are also

(HD,m,m). By Corollary 2.1 in Paulin (2012), we have that

P
(∣∣∣ sup

π∈Π

∣∣∣ 1
n

n∑
i=1

π(Xi)−
∫
π(x)dF (x)

∣∣∣− E
[

sup
π∈Π

∣∣∣ 1
n

n∑
i=1

π(Xi)−
∫
π(x)dF (x)

∣∣∣]∣∣∣ > t
)

≤ 2 exp
(
− nt2

m22

)
.

(74)

by setting γ = 2 exp
(
− nt2

m22

)
and t = m

√
log(2/γ)/n, we obtain that with probability 1−γ

,

∣∣∣ sup
π∈Π

∣∣∣ 1
n

n∑
i=1

π(Xi)−
∫
π(x)dF (x)

∣∣∣−E[ sup
π∈Π

∣∣∣ 1
n

n∑
i=1

π(Xi)−
∫
π(x)dF (x)

∣∣∣]∣∣∣ ≤ m√log(2/γ)/n.

(75)

Therefore, using the bound on the expectation derived above, we have

sup
π∈Π

∣∣∣ 1
n

n∑
i=1

π(Xi)−
∫
π(x)dF (x)

∣∣∣ ≤ C̄√V C(Π)/n+m
√

log(2/γ)/n. (76)

Appendix F Preliminary lemmas and discussion on measur-

ability

This section collects a first set of lemmas from past literature that we invoke in our proofs.

Lemma F.1. (Brook’s Theorem,Brooks (1941)) For any connected undirected graph G with
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maximum degree ∆, the chromatic number of G is at most ∆ unless G is a complete graph

or an odd cycle case the chromatic number is ∆ + 1.

The next lemma discuss the case of estimated conditional mean and propensity score

function. The lemma follows from Kitagawa and Tetenov (2018).

Lemma F.2. (From Kitagawa and Tetenov (2018)) The following holds.

sup
π∈Π

W (π)−W (π̂aipwm̂c,êc) ≤ 2 sup
π∈Π
|W aipw

n (π,mc, ec)−W (π)|+2 sup
π∈Π
|Ŵ aipw

n (π, m̂c, êc)−Wn(π,mc, ec)|.

Lemma F.3. (Lemma A.1, Kitagawa and Tetenov (2019)) Let t0 > 1, define

g(t) :=

 0, for t = 0

t−1/2, t ≥ 1
, h(t) = t

−1/2
0 − 1

2
t
−3/2
0 (t− t0) + t−2

0 (t− t0).

Then g(t) ≤ h(t), for t = 0 and all t ≥ 1.

In the next two lemmas we formalize two key properties of covering numbers.

Lemma F.4. (Theorem 29.6, Devroye et al. (2013)) Let F1, ...,Fk be classes of real func-

tions on Rd. For n arbitrary points zn1 = (z1, ..., zn) in Rd, define the sets F1(zn1 ), ...,Fk(zn1 )

in Rn by

Fj(zn1 ) = {fj(z1), ..., fj(zn) : fj ∈ Fj}, j = 1, ..., k.

Also, introduce

F = {f1 + ...+ fk; fj ∈ Fj , j = 1, ..., k}.

Then for every ε > 0 and zn1 ,

N1

(
ε,F(zn1 )

)
≤

k∏
j=1

N1

(
ε/k,Fj(zn1 )

)

Lemma F.5. (Pollard, 1990) Let F and G be classes of real valued functions on Rd bounded

by M1 and M2 respectively. For arbitrary fixed points zn1 in Rd, let

J (zn1 ) = {(h(z1), ..., h(zn);h ∈ J }, J = {fg; f ∈ F , g ∈ G}.

Then for every ε > 0 and zn1 ,

N1

(
ε,J (zn1 )

)
≤ N1

( ε

2M2
,F(zn1 )

)
N1

( ε

2M1
,G(zn1 )

)
.

Lemma F.6. (Wenocur and Dudley, 1981) Let g : Rd 7→ R be an arbitrary function and
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consider the class of functions G = {g + f, f ∈ F}. Then

V C(G) = V C(F)

where V C(F), V C(G) denotes the VC dimension respectively of F and G.

An important relation between covering numbers and Rademacher complexity is given

by Dudley’s entropy integral bound.

Lemma F.7. (From Theorem 5.22 in Wainwright (2019)) For a function class F of uni-

formly bounded functions and arbitrary fixed points zn1 ∈ Rd, and Rademacher random

variables σ1, ..., σn in R,

Eσ
[
supf∈F

∣∣∣ 1
n

n∑
i=1

σif(zi)
∣∣∣] ≤ 32√

n

∫ Dq

0

√
log
(
Nq
(
u,F(zn1 )

))
du,

where Dq denotes the maximum diameter of F(zn1 ) according to the metric

dq(f, g) =
(

1
n

∑n
i=1(f(zi)− g(zi))

q
)1/q

.

Theorem 5.22 in Wainwright (2019) provides a general version of Lemma F.7. Equivalent

versions of Lemma F.7 can be found also in Van Der Vaart and Wellner (1996).

Lemma F.8. (Lemma 2.6, Haj lasz and Malỳ (2002)) Let U be a class of measurable func-

tions defined on a measurable space E ⊂ Rn. Then the lattice supremum defined as
∨
U

exists and there is a countable sub-family V ⊂ U such that∨
U =

∨
V = supV. (77)

The above lemma has one important implication: by taking the lattice supremum over

a function class, we are guaranteed that such supremum corresponds to a supremum over

a countable subset, for which the pointwise supremum is defined. By construction, such

class V has VC-dimension bounded by the VC-dimension of the original function class U .

Throughout the rest of our discussion, the supremum is defined as the lattice supremum.

Lemma F.9. Let X1, ..., Xn be independent Bernoulli random variables with bi ∼ Bern(pi).

Let p̄ = 1
n

∑n
i=1 pi with np̄ > 1 and g(.) as defined in the Lemma F.3. Then

E
[
g
( n∑
i=1

Xi

)]
< 2(np̄)−1/2

Proof. The proof follows similarly as in Kitagawa and Tetenov (2019). Let h(.) be the
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function defined in Lemma F.3 with t0 = np̄. By Lemma F.3,

E
[
g
( n∑
i=1

Xi

)]
≤ E

[
h
( n∑
i=1

Xi

)]
= E

[
(np̄)−1/2 − 1

2

√
(np̄)3

( n∑
i=1

Xi −
n∑
i=1

E[Xi]
)

+ (np̄)−2
( n∑
i=1

Xi −
n∑
i=1

E[Xi]
)2]

= (np̄)−1/2 − 1

2
(np̄)−3/20 + (np̄)−2V ar

( n∑
i=1

Xi

)
= (np̄)−1/2 + (np̄)−2

n∑
i=1

pi(1− pi)

≤ (np̄)−1/2 + (np̄)−2
n∑
i=1

pi

= (np̄)−1/2 + (np̄)−2np̄

= (np̄)−1/2 + (np̄)−1 < 2(np̄)−1/2

since np̄ > 1 and (np̄)−1 < (np̄)−1/2.
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Haj lasz, P. and J. Malỳ (2002). Approximation in sobolev spaces of nonlinear expressions

involving the gradient. Arkiv för Matematik 40 (2), 245–274.

Hansen, L. P. (1982). Large sample properties of generalized method of moments estimators.

Econometrica: Journal of the Econometric Society , 1029–1054.

He, X. and K. Song (2018). Measuring diffusion over a large network. arXiv preprint

arXiv:1812.04195 .

Hirano, K. and J. R. Porter (2009). Asymptotics for statistical treatment rules. Economet-

rica 77 (5), 1683–1701.

Horvitz, D. G. and D. J. Thompson (1952). A generalization of sampling without replace-

ment from a finite universe. Journal of the American statistical Association 47 (260),

663–685.

Hudgens, M. G. and M. E. Halloran (2008). Toward causal inference with interference.

Journal of the American Statistical Association 103 (482), 832–842.

Imai, K., Z. Jiang, and A. Malani (2020). Causal inference with interference and non-

compliance in two-stage randomized experiments. Journal of the American Statistical

Association, 1–13.

Imbens, G. W. (2000). The role of the propensity score in estimating dose-response functions.

Biometrika 87 (3), 706–710.

Imbens, G. W. and D. B. Rubin (2015). Causal inference in statistics, social, and biomedical

sciences. Cambridge University Press.

Jackson, M. O. and E. Storms (2018). Behavioral communities and the atomic structure of

networks. Available at SSRN 3049748 .

Kang, H. and G. Imbens (2016). Peer encouragement designs in causal inference with

partial interference and identification of local average network effects. arXiv preprint

arXiv:1609.04464 .

70
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Sävje, F., P. M. Aronow, and M. G. Hudgens (2020). Average treatment effects in the

presence of unknown interference. Annals of Statistics, Forthcoming .

Sinclair, B., M. McConnell, and D. P. Green (2012). Detecting spillover effects: Design

and analysis of multilevel experiments. American Journal of Political Science 56 (4),

1055–1069.

Sobel, M. E. (2006). What do randomized studies of housing mobility demonstrate?

causal inference in the face of interference. Journal of the American Statistical Asso-

ciation 101 (476), 1398–1407.

Stoye, J. (2009). Minimax regret treatment choice with finite samples. Journal of Econo-

metrics 151 (1), 70–81.

Stoye, J. (2012). Minimax regret treatment choice with covariates or with limited validity

of experiments. Journal of Econometrics 166 (1), 138–156.

Su, L., W. Lu, and R. Song (2019). Modelling and estimation for optimal treatment decision

with interference. Stat 8 (1), e219.

Tetenov, A. (2012). Statistical treatment choice based on asymmetric minimax regret cri-

teria. Journal of Econometrics 166 (1), 157–165.

Van Der Vaart, A. W. and J. A. Wellner (1996). Weak convergence. In Weak convergence

and empirical processes, pp. 16–28. Springer.

Vazquez-Bare, G. (2020). Causal spillover effects using instrumental variables. arXiv

preprint arXiv:2003.06023 .

Wager, S. and K. Xu (2020). Experimenting in equilibrium. Management Science, Forth-

coming .

Wainwright, M. J. (2019). High-dimensional statistics: A non-asymptotic viewpoint, Vol-

ume 48. Cambridge University Press.

Wenocur, R. S. and R. M. Dudley (1981). Some special vapnik-chervonenkis classes. Discrete

Mathematics 33 (3), 313–318.

Zhou, Z., S. Athey, and S. Wager (2018). Offline multi-action policy learning: Generalization

and optimization. arXiv preprint arXiv:1810.04778 .

Zubcsek, P. P. and M. Sarvary (2011). Advertising to a social network. Quantitative

Marketing and Economics 9 (1), 71–107.

72


	Introduction
	Related literature

	Policy targeting: a stylized description
	Set up and identification
	Interference
	Identification and dependence
	Causal Estimands
	Welfare of networks
	Non-compliance

	Network empirical welfare maximization
	Semi-parametric welfare estimation 
	Oracle analysis
	Estimation error of nuisance functions under unknown dependence structure
	Rate improvements of double robust methods under known dependence structure

	Mixed-integer linear program formulation
	Empirical application and numerical studies
	Empirical application
	A numerical study

	Extensions
	Higher-order interference
	Capacity constraints
	Different target and sample units

	Conclusions
	Appendix Proofs: Notation and Definitions
	Appendix Auxiliary Lemmas
	Appendix Identification
	Appendix Regret Bounds
	Proof of Theorem 4.4 

	Appendix Extensions
	Increasing overlap by restricting treatment exposures]
	Higher Order Interference
	Capacity Constraints

	Appendix Preliminary lemmas and discussion on measurability

