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1 Introduction

Regulatory changes implemented in 2007 set out the vision of multiple trading venues competing
for order flow and liquidity (see Menkveld, 2014; O’Hara, 2015; Menkveld, 2016; among others).!
Additionally, high-frequency trading has been contributing to scatter quotes across the different
exchanges, making markets much faster with time scales dropping to microseconds or even nanosec-
onds (O’Hara, 2015; Hasbrouck, 2018).

In the context of fragmented markets that operate at extremely fast time frames, answering
questions on the joint dynamics of markets’ quoting activity calls for the use data in high resolu-
tion. However, it is well known that market microstructure noise contaminates ultra-high frequency
data (see Hansen and Lunde, 2006; Ait-Sahalia, 2007; Bandi and Russell, 2008; Barndorff-Nielsen,
Hansen, Lunde and Shephard, 2008; among others), so that errors-in-variable issues arise. This
paper shows how the usual estimation procedures deliver inconsistent estimates of the price discov-
ery measures in the presence of market microstructure noise. In addition, we show how to obtain
consistent and asymptotic normally distributed estimates of the price discovery measures under
alternative assumptions on the market microstructure noise.

Market design and characteristics clearly affect the mechanism and timing of price formation.
Price discovery analyses aims at distinguishing leading from satellite trading platforms by studying
how quickly they impound new information into prices. There are essentially two standard price
discovery measures. The first comprises any variant of Hasbrouck (1995) information share (IS)
that gauges the contribution of each market/venue to the total variation of the efficient price inno-
vation (see, for instance, Grammig, Melvin and Schlag, 2005; Lien and Shrestha, 2009; Fernandes
and Scherrer, 2018). The second relies on the component share (CS) measure resulting from the
permanent-transitory decomposition of Gonzalo and Granger (1995) and Gonzalo and Ng (2001).

If the idea is to gauge how quickly markets react to price innovations, it is paramount to focus
on price behavior at a very high frequency. However, microstructure noise effects typically increase
with the sampling frequency, contaminating both transaction and quotes data. The resulting

error-in-variable problem disrupts traditional price discovery analyses through two channels. First,

! Specifically, Regulation Alternative Trading Systems (RegATS) in 2000 and Regulation National Market System
(RegNMS) in 2007 in the U.S., and Markets in Financial Instruments Directive (MiFiDin) in 2007 in Europe lay the
foundation to the existence of multiple trading venues linked together and competing for liquidity and trades.



measurement error precludes the consistent estimation by least squares (LS) of the parameters
that regulate how fast prices respond to changes in the efficient price. Second, the usual (realized)
covariance matrix estimator is inconsistent, converging to the (integrated) covariance matrix of
price innovations plus the covariance matrix of the microstructure errors. In this paper, we show
how to compute price discovery measures that are robust to market microstructure effects.

At first glance, it seems that reducing the sampling frequency would suffice to alleviate market
microstructure effects. This is indeed the usual fix in the realized measure literature (see, for
instance, Liu, Patton and Sheppard, 2015). Bandi and Russell (2005, 2008) provide some theoretical
justification to this practice by deriving the optimal choice of sampling frequency in a mean squared
error sense. Zhang (2011) extends their results to deal with tradeoffs between the bias and various
sources of stochastic error terms, including nonsynchronous trading, microstructure noise, and time
discretization. It turns out that, even if sampling at a more moderate frequency helps with the
second channel, it does not solve the first channel through which microstructure noise affects price
discovery analyses. We indeed show that the bias in the least-squares (LS) estimation does not
shrink to zero, even if it reduces as the sampling frequency decreases.

Exact discretization of the continuous-time vector equilibrium-correction (VEC) model shows
how sampling frequency affects discrete price discovery measures. Dias, Fernandes and Scherrer
(2019) show that CS measure is invariant to the sampling frequency, whereas the IS measure
converges to the uninformative value of 1/M as sampling frequency decreases, where M is the
number of markets. This allows us to assess the common practice of estimating the CS measure
by sampling at a low enough frequency (say, 5 minutes) to eliminate market microstructure effects.
However the classical errors-in-variable problem persists even at low frequency. To obtain consistent
estimates of the price discovery measures in the presence of microstructure noise, we propose the
use of instrumental variables (IV).

Instrument choice obviously depends on how market microstructure noises interact over time,
and across assets and trading platforms. We propose valid instruments in two settings. The first
allows for a more flexible cross-correlation structure of the microstructure noises across markets,
but limits the order of their autocorrelations. The second accommodates more persistence in the

microstructure noises, but constrains dependence across markets. The additional cost of allowing



more persistent microstructure noise is that instruments in this setting are likely to be rather weak.
As a result, we move away from the standard IV estimator, adopting a continuous-updating GMM
estimator (CU).

We establish consistency and asymptotic normality under both time-span and infill asymptotics.
The former treats the number of intraday observations as fixed, while allowing the number of
days in the sample to diverge. The latter fixes the number of days (say, to one), but allows the
number of intraday observations to grow to infinity. Monte Carlo simulations confirm not only
the inconsistency of the usual price discovery measures in the presence of market microstructure
noise, but also that the IV-based measures perform really well for different noise-to-signal ratios
and contemporaneous correlations.

Apart from IV, we also employ Barndorff-Nielsen, Hansen, Lunde and Shephard’s (2011) realized
kernel (RK) estimator of the covariance matrix, which is consistent in the presence of market
microstructure noise. This allows us to accommodate stochastic changes in the covariance matrix
over time, as well. This is very convenient given the recent evidence that the price discovery
mechanism changes over time. For instance, Hasbrouck (2003), Chakravarty, Gulen and Mayhew
(2004), Hansen and Lunde (2006), and Mizrach and Neely (2008) estimate time-varying price
discovery measures by employing daily VEC model, whereas Ozturk, van der Wel and van Dijk
(2014) focus on intraday variations within a state space approach.

In our empirical illustration, we investigate price discovery for Alcoa (AA) on both New York
Stock Exchange (NYSE) and Nasdaq Stock Market from June 2012 to May 2013. We use mid-
quotes at the one-second frequency, yielding an average of almost 18,000 observations per day. We
compute CS and IS estimates (and their robust standard errors) using both LS and IV methods.
The traditional price discovery analysis based on LS estimates indicates that Nasdaq leads the price
discovery for most of the sample period. Once we account for microstructure noise, the picture
changes dramatically, with the NYSE leading the price discovery for the entire period. This finding
may raise a few questions about previous results in the literature using high-frequency data.

The remainder of this paper is as follows. Section 2 describes the continuous-time setting we
use for the price discovery mechanism. Section 3 shows how to estimate price discovery measures in

a consistent manner accounting for the presence of market microstructure noise. Section 4 reports



an extensive Monte Carlo study showing that our IV-based price discovery measures outperform
the standard measures based on the daily VEC approach. Section 5 investigates how the price
informativeness of the NYSE relative to the Nasdaq changes over time for the Alcoa stock share.

Section 6 offers some concluding remarks.
2 A continuous-time setting for price discovery

As in Dias et al. (2019), we assume that the log-prices of a given asset that trades on multiple

venues follow, on any given day, a continuous-time process given by
dP;, = 11P dt + C dWy, (1)

where P, = (Py4,...,Pyy) is an M x 1 vector collecting the log-prices in each of the M trading
venues, IT = af’ is an M x M reduced-rank matrix, @ and 8 are M x R full-rank matrices, W is
an M x 1 vector of Brownian motions, and C' is an M x M matrix such that the covariance matrix
¥ = CC' is positive definite.

Although not every discrete-time VEC model results from the exact discretization of a continuous-
time reduced-rank Ornstein-Uhlenbeck process, (1) provides a very convenient framework to study
the dynamics of a single asset traded at multiple venues. In particular, it implies that the efficient
price is a martingale, while allowing returns to follow VMA (c0) processes (Dias et al., 2019). Prices
at the different markets should not drift much apart, oscillating around the (latent) efficient price,
as they refer to the same asset. Accordingly, there is R = M — 1 cointegrating relationships, with
log-prices sharing the asset’s efficient price as the single common stochastic trend. We assume
without loss of generality that § is known, taking the form of 8 = (Ig, —tg)’, where tr denotes a
R x 1 unit vector.

In turn, « determines how quickly each market reacts to deviations from the long-run equilibria
given by 'P;. Note that « reflects not only institutional characteristics of each market, such as
cost structure, technological infrastructure, and traders’ composition, but also liquidity aspects,
such as trading activity, volume and market share (Eun and Sabherwal, 2003; Figuerola-Ferretti
and Gonzalo, 2010; Frijns, Gilbert and Tourani-Rad, 2015). Similarly, the price innovations in each
trading platform also reflect the market microstructure effects that may feedback into the efficient

price dynamics



The solution to (1) is an homogenous Gaussian Markov process given by
¢
P, = exp (t1I) [Pg + / exp (—ull) C'dW, |, (2)
0

whose exact discretization boils down to an homoskedastic Gaussian VAR(1) process that admits
a Gaussian VEC(0) representation.? To formalize the properties of (1), Kessler and Rahbek (2004)

restrict the autoregressive matrix Il so as to ensure identification.

Assumption RROU  The reduced-rank OU process in (1) is such that all eigenvalues of II are
real and no elementary divisor of IT occurs more than once. In addition, «, 8 and '« have full

column rank R, with every eigenvalue of '« having negative real parts.

Assumption RROU follows directly from Kessler and Rahbek (2004) and establishes the nec-
essary conditions for (1) the uniqueness of the mapping 6 = (II,X) 2y P(0) = (Ils,Xs5) from
continuous-time to discrete-time parameters at sampling interval d; (2) the injectivity of the map-
ping ¢ and identifiability of 6; (3) the existence of a Granger representation theorem (GRT) in

continuous time; and (4) the exact discretization of the reduced-rank OU process in (1).

To work out the exact discretization of (1), we assume prices are observed regularly and equidis-
tantly over the unit interval [0, 1] that represents a trading day (calendar-time sampling, as dis-
cussed in Hansen and Lunde, 2006). Denote each interval contained in [0, 1] as [t;,t;—1], where
i =1,2,...,n and n is the total number of intervals such that 0 =ty < t; < ... <t, = 1. The
length of each interval is § = ¢; —¢;—1 = 1/n in [0, 1]. For instance, the usual trading day in the U.S.
market lasts for 6.5 hours (23,400 seconds), and hence sampling 1 observation per minute yields
n = 390 and § = 1/390. Next, denote by exp(A) the matrix exponential of an M x M matrix A

such that exp(A4) = Y72 % A’. The exact discretization of (1) at interval length & reads
APtl‘ - H5Pti_1 + Etm (3)

where Iy = a5 and a5 = o (8'e) " [exp(88') — Ig], with I denoting a R-dimensional identity
matrix, P, is an M X 1 vector of log-prices observed at discrete time, and the innovation ¢, is iid

Gaussian with zero mean and covariance matrix given by 35 = f05 exp (ull) Xexp (ull’) du. Note

2 To contemplate reduced-rank continuous-time processes with more general lag structures in their discrete-time

counterparts, it suffices to apply the Laplace transform function to the lag operator (Nguenang, 2016).



that as = as(a) and X5 = Xs(a, 3) are known functions of the continuous-time parameters in (1).
We next summarize the properties of the discrete-time VEC model in (3) implied by the exact

discretization of (1) as derived by Kessler and Rahbek (2004).

Lemma 1 Let Assumption RROU holds, then the discrete-time VEC process in (3) is such that
prices are not explosive in that the roots of the characteristic polynomial |I — (Il5 + I;)z| = 0 are
either outside the unit circle or equal to one; rank (a3’) = rank (agf’), the column space of «; is the
same as the column space of a in that the number of unit roots equals M — R; and the estimation
of the continuous-time parameters readily follows form the discrete-time log-likelihood in that
¢ (a,%) = (% (as,s), where £¢ and £¢ denote the continuous- and discrete-time log-likelihoods,

respectively.

Computing price discovery measures requires to decompose the price vector in a permanent I(1)
component and a transitory I1(0) component. In what follows, we consider the GRT decomposition
(Stock and Watson, 1988; Johansen, 1991; Hansen, 2005) because it ensures that the stochastic trend
given by the efficient price is a martingale. As any VEC decomposition, it depends exclusively on
the orthogonal complements of the speed-of-adjustment parameters and of the cointegrating vector
given that they relate to the nonstationary directions of the processes.? In particular, the orthogonal
complements of the speed-of-adjustment parameters indicate how the stochastic trend relates to
the efficient price innovations, and hence they play a major role in any price discovery analysis.

Under Assumption RROU, Theorem 1 in Kessler and Rahbek (2001) shows that the GRT also

holds in continuous time:

P =E(CWi+ R)+a(fa) ' H, (4)

-1

where 2 = | (o/, 1) /|, P contains initial values, and H; = 3'P, denotes a stationary Ornstein-

Uhlenbeck process given by dH; = f'aH;dt + 'C dW;. This result follows directly from plugging

the identity

Iy =B BL) "o +a(fla) B (5)

3 If Ais an M x R matrix with full column rank R and sp(A) is the subspace in RM spanned by the columns of
A, then A, is any matrix with dimension M x (M — R) such that sp(A41) = sp(A).. In particular, we respectively
denote the orthogonal complements of the speed-of-adjustment parameters in continuous and discrete times by «
and as, 1, whereas 8, = ¢y corresponds to the orthogonal complement of the cointegrating vector in the price
discovery context.




into the solution of (1).
Similarly, as the exact discretization in (3) yields the exact same data generation process, it
follows that the GRT also holds in discrete time

7 00
P, =Zs Z Et, + Z T‘Svhgtifh + Z5 P, (6)
h=1 h=0

where Zs = 8. (aiuﬂl)*l o, , Py is a vector of initial values such that P, o = Py o with m,m’ =
1,...,M, and Y5 can be computed recursively from the parameters in (3) such that Y, =
(Ing — Z5) (Ing + asB8)" for h = 0,1,2, ... (Corollary 2 in Hansen, 2005). The stochastic common
trend given by the first term on the right-hand side of (6) reflects the efficient price of the asset.
This stems from the fact 5, = tps implies that Z5 has common rows. In particular, it is reassuring
to observe that the stochastic trend my, = (o4, )7t o, 22:1 €y, is a martingale (Hansen and

Lunde, 2006).
2.1 Price discovery measures

The component share (CS) measure captures how the efficient price relates to market innovations
and hence depends exclusively on the orthogonal complement of the speed-of-adjustment param-
eters (see, among others, Booth, So and Tseh, 1999; Chu, Hsieh and Tse, 1999; Harris, McInish
and Wood, 2002; Hansen and Lunde, 2006). Specifically, because Z5 has common rows, the con-
tribution of each market innovation to the efficient price is given by the columns of the 1 x M
vector (a%} B L>7 O‘:?, |- The orthogonal complement of as is not unique and hence, without loss
of generality, we normalize the sum of its elements to one, i.e., Z%zl as. 1 .m = 1. Under this
normalization, the common row of =5 reduces to 045, e

Dias et al. (2019) show that discretization does not affect as | in that ap | = as for any
0 < 6 < 1. This implies that one can estimate the continuous-time orthogonal complements of

the speed-of-adjustment parameters directly from discrete-sampled prices. It then follows that the

continuous-time CS measure of the mth market reads
CSm=0as51,,, m=1,...,M. (7)

Hasbrouck’s (1995) information share (IS) is another prominent price discovery measure, gaug-

ing the contribution of each market/venue to the total variation in the efficient price innovation.



Apart from Z; |, the IS measure also takes into consideration the contemporaneous covariance
between market innovations. Normalizing s | such that 2%21 a5, 1 .m = 1 and using the fact that

ap, | = ag, for any 0 < ¢ < 1, the discrete-time IS measure reads

[/, Cs)2,

1S5, =
) / /7 0
o) Ysa'|

m=1,....M (8)

where 35 = C5C = f06 exp(ull)X exp(ull’) du and [o/, Cs],, denotes the mth element of the 1 x M
vector | Cs.

It turns out that the information share becomes uninformative, converging to 1/M, as ¢ in-
creases. This happens because the contemporaneous correlation among markets increases with o
even if 3 is diagonal. This is the one of the main reasons why Hasbrouck (2018) advocates the use
of prices sampled at high resolutions to obtain meaningful IS measures. Dias et al. (2019) formally

address this issue by defining the continuous-time analogue of (8):

[, CT5

IS, =
m o Xa|

m=1,...,.M 9)

which depends exclusively on the continuous-time parameters in (1). Altogether, it turns out that
the estimation of the continuous-time CS measure and of the continuous- and discrete-time IS
measures is down to estimating «, ag, X, and X5 from discrete sampled prices.

Finally, one may also employ impulse response functions (IRFs) to build dynamic measures
of price discovery in discrete time (Yan and Zivot, 2010; Scherrer, 2013; Nguenang, 2016). IRFs
depict how each market responds over time to a change in the efficient price. Because the exact
discretization in (3) implies that the innovations are Gaussian and homoskedastic, it is possible to

obtain the IRF from the efficient price implied by the GRT in (6). In particular, it reads

dpt'+h O/J_Bl
— = — == TspX 10
dm, Lty + O/ngou_ §h2§0] , (10)

.., dpe; . .
with ﬁj_h converging to one in every market because Y55 — 0 as h — oo (see, e.g., Hansen, 2005;
3

Hansen and Lunde, 2006).
3 Price discovery analysis robust to microstructure noise

Most price discovery analyses compute CS and IS measures not only at different frequencies (e.g.,

using tick data, 30-second, 1-minute, and 5-minute returns) but also over different time spans



(e.g., day, month, quarter, and year). These combinations between frequency and time span imply
different sampling schemes and hence different asymptotic theory. Price discovery studies with
long time spans (see, among others, Baillie, Booth, Tse and Zabotina, 2002; Grammig et al., 2005;
Menkveld, Koopman and Lucas, 2007; Lien and Shrestha, 2009; Frijns et al., 2015; Fernandes
and Scherrer, 2018) require fixing the sampling interval or, equivalently, the number of intraday
observations, while letting the number of days grow. To estimate daily measures of price discovery
(see, for instance, Hansen and Lunde, 2006; Hasbrouck, 2018), it is more appropriate to consider a
large number of intraday observations, while fixing the number of days to one. In what follows, we
provide asymptotic results under both settings.

In the absence of market microstructure contamination, the LS estimator is consistent for ay,
with the sample covariance matrix converging to s under standard regularity conditions. Ad-
ditionally, one could consistently estimate a by nonlinear least squares and the continuous-time
covariance matrix directly from the intraday returns at their highest frequency using a realized
approach. However, in the presence of microstructure noise, it is no longer trivial to obtain con-
sistent estimates of oy, X5, and . Contamination biases the estimation of as and, as such, also
of ¥s5. In fact, the measurement error affects both terms on the right-hand side of (4), leading
to the misleading conclusion that market microstructure noise has long-run effects on the efficient
price and its volatility. Moreover, the realized variance estimator is also biased and inconsistent
in the presence of market microstructure noise. In fact, the variance of the latter dominates the
probability limit of the realized variance estimator even under constant volatility and independent
microstructure noise.

Let py,t, denote the observed discrete-time log-price in market m at time ¢;. It differs from
the latent log-price P, due to the market microstructure noise wm t; = Pmt; — Pm,t;- 1t follows
that the observed prices is also VEC model with the same autoregressive polynomial than the

discrete-time model in (3)

Api; = asf'pr-1 + Vi, (11)

where Apy, is an M x 1 vector of observed price changes, vy, = &, + [Inr — (a8’ + Ing) L] uy; is an

M-dimensional vector, with u, denoting the M x 1 vector of market microstructure noise and L

10



the usual lag operator.* It is apparent from (11) that 8'pi—1 correlates with v;, because both terms
contains the past microstructure noise.
To appreciate why, consider the case with M = 2 markets for ease of exposition. After factoring

the market microstructure noise, the first equation of (3) becomes

Apl,ti - 06571 (pl,ti_1 _pQ,ti_1) + Vl,tiu (12)

where viy, = Auyy, + €14, — as1(ure,_, — u2y,_,). The LS orthogonality condition fails even in
the very unrealistic case that market microstructure noises are mutually orthogonal white noises
independent of the efficient price given that E [(pl’ti_1 _p2,ti—1)vl7ti] =—(1+ a(;,l)w% — a(;’lw%,
with w2, = E(u%m) < oo for m = 1,2.° Interestingly, Appendix A.2 shows that the usual fix of
including lags of the price changes in the regression only aggravates the problem. For instance, if
as;1 = 0, the negative bias overestimates the reaction of the leading market, underestimating by
how much the first market leads the price discovery.%

To address the error-in-variable problem that originates from the market microstructure noise,
we employ instrumental variables (IV). In the presence of valid and relevant instruments, this ap-
proach yields consistent estimates even in the absence of market microstructure noise. It also makes
use of the parametric structure implied by (1), being robust to serial correlation and heteroskedas-
ticity in the residuals. Finally, it is a feasible estimator for both « and «s, and hence for o
under both the infill and standard asymptotic settings. As a simple illustration, Figure 2 compares
the box plots of 1,000 replications from estimates of the CS measures obtained from prices simu-
lated from the exact discretization of (1) with a;s—1/23400 = (0,0.05)". We consider two scenarios,
where prices are either free or contaminated with market microstructure noise. We consider iid
microstructure noise with w? = (0.001,0.0005). Noise plays a major role in the performance of
the LS-based measures. The LS estimates of « falsely assign price discovery leadership to the
second market regardless of the microstructure noise type. In contrast, the IV-based estimators

correctly identify the first market as the leading one in the price discovery process. Estimating CS

% The result in (11) follows directly from pre-multiplying p;, by the autoregressive polynomial of the VAR(1)

representation of (3) and then rearranging terms to obtain the VEC(0) model. See Hansen and Lunde (2014) for a
similar result in the context of ARMA models.

5 Tt is straightforward to entertain daily variation in the second moment of the market microstructure noises at the
cost of very heavy notation. See Appendix A for a full characterization of the LS estimator bias.

5 Appendix A.3 provides more details on the LS bias under different assumptions on the market microstructure
noises.
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from prices sample at lower frequencies help, but do not solve the consistency problem of the LS
estimator.

Next, we show how to construct valid instruments to consistently estimate the standard price
discovery measures (CS and IS) in the presence of market microstructure noise. The key is to
constrain the correlation structure of the market microstructure noises over time and/or across

markets.

Assumption MMN(TS) The market microstructure noise u;, = ZZ:O wpy, , is a zero-
mean invertible VMA(g) process, where u;, = (Ul,t“---7UM,ti)/7 wy, = diag (wih,. .., @Mmh),
Y ono Il < oo, and ¥y, is a Gaussian white noise process. It then follows that w,y, , satisfies for

m=1,...,M:
(@) P (@) = E (Emty_ Unr ;) < 00 for mym/ =1,..., M, with pp, v (q) = 0 for ¢ > §;

(b)Y (@) = Bt t;um 1) < 00 for m,m/ =1,..., M, with v, s (q) = 0 for all ¢ > q.

Condition (a) allows for endogenous microstructure noises in that u,,; may correlate with
Py, through e,,;. Notably, this feature is in line with the empirical stylized facts reported
in Hansen and Lunde (2006). Note also the market microstructure noise remains endogenous
even if ¢ = 0. Condition (b) requires the noises to exhibit neither much persistence nor much
correlation across markets. Assumption MMN(TS) complies with Hansen and Lunde’s (2006)
Assumption 4, but it is slightly more restrictive than the conditions in Barndorff-Nielsen et al.
(2011). In particular, microstructure noises that satisfy Assumption MMN(TS) automatically
conform with Assumption U in Barndorff-Nielsen et al. (2011). This is convenient because it
enables us to employ the realized kernel machinery to compute continuous-time IS measures in the
infill asymptotic setting.

To obtain valid instruments under Assumption MMN(TS), we note that the observed price

differences across markets in 3'p;, , are orthogonal to their lagged values if sufficiently in the past.

1—1
This is true because Assumption MMN(TS) imposes a finite dependence on the noise process.

Lemma 2 summarizes the properties of the instruments based on the lagged values of 8'py, .

Lemma 2 Let Z;, = B'pt,_,_,, be a R x 1 vector of instruments. Without loss of generality,

12



let M = 2, it then follows under Assumptions RROU and MMN(TS) that for any 2 < k < 0o
(1) E [Z];%ti—z}—k Vm7ti] =0form=1,...,.M
(i) E [ZE,ti,q,k ﬂ,pti71i| = Ziio T(S,hz(sTg,q-‘rk—l-i-h < 00,

where Y5, = ' (Im + asf’ )h and in the context of M = 2, it is simply the difference between
the first and second rows of Y5, in (6). Because 8'Es = 0, both results in Lemma 2 rest on the
I(0) component of the GRT in (6), and one can express the endogenous regressor as an infinite
summation of lagged disturbances, i.e., 8'p;, , = > oo Tsner, , ,, + B'u,. Result (i) states that
Zkt,_,_, 18 a vector of valid instruments, which follows directly from py,m/(¢) = Yim,m(q) = 0 for all
q > q. Result (4i) ensures that 2 t,_q_y 18 a vector of relevant instruments.” Notably, the strength

of the instruments decays as ¢ and k increase given that
lim Y55 = lim 8 (In + as8)" =0,
h—o0 h—o00

and hence EZO:() T57h25’f“37 Gk—1+h also shrinks to zero at the exponential rate.

It is usual in the realized measure literature to assume that the market microstructure noise is
iid, even if shallow empirically. Assumption MMN(TS) is much more general, allowing for some
persistence in the market microstructure noises. However, the instruments we define in Lemma 2
are not suitable to market microstructure noises that follow MA(oco) processes as in Barndorff-
Nielsen et al. (2011). To deal with the latter, we have to look for instruments in the cross-section
dimension—namely, other assets traded at alternative trading platforms—and hence impose some
constraints to the correlation between microstructure noises across markets and assets.

To come up with valid and relevant instruments, we explicitly use the fact that the microstruc-
ture noise is asset-specific (trading frictions, informational effects, and data recording errors) and/or
exchange specific (trading frictions and data recording errors), as argued by Ait-Sahalia (2007).
Formally, we use a cross-section of different assets traded at alternative trading platforms as in-
struments. Let Sy, = (S14,,...,574,) denote a J-dimensional vector of discrete-time log-prices of

another asset generated from a continuous-time reduced rank OU process.

Assumption OTP Let an asset trades at J alternative trading platforms and follows a reduced-

" See Appendix B for more details.
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rank OU process
dS; = IS, dt + C d B, (13)

where II = 5455’ is a J x J reduced-rank matrix with rank J — 1, B is a J x 1 vector of Brownian
motions, and C is a J x J matrix such that the covariance matrix ¥ = CC’ is positive definite.
Furthermore, the process in (13) is such that all eigenvalues of II are real and no elementary divisor
of II occurs more than once; o and B have full column ranks J — 1; E’ « has full rank J — 1; and all

eigenvalues of 5’ a have negative real parts.

The exact discretization of the reduced-rank OU process in Assumption OTP is
AS, = asB'Sy,_, + €, (14)

where II; = a58" and a5 = &(5’&)_1 exp(ég’&) —1Ij_1|, St is a J x 1 vector of log-prices
observed at time t¢;, and ¢, is a Gaussian white noise with zero mean and covariance matrix
S5 = fO(S exp(ullt)S exp(ull’) du. It follows from Assumption OTP that the results in Lemma 1
still hold. Additionally, it is straightforward to augment the vector AS;, to contain V' > 1 different
assets that are traded at these J alternative trading platforms at a cost of heavy notation. In such
cases, the data generation process in (14) becomes a V' J-dimensional reduced-rank OU such that
there is V' (J — 1) cointegrating vectors and V stochastic trends. This indeed is the specification we
adopt in both our Monte Carlo study and empirical application.

As before, we observe only s, = S, + v, where v;, is the market microstructure noise at
market j, with j = 1...,J. In particular, we assume that the market microstructure noises that
plague a given asset in markets m and m/, with 1 < m # m/ < M, are orthogonal to the market

microstructure noises that affect the prices of another asset in markets j and 7/, with 1 < j # 7/ < J.

Assumption MMN(CS) The microstructure noises uy, = (u14,,...,un;) and vy, = (V14 ..., V5)
are zero-mean MA(co) processes given by uy, = ZZO:O wply, , and vy = ZZ’;O Ont,_,, Where
wp, = diag (@i h, ..., wmn), on = diag (01h, -+, 000) Dopeo ll@nll < 00, Yopp llonll < oo, and
both ¥,,+, and ¢, are Gaussian white noise processes. The microstructure noises satisfy for

m=1,....Mand j=1,...,J:
(a) E(um7tivj7ti7q):0forq20Withm:1,2,...,M and j=1,...,J;
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(b)  E (emt_ytumryt,) < oo for ¢ >0 with m,m/ =1,2,..., M;

(c) E(amyti_qvﬂi) =0forg>0withm=1,2,....,Mand j=1,...,J.

Condition (a) rules out correlation between market microstructure noises of different assets in
different trading platforms. Condition (b) allows the market microstructure noise of the asset of
interest to correlate with the efficient log-price through the idiosyncratic component in (3), whereas
(c) dictates that the log-price of the asset of interest in market m, with 1 <m < M, is orthogonal
to the market microstructure of the other asset in markets j = 1,...,J. We are now ready to define

a set of valid and relevant instruments.®

Lemma 3 Let Assumptions RROU, OTP and MMN(CS) hold. Let Z;, , = f's;,_, correspond

to the vector of instruments. Without loss of generality, let M = J = 2, it then follows that,
(/L) E[Zti,1 Vm,t,b-] =0 for m = ].,...,M

(i5) If Elejt,eme,] # B [€j1,6mr ] for some j, i =1,...,J with j # j" and m,m/ =1,...,M

with m # m/, then E [Ztiq ﬁ’ptFJ =30 E’T@hﬁg (0) Tgyhﬁ < 00,

where 35 (0) = E [¢}, ® &;,| and T(s,h denotes the parameter matrices of the I(0) component of the

GRT of (14).

Result (i) in Lemma 3 states 3's;, , is orthogonal to 8P, , and hence s, . is a valid instru-

i1 i1 i1
ment under Assumption MMN(CS). Similarly to Lemma 2, relevance of the instruments rests on
the I(0) component of the GRT and some degree of heterogeneity on the correlation among assets
innovations. Specifically, we expect assets innovations to correlate because they should respond to
market wide news that are impounded differently across assets and trading platforms.

Chief to the estimation and limiting theory discussed in the following sections is the type of
dependence associated with the moment conditions stated in Lemmas 2 and 3. Specifically, both
Zhty gy Ymyt; and Zy, | Vg, sequences are not martingale differences sequences, but (potentially

infinitely) correlated processes. This implies that the central limit (CLT) theorems for martingale

differences sequences or iid MA (co) processes no longer hold. Alternatively, we exploit the feature

8 See Appendix B for more details.
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that these moment conditions are asymptotic unpredictable, meaning that the c-period-ahead-
forecast converge in absolute expected value to zero as ¢ — co. Sequences that satisfy this property
are called L'-mixingale sequences.” Lemma 4 formalizes these results.

Lemma 4 Let #'p;,_, , with k satisfying 2 < k <k < k and g’stFl be vectors of instruments

under Assumptions MMN(TS) and MMN(CS), respectively.

(i) {B’pti_g_k, B'st, s thi} is a stationary ergodic sequence;

(i1) {5/mpti_q_EVm,tia}-ti} and {B}Sti_le,t“fti} are stationary ergodic adapted L'-mixingale
sequences, where f3,,, 5; and vy, denote the m-, j-, and m-th rows of B, and Vi,
respectively, with m,m =1,...,M, j=1,...,J, and JFy, is the o-algebra generated by the

entire current and past history of p;, and s,;
(4i7) { Blmpti—(}—kvmytﬂfti} and {B}Sti,ﬂm,ti’fti} are uniformly integrable.

Lemma 4 essentially shows that the moment conditions in both set of assumptions are stationary
ergodic uniformly integrable L!'-mixingale sequences, which in turn allows us to derive the limiting

distribution of the IV-based price discovery measures.

3.1 Asymptotic theory with fixed sampling intervals

We first focus on the case in which we estimate the price discovery measures over long time spans,
fixing the sampling frequency. This means that we treat the number of intraday observations n as
fixed, while allowing the number of days D in the sample to diverge. Because our sample consists
of prices observed intra-daily over different days, we denote the overall number of observations by
T = nD, which grows without bound as D — oo.

It follows from the discrete-time process in (3) that, once we account for the market microstruc-

ture noise, the dynamics of the observed log-prices at a fixed sampling interval J is given by
Apr = asfB'pr_1 + v, with 7=1,...,T =nD (15)
or, in a more compact notation,

Ap = pas + v, (16)

9A sequence {Z;, Fy, }°°

o]

is said to be a L'-mixingale with respect to F3, if IEHIE (Zt|}—tifc) ‘ < ft,&c, where {f;,, &}

are deterministic sequences and lim.— o & = 0 (see, for instance, Definition 16.1 in Davidson, 1994)
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where Ap = vec (Apy,...,Apy) is an M(T — 1) x 1 matrix with Ap,, = (Apma, ..., Appr)’ for
m = 1,2,...,M; pisa M(T — 1) x MR block diagonal matrix with M diagonal blocks given

by the (T'— 1) x R matrix p’ 3, where p_; = (p1,...,pr—1) is a M x T — 1 matrix; oy is a

MR x 1 vector that stacks the M rows of oy, such that as = vec (af); and v = vec (vi,...,vy)
denotes a M (T — 1) x 1 matrix collecting the disturbance terms with v, = (vin2, ... ,vm7T)' for
m=1,2,..., M. Furthermore, from the exact discretization of of the reduced-rank OU process in

Assumption OTP and market microstructure noise contamination, we rewrite the J-dimensional

price process as
As, = asf's;—1 +&,  with 7=1,....,T =nD. (17)

Let Z denote a (T — 1) x 7 matrix of valid and relevant instruments with 7 > R. The IV
estimator is equivalent to the two-stage least-squares (2SLS) estimator that replace the endogenous
regressor by its projection on the subspace spanned by the instruments. Because instruments are
valid, it is straightforward to use GMM framework to derive the IV-based estimator, with sample

1

moment conditions and weighing matrix given by (Iny ® Z)'vand W = [(In ® Z)' (In ® Z)] 7,

respectively. It then follows that the IV-based estimator reads
~ _ -1
asrv =[P In®Z)W (Iy®Z)p] P (Inu®Z)W (Iny © Z) Ap, (18)

with a direct mapping as — as given by a5 v = (Iy ® afw) (vec (Ipnr) ® Ig). Although (18) is
valid for instruments with either Assumption MMN(TS) or MMN(CS) in mind, the dimensions of
Ap and Z differ from one case to the other. Under Assumption MMN(TS), for instance, instruments
correspond to lagged values of 5'p,_1 and hence Ap and Z = (ZE,D oy Lo qf,-g)/ have dimensions
M(T —q—k)x1and (T —q—k) x (k—k+ 1)R, respectively.

In what follows, we derive the consistency and asymptotic normality of the IV-based price
discovery measures under either Assumption MMN(TS) or MMN(CS). Consistent estimation of CS
requires &g 1y SN a1y for any 0 given that CS = a5 1 = o . In addition, asymptotic normality
of the CS estimator readily follows from the limiting distribution of & . As for the consistent
estimation of the IS measure in discrete time, it calls for 5\357 v AN Y5 in addition to a ;v L 1.
Because of the serial correlation in v;, due to the market microstructure noise, we estimate ;5 using

a heteroskedasticity and autocorrelation consistent (HAC) estimator. It follows that the IV-based
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estimate of the discrete-time IS measure reads

_ a, ., Cs)2
IS(;JV,m:A[LLV—]m, m=1,...,M. (19)

) 26 al,w
Consistency of the IV-based residuals, v = Ap — pag 1y, implies that the HAC estimation should
suffice because the long-run covariance matrix to which it converges already accounts for the spu-
rious autocorrelation patterns that may arise from microstructure effects.

As for the estimation of the continuous-time IS measure, we can make use of the exact discretiza-
tion of (1) to map an estimate of 3 from S5 computed from the IV-based residuals v. Specifically,
we also estimate f](g using the HAC estimator as in the case of the discrete-time IS measure, but we
now use i; to solve f)g = f05 exp (uﬁw) f]exp (uﬁiv> du for ¥ with I = TI6~! log (asv 8"+ Inr).
Because a5 | = a for any 0 < 0 < 1, it follows that an estimate of the continuous-time IS measure

based in discrete sampled prices reads

=~/
ISjym=——2o—"_  m=1,...,M, (20)

where 3 is the HAC-based estimator of X that is mapped from ig, and C denotes a decomposition
of ¥ such that CC' = &

Theorem 1 formalizes these results for both noise settings.

Theorem 1  Let the conditions in Lemma 2 or 3 hold, and consider their respective vector of

instruments. It then follows that, as T'= nD — oo with fixed n,
(Z) 6Z\L,Iv L o ;
(ii) VT (@1 —ar) -5 N (0,CT3,C),

where I'p, = ngl_q 1 Tp, (7) and Ty, = 3222 T'p, (j) under Assumptions MMN(TS)

)

and MMN(CS), respectively, with T'p  (j) = E [VTV’T_j /. Z;_k*_j Ve = (Vi oy Vars)

and 1 < k* < oo denoting the appropriate lag order for the instruments; C = C7C2C3, with

Cr =SS0 @)Ky, Cy = [Q,—,,ZQWQ%,Z} ,and Cs = Qp.2Qw; S is an M x M?
deterministic matrix that selects the first row of E from vec (E); ¢ = as (E — I) with
as = —ag (aga(g)_l; K 1 R is the commutation matrix such that Ky gvec (o) = as; and

Qp,z = phm Tp (Ipy ® Z) and Qw = plim 1W

T—o0 T—o0
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(iti)  ISs51vm — IS5m;

(iv) fA\S’Ivym L, 1S,,;

Under Assumption MMN(TS), the vector of instruments Zg , . is strong for small ¢ and k.
Furthermore, simulations show that the empirical densities of the ¢-statistics based on Theorem 1(ii)
are close to normal even when we sample one observation per second within one trading day (D =1
and n = 23,400). This is true regardless of the the variance of the market microstructure noise
(see upper panel in Figure 1).

Under Assumptions MMN(CS) and OTP, the vector of instruments Z,_1 = E’ sr_1 is likely not
very strong in practise, so that &s v might become biased for moderate-to-high values of w? (see
simulations and discussion in Section 4.2). If instruments are indeed weak, the standard asymptotic
theory for the IV estimator fails (see, for instance, Bound, Jaeger and Baker, 1995; Staiger and
Stock, 1997; Stock and Yogo, 2002, 2005a). One possible solution is to add more instruments, that
is to say, to consider a large cross-section of different assets traded at alternative exchanges, hoping
to improve the instruments’ relevance: Z,_1 = f{,;5r—1, where Sy ; denotes a VJ x V(J — 1)
cointegration matrix and s;_; is now a V' J-dimensional vector collecting the observed prices from
V different assets at J trading platforms. Although the 2SLS estimator remains inconsistent under
many weak instruments, with asymptotic bias increasing with the number of instruments (Stock and
Yogo, 2002, 2005b), one may employ the GMM-based continuous updating (CU-GMM) estimator
of Hansen, Heaton and Yaron (1996), which is robust to (many) weak instruments.

In the context of weak instruments, CU-GMM estimators are not useful for inference given that
their asymptotic distribution depends on nuisance parameters. Stock and Wright (2000) nonetheless
show how to carry out hypothesis testing and construct asymptotically valid confidence sets directly
from the objective function. Specifically, at the true parameter values, the objective function has a
standard y? distribution under mild conditions. Accordingly, one may obtain asymptotically valid
confidence sets by inverting the test of the null s, = 0 for m = 1,..., M. Null hypotheses of this
kind are informative in the price discovery context of (3) with M = 2, because they are equivalent
to testing for the strong exogeneity of one market with respect to the cointegrating vector 5. Both

hypothesis tests and confidence sets have asymptotic size and coverage equal to their nominal levels
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uniformly over the entire parameter space.

In the case of many weak instruments, the CU-GMM estimator is consistent under heteroskedas-
tic and serially correlated moment conditions for properly chosen weighting matrices (Han and
Phillips, 2006; Newey and Windmeijer, 2009; Hausman, Lewis, Menzel and Newey, 2011). In par-
ticular, consistency requires V2(J —1)2/T — 0, whereas asymptotic normality requires the number
of instruments V(J — 1) to satisfy V3(J — 1)3/T — 0. The many weak instruments setting fits
well our framework because it is straightforward to let V' grow arbitrarily large by using a cross-
section of (actively) traded stocks at other liquid trading platforms and by augmenting the set
of instruments with lagged values of A’s,_1, such that Zf. .1 = vec (5’5771, e B’ST_I_,;) with
0 < k < 0. The latter is not completely irrelevant in view that assets presumably impound infor-
mation at different paces (Scherrer, 2013). The price to pay for employing the CU-GMM estimator
is that we cannot guarantee that it has finite moments of any order. This may affect finite-sample
performance, leading to wide dispersion (Hausman et al., 2011).

Denote by &5 cu-aum the CU-GMM estimator that minimizes the objective function Coy-guw,7(0t5) =

—gT(ag)'(I\/gl(ag)gT(ag), where g (as) = T—ll—ff (Im® Z)'visa M(V(J—1)) x 1 vector con-
taining the average moment conditions over time with Z = (Z1,..., Zr_1_z), and Us(d;) is an

long-run variance estimator of the the MV (J — 1) x MV (J — 1) asymptotic variance of vTgp(cs):
Us(as) = 372 Tgp (§)- Note that the CU-GMM objective function parametrizes the long-run
variance as a function of a5 via v .= Ap — pa.

For the estimation of Us(ds), we use Andrews’s (1991) HAC estimator with a Parzen kernel
to control for the serial correlation in v.. Similarly to Theorem 1, consistency of the CS and IS
estimators follows directly from o cy-cuu AN a. Section 4 provides evidence that the CU-GMM
estimator indeed solves the weak instruments issue under Assumption MMN(CS), with median

biases very close to zero and decreasing with V' for different levels of market microstructure noise.
3.2 Infill asymptotic theory

This section addresses the case in which n — oo, while D is fixed (say, one trading day). As
before, we back out CS and IS measures from the estimates of the speed-of-adjustment parameters
of the daily VEC models. Differently from Section 3.1, we now let § — 0 to ensure that n — oo.

Although o) = a5 for any 0 < § < 1, consistency of a| now requires consistent estimation of «
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given that a4 is no longer a fixed quantity. Similarly, consistency of the continuous-time IS calls
for the consistent estimation of the quadratic covariation.

As we let § — 0, it is necessary to account for nonsynchronous trading. To this end, we
synchronize tick data using the refresh-time scale. Suppose we observe the price in market m at
times ¢y, 1,tm 2, . . . and let Ny, (t) denote the counting process with the number of observations up to
time ¢t in market m, with m = 1,..., M. The first refresh time is 71 = maxi<m<nr tm,1, whereas the
subsequent refresh times are 7,11 = maxi<m<ns tp, Nj(ri)+1 (see more details in Barndorff-Nielsen et
al., 2011). To comply with the necessary conditions for the consistent estimation of the quadratic
covariation, we also carry out some jittering to the first and last prices of the day as in Jacod, Li,

Mykland, Podolskij and Vetter (2009) and Barndorff-Nielsen et al. (2011).

Assumption RT  Define the durations between observation times as A; = 7; — 7,1 = A;/n for
every i. We assume that max; 1<;<i+x Di = 0p(VK) for any i’ and that 79 < 0 and 755,41 > 1. In
addition, E ( Intj ‘]:TUIH71> BN Xr(t) for 0 < r < 2 as n — oo, where x,(t) is a strictly positive,

cadlag process adapted to F;.

Assumption RT essentially allows us to treat irregularly space prices as equally spaced in refresh
time. The rate on A; is the same as in Phillips and Yu (2008). It is more restrictive that the Op(1)
rate from earlier works, such as Jacod (n.d.), Mykland and Zhang (2006) and Barndorff-Nielsen,
Hansen, Lunde and Shephard (2008), because it allows for random times. Empirically, the refresh-
time scheme is heavily dependent on the least liquid asset/market given that one forms a new
price tuple only after every price refreshes. This means that effective sample size decreases with
the number of prices and with non-synchronicity. Accordingly, this is especially a problem under
Assumption MMN(CS). In this case, we must synchronize V'J prices, where V is large and the J
alternative exchanges are usually less liquid than the M main markets.

To illustrate this issue, let time stamps come from independent Bernoulli trials, with V = 25
and J = 3, so that each price process contains 9,000 observations per day, on average. Applying
refresh time to synchronize these prices yields, on average, about 2,200 observations per day, with
an average price duration of 10.6 seconds. The low levels of data retention in this setting affects

negatively the performance of the CU-GMM estimator as we necessitate very large sample sizes
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to extract enough information from weak instruments and the noise-to-signal ratio increases with
the average duration. For this reason, we restrict attention to the infill asymptotic theory under
Assumption MMN(TS).

Next, we focus on constructing an estimator for the continuous-time speed-of-adjustment pa-
rameter o. In order to reflect Assumption RT, it is convenient to adapt our notation and rewrite

(15) and (16) as follows

Apn‘ = Q5 (a) ﬁ/pﬂ'—l + v, with i =1,...,n (21)

Ap = pas () + v, (22)

where the subscript 7 now refers to the refresh-time clock and n is the resulting refresh-time
sample size; oy () is a function of the continuous-time speed of adjustment parameter «, such
that as (o) = a(f'a)”" [exp(6f'a) — Ig], as(a) = vec (o4 (), and a = vec(o/); Ap,, =
(Ap1ry- - Aparr,) is a M x 1 vector and Ap = vec (Apy,...,Apy) is a M(n — 1) x 1 ma-
trix with Apy, = (Apma, .-, Apmn)’ being a (n — 1) x 1 vector for m = 1,2,...,M; p,,_, =
(pl,ﬂ.fl, s va,Ti_l)/ isa M x 1 vector and p is a M (n — 1) x MR block diagonal matrix with M

diagonal blocks given by the (n—1) x R matrix p’ 3, where p_; = (p1,...,Pn—1) isamxn—1 ma-

trix; and vy, = (Vig, ... ,vM’Ti)/ is a M x 1 vector and v = vec (vq,...,vys) denotes a M(n—1) x 1
matrix collecting the disturbance terms with v,,, = (vin2,. .. ,Vm,n)/ being a (n — 1) x 1 vector for
m =1,2,..., M. Recall from Lemma 1 that, in the absence of market microstructure noise, the

moment condition implied by ¢ (a, 3) is E( (AP, — a5 (a) B'Ps,_,) @ (B'Ps_,) ) = 0 with AP,
and P., respectively denoting the noiseless counterparts of Ap,, and p,,_, in (21). It then follows
that E( (AP, —as (@) B'Pr,_,) ® (ﬁ/PTFlfR)) = 0 for all & > 0, so that we may estimate the
continuous-time speed-of-adjustment parameters using a set of valid moment conditions with £ > 0
that matches the requirements in Assumption MMN(TS).

To formally define the GMM criterion function, let Zl'c,ri,q,k = vec (B'Pry_y_yr -+ - ,B’pTHH—C)

7

7Tn—(j—

— — /
with integers k£ and k such that 2 <k <k < oo and then define Z = (ch,rp NN E) as the

(n —q— k) x (k — k + 1) R matrix of instruments. It then follows that the M (k — k 4+ 1) R sample

moment conditions read

n

1 1
gn (@)= ——= (Iy®Z) V= —— Ve @ Zpr o) s (23)
(n—q—k) (n—q—k) i:q%%_k)ﬂ ( k, 1—q—k>
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where Vv = Ap — pags (&) and V,, = Ap,, — a5 () B'pr,_,. As for the optimal weighting matrix, we

choose W to be the long-run variance estimator of the the M (k—k-+1)Rx M (k—k+1)R) asymptotic
; . _ q+1 : N _

variance of \/ng,, (a): ¥r =317 U, (j), where ¥- (j) = E |v,v,  ® kaqukzlicm_q_k_j]

The GMM criterion function then reads Coymn, (@) = —g,,. (&)’\/I;_lgm(&). As a result, the IV

estimator of ¢ is the maximizer that solves the nonlinear optimization problem

apy = arggnax CGMM,TLT (a)7 (24)
«

with a;y = [(vec (IM)/ X IR) (IM X aw)]/.
To establish the large sample properties of the CS measure, it is necessary to show the consis-

tency and asymptotic normality of &y. Assumption GMM provides primitive conditions.

Assumption GMM Consider & an arbitrary vector of parameter satisfying Assumption RROU.

We assume that

(a) a,ac A, where A C RM% is a compact set;

(b)  Cowmin, (@) is continuous in @ € A for all possible samples and is a measurable function of
the data for all & € A;

()  supzea |Canin, (@) — C(@)| -2+ 0 and supgea |Conin, (@) — C(&)] —2= 0, where Cappyn, (&)
denotes the GMM criterion function that is based on the latent equally spaced clock with

sampling interval given by § = 1/n and C(&) is a nonstochastic function;

(d)  Comun, (@) Comun, (@) are continuously differentiable on the interior of A. Additionally,

82(3(;1\11\1,n7 (a)
daoa’

82CGMM,nt (a)
daoa’

suppose that and exist in a continuous and open neighborhood of «;

We require conditions (a)—(c) to obtain uniform convergence of the sample moments to their
population counterparts and ultimately to ayy 2 a. Alternatively, we could adapt results in
Theorem 6.9 in White (2000) to obtain ¥ -2 ¥ and Theorem 2.2 in Phillips and Yu (2008) to show
pointwise convergence of Coynin, t0 Commn,. Assuming the existence of Lipschitz-type conditions
on Ceunin, and Canu,n, would suffice to deliver stochastic equicontinuity (see, for instance, Theorem
21.10 in Davidson, 1994) and hence the uniform convergence assumed Assumption in GMM (c).
Condition (d) is standard in the nonlinear GMM framework (see, e.g., Newey and McFadden, 1994;

Amemiya, 1985). Note that Lemma 1, « is the unique maximizer of ¢ («, ¥), implying that a is
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also the unique solution to C(a). Finally, Lemma 4 complements the set of primitive conditions
and provides the sufficient conditions to apply the central limit theorem (CLT) for L!-mixingales
in White (2000).

As for the consistent estimation of the continuous-time IS measure, one may estimate the daily
quadratic variation directly from the intraday returns at their highest frequency using a realized

kernel (RK) approach, namely,

[a/J_,IVCRK]?n

ﬁRK,m: ) m=1,...,M, (25)

aL,IVERK X v

where &) v is the orthogonal complement of &y recovered from (24), S ki is the RK estimator of
>, and GRK denotes a decomposition of ERK such that aRKéng = iRK.

We compute the RK estimator of ¥ as RK = Y} _ _x(h/H)T, where H o< 7° with 1/2 <
¢ < 1, Ty is the hth realized autocovariance estimator T'y, = 71", | Apr Apl.  for h > 0 and
I'y, =", for h < 0, and & is a nonstochastic kernel function. For the kernel function, we assume

the same conditions as in Barndorff-Nielsen et al.’s (2011) Assumptions K.

Assumption K The nonstochastic kernel function « is such that
(a) k(0) =1 and £'(0) = 0;

(b) & is twice differentiable with continuous derivatives;

(c) fooo [k(z)]?dz < oo, fooo [k/(2)]?dz < oo, and fooo[li”(ﬂj)]Q dx < oo;

(d) [*_k(x)exp(izs)dx >0 for all s € R.

o0

Condition (a) implies not only that Ty gets unit weight but also that the kernel gives close-
to-unit weight to I'y, for values of h that are near the origin. Conditions (b) and (c) are purely
technical, whereas (d) ensures that the resulting estimator is positive semi-definite by Bochner’s
theorem. The multivariate realized kernel is very similar to the standard HAC covariance matrix
estimator, but with the additional assumption that x’(0) = 0. The next result establishes the infill

asymptotic theory for the estimates of CS and IS measures.

Theorem 2 Let the conditions in Lemma 2 hold and consider the corresponding vector of

instruments. It then follows under Assumptions RT, GMM and K that, as n — oo,
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(1) aJ_,IV L) ] ;
(i) Va(GLw —al) N (o,s (W' @) (G 1@) " (¥ @ E)’s'>,

where v = aE — Iy), a = a(da)™!, G = E[Vagmv(a)} with g,, (a) =
(Apn —as (a) 6,}77'2‘71) ® ZE,Ti_q_k? and ¥ = Z?J:rl—q—lqj(]) with ¥ (j) = E [Vtivllti_j

& Z’_Cytiqu Z! };

k k‘,t,'_q_k_]'

(iii)  ISrKxm — IS.

In particular, the empirical densities of the t-statistics based on Theorem 2(i7) are close to Gaus-
sian for samples that mimic one trading day, i.e., prices recorded at random times and aggregated
using the refresh-time scheme with approximately n = 17,980 observations. As before, this holds
regardless of the variance of the market microstructure noise (see lower panel in Figure 1). In the
next section, we show that the asymptotic results in Theorems 1 and 2 offer in general very good
finite-sample approximations and compare favourably to the standard price discovery framework,
i.e., computing CS and IS measures without taking into consideration the market microstructure

noise.
4 Monte Carlo simulations

We next assess the relative performance of the IV-based approach under different scenarios. The
characterization of the least-squares bias in Appendix A establishes that there are four sources
of bias. The first is due to any dependence between efficient price and market microstructure
noises. The second stems from the nonzero magnitude of the market microstructure noises, whereas
the third comes from any correlation between microstructure noises across markets. Finally, any
persistence in the microstructure noises adds another layer of bias in the LS estimation. In what
follows, we aim to examine how the IV estimator accommodates each source of bias.

We focus on the situation in which one asset trades at two different platforms from 09:30 to
16:00. We assume without loss of generality that the first market leads the price discovery process.
We simulate prices at the 1-second sampling interval from the exact discretization of (1) with
as = (as1,052), B=(1,-1), ¥ = diag (1/23400, 1/23400), and correlation among markets equal

to 0.5. The elements of a5 drive the price discovery for they determine how fast each market adjusts.
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We report results for two alternative specifications: a5 = (0.000,0.050)" and a5 = (—0.025,0.050)’,
corresponding to a| = (1,0) and a; = (2/3,1/3), respectively.'?
The market microstructure noises follow possibly correlated MA(q) with lag orders g € {0, 1, 00}:

q
uti = eti + E Ae,f eti_[7
/=1

where A,y = diag (Ae1,0, Ae2¢), € is normally distributed with zero mean and covariance matrix
Qe, and corr(uy,, €¢,) is set to either zero (exogenous noise) or —0.2 (endogenous noise). A negative
correlation between market innovations and the market microstructure noise is consistent with
Hansen and Lunde’s (2006) empirical findings.

The type of persistence we allow in the microstructure noise depends on the assumptions in
Section 3 and hence on the type of instruments we consider. Under Assumption MMN(TS), we
contemplate either iid (exogenous) noises or serially dependent market microstructure noise coming
from endogenous MA(1) processes with pp, n/(0) = —0.2 and Yy, (q) # 0 for ¢ = 0,1. Under
Assumption MMN(CS), we consider a similar noise to the latter, but with ¢ = co. In practice, we
model the market microstructure noises as AR(1) processes with autoregressive parameter set to
0.50, so that Ae1¢ = Aeoys = —0.5° for £=0,1,....

The variance of the microstructure noise plays a key role in our Monte Carlo experiments.
Empirical evidence suggests that the size of the noise is relatively small, about V(up,+,) = w?, <
(1/1000)%,,, with X, denoting the mth market integrated variance (Hansen and Lunde, 2006). It
has also been decreasing over the years (Ait-Sahalia and Xiu, forthcoming). We entertain different
magnitudes for the microstructure noises: 100w? € {(0.01,0.01)", (0.05,0.05)’, (0.10, 0.10)’, (0.10,0.05)"}.
We account for non-synchronous quoting/trading activity by randomly selecting about 18,000 ob-
servations for each stock using independent Bernoulli trials. We the synchronize log-prices using the
refresh-time procedure. Finally, we aggregate the resulting data at the 1- and 5-minute sampling

intervals.
4.1 Finite-sample properties under Assumption MMN(TS)

This section assesses the finite sample performance of the LS- and IV-based estimates of the CS

and of the continuous- and discrete-time IS measures using tick data. We report results for exoge-

10" The online appendix also entertains different correlation among markets (namely, 0 and 0.9) and alternative

speed-of-adjustment parameters, (0,0.01)" and (—0.005,0.010)").
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nous iid and endogenous MA (1) market microstructure noises using instruments consistent with
Assumption MMN(TS) in Section 3. We contemplate LS-based price discovery measures based on

both

VEC(O) Apti = ad(plytifl - p27ti71) + Vi,
VEC(U Apti = a5(p17ti71 - p27ti71) + F5Apti71 + Vi,

whereas the IV-based estimates rest exclusively on the VEC(0) specification, bearing in mind that
vi, = Auy, + e, —as(ury, | —uzy, ). Lastly, we also report the results for the LS estimates of the
CS measures at the 1- and 5-minute sampling intervals.

As for the IS measures, we start with a standard VEC framework, employing least-squares
estimates of the VEC parameters and the realized variance estimator of the covariance matrix for
every frequency (i.e., tick-by-tick, 1-minute, and 5-minute). In contrast, the IV-based measures
rest obviously on the IV estimates of a/;, but consider two different estimators of the covariance
matrix. In particular, we either estimate ¥ = C'C’ using a realized kernel approach or estimate its
exact discretization 35 = C5C§ using Andrews’s (1991) HAC estimator with a Parzen kernel.

Table 1 documents the performance of each estimator for the CS measure of the first market
a1 in the case of iid microstructure noises. By construction, it suffices to focus exclusively
on one market given that the CS measures must sum up to one across markets. The first two
panels respectively display the bias analyses for o € {(0,0.05)’,(—0.025,0.050)'}, whereas the
third and fourth panels reveal their relative root median squared error (RRMSE) with respect to

the LS-based estimates from VEC(0) at the tick-by-tick frequency. We report different estimates

2
m

of the CS measures under iid microstructure noises with variances w;, ranging from 0.0001 to
0.001 (m = 1,2). The columns VEC(y), VEC;1(y), VECs(y) refer to the LS estimates of o) from
the VEC(j) specification (3 = 0,1) at the tick-by-tick, 1-minute and 5-minute sampling intervals,
respectively.

When estimating a; by 2SLS using (thi_l_q_K — p2,ti_1_q_n)/ as instruments, where x and &
are integers such that 2 < k < K < 0o, we select two set of valid and relevant instruments under
Assumption MMN(TS). In particular, the columns 2SLS and 2SLS; concern the 2SLS estimates

of a; from the VEC(0) specification using tick data, with (p1,_, — p2s,_,.)" as instruments for

2 <k <6and 3 < Kk < 7, respectively. Finally, we also report the F-statistic from a joint
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significance test on the parameter estimates from the first-stage equation of the 2SLS estimator as
a measure of the relevance of the instruments.

Altogether, the 2SLS estimator provides the best performance in terms of both bias and
RRMSE. This holds irrespectively of the microstructure noise level and speed-of-adjustment pa-
rameters. Notably, as our theoretical results suggest, using VEC(1) at the tick-by-tick frequency
does not help reducing the bias and root median square error (RMSE), whereas fitting both a
VEC(0) and VEC(1) models at 1-minute sampling interval alleviates the bias and RMSE for low
levels of microstructure noises. The 2SLS;-based CS estimates perform worst than the 2SLS-based
measures because the latter employs more relevant instruments.

We next turn our attention to endogenous MA(oco) microstructure noise. Table 2 reports the
results for the CS measure in the case of endogenous MA (1) microstructure noises. This is a much
more complex and interesting specification, with market microstructure noises featuring both serial
dependence and endogeneity. These features affect not only the estimates of 3, but also the
asymptotic bias of ag. Surprisingly, most of the Monte Carlo experiments in the realized measure
literature does not account for both serial dependence and endogeneity. As before, the IV approach
we propose easily outclasses the extant price discovery measures. The gains in both bias and
RRMSE are considerable, highlighting the importance of accounting for the microstructure noise.

Tables 3 and 4 display the results for the continuous-time IS measures in the cases of iid and
endogenous MA (1) microstructure noises, respectively. In particular, we report bias and RRMSE for
ten estimators. As before, the columns VEC(y), VEC;(y), VEC5(y) refer to the LS-based estimates
of the continuous-time IS measures from the VEC(y) specification () = 0,1) at the tick-by-tick, 1-
minute and 5-minute sampling intervals, respectively. We estimate the integrated covariance matrix
using the realized covariance estimator for the LS-based measures, whereas we employ either RK
or HAC estimators in the case of TV-based measures. Note however that these estimators are
very different in nature. While the RK approach estimates directly the continuous-time covariance
matrix, the HAC estimator has to use the exact discretization to back out the continuous-time
unconditional covariance matrix.

As in the case of the CS measures, the bias of the LS-based estimates of the continuous-time IS

is large for all levels of microstructure noises. The 2SLSgx and 2S5LSgy 1 estimators have in general
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smaller biases and RMSE, but still quite off target regardless of the magnitude of the microstructure
noise. These biases are due to the upward bias on the off-diagonal elements of the RK estimates
of the integrated covariance matrix. While the finite-sample biases of the RK estimates of the
diagonal elements of ¥y are close to zero, those of the off-diagonal elements are usually large and
positive. This happens mainly because the speed-of-adjustment parameters we consider in our
data generation process are relatively fast, implying that at the tick-by-tick frequency (about one
observation every 1.6 seconds), the signal required to consistently estimate the correlation between
markets is already too weak. In turn, the 2SLSy,c and 2SLSyac,1 estimators perform best in terms
of both finite-sample bias and RMSE, largely outperforming the other estimators.

Table 5 documents the results for the discrete-time IS measures. Because the discrete-time IS
measures converge to 1/M as the sampling frequency decreases, we restrict our analyses to the
tick-by-tick frequency using the same estimators as before. Once more, the IV-based measures
outperform the competitors irrespectively of the speed of adjustment in each market and market
microstructure noise we use.

LS inconsistency affects not only the usual price discovery measures, but also the impulse
response functions. To formally address the finite-sample performance of both LS- and IV-based
IRFs, Figures 3 and 4 plot the 5%, 50% and 95% empirical quantiles of the corresponding IRF's
based on 1,000 replications. The rows contain the different estimators, while the columns relate to
the magnitudes of the microstructure noise. The solid lines correspond to the median IRFs, with
shades covering the region between the 5% and 95% quantiles, and the dotted lines are the true
IRFs.

In line with our previous findings, the IV-based impulse response functions behave better than
their LS counterparts. Regardless of whether we use a VEC(0) or VEC(1) specification, there is a
large positive bias in the LS-based impulse responses in the presence of market microstructure noise,
overestimating the speed at which markets adjust to a change in the efficient price. A different
picture emerges if we examine IRFs based on 2SLSy ¢ and 2SLSg yac estimates. They exhibit little
bias, correctly tracking the true IRF in all leads. As expected, the 90% confidence intervals increase
with the magnitude of the market microstructure noise, implying that fragmented markets might

appear more efficient than they actually are if one does not account for the market microstructure
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noise.

All in all, our Monte Carlo simulations show that the IV-based price discovery measures are
more reliable than their LS-based counterparts in every scenario we investigate, regardless of the
speed-of-adjustment in each market, leadership pattern, and sort of microstructure noise (large vs
small in magnitude, idd vs persistent, exogenous vs endogenous). We further document that the
CS estimates have better finite-sample properties than both the continuous- and discrete-time IS

measures under Assumption MMN(TS).
4.2 Finite-sample performance under Assumption MMN(CS)

The second set of Monte Carlo experiments examines the finite-sample performance of the LS- and
IV-based price discovery measures in the presence of endogenous MA (o0) microstructure noises.
Under these circumstances, we have to select instruments in line with Assumption MMN(CS):
namely, current and lagged values of 5’ sr—1. Because we have the entire cross section of assets to
chose from, it is natural to design a simulation study that allows for potentially many instruments.
We consider IV-based estimators that use V' = 1, 5, 10, 20 assets as instruments. The main challenge
of Assumption MMN(CS) is that instruments are rather weak, and so we also report the results
for the price discovery measures using the CU-GMM estimator for 10 and 20 instruments.

We simulate the data as a system of 42 log-prices at the 1-second sampling interval from the
exact discretization of (1). They correspond to 21 different assets, each of them trading at two
exchanges. The resulting VEC(0) model has 21 cointegrating vectors. We define the 42 x 21 matrix
« in such way that there is no Granger causality among the different assets. The remaining steps
are the same as the ones in the previous section: (1) we model the market microstructure noise
as an endogenous MA (co) process so that they satisfy Assumption MMN(CS); (2) we account
for nonsynchronous quoting/trading activity by randomly selecting about 18,000 observations for
each stock using independent Bernoulli trials; (3) we aggregate the prices using the refresh time
technology; and then (4) aggregate data to the 1- and 5-minute sampling intervals.

To save space, we do not report results from the LS-based estimates from the VEC(1) models,
as they are essentially the same as in Section 4.1. As such, we restrict attention to the LS-
based measures from the VEC(0) models at the tick-by-tick, 1-minute, and 5-minute sampling

intervals, whereas the IV- and CU-GMM estimates are only for the VEC(0) models at the tick-by-
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tick frequency. We organize the tables in the same fashion as in Section 4.1, reporting not only
median bias but also RRMSE using the LS estimator at the tick-by-tick frequency as benchmark.

Table 6 shows the performance of each estimator of the first market’s component share. As ex-
pected, the LS-based estimators perform very poorly irrespectively of the sampling frequency and
the magnitudes of the microstructure noise and of the speed-of-adjustment parameters. For the
lowest level of noise, w? = (0.0001,0.0001)’, the 2SLS estimator with a single instrument performs
very well, with virtually no finite-sample bias and with a low RRMSE. For larger magnitudes of mi-
crostructure noise, both the first-stage F-statistics and R? drop sharply, and hence the performance
of the 2SLS estimator deteriorates. Adding more instruments is not of great help, as finite-sample
bias remains moderate to high. These results are in line with the asymptotic theory in that the
2SLS estimator is inconsistent in the case of many weak instruments.

The picture dramatically changes once we focus on the CU-GMM estimators. The correspond-
ing CS measures are virtually unbiased in all scenarios we entertain, apart from displaying the
lowest RRMSEs. Taking into consideration both median bias and RRMSE criteria, the CU-GMM
estimator with 20 instruments exhibits the overall best performance, supporting our rationale that
using many weak instruments pays off when estimating the CS measures.

Table 7 presents the results for the continuous- and discrete-time IS measures. Overall, we find
that all estimators exhibit some finite-sample bias for any magnitude of the microstructure noise
apart from w? = (0.0001,0.0001)". Combining the HAC covariance matrix estimator with VEC
parameter estimates coming either from the 2SLS with 5 instruments or from the CU-GMM with
20 instruments entails the best improvement relative to the standard LS approach, even if it still
exhibits some finite-sample bias.

As for the impulse response functions, Figure 5 depicts their median values, as well as their
5% and the 95% empirical quantiles, based on 1,000 replications. In each plot, the rows display
the IV-based estimates with 1 to 20 instruments and the CU-GMM estimates with 10 and 20
instruments, whereas the columns refer to the magnitude of the microstructure noise. As before,

solid and dotted lines correspond respectively to the median and true impulse response functions.!!

1 To save space, we refrain to report the impulse response functions for the LS estimates, as they do not differ in
any qualitative or quantitative aspect from the ones in Figure 4. Results are obviously available from the authors
upon request.
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In line with the previous discussion, all IV-based estimators deliver unbiased estimates of the IRF's
in the case of w? = (0.0001,0.0001)’. For larger microstructure noises, we find that the CU-GMM
estimator with 20 instruments performs best, especially at what concerns the coverage of the 90%
empirical confidence interval.

In summary, the IV-based estimators of o and «) perform very well in both settings. As
for the IS measures, our simulations show that it is preferable to estimate the VEC parameters
by IV and then compute the HAC estimator of the residual covariance matrix using the exact
discretization results. Impulse response functions based on LS residuals are generally downward
biased, making the convergence to the long-run effect falsely too fast. Finally, the additional Monte
Carlo experiments in the online appendix confirm our findings under Assumptions MMN(TS) and
MMN(CS) for slower speeds of adjustment and different types of market microstructure noises

(magnitude and dependence structure).
5 Price informativeness: NYSE versus Nasdaq

In this section, we compute price discovery measures for Alcoa (AA). Although Alcoa trades on
multiple venues in the US, we focus exclusively on the NYSE and Nasdaq in view that they are
the most active trading platforms. We extract quotes data from TAQ for the period ranging from
June 2012 to May 2013. We implement the same cleaning filters as in Barndorff-Nielsen, Hansen,
Lunde and Shephard (2009), discarding any observation with a zero quote, negative bid-ask spread,
or outside the main trading hours (9:30 to 16:00). We also discard any data point with a bid-ask
spread higher than 50 times the median spread on that day or with a midquote deviating by more
than 10 mean absolute deviations from a rolling centered median of 50 observations. Finally, we
take the median bid and ask quotes (midquotes) at each second in the event that there are multiple
ticks taking place at the same second.

We synchronize the midquotes from both trading venues by using the refresh-time approach
and then sampling at regularly spaced intervals of 1 and 5 minutes. Apart from the entire sample,
we also consider one subsample for each of the 12 months in the sample period. In the context of
Assumption MMN(CS), we take as potential instruments a panel of 25 stocks that trade at ARCA,

BATS and NASDAQ OMX BX Stock Exchange (formerly Boston Stock Exchange). Their ticker
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symbols are AAPL, BAC, BRKB, CSCO, DAL, GM, GOOG, HPQ, IBM, JCP, JNJ, JPM, KO,
MO, MRK, MRVL, MSFT, NOK, ORCL, PFE, PG, VZ, WFC, XOM, and YHOO. We handle their
data using exactly the same filters we use for AA. Finally, as a measure of liquidity and trading
activity, Table 9 also reports the average duration between quotes for the entire sample period for
all stocks in the different trading venues.

To test for cointegration in each month of the sample, we employ the procedure in Hansen and
Lunde (2006). We first choose the lag length of the daily VEC models by obtaining the most parsi-
monious specification in which the LM test cannot reject the absence of residual autocorrelation at

1,2 and then apply Johansen’s maximum eigenvalue and trace cointegration

the 5% significance leve
tests. We find strong evidence, at the 1% level of significance, that there is only one cointegrating
vector in every day of the sample, regardless of the sampling interval. In the standard price discov-
ery analysis, one must typically equip the VEC specification with a rich lag structure, ignoring the
fact that the presence of market microstructure noise may hatch spurious autocorrelation in the
least-squares residuals. In contrast, our IV-based price discovery analysis always consider a simple
VEC(0) model, without adding any past price changes to the specification, to conform with the
continuous-time model we have in mind.

The first set of results considers Assumption MMN(TS) with 0 < ¢ < oo and the past price
differences between the NYSE and Nasdaq as instruments. Table 10 reports both monthly and
yearly estimates of the NYSE’s component share, which we denote by o | n, at the tick-by-tick,
l-minute and 5-minute sampling intervals.'®> As in the previous section, we compare the 2SLS
estimates with the LS estimates of the VEC(0) model at the different frequencies.

Interestingly, inference about market leadership depends on whether the estimator is robust to
microstructure noise. This holds for every month in the sample period. The LS estimates at the
tick-by-tick frequency assign Nasdaq as the market leader, whereas both 2SLS estimates attribute
market leadership to the NYSE. The LS results are not robust however to the sampling frequency.
Using 1- and 5-minute intervals, the LS-based analyses indicate that the NYSE is more important

than Nasdaq for the price discovery. This is consistent with our theoretical and simulation results

12 Minimizing the Bayesian information criterion yields very similar results.
13 Recall that, by construction, the Nasdaq’s component share is 1 — ) x, as we normalize the elements of the
orthogonal complement to sum one.
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in that the finite-sample bias of the LS estimator increases with the sampling frequency.

In line with our simulation study, the instruments under Assumption MMN(TS) are generally
strong enough, with R? over 20%, for virtually every month. We also reject the null that 3P, _,
is exogenous in all subsamples given the significant differences between the LS and IV estimates of
the speed-of-adjustment parameters. These differences are larger for the NYSE, perhaps hinting
that the microstructure noise is larger in magnitude at the NYSE.!# This is exactly the situation
in which LS-based market leadership analyses fail.'> To confirm whether this is the case, we
estimate the the realized variance in each market and use the fact that RV/(2n) 2, w2 under the
assumption of iid microstructure noises. We indeed find that @]2\, > @%, corroborating the indirect
evidence in the difference between LS and IV estimates. The main take way is that, in the presence
of microstructure noise, one should always consider IV-based price discovery measures to make
inference about market leadership.

Table 11 reports the information shares we estimate by LS and IV. Once again, the continuous-
time IS measures are markedly different according to the estimator we use. In particular, we find
that their 2SLSyac and 25LSy,c,1 estimates are seemingly the best to identify the leading market
in the price discovery process. They indicate that the continuous-time IS is about 0.60 across every
subsample. This highlights that the speeds at which both NYSE and Nasdaq currently operate call
for ultra high resolutions; otherwise, the contemporaneous correlation between markets gets very
close to unit, implying uninformative information shares (Hasbrouck, 2018).

In the second set of empirical results, we assume that the microstructure noises are MA (o)
processes. Just as in the Monte Carlo study, we use other assets traded at different exchanges
as instruments. Using the refresh-time scheme, we synchronize the AA stock midquotes with the
entire set of instruments at the tick-by-tick frequency. Because refresh time depends heavily on the
least liquid asset, we entertain two sets of instruments with different sampling frequencies. The
first selects assets with at least 7,500 quotes on every trading day (about one quote every 3 seconds)
within the month. This means that the tickers in this set of instruments may vary across months.

The second set of instruments raises the bar to at least 5,000 quotes per day (about one quote

14 The full set of results, including the speed-of-adjustment estimates for the NYSE and Nasdaq markets, are available
upon request
15 Gee, for instance, our simulation results for w? = (0.0010,0.0005)" in the previous section.
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every 5 seconds).

Table 12 documents the monthly CU-GMM estimates of o | n for both set of instruments. The
instruments in the top panel correspond to stocks that post at least 7,500 quotes per day. It is
reassuring that the CU-GMM component share estimates also indicate that the NYSE leads the
price discovery mechanism in every month of the sample period. Moreover, we reject the null that
a; y = 0 for all months but two at the 10% significance level. As we cannot individually reject
the null that o 7 = 0 for every month, it seems that the NYSE is the sole contributor of the price
discovery process. As expected, the instruments are rather weak, with R? and F-statistics well
below 0 and 10, respectively. The average duration is about 8 seconds, which is fourfold that under
Assumption MMN(TS). This poses an extra challenge to the estimation of the CS measures, as the
strength of the signal we use to identify the price discovery measures decreases with the duration.

The bottom panel of Table 12 displays the CS estimates using as instruments the stocks with at
least 5,000 quotes. By decreasing the liquidity requirement, the number of instruments increases
from about 14 to 28 assets. Because we now consider less liquid assets, the average duration also
increases to about 17 seconds, which contribute to make instruments even weaker. We nonetheless
find very similar results, with the NYSE still leading the price discovery process. Altogether, the re-
sults under Assumption MMN(CS) corroborate our previous findings under Assumption MMN(TS)
and, most importantly, highlights the importance of using methods that are robust to the presence
of market microstructure noise.

Out last set of results rests on the infill asymptotic theory in Section 3.2. We compute daily
measures of the CS measures and investigate how the price discovery evolves over time. We treat
each trading day independently by running individual VEC models for each day in our sample.
For the VEC(1) model, we estimate by LS the CS measures from tick data, whereas we estimate
a) in the VEC(0) models by LS and IV. We consider two alternative sets of instruments that
meet the requirements in Assumption MMN(TS). The upper panel of Figure 6 displays the CS
measures based on the LS estimator in both VEC(0) and VEC(1) specifications, whilst the lower
panel exhibits the IV estimates of o] .

In short, the daily measures of price discovery confirm our previous results under the standard

asymptotic theory. Estimating component shares by LS entail divergent results in terms of market
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leadership relative to the microstructure-robust IV-based measures. In line with our theoretical and
simulation results, the LS-based component share estimates seem biased towards 1/2. As before,
the daily IV estimates identify the NYSE as the leading market over the entire sample period. As
for the IRFs, Figure 7 displays the median, 5%, and 95% percentiles of the daily IRF of Nasdaq
to shocks in the efficient price. Given our simulations, we expect that LS-based impulse response
functions to converge way faster towards one in the presence of market microstructure noise. This is
indeed the case, with the IRFs of the VEC(0) models converging almost instantaneously to one for
the LS estimates, whereas the robust-to-noise IV-based IRFs take, on average, five to ten periods
to incorporate the information from the efficient price into market prices.

All in all, this section shows the importance of using estimators that are robust to market mi-
crostructure noise, as the non-robust methods are heavily inconsistent to the point that conclusion

regarding market leadership in the price discovery process flips.

6 Conclusion

This paper examines the impact of market microstructure noise in the estimation of price discovery
measures. In particular, we show that the presence of microstructure noise biases the standard least-
squares VEC estimation that permeates the traditional price discovery analysis. We propose an
IV-based approach and derive valid sets of instruments under two different assumptions about the
market microstructure noises. We establish the large sample properties of the IV-based estimators
under two asymptotic settings: the usual asymptotic theory that fixes the number of intraday
observations, while letting the number of days diverge; the infill asymptotic theory that fixes the
number of trading days to one whilst letting the number of intraday observations to grow to infinity.
Monte Carlo simulations confirm that the standard LS estimates are inconsistent, whereas our IV
approach performs very well, with virtually no bias in finite samples. Interestingly, in our empirical
application, we find that market leadership between the NYSE and Nasdaq actually flips once we
account for microstructure noise. This result holds for the two different assumptions about market

microstructure noise and the alternative asymptotic settings.
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Appendix A Proofs

Proof of Theorem 1  We start by proving (i). First note that because 8 = (I, —¢,)’, then

B1 = iy, meaning that = has common rows. Furthermore, as (11) has no autoregressive terms and

Z%zl Q.1 =1, aj is equal to any row of Z. Let == . [&’Lﬁj_l @', and rewrite

(1)

=81 [ B+ (@1 — 1) 8] (oL + (@ —al)),

- BL (OélﬁL)il (@L—a1) By (O/LﬁL)fl o + 31 (O/Lﬁi)fl (@L—ay). (26)

(1]

Without loss of generality, for any fixed § € [0,1], choose &) ;v = o) — agag oL with as =
-1
—ag <623 [Va(;) such that &%, &) v = 0. Substituting &, ;v — o into (26) and rearranging

terms,

=~/

-E=p1 (O/LBJ_)_I {al (Qs,1v — as) 5:;} B (alﬁL)_l o — B (alﬁL)_l o\ (G5 v — as) o,

=~/

= E(Qs1v — a5) G52 — E (Gs1v — as) ag,

= = (@s.rv — ) @ (2 — Inp). (27)
Using the properties of the vec operator, it follows that
vee () — vee () = (@' @ ) (vee (@) = vee (as)), (28)
where ) = & (E —Inr). Let Ky g be the commutation matrix with dimensions M R x MR such
that Ky rvec (a5) = vec (o). Specifically, Ky p = Z,]y:l 25:1 Kpp ® K;%h,, where Ky, 5 is a
M x R matrix with [Khﬁ/} =1 and [Kﬁﬁ/] =01if h# h or W # h'. Tt then follows that (28) reads
vec (2) — vec (Z) = (@Z' ® E) Kur (a(;,[‘/ - a(;). (29)
Because E has common rows, define a deterministic matrix S = (Si,...,Sy) such that a; =
Svec () and o = Svec (Z), where Sj = (1(J),0mxgr) with j =1,..., M, «(j) denoting an M x 1
vector that has its jth row equal to one and all the remaining entries equal to zero, and Op;x g is

an M x R matrix of zeros. It the follows that (29) reads
aJ_—OLJ_:S<1ZI®E)KM7R<C¥57]V—O£§). (30)
To show (a5 v — o) 250, note that

-1

asn —as = | (7 (1w 2)) (TW) (1 (0 2 p)|

(130w 2) (rw) 3 1 21). o
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Assumption RROU and relevance of the instruments (item (éi.) in Lemma 2 or 3) imply the first

term on the right-hand-side of (31) is O, (1), meaning that plim +p' (Iyy ® Z) = Qp,z < o0

T—o00

and plim TW = Qw < oo are O, (1) terms. Standard weak law of large number for stationary
T—o00

processes (see, for instance, Proposition 7.5 in Hamilton, 1994) and instruments validity (item (:.) in

Lemma 2 or 3) render plim (% (Iy® Z) v) = 0, implying that as v -5 ;. Finally, consistency
T—o00

of as rv implies as 2 ag = —ag (aga(s)*l and 12 25 4. Tt then follows that @, — «, which
proves (i).
To prove (ii), use the results in (i) and rewrite (30) such that as T' — oo,
1
VT

Note that ﬁ (Inf ® Z) v = vec (% 23_;1 Zr s Vs ﬁ 22:1 ZT_k*VMﬂ—) is not a vector of

martingale difference sequences, but a serially correlated covariance stationary processes. Lemma 4

ﬁ(amv - 0&) =S (Y ®E)Kur [Qz‘),ZQWQ;—,’Z} - Qﬁ,ZQW( (In ® Z)/V)- (32)

shows that { ﬁlmpti—q—kvmytﬂfti} and { B‘;Sti,ﬂm,t”fti} are ergodic uniform integrable L'- mixin-
gale sequences under Assumptions MMN(TS) and MMN(CS), respectively, which satisfies the con-
ditions of the CLT for L'-mixingale sequences (see, for instance, White, 2000; Davidson, 1994). By

applying the Cramér-Wold device, it then follows that

\/1T (In®2Z)v - N(0,Tp,), (33)

where I'p,, = Z?il_q_l Ip, (4) and 3222 T'p, (j) under Assumptions MMN(TS) and MMN(CS),

respectively, and I'p, (j) = E [VTV’T_ ® Lrpr Z' } with £* denoting the instruments lag order

T—k*—j
and v; = (Vir,...,var-) . The limiting distribution of (32) then reads
VI (@1 —a1) -5 N (0,C1C2CsT5, C4CLCY) | (34)

where C1 =S (V' @ E) Ky g, C2 = [Qf,,ZQWQ%,Z} and Cs = Qp,zQw, which proves item
(ii).

In view that vy, is consistent, 5157 v — B follows from standard HAC asymptotic theory (see,
for instance, White’s (2000) Corollary 6.11). Combining this result with item (i) in this theorem
and applying the Slutsky’s theorem, it follows that fg'(;, Ja% 2T Ss, which proves item (iii). Finally,

using i;, v 2 35 and the Slutsky’s theorem, it follows that 1S v 18 , which proves (iv.). B

Proof of Theorem 2  To prove (i), first recall that Lemma 1 states that instruments are valid

and relevant, implying that the moment conditions are valid and identified. Next, by replicating
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the steps in Theorem 1(i), write
alyw—oap =8 <@E/ ® E) Kur (aw - a), (35)

where 1) = & (E — I)). Recall that iy = argmaxg Conn, (@0). It then follows that from Assump-

tion GMM (¢),

alv - argglax CGMM,TLt (a) + Op(l). (36)
(6%

We now use the same arguments as in Newey and McFadden (1994). For any ¢ > 0, we have that

with probability approaching one
C (aIV) > CGMM,m (aIV) - §/3 > CGMM,nt (a) - 2§/3 >C (a) — Q< (37)

Next, define B any open subset of A that contains c, and B¢ the complement of B in RME. Tt
then follows that A N B¢ is compact and argmaxgcange C(@) exists. Assumption GMM (a) and
(b) imply that C(a) —supgeanpe C(@) > 0. Finally, fix ¢ = C(at) —supgeanpe C(@) and plug into
the right-hand side of (38), so that C (cuy) > supgea~pe C(@) with probability approaching one,
implying that a;y € B and ayy 25 a. Finally, consistency of @y implies & Lia=—-a (of a)fl

and @Z LN 1. It then follows that & ;v 25 «, which proves (1).

As for the proof of (ii), multiply (35) through by \/n
Jﬁ(avafaL):S@’@E) KM,R[\/E<&IV7(1>}. (38)
From item (i) in this theorem, &y —— «, which implies that & — o (o’a) " and hence o L ap.
It therefore suffices to show the limiting distribution of \/n (& — ). Next, the FOC of (36)
implies
_QG;” () CI\"_lgn,: (aw) =0, (39)
where g,,, (&) denotes the sample moment condition computed with prices sampled on the equally

spaced clock with sampling interval given by § = 1/n and G, (&) = Vag,, (&) stands for the

gradient of g, (@). Expanding g,,, (civ) around « and rearranging terms
~ -1 ~
V(G - a) = |G, (@) VTG, (@) G, (Gu) U Hng,, (Gu), (40)

where &* is a point in the line segment joining @,y and a. First, note that ¥ —2 ¥ by HAC large

sample theory, see for instance, Theorem 6.9 in White (2000). To show Gy, (Gry) —= G () with
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G(a)=E [Va In,, (a)} =Gandg,, (o)= (Apr, — a5 (a) B'pr,_,) ® Zg7,_,_,» take a mean value
expansion of sample and population moment conditions around a. Next, take the supremum norm

and apply the triangle inequality, such that

sup |G, (&%) = G (a¥)| sup|a—al < sup |90, (@) — g (&)| + |9y, (@) — g ()], (41)
ac

a*cAx acA

where a* is a point in the line segment joining an arbitrary point & in A and «, and A* denotes an
open convex set containing A. Assumptions GMM (c¢) and RROU deliver that the two terms on the
right-hand side of (41) and supgea |@ — a are 0,(1) and O(1), respectively. It then follows that
Supgrca- |Gn, (@*) — G (@*)| is 0p(1), meaning that G, (cuy) converges uniformly in probability
to G (o).

Next, recall that the moment conditions are serially correlated. From Lemma 4,
{6/mpti—q— L Vmitis .7-}2.} is an ergodic uniform integrable L'- mixingale sequences, meaning that we can
apply the Cramér-Wold device to obtain the limiting distribution of v/ng,, (a): \/ng,, () 4N (0, ),
where ¥ = Z?il_q_l U(j)and ¥ (j) =E [vtivgi_j ® Z]_f»tiqukzlé,ti_,j_k_j] (see, for instance, White,
2000; Davidson, 1994). As the weighting matrix is chosen optimally to be ¥, the limiting distribu-

tion of (40) reads

Vi@ —a) -5 N (0, (Ge'6) ) (42)
It then follows that

Vi@ —an) -5 N (0.8 @ eE) (@ve) T (v es)s), (43)

which proves item ii.

To prove (iii), it suffices to show that RK — % as item (i) in this theorem holds. To this
end, we must show that our assumptions satisfy the conditions in Barndorff-Nielsen et al.’s (2011)
Lemma 1. This is indeed the case. The continuous-time process in (1) meets the conditions
in their assumption SH. Assumptions RT and K are the same as their assumptions D and K,
whereas their assumption U holds under Assumption MMN(TS). It follows by Slutsky’s theorem

that ISIV - IS — Op(l) . .
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A.1  Proofs of Lemma 1, 2 and 3

In this appendix, we show that 2z,  and g st; , are valid sets of instruments respectively under
Assumptions MMN(TS) and MMN(CS) in that they correlate with 5'p;, , even if orthogonal to v,.
For ease of exposition, we restrict attention to the case with M = J = 2 markets and focus without
any loss of generality on the estimation of ag; in (12) using either ZE,ti_q_k = Plt; g — P2t gy
or 858, , = S1t, , — S24,_, as a single instrument.

Proof of Lemma 1 Lemma 1 is a collection of established results. Specifically, rank (af’) =
rank («os0’) and the equivalence between the continuous- and discrete-time log-likelihood functions
follow from Theorem 1 in Kessler and Rahbek (2004), whereas the remaining results are in Johansen

(1995).
Proof of Lemma 2  We begin with

]E(Zl_f,tiquk vig) =E{(pr,_ o p — P2t on) 051 (wr e,y —ug, )+ Aury, +eq,]}
= a5 B [(pr,_ g — P2tigoi) (Un, — U2y, )]
+E [(p1t,_gn — P2t gi)Aurs,| +E (P16 — P2,4i_ i )EL]
=as1E[(Pry,_, o — Po ) (ung, — gy, )]
+E (Pt — Potig ) Aury ] + E[(Pri_yy — Prti o)1)
+ a5 1B [(u1,,_y = U, o) (Urg,, — U, )]

+E [(ulﬂfi—g—k - u27ti—q—k)Au1,ti] +E [(ul,ti—a—k - u27ti—§—k)€17ti] )

given that pj;, = Pjt, + ujy,. It then follows from Piy, — Py, = > 52 T(g,hech that

o
g T(S,hgti,q,k,h (ul,tiﬂ - u2,ti—1)
h=0

E(Zg4, . Vit) = as1E

"r—q

+E +E

o0
Z Tévheti—q—k—hglvti

oo
Z Tévhsti—q—k—h Aul,tz‘
h=0 h=0

+ a5 E [(ul,ti—q—k - u27ti—q—k)(u1,ti71 - u27ti—1)]

+E [(ulvtiquk - u2’ti—¢j—k)Au1,ti:| +E [(ulzti—q—k - u2:ti—¢7—k)€17tz‘:| =0

under Assumption MMN(TS). We next show that the relevance of the instruments depend on the
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persistence in the price differentials:

E |:Z];7ti—§—k (pl,ti_l - p2,ti_1)} =E [(pl,ti_q_k - p2,ti_q_k)(p1,ti_1 - p27t,-_1)]
=E (P, — Potiy i) (Proiy — Pay, )]
+E [(Pui,q,k =Pyt o) (urg_, — Uz, )]
+E [(u1,t,_yy — u2,t g i) (Priiy — Poyi )]

+E [(ul,ti—q—k - u27ti—<j—k)(ulyti71 - u27ti—1)]

o0 (o0}
=K E:T57h€ti—q—k—h§ T5:h1€ti—1—h1
h=0 h1=0

[ oo
+E Z Té,hati—q—k—h(ulati—l — U2t ) (44)
Lh=0

o0
+E (ulvti—q—k - u27tifq—k) Z T57h15ti717h1
h1=0

+E [(ulvtiquk - u2:ti7(7—k)(u17ti71 - u2,t¢71)] .
Note that as Y p- ‘T(gﬂ < oo and using the properties of the trace operator, the first term in (44)
equals

o0 [o¢] o0 o0

22 Y _ 2 / v/

E Y Tsnctigrn O Tometion | =D TonE [5ti_q_k_h Qet, 1 p, | Yo
h=0 h1=0 h=0 h1=0

o
= TS5 hgho14n < 00 (45)
h=0

Finally, under Assumption MMN(TS), the last three terms in (44) are zero. It then follows that

(45) holds for any 2 < k < k, which proves Lemma 2.
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Proof of Lemma 3  We first establish the exogeneity of the instruments:

E [(s1,40 — S2 0 ) Ve = E{(s1,6, — s24,,) [asa(urg,, —ugy, )+ Aury, +e4,] }
= a5 1B (51,620 — $2,0i_g-11) (1,0, — U2t )]
+E [(s1,6:1 — 52,61 ) Aurg, | +E [(s1,6-1 — 52,401 )18,
= a1 B [(S1oy — S )(urgy — uzg, )]
+E [(Slytifl — SQ,ti,l)Aul,ti] +E [(517,51.71 — 527@.71)51,“]
+asiE [(v14,, —vo ) (Ui, — u2g )]

+E [(’Ul,ti—1 - ’U27ti—1)Au1)tij| +E [(’Ul,ti—1 - U27ti—1)61,ti:| ’
given that s; . = S+ + vjy, for j € {1,2}. Hansen’s (2005) representation then yields

[ o) 0o
Sta; = Sau, =B > e, + > B Yoner,, + 85550 =Y B Tsner,_,-
h=1 h=0 h=0

This implies that

oo
E [(Sl,ti—1 - 527151'—1)\71,%] = 055,1E [Z B/T5aheti—q—1—h(u17ti—l - u2,ti—1)]
h=0

o0
~
E B T&,hEti,q,l,hAul,ti
h=0

+E +E

o0
~
Z B T(S,heti,qflfhel,ti

h=0

+ a5,1E [(Ulvti—l - U27ti71)(u17ti71 - u2,ti71)]

+E [(Ul,ti,1 - U2,tl‘,1)Aul,tij| + E [(’Ul,ti,1 - U2,t¢,1)€1,tii| .

Assumption MMN(CS) ensures that all of the above terms are equal to zero. It remains to show

the relevance of the instrument. To this end, we compute its correlation with the price differential
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between markets:

E [(Slyti—l - 32,751‘—1) (pl,ti_1 - p27t1_1)] =E [(Sl,ti—1 - SQ,ti—l)(Pl,ti—l - P2,ti—1)]
+E [(Sl,tiﬁ - SQ,tz‘A)(ul,tiﬁ - u2,ti71)]
+E [(Ulytifl - U2,t¢71)(P17t¢71 - P2’ti71):|

+E [(Ulati—l - U27ti—1)(u17ti—l - U2,ti_1)}

oo o0
~ _
=K Zﬂ T57h€ti—1—h E : T57h1€ti—1—h1
h=0

h1=0

[ oo
+E ZﬁlTévati—l—h(ulvti—l - U‘Qvti—l)]
Lh=0

i 0
+E | (U142 —v2,41) Z T57h€ti1h]
L h=0

+E [(Ulytifl - U2,t¢71)(u17t¢71 - u27t¢71)} .
The last three terms are all equal to zero under Assumption MMN(CS), whereas the first term
is nonzero as long as the covariance between ¢;, and ¢, differs from zero. Specifically, define
¥5(0)=E [egi_h ® gti—h] < oo and s (h) =E [¢}, ®ey,_,] =0for h>0. As > ;7 HE’T(;JLH < oo

and > p7_, HTM’ < 00, and using the properties of the trace operator,

E [Z BYsnetirn Y Té,hgt“h/] =Y " BTsn%5(0) Tj), < o0, (46)
h=0 h'=0 h=0

which proves Lemma 3.

Proof of Lemma 4  We start by showing that {ﬂ’ pti—@—k} is a stationary ergodic sequence.

First, rewrite 8'py,_._, as

00 q
/Blpti,q,E = Z B/T(S,hgti,q,k,h + Z B,whlﬂti,q,E,hla
h=0 h1
q c—1 %
- Z Ondt; g n + Z Ondt; g pn + Z Ondt; g g (47)
h=0 h=g+1 h=¢

where 6, = (Th,wh) and O, = (Th,OM) are a R x 2M matrix with Y, = /Y5, and di; oopon =
vec (gti—cj—ﬁ—}ﬂﬁti—q—ﬁ—hl) is Gaussian white noise process with dimension 2M x 1. Because (47)
is a Gaussian VMA (00) process, it is stationary. Next, ﬂ’pti_q_k is ergodic if ©5,, h=q+1,..., is
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absolutely summable, i.e., limz_,o ZZO:E H(:)hH = 0. It then follows that
oo o« R 2M © R M
5 S CTENTS b op o OWWIESTS b op LW} e
h=¢ h=c h1=1 hy=1 h=¢ h1=1 hy=1
where ‘(:)hhhz,h‘ and }Thl’h%h‘ denote the absolute values of the hjho-th elements of © and Y,
respectively. It then follows from Assumption RROU that Y},, h = ¢+1,. . ., is absolutely summable,
which implies that limg 00 Y5 z1y Zfl Z% | Thihon| = 0. As for vpy,, it follows from v, =
e, +Inr — (a5 + Ing) L] uy, that vy, 4, is a Guassian MA(G+1) process, meaning that it is stationary
and ergodic process. Under Assumption MMN(CS), first note that E,Stl;l = E’StH +E’vt171. Next,
by applying the GRT, it follows that B’stH = Zi;% éhcﬁlvtiilih + ZE"}:@ éhl(;l;i—l—hl is a stationary
Gaussian VMA (co0) process, where éh = (B/'T(s,h?&)h) is a (J —1) x 2J matrix and cﬁi_l_hl =

. N/ . . . . o0
vec (eti—l—}ﬂvti—l—h) is a 2J x 1 vector. Furthermore, 5's;, , is ergodic if limz_so0 Zhlza

oo J-1 J

o0
LN CARITDIPIR DS
1=cC

hi=¢ ho=1 hs=1

J
[BIT’“LQ hs‘ + 3 oo bl ¢ - (49)
’ hs=1

As B Thl and gp, are both absolutely summable (Assumptions OTP and MMN(CS), respectively),
the limit in (49) equals zero. Finally, we show that v, is a stationary ergodic sequence by rewriting it
as a Gaussian VMA (co) process with absolutely summable coefficients: v, = Oqd, +> 00, Onds,_,,

where ©¢ = (Ip, Ins) and Op, = ((wpy1 — (I + asB') @r) , Opr) are M x 2M matrices. Absolute

summability of ©y, follows directly from @y, h = 1,..., being absolutely summable:
co M M co M M M

dim, Z [0all < Jim 325 > Iwmnsnanl + Jim 35030 3 il [@naanl =0, (50)
h=c h=1 ha=1 % h=¢ h=1ha=1hs—1

where Dp, p, is the hq, hg element of D = (Ins + asf').

To show (i7), first note that from item ( { ,6’7’npt Vmﬂgi} and { Eisti_lvm,ti} are stationary
ergodic sequences (see Proposition 3.36 in White, 2000). Next, recall that a sequence is said to
be a L'-mixingale with respect to F, if IEHIE( /mptifq7EVm7ti|fti—c) H < fi,&e, where {f;,}7 | is a
deterministic sequence and lim._, & = 0. First, it follows from a standard application of the GRT

that B,,pt,_,_, = Yo B Xsnetigpn + Bmlti_y_y_, and the sequence B, Tsp, h = 1,2,..., is
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absolutely summable. Under Assumption MMN(TS), it follows that

E (BuPti_g_pVmtl Fiio.) =0, fore>q+1; (51)
o0

E (/B/mptiquﬁvmatA‘Ftifc) = Z ﬁ/mT6,h5ti,q,E,;L (_wm,qﬁm,ti717q - a&,mﬁ/wqﬁti,l,q)
h=0

q
/
+ Z ﬁmwhlﬁtiflqu& (_wquﬁmytifl—q
h1=0

—0457m,8'w¢719ti_1_q) , forc=q+1; (52)

o0 q q
/ /
E (BmptiquﬁvmiAfti—c) = E :6mﬁr5yh€tiquﬁfh E : wm7h2/§myti7h2 - E : wm,hzﬁmﬂfiqf;@
h=0 ha=c ho=c—1

q q
/ /

- E : wm,’maimﬁ wh2?9myti7h2 + Z Bmwhlﬂti—l—q—&

ho=c—1 h1=0

q q

Z wmthﬁmvti—hQ - § : wm,hzﬁm7ti—1—h2_

ha=c ho=c—1

q

, —

§ Din,ho ¥6,mB ThoUmpt, , |, for 1 <ec<4g, (53)

ho=c—1

where as,, denotes the mth row of a5. From (51), it follows that EHE (ﬁ/mpti—q—kvmytA‘Ftifc) H =0
for ¢ > ¢+ 1, which implies £, = 0 and that it suffices to show that EHE( /mpti—q—gvmyti‘}'tifc) H
is finite for 1 < ¢ < g+ 1. As for ¢ = g+ 1, first recall that the sequence B’mT&h, h=12,...1s
absolutely summable, that is >, Hﬂ’mT&hH < 00, and thus we can interchange the order of the

expectation operator. It then follows from (52) that

EHE (B,mpti—q—kvm»ti ‘Fti—c) H < Z HBImTMH [m.ql E{ Hati—q—ﬁ—hﬁmyti—l—aH }
h=0

+ 3118 Tanl Ivee (asmB'me) || B |

h=0

}

/
ﬁtifl—q ® €t g-k-n

}

/
Q9m7ti—1—a ® ﬁtiﬂi*kfhl

q
+ Z Hﬂlmwhlu meﬁH E{ H,ﬁti—q—ﬁ—hlﬁmati—l—(j
h1=0

q
+ 3 18w | [vee (aamB'=q)|| E{ |

h1=0

‘ } (54)

All terms on the right-hand side involve expectations taking from products of Gaussian variables
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and hence there exists finite constants Dy, Dy < oo such that

oo q
2O B sal D+ (B
h=0 h'=0

| Dy, (55)

EHE (B/mpti,q,ﬁvm,ti

which implies EHE (ﬂmpti,q,EVm,tiU:ti,c) H <3 Hﬁ’mTMH D for some D < oo. Next, we show
that EHE( ’mpti_q_kvm,ﬂ}}i%) H < oo for 1 < ¢ < g. From (53), it follows that

EHE (B/mptz Vm tz“/—-‘tl c H < Z Z HB T(;hH me hQHE{ ’—E—h/ﬁm,ti—hQ}
h=0 ha=c

+Z Z HB T&h” me/wHE{ Uty hQ}

h=0 hg=c—1

00 q
303 18w Tonll Ivee (asmB'mn) | E{#,_,, @ty \ )

h=0 ha=c—1
q q
+ 30 3 1Bl ball E{ Oty Pty |
h1=0 ho=c
q q
+ Z Z Hﬁ,mthH @, | ]E{ﬂti—q—ﬁfhl ﬁmvti—l—hQ}
h1=0 ho=c—1

q q
+ Z Z Hﬂ/mthH Hvec (a&mﬁlwf@)” E{Q%Fkh? ® ﬁti—é—&—hl }

h1=0 ho=c—1
There exists finite constants Dy, Dy, D3 < 0o such that

- H <ZH/J’ Ys.n|| D1 + Z 1813, || D2 <Z||5

h1=0 —

e (2o

Finally, as > 7, HB/mT&hH < 00, it then follows that EHE( /mpti—q—ﬁvmyti’fti—c) ‘ < 00, which
proves item (7).

Next, we show that { B};Sti,lvm,tia]‘-ti} is stationary ergodic adapted L!-mixingale sequence.

To show that E HE (géstiflvmti \.7-}1.76) H < fr.&e with lime_yo0 & = 0, rewrite E (Bésti—lvmyti |}—ti75)
as

E (/Eésti—1vm,ti|]:ti—c> =E (E‘;;T&hetiflfhvm,ti"Fti—c) +E <§ivti—lvm,ti|fti—c> ) (56)

where the first and second conditional expectations in (56) read:

[o.¢] oo
2 : 2 : A /
Bj’ré,hetiflfh (wm,h1+119ti+17h1 - wm,h179ti7h1 - O‘J,mﬁ Whl'lgti,hl) a‘nd
h=c—1hj=c—1

o0 o0
2 : } : ol /
/Blghsptifl,h (wm,h1+179ti+1—h1 — Wm,hy ﬁti—hl - O‘d,mﬁ wh119ti—h1) )
h=c—1hyj=c—1
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respectively. Then, bound ]EHIE (B/;;StiflvmytiLFtifc)H as EHE (@Stiflvm,ti fti*C)H <

E HE (E}T&hﬁti_l_th,ti ”Fti—c) H + HE (@Utifl"m,ﬂftifc) H The firts term reads

Al 35 [t

=c—1 hy1=c—

P30S [T

h=c—1hj=c—1

E HE (B;;T(s»heti—l—hvmyti ‘ [+ | B [|e; s, Pri1—ni |

‘ meJh H E Heti—l—hﬁti*hl H

+ Z Z HEQTMH Hvec (a&mﬁ/whl)HEHetiflfhﬁti—hlu'
h

=c—1h1=c—-1

Because Y(;,h, h=1,... and wp,, hy = 1,... are absolutely summable, there exists an absolutely

summable sequence Dl,h and finite constant D, such that E HE (/g;:féyheti—l—hvmﬁi|fti7c> ’ <
> e HDLhH D;. As for the second term in (56), as op, h = 1... is absolutely summable,
we apply the same bounds such that there exists an absolutely summable sequence Dg}h and
finite constant Ds, such that IEHE (@Uti_ﬂ’m,ti‘]:ti_c)H < >y HDQ’hH Ds. Finnaly, it fol-
lows that there exists an absolutely summable sequence Dj and finite constant D, such that

8o (B oni ..

plies that lim. ., & = 0.

| < S5y [I1D]| D with fi, = D and € = 352, || D, which im-

To show that {5’mpti_q_kvm7ti7‘rti} is uniformly integrable, it suffices to prove that
E{Blmpti_q_ka,tiV;n,tipéi,q,k5@} < 00, (see, for instance, Proposition 7.7 in Hamilton, 1994).

Rewriting it as

(o0 o0 !
E { (Z /Blm’ré,hgti_q_E_h + /B;nuti,;k> Vm,tivgn,ti (Z ﬁ/m’r(s,hgti_q_h_h + B;nutil_ck> } ’ (57)
h=0 h=0

it follows under Assumption MMN(TS) that

o0 o0
/ / / _ / / / !
E{/Bmptiqukvativm,tipti_q_kBm} - z : z : /BmTéth {gtiquﬁfhEtiquk {Vm’tivm,ti} gti_q_ﬁ_hl } 6,h15m
h=0h;=0

[ee)
+ Z /BlmrtihE {Eti—q—ﬁ—hEti—rj—k {Vm,tivin,ti} u:fi,q—,ﬁ} Pm
h=0
(o)
+ Z B {uti—a—@Eti—a—k {vomt:vin s, b dfiquﬁ,h} 5.n8m
h=0
WLﬁlmE {uti—q—E]Eti—q—k {Vm,tiV;VL,ti } u;i,q,ﬁ} Bm (58)
Next, v ¢, is a Gaussian MA(g+ 1) process, which implies that Et, o s {VmJinm,ti} = U\%ﬁ-ﬁ-l < 00
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exists. It then follows from applying the unconditional expectations in (58),

oo q
E{6/mpti—q—kvmvtiV;n,tipéi,q,k 5@} = Z 03,q+15/mT6,h26T3,h1 Bm + Z 03,q+15’mT5,hFe,u(h)5m
h=0 h=0

q
+> 02 1Bl eaw() s 1B + 07 411 B QB (59)
h=0

where I'; ,(h) = E {stifhugi} <oofor0<h<qTyu(h)=0pforh>q and Q, =E {utlugl} < 0.

The last three terms in (59) are finite sums,

o
E{ Bt gt Vinahe_ g 1B} < D108 ol 18 anll 12l 105 5, B + D1,
h=0

<> 18w Ysnll X5 0, Bml| D (60)
h=0

for some D1,D < oo. As Y 72, HﬁlmT&h

‘ < oo, we conclude that {B,mpti,q,ka,tia ‘Fti} is uni-
formly integrable under Assumption MMN(TS). As for Assumption MMN(CS), { E}stiflvmti,]—}i}

is uniformly integrable from a straight forward modification of the proof in Assumption MMN(TS).
Appendix B Bias of the LS estimator

In this appendix, we derive the bias of the LS estimator in the presence of microstructure noise.

To simplify matters, we consider only M = 2 markets and focus on the estimation of a5 in

Apry;, = as (pl,ti,l —pz,ti,l) + Vit

where v, = Aury, + €14, — Qs (ULt@;l — uz7ti71). The LS estimator of oy is given by

' n -1 5
6‘5:1 - Z(pl,ti—1 _pQ,ti—1)2] Z(pl,ti—1 _p27ti—1)Athi
Li=1 i=1
—1 n -1 1 n
= n Z(plyti—l _p27t¢—1)2] n Z(pl,ti—1 —D2t,_1) [a5,1(p1,ti—1 —D2,) + Vl,tz‘}
i=1 i=1
1 <& e
= — — . 2 — . - . Y
=as1+ | i:1(P1,t¢71 P2,t; 1) ] - ;(pl,tzl P2t 1 )Vig,
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The average squared difference in prices converges in probability to some positive finite value @,

and hence plim [2 37 (p1y, |, — pg,tiil)Q]fl = Q! < co. This means that

n—00

plim &5 = a1 + Q' plim — Zpltzl P2t 1 )Vig

n—00 n—00 :
=1

—0661—066162 plim — Zpltzl P2t 1)(“11}11 U2t 1)

n—oo 1
1< 1<
1 1 1 1.
+ lim — 1,t;—1 — P2,t;— AUl i + lim — DPi;,_1 — p2,t¢, sl,ti'
Q TIL)_N)O n ;(p tic1 T D2t 1) it Q 5_}00 n ;( ti—1 1)

We next consider each term individually. Let

1
Bl’n - ﬁ Z(pl,ti—l _pQ,ti—l)(ul,ti—l - u27ti—1)
=1

n
1
2
*E Pltz 1 ti— 1)(”17151‘71 — U2t 1 *E ultz 1T U2, 1)

3

Corollary 2 in Hansen (2005) offers the following alternative representation to (6):

oo
== Z&th ZTE,hStifh + =5 P

h=0

where Z5 = 1 (o 1) Yo, and Y%, = (I — Z5) (L2 + asf’)". It then follows that
51 5L S.h

7 o]
Py, — Poy, = (B51 — Z62) Y et + Y _(Tiin— Yion)et , + (Es1 — Es2)Po
h=1 h=0

o0

_ k

= (Tiun— Thon)et ZTé hEti
h=0

given that =51 = Z52. This means that

o0

s 2
phm Bln_ ZTéhStz h— 1(U1 ti—1 u2tz 1) +E(U1 i1 — U2 i 1)

n—o0
h=0

oo

Z — p. g(h)]+wf+w§—2w1,2,

where p. j(h) = E(e, ,ujy,;) for j = 1,2 and wy 2 = E(uq4,u2,,). The first component reflects the

dependence between efficient price and market microstructure noises, whereas the remaining terms
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correspond to the extra variation due to the presence of market microstructure noises. In turn,

plim BQJL =E [(plﬂfi—l - p27ti—1)Au17ti]

n—oo

=E [(Pl,tiA - szti—l)Aulyti] +E [(ul,ti& - u27ti71)Aul7tJ

[o@)
= Z TfS,hE [EtithAul:ti] +E [(ul,tiﬂ - u2>ti71)Au17ti:|
h=0

=> Tsnlpalh+1) = pa(h)] +wiz — i+ [y11(1) = y.2(1)).
h=0

The last term in brackets displays an additional source of bias due to cross-autocorrelation in the

microstructure noises. Lastly,

plim B3,” =E [(pl,ti—1 - pQ,ti—l)ELti]

n—oo

=K [(Plyti—l - P27ti—1)€17ti] +E [(U’Lti—l - u27ti—1)€1,ti]
S

= Z T(S,hE [6ti,h,181,tij| + E [ul,tl',lel,ti] —-E [u2,ti,161,tz‘i| =0
h=0

given that price innovations are white noises that may lead, but not lag, microstructure noises.

The LS bias then amounts to

plim (Gs1 — as1) = Q' {Z Tsnlpa(h+1) = pa(h)] +711(1) = y2(1) +wip — W%}

—a51Q7" {Z Ysnlp-1(h) = pa(h)] + wi + w3 — 2‘*’1,2} :
h=0

Altogether, there are four sources of bias: (1) dependence between efficient price and market
microstructure noises; (2) variation in market microstructure noises; (3) correlation between
microstructure noises across markets; and (4) persistence in the microstructure noises. Finally, we

obtain a similar result to the overall variation in the observed price differential:

2
o0
Q=E(prs, —p2..)” =B [Py, — Pog +ury, — o> =E | Y Tsner,_, +urs, —uay,
h=0
2 o0
=E +E [ul,ti - u27ti]2 +2 Z T(S,h]E [stifh (ul,ti - u27ti)]
h=0

o0
> Yonet,
h=0

= Z T57h25T£;7h + w% + w% —2wi+2 Z Tg}h[p.,l(h) — p.g(h)].
h=0 h=0

The first term corresponds to the genuine part of the variation in the price differential, that is to say,

what we would get if you could observe prices without any market microstructure contamination.
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The omega terms stem from the mere presence of (possibly correlated) market microstructure

noises, whereas the last term reflects the additional contribution they entail if persistent over time.

B.1 Independent microstructure (white) noises

We now entertain a very simple setting in which microstructure noises are unrealistically well-
behaved and independent across markets. Suppose that uy,,...,un, are independent white noise
processes with mean zero and covariance matrix diag (w?, .. .,w?,). This means that cov(tm.¢;, U/ t;) =
0 and that v, 5,y (h) = 0 for 1 < m,m’ < M and any h > 0. In addition, assume there is no depen-

dence with the efficient price. The LS bias reduces to

plim(é{&l — 045,1) = —Q_l [(1 + Oé(s,l)w% + oz(;,lw%] ,

n—oo
with

oo
Q= Z Té,hE(STiS,h + w% + w%.
h=0

This yields

plim (& as1) wi o Wi+
51— 061) = TS = = — 051 = = - .
n—00 > oo YonXs Ty, +wi +wi Yoo YonXs Ty, +wi +wi

The bias of the LS estimator then depends on the magnitude of the market microstructure noise

in that market as well as on the overall noise-to-signal ratio.

B.2 Bias of the LS estimator in VEC models with lags

We study what happens if one applies the usual fix of adding lags to the VEC model in order to deal
with residual autocorrelation. For simplicity, we consider only the unrealistic case of independent

microstructure (white) noises. Adding the past realization of the change in prices results in

Ap1y, = a5 (pl,ti_l - P2,ti_1) + Y Ap1_, Vi,

The LS estimator of a5 then converges in probability to

plim & E(Ap%,ti_l)E[(thiﬂ - p2:ti—1)Ap1:ti] - ]E[(plytifl - p27ti—1)Aplytifl]]E(AplytiApl,tifl)
6,1 — .
n—r00 E(Ap%,ti,l)E[(thi—l _p2ati—1)2] - {E[(plvti—l - p27ti—1)Ap17ti—1]}2
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In what follows, we treat each of the above expectations individually in order to characterize the

bias. Recall that

E[(plati—l - p2,ti—1>Aplati] =K {(pl,ti—l - p2,tz‘—1) [0‘5,1(191,%’—1 - pQ,ti—l) + Vl,ti] }
=51 E [(plvti—l - p27ti71)2] +E [(plﬂf@;l - p27ti71)V1,tz‘]

o0

% T/ 2 2 2 2

= a1 | TonSs Ty +wi +wi| — (1+as1)wi — as w3
h=0

(o]

2 : Y 1/ 2
= 04571 T57h25’r57h — Wl.

h=0

whereas

E[(plﬂfi—l - p2,ti—l)Ap1,ti—1} =E {(pl,ti—1 - p27ti—1) [O‘J,l(pl,ti—z - p27ti—2) + Vl,ti—l] }
=51 E [(plﬂfi—l - pQ»ti—l)(plvti—Q - p27ti—2)] +E [(pl,ti—l - pQ,ti—1)V1,ti—1]
= Qg1 E [(Plytifl - szti—l)(Plyti72 - P27ti72)j| +E [(Plytifl - PQ»tifl)Vlvtifl}

+E [(ul,tz‘—1 - u2,ti—1)V1,t¢—1]
oo o0
= Q5,1 E § :T57h€ti—h—1 Z T5,h5ti—h—2
h=0 h=0

+E [(ul,ti—1 - u2,ti—1)Au17ti—1}

oo 2

- - - o

/ 4,1 2

=as1 E Té,h26T57h+1 + T&o + wy
h=0 0612

o
+E Z T‘Sthti—h—lAulati—l

h=0

with 031 = E(Eiti) and o512 = E(e1,4,€2,,). In turn,

E(Ap1y, Apr_y) = E{{as1(prey — p2siy) +vie] [as1(Pres — P2gis) + Vi) }
- a§,1 E [(pl,ti,l — P2t 1) (Pt — pg,tiﬂ)] +as1E [(thH _ p27ti71)vl,ti,1:|

+as1 E (P14, 0 — P2ts o)V1ts)] +E (Vi vig, )
— a§,1 E[(Prt,_y — Poiy )(Prtis — Pag, )] + 51 50 (:5,;)

+ E (Aul,tiAul,tl‘,l) - 04671 E [(ul,ti,1 - u2,t¢,1)Aul,t¢,1i|

o0 2

2 < S = 05,1 2

= 051 Z Y526 5 p41 + @51 Tsp0 — (I + as1)wi
h=0 06,12
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=
>
3
o
Sk
Il

2
E { [O‘@l(pl,tifl - p27ti—1) + Vl,ti} }

a3 E[(pry —p24i0)?] #2051 E [(pre, — D2y )Vis] +E(Vy,)
L B

= ag’l Z T(g’hzg'ﬂ;’h +wi 4w — 2051 [(1 + 045’1)00% + a(;,lw%]

Lh—0 |
+ E(Au%,ti) + E(eiti) + ag,l E(uLtifl - u2,ti71)2 — 2051 E [Aulvti (u17t¢—1 - u27ti71)]

. §
= a3, Z YsnSs s, +wi +ws | —2as1 [(1+ as1)wi + asiws]
Lh—0 |

+2w% —i—of +a§,1 (wf +w§) +205, w%

o0
= aj, Z YsnS6 sy + 051 + 2w7.
h=0
Altogether, this yields

A @B
plim Qg1 = Qs1 — ,
n—00 ]E(Apiti)E[(plytifl - p27ti71)2] - {E[(p17ti—l _p27ti71)Ap17ti71}}2

with

oo
2 = - 2 2
Qg1 Z Y53 sy + 051 + 2w
h=0

Qp = [(1+ as1)wi + w3

o0 2
_ _ _ o
+ (1 + 2 a(;,l)w% [Oz(;,l E T(;’hz(;TSJH_l + T(;,o ( 81 ) + w%
h=0 05,12

The expression for the bias is now much more intricated because it has to account for the measure-

ment error in the additional regressor. Similarly, adding the other market’s past price change or

more lags would further increase the magnitude of the bias.

B.3 Bias in leading market

Suppose now that the first market leads the second market at all times with as; = 0. The bias

becomes

plim ds5; = Q' {Z Tsnloi(h+1) = pa(h)] +711(1) —y12(1) + w2 — w%} ,

which reduces to —w?/Q if the market microstructure noises are uncorrelated white noises indepen-
dent of the efficient prices. If we now add the past price changes to control the serial correlation in

the error term, the LS estimator of a5 converges in probability to

[w? + 8] (03, +203] +w? [Too(02,,0m12) + ]

plim &1 = — - - - 3
e (05, +2wi) [Z?fzo Yo5p25 L5y, +wi + wg] - [Ta,o(ff?,p o512) + Wf]
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As the least-square estimator overestimates the magnitude of oy, it will underestimate by how

much the first market leads the price discovery.
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Table 1: Performance of the LS and 2SLS estimators of o ; under Assumption MMN(TS): iid
market microstructure noise

The upper panel reports the median bias of the estimates of a.; ;1 and the lower panel displays the ratio of their root
median squared errors (RRMSE) with respect to the estimates obtained using LS at the tick-by-tick frequency. We
simulate from the exact discretization of (1) with alternative speed-of-adjustment parameters, 8 = (1, —1)’, market-
specific integrated variances equal to one, and p = 0.5. We sample at alternative frequencies, varying from tick-by-tick
to 5 minutes. The market microstructure noises are serially uncorrelated white noises with variances w]z with j = 1,2
ranging from 0.0001 to 0.001. We estimate oy by LS and 2SLS. Specifically, VEC(0), VEC(0);, VEC(0)s denote
estimates of a; that are estimated by LS from a VEC(0) model fitted at the tick-by-tick, 1-minute, and 5-minute
sampling intervals, respectively; VEC(1), VEC(1)1, VEC(1)s denote estimates of oy that are estimated by LS from
VEC(1) model fitted at the tick-by-tick, 1-minute, and 5-minute sampling intervals, respectively; 2SLS and 2SLS;
are the estimates of o, which are estimated by 2SLS from VEC(0) models fitted at tick data, where the instruments
are selected as (p1,t; . —pat; ) for 2 <k <6 and 3 < k < 7, respectively; and R%, (RXZ 1) and Fxz (Fxz,1) are
the coefficient of determination and F statistics of the first-stage equation of the 2SLS (2SLS;) estimators.

Bias

ay = (1.00,0.00)'

VEC(0) VEC(1) VEC(0); VEC(1); VEC(0)s VEC(1); 2SLS 2SLS; Fxz Fxz1

w? = (0.0001,0.0001)  -0.43  -0.35 -0.18 -0.16 -0.15 -0.19  0.00 000 2655 1118
w? = (0.0005,0.0005)  -0.48  -0.46 -0.36 -0.35 -0.37 033 -0.01 -0.02 494 242
w? = (0.0010,0.0010)  -0.49  -0.48 -0.42 -0.40 -0.43 045  -0.02 -0.04 195 102
w? = (0.0010,0.0005)  -0.65  -0.63 -0.53 -0.51 -0.52 054  -0.03 -0.04 290 148

ay = (0.67,0.33)'

VEC(0) VEC(1) VEC(0); VEC(1); VEC(0)s VEC(1); 2SLS 2SLS; Fx; Fxz1

w? = (0.0001,0.0001)  -0.14 -0.12 -0.07 -0.07 -0.06 -0.06 0.00 0.00 1499 596
w? = (0.0005,0.0005)"  -0.16 -0.15 -0.13 -0.13 -0.14 -0.10 -0.01  -0.01 240 109
w? = (0.0010,0.0010)  -0.16 -0.16 -0.15 -0.14 -0.16 -0.18 -0.01  -0.02 87 42
w? =(0.0010,0.0005)"  -0.33 -0.32 -0.28 -0.27 -0.27 -0.29 -0.02 -0.04 133 63
Relative root mean squared error (RRMSE)
ay = (1.00,0.00)'
VEC(1) VEC(0); VEC(1); VEC(0)s VEC(1); 2SLS 2SLS, R%, R%y,
w? = (0.0001,0.0001)’ 0.80 0.41 0.41 1.05 1.50 0.09 0.10 0.47 0.40
w? = (0.0005,0.0005)’ 0.94 0.74 0.71 0.83 101 014 014 014 013
w? = (0.0010,0.0010)’ 0.97 0.85 0.81 0.87 0.99 0.21 0.19 0.06 0.06
w? = (0.0010, 0.0005)" 0.97 0.81 0.78 0.81 0.90 0.15 014 0.09 0.08
ay = (0.67,0.33)'
VEC(1) VEC(0); VEC(1); VEC(0)s VEC(1)s 2SLS 2SLS; R%, RX
w? = (0.0001,0.0001)’ 0.80 0.71 0.92 3.19 4.44 0.23 023 033 0.26
w? = (0.0005,0.0005)’ 0.95 0.82 0.82 1.68 2.34 0.38 0.35  0.07  0.06
w? = (0.0010,0.0010)’ 0.97 0.92 0.88 1.31 1.94 0.54 0.53 0.03 0.02
w? = (0.0010,0.0005)’ 0.97 0.86 0.83 0.98 1.19 0.25 024 0.04 0.04
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Table 2: Performance of the LS and 2SLS estimators of a ; under Assumption MMN(TS): en-
dogenous MA(1) market microstructure noise

The upper panel reports the median bias of the estimates of o) 1 and the lower panel displays the ratio of their root
median squared errors (RRMSE) with respect to the estimates obtained using LS at the tick-by-tick frequency. We
simulate from the exact discretization of (1) with alternative speed-of-adjustment parameters, 8 = (1, —1)’, market-
specific integrated variances equal to one, and p = 0.5. We sample at alternative frequencies, varying from tick-by-tick
to 5 minutes. The market microstructure noises are endogenous MA(1) processes with Corr (um,t;,€m/ ;) = —0.2
for m,m’ = 1,2, moving average parameters equal to —0.50, and variances w]2- with j = 1,2 ranging from 0.0001
to 0.001. We estimate ar; by LS and 2SLS. Specifically, VEC(0), VEC(0);, VEC(0)s denote estimates of o, that
are estimated by LS from a VEC(0) model fitted at the tick-by-tick, 1-minute, and 5-minute sampling intervals,
respectively; VEC(1), VEC(1)1, VEC(1)s denote estimates of o, that are estimated by LS from VEC(1) model
fitted at the tick-by-tick, 1-minute, and 5-minute sampling intervals, respectively; 25LS; and 2SLS2 are the estimates
of a; which are estimated by 2SLS from VEC(0) models fitted at tick data, where the instruments are selected
as (p1t;_, — P2,t,_,.) for 3 <k < 7and 4 < k < 8, respectively; and Rx,, (Rxz2) and Fxz1 (Fxzz2) are the
coeflicient of determination and F statistics of the first-stage equation of the 2SLS; (2SLS») estimators.

Bias
a; = (1.00,0.00)
VEC(0) VEC(1) VEC(0); VEC(1); VEC(0)s VEC(1)s 2SLS; 2SLSs; Fxzi Fxza2
w? = (0.0001,0.0001)  -0.36 -0.28 -0.11 -0.10 -0.10 -0.18 0.00 0.00 3770 1410
w? = (0.0005,0.0005)  -0.46 -0.43 -0.28 -0.24 -0.29 -0.29 0.00  0.00 945 412
w? = (0.0010,0.0010)  -0.48 -0.46 -0.36 -0.32 -0.36 -0.34 -0.01  -0.01 402 191
w? = (0.0010,0.0005)  -0.76 -0.74 -0.54 -0.51 -0.52 -0.54 0.00 -0.02 548 251
ay = (0.67,0.33)'
VEC(0) VEC(1) VEC(0); VEC(1); VEC(0)s VEC(1)s 2SLS; 2SLSs Fxzi Fxza
w? = (0.0001,0.0001)  -0.12 -0.09 -0.05 -0.04 -0.04 -0.09 0.00 0.00 2089 740
w? = (0.0005,0.0005)"  -0.16 -0.15 -0.11 -0.10 -0.12 -0.06 0.00  0.00 452 184
w? = (0.0010,0.0010)  -0.16 -0.16 -0.13 -0.12 -0.14 -0.12 0.00  0.00 176 77
w? = (0.0010,0.0005)"  -0.44 -0.44 -0.35 -0.35 -0.35 -0.36 0.00 -0.02 247 105

Relative root mean squared error (RRMSE)

ay = (1.00,0.00)'

VEC(1) VEC(0); VEC(1); VEC(0)s VEC(1); 2SLS; 2SLS; R%,, Rk,
w? = (0.0001,0.0001)’ 0.77 0.35 0.42 1.27 1.91 010  0.12 050 0.3
w? = (0.0005,0.0005)" 0.93 0.61 0.53 0.85 1.12 0.14 014 020 0.8
w? = (0.0010,0.0010)’ 0.96 0.75 0.66 0.81 0.97 022 020 0.0  0.09
w? = (0.0010,0.0005)" 0.97 0.71 0.67 0.71 0.81 0.13 011 013  0.12

a; = (0.67,0.33)

VEC(1) VEC(0); VEC(1); VEC(0)s VEC(1)s 2SLS; 2SLS; R%,; R,
w? = (0.0001,0.0001)’ 0.78 0.80 1.10 3.76 5.66 026 031 036  0.28
w? = (0.0005,0.0005)" 0.93 0.76 0.79 2.08 3.06 042 043 011  0.09
w? = (0.0010,0.0010)’ 0.96 0.83 0.80 1.65 2.43 0.65  0.62  0.04  0.04
w? = (0.0010,0.0005)" 0.99 0.79 0.80 0.88 1.09 020 018 006 0.5
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Table 3: Performance of the LS-RV, 2SLS-RK, and 2SLS-HAC estimators of the continuous-time
Information Share measure under Assumption MMN(TS): iid market microstructure noise

The upper panel reports the median bias of the estimates of the continuous-time Information Share (IS) measure
of the first market, I.S; and the lower panel displays the ratio of their root median squared errors (RRMSE) with
respect to the estimates obtained using LS at the tick-by-tick frequency. We simulate from the exact discretization
of (1) with alternative speed-of-adjustment parameters and sample at alternative frequencies, varying from tick-by-
tick to 5 minutes. The market microstructure noises are serially uncorrelated white noises with variances wf- with
j = 1,2 ranging from 0.0001 to 0.001. VEC(0), VEC(0):, VEC(0)s denote estimates of the IS measures that are
constructed with estimates of o, computed by LS from VEC(0) models fitted at tick-data, 1-minute, and 5-minute
sampling intervals, respectively, and integrated variance estimated with the realized variance (RV) estimator at tick-
data, 1-minute, and 5-minute sampling intervals, respectively; VEC(1), VEC(1)1, VEC(1)s denote estimates of the IS
measures that are constructed with estimates of a; computed by LS from VEC(1) models fitted at the tick-by-tick,
1-minute, and 5-minute sampling intervals, respectively, and continuous-time covariance matrix estimated with the
realized variance (RV) estimator at the tick-by-tick, 1-minute, and 5-minute sampling intervals, respectively; 2SLSrk
and 2SLSgx,1 denote estimates of 1,51 that are constructed with estimates of o, computed by 2SLS from VEC(0)
models fitted at the tick-by-tick frequency and integrated variance estimated with the realized kernel (RK) estimator
at the tick-by-tick. The a estimates in 2SLSgrx and 2SLSgk,1 use instruments selected as (pi,t; ., — P2, ,.) for
2 <k <6and 3 <k <7, respectively; and 2SLSuac and 2SLSnuac,1 denote estimates of the IS measures based on
the 2SLS estimator with instruments defined in the same fashion as in the 2SLSgx and 2SLSgrk,1 measures, and the
integrated variance based on the exact discretization of the discrete-time unconditional variance computed with the
HAC estimator.

Bias
IS; =0.88
VEC(0) VEC(1) VEC(0); VEC(1); VEC(0); VEC(1)s 2SLSgx 2SLSrx: 2SLSmac  2SLShac.
w? = (0.0001,0.0001)"  -0.26 -0.12 -0.35 -0.25 -0.37 -0.35 -0.17 -0.17 0.01 0.01
w? = (0.0005,0.0005)"  -0.35 -0.29 -0.36 -0.27 -0.37 -0.34 -0.22 -0.23 0.03 0.03
w? = (0.0010,0.0010)"  -0.36 -0.33 -0.37 -0.28 -0.37 -0.36 -0.24 -0.24 0.05 0.05
w? = (0.0010,0.0005)"  -0.52 -0.47 -0.48 -0.36 -0.41 -0.38 -0.23 -0.23 0.04 0.04
IS; =0.66
VEC(0) VEC(1) VEC(0); VEC(1); VEC(0)s VEC(1)s 2SLSpk 2SLSpk1 2SLSuac  2SLSuac:
w? = (0.0001,0.0001)"  -0.12 -0.07 -0.15 -0.13 -0.16 -0.15 -0.10 -0.10 0.01 0.00
w? = (0.0005,0.0005)"  -0.15 -0.13 -0.16 -0.13 -0.16 -0.15 -0.12 -0.12 0.03 0.02
w? = (0.0010,0.0010)"  -0.16 -0.15 -0.16 -0.14 -0.16 -0.17 -0.12 -0.12 0.04 0.04
w? = (0.0010,0.0005)"  -0.32 -0.30 -0.27 -0.22 -0.20 -0.19 -0.12 -0.13 0.04 0.03
Relative root mean squared error (RRMSE)
151 =0.88
VEC(1) VEC(0); VEC(1); VEC(0)s VEC(1)s 2SLSgpx 2SLSprx1 2SLSmac 2SLShac
w? = (0.0001,0.0001)" 0.47 1.35 0.98 1.43 1.36 0.67 0.67 0.06 0.06
w? = (0.0005,0.0005)" 0.85 1.05 0.77 1.08 1.00 0.64 0.65 0.10 0.10
w? = (0.0010,0.0010)’ 0.92 1.02 0.78 1.04 1.01 0.66 0.67 0.16 0.15
w? = (0.0010,0.0005)" 0.91 0.92 0.69 0.79 0.74 0.45 0.45 0.09 0.08
181 =0.66
VEC(1) VEC(0); VEC(1); VEC(0)s VEC(1); 2SLSrx 2SLSrx1 2SLSmac  2SLSmac,
w? = (0.0001,0.0001) 0.60 1.25 1.03 1.30 1.25 0.83 0.83 0.22 0.25
w? = (0.0005, 0.0005)" 0.89 1.04 0.88 1.06 0.98 0.79 0.80 0.36 0.37
w? = (0.0010,0.0010)’ 0.95 1.01 0.88 1.03 1.07 0.78 0.80 0.64 0.61
w? = (0.0010,0.0005)" 0.94 0.86 0.71 0.63 0.60 0.38 0.40 0.24 0.23
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Table 4: Performance of the LS-RV, 2SLS-RK, and 2SLS-HAC estimators of the continuous-time
Information Share measure under Assumption MMN(TS): endogenous MA (1) market microstruc-
ture noise

The upper panel reports the median bias of the estimates of the continuous-time Information Share (IS) measure of
the first market, .51 and the lower panel displays the ratio of their root median squared errors (RRMSE) with respect
to the estimates obtained using LS at the tick-by-tick frequency. We simulate from the exact discretization of (1)
with alternative speed-of-adjustment parameters 8 = (1, —1)’, market-specific integrated variances equal to one, and
p = 0.5. We sample at alternative frequencies, varying from tick-by-tick to 5 minutes. The market microstructure
noises are endogenous MA(1) processes with Corr (m,t;,Em/ ;) = —0.2 for m, m’ = 1,2, moving average parameters
equal to —0.50, and variances w} with j = 1,2 ranging from 0.0001 to 0.001. VEC(0), VEC(0);, VEC(0)5 denote
estimates of the IS measures that are constructed with estimates of a; computed by LS from VEC(0) models fitted
at tick-data, 1-minute, and 5-minute sampling intervals, respectively, and integrated variance estimated with the
realized variance (RV) estimator at tick-data, l-minute, and 5-minute sampling intervals, respectively; VEC(1),
VEC(1)1, VEC(1)5 denote estimates of the IS measures that are constructed with estimates of a1 computed by
LS from VEC(1) models fitted at the tick-by-tick, 1-minute, and 5-minute sampling intervals, respectively, and
continuous-time covariance matrix estimated with the realized variance (RV) estimator at the tick-by-tick, 1-minute,
and 5-minute sampling intervals, respectively; 2SLSrk and 2SLSrk,1 denote estimates of IS; that are constructed
with estimates of o) computed by 2SLS from VEC(0) models fitted at the tick-by-tick frequency and integrated
variance estimated with the realized kernel (RK) estimator at the tick-by-tick. The o estimates in 2SLSrx and
2SLSrk,1 use instruments selected as (p1,t; . —pa2,t;_,.) for 2 < x <6 and 3 < k < 7, respectively; and 2SLSpac and
2SLSnac,1 denote estimates of the IS measures based on the 2SLS estimator with instruments defined in the same
fashion as in the 2SLSrk and 2SLSgk,1 measures, and the integrated variance based on the exact discretization of
the discrete-time unconditional variance computed with the HAC estimator.

Bias

15 =0.88
VEC(0) VEC(1) VEC(0); VEC(1); VEC(0)s VEC(1)s 2SLSgk,1 2SLSrk,2 2SLSuac, 2SLSuac,
w? = (0.0001,0‘()001)’ -0.21 -0.13 -0.33 -0.25 -0.37 -0.35 -0.16 -0.16 0.00 0.00
w? = (0.0005, 0.0005)' -0.33 -0.30 -0.36 -0.26 -0.37 -0.35 -0.20 -0.20 0.01 0.01
w? = (0.0010, 0.0010)’ -0.35 -0.33 -0.36 -0.27 -0.37 -0.35 -0.22 -0.22 0.02 0.02
w? = (0.0010,0.0005)/ -0.58 -0.56 -0.50 -0.37 -0.41 -0.38 -0.21 -0.21 0.01 0.01

151 = 0.66
. VEC(0) VEC(1) VEC(0);1 VEC(1);1 VEC(0)s VEC(1); 2SLSrk,1 2SLSrk2 2SLSpac, 2SLShac,:
w? = (0.0001,0.0001)’ -0.11 -0.08 -0.15 -0.12 -0.16 -0.16 -0.10 -0.10 0.00 0.00
w? = (0.0005, 0.0005)’ -0.15 -0.14 -0.16 -0.13 -0.16 -0.15 -0.11 -0.11 0.01 0.01
w? = (0.0010, ().()010)’ -0.15 -0.15 -0.16 -0.13 -0.16 -0.15 -0.11 -0.11 0.02 0.02
w? = (0.0010, 0.0005)' -0.39 -0.38 -0.30 -0.25 -0.20 -0.19 -0.11 -0.12 0.02 0.01

Relative root mean squared error (RRMSE)

I8 = 0.88
VEC(1) VEC(0); VEC(l); VEC(0)s VEC(l)s 2SLSpk. 2SLSrko 2SLSmac: 2SLSHac.
w? = (0.0001,0.0001)’ 0.62 1.54 1.18 171 1.65 0.74 0.74 0.07 0.07
w? = (0.0005,0.0005)’ 0.89 1.07 0.78 111 1.04 0.61 0.61 0.07 0.07
w? = (0.0010,0.0010)’ 0.94 1.03 0.76 1.05 0.98 0.62 0.62 0.10 0.10
w? = (0.0010,0.0005)’ 0.96 0.86 0.63 0.71 0.65 0.36 0.37 0.05 0.04
IS, = 0.66
VEC(1) VEC(0); VEC(l); VEC(0)s VEC(l)s 2SLSpk. 2SLSrko 2SLSmaci 2SLSHac.
w? = (0.0001,0.0001)’ 0.71 1.39 117 1.48 1.46 0.89 0.89 0.25 0.30
w? = (0.0005,0.0005)’ 0.92 1.05 0.87 1.08 1.01 0.76 0.76 0.39 0.39
w? = (0.0010,0.0010)’ 0.96 1.02 0.87 1.04 0.99 0.74 0.75 0.61 0.56
w? = (0.0010,0.0005)’ 0.99 0.76 0.64 0.52 0.49 0.29 0.30 0.20 0.17
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Table 5: Performance (RRMSE and bias) of the LS and 2SLS-HAC estimators of the discrete-
time Information Share measure under Assumption MMN(TS): iid and endogenous MA (1) market
microstructure noise

The first and second panels report the median bias and relative root median squared error (RRMSE) of the estimates
of the discrete-time Information Share (IS) measures (tick-by-tick frequency) for the case of iid noise, whereas the last
two panels cover the case of endogenous MA (1) market microstructure noise. We simulate from the exact discretization
of (1) with alternative speed-of-adjustment parameters, 8 = (1, —1)’, market-specific integrated variances equal to
one, and p = 0.5. The market microstructure noises are serially uncorrelated white noises and endogenous MA(1)
processes with Corr (um,t,,Em’ ;) = —0.2 for m,m’ = 1,2, moving average parameters equal to —0.50, and variances
w} with j = 1,2 ranging from 0.0001 to 0.001. VEC(0) and VEC(1) denote estimates of the discrete-time IS measures
that are constructed with estimates of a.; computed by least squares from VEC(0) and VEC(1) models fitted at the
tick-by-tick, respectively, and estimates of the unconditional variance that are not robust to heteroskedaticity and
serial correlation; 2SLSuac, 2SLSuac,1, and 2SLSuac,2 denote estimates of the discrete-time IS measures that are
constructed with estimates of o computed by 2SLS from VEC(0) models fitted at the tick-by-tick frequency and
estimates of the unconditional variance computed with the HAC estimator. Specifically, 2SLSnac, 2SLSuac,1, and
2SLSwac,2 use instruments selected as (p1,¢;, , — p2,t; ) for 2<rk <6,3 <k <7, and 4 < k < 8 respectively. The
RRMSE measure is the ratio of the root median squared errors (RMSE) of a given estimator relative to the RMSE
of the LS estimator.

iid noise, 1.S5; = 0.88

Bias RRMSE
VEC(O) VEC(l) 2SLSuAC QSLSHACJ VEC(l) 2SLSuaC QSLSHAQl
w? = (0.0001,0.0001)/ -0.25 0.24 0.00 0.00 0.50 0.06 0.06
w? = (0.0005,0.0005)’ -0.33 0.08 0.03 0.03 0.85 0.10 0.10
w? = (0.0010,0.0010)/ -0.35 0.04 0.05 0.05 0.92 0.17 0.16
w? = (0.0010,0.0005)’ -0.50 -0.10 0.04 0.04 0.93 0.09 0.09
iid noise, 1.55; = 0.66
Bias RRMSE
VEC(0) VEC(l) 2SLSuAC QSLSHACJ VEC(l) 2SLSHAC QSLSHAQl
w? = (0.0001,0.0001), -0.11 0.08 0.01 0.00 0.61 0.23 0.25
w? = (0.0005,0.0005)’ -0.14 0.02 0.03 0.02 0.89 0.36 0.37
w? = (0.0010,0.0010), -0.15 0.01 0.04 0.04 0.94 0.65 0.62
w? = (0.0010,0.0005)’ -0.29 -0.14 0.04 0.03 0.97 0.25 0.24

endogenous MA(1) noise, I.S = 0.88

Bias RRMSE
VEC(0) VEC(1) QSLSHACJ 2SLSHAC,2 VEC(l) QSLSHAQl QSLSHAQQ
w? = (0.0001,0.0001), -0.21 0.23 0.00 0.00 0.63 0.07 0.07
w? = (0.0005,0.0005)"  -0.33 0.07 0.01 0.01 0.89 0.08 0.08
w? = (0.0010,0.0010), -0.34 0.04 0.01 0.02 0.95 0.10 0.10
w? = (0.0010,0.0005)"  -0.54 -0.17 0.01 0.01 0.98 0.05 0.05
endogenous MA(1) noise, IS = 0.66
Bias RRMSE
VEC(0) VEC(1) 2SLSuac,1  2SLSuAc,2 VEC(1) 2SLSuac,1  2SLSuac,2
w? = (0.0001,0.0001), -0.10 0.08 0.00 0.00 0.72 0.25 0.30
w? = (0.0005,0.0005)"  -0.14 0.02 0.01 0.01 0.92 0.38 0.39
w? = (0.0010,0.0010)/ -0.15 0.01 0.02 0.02 0.96 0.62 0.56
w? = (0.0010,0.0005)"  -0.34 -0.20 0.02 0.01 1.01 0.21 0.18
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Table 6: Performance of the LS, 2SLS, and CU-GMM estimators of | ; under Assumption MMN(CS): endogenous MA (co) market microstruc-
ture noise

We simulate from the exact discretization of (1) with alternative speed-of-adjustment parameters, 8 = (1, 71)/, market-specific integrated variances equal to one, and p = 0.5. We simulate from the exact
discretization of (1) Q5=1/23400 = (04000,04050)/, B = (1, 71),, market-specific integrated variances equal to one, and p = 0.5. We sample at alternative frequencies, varying from tick-by-tick to 5 minutes. The

market microstructure noises are endogenous MA (oco) processes with Corr (umii s Em/’ti) = —0.2 for m, m’ = 1,2, moving average parameters equal to —0.509 for ¢ = 0,1, 2, ..., and variances w? with j = 1,2

ranging from 0.0001 to 0.001. We estimate | by LS, 2SLS, and CU-GMM estimators using other assets traded at different exchanges as instruments. Specifically, the cross-sectional dimension of instruments, V,
ranges from V € (1,5, 10, 20) for the 2SLS estimator and V € (10, 20) for the CU-GMM estimator, so that 2SLSy —1, 2SLSy —5, 2SLSy —10, and 2SLSy —3¢ denote the estimates obtained when using 1, 5, 10 and
20 assets as instruments, respectively, and CU-GMMy —19 and CU-GMMy, —5o denote the CU-GMM estimator obtained with 10 and 20 assets as instruments. For each asset, we consider five lags as instruments.
VEC(0), VEC(0); and VEC(0)5 denote estimates of | that are estimated by LS from VEC(0) models fitted at the tick-by-tick, 1-minute, and 5-minute sampling intervals, respectively. We report the median bias
and the ratio of their root median square errors (RRMSE) with respect to the estimates obtained using LS at the tick-by-tick frequency, as well as the coefficient of determination R%{Z of the first-stage equation
as a measure of the relevance of the instruments.

51723100 = (0.000,0.050)", 1 = (1.00,0.00)'

Bias VEC(O) VEC(0)1 VEC(O)5 2SLSy—1  2SLSy—s 2SLSy—19 2SLSy—99 CU-GMMy—1;g CU-GMMy_9y F-stat F-staty—s F-staty—ig F-staty—gg
w? = (0.0001,0.0001), -0.40 -0.16 -0.12 0.03 0.01 0.00 -0.01 0.01 0.00 56.34 153.65 98.55 81.39
w? = (0.0005,0.0005), -0.48 -0.38 -0.35 -0.13 -0.07 -0.11 -0.16 0.01 0.01 12.45 32.50 20.04 14.51
w? = (0.0010,0.0010), -0.49 -0.44 -0.43 -0.31 -0.17 -0.24 -0.29 0.03 0.02 4.79 13.46 8.39 6.06
w? = (0.0010,0.0005), -0.66 -0.56 -0.54 -0.27 -0.14 -0.22 -0.28 0.02 0.02 9.14 23.57 14.62 10.58
r5—1/23400 = (—0.025,0.050)', o = (0.67,0.33)’
Bias VEC(U) VEC(0)1 VEC(0)5 2SLSy—1 2SLSy—s; 2SLSy—19 2SLSy—99 CU-GMMy—1g CU-GMMy_—9y F-stat F-staty—s F-staty—19 F-staty_og
w? = (0.0001,0.0001)/ -0.13 -0.08 -0.05 0.01 0.01 0.00 0.00 0.00 0.00 47.23 114.83 71.84 58.19
w? = (0.0005,0.0005), -0.16 -0.14 -0.12 -0.05 -0.02 -0.04 -0.06 0.01 0.00 8.67 19.70 12.28 9.04
w? = (0.001070.0010), -0.16 -0.15 -0.15 -0.10 -0.06 -0.09 -0.11 0.01 0.00 3.32 7.79 5.11 3.86
w? = (0.0010,0.0005), -0.33 -0.30 -0.29 -0.14 -0.09 -0.13 -0.16 0.01 0.01 6.25 13.99 8.84 6.59
5—1/23100 = (—0.005,0.010)', o) = (0.67,0.33)’
RRMSE VEC(0); VEC(0)s 2SLSy—1 2SLSy—5 2SLSy—19 2SLSy—_9p CU-GMMy_19 CU-GMMy_9 R? R%/:S R%/:IO R%/:QO
w? = (0.0001,0.0001)/ 0.41 0.97 0.53 0.16 0.14 0.11 0.15 0.11 0.02 0.21 0.25 0.35
w? = (0.0005,0.0005)/ 0.78 0.79 0.72 0.23 0.25 0.33 0.21 0.19 0.00 0.05 0.06 0.09
w? = (0.0010,0.0010)/ 0.89 0.87 0.89 0.37 0.49 0.60 0.30 0.28 0.00 0.02 0.03 0.04
w? = (0.0010,0.0005)/ 0.85 0.83 0.65 0.25 0.34 0.43 0.18 0.16 0.00 0.04 0.05 0.07

5—1/23100 = (—0.025,0.050)', o) = (0.67,0.33)’
RRMSE VEC(0); VEC(0)s 2SLSy—; 2SLSy—s 2SLSy_ip 2SLSy—z CU-GMMy_;y CU-GMMy_g  R? RY_; RY_o R _op
w? = (0.0001, 0.0001)" 0.74 3.08 1.17 0.35 0.32 0.24 0.33 0.25 0.02 0.16 0.19 0.28
w? = (0.0005,0.0005)" 0.86 1.59 1.49 0.49 0.43 0.41 0.47 0.42 0.00 0.03 0.04 0.06
w? = ( )
w? = ( )

0.0010, 0.0010)" 0.94 1.27 1.75 0.63 0.62 0.66 0.68 0.68 0.00 0.01 0.02 0.02
0.0010, 0.0005)" 0.91 0.93 0.86 0.32 0.40 0.49 0.25 0.23 0.00 0.02 0.03 0.04
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Table 7: Performance of the LS, 2SLS, and CU-GMM estimators of the continuous-time Information Share measure under Assumption MMN(CS):
endogenous MA (co) market microstructure noise

‘We simulate from the exact discretization of (1) with alternative speed-of-adjustment parameters, 8 = (1, —1)/, market-specific integrated variances equal to one, and p = 0.5. We simulate from the exact
discretization of (1) Q5=1/23400 = (0.000,0.050)", 8 = (1, —1)/, market-specific integrated variances equal to one, and p = 0.5. We sample at alternative frequencies, varying from tick-by-tick to 5 minutes. The

market microstructure noises are endogenous MA (oco) processes with Corr (u"lvti’gm',ti) = —0.2 for m,m’ = 1,2, moving average parameters equal to —0.509 for ¢ = 0,1, 2, ..., and variances w? with j = 1,2
ranging from 0.0001 to 0.001. We estimate continuous-time Information Share (IS) measures based on the LS, 2SLS, and CU-GMM estimators using other assets traded at different exchanges as instruments.
Specifically, the cross-sectional dimension of instruments, V, ranges from V € (1,5,10,20) for the 2SLS estimator and V € (10,20) for the CU-GMM estimator. 2SLSy —1 rk, 2SLSy —5 zk, 2SLSy —10,rk, and
2SLSy —20,rk denote estimates of the IS measures that are constructed with estimates of a | computed by 2SLS with V' € (1,5, 10, 20) from VEC(0) models fitted at the tick-by-tick frequency and integrated variance
estimated with the realized kernel (RK) estimator at the tick-by-tick, while CU-GMMy —19,zx and CU-GMMy, —oq zx denote estimates of the IS measures computed from tick-by-tick by the CU-GMM estimator
with V' = 10 and V = 20, respectively, and the RK; the 2SLSy —1 yac, 25LSy =5 nacs 2SLSy —10,uac, and 2SLSy —20 yac denote the of the IS measures that are constructed with estimates of o) computed by 2SLS
with V € (1,5, 10,20) from VEC(0) models fitted at the tick-by-tick frequency and estimates of the integrated variance obtained from the exact discretization applied to the discrete-time unconditional variance
computed with the HAC estimator. VEC(0), VEC(0); and VEC(0)5 denote estimates of IS measures that combines estimates of o) and the integrated variance computed by LS and the RV estimator, respectively,
from VEC(0) models fitted at the tick-by-tick, 1-minute, and 5-minute sampling intervals, respectively. We report the median bias of the estimates of the continuous-time Information Share (IS) measures and the
ratio of their root median square errors (RRMSE) with respect to the estimates obtained using LS and RV at the tick-by-tick frequency, as well as the coefficient of determination Rg{Z of the first-stage equation
as a measure of the relevance of the instruments.

as—1/23100 = (0.000,0.050)", o = (1.00,0.00)"
Bias VEC(0) VEC(0)1 VEC(0)5 2SLSy—isk 2SLSy—smk 2SLSv—iomk 2SLSv—sorx CU-GMMy_iork CU-GMMy_ggrx 2SLSv=iuc 2SLSv—susc 2SLSv—iguc 2SLSy—somac CU-GMMy_ionsc CU-GMMy a0 usc
0.0001,0.0001)" -0.21 -0.25 -0.35 -0.13 -0.14 -0.14 -0.15 -0.14 -0.14 0.00 0.00 0.00 0.00 0.00 0.00

(
= (0.0005,0.0005)"  -0.34 -0.29 -0.35 -0.21 -0.19 -0.20 -0.22 -0.16 -0.16 -0.03 0.03 0.02 0.01 0.04 0.04
w? = (0.0010,0.0010)  -0.36 -0.31 -0.35 -0.28 -0.22 -0.25 -0.27 -0.15 -0.15 -0.14 0.02 -0.01 -0.04 0.06 0.06
w? = (0.0010,0.0005)  -0.52 -0.40 -0.38 -0.25 -0.19 -0.23 -0.25 -0.13 -0.14 -0.07 0.02 -0.01 -0.04 0.05 0.05
Q52123100 = (—0.025,0.050)", oy = (0.67,0.33)'
Bias VEC(0) VEC(0); VEC(0)s 2SLSy—imx 2SLSv—spx 2SLSy—iomk 2SLSv—somx CU-GMMy_jopx CU-GMMy—_goux  2SLSy—1msc 2SLSy—smac 2SLSv—iomc 25LSv—somc CU-GMMy_jgusc  CU-GMMy g0 uac
w? = (0.0001,0.0001)'  -0.11 -0.13 -0.15 -0.08 -0.08 -0.08 -0.08 -0.08 -0.08 0.00 0.00 0.00 0.00 0.00 0.00
w? = (0.0005,0.0005)  -0.15 -0.14 -0.15 -0.11 -0.10 -0.11 -0.11 -0.09 -0.09 -0.01 0.02 0.01 0.00 0.04 0.03
w? = (0.0010,0.0010)  -0.16 -0.15 -0.15 -0.13 -0.11 -0.12 -0.13 -0.08 -0.08 -0.08 0.00 -0.03 -0.05 0.07 0.06
w? = (0.0010,0.0005)  -0.32 -0.25 -0.19 -0.14 -0.11 -0.13 -0.15 -0.06 -0.07 -0.07 0.00 -0.05 -0.09 0.08 0.07

as—1/23100 = (0.000,0.050)", o = (1.00,0.00)"

RRMSE VEC(0)1 VEC(0); 2SLSy=inux 2SLSy—smk 2SLSy—iomx 2SLSy—goux CU-GMMy—jonk CU-GMMy_gorx 2SLSv=imc 2SLSv=suac 2SLSv=iomc 2SLSv=zpusc CU-GMMy—_iguc CU-GMMy—20uac
w? = (0.0001,0.0001)" 1.19 1.62 0.63 0.67 0.67 0.69 0.66 0.67 0.19 0.09 0.08 0.07 0.08 0.07
w? = (0.0005.0.0005), 0.85 1.03 0.63 0.55 0.60 0.65 0.47 0.47 0.24 0.13 0.11 0.09 0.13 0.13
w? = (0.0010,0.0010), 0.87 0.99 0.78 0.61 0.69 0.76 0.41 0.42 0.38 0.18 0.16 0.16 0.19 0.19
w? = (0.0010,0.0005), 0.76 0.74 0.48 0.37 0.43 0.49 0.26 0.26 0.20 0.09 0.08 0.10 0.11 0.11
5—1/23100 = (—0.025,0.050)’, a1 = (0.67,0.33)’
RRMSE VEC(0); VEC(0); 2SLSv—imc 2SLSy—smc 2SLSy—iomc 25LSy—some CU-GMMy_jone CU-GMMy_gonc 2SLSy—ime  2SLSvsiae  2SLSy—jomse  2SLSy—somse  CU-GMMy_jome  CU-GMMy g pac
w? = (0.0001,0.0001), 1.20 1.40 0.85 0.76 0.77 0.78 0.76 0.77 1.06 0.33 0.31 0.25 0.31 0.26
w? = (0.0005,0.0005), 0.93 1.01 0.83 0.66 0.71 0.76 0.58 0.59 1.36 0.53 0.44 0.36 0.49 0.44
w? = (0.0010, 0.0010)" 0.94 0.98 0.95 0.71 0.79 0.85 0.52 0.53 1.42 0.72 0.57 0.47 0.83 0.79
w? = (0,0010.0.0005), 0.77 0.59 0.48 0.35 0.41 0.46 0.21 0.22 0.72 0.29 0.27 0.29 0.30 0.28
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Table 8: Performance of the LS, 2SLS, and CU-GMM estimators of the discrete-time Information Share measure under Assumption MMN(CS):
endogenous MA (co0) market microstructure noise

We simulate from the exact discretization of (1) with alternative speed-of-adjustment parameters, # = (1, —1)’, market-specific integrated variances equal to one, and p = 0.5. We simulate from the exact discretization of (1) as—1/23400 = (0.000,0.050)’,
B = (1,—1), market-specific integrated variances equal to one, and p = 0.5. We sample at alternative frequencies, varying from tick-by-tick to 5 minutes. The market microstructure noises are endogenous MA(co) processes with Corr (tm.¢,,Em ;) = —0.2
for m,m’ = 1,2, moving average parameters equal to —0.507 for ¢ = 0,1,2, ..., and variances wf with j = 1,2 ranging from 0.0001 to 0.001. We estimate discrete-time Information Share (IS) measures based on the LS, 2SLS, and CU-GMM estimators using
other assets traded at different exchanges as instruments. Specifically, the cross-sectional dimension of instruments, V, ranges from V € (1, 5,10, 20) for the 2SLS estimator and V' € (10, 20) for the CU-GMM estimator. 2SLSy—1 yac: 2SLSv=5uac, 2SLSv—10,1acs
and 2SLSy —s0,usc denote estimates of the IS measures that are constructed with estimates of a; computed by 2SLS from VEC(0) models fitted at the tick-by-tick frequency and estimates of the unconditional variance computed with the HAC estimator;
CU-GMMy =19 uac and CU-GMMy —z0 ysc denote estimates of the IS measures that are constructed with estimates of a; computed by CU-GMM from VEC(0) models fitted at the tick-by-tick frequency and estimates of the unconditional variance computed
with the HAC estimator; and VEC(0) denotes estimates of the discrete-time IS measures that are constructed with estimates of o computed by least squares from VEC(0)models fitted at the tick-by-tick and estimates of the unconditional variance that are
not robust to heteroskedaticity and serial correlation. We report the median bias of the estimates of the discrete-time Information Share (IS) measures and the ratio of their root median square errors (RRMSE) with respect to the estimates obtained using LS

estimator.
52123400 = (0.000,0.050)", a1 = (1.00,0.00)"
RRMSE Bias
2SLSy—1uac  2SLSy—suac  2SLSv—iomac  2SLSv—aouac CU-GMMy—igusc CU-GMMy—20uac VEC(0) 2SLSy—imc 2SLSv=smsc 2SLSy—i1omac 2SLSv=z0mc CU-GMMy_igusc CU-GMMy—g0nac
W= (0.0001, 0.0001)/ 0.21 0.09 0.09 0.08 0.09 0.08 -0.20 0.00 0.00 0.00 0.00 0.00 0.00
w? = (0.0005, 0.0005)/ 0.26 0.13 0.11 0.10 0.14 0.14 -0.33 -0.02 0.03 0.02 0.01 0.04 0.04
w? = (0.0010, ().001())/ 0.37 0.19 0.16 0.16 0.22 0.21 -0.35 -0.12 0.02 -0.01 -0.04 0.07 0.07
W= (0.0010, 00005)/ 0.21 0.10 0.09 0.10 0.12 0.11 -0.50 -0.07 0.02 -0.01 -0.05 0.06 0.06
52193400 = (—0.025,0.050)", a = (0.67,0.33)’
RRMSE Bias
2SLSy—1mac  2SLSy—suac  2SLSy—1omac  2SLSy—20nac CU-GMMy—1gusc CU-GMMy =20 nac VEC(0) 2SLSy—imac 2SLSy—suac 2SLSy—iomac 2SLSy—gomuac CU-GMMy—igmc CU-GMMy—20 nac
w? = (0.0001, 0.0001)/ 1.09 0.34 0.32 0.26 0.32 0.26 -0.10 0.00 0.00 0.00 0.00 0.00 0.00
w?= (0.0005, 00005)’ 1.44 0.54 0.46 0.36 0.51 0.46 -0.14 0.00 0.02 0.01 0.00 0.04 0.03
w? = (0.0010, 0.0010)/ 1.59 0.74 0.59 0.47 0.88 0.82 -0.15 -0.07 0.00 -0.03 -0.04 0.07 0.06
w? = (0.0010, 0.0005)/ 0.75 0.29 0.27 0.29 0.31 0.29 -0.31 -0.06 0.00 -0.05 -0.09 0.08 0.07
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Figure 1: The upper panel presents the empirical densities of the t-statistics based on Theorem 1(ii), while the second panel displays the empirical
densities of the t-statistics based on Theorem 2(ii). The columns refer to alternative market microstructure levels, namely the first columns sets
w? = (0.0001, 0.0001)/, the second columns presents the results for w? = (0.0005, 0.0005)/, and the third and fourth columns display the results
for w? = (0.001,0.0005)" and w? = (0.001,0.001)’, respectively. Each plot is computed from 1000 replications. The solid lines are the empirical

densities and the dashed lines are the theoretical normal distribution with mean zero and unit variance.
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Figure 2: o ; estimates from prices with (without) market microstructure noise

We report the box plot of the estimates of oy ;. We simulate from the exact discretization of (1) as—1/23400 =
(0.000,0.050)', 8 = (1, —1)’, market-specific integrated variances equal to one, and p = 0.5. We sample using refresh
time at the tick-by-tick. The first panel reports o, estimates computed using the LS and 2SLS from VEC(0)
models fitted at tick data without market microstructure noise contamination. The 2SLS estimator uses valid and
relevant instruments which are selected as (pi,¢;, , — p2,t;_,) for 2 < k < 6. The second panel displays the boxplot
of @ 1 estimated by LS and 2SLS from VEC(0) models fitted at tick data in which prices are contaminated with
market microstructure noise. The market microstructure noises are iid processes with variances wf with j = 1,2
given by w? = (0.0001,0.00075)". The third panel displays the boxplot of @, ; estimated by LS; and LSs from prices
that are contaminated with market microstructure noise. Specifically, LS1 and LSs denote the LS estimators from
VEC(0) models fitted at 1- and 5-minute sampling intervals; and the market microstructure noises are iid processes
as discussed in the second panel. The black stars are the true values, the edges of boxes in the box plots refer to the
25% and 75% percentiles, and the red line represents the median.
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Figure 3: Impulse response function (IRF) under Assumption MMN(TS): iid market microstructure noise

We report the estimated IRFs for p ., sampled at the tick-by-tick frequency under different estimators and market microstructure noise processes. We simulate from
the exact discretization of (1) as—1/23100 = (0.000,0.050)", 8 = (1,—1)", market-specific integrated variances equal to one, and p = 0.5. We sample using refresh
time at the tick-by-tick. The market microstructure noises are serially uncorrelated white noises with variances wjz with j = 1,2 given by w? = (0.0001, 0.0001)’,
w? = (0.0005,0.0005)", w? = (0.001,0.001)", and w? = (0.001,0.0005) for the first, second, third, and fourth columns, respectively. We estimate as,1 by LS and by 2SLS
using (p1,¢;_1_g_;, — pg,ti_l_q_k)' as instruments, where k and k are integers such that 2 < k < k < co. Specifically, VEC(1) denotes estimates of a1 that are estimated
by LS from VEC(1) model fitted at the tick-by-tick; LS denotes estimates of a; that are estimated by LS from VEC(0) models fitted at the tick-by-tick; and 2SLS and
2SLSr are the estimates of a1 that are estimated by 2SLS from VEC(0) models fitted at tick data, where the instruments are selected as (p1,¢;, , —p2,; ,) for2<x <6
and (p1,t,_, — p2,t;_,) for 6 < k < 10, respectively. The solid lines correspond to the median IRFs, the shaded area is bounded by the 5% and 95% quantiles, and the
black dotted lines are the true IRFs.
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Figure 4: Impulse response function (IRF) under Assumption MMN(TS): endogenous MA (1) market microstructure noise

We report the estimated IRFs for p2 ¢, sampled at the tick-by-tick frequency under different estimators and market microstructure noise processes. We simulate from the
exact discretization of (1) as—1/23400 = (0.000,0.050)", 8 = (1, —1)’, market-specific integrated variances equal to one, and p = 0.5. We sample using refresh time at the
tick-by-tick. The market microstructure noises are endogenous MA(1) processes with Corr (um.t;,Ems,r;) = —0.2 for m,m’ = 1,2, moving average parameters equal to
—0.50, and variances w} with j = 1,2 given by w? = (0.0001,0.0001)", w® = (0.0005, 0.0005)’, w? = (0.001, 0.001)’, and w? = (0.001,0.0005)" for the first, second, third, and
fourth columns, respectively. We estimate as,1 by LS and by 2SLS using (p1,¢;,_,_,_j, — P2,t;_1_,_,) as instruments, where k and k are integers such that 2 < k < k < oo.
Specifically, VEC(1) denotes estimates of as,1 that are estimated by LS from VEC(1) model fitted at the tick-by-tick; LS denotes estimates of «; that are estimated by
LS from VEC(0) models fitted at the tick-by-tick; and 2SLS and 2SLSg are the estimates of ay that are estimated by 2SLS from VEC(0) models fitted at tick data, where
the instruments are selected as (p1,t,_, — p2,t,_,.) for 2 < x <6 and (p1+,_, — P2, ,) for 6 < k < 10, respectively. The solid lines correspond to the median IRFs, the
shaded area is bounded by the 5% and 95% quantiles, and the black dotted lines are the true IRFs.
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Figure 5: Impulse response function (IRF) under Assumption MMN/(CS): endogenous MA (00) market microstructure noise

We report the estimated IRFs for p2 ¢, sampled at the tick-by-tick frequency under different estimators and market microstructure noise processes. We simulate from the
exact discretization of (1) as—1 /23100 = (0.000,0.050)", 8 = (1, —1)’, market-specific integrated variances equal to one, and p = 0.5. We sample using refresh time at the
tick-by-tick. The market microstructure noises are endogenous MA (co) processes with Corr (tm,¢;,Em’,¢;) = —0.2 for m,m’ = 1,2, moving average parameters equal to
—0.507 for ¢ = 0, 1,2, ..., and variances w? with j = 1,2 given by w? = (0.0001,0.0001)", w® = (0.0005, 0.0005)’, w* = (0.001,0.001)’, and w? = (0.001, 0.0005)" for the first,
second, third, and fourth columns, respectively. We estimate as the by 2SLS and CU-GMM estimators using other assets traded at different exchanges as instruments.
Specifically, the cross-sectional dimension of instruments, V', ranges from V' € (1, 5, 10, 20) for the 2SLS estimator and V' € (10, 20) for the CU-GMM estimator. 2SLSv =1 uac,
2SLSv =5,uac; 2SLSvy =10,uac, and 2SLSy —20,uac denote estimates of the IRF's that are constructed with estimates of as computed by 2SLS from VEC(0) models fitted at the
tick-by-tick frequency and estimates of the unconditional variance computed with the HAC estimator; CU-GMMy =10 usc and CU-GMMy =20 uac denote estimates of the
IS measures that are constructed with estimates of as computed by CU-GMM from VEC(0) models fitted at the tick-by-tick frequency and estimates of the unconditional
variance computed with the HAC estimator. The solid lines correspond to the median IRFs, the shaded area is bounded by the 5% and 95% quantiles, and the black
dotted lines are the true IRFs.
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Table 9: Data description

We report summary statistics for raw and cleaned data of AA and 25 assets (potential instruments) covering NYSE (N), Nasdaq (T), NASDAQ OMX BX (B), Arca (P),
and BATS (Z). The first column presents the ticker symbols for all assets; the first panel (Raw quotes) presents the number of quotes (in millions) for each stock on the
five trading venues before any cleaning filter; the second panel (Mkt share: raw quotes) displays the market share (in %) for each trading venue as well as the total market
share of all five exchanges; the third panel (Cleaned obs) presents the number of quotes (in millions) for each stock on the five trading venues after the implementation
of the cleaning procedure; and the fourth panel (Average duration) shows the average duration (in seconds) between quotes for each trading venue. “” denotes that the
asset does not trade at this trading venue.

Raw quotes (’000,000) Mkt share: raw quotes (%) Cleaned obs (’000,000) Average duration (seconds)
N T B P Z N T B P Z Total N T B P VA N T B P Z
aa 35.5 9.8 9.7 11.2 9.8 271.0% 74%  T4%  85% 74% 57.8% 3.8 30 21 28 26 1.6 20 27 21 2.3
aapl - 177 329 254 177 - 10.4% 194% 15.0% 10.4% 55.3% - 35 39 37 33 - 17 15 16 1.8

bac  69.5 23.8 29.6 27.2 23.8 21.6% 74%  92% 85% 74% 54.1% 44 37 33 38 34 1.3 16 18 15 1.7
brkb  30.6 16.9 3.1 6.3 16.9 33.4% 184% 3.4% 6.8% 184% 80.3% 3.7 23 10 18 24 1.6 26 56 33 24
€sco - 23.1  16.6 21.1 231 - 11.8% 8.5% 10.8% 11.8% 42.8% - 1.5 11 13 1.5 - 39 52 45 38
dal 27.7  12.0 5.9 10.8  12.0 23.1% 10.0% 4.9% 9.0% 10.0% 57.0% 28 23 13 21 19 21 26 45 28 3.1
gm 36.5 142 4.9 10.7  14.2 26.4% 10.3% 3.5% 7.7% 10.3% 58.2% 32 23 11 20 20 1.8 26 52 29 3.0

goog - 5.9 121 13.1 5.9 - 85% 17.3% 188% 85% 53.1% - 20 20 21 17 - 29 29 28 35
hpg 50.0 21.0 145 20.6 21.0 21.0% 88% 6.1% 87% 88% 53.5% 3.7 32 21 29 26 1.6 1.9 27 20 22
ibm  23.2 8.8 9.8 14.9 8.8 24.2% 92% 102% 155% 9.2% 68.2% 3.6 23 20 27 22 1.6 26 29 22 26

jep 26.0 16.2 5.5 149 16.2 19.5% 121% 4.2% 11.2% 12.1% 59.1% 29 25 13 23 21 20 23 46 25 27
jnj 39.4  23.0 6.2 15.6  23.0 22.0% 12.8% 34% 87% 128% 59.8% 39 31 16 28 3.0 1.5 19 37 21 20
jpm 1206 583 21.0 426 58.3 25.6% 124% 45% 9.1% 124% 63.9% 48 42 30 41 42 1.2 14 20 14 14
ko 379 153 6.1 11.6 153 25.1% 102% 4.0% 7.7% 102% 57.1% 39 29 13 24 23 1.5 21 44 25 25
mo 321 11.7 9.5 105  11.7 24.4% 89% T2%  T9% 89% 57.2% 34 25 19 22 20 1.7 23 31 27 29
mrk 429 19.8 9.8 142 198 23.6% 10.9% 54% 7.8% 10.9% 58.5% 39 30 20 26 26 1.5 1.9 3.0 23 22

mrvl - 10.8 6.7 9.5 10.8 - 125%  7.7% 11.0% 12.5% 43.8% - 25 13 21 21 - 23 44 28 27
msft - 319 227 274 319 - 121% 8.6% 10.3% 121% 43.1% - 41 29 37 36 - 14 20 16 1.6
nok  24.9 8.6 7.9 10.5 8.6 24.3% 84% 78% 102% 8.4% 59.1% 27 19 15 21 1.7 22 31 39 28 3.5
orcl - 32.8  16.7 251  32.8 - 14.1% 72% 108% 14.1% 46.1% - 3.7 25 35 3.7 - 16 23 17 16

pfe 499 185 145 177 185 229% 85% 6.7% 81% 85% 54.8% 40 31 23 3.0 27 1.5 19 26 20 22
pg 31.1 209 7.6 18.8  20.9 18.0% 121% 4.4% 10.9% 12.1% 57.5% 36 31 17 28 27 1.6 1.9 34 21 22
vz 41.0 17.0 9.2 152 17.0 23.6% 98% 53% 87% 9.8% 57.2% 39 29 19 27 25 1.5 20 31 22 23
wfc  59.6 357 222 296 357 18.9% 11.4% 7.1% 9.4% 114% 58.1% 43 36 28 37 3.7 14 16 21 16 1.6
xom  62.1 48.8 5.2 33.6 4838 22.0% 172% 1.8% 11.9% 172% 70.1% 48 39 14 40 42 1.2 15 43 15 14
yhoo - 151 100 128 15.1 - 10.6% 7.0% 9.0% 10.6% 37.2% - 3.0 18 25 24 - 20 32 23 24
Total 892.6 561.4 329.1 482.6 551.6 174% 112% 6.7% 9.8% 11.2% 56.2% 67.6 72.6 49.1 716 69.5 1.6 20 29 21 22
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Table 10: Continuous-time CS estimates for NYSE, ay, |, under assumption MMN(TS)

We estimate monthly orthogonal complements of the speed-of-adjustment parameters for the NYSE, ay 1 . Specifically, VEC(0), VEC(0); and VEC(0)s denote estimates
of av, 1 that are estimated by LS from VEC(0) models fitted at tick data, 1-minute, and 5-minute sampling intervals, respectively; and 2SLS and 2SLS; are the estimates
of a1 that are estimated by 2SLS from VEC(0) models fitted at tick data, where the instruments are selected as (p1,¢, , — pg’tifk)’ for2 <k <6and3 < k<7,
respectively. Finally, we report the p-values of the Endogeneity test using the VEC(0), 2SLS, and 2SLS; estimates of as, F and F; denote the F-statistics (x10™% from
the auxiliary regressions using the two choices of instruments, and R? and R} are the R? measures from the auxiliary regressions using the two choices of instruments.

VEC(0) VEC(0); VEC(0); 2SLS 2SLS; H H; F (x1073) R? F; (x1073) R%

Jun 0.47 1.11 0.76 0.87 0.95 0.00 0.00 23.11 0.31 12.25 0.20
(0.01) (0.146) (0.863) (0.029)  (0.04)

Jul 0.46 1.09 1.27 0.79 0.91 0.00 0.00 42.82 0.48 24.51 0.35
(0.012) (0.166) (0.478) (0.027)  (0.034)

Aug 0.40 0.83 1.07 0.88 1.02 0.00 0.35 20.42 0.29 11.20 0.18
(0.012) (0.152) (0.767) (0.043)  (0.063)

Sep 0.29 0.66 0.38 0.90 1.05 0.00 0.10 21.11 0.32 12.63 0.22
(0.012) (0.156) (0.57) (0.034)  (0.052)

Oct 0.29 0.66 0.41 0.76 0.83 0.00 0.70 28.85 0.37 17.54 0.26
(0.009) (0.10) (0.323) (0.029)  (0.04)

Nov 0.44 0.68 0.09 0.85 0.90 0.00 0.00 26.89 0.39 15.71 0.28
(0.01) (0.069) (0.251) (0.027)  (0.039)

Dec 0.36 0.67 0.79 0.82 0.98 0.00 0.91 30.22 0.41 17.30 0.29
(0.009) (0.069) (0.326) (0.024)  (0.033)

Jan 0.39 0.39 -1.71 0.75 0.83 0.00 0.00 33.97 0.44 20.81 0.33
(0.015) (0.16) (2.588) (0.052)  (0.064)

Feb 0.39 0.82 0.59 0.86 0.99 0.00 0.00 40.77 0.51 25.49 0.39
(0.011) (0.075) (0.257) (0.028)  (0.038)

Mar 0.42 0.64 0.57 0.91 1.12 0.00 0.00 30.10 0.44 18.57 0.33
(0.013) (0.085) (0.38) (0.035)  (0.053)

Apr 0.47 0.80 1.25 0.92 1.07 0.00 0.00 32.71 0.40 19.33 0.28
(0.009) (0.106) (0.514) (0.028)  (0.04)

May 0.41 0.79 1.09 0.78 0.88 0.00 0.00 32.65 0.42 20.61 0.31
(0.011) (0.102) (0.552) (0.031)  (0.043)

Year 0.40 0.75 0.53 0.84 0.95 0.00 0.00 361.08 0.40 214.84 0.28

(0.003) (0.033) (0.112) (0.009)  (0.013)
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Table 11: Continuous- and discrete-time IS estimates for NYSE under assumption MMN(TS)

We report monthly and annual averages of the continuous- and discrete-time IS measures for the NYSE market. Specifically, the first panel presents the estimates for
the continuous-time IS measure, IS, and the second panel displays the estimates for the discrete-time IS measure, I.S5. As for the estimates of IS, VEC(0) and VEC(0)1
denote the estimates computed by LS from VEC(0) models fitted at tick-data and 1-minute sampling intervals, respectively; 2SLSgx and 2SLSkk 1 are the estimates that
combine the realized kernel estimates of the integrated variance and the 2SLS estimates of a5 from VEC(0) models fitted at tick data, where the instruments are selected
as (p1,t;_, — P2,t;_,) for 2 < x <6 and (p1;, , — P2+, ,) for 3 <k <7, respectively; and 2SLSysc and 2SLSy.c,1 denote the estimates of IS measures constructed using
the 2SLS estimates of as and the HAC estimates of the unconditional variance from the residuals of a VEC(0) model fitted at tick data.

15 1S5
VEC(O) VEC(O)l 2SLSRK 2SLSRK71 2SLSHAC 2SLSHAC71 VEC(O) QSLSHAC QSLSHACJ Duration (SeC)
Jun 0.49 0.50 0.50 0.51 0.61 0.57 0.50 0.56 0.56 1.96
(0.034) (0.003) (0.003) (0.004) (0.063) (0.044) (0.028) (0.027) (0.037) (0.168)
Jul 0.48 0.50 0.50 0.51 0.60 0.57 0.48 0.55 0.56 2.22
(0.059) (0.006) (0.005) (0.008) (0.054) (0.045) (0.051) (0.035) (0.038) (0.426)
Aug 0.43 0.50 0.50 0.50 0.59 0.56 0.44 0.55 0.55 2.17
(0.051) (0.004) (0.002) (0.004) (0.079) (0.064) (0.045) (0.05) (0.047) (0.247)
Sep 0.37 0.49 0.50 0.51 0.59 0.55 0.39 0.55 0.55 1.95
(0.041) (0.004) (0.002) (0.004) (0.075) (0.047) (0.032) (0.03) (0.04) (0.14)
Oct 0.36 0.49 0.50 0.51 0.58 0.55 0.38 0.54 0.55 2.03
(0.041) (0.004) (0.003) (0.006) (0.066) (0.043) (0.036) (0.028) (0.038) (0.232)
Nov 0.46 0.49 0.51 0.51 0.59 0.56 0.47 0.57 0.55 2.51
(0.043) (0.007) (0.004) (0.006) (0.058) (0.035) (0.037) (0.027) (0.032) (0.744)
Dec 0.41 0.49 0.51 0.51 0.64 0.60 0.42 0.57 0.59 2.29
(0.056) (0.009) (0.004) (0.008) (0.078) (0.049) (0.05) (0.042) (0.045) (0.833)
Jan 0.46 0.49 0.50 0.51 0.60 0.58 0.46 0.56 0.57 2.31
(0.049) (0.006) (0.004) (0.006) (0.087) (0.063) (0.044) (0.05) (0.054) (0.311)
Feb 0.42 0.48 0.51 0.51 0.63 0.57 0.43 0.57 0.57 2.30
(0.108) (0.029) (0.007) (0.014) (0.098) (0.06) (0.101) (0.065) (0.056) (0.35)
Mar 0.46 0.49 0.51 0.51 0.65 0.59 0.46 0.57 0.58 2.49
(0.068) (0.007) (0.005) (0.008) (0.078) (0.05) (0.058) (0.035) (0.044) (0.377)
Apr 0.50 0.50 0.51 0.51 0.64 0.58 0.50 0.58 0.57 2.15
(0.067) (0.006) (0.004) (0.006) (0.066) (0.047) (0.057) (0.038) (0.039) (0.266)
May 0.46 0.50 0.50 0.51 0.57 0.55 0.47 0.54 0.54 2.30
(0.078) (0.009) (0.004) (0.006) (0.084) (0.058) (0.067) (0.039) (0.05) (0.317)
Year 0.44 0.49 0.50 0.51 0.61 0.57 0.45 0.56 0.56 2.22

(0.074) (0.011) (0.004) (0.007) (0.077) (0.052) (0.064) (0.041) (0.045) (0.444)




9.

Table 12: Estimates under assumption MMN(CS)

We estimate monthly orthogonal complements of the speed-of-adjustment parameters for the NYSE, an 1, using the CU-GMM estimator. Specifically, we select instruments
using two rules: the first panel reports the results for instruments selected from stocks which posts at least 7,500 quotes per day within an entire month; the second panel
selects instruments from stocks which post at least 5,000 quotes per day within an entire month. o n denotes the CU-GMM estimate of the CS measure for NYSE;
ai,ny =0 and a r = 0, denote p-values from the null hypothesis of a; xy = 0 and a7 = 0, Ri(z and Fxz are the R? and the F-statistics from the first stage of the
2SLSLS, V is the number of instruments selected, and Duration (sec.) is the average duration after aggregating the data using the refresh-time scheme.

min. 7,500 quotes per day min. 5,000 quotes per day
any arn=0 a7=0 Rg(z Fxz V  Duration (sec.) any an=0 a,7=0 R?XZ Fxz V  Duration (sec.)
Jun-12  1.00 0.00 1.00 0.00 9.22 19 8.27 1.00 0.52 1.00 0.00 3.22 34 19.86
Jul-12  1.00 0.10 1.00 0.00 10.46 3 3.89 1.00 0.04 1.00 0.00 5.98 16 10.88
Aug-12  1.00 0.02 1.00 0.00 10.89 7 5.959 1.00 0.50 1.00 0.01 439 24 17.04
Sep-12  1.00 0.01 1.00 0.01 3.37 13 7.20 1.00 0.09 1.00 0.01 4.82 30 19.83
Oct-12  0.94 0.01 0.87 0.00 297 15 6.72 1.00 0.04 1.00 0.00 4.33 31 18.38
Nov-12  1.00 0.03 1.00 0.00 1231 3 4.37 1.00 0.03 1.00 0.00 236 15 8.92
Dec-12 0 2.11 1.00 0.02 1.00 0.00 559 9 9.31
Jan-13  1.00 0.17 1.00 0.00 2.84 15 7.90 0.75 0.25 0.72 0.00 2.23 36 24.25
Feb-13  1.00 0.64 1.00 0.00 2.82 15 9.30 1.00 0.04 1.00 0.01 3.58 32 19.98
Mar-13  1.00 0.07 1.00 0.00 12.67 17 9.64 1.00 0.62 1.00 0.01 511 37 25.38
Apr-13  1.00 0.05 1.00 0.00 9.79 23 11.13 1.00 0.00 1.00 0.01 5.34 40 20.55

May-13  1.00 0.00 1.00 0.01 3.27 20 11.03 1.00 0.01 1.00 0.00 4.36 36 18.42
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Figure 6: Daily estimates of aj: AA

We report the daily estimates of oy for AA computed from different estimators. We estimate a1 ,1 at tick-by-tick frequency by LS and by 2SLS using (pl,ti_l_q_ A
P2,t;1_, ) as instruments, where k and k are integers such that 2 < k < k < oco. Specifically, VEC(1) denotes estimates of as1 that are estimated by LS from VEC(1)
model fitted at tick-by-tick; LS denotes estimates of «; that are estimated by LS from VEC(0) models fitted at tick-by-tick; and 2SLS and 2SLSg are the estimates of
a1 that are estimated by 2SLS from VEC(0) models fitted at tick data, where the instruments are selected as (p1,+;, , — p2,t; ;) for 2 <k <6 and (p1,¢, , — D2, ,) for
3 < k < 7, respectively. The solid lines correspond to the estimates of a; and the shaded area is bounded by the 95% confidence interval.

LS-VEC(0) estimates of a; and 95% confidence interval

LS-VEC(1) estimates of a; and 95% confidence interval

or or
-0.5[ 0.5
=
L L L L 1 L L L L 1
50 100 150 200 250 50 100 150 200 250
Days Days
2SLS estimates of a; and 95% confidence interval 2SLSp estimates of a; and 95% confidence interval
15 15
1 1 M M \
05 ‘h 05 -
0 0 M W\AJ J
-0.5[ -0.5
-1 -1
L L L L 1 L L L L 1
50 100 150 200 250 50 100 150 200 250
Days N Days




3L

Figure 7: Impulse response function (IRF): AA

We report the estimated IRFs for AA sampled at tick-by-tick frequency under different estimators. We estimate as,1 by LS and by 2SLS using (p1,¢,_,_,_, _p2,t171quk-),
as instruments, where k and k are integers such that 2 < k < k < co. Specifically, VEC(1) denotes estimates of as 1 that are estimated by LS from VEC(1) model fitted
at tick-by-tick; LS denotes estimates of «; that are estimated by LS from VEC(0) models fitted at tick-by-tick; and 2SLS and 2SLSgr are the estimates of «; that are
estimated by 2SLS from VEC(0) models fitted at tick data, where the instruments are selected as (p1,t; , — p2,t;_,) for 2 <k <6 and (p1+, , — P2, ,) for 3< k<7,
respectively. The solid lines correspond to the median IRFs and the shaded area is bounded by the 5% and 95% quantiles.

IRF LS: market 2, median and 5% and 95% percentiles

IRF VEC(1): market 2, median and 5% and 95% percentiles
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