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Summary. This study proposes novel estimation and inference approaches for het-
erogeneous local treatment effects using high-dimensional covariates and observa-
tional data without a strong ignorability assumption (Rosenbaum and Rubin, 1983).
To achieve this, lasso estimation under a non-convex objective function is developed
for a two-stage regression model. With a binary instrumental variable, the parameters
of interest are identified on an unobservable subgroup of the population (compliers).
A debiased estimator is proposed to construct confidence intervals for treatment ef-
fects conditioned on covariates. Notably, this approach simultaneously corrects the
biases due to high-dimensional estimations at both stages. The finite sample perfor-
mance is evaluated via extensive simulation studies, and real data analysis is per-
formed on the Oregon Health Insurance Experiment to illustrate the feasibility of the
procedures. This approach can be used for both continuous and categorical response
variables under the framework of generalized linear models.
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Introduction

1.1 Owverview. At present, estimating the effect of a treatment on some outcome

after conditioning on a vector of covariates is one of the focus areas of causal in-

ference and program evaluation research. Statistical inference of covariate-specific
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treatment effects is particularly important in the recently emerging fields of per-
sonalized medicine and dynamic treatment regime. With observational data, a
common requirement for identification is a strong ignorable treatment assignment
assumption (Rosenbaum and Rubin, 1983). This means that given a set of observed
covariates, the treatment assignment (the nature of data collection) is independent
of the potential outcomes. However, this assumption could be violated in empir-
ical applications. When it does not hold, the selection problem must be solved
by distinguishing the treatment effect from the confounding effects generated by
the treatment selection. For observational data with fixed-dimensional covariates,
a variety of methods based on instrumental variables (IVs) have been proposed to
overcome the selection problem (Imbens and Angrist, 1994; Angrist et al., 1996;
Heckman and Vytlacil, 1999; Abadie, 2003; Tan, 2006). These methods primarily
focus on the local average treatment effect (LATE), and are widely used in statis-
tics, economics, and other social sciences. Further details can be found in reviews

in Angrist and Pischke (2008) and Imbens and Rubin (2015).

The present work focuses on heterogenous treatment effects using observational
data with high-dimensional covariates and endogeneity. Novel estimation and infer-
ence methods are developed for treatment-covariate interaction effects and covariate-
specific treatment effects with the help of an instrumental variable to deal with the
endogeneity. The covariate-specific treatment effects represent the expected differ-
ence between potential outcomes given a set of covariates. The instrument induces
exogeneity between the treatment and the potential outcomes given the covariates
under the “complier” subgroup of the population. The identification and estimation
of the local treatment effect on compliers with fixed-dimensional data were studied
extensively in Imbens and Angrist (1994); Abadie (2003); Tan (2006); Hong and
Nekipelov (2010); Ogburn et al. (2015). However, the existing methods for fixed-
dimensional covariates do not yield valid inference in data with high-dimensional
covariates. The challenges in the causal inference problem considered herein are
multi-fold. Firstly, the compliers are unobserved. Following the identification tech-
nique used in Abadie (2003), a two-stage regression approach, in which both stages
involve high-dimensional covariates, is needed. Secondly, the sample objective func-
tion is non-convex in optimization parameters. The unconstrained estimation may
yield unstable estimates even under fixed-dimensional cases. Finally, the second-
stage estimation involves plug-in estimates from the first-stage model, which con-
tributes additional variation in the second-stage estimator.

To tackle these challenges, under the framework of generalized linear models
(GLMs), this study proposes regularized estimation for each regression coefficient
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under a non-convex objective function. Further, its consistency is theoretically
established. Based on the initial regularized estimator, a debiased estimator is pro-
posed for the regression coefficients, which eliminates the impact of regularization
bias from both first- and second-stage regressions. The proposed procedure can be
considered as a debiased lasso estimation (van de Geer et al., 2014) under a non-
convex two-stage model. The asymptotic normality results are provided for both the
debiased estimator and its functionals. Based on these results, confidence intervals
could be constructed for the treatment, the covariates of interest, their interaction
effects and the covariate-specific treatment effects. The proposed method can be
applied to both continuous and categorical responses, corresponding to linear and
non-linear second-stage regression models, respectively. Finally, the proposed meth-
ods are evaluated and illustrated using simulations and real data from the Oregon
Health Insurance Experiment (OHIE). The heterogeneous effects of insurance on

healthcare use and well-being of low-income adults are explored.

The main contributions of this work are as follows. (i) A regularized two-stage
estimation procedure is proposed for models on the compliers under data endogene-
ity. It addresses the instability of unconstrained estimation due to non-convexity.
The consistency of the regularized estimator under the non-convex objective func-
tion is established. (ii) A novel approach to simultaneously correct the biases due to
regularized estimation at both stages is proposed. (iii) A novel statistical inference
procedure based on the debiased estimator is developed for covariate effects and
(local) heterogeneous treatment effects with high-dimensional data. To the best of
our knowledge, there have been no conclusive studies that construct debiased lasso
estimators under a two-stage model with a non-convex objective function. The sta-
tistical inference results for this type of model are of independent interest in studies

with high-dimensional data.

1.2 Related literature. The interaction effects and covariate-specific treatment
effects are key areas of interest in personalized medicine and social science. They
reveal how the effect of treatment depends on participants’ characteristics, and en-
able the selection of accurate, individualized treatment plans (Schulte et al., 2014).
Substantial research have been conducted on modeling nonlinear and interaction
effects (Chipman et al., 1998; Tian and Tibshirani, 2010; Zhao et al., 2012) as well
as heterogeneous treatment effects in randomized trials (Bonetti and Gelber, 2004;
Tian et al., 2014; Ma and Zhou, 2017). The present study builds upon this by of-
fering novel inference procedures for observational data and non-randomized trials
without the strong ignorability assumption.
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Considerable efforts have been made to study high-dimensional observational
data (Belloni et al., 2014, 2017a; Cattaneo et al., 2019). In particular, Belloni et al.
(2017a) provided efficient estimators with honest confidence bands for LATE and
local quantile treatment effects under high-dimensional covariates. The parameters
of interest in the present study differ from this line of work. LATE considers the
single average treatment effect on compliers over the joint distribution of the co-
variates, whereas this study focuses on high-dimensional covariate and interaction
effects and covariate-specific treatment effects. Studying heterogeneous treatment
effects conditional on covariates requires new orthogonal scores compared with those
in Belloni et al. (2017a). Additionally, methodological innovation is needed for in-

ference procedures of the target parameters.

Under the framework of high-dimensional GLMs, several pioneering works, in-
cluding Javanmard and Montanari (2014); van de Geer et al. (2014); Zhang and
Zhang (2014), developed inference procedures for regression coefficients using con-
vex objective functions with lasso penalty. Loh and Wainwright (2012); Belloni
et al. (2017b); Datta et al. (2017); Loh (2017) studied penalized estimation under
non-convex objective functions. The present study requires estimation and infer-
ence for a two-stage non-convex optimization problem, which largely remains an
open question in the current literature.

1.3 Organization. The remainder of this paper is organized as follows. Section 2
introduces the proposed model, the parameters of interest, and provides comparisons
with existing approaches. Section 3 presents the proposed estimator for a two-stage
non-convex regression model. Section 4 describes the debiased estimator and its
inference procedure, while Section 5 provides their theoretical properties. Sections
6 and 7 discuss the conducted simulation study and real data study, respectively.
All the technical proofs are relegated to the Supplementary Material (SM).

2. Model and Background

The data in this study consist of n observations on an outcome variable Y, a binary
treatment indicator D, a binary instrument Z and p-dimensional covariates X. For
example, for the OHIE data in Section 7, Y represents different health outcomes,
D indicates whether or not a low-income person has health insurance, and Z is the
indicator of insurance eligibility. In this experiment, Z and D are not equal because
not every person eligible to apply for health insurance actually purchased it. The
covariates X consist of individual demographic, social, and financial information.
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Let Y(0) and Y (1) be the potential outcomes when D = 0 and 1, respectively,
and Y =Y (1)D +Y(0)(1 — D). Let D(0) and D(1) be the treatment under Z =0
and 1, respectively, and D = D(1)Z + D(0)(1 — Z). Let Y (z,d) be the response
variable under Z = z and D = d for z = {0,1} and d = {0,1}. Following the
terminology in the literature, the population is divided into four different subgroups
by D(0) and D(1) as follows. Let always-takers and never-takers be defined by
D(0) = D(1) = 1 and D(0) = D(1) = 0, respectively. Further, let compliers
and defiers be those having D(0) = 0 and D(1) = 1 and those having D(0) = 1
and D(1) = 0, respectively. The goal of causal inference is to learn about the
characteristics of the distribution of {Y'(1),Y(0)} for the complier subgroup.

2.1. Assumptions and Identification

Because the compliers with {D(1) > D(0)} are unobservable, the following as-
sumption is made on the identification of the treatment effect, which is thoroughly
discussed in Imbens and Angrist (1994) and Angrist et al. (1996).

Assumption 1. (i) Independence of the instrument: conditional on X, the random
vector {Y(0,0),Y(0,1),Y(0,1),Y(1,1),D(0),D(1)} is independent of Z; (ii) exclu-
sion of the instrument: P{Y (1,d) = Y (0,d)| X} =1 for d € {0,1}; (iii) first-stage:
0<P(Z=1/X)<land P{D(1) =1|X} > P{D(0) = 1|/X}; and (iv) monotonicity:
P{D(1) > D(0)|X} = 1.

Let the local average response function (LARF) be E{Y|X,D,D(1) > D(0)}.
This function describes the average response for compliers given the treatment vari-
able and the covariates. It is equal to E{Y (0)| X, D(1) > D(0)} and E{Y (1)| X, D(1) >
D(0)} when D = 0 and D = 1, respectively, under Assumption 1. The local
covariate-specific treatment effect (LCSTE) function is defined as

LCSTE(X) =E{Y (1) - Y(0)|X,D(1) > D(0)}, (2.1)
which gives the expected treatment effect for compliers conditional on covariates.
To study heterogeneous treatment effects, a parametric model is assumed for the
LARF such that for some known function h(-) and unknown parameters 6y,

E{Y|X, D, D(1) > D(0)} = h(D, X ). (2.2)

Under Assumption 1 and (2.2), LCSTE(X) = h(1, X;6p) — h(0, X;6p). This study
focuses on the estimation and inference of the unknown parameter 6y and its func-
tionals. Let W = (D, X", DX™)" with 0 = (o, %,6")" and W = (D, X™)" with
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0 = (o, B")" when the interactions between the treatment and covariates are in-
cluded and absent in the model, respectively. Here, a;, 8 and § denote the treatment
effect, the main covariates effects, and the interaction effects between the covari-
ates and the treatment, respectively. We could also consider the interaction terms
and higher order terms among the covariates. However, the empirical performance
of lasso may deteriorate as more interactions are added to the model. In the real
data study considered in Section 7, the high dimensionality is mainly in the main
covariate effects. The followings are three examples of the LARF and LCSTE(X).

Example 1. Linear models on compliers:
E{Y|X,D,D(1) > D(0)} = aoD + By X + 65 DX := W70y (2.3)
and LCSTE(X) = ag + §5 X, where 6y = (a0, 5], 65)"-

The approach proposed herein can be applied to GLMs. Suppose the conditional
density of the response Y on the compliers takes the form

HylX, D, D(1) > D(0); 60} = exp[{yn —b(n)}/¢ + c(y, )] for n=W"0, (2.4)

where ¢ is the dispersion parameter, b(n) and ¢(y, ¢) are smooth functions, and 6y
represents the true regression coefficients on compliers. If the dispersion parameter
is known, this is the natural exponential family with n as the natural parameter.
Under (2.4), the relationship between Y and W is modeled as ¢.[E{Y|X, D, D(1) >
D(0)}] = n = W7"0y, where g.(-) is the canonical link function, the inverse of the
derivative of b(n). To simplify the notation, write f(y|X, D;6y) = f{y|X, D, D(1) >
D(0);600}. Note that f(y|X,D;60) may not be the density function for all the
data. The exponential dispersion family (2.4) is widely used in nonlinear regression
models. The following examples are special cases of (2.4).

Example 2. Logistic regression models on compliers: P{Y = 1|X,D,D(1) >
D(0)} = AMapD+ B X +d5DX), and LCSTE(X) = A{ao+ (Bo+0)" X } —A(B§X)
for A(a) = exp(a)/{1 + exp(a)}.

Example 3. Poisson regression models on compliers: Y|X, D, D(1) > D(0) ~
Poisson(A) for X =exp(apD + 55X + 6§ DX), and LCSTE(X) = exp{ao + (5o +
G0)" X} — exp(85 X).

To identify fy in the LARF, let g(Y, D, X;60) = (Y —6"W)? for the linear model
in (2.3) or g(Y, D, X;0) = —log{f(Y|X, D;0)}, the negative log likelihood function,
for the GLM in (2.4). Define the weight function

ko= OP(Z =0/X)+xWP(Z=1X) =1~ P?Z(1:_0|Z))() - IP’((lZ_le)\f()’ (2.5)
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P(Z=1|X)—-Z Z—-P(Z=1|X
where k(0 = (1-D) ]P’(Z:(O|X)|IP’(%:1\X) and k(M) = DIP(Z:O|)(()IP(Z|:1)|X)‘ From Theorem

3.1 in Abadie (2003), under Assumption 1, there exists a relationship between the

conditional expectation (given compliers) and the unconditional expectation (over
the entire population) such that the true parameter 6y is identified by

0o = argmin E{g(Y, D, X;0)|D(1) > D(0)} = argmin E{xg(Y, D, X;6)}, (2.6)
0cO 0coO

where g(-) is any measurable real function of (Y, D, X). Notice that x is 1 when
D = Z and takes a negative value when D # Z. Intuitively, the negative values of
 should offset non-compliers in the unconditional expectation in (2.6). However,
those negative weights also make the sample objective function of (2.6) non-convex,
imposing challenges in the estimation of 6.

2.2. Connection to Existing Methods
Under Assumption 1, Imbens and Angrist (1994); Angrist et al. (1996); Tan (2006)

have shown that LATE on the compliers can be identified via the ratio
E{E(Y|Z=1,X)} —E{E(Y|Z =0,X)}
T E{E(D|Z = 1,X)} - E{E(D|Z = 0,X)}’
where the outer expectations in the ratio are taken respect to the covariates X.
Similarly, LCSTE(X) can be identified by the same ratio without the expectations
for X. Based on (2.7), LATE can be estimated by inverse propensity score weight-

E{Y (1) —Y(0)|D(1) > D(0)} (2.7)

ing, using an estimated P(Z = 1|X) for the denominator and numerator in (2.7)
(Tan, 2006). This method only requires modeling P(Z = 1|X); however, it cannot
be used to estimate the covariate-specific effects LCSTE(X) given X. Tan (2006)
also proposed a regression approach for LCSTE(X) based on parametrical mod-
els for P(D = 1|Z,X) and E(Y|D = d,Z,X) for d = 0,1. Note that both the
aforementioned methods are for fixed-dimensional data, which cannot be applied to

high-dimensional covariates.

Belloni et al. (2017a) combined both regression and inverse weighting approaches
to estimate LATE under a high-dimensional setting. Their approach is based on
regularized regression estimation (or consistent machine learning estimation) for
P(Z = 1/X) and four conditional expectations E(Y|Z = 2z, X) and E(D|Z = z,X)
for z = 0, 1. Those regressions do not involve plug-in estimates and can be fitted by
regularized convex optimization, which are advantages for this approach. In fact,
their estimator has the same structure as the doubly robust estimator for LATE
discussed in Tan (2006) under fixed-dimensional settings. However, the doubly ro-
bust inference for this estimator has not been studied with high-dimensional control
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variables. Despite its flexibility in constructing estimators for the aforementioned
conditional expectations, it is not clear whether the inference procedure for LATE
can be extended to LCSTE(X) for covariate-specific treatment effects.

This study employs a different modeling approach as compared to Tan (2006)
and Belloni et al. (2017a). Here, a GLM for the response is directly built on the
compliers. This approach does not require estimating the four conditional expec-
tations of Y and D given Z and X. In stead, the parsimonious model for LARF
is estimated, which enables easy interpretation for the impact of covariates and
treatment on LARF and LCSTE(X). Notice that the covariate effect on LATE is
not straight forward from (2.7). Further discussions on the comparison between
modeling on the compliers versus modeling the overall conditional expectations of
Y and D can be found in Abadie (2003); Ogburn et al. (2015).

One disadvantage of a parametric approach is misspecification. Ogburn et al.
(2015) considered a parametric model for LCSTE(X) on the covariates X or a subset
of X with an identification equation based on the weight £(1) — (®). Under a fixed-
dimensional setting, they proposed a doubly robust estimation method. Specifically,
as long as the model of LCSTE(X) is correct, their method can produce consistent
estimators for its regression coefficients, even if the propensity score P(Z = 1|X) is
mis-specified. However, to satisfy Assumption 1, applied researchers generally need
to consider a large number of covariates X. This is because the treatment may be
confounded, in the sense that Z may not be independent of the potential outcome
variables given a limited number of covariates (Lee et al., 2017). Thus, a large set
of conditioning variables generally need to be employed. This requires statistical
inference approaches for LCSTE(X) with high-dimensional covariates. As an ex-
tension of the proposed approach, doubly robust estimation for high-dimensional
data is discussed in Section 8.

3. Estimation Method

We begin with notation and definitions. Throughout the paper, for a vector a =
(a1,...,ap)" € R? and 1 < d < oo, let |alg = (327, |vi|9)Y¢ be the vector £y
norm, and |alsc = maxi<j<p|a;| be the vector maximum norm. For a matrix

A = (aj;,) € RP*9 the elementwise /; and fo norm are defined as ||A|; =
ji=1
{1, loo and £y (spectral) norm are denoted as [[All,, = maxi<j,<¢ 7 1 lajjl,

> =1 lajj,] and [|Alle = maxi<j, j,<qlajj,|, respectively. The matrices

|Alle.. = maxi<j,<p 22’2:1 laj.j,| and [[Alle, = supp,,<i |[Az|2, respectively. The
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Frobenius norm is [|Af|p = (3, ;, a?le)l/Q. Let I, be a pxp identity matrix. For any
random variables Uy, ..., U, and any function h(-), let E,[h(U;)] = >0, h(U;)/n
denote the empirical average of {h(U;)}. For a function h(-), let i(-) and h(-) be its

first and second order derivatives.

The proposed estimation consists of two stages. In the first stage, an estimator is
developed for & in (2.5) by estimating P(Z = 1|X). In the second stage, 6y and the
smooth functional of the linear combination w_ 6y are estimated for a pre-specified
vector w.. Without loss of generality, our analysis is based on the likelihood estima-
tion g(Y, D, X;0) = —log{f(Y|X, D;0)} in (2.6), although least square estimation
can be used for the linear model (2.3).

Suppose the observed data (Y;, D;, Z;, X[')!'_, are independent and identically
distributed (i.i.d.) random vectors with the conditional density f(Y;|X;, D;;0p) on
the compliers satisfying (2.4) and Assumption 1. We assume Z; follows the logistic
regression given X; where P(Z; = 1|X; = z;) = A(x]v0) for A(a) = exp(a)/{1 +
exp(a)} and v = (70,1,---,%,p)" € RP. Other models can be applied in a similar
manner. The lasso estimator 4 of the logistic regression solves

¥ = argmin — E,[p,(X;, Zi)] + M|y for (3.1)
g
(X0 Z) = ZilogM(XI7)+(1— Z)log{l —A(XI7)).  (32)

The weight k; for the ith observation is estimated by plugging 4 into (2.5),

(1 - D){AX[y) - Z}  Di{Z; — MX]7)}
A(XTY) 1—AX[5)

Ri = ri(7) = (3.3)
To avoid the estimated weight being too small, we could set the estimated propensity
score to be cps and 1 — ¢, if A(X['Y) < ¢, and A(X['Y) > 1—cps, respectively, where
Cps 1s a small positive constant. In the simulation, we set ¢, = 1/21 so that the

estimated weights k; are bounded by —20 from below. Notice that trimming is only
need for Dl 7& Zz as I;w =1if Dz = Zl

In the second-stage estimation, Because 6 is the minimizer of E[xg(Y, D, X;0)],

a natural estimator of 6y is obtained by minimizing the penalized sample analog

of (2.6). Let A be the index set of important covariates not penalized, and 6 4. be

the sub-vector of § with components not in A. A common choice of A is A = {1},

indicating that only the treatment variable is not penalized in the estimation. Let
1 n

Loy(0) ==Y ri(9)g(Vi, Di, Xi;6) (3.4)

n -
=1
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be the empirical estimate of E{xg(Y, D, X;6)}. However, the weight ;(¥) is nega-
tive when Z; =1 and D; = 0 or Z; = 0 and D; = 1. These negative weights could
make the empirical loss function £, 5(6) non-convex, and make the lasso solution

of argmin{ Ly 5(0) + A2|0.4c|1} diverges to —oo

To solve this problem, following Loh and Wainwright (2012) and Loh (2017), the
restricted lasso program is considered as follows:

0 € arg min{ Ly, 5(6) + X2|0 4
[0, <R

1}, (3.5)

where Ao is the lasso penalty parameter, and R is a positive constant satisfying
R > |6p|1 to guarantee that the true regression parameter 6y is feasible for the
minimization program (3.5). The constraint |#|; < R ensures the existence of
local/global optima for (3.5). Notice that Theorem 3.1 in Abadie (2003) shows
E{ki(v0)9(Yi, Di, Xi;0)} = E{g(Y;, D;, X;;0)|D(1) > D(0)}, which implies the con-
vexity of the population loss function. The non-convexity of £, 5(6) is due to the
negative weight (%) on some observations. This cause of non-convexity in the
proposed model differs from that of the linear model with measurement errors and
missing covariates considered in Loh and Wainwright (2012) and that of the robust
linear regression considered in Loh (2017). Moreover, those works only considered
one-stage estimation problems, while this study considers a two-stage problem.

In practice, it may not be desired to drop the main covariates effects but keeping
their interactions with the treatment. To this end, we could use a combination of
the lasso and group lasso penalties in the form

P P
Prao(6) = A{“OZ 185 + (1 — a0) Y (82 + 62 1/2}
j:1 le

in (3.5) for A > 0 and ag € (0,1), where §; is the main effect of the jth covariate
and J; is its interaction effect with the treatment variable. The group lasso penalty
simultaneously penalizes the main effect 8; and the interaction effect d;, while the
lasso penalty imposes sparsity on the interaction effects.

Specifically, for the linear model in Example 1, let Mz = %Z?:l ki(Y)W; W,
M% = %ZLI Ki(y0)W;W and My, = E{x;(7)W;W;}. The program (3.5) has a
specific form

arg min{@TM§9/2 — @0+ X2|6 4
[0l <R

1}, (3.6)

where @ = Y " | ki()Y;W;/n. Because of the negative weights, the matrix Mﬁ
could be non-positive-semi-definite, leading to deteriorated solutions over iterative
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optimization, despite its population counterpart M,, being positive definite. There-
fore, the proposed estimator (3.5) obtains the minimum of the objective function
within a constraint ¢; ball of 6.

Let py be the dimension of # and V denote the gradient or subgradient operator
of a function. Let (-,-) be the inner product operator on the Euclidean space. 6 is
called a stationary point of the optimization problem (3.5) if

(VL3 (0) + A2V [0.4c]1,0 = 6) > 0 (3.7)

for all feasible € RP°. For 6 lying in the interior of the £; ball |f|; < R, the condi-
tion (3.7) becomes the usual zero subgradient condition VL, 5(0) + X\2V|[0 4:|1 = 0.
Note that the set of stationary points may also include local maxima. Here, we will

show that any stationary point of (3.5) in the neighborhood of 6y is consistent to
0y as n — oo in Section 5.

To obtain a stationary solution for the optimization program (3.5), the compos-
ite gradient descent is applied. This iteratively solves the following minimization
problem:

0" = argmin{(VL,, 5(6"),0) + 1|0 — 0"3/2 + Xa|6 4
0. <R

1) (3.8)

for a positive constant r,. The solution to (3.8) can be computed in two steps. In
the first step, 6111 = gt — VL, 5(0")/ry is updated, and the components of 6'+1 are
soft thresholded at the level Ay /ry, if they are not in .A. This is the solution of (3.8)
without the constraint |6|; < R. If the resulting thresholded vector has ¢; norm
greater than R, it is projected onto the ¢; ball centered at zero with radius R, based
on the algorithm provided in Duchi et al. (2008).

4. Inference Method

This section describes the construction of confidence intervals for 6y and its linear
combinations based on the stationary point 6 of the optimization (3.5). Compared
to the debiased lasso procedure for linear regression model, inference for the local
treatment effect model brings two additional challenges. First, the weights {;(70)}
are unknown, and the inference procedure for 6y must account for the variation
of estimating g using 4. Second, the nodewise regression for debiasing 6 cannot
be applied owing to the negative weights in {;(70)} and the non-convexity of the
empirical objective function £y, 5(6).
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We first construct the debiased lasso estimator for 4 in (3.1) in the first-stage
regression following the method by van de Geer et al. (2014). Note that, for the
logistic regression, the first and second derivatives of the function A(-) are A =
A(1—A) and A = A(1—2A), where A(X7 ) is the conditional variance of Z; given
Xi. Let T, = E{p(Xi, Z:)p5(Xi, Zi) } = E{A(X[)X;X}} be the FI matrix of ~
in the first-stage model, where p,(Xj;, Z;) is defined in (3.2). Let 2, = I;l be the
inverse of the FI matrix.

Let gfm = A(XZ-TW) and G, = diag{gi,,...,9n~}. Note that Z, can be viewed
as the expected inner product matrix of the weighted covariates g; , X;. Its inverse

=, can be estimated by the nodewise regressions (van de Geer et al., 2014; Jankova
and van de Geer, 2016). Define

¢35 = argmin |G5X¢;l3/n + 2A1;(l9;h — 1), (4.1)
¢;ERP,P;;=—1
P25 = 1GiXdsl5/n + A j(da5h — 1) (4.2)
Let éxy be the estimator of Z,,, with the jth row being é‘m’ = —gfga,j/%%j. The

debiased lasso estimator of 7 is

y =7+ E5E, [{Zi — AXTH)}X,). (4.3)

Because of the negative weights in {x;(%)}, the nodewise regression method can-
not be applied to the inference of §y. A Taylor expansion of the gradient VL, 5(0) of
the empirical objective function is considered to construct a debiased estimator of 8
in (3.5) for statistical inference. To this end, we introduce the influence matrix Ng
of the first stage estimation and the FI matrix Mp, of the second stage regression.

Recall that pg is the dimension of 8 and W;. Let

i = gV Dy Xi0) = 07 Y BOVEO) LY,
for zp; = (26,41, - - - » 26.ips) "> Where b(-) denotes the first derivative of b(-). Let

(Z—-a1)(a1 +D—1)
a1 (1 —ay)

Eo(al) = /io(al, D, Z) =

such that s in (2.5) can be written as ;(v) = ko{A(X;y)}. The influence matrix
of the estimator 4 on estimating 6 is Np. = —E[2g;k0{A(X ) }A(X 7) X]]. Let

n

\ \ 1 : T A T T
Ny = (Nosy.jijaJpoxp = s Z 20,ik0{ A(X77) JA(X{ ) X;
i=1
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be the sample counterpart of Ny, and Nqo be a regularized estimator of Ny, ~, by

thresholding each component Néﬁju‘z of Né;/, formulated as
N = {NG5,5,5. 1N 5,5, > 0X3) (4.4)

for a threshold level go > 0. Here, A3 = /51 max(,/52,log po){log(po)/n}'/2, where
s1 and so are the number of the nonzero elements in g and 6y, respectively.

Taking the second derivative of g(Y;, D;, X;; 0) with respect to 6, let

52 .
My, = E{”z‘<v>aaaeg(m, Dy, X;; 6’)} =E{¢" mi(b(WrOWW}  (4.5)

be the FI matrix of # on the complier group, where b() denotes the second deriva-
tive of b(-). Let By, ., = Mgfo}%. To obtain the estimator of By, ~,, the CLIME
procedure, originally proposed by Cai et al. (2011) for estimating sparse precision
matrices, is applied. Specifically, let B(;ﬁ = (le j») be the solution of the optimiza-
tion problem:

min || B; < [li subject to || B; < Mj - — Iplloo < Aa, By € RPXP. (4.6)

where )4 is a tuning parameter that satisfies Ay > || By, ~, ¢, HMéﬁ — Mg, ~ |00, and

: I~ o &P .
Mgz = — Z“i(V)mg(Yi,Di,Xi;G) (4.7)

is the estimated FI matrix. To obtain a symmetrical estimator, we construct

By s = (bjija) for by, = bjji = bjijl(1bjin] < 1bsai]) + b5 L(U0j50 1 > 165 ])-
The advantage of CLIME lies in the convex optimization (4.6), which can be solved

column-by-column (S.2.7) by linear programming despite the matrix Mé 5

be positive semi-definite. However, the solution of graphical lasso is not guaran-

may not

teed to converge due to the non-positive-semi-definiteness of M; 55 see Remark 3
in Mazumder and Hastie (2012). Moreover, CLIME only requires weak sparsity of
By, ~,, whereas graphical lasso generally needs exact sparsity.

As 4 and 0 are consistent to o and 6y, it can be shown that Mé’& is an element-
wise consistent estimator of My, ,,. The optimization (4.6) follows the CLIME
procedure; however, the theoretical justification for Béﬁ is more involved compared
to the original CLIME built on sample covariance matrices. This is because of the
additional variation introduced by the plugging-in estimate 4 for ~g.

By the Taylor expansion of ;(¥) at 79 and %Q(Yi, D;, X;;0p) at 0,
V(0 — 6o) + \/EB@:},En [#i(3) 25,
= VnBj s En [ki(10)20,:] — vV Bj s Ngy (7 = 70) + 0p(1). (4.8)
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This is shown in the SM. Note that the bias brought by 4 in the term /n(y — 7o)
must also be corrected for the inference of 6. Using the de-sparsified /debiased lasso
estimator 4 in (4.3) and its asymptotic expansion (given in Lemma 1 in Section 5),

we have

V(0 = 00) + VnBg B [5i(7)25,,] + vVnBg - Ny (7 = 4)
= \/ﬁBMEn [ki(70)260,1] — \/ﬁééﬁNqOE%En [0 (Xiy Z3)] + 0p(1). (4.9)

Motivated by the equality (4.9), a debiased estimator 6 for 0 is proposed as follows:

6 = 6+ By En[ri(7)25,] + Bj s No (7 — %) (4.10)

Based on the expansion result in (4.9) for 0, confidence intervals are constructed
for 6y and its linear combinations. Let

Vo= E{I‘ii(’Vo)Z@mi - NQO,’YOE’YOp’YU (XZ? Z’i)}{ﬁi(’yo)zl%,i - NGO,%E%FHU (Xza Zz)}T
(4.11)
Then, V' = By, »,VoBy, o Can be estimated by V= 355‘7039?% for

> 1 - ~ T = . ~ N T
Vo = EZ{/‘%(’Y)Z@J—Nqo:&P&(XiyZi)}{/ii(’Y)Zé,l-—NqUEaP&(XuZz‘)} - (412)
i=1

The diagonal values {V]J} of V are the estimated variances of \/ﬁéj forj=1,...,po.
v,
Based on this result, the 1 — 7 confidence interval for 6y ; can be constructed as

Theorem 2 in Section 5 provides the asymptotic normality of \/ﬁ(é] —6o5)

) 1/2 —1/2 4 F1/2 —1/2
(0 — zT/ngj/ n~V/ 05 + zT/ngj/ n1/?), (4.13)
where z. /9 is the upper 7/2 quantile of the standard normal distribution. Given a
vector of covariates w., w?fy can be estimated by w?f with the confidence interval

(w20 — 2, o (w2 Vwe/n) 2 Wi + 2, jo(wWEVwe/n) ). (4.14)

Under the linear model in Example 1, w6 together with (4.14) provide the
estimate and confidence interval for the LCSTE, conditioned on W = w,. For the
nonlinear models in Examples 2 and 3, given W = w,, the LARF h(w}6y) can be
estimated by h(w?d). Recall that h(.) is the first order derivative of h(-). The
confidence interval of h(w}6y) can be constructed by the delta method as

(W(wg8) =27 ol h(wi0)|(wg Viwe/n) 2, h(w70) + 2, o h(wi0)| (wg Viwe/n)'/2). (4.15)
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Let wg and w; be the values of W under D = 0 and D = 1 with the same
X, respectively. The LCSTE = h(w]6p) — h(wy6p) in Examples 2 and 3 can be
estimated by h(wl6) — h(w§h), with the 1 — 7 level confidence interval

(h(wi0) — h(wd0) — 2, /2 (Wi Vwa/n) 2, h(wi0) — h(wih) + 2z, j2(WEVwe/n)?)
(4.16)
for wg = h(wFf)wy — h(wil)wy.

5. Asymptotic Results

This section derives the asymptotic normality of 6 and its linear combination wgé
Let S; and S be the supports of the regression parameters vg and 6, respectively.
Let s = |S1] and sy = |Sa| be the number of nonzero elements in vy and 6. For
two positive sequences {a;,} and {a2,}, the notation a;, < ag, indicates that
a1, and ag p are of the same order, such that C < aj,,/az, < Cs for all n and two
constants C7 and Co. Let Apin(A) and Apax(A) be the minimum and maximum
eigenvalues of a non-negative definite matrix A. Let |A| be the cardinality of a set
A. Further, let C' be a positive constant which may change from case to case.

The asymptotic expansion of 4 is presented in (4.3). A similar result on the
de-sparsified /debiased lasso estimator has been given in van de Geer et al. (2014)
under GLMs with bounded covariates. Here, the following assumptions are made
for the first-stage regression with sub-Gaussian distributed X.

Assumption 2. The vector X; is a sub-Gaussian random vector such that

sup E[exp{(vTXi)Q/Cl}] <0y

[v]2<1
for two positive constants C7 and Cy < oo, and ¢t =1,...,n.
Assumption 3. log(p) = o(n'/®) and s1{log®(p)/n}'/? = o(1).

Assumption 4. The probabilities P(Z = 1| X = X;) = A(X[ 7o) are bounded from
0 and 1, equivalently, maxj<;<p | X[ v0| < C, where A(a) = exp(a)/{1 + exp(a)}.

Assumption 5. The FI matrix Z,, is positive definite, and its values are bounded
such that ||Zy,|lec < C and Apmin(Zy,) > 1/C. The number of the nonzero entries in
each row of =, is controlled by s3, where =, is from the family of sparse matrices

Holsa) = {2+ s 1270500 < 0. A=) < € (5.1)
1<5<p

for s3{log®(p)/n}/? = o(1). Here, =, ; denotes the jth row of =, .
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Assumption 2 considers the covariates to be sub-Gaussian random vectors, in-
cluding the Gaussian distribution as a special case. Assumptions 3-5 are standard
for the lasso inference. Assumption 3 is made for the sparsity of the first-stage re-
gression, which guarantees that the initial estimator 4 satisfies |y —~p|1 < C's1\1 and
17— v0l2 < 081/2)\1, with high probability for some C' > 0. Assumption 4 implies
the loss function —E,[p,(X;, Z;)] in (3.1) behaves quadratically near its minimum.
This condition is commonly set in the study of high-dimensional GLMs (see Lemma
6.8 in Biithlmann and Van de Geer (2011)). Assumption 5 considers the inverse of
the FI matrix to be strongly sparse, such that the number of nonzero elements in
each row is bounded by s3. The debiased estimator 4 in (4.3) also works under a
weaker condition (Assumption S5 in the SM) via the ¢4 norm on 2., for g € [0, 1),

which allows several small nonzero entries.

It can be shown that the first-stage lasso estimator 4 in (3.1) and its debiased
estimator 4 in (4.3) have the following properties.

Lemma 1. Suppose that Assumptions 2-5 hold. For the lasso parameters A\; =<
{log(p)/n}'/? and Ay ; = 102g(p)/x/ﬁ, we have |7 —o[1 = Op(s1A1), |7 —0l2 =
Op(\/a)\l)a E, [XZTW - ’YO)] = Op(sl)\%% and

\/ﬁ(’? - 70) = EWO\/lﬁ Z Py (X, Z3) + Op{(SS + s1) IOgg/Q(p)/\/ﬁ}' (5.2)
i=1

Lemma 1 is used in (4.9) to develop the debiased estimator 0 and the inference
procedure for ¢p. A similar result holds under the weakly sparse condition via ¢,
norm on =, at the price of a slower convergence rate for the smaller order term in
(5.2); see Lemma S1 in the SM for details. This will also cause a slower convergence
rate for the smaller order term in the expansion of f in (5.5). Next, we show the
consistency of the restricted lasso estimator 6 in (3.5) to 6q.

Assumption 6. There exist constants h; > 0, 7g > 0 and C' > 0 such that the dis-
tribution of the response variable Y; satisfies (i). Eexp [t{}Q—B(WiTHO)}] < C for any

‘t‘ < hi; and (ii). Amin [ED(1)>D(0)(WiWiT)] > h1, and 1/C < maxi<;<n b(WlTG) <
C for 6§ € B, (o).

Part (i) of Assumption 6 assumes a sub-exponential distribution on the cen-
tered response Y; — b(W;*fy). Owing to the boundedness of the weights (7o)
under Assumption 4, this condition indicates the existence of the moment gener-

ating function of ;(70){Y; — b(W;6p)} around zero for all i = 1,...,n. Note that
E{%i(70) 59; log f (Y| Xi, Dis00)} = Epy=po){ ag; log f(Yil Xi, Dis09)} = 0. By



Inference for Heterogeneous Treatment Effects 17

the large deviation results established in the SM, the deviation of |V L, ,(00)|so
from 0 is bounded at the order {log(po)/n}'/?. Note that the moment generation
function of ¥; on compliers is E{ exp(t1Y;) } = exp [{b(W; 0y + t16) — b(W;"6o)}/¢]
under the exponential dispersion family (2.4). For Y; — b(W[6y), we have

Eexp {t1Yé — t16<WiT90>} = exp {tli)(WiTH() + tg(b) - tli)(WiT(go)}
= exp {titadb(W; 0 + t30) },

where t9, t3 are between 0 and ;. Part (i) of Assumption 6 is automatically satisfied
for compliers under (2.4) if {b(W;'6)} are bounded.

Part (ii) of Assumption 6 assumes the minimum eigenvalue of Ep (1)~ po) (W:W;")
is larger than a positive constant, and b(W;#) is bounded away from 0 and oo for
all i = 1,...,n. Note that Varpyys p)(Yi|Di, Xi;0) = ¢B(Wf9). This condition
indicates the variance of Y; is bounded away from 0 and oo in the neighborhood of
fp. It also implies the expected second derivative of the negative log likelihood for
compliers is strictly positive definite around 6y, such that

2

0
)\min |: — ED(1)>D(O){6960 log f(Yi‘XZ, Di; 9)}] > h(] for 0 Bro (90) (5.3)

for a positive constant hg = h1/(C¢). The above inequality (5.3) is used to guar-
antee the local restricted strong convexity (Loh, 2017) of the objection function
VL, 5(0). The detailed derivations are provided in the SM.

Theorem 1. Under Assumptions 1-6, so log(po)/v/1 = 0(1), Ao < {51 log(po)/n}'/?,
|A| < ¢ and |01 < R < csg for some positive constant ¢, there exists a stationary
point # of the optimization program (3.5) such that |§ — g|o < ro. Furthermore,
any stationary point @ within this ro-ball of 6 satisfies

|0~ - 90|1 § CSQ)\Q and |9~ — 90‘2 S C\/Q)\Q (5.4)

for some positive constant C, with probability approaching 1 as n — oco. Addition-
ally, if /\max{ED(1)>D(o)(WiWiT)} < 1/hy for a positive constant hi, E, [Wf(é —
00)]2 = Op(s52A3).

Theorem 1 shows the existence of stationary points of (3.5). It also establishes
the consistency of a stationary point to the true parameter 3. Compared to the
penalty rate {log(pg)/n}'/? of the conventional convex lasso optimization, the pro-
posed estimator (3.5) requires a larger penalty of the order {s; log(pg)/n}'/2. This
results in slower ¢; and ¢s convergence rates for 0 —0p, which are increased by a factor
\/51. Such a large penalty is used to control the error when estimating the unknown
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weights £;(70) in the empirical objective function £, 5(#). Using the estimated ¥
increases the deviation bound of |V L, 5(60)| to the order {slog(po)/n}/2, even
though the maximal gradient |VL,, ,,(0p)|o With the true 7o can be controlled at
the rate {log(po)/n}'/2.

Now, the asymptotic normality for each component of the debiased estimator 0
in (4.10) and its linear combination are derived. Note that ]\79,7 and Be(,w depend
on both « and 6. The following assumptions are made on Ny, -, and By, -,.

Assumption 7. The influence matrix Ny, ., is weakly sparse, such that || Ny, , [le.. <
sq and for 0 < g1 < 1, maxi<j, <p, 2 5,—1 [Nogr0.5132 1" < €1(p)-

Assumption 8. The minimum and maximum eigenvalues of Epj)> D(O)(Wiﬂff)
are bounded from below and above by hy and 1/hy for hy > 0, respectively, and
1Boy o lle, < 85 and maxi<j, <p, 2 5oy | Boyro.drja|? < c2(p) for 0 < g2 < 1.

If the interest is only on the local average treatment effect or the local average
treatment effect on the treated, the sparsity conditions on =,,, Ny, ,, and By, -,
are not needed. But the identification, model and distribution assumptions are
still needed, as well as the sparsity assumptions for the instrument propensity score
model and the four regressions of Y and D on X under Z = 0, 1. See the discussion
in Section 2.2 and Belloni et al. (2017a) which treats the covariate effects as nuisance
parameters. To conduct statistical inference for each of the regression coefficients in
LARF, the sparsity conditions for the Fisher Information matrices are needed. This
is similar to the conditions of the de-sparsified lasso in van de Geer et al. (2014).

Let sp = maxj<g<5{si}. The following theorem provides the asymptotic expan-
sion of the proposed debiased estimator é, in preparation for the variance estimation
and the asymptotic normality of 6 and wgé.

Theorem 2. Under the conditions of Theorem 1, Assumptions 7, 8, sg/ %1og®/ 2(po) =

o(y/n), ssA3~ " c1(p)(logp) /2 = o(1) for A3 = /51 max(y/52, log po){log(po) /n}*/?,
and sq(s5M4) "2 ca(p)(logp) /2 = o(1) for Ay = s5{s152log(pg)/n}/?, we have

V(@ —00) = vnBg,En[ki(70)20, 1]
- \/ﬁBeo,’YoNeoﬁoE%En[pWO(Xi7Zi)] + Op(l)‘ (55)

Compared to the asymptotic expansion of 4 in Lemma 1, Theorem 2 for 0 re-
quires more restrictive conditions on the sparsities of 6y, Yo, Ng,~, and By, ~,.
This is due to the nature of two-stage estimation, where the first-stage estima-
tor influences the second-stage estimation, causing additional variation. It is fur-
ther caused by the rates of ||M~ﬁ — My, ~, |00 and ||]\Afﬁ — Ng, o lloo being higher
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than {log(po)/n}'/?, which is the conventional deviation rate of sample covariances
from their population counterparts by large deviation results. In fact, the deriva-
tion of Theorem 2 shows that HMéﬁ — Moy o lloo = Op[{s152 log(po)/n}l/Q] and
NG5 = Noorolloo = Op[/51 max(y/s ,logpo){log(po)/n}l/Q], where the extra fac-
tors s1 and s9 are caused by replacing the true parameters vy and g by their lasso
estimates 7 and 0.

From the expansion result of 6 in Theorem 2, it can be observed that V =
By, 4, Vo By, ., is the variance of the leading order term in (5.5). The following
theorems show the asymptotic normality of v/n(f; GOJ)V Y2 and Vw? (6 —
00)(wEVw.)~ /2 for a constant vector we.

Theorem 3. Under the conditions of Theorem 2, if 313/2 log”%(pg) = o(y/n),
s3hs ei(p) = o(1), Amax(Noy 7o Ng, ) < C and Vj; > 1/C for a positive con-
stant C, then,

Vn(0; — Go,j)f/j;lm — N(0,1) in distribution as n — oo.
Theorem 4. Under the conditions of Theorem 2, if \wc]%s(l]?’ﬂ log”2(po) /v/n = o(1),
[weltsghs " ei(p) = o(1), |welfso(ssAa)'ca(p) = 0(1), Amax(Noy o NG, ) < C,
|wel2 < C, and wlVw, > 1/C for a positive constant C, then,

Vnw? (0 — 00)(wiVwe) "% = N(0,1) in distribution as n — co.

Theorems 3 and 4 justify the confidence intervals of 6y in (4.13) and w6y in
(4.14). The ¢; norm constraint on w, is commonly set to estimate sparse linear
combinations of high-dimensional regression coefficients (Cai and Guo, 2017). In
the case of regression analysis on centered covariates, w, measures the differences
to the average values of covariates. The following corollary extends the result of
Theorem 4 to LOSTE for the nonlinear models in Section 2. The confidence intervals
(4.15) and (4.16) for h(wZ6p) and h(wT0y)—h(wibp) are built based on this corollary.

Corollary 1. Under the conditions of Theorem 4, if wg and w; satisfy the same
conditions as w, in Theorem 4, h(-) is a smooth function with |A(-)| > 1/C, and

max{|w} 0|, |wjbo|, [wib|} < C for a positive constant C, we have

V{h(w?0) — h(wX0) Hh(w20)*w Vw.} /2 = N(0,1) and
Val{h(wif) — h(wih)} — {h(wibo) — h(w§bo)}] (wyViws)™/? — N(0,1)

in distribution as n — oo, where w, = h(wF)w; — h(wgh)wo.
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6. Simulation

This section presents evaluations of the root mean square error (RMSE) of the pro-
posed estimator and the empirical coverage of the confidence interval for each com-
ponent of the regression coefficients in the LARF of (2.2). The linear combinations
of those regression coefficients and the interaction effects between the treatment
variable and the covariates were also considered. Further, the proposed method
was compared with the double debiased machine learning (DDML) approach (Bel-
loni et al., 2017a; Chernozhukov et al., 2018) and the un-weighted de-sparsified
lasso (uwlasso) approach (van de Geer et al., 2014), which does not use the weights
{ki(¥)} in the sample objective function in (3.4). Note that DDML is designed to
estimate LATE, which cannot estimate the regression coefficients in the LARF and
the heterogeneous treatment effect LCSTE(X).

The simulation design was constructed as follows. First, p-dimensional covariates
{X1,...,X,} were generated according to the normal distribution with mean 0 and
covariance ¥ = (0,j,)pxp, where o j, = 000.5/1 77 for ji,jo = 1,...,p. Second,
the instrument variable {Z;} was simulated via logistic regression, where P(Z; =
11X;) = AX] ) foryi = (711,-..,7p)"  and i =1,...,n. Third, for the treatment
variable D;, the potential treatments {D;(0), D;(1)} were generated as

Di(0) = I(X{72 — < + €ang 2 0) and DF(1) = I(Xy2 +< + ear > 0),

respectively, where v = (y2.1,...,72p)", ¢ = 1, and {eqo,i, €a1,i} iid N(0,1). Let

D; = Z;D;i(1) + (1 — Z;)D;(0). To guarantee the monotonicity assumption D;(0) <
D;(1), D;(1) = max{D}(1),D;(0)} was set for ¢ = 1,...,n. The strength of the
instrument can be measured by the estimated slope from the regression of D on Z,
which is between 0.66 and 0.77 (standard errors 0.032-0.049) for all the scenarios.
Finally, two settings were considered for the response variable Y, creating different
types of endogeneity between Y and D on the always-takers (D;(0) = 1) and the
never-takers (D;(1) = 0).

e DGP1: for each i =1,...,n, generate €,; ~ N(0,1) correlated with €4 ;, €41,i,
where Cov(ey i, €d0i) = Cov(eyi,€q1,) = pe. Also generate ey; ~ N(0,1)
independent of (eyi, €404, €41,i)"- Let € = €, if D;(0) = D;(1), and ¢; = e if
D;(0) < D;(1). The second-stage regression is

Y; = aoD; + X; Bo + €, (6.1)

where ﬂo = (5071, .o -;60,p)T- Take gy = 0.5, V1,5 = V2,5 = 0-5]I(j < 5), Qp = 1
and fy; = I(j < 5). The correlation p, is set to be 0.2,0.3,0.4.
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e DGP2: for each i = 1,...,n, generate €y; ~ N(0,1) independent of €49 ;, €41,

Generate potential outcomes using linear models

() - () () o= () 0-m, o

where £1; = ag + X[ Bo + €0,i, §20 = X[ Bo + €oi; §3i ~ Poisson(A11), and §g; ~
Poisson(Ago). Let Y; = Y;(1)D;4+Yi(0)(1—D;). Take oo = 1, v1j = 72, = j 2,
Boj =272, ap =1, Ago = 0.5, and A\y; = 0.5,0.75,1,1.25.

The first setting creates dependence between D; and the error ¢; for non-compliers
in the second stage regression (6.1). The simultaneity of the two random variables
is measured by the correlation p.. The treatment is exogenous on compliers for
any pe € (0,1). In the second setting, the intercepts of the regression models differ
among the subgroups of compliers and non-compliers. The endogeneity originates
from the uncontrolled subgroup indicator, which confounds the treatment variable.
The two designs also have different sparsity structures, where the strong and weak
sparsity of By are constructed under DGP1 and DGP2, respectively. The coeffi-
cients are allowed to take small but nonzero values under DGP2. The interaction
effects dg9 between D; and X; were also considered, where D; X0y was added to the
regression model (6.1) for dp ; = I(j < 5) and to the term &;; in (6.2) for &y ; = 2572,
respectively. The penalty parameters A; and A in the two stage regressions (3.1)
and (3.5) were chosen by five-fold cross-validation in the simulation, r, was set to
be 10 so that the step size of the algorithm (3.8) was 0.1, and the tuning parameters
go and A4 were set such that 10% of the elements in Nqo and B;

67:/
Following Loh (2017), we set R = 2(ag + |fol1). Sensitivity analysis was conducted.

were nonzero.

It shows that the proposed procedure is robust to the tuning parameters qg, A4
and R. For uwlasso, the lasso parameter for the regression of the response on the
treatment and covariates was chosen by five-fold cross-validation. The inverse of
the design matrix was estimated by CLIME with the same penalty parameter as the
proposed method. Further, we set n = 200,400 and p = 50, 100, 200, 300, 400, 500.
Note that the effective sample size on compliers was significantly lower than the
overall sample size. All the simulations were repeated 1000 times.

Figures 1 and 2 report the empirical coverages of the confidence intervals for the
regression coefficients ap and By and the RMSEs of the estimated coefficients by the
proposed method 6§ in (4.10), the DDML and uwlasso methods for DGP1 and DGP2,
respectively. The nominal level was set as 95%. The uwlasso method was simply
applied to the linear regression of Y; on D; and X;, ignoring the endogeneity in
the data generation process. Here, the coverage and RMSEs are reported for three
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Coverage and RMSE for DGP1 without interaction and n = 200
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Fig. 1. Empirical coverages of confidence intervals and RMSEs of estimated coefficients
for the proposed method, DDML and uwlasso under DGP1 without interaction, n = 200, 400
and p. = 0.2,0.3,0.4.
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Coverage and RMSE for DGP2 without interaction and n = 200
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ficients for the proposed method, DDML and uwlasso under DGP2 without interaction,
n = 200,400 and (Moo, A11) = (0.5,0.5), (0.5,0.75), (0.5, 1), (0.5, 1.25).
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categories: treatment, covariates with non-zero 5y ; for DGP1 and |fy ;| > 0.02 for
DGP2 (feature) and covariates with zero fy ; for DGP1 and |Sy ;| < 0.02 for DGP2
(non-feature). For the latter two categories, the average coverages and RMSEs are
calculated. Note that DDML can only be applied to estimate the average treatment
effect, which is equal to ag under DGP1 and DGP2.

From Figures 1 and 2, it can be seen that the proposed method shows reason-
ably good performance overall. The method demonstrates coverages close to the
nominal level 0.95 for the treatment, features and non-features coefficients in all
the given scenarios. The coverage rate departs slightly from the nominal level as
the dimension p increases at n = 200. As n increases to 400, the empirical cover-
age improves. Compared to the DDML results, both methods demonstrate similar
coverage for the treatment effects at various levels of endogeneity represented by
pe. Nevertheless, the RMSE of the proposed method is smaller, as DDML requires
the estimation of more parameters compared to the proposed method, which could
increase the variation. It should be noted that DDML relies on four fitted regres-
sion models of Y and D on X given Z = 0 and 1, respectively. On the other hand,
the proposed method only needs to estimate one local average response function, as
modeled in (2.2). The debiased lasso (uwlasso) approach cannot produce confidence
intervals with the desired coverage rate; additionally, it has a large RMSEs for the
treatment effect. This is because the lasso without weighting by {x;(¥)} ignores
the endogeneity in the data structure. It is worth mentioning that the uwlasso
method yields reasonable coverage for the regression coefficients of features and
non-features, as the covariates are independent of the regression error ¢; under both
DGP1 and DGP2 without interactions. The RMSEs of uwlasso is smaller than that
of the proposed method for feature and non-feature coefficients. This is because the
propensity score of P(Z = 1|X) is estimated, and the additional variation of 4 from
the estimated propensity score is included in the proposed method.

Figures S1 and S2 in the SM report the RMSEs of the estimates and the empirical
coverages of the proposed approach for the treatment effects and the coefficients of
covariates under DGP1 and DGP2 with interactions between D; and X;. They also
show the relevant results of DDML and uwlasso. The conclusions are similar to those
drawn from Figures 1 and 2 without interactions. Figure S3 in the SM provides the
results of the linear combination ag + 2}21(10 —7)Bo,;/10 of the coeflicients under
DGP1 and DGP2 without interaction. It is observed that the proposed method also
achieves accurate coverage in this case, confirming the theoretical results obtained
herein. From the above results, it can be concluded that the proposed method
performs well for estimating the coefficients in LARF and the LCSTE under the
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complier model (2.2). In particular, it demonstrates consistent performance under
two data generation processes with different types of endogeneity.

Sensitivity analysis for DGP1 and n = 200
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Sensitivity analysis for DGP1 and n = 400
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Fig. 3. Empirical coverages of confidence intervals and RMSEs of estimated coefficients
for the proposed method with respect to the sparsity of N,, (the proportion of zeros in the
horizontal axis) under DGP1 without interaction, p = 100, and p. = 0.2,0.3,0.4.

Figure 3 presents the sensitivity analysis of the estimated influence matrix Nqo in
(4.4) to the proposed method. The empirical coverages and RMSEs of the proposed
method are reported for five sparsity levels of Nqo that correspond to different
values of the tuning parameter qg. It is observed that the coverages and RMSEs are
insensitive to changes in the sparsity level in general. Under n = 200, the coverage
for the treatment effect is slightly lower than the nominal level when Nqo is less
sparse, particularly for p. = 0.4. However, as n increases to 400, the coverages
move closer to 0.95 for all sparsity levels. As in Nqo, the impacts of the sparsity of
Béﬁ (controlled by A4) and the ¢ norm bound R on the proposed procedure are
reported in Figure S4 in the SM. This figure shows that the proposed method is
robust to the choice of Ay and R. These results demonstrate the proposed estimation
and inference procedure for the regression coefficients in LARF and the LCSTE are

robust to the selection of the tuning parameters.
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7. Case Study

In 2008, the state of Oregon conducted eight lottery drawings to randomly select
names for its Medicaid program from a waiting list of almost 90,000 uninsured,
low-income adults. This created a rare opportunity to study the effects of Medicaid
coverage for the uninsured on different health outcomes. One can use this data to
examine the effects of expanding public health insurance on healthcare use, financial
hardship, health, and labor market outcomes. This section discusses the application
of the proposed method to analyze a real data example from the OHIE.

To be eligible for the OHIE, individuals had to be Oregon residents, be otherwise
ineligible for Medicaid or other public insurance, have an income below the federal
poverty level, have no insurance for at least six months, and be between 19-64 years
of age. Among the randomly selected individuals, only those who met the eligibility
criteria and completed the application process were enrolled. The treatment variable
D and the instrumental variable Z are the 0-1 indicators of Medicaid coverage and
lottery selection, respectively; Z = 1 if an individual was selected by the lottery, and
D =1 if she or he decided to complete the application process and eventually enroll
in the Medicaid program after selection. Individuals who did not win the lottery
had no chance of Medicaid access, and those who won the lottery could decide not

to be enrolled in Medicaid by not completing the application process.

Approximately two years after the experiment, researchers obtained interview
data from 5842 adults who were not selected (Z = 0) and 6387 adults who were
selected for the program (Z = 1) (https://www.nber.org/oregon/). The strength
of IV can be represented by the slope coefficient 0.240 (standard error 0.008) from
the regression of D on Z. This dataset is particularly advantageous for collecting a
large set of the demographic characteristics of each individual, including age, gen-
der, education, income, and location. Statistical summary of some key variables of
interest are reported in Table 1. For example, about 25% of the respondents were
Hispanic or Black, and a little more than half of the participants were female. The
average number of emergence department (ED) visits was higher for the treated
group. The dependent variable Out-of-Pocket Spending (%) was measured by the
percentage of out-of-pocket expenditure to household income. The treated group
had less out-of-pocket spending and was less likely to have any catastrophic ex-
penditures or medical debt on average. Happiness was measured on a scale from 1
(unhappiest) to 3 (happiest). Mental and Physical Health Composite Scores were
denoted as MCS and PCS, respectively. They were computed using the scores of
twelve questions and ranged from zero to one hundred, where one hundred indicated
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Table 1. Some descriptive statistics of the survey respondents in OHIE.

Treatment Control

Mean Std. Min Max Mean Std. Min Max

Age 40.476  11.686 20 64 40.953 11.702 19 71

Female 0.644 0.479 0 1 0.530 0.499 0 1

Hispanic 0.171 0.377 0 1 0.183 0.386 0 1

White 0.684 0.464 0 1 0.687 0.464 0 1

Black 0.120 0.324 0 1 0.095 0.294 0 1

Other 0.136 0.343 0 1 0.147 0.354 0 1

Education (years) 12.170 2.094 9 16 12.351 2.126 9 16

Any doctor visits 0.790 0.408 0 1 0.613 0.486 0 1

Num. of ED visits 1.520 3.791 0 104 0.878 2.118 0 60
Amount of out-of-pocket spending ($) 410.07 1615.436 0 50400 704.912 2356.459 0 92475

Any Catastrophic expenditures 0.039 0.194 0 1 0.046 0.211 0 1

Any medical debt 0.511 0.500 0 1 0.557 0.497 0 1

Happiness 1.921 0.671 1 3 1.961 0.660 1 3
MCS in women > 50 yr 40.052  12.221  11.466 66.965 42.889 11.649  13.594 66.404
PCS in women > 50 yr 39.087  10.640  12.586 65.352  42.089 10.887  10.269 64.027

the highest level of health while a zero score represented the lowest level of health
condition. The control group had higher MCS and PCS compared to the treatment

group on average.

Prior analyses of this dataset estimated the LATE of medical insurance on vari-
ous clinical outcomes (Finkelstein et al., 2012; Baicker et al., 2013, 2014; Finkelstein
et al., 2016). They found that compared to the control group without insurance, the
treatment group with insurance coverage had substantively higher healthcare uti-
lization, lower out-of-pocket medical expenditures, and better self-reported physical
and mental health. However, these studies focused on the LATE and did not explore
local heterogeneous treatment effects. Moreover, previous studies only controlled
a small set of covariates. We believe that controlling detailed medical histories,
personal characteristics, and functional forms of these covariates could lead to more
accurate estimates of the effects.

To analyze the data, we consider the following linear model
E[Y|X1, Xy, D,D(1) > D(0)] = aD + i X1 + f3 DXy + f5Xa,

where Y represents different outcomes of interest, the covariates Xy consists of age,
age?, and race (the baseline group is white and others), and X, consists of the
second-order polynomials of a large set of covariates that include medical history
and demographic variables such as income, family size, education level, location,
catastrophic expenditures, and existing borrowed or skipped bills. For the responses

Out-of-Pocket Spending and Happiness, the total number of covariates is 40, which
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generate 860 polynomial terms. For the dependent variables MCS and PCS, 43 co-
variates are controlled, which generate 988 polynomial terms excluding the constant.
We penalized (1, B2, B3 in the estimation (3.5).

Following the strategy in Baicker et al. (2013), results are reported for subgroups
divided by age, because the effects are expected to be stronger in subgroups. Three
age groups are defined as: below 35, 35 to 49, and 50 to 64 (the oldest eligible group).
The sample size for each group is reported in Table 2, excluding observations with
missing values. The first two age groups are comparable in size, and about a quarter
of the respondents are in the most senior group. For certain clinical outcomes such
as MCS and PCS, we focus on 1614 female respondents who were at least 50 years of
age. Although the sample sizes are larger than the dimension p in the case study, the
number of free parameters in the influence matrix and Fisher Information matrices

are at the order of p? which is much larger than the sample sizes.

The lasso penalty parameters are chosen by five-fold cross-validation, and all
other tuning parameters are kept the same as those in the simulation. The treat-
ment effects of Medicaid coverage on various outcomes of interest are reported in
Table 2 (standard errors in parentheses), and $y represents the number of signifi-
cant covariates selected from the second stage regression by the Benjamini-Hochberg
multiple testing procedure on the p-values of each coefficient from the proposed de-
biased estimator (4.10) at 10% nominal level for FDR. From Table 2, it can be
seen that Medicaid coverage led to a significant reduction in financial strain due to
medical costs for the younger groups (age<35) and senior groups (age>50) in terms
of percentage of out-of-pocket spending. However, the effect was not significant to
people whose age were between 35 and 49. This result on each group is consistent
with the estimated overall effect of Medicaid coverage on out-of-pocket spending in
Baicker et al. (2013). Notably, we also find that the reduction increased with the
increase in age, and the effect was more significant for the younger group. For the
self-reported levels of happiness, previous research using the same data failed to
find a significant overall effect of Medicaid coverage, which was arguably a measure
of overall subjective well-being (Baicker et al., 2013). However, as seen in Table 2,
the estimation of the heterogeneous effect shows that although Medicaid coverage
did not appear to increase the self-reported happiness for younger groups, it sig-
nificantly increased the happiness levels of individuals above 50 years of age. Our
results also show that Medicaid coverage did not significantly increase the overall
mental and physical health scores measured by MCS and PCS for elderly women.
The results also indicate that age and race had no statistically significant effect on
those scores in elderly females. These findings are new to the literature.
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Table 2. Heterogeneous treatment effects of Medicaid coverage on outcomes.

Out-of-Pocket Spending (%) MCS
age<35 35<age<49 age> 50 age>50 & F
D -0.498 (0.212) 0.246 (0.425) -1.194 (0.204) 0.206 (0.297)
female -1.932 (0.561) -1.378 (0.422) ~1.200 (0.785) -
age -0.724 (0.335) -2.789 (5.717) -1.034 (1.273) 0.116 (0.143)
Hispanic ~ 0.072 (0.215) -0.970 (1.826) -0.250 (0.560) 0.550 (0.764)
Black 0.134 (0.257) 0.535 (0.794) ~1.980 (0.861) 0.113 (0.145)
D xage  -0.385 (0.587) -0.223 (0.120) 2.596 (0.138) 0.508 (0.417)
D xage?  -0.280 (0.907) 0.053 (0.107) -0.239 (0.206) 0.323(0.400)
D x Hispanic -0.830 (0.881) 0.208 (0.212) -0.049 (0.234) 0.006 (0.095)
D x Black -0.830 (0.881) -0.295 (0.210) -0.285 (0.191) 0.122 (0.281)
S 66 58 83 38
n 3971 4537 3374 1614
Happiness PCS
age<35 35<age<49 age> 50 age>50 & F
D -0.086 (0.376) -0.024 (0.056) 0.129 (0.041) -0.043 (0.384)
female -0.290 (0.614) -0.275 (0.327) -0.823 (1.216) -
age -0.224 (0.370) -3.675 (4.434) -1.244 (1.392) 0.071 (0.255)
Hispanic  -0.320 (0.258) -0.436 (0.657) 1.016 (1.137) 0.033 (0.213)
Black 0.050 (0.357) -0.436 (0.648) -0.147 (0.568)  -0.094 (0.165)
D x age 0.171 (0.880) 0.022 (0.039) -0.025 (0.040) 0.234 (0.355)
D xage?  0.113 (0.083) 0.267 (0.041) -0.040 (0.056) 0.280 (0.383)
D x Hispanic  0.267 (0.764) 0.164 (0.145) 0.017 (0.059)  -0.033 (0.111)
D x Black  -0.072 (0.386) -0.052 (0.084) -0.053 (0.022) 0.333 (0.278)
S 26 47 69 126
n 3971 4537 3374 1614
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8. Discussion

This study proposes novel estimation and inference procedures for heterogeneous
treatment effects using observational data with a binary instrumental variable and
high-dimensional covariates. The initial estimator for regression coefficients in
LARF is obtained by the restricted lasso program (3.5) that provides a consistent
estimator under the non-convex objective function L, 5(6). Other methods could
be applied to obtain the initial estimator. For the linear model and the program
(3.6), following the idea of CoCoLasso (Datta et al., 2017) for error-in-variables re-
gressions, we could first project J\}[@ to the space of positive semi-definite matrices,
and use this projected matrix to replace M:, in (3.6), which results in a convex lasso
program to estimate #y. Another alternative is the Dantzig selector (Candes and

Tao, 2007), which solves the constrained convex optimization
0 = argmin [f]; such that |VL,5(0)]e < . (8.1)

The advantage of the Dantzig estimator is that only one tuning parameter \ is
needed, which could be chosen by cross-validation. The £1 norm bound R on 6 in the
restricted lasso program (3.5) is not required. The consistency of § in (8.1) can be
verified under the deviation inequality on [VL,, 5(0)|~ and the local restricted strong
convexity inequality in (S.1.1) in the SM. The inference procedure can be similarly
constructed based on the Dantzig estimator by following the steps in Section 4.

It is also interesting to explore doubly robust estimation approaches under high-
dimensional covariates. Let h.(X;0) be the model for the local covariate-specific
treatment effect LCSTE(X) in (2.1). Under Assumption 1, it is shown in Abadie
(2003); Ogburn et al. (2015) that E[kaig{Y — Dhe(X;0)}X] = 0 for g = £ =),
where £(0) and k(1) are given after (2.5). Let hy(X, 2;v,.) and hg(X, 2;1b4.) be the
models for E(Y|X, Z = z) and E(D|X, Z = z) over the entire population for z = 0, 1,
respectively, where 1,1, 90, a1 and 149 are unknown parameters. Inspired by the
findings of Ogburn et al. (2015), the estimation equations

E(Vohe(X; 0)kaiaY — ky(X;10y1,%y0) — {D — ka(X; a1, Yao) the(X;0)]) =0 (8.2)
are considered for the estimation of 6, where

Fy(X50y1,0h0) = {1 = AMX ) hy (X, 1;9hy1) + AXTy)hy (X, 0;940),
ka( X5, Ya0) = {1 = AX)}ha(X, 1;9q1) + A(XTy)ha(X, 05 bap),

and A(X™y) is the model for P(Z = 1|X). Given that the model h.(X;#0) is accu-
rately specified for LCSTE(X), the estimation equation in (8.2) is doubly-robust in
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the sense that it is valid if either the instrument propensity score model A(X"~)
or the regression models hy (X, z;1,.) and hq(X, 2;14,) (not necessarily both) are
specified correctly. This is shown in detail in the SM.

Let 1])@,1, T/A)y07 del and @@dg be the regularized estimators for 1,1, ¥y, ¥q1 and o,
respectively. The regularized estimation for E(Y|X, Z = z) and E(D|X, Z = z) was
considered in Belloni et al. (2017a) for estimating LATE under high-dimensional
covariates. The doubly-robust estimation for # and LCSTE(X) can be obtained
using the Dantzig selector similar to (8.1), which solves the optimization

= argmin |f]; such that

B (Vohe(Xi; 0)RaialVi—ky (Xi; Py1, yo) — {Ds —ka(Xi3 a1, Yao) Hhe(Xis 0)]) |, < A
Following the method described in Section 4, the inference procedure for 6 can be
developed based on 6 and the de-sparsified estimators for v, ¥y, and 14,. Unlike
the method in Ogburn et al. (2015), the approach proposed herein can be applied to
data with high-dimensional covariates. Importantly, it avoids fitting the regression
of Y — Dh.(X;0) on X and Z for every value of §, which would create difficulties
in high-dimensional estimation. It should also be noted that the weight k() — £(©)
has more negative values than the weight  in (2.5) used in the proposed procedure,
because B{x" — (0} = 0, but E(x) = P{D(1) > D(0)} > 0. The negative weights
may create numerical instability as well as computational challenges for the Dantzig
estimator. These issues will be investigated further in future works.

The proposed approach can also be extended to multiple-level and continuous
instrument variables. For a multiple-level instrument variable Z, consider its two
levels z and 2/, and the complier group {D(2') > D(z)}. LetII, ., = {Z = z or 2'}.
Similar to the identification equality (2.6) under Assumption 1, if the independent
instrument and monotonicity conditions (Tan, 2006) are satisfied for each pair of
levels of Z, it can be shown that

E{g(Y,D,X)|D(z") > D(2),11, »} = E{k..g(Y,D, X)}/P(D(2') > D(2),11, /)

for any measurable function g(-) of (Y, D, X), where x, ,» = I(I, /) — % -
%. Estimation and inference procedures similar to the proposed approach

can be established for LARF and LCSTE(X). This can be achieved based on the
above identification equality, the model for P(Z = z|X), and the models of Y on X
and D on each complier group {D(z’) > D(z)}. A study of such models can be found
in Tan (2006). Additionally, Imbens and Angrist (1994) provided an identification
and two-stage estimation approach for LATE under a model with a multiple-level

instrument variable but no covariates.



32 Qiu, Tao and Zhou

For causal inference with a continuous instrument Z, Kennedy et al. (2019)
considered the extended monotonicity condition that D(z) = I(z > T') for an unob-
served random threshold 7', and proposed to estimate the local instrumental vari-
able (LIV) curve, defined as E{Y' (1) — Y (0)|X,T = t}, under a fixed-dimensional
setting. By modeling the LIV curve, the conditional expectations E(Y|X,Z = z)
and E(D|X,Z = z) and the conditional distribution of Z given X, Kennedy et al.
(2019) estimated the parameters in the LIV model by solving a system of estimating
equations. Although the target parameters and models differ from those proposed
herein, this is a two-stage estimation approach similar to the proposed methods and
the aforementioned extensions. Using the Dantzig selector (8.1) on the estimating
equations, this approach can be extended to the case of high-dimensional covariates.
A full investigation of this problem will be conducted in future studies.
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Recall that X = (Xj,...,X,)" is the data matrix of the covariates, where X; =
(X1, -, Xip)". Let X; = (Xyj,...,X,;)" be the jth column of X. Let A_; be the
n x (p — 1) sub-matrix of X without the jth variable. Let X; _; be the ith observation
without the jth variable. Recall that W; = (D;, X", D, X[)" and W; = (D;, X]")" for
models with and without interactions between D; and X;, respectively, and pg is the
dimensionality of W; and 6y in the LARF. Recall that C is a positive constant which

may change from case to case.

1 Proof of Theorem 1

Recall that zg; = —%g(E,Di,Xi;H). Note from (?7?), the jth coordinate of the ith
summation term in VL, - (6p) is —/{i(%){Yi — i)(W@W@}W@/qﬁ = —ki(V0) 20,45 Since

E{#i(0)Vlog f(Y;|X;, Di; 00) } = Ep,»p,{Vlog f(Yi| Xi, Di; 6) } =0,

E{"@(’YO)ZGO,ij} =0 fOI’ all j = 1, ...y Po-

Following Theorem 1 of Loh (2017), we first consider | V£, 5(60)|o. Let Y; = ;(70){Yi—

b(W0y)}, which is sub-Exponential distributed with zero mean under Assumption 6.

We will show max;<j<p, |E.(YiW;;)| < C{log(po)/n}'/? for a positive constant C.
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Let Y; = YiI{|Vi| < Cylog(py)}. For any positive constant co, since Y is sub-
Exponential distributed, P{max;<;<, [Y;| > Colog(po)} < npy® < py® by choosing

Cp large enough. For any 1 < 5 < pg, we have

P(E, (7:W;)| > C{log(po)/n}2) < B(E,(VilViy)| > Clog(po) /m}/?) + 55,
where by Chernoff bound,

P(E, (YiWi;) — B(YiWij) > C{log(po)/n}'"?)

< exp(—Ct{nlog(po)}"*) [ [ Eexp{t(Y;W;; — E(YiW;))}.
i=1
By a Taylor expansion of the function exp(z) at 0, Eexp{t(Y;W;; — E(Y;Wy))} = 1 +
tE(Y;Wy; — E(Y;Wy)) + E{ Y52, t*(YiWi; — E(Y;W;;))*/k!}, which is bounded by 1 +
E[t2(Y;Wi; — E(Y;Wy;))? exp{t|Y;W;; — E(Y;W;;)|}]. For any positive ¢ at the order
{log(po)/n}'/?, we have

B(E, (ViIV,y) — B(ViWyy) > C{log(m)/n}"2)
< exp(~Ctnog(n)}' ) [T (1 + BRIV, — BT exp{e T, — B0,

i=1

< exp ( — Ct{nlog(po)}*/? + 2 ZE[tQ(YiWM — E(Y;Wy;))? exp{t|Y;W;; — E(Y,WU)M) ,
i=1

where the last inequality is from the Taylor expansion of log(1+4a) at 1 for small a. Since
E(KWU - E(Ying))z < E(Y;me < E1/2K4E1/2W£’ < C; < o0, and EeXp{ﬂYiWij -
E(Y;Wi;)|} < Eexp{tCylog(po)(|Wij| + E|W;;|)} < C; by the fact log®(pg)/n — 0 and

Wi; is from a sub-Gaussian distribution. Therefore,

P(E,(YiW;;) —E(Y;W;;) > C{log(po)/n}""?) < exp { — CCy/* log(po) +2C5C7/* log(po) }
for t = {Cylog(po)/n}'/? for a positive constant Cy. It can be similarly shown that
P(E, (Y;W;;)—E(Y:W;;) < —C{log(po) /n}"/2) < exp {~CCy/* log(po)+2C5C1 * log(po) }.
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From the above probability inequalities, by choosing C' large enough, it follows that

P( max |E,(Y;Wy;) — E(Y;W;)| > C{log(po) /n}'"?) < py

1<j<po
for a positive constant cy. Since B(Y;W;;) = —E[WZJY/I]I{D}J > Cplog(po)}], by Cauchy
Schwarz inequality, |E(Y;W;;)| < CEY? [}7@2H{|1~/Z| > Colog(po)}] < Cp~ for all j =
1,...,po. Those results imply that for a positive constant C, max;<j<p, [En(YiWi)| <
C{log(po)/n}/? and |V L, ., (00)]e < C{log(po)/n}'/? with probability converging to 1

as n,p — 00.

It suffices to focus on L, 5(0y) — Ly, (0). Notice that
VL0 (00) — TLan(00) = —+ S {s(3)  ki(20)}V{ log F(¥IX,. D)}
i=1
By Cauchy Schwarz inequality and |x;(5) — r:(70)| < C X[ (¥ — o) under Assumption 4,
[V3Ln5(00) = ViLnao(Bo)| < CEY[XT(3 —70)] B}V log f(Yi| X;, Dis 60)]°
forall j =1,...,p, where V,;L, 5(6), V;L,~,(60) and V;log f(Y;|X;, D;; 0y) denote the
jth component of VL, 5(60y), VL, ., (6y) and Vlog f(Y;|X;, D;; 0y), respectively.

Notice that 200 — Vj Ing(}/z|Xz,Dl,90) = {)/z - b(W/ZTe())}WZ]/Qﬁ Let 29072‘]' =
2000, 1{[Y: — B((WT0)| < Colog(po)} for a large positive constant Cp. Since % i =
(égo,ij — Eégoﬂ-j) + E(2p,,;)* on the set {|Y; — i)(VViTHO)] < Cylog(po)}, and E(égo’ij) <

E(Z§O7ij) < (] for a positive constant C', we have, for any j = 1,..., po,
P(Enzj,;; > 2C1) < P{E.(% ,; — 3 ;) > C1} + Y P{|Y; — b(W/6o)| > Colog(po) }
i=1
< P{ETL(’égo,ij - Eégo,ij) >Ch}+pp®

for a positive constant cq related to Cy, and all j = 1,...,pg. Following the proof for
the deviation bound maxi<j<,, {E,(Y;W;;) — E(Y;W;;)} < C{log(po)/n}'/?, it can be

similarly shown that

.2 <2 1/2 —C
P{ 1%%};0 En(%5,,:5 — BZ,45) > C{log(po)/n} / } <P



for a large positive constant C, given log®(py)/n — 0 as n, p — co. Those results imply
max; E, (23 ;) = O,(1). It follows that [V L, 5(00) — VLo (60)]e < Csy’* A1 by Lemma
1, and |VL,5(00)]ee < C{s1log(py)/n}'/? for a positive constant C, with probability

converging to 1 as n,p — o0.

Next, we show the local restricted strong convexity (Loh and Wainwright, 2012) of
the objection function VL, 5(0) such that

(VLu5(01) — VLy5(02),01 — 02) > 71|01 — 62]5 — 7e0|6h — 6o]F log(po)/n (S.1.1)

for two positive constants 7.; and 7.2, and all 6,0 € B, (6y). Note that by Taylor
expansion,
n 2

1 . 0
VL, 5(01) — VL, 5(02) = n Z “i(waeae

log f(Y;|Xi, D;; 63) (61 — 62),

=1

where 63 is between 6, and 6, and hence, 03 € B, (6y). It follows
(VL5 (01) — VL 5(62), 01 — 2) = (61 — 02)"E,, [1:(7) V7 (65)] (61 — 62),

where V?(Q) = -V log f(Yi| X;, D;; 0) = —%log f(Yi|X;, Dy 0) = ¢716(WT9)WM/¢T

given in (77).

Since from (5.3), Amin [Ep,>ne{ — 5255 10g f(Yi| Xi, Di;0)}] > ho for 6 € B, (6p), by
Lemma 13 of Loh and Wainwright (2012), to show (S.1.1), it suffices to prove for all
0 € B,,(0),

[V (B [1:(5) V2(0)] — Elii(10)V2(O)]}v] < exho for any v € K271 (S.1.2)

with probability converging to 1, where 7. = ¢ log(py)/n for some proper positive con-

stants c¢; and ¢y, and
KD ={veRP: |v|y <27, and |v], <1}

is the set of the py-dimensional vectors within the unit £, ball and with at most 27!

nonzero elements.



Notice that E,[r;(7)VZ(0)] = ¢ E,[k:(7)0(WE0)W; W], to show (S.1.2), it suffices
to prove for all 6 € B, (6y),
E, [{x:(7) — /{i(%)}B(WiTQ)(vTWi)QH < c¢hop/2 and  (S.1.3)

’En [nz(%)b(Wf@) (’UTWi)2] —E [HZ(’}/())b(WzT(9> (’UTWZ')2] ‘ < Clh0¢/2 (Sl4)

for any v € K(27, 1) with probability converging to 1 as n,p — oo. For (S.1.3), by

Cauchy Schwarz inequality and Assumption 6, we have
B, [{5:(7) = :(20) oW 0) (0" W;)?]| < CE, [|mi(7) = ki(h0) | (0" Wi)?].

Since masi<icn [5:(3) — K (30)| < C{log(p)} /215 — 70l = Opfs1 log(p)n~/2} = 0,(1) by
vex(2rct) En(vTW;)? is bounded.
Noting that vTW; is sub-Gaussian distributed by Assumption 2, it follows E(v*W;)? < C

Lemma 1 and Assumption 3, we only need to show max

for any v with |v]s < 1. Note that 7, 'log(ps) = c;'n. By Lemma 15 of Loh and

Wainwright (2012), for any positive constant ¢,
IP’{ max ’EH(UTI/IQ)z — E(UTI/I/i)z‘ > to} < Oy exp{ — Cantg + 27, ° log(po)}
veK (27 )
for postive constants Cy, C3, which converges to 0 at the rate exp(—cgn) for ¢3 > 0 by
choosing ¢y large. This implies E,, (v"W;)? is bounded over K(27, 1), and
max B, [{xi(5) — £:(70) }o(W;"0) (0" W3)*] = 0
veK(27¢ )
in probability as n,p — oo. Hence, (S.1.3) holds with overwhelming probability when n

and p are large enough.

For (S.1.4), since v"W; is sub-Gaussian distributed for |v]y < 1, and k;(7y) and

b(Wr0) are bounded for § € B,,(6y) under Assumptions 4 and 6, k;(7o)b(W;0)(v*W;)?
is sub-Exponential distributed for all v € K(27,!). Following the proof of Lemma 15 in
Loh and Wainwright (2012), it can be shown that

P{ i }En[mwo)é(vvse)(v%ﬂ—E[mfm)b(vvsm(v%)ﬂ|zto}

veK(2re t)
< Chexp { — Canto + 27, og(po) }-



Following the above argument, (S.1.4) is satisfied with probability converging to 1 by

choosing ¢, large enough.

Given (S.1.2) hold, we have for any 6 € B, (6y),
0" {Ealr:(3) VE(0)] = Elri(10) Vi (0)]}o| < 2Tciho(|vl; + 7elvlf) for any v € R,
which leads to

VB[NV > v E[ki(70) Vi (0)]v — 2Tesho(|v]; + 7e[v]])

> holvlz — 27erho([vf; + Telvlf) = Tealvf; — 7eolv]i log(po) /n

by choosing ¢; = 1/54, where 7.3 = ho/2 and 7.5 = hoce/2. This proves the local
restricted strong convexity inequality (S.1.1) by letting v = 6, —6, for all 6,0, € B, (6y).
Applying the proof of Theorem 1 in Loh (2017) on the case of bounded |.A|, this theorem
follows by choosing Ay < {s; log(po)/n}'/? and |6y|; < R < cs, for some positive constant
c. Also note that

V' Euli () VEO)]v < Amax{Eri (90) V3 (O)] }vlz + ho([v]z + 7e[vl7) /2,

where V2(0) = ¢~ "b(W )W, W, Since Apax [E(W;W)] < 1/h1, Anax{ E[ki(70) VZ(6)]} <
C, for a positive constant Cy. Letting v = 0 — 6y, we have E, [VVZT(é —6)] 2= O,(s2A3).
0

2 Proof of Theorem 2

By the mean-value theorem on r;(y) and Taylor expansion of 2 4(Y;, Dy, Xi:0) at 6,

VL,5() can be written as
1 %) 1 ¢ 0
— Y, D;, X — g(Yi, Di, X
n 4 '%'L( )89 ( 19 79 7,790 _l_ n;K’L { 79 79 279> 89

=1

(KaDtheO)}
1 & o N
= - Z Ki(70)280,i + Noy 5 (7 — 70) + M 5(0 — 6o) + Op{s152 log®2(py) /n}, (S.2.1)
i=1
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where 7 is between 5 and 7. Using N,, given in (4.4) as an estimator of Ny, ., for
s € (0, 1], it is shown that | Ny, —Ngy .~ lee = 0,(1), and \/ﬁ|(Ngoﬁ—Nq0)(ﬁ—%)|oo = 0,(1).
Together with (S.2.1), this leads to

I & 1 <& g ) X )

v > k()7 = - > Kil0) 280, + NagV/(F = %0) + My 57/n(0 — o) + 0,(1),
i=1 i=1

(S.2.2)

given s; max{s,,log(po)}log®*(po)/v/n = o(1) and sf/z max(,/sz,1log po) log(po)/v/1 =

o(1). Since the maximal difference between 35’;/]\;[(;7& and I, are controlled by A4 in

(4.6), we have that

V(0 = 60) + VnB; ;B k() 25,
= VnB; s [Ki(10)200.:] — VBg 5Ny (7 —%0) + 0p(1).  (S.2.3)

We provide the following lemma on the consistency of M 55 and Béﬁy'

Lemma 2. Suppose that assumptions in Theorem 2 hold. Set Ay > || By, || g1||M9~’;Y -
My, ~o||oo- Then,

1M5 — Moy nollo = Op({s152108(po) /n}'"?) (5.2.4)
”B@& - BGOKYOHOO = Op<455)\4) and (8.2.5)
B = Baorws|, < 2c4ea(p)(dssha) (5.2.6)

for each j = 1,...,pog, where ¢, = 1+ 2172 4 3179 and Bé,’y,j and By, ,,; are the jth

row of By - and By, ,, respectively.

Proof of Lemma 2. It suffices to prove the results for the solution B@ﬁ = (l;jljz) of
(4.6). Note that the matrix optimization problem (4.6) can be decomposed to py vector
minimization problems. Let e; be a unit vector in R? with 1 in the jth coordinate and
0 in all other coordinates. For 1 < j < pg, the jth row Béﬁ’j of Bgﬁ is the solution to

the following minimization program:

Join |bjl subject to [[Mg5b; = jloc < Aa- (S.2.7)

7



Part (i): Note that Méﬁ_Mao,'yo = (Méﬁ_MHO,’Y)"i_(MGO,’?_M%,'YO)"’_(M@OKYO _Meoﬁo)v

where

My — My5 = 6By [ki(){BWS0) — bW 00),WiW;'], and
Moy = Mooy = ¢ En[{ri(3) — #i(70) Yo (WS 00) WiW].
We have shown [b(W;*6) —~b(W;"6y)| < C|W(8—60)| and |r:(7) —ki(70)| < CIXF(5—)|

for all i = 1,...,n. By Cauchy Schwarz inequality, it follows that ||M9~ﬁ — Mgy 5llo0o <
C/520a < Ofs15510g(po)/n}? and || Mg, 5 — Mgy o lleo < C/51M = C{s1log(p)/n}*/?
for a positive constant C' with probability converging to 1 as n,p — oo. By large
deviation results, we also have || Mg, ~, — Maynollee < C{log(po)/n}"/?. Those results

imply that | M — Mg o llee = Op ({5152 10g(po) /n}'/?).

Part (ii): We provide the upper bound of HB@‘/ — Bgyllo- By Assumption 8,
HBQMOHE1 < s5. Note that

1Bs5 = Boosolloe < (Bg5 — Boocsw) Moo loo | Booa s

0.5
< S5||<B~ﬁ - Beo,’Y())MHo,’yoHoo; (S28)

and H(Bé,«”, — By o) Moy o || oo 18 bounded by

H (Béﬁ - BGoﬂo) (Méﬁ - MeovVO) Hoo + H (Béﬁ - BOMO)MMHOO

< ||M(§,a - MGoﬁoHOOHBé,a - BGoWlo + ||B9~,’~}/Mé,'~y - ]Hoo + ||I - BGo,voMé,fyHoo
< 2 Bag ol 1M 5 = Moy lloo + 1 Bgs M 5 = Illse + 11 = Boo.no M 5lloo;

where the last inequality follows from the fact that By, ., is a feasible point for Program

(8.2.7) s0 we have By lles < [ Bayo - Set Aa > [ Bayy s 1V, = Magglocs we have

H(Bé,fy - Bﬁ’oﬁo)M@o,”/oHoo < 2||BGO,“/0||€1 ||M§,& - M90770||OO + 2A4 < 4y (8'2'9)
Thus, (S.2.8) and (S.2.9) imply that
Héé,& — By o lloo < 4854 (S.2.10)
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Part (iii): We next provide the upper bound of |B — By o, ‘1 Let t, = || B~ —

0,%.3 0.5

By 0 |loo- Note that

Po PO

Z ‘Bév’?,jljzﬂ{ |B§,’Y,j1j2| 2 2t”} - BGO,'YOyjljZ‘ <t Z H{ ’BQ,”IM’ > Qtn}

j2=1 J2=1

po ~
+ Z ‘Baoﬁo,jljz‘|H{|Bé,7y,j1j2| > 2tn} - H{|Beo,’yo7j1j2| > 2tn}‘ + (2tn>1_q262(p)
Ja2=1

< (2t0)' "2 ca(p) + (ta)' "2 a(p) + (3ta)' " ca(p)
< (14272 4372)t P e(p) (S.2.11)

by a similar argument in the proof of Theorem 6 in Cai et al. (2011). By the definition
of Ba Py

]2 1 ’B9731J2
Po

Z <|B90,Wo,j1j2 + Bé,:y,jljg]l{ ‘Bé,’y,jljg‘ > Qtn} - Beo7wo7j1j2|

jo=1

we have !B ‘B(;MOJ|1 for all j = 1,...,po. Notice that |B

97]‘ 07]1‘

‘ equals to

+‘B§,‘%J’1j2 B B 1J2H{ |B9 Bl J132| Qt”} ‘)

Po
’BBOQ’OJI ‘1 - Z ‘Bé,ﬁ/,‘ﬂjgﬂ{ |Bé,’§/,j1j2| Z 2t”} - BQOy'YO:jljZ‘

Jo=1
P 3
+ Z ‘Béfyahjz - Béfw'ljz]l{ ’Be 3152 ’ 2y, } |
Jo=1
which implies that

po
Z ‘Béﬁdlh_Bé,’y,ﬁsz{‘ 97]1]2‘ > 2ty }| Z |B9'Y]1j2 9731]2‘ > 2t, } B490 0,712

J2=1 J2=1
and hence,

‘Bé,’y,‘ By 50 31‘1 <2 Z ‘BG ¥,4152 ﬂBG'ymz‘ 2 2tn} - Beoﬁovjué" (5.2.12)

J2=1

Because of (5.2.10), (S.2.11) and (S.2.12), we have

|Bé,fy,j1 — By ro. |1 < 262(}7)(1 +217% 4 31_q2) HBé,’y - B90,70||<1>;q2

< 209(p) (14 2"7% + 3172 (4s504)' 7%
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forall j1 =1,...,py. O

We now verify (S.2.1)—(S.2.3) that serve as the foundation to prove Theorem 2.
Proof of (S.2.1). Notice that Zg(Y;, D;, X;;60) = —Vlog f(Y;|X;, Dy; 0), and

Vi(6) = ~V*log f(Yi|X;, Di:0) = ¢~ bW O WWS

is the second derivative of ¢(Y;, D;, X;;6) with respect to . We can express My,
and My, in (4.7) as My, = E{ri(7)VZ(0)} = ¢ E{wi(7)b(WSO)W, Wi} and My, =
En{r:i(7)VZ(6)}, respective.

For any v, by the first order Taylor expansion of —E, [r;(v)V log f(Y;|X;, D;; 0)] at
5, we have
—E, [k:(7)V log f(Y;|Xi, Dy; 0)]+E, [5:(7)V log f(Yi| X, D;; 0)] = B, [k:(v)V3(0)] (6-6),

where 0 is between # and 6. Therefore,

~ 0
- Zﬂz {609 KaDhth) - %g(}/wDZaXZ;QO)}

= E, [Hi(v)vf(@} (0 —00) = M:(0—06o) + (M5 — My-)(0 — 6o),

where 0 is between 6y and 6. Let Rem; = (M(;ﬁ - Méﬂ)<é — 6p). We have

~

Mg — M5 = En[5i(){VI(0) = VI(0)}] = ¢ "En [mi(H){D(W;0) — bW O} W, W]
Since |b(W0) —b(WT0)| < C|WT(6—0)| < C|WT(6—6,)| by the Lipschitz continuity of
b(-). It follows |Rem | < C{log(po) }'/?E,, [Wi (0 — 90)}2 < C{log(po)}/?s9A% by Theo-
rem 1. The expansion (S.2.1) follows by noticing that E, [ (%) 26, J =E, [Iii<’}/0)z,90’i] +

E, [2907iH0(A(XE’7))A<XT )XT] (3% — 70), where 7 is between 4 and 7. O

Proof of (S.2.2). From (S.2.1), up to an additive small order term O, {s15, log®*(po) /+/n},

we have

1 O 1 < X . "
——= Z ki(V)25, = ——F= Z #i(Y0) 2000 + Noo7 V(7 = 70) + Mg /(0 — 6y),
\/ﬁ =1 \/ﬁ =1 !
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where Ny, - = —E, [200,150(A(XF7))A(XTH)X[], and ¥ is between 7 and 7o. To show
(S.2.2), it suffices to prove \/ﬁ}(]%m - Ngﬁ)(i - 70)’()0 = 0,(1).

Note that N@Oﬁ/ - Né,,? - (Neo,:/ - N@o,’?) + (NHO::Y - N~

55), Where

Noos — Noos = Enlz00i0(AXTAINAXTA)XT] — En [260,6650(AXT7))A(XS7)XT] and

NQO’:f - N~ y

0,5

E
Ey 25,0 (AXTI)AXTT)XT] = En [2000(AXT 7)) AXTF) X
E

w (25, = 200.)Ro(A(XTH)AXTH) XT].
By the Lipschitz continuity of #o(-) and A(-), we have
o (AXTANAXTF) = Ro(AXTIAXTF)] < CIXT (T =)
for all i = 1,...,n. Based on this inequality, |(Ng,» — Noo.5)(7 — 70)|eo is bounded by

B (20, { 0 (AX] 7)) A(X]TF) = Fo(AMXTIAXTN FXT (T = 0)] |,
< CE.[|200 {XT (7 —%)}°] < Clog*?(po)siA]

with probability converging to 1. Since z,—zg,; = ¢~ {Z}(W/iTHO)—I}(I/I/iTé)}Wi, similarly,
|(Noos — Nj) (3 — 70) | is bounded by

B (2. — 200.) ko (AXTANAXTH) X (7 = 10)] |,

< C[E[[Wil[W (0 = 60) | X7 (3 — 20)l] | .
< C{log(po) BN (W (6 — 00)] BN [XT (7 —70)]” < Csisalog(po)}'* Mo

with probability converging to 1. Therefore, we can write
1 « . 5 . _
Z ki(V)25, = NG Z Ki(Y0) 2000 + Ng V(7 = 70) + Mg 51/n(0 — 6) + Remy,
i=1

where Remy = v/nRem; + v/n(Ng, 5 — N;s)(% =), and Rem; = (Mgﬁ — M(;ﬁ)(é —0o).

Through the above derivation, we have

|Rems oo = Op{s152 log3/2(p0)/\/ﬁ} + O, {s1 max(,/s2,log po) log3/2(po)/\/ﬁ}.
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we can further express (S.2.1) as
1« .
—% ; ki(7)z4, (5.2.13)
1 « . 3 . _
= ; Ki(70) 20,0 + Nog V(3 = 70) + M 53/1(0 — 0p) + Rems,

where Remy = Remy + v/n(Ng5 — Nop)(¥ = ), and |y/n(Nj5 — Nyp) (5 = 70)|e <
NV i max(,/S2,10g po) log(po)/+/n. Combining with the bound on |Rems|,
we have |Rems|q, < Csyy/52 max(y/31, v/Sa10g po) log(po)/v/n if s2 > C'log?(p).

Notice that Néﬁ — Nogro = (]\757;/ — Ngm) + (]\790,7 — N(;MO) + (]\Afgmo — Noy.vo ), Where
|N0~,7y - N907’~Y|00 < C\/E/\% |N90n~/ - NGO,’YO|OO < Clog(po)\/ﬁ)\l and |N90,Vo - N9oﬂo|oo <
C{log(po)/n}'/? with probability converging to 1 as n,p — oo. Those results imply
that ]]\Aféﬂ — Nogroloo = Op(A3) for Ay = /51 max(y/s2,log po){log(po)/n}/?. Similar
as NQO,jljz = Néﬁ,jljz]l“Né,’y,jljg‘ > QO)\?)}; let N¢107j1j2 = N90,70,j1j2]l{|N90,707j1j2| > QO/\S}

based on the true influence matrix Ny, ,. Let Ny, = (Nyy.j1j,)- For the matrix £o, norm,

under Assumption 7, we have

. . ~ ~ 1—
HNQO - NBOv’YOHéoO < | NQO - Nq0||£00 + ”NQO - Né’oﬁonoo < C)‘?) qlcl(p)

P
+mj?x Z |N9~,'~y,j1j2|]1{|N9~ﬁ,j1j2| > qoAzs | Nogo,1sa| < (Io)\3}

Jo=1

p
+H;.?X Z |N90,’Yo7j1j2’H{‘Né,fy,jml < QoAs, ‘N90,707j1j2| > QO)‘S}
Jo=1

p

+H;?X Z |N§,&,j1jg - N90770,j1j2‘]I{|N6~ﬁ,j1j2| > qo)‘?n ’NGO,’VO,jlhl > QO)\:&},

Jo=1
where the last term in the above inequality is bounded by C’)\%_ql c1(p). For the second
last term, it is bounded by
p A A
fo Z | Noo o> — Né,:y,jljgul{‘Né,’y,jle' < QM35 [Nooyo,1sa | > QO)‘3}
Jo=1

p
+ Qs Hlj?‘XZH{|N907’YOJ1j2| > qoAs} < CA "ei(p).

jo=1

12



Since ]]\Aféﬁ — Noyroloo < CA3 with probability 1 — p~ for a constant ¢q > 0, for a large

go > 0 and a small ¢; > 0, we have

p
H;?JX Z ’Néﬁaﬁhm{‘Néﬁ,jUz' > GoAs, ‘NGOWO’J'IJQ‘ < QO)\S}

Jo=1
p
N A 1—
< Hf“x Z |N§,'?7j1j2 - N907’707j1j2|H{|N§,ﬁ7j1j2| > o3, ‘N90770,j1j2| > CIQO/\3} + C)‘B qlcl(p)a
Jo=1

which is bounded by CA\3 "¢, (p). Tt follows that |[Ny, — Noyrollew = Op{Ay c1(p)},

and || Ny, ||e.. < 84 given Ay %ci(p) — 0 as n,p — oo. O
Proof of (S.2.3). Multiplying Béﬁ on both sides of (S.2.13), we have
_\/ﬁéé,&En [“i (7)2911‘}
= —\/EBMIE,L [ki(70)280,4] + BéﬁNqo V(¥ =) + Bgﬁ]\%ﬁ\/ﬁ(é —0) + égﬁRemg,
where Beé’;y]\%ﬁ\/ﬁ(é —0y) = /(0 — 6y) + (Béﬂj\%ﬁ — Iy)v/n(0 — 6y). From (4.6),
(B < Mj - — Iy )V/n(0 — 00)| _ < V1| Bs - Mj - — I, ||l — Ool1 = Op(v/nisadods),
which converges to 0 if so{s1log(po)}'/2\y — 0 as n,p — oco.

From the derivation of (S.2.1) and (S.2.2), we have Rems; = Rems + \/E(J\A]M -

Nygo)(3 = 70), and Remy = v/n(Mj5 — M;5)(0 — 00) + v/n(Ng, 5 — Nj2)(7 — 70), where
(Mg — Mz ) (0 — 00) = ¢ "B [Wiri(3){b(W;"0) — bW 0)} W (6 — 6p)] and
(Nops = Njs )3 —70) = En 2003 {ho(AXT))AX]TF) — o AXTH)AXTNIXT (T = 70)]

+ En (25 — 200.4)fo(AXT9)AXTA) X (5 = 70)]-

Recall that Bj - . is the jth row of Bj .. Given |Bj . — Boynojl2 < |Bjs; — Bogoslt =
o(1) for any j = 1,...,po from Lemma 2, and maxi<;j<p, |Boyo.jl2 < C, we have
MaXi<j<p, |B§’yj|2 < (C, and BengVi is sub-Gaussian distributed for any j =1,..., po.

Similar to the proofs of (S.2.1) and (S.2.2), it can be shown that
\B@éﬁRemglw < C'sy max{ss, log(po) }log®2(po) /v/n
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with probability converging to 1. Also notice that

VB £ (N2 — Ngo) (5 — %0)| . < 575 max(y/53,log po) log(po) /v/n.

Therefore, it follows that

\/ﬁ(é — 00) + \/ﬁééﬁEn [/{i<’~y)ze~,i}
= \/ﬁééﬁEn [M(’YO)Z@O,@'} - \/ﬁBéﬁNqo (7 —10) +0p(1)

given Ay = || By o lles 1V 5 = Mgy lloo = s5{s152 log(po) /m}'/2 and s5/* 1o (po) / /1 =

o(1), where sy = maxj<p<s{sr}. O
Proof of (4.9). From (S.2.3) and (S.5.13), we have

\/ﬁ‘éé,’quo (¥ =) = \/ﬁéé,’yNQO 7=+ \/ﬁééﬁN% (¥ =)
= \/ﬁééﬁ]\quo (v =)+ \/ﬁBéﬁNqo{EwEn [/570 (X, Zz)] + Rema},

where Rem, = Z5 Ry + Ry + Ry, Ry = E, [{A(X}9) — A(@;)} X: XT] (5 — ) from (S.5.3),
Ry = (I — éaXTG%X/n)(i — 7o) from (8.5.5) and Rg = (25 — 2., )E,, [640(X;, Z;)] from
(S.5.13) in the proof of Lemma 1. We have shown that with probability converging to 1,
125 R1|o < Cs110g*%(p) /0, |Ra|oe < Cs1log®?(p)/n, and |Rs|e < C(s3-+51)log*(p)/n

in Lemma 1. It follows that |\/HEMN%Rema|oo < \/ﬁ”BéﬁHgoo||Nq0’|goo|R,€ma|oo <
C(s1 + s3)s455 log®?(p)/+/n, which leads to (4.9). O

Proof of Theorem 2. From (4.9), we have

A ~.

V(0 —00) = VnBjiEa[ki(10)2001] = V1Bj 5 NeEro B [950(Xi, Z5)] + 0,(1).

Note that E[/{i(%)z@mz} = Ep,>p,(26,;) = 0. From the proof of Theorem 1, it has been

shown that |E,, [#:(70) 260, | . = [VLnne(00)|ee < C{log(po)/n}/? for a positive constant

oo

C with probability converging to 1 as n,p — oo. By large deviation results, we also have
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B [E40000 (Xi, Z3)] | < C{log(p)/n}'/? with probability converging to 1 as n,p — oo,
It follows that

IN

[e.9]

HBé,ﬁ - BQONOHKOO ‘\/ﬁEn [’%‘(70)200,1} ‘
< C{log(po)}'*1Bs 5 — Bogolliws

< C{log(Po)}l/2C2(P)(55)\4>17q2

V(B 5 — Boy o) B [Ki(70) 2004] |

for Ay < s5{s15210g(po)/n}'/? by Lemma 2, which converges to 0 given

{log(po) }'/?c2(p){s5 log(po) /n} =% — 0

as n,p — oo. Also notice that \/H‘EWOEH [p%(XZ-’ Zz)} |Oo < C{log(p)}'/2, and

1B5.5Ng — Bagoyo Noo ol < 11855l | Ny — Nagro llee + 11855 = Bagvo llece |1 N0 ll 20
< 85)\:%,7[” c1(p) + s4ll Bj 5 — Bogollee-
< ssAy ei(p) + saca(p){shlog(po) /n} @)

This implies

’\/ﬁ(ééﬂNqO - BHO,'YONGOKYO)E'YOETL [p’yo (Xi7 Zz)] |OO
< C{log(p)}'/? [ssM5 ™" e1(p) + saca(p) {5 log(po) /n} 1 ~2)/?],

which converges to 0 as n, p — oo. The conclusion of Theorem 2 follows. []

3 Proof of Theorem 3.

From (5.5) in Theorem 2, V' = By, ,, Vo By, .. is the variance of the leading order term in

60,70
the expansion (5.5), where Vj is given in (4.11). We first derive the difference between

V and V. Let
Z{m 255 — NawZsp3(Xi, Z0) }H{mi(3) 25, — Ny Zsps(Xi, Z0) }
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such that the estimated variance V in (4.12) can be written as V = Béﬁ‘/\/ogg&. From
(4.11), we have Vo = Vo1 + Voo — Vos — Vs where Vo = E{s7(70)200.i%3, > Vo2 =
Noo o Zo Bl o (X Z3) p3, (X, Zi) Y40 Ny o and Vo3 = E{ki(70) 200,607, (Xis Zi) 140 Ny -
Correspondingly, we decompose ‘70 = VOJ + ‘70,2 — ‘7073 - ‘A/OT:;.

Note that Vo, — Vo = Eu [{#7(7) — #7(70)} 25,25 ] + Bu[w7 (00) (25,25, — 200.76,.4)] +
{En [£7(70) 200175, ;] —E[%7 (0) 260,674, ;] }» where by the Lipschitz continuity of (-, D;, Z;)
and b(-), the first term and the second term on the right side of this equality are at the
orders log” (p)y/s1A1 and log(p)\/s2)2, respectively. By large deviation results, the third
term is bounded by C'{log(p)/n}'/2. It follows that Vo, —Vo1 = O,{ /5152 log”*(p)//n}.

For ‘7(]72_‘/02, it can be decomposed as N E:VIE [p'@(X,-, Z«)pg(Xi, Z;) } 2 :VO}
(]VqOEVOZ\Vf;)—N(;OﬁOE%NGO )+ From the proof of Lemma 1, 1Z5—Z0 lloe = Op({s1 log(p)/n}l/Q),
where Z; = K, [95(Xs, Z:)p2(X;, Z;)]. 1t implies IZ5 a:g—:wﬂw < ||é5(f§—170)é£||00+
1(E5=E20) L0 El oo 125 Z00(Z5=E0) Tlloo < 1250112, 155 —Tolloo = Op(53{s1 log(p) /n} 2+

(s1+ s3)log(p)/v/n). Given || Ny — Noynollee. — 0, we have

Vo2 = Vozllso < 1Noyo Iz 1E5Z555 = Eaglloc + Cll Nopollewe 1 Nao = Noo lece

< Csisi{silog(p)/n}'/? + C(s1 + s3)silog(p)/Vn+ Csidy " e (p)

for a positive constant C'; with probability converging to 1. Similarly,

Vos = Vos = [Enf{ri()2,6%(Xi, Z0)} — B{ri(70) 200005 (X, Z:)} | ZE N,
+ E{K'l<70)z9o 1pfyo<Xw Zi )}( NQO - E'YONO()y'YO) )
which is bounded by C“E'YOHelHNeO;’YOHZooV 51852 10g3/2(p)/\/ﬁ + OHéﬁNQO - E’YON%,%H@OO

with probability converging to 1. Since ||é§NqO —Z0 Noo ol < 1250116 ||Nq0 —Nog o lle0st+

125 = Zxolle || Voo llewe » from the proof of Lemma 1 and (S.2.2), it turns out that

||‘A/073 — o < C\/51525354 10g3/2(p)/\/ﬁ + 083)\:1))_(]101 (p) + C(s1 + s3)s41log(p)//n.

Combining all the three parts together, we have ||[Vo — Volloo < 89/2 log®?(p)//n +

soAs " e1(p). Note that V=V = By - (Vo—Vo) B} .+ (Bj 5= Bayro) VoBj -+ Bago Vo( B 5 —
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By, ~,)". Since the singular values of Ny, ., are bounded, it can be shown that the

maximal eigenvalue of Vj is also bounded. Therefore, with probability converging to 1,
IV = Vlloe < 1l Booroll7,11Vo = Volloe + Amax (Vo)1 Bayo lles 1 B35 — B llece
which converges to 0 under the conditions of Theorem 3.

Based on the asymptotic expansion of 0 established in Theorem 2, since the eigenval-

ues of By, ,, and =, and the singular values of Ny, -, are bounded, for all j =1,...,po,
By o ;Wi and By, o Ny, 1,E,, X are sub-Gaussian distributed, where By, ,, ; is the jth

row of By, ,,. Therefore, the second moment of By, _ #:(70)260,i— By, -, V60 710 Zv0 070 (Xis Zi)
exists, and /7 (6 t90])V_1/2 — N(0,1) in distribution as n,p — oo. The claim of The-

orem 3 follows by noticing ij — V}; in probability as n,p — oco. U

4 Proof of Theorem 4 and Corollary 1.

Following the proofs of Theorems 2 and 3, it can be similarly shown that

\/ﬁwg(é_e(J) - \/ﬁwEB%,’YOE” [’ii(fyo)z%ﬂ'] _\/ﬁwcTB%ﬁoN@o,’YoE’mE [p’YO(Xw A )} +0P< )

and w (V—V)w, — 0asn,p — co. Since |we|s < C, w By, ., Wi and w” By, ~o Nog ~o Zno X
are sub-Gaussian distributed. This implies \/nw? (0 — 6o )(w?Vw,) /2 — N(0,1) in dis-

tribution as n, p — oo, and the conclusion of Theorem 4 follows.

For the target parameter h(wl6y) in Corollary 1, by Taylor expansion, we have
h(wT0) = h(w0y) + h(w 0y)w (0 — 0y) + h(w0,){w? (0 — 05)}2/2, where 6, is between
6 and 6. Since w! (9 — 6y) = O,(n~"/2) from Theorem 4, we have

Vi{h(wi0) — h(wF60)} = vnh(wi8o)w! (6 — 6y) + 0,(1).

Notice that h(w™@) — h(w 6) due to |§ — Oy, — 0. Therefore, h(w0)2wrVw, —
h(wX0y) 2w Vw, in probability. Tt follows that /n{h(w?0)—h(w?0) H{A(w 0) 2w Vw,} /2

converges to the standard normal distribution as n,p — oo.
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For the second claim, similarly by Taylor expansion, we have
h(wl0) —h(wh) = h(wlb) —h(wibo)+h(wlbo)w (G—by)— h(wilby) ] (6— o) +0,(n ).
Let b, = h(wT)wy, — h(wTh)wo. This implies that
Vi [{h(wi8) — h(wi)} — {h(wbo) — h(wibo)}] = vy (6 — bo) + 0,(1).

Since W Vb, = h(wT0y) 2w Vw + h(wlbo) 2wl Vwe — 2h(w? ) h(wE 6y )wl Vawy, it can be
similarly shown that w;ff/wa is a consistent estimator of @)V, for w, = h(wfé)wl —

h(wg é)wo. Following a similar proof of Theorem 4, this implies the second claim. [

5 Proof of Lemma 1

This derivation mainly follows the theoretical treatment for the de-sparsifying Lasso
in van de Geer et al. (2014) under bounded covariates. For the completeness of the
presentation, we provide a detail proof for the asymptotic expansion of the de-sparsifying

Lasso estimator under Logistic regression with sub-Gaussian distributed covariates.

First, we show the theoretical properties of the Lasso estimator 4 in (3.1). From
Assumption 2, each component of the covariates X; is sub-Gaussian distributed. This
leads to max; ;| Xy;| < C{log(p)}/? for a positive constant C'. From Assumption 4,
co < A(XT79) < 1—c¢q for a small positive constant ¢y, and all i = 1,...,n. This implies
(1 — co)B(X; X]) = E[AXTv0) X, X7], and Apin(BE(X: X)) > (1 — ¢0) "Ain(Zy, ). Since
Amin(Zy,) > 1/C by Assumption 5, the compatibility condition for Lasso is satisfied.
Note that log(p)/v/n = o(1) and {log(p)}*/?A\1s; = o(1) for A\ < {log(p)/n}/? by
Assumption 3. By Lemma 6.8 and Corollary 6.6 of Bithlmann and Van de Geer (2011),

we have

H/ — ’)/0|1 S CSlAl and E{En[p’yo(Xia Zz)] — ]En[p’y<Xz’ ZZ)“X} S 081)\% (851)
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with probability 1—exp(—co) for any arbitrarily large constant co and A\; < {log(p)/n}/2.

Recall that p(z,a) = zlog(A(a)) + (1 — z) log(1 — A(a)) = za — log(1 + exp(a)). Since

—p(z,a) = A(a) > ¢ > 0 for any |a| < max;<;<,{ X7V} by Assumption 4, —p(z,a) is
strictly convex in a. Notice that p(z,a) = z — A(a). we have
—p(z,a1) + pz,0) = (2 = Aa))(a1 — a) + er(ar — a)*/2

for |ay|, |a] < maxi<i<,{X/v}. For any v in a neighborhood of -y, from the above

inequality, it follows that

Po(Xis Zi) = p3(Xi, Zi) > —(Zi = MXT70)) X (7 = v0) + (X (v = 70))?/2. (S.5.2)
Taking the expectation with respect to Z; given X leads to

E{po(Xi, Zi) = py(Xi, Z)|X} > er(X] (v = %0))?/2.
Summing the above inequality over i = 1,...,n, we have E,[XT (5 — 79)]*> < Cs; A\
Let ¥, = E(X,X]) and 3, = E,(X;X]). Since X;; is sub-Gaussian distributed by
Assumption 2 for j = 1,...,p, by large deviation results, ||Z; — 3]l < C{log(p)/n}?
for a positive constant C' with probability converging to 1 as n,p — oo. It follows that
(7 =)™ (52 = £2)(F = 70) < 1Z0 = Zalleo¥ = [} < CsIA] = o(s1A7)

by Assumption 3. Tt turns out (¥ — ) 2.(7 — ) < Cs1A3. Since Apin(3,) > 1/C > 0,
we have |5 — yla < Cy/s51A1.

Next, for the de-sparsified Lasso estimator 4 in (4.3), consider the derivative of the
function p,(X;, Z;) in (3.2). For any v, by Taylor expansion of p5(X;, Z;) at 7y, we have
p5(Xi, Z) = (Zi — MX0)) X, — Aa) XT (5 = ) X,
where @; is between X4 and X[ vy. Since |A(@)XF (5 — ) — MXTH)XT(F — 70)| <
C{XT (¥ — v0)}? for a positive constant C' independent of ¢ by the Lipschitz continuity

of A(a), it follows that

E,[p5(Xi, Z))] = Enlpoo(Xi, Z)] +Eu[p5(Xi, Z)] (7 —70) + R, (S.5.3)

19



where the reminder term R = E, [{A(Xf’y) — A(di)}XiXﬂ (7 — Y)-

Note that E, [ﬁa(Xi, Zl)} = —XTG%X/n. Let é%jﬁj be the p — 1 dimensional sub-
vector of ngm‘ without the jth coordinate, where we set qgw,j = —1. For the nodewise

regression (4.1) and (4.2), by the Karush—-Kuhn—Tucker (KKT) conditions, for all j =

1,...,p, we have

AT X;F]G,%Xé:y’]/n -+ Al,j‘é’?,j‘,*j‘l =0 and ’ — XE]G,%YX(&%J/TL‘OO S )\Lj. (S54)

;?7]'7_]'
From the equation in (S.5.4), it follows 72 ; = —A[G2X¢5;/n, and XGEXEY ;/n = 1,
where Zs; = — 5./ 72 is the jth row of =5. From the second inequality in (S.5.4), we
have |X_TjG%Xé£’j/n|oo < A1;/72;. Recall that ¢; is the p dimensional vector with the

7th coordinate being 1 and other entries being 0. The above results indicate
=5 X G2X = €f oo < A1y /72,
for all j =1,...,p. Let Ay, = maxi<j<p{A1;/72,}. From (S.5.3), we have
5 =0 + Z5Bn[p5(Xi, Z0)] = Z5En [0 (Xi, Zi)] + Z5R1 + R, (S.5.5)

where R2 = (I — éaXTG,%X/?AL)(’? — ’Y(]), and ‘R2|oo S /\17*|’3/ — ’}/0|1 S 081)\1)\1,*.

Let ¢,,; = arg min(bj,j:*l E(gi,VOXi¢j)2> and €, ; = _G'YOX¢707j - GVO‘%_G'YOX*j(bWo,jﬁJ
for €, = (€491, ---+€ymy)" be the error from projecting X; on the space of X_; by
the FI matrix Z,,. Let 72 ; = E(ey;)% It can be shown that 2, ; = —¢,,;/73 .,
72 5= 1/E54, and E(giy,Xij,€y05) = 0 for all j; # j and all i = 1,...,n. Consider

the regression

GﬁG;olevo,j = _G’:/XQS’YOJ“ (8'5'6)

Let I,, be the n x n identity matrix. From the definition of the Lasso estimator QAS:YJ in
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(4.1), we have
|G~X¢%j|g/n — [GsX ¢y l3/n 4 2215105511 < 20 ¢4
— Z{ 9iaXij = 9ixX, (/5%3, ) (9:5Xi5 — 95X d’ww, ) }

2215105511 < 2X00050,411
— E, [gw (‘ﬁwy = Pro - )} —2E, [gmgmoﬁm,,] i, ](¢%J, = $ro,,— )]
+2A1 51055k < 20l Bn0.i)1- (S.5.7)

Note that |GG — Inllee = maXicicn |gi5/9in — 1| Since g, is bounded away
from 0 and oo, it follows |g75 — g7, | < CX[(¥ — 7). We have

2|]E [gz 59, 70670, i X (¢%J, — Pyo - )] —En, [91 060,05, ](¢'Y»]v — Pyo - )] |

< 2E7lz/2 [(gz‘,&gi_,yo - 1)670, 7]] E1/2 [gl Yo (wa, = Do g )]
_ _ 2
< 50 lEn [(9?,:,9@30 - 1)570,1',3'} + 0ok, [gz Yo (va J,—J vao,j,—j)}

for any 0 < dp < 1. Since €,,;; is sub-Gaussian distributed by Assumptions 2 and 5,
max; ; |€,,...;] < C{log(p)}*/? for a positive constant C' with probability converging to 1.
This leads to

E, (6202 — D)eri]” < Clog(p)En [XF (5 —70)]” < Clog(p)siA2.

. 2
Since maxi<i<n |9i5—9ino| = 0(1), En [gz Y0 (wa, ¢70,j,—j)] <2E, [gw (¢7] -
gb%,j,_j)f as n,p — oo. Plugging those results into (S.5.7), for a small dy, we have
2 ~
(1—469)E [ngT—g (¢%J, — Oryp g )} +2A1|d5.5 11
< 2B [Gins €005 X7 ] (9555 — Droimi) + 2M5lds0,5h + Clog(p)si AT, (S.5.8)
which serves as the basic inequality for Lasso; see Lemma 6.1 in Bithlmann and Van de

Geer (2011). Since E(g;,Xiji€q.,;) = 0 for all j; # j, the concentration inequality

can be applied to control the maximum of the term E, [gmoe%,i,ngfj} at the order
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{log(p)/n}'/2. Also note that |¢,, jlo < C's3 for =, € Ho(sz, M) in (5.1). Following the
proof of Theorem 6.1 in Biithlmann and Van de Geer (2011), it can be shown that

G55 — Doyt < Csghiy + Clog(p)sia2/Ay; and  (S.5.9)
En [gi,fszT—j(é’?,j,fj — ¢707j7,j):|2 S 083)\%73’ -+ ClOg(p)Sl)\% (8510)

with probability converging to 1 as n,p — oo.

For 7 T,y], notice that 7}2)]» = —X]-TG%XQASM/TL and e,,; = G, X; — Gy, X_jd,, j—j. Since

G3X; = GG (G X g g + €), and —G5X sy = —G5GL 1 GoyX( s + D35 —
Do) = G5G- Heqy 5 — Gy X (5.5 — b+,4) }, Where the last equation is by (S.5.6), we have

%’3,]‘ - 7720,3' = (G’YO‘X—jQS’YOj—j + €y, J)TG?y 70 {ewoj G'po(gb% P J)}/” 'yoj
( €50 ]G’QYG'YO €yo j/n Tyo ]) + gb%] JXT GgG% €0, J/n

%0 JG'QYGWO A= (¢w —i ~ Pr0gi—i)/m (S.5.11)
:{/‘0 3Js ]XT G'ZY —Jj (gbﬁ/:]:*j - (bﬂfO»]v*j)/n
For the first term in (S.5.11), |€] ;G2G> %€, ;/n—72 ;| < | ey /n—T2 | +]€l (G2GL2—

L)eyi/n| < C{log(p)/n}? + C{log(p)si}/?\; for all j = 1,...,p. For the sec-
ond term, |7 . XTGEG ey, i/n| <@L 5 AT Gy /0l 100, AT G (GEGL? -

Deyi/nl < Cldsg,-il1{log(p) /n}'/?+C{log(p)si}/2A < C{ss 1Og(p)/n}1/2+0{10g(p)81}1/2>\1,

since |¢,,j—jl2 < C and ¢F . _.X, _; is sub-Gaussian distributed by Assumption 2. Sim-

Y0,9,—J

ilarly, the third term is at a smaller order as well. For the last term in (S.5.11), since
X7, G2(X) — Xj_155-5) /1l < Ary by (S.5.4) and —XT,G2X_ (55— — brjimy) /0 =
XY GE(X) — G ey — X_j¢5;_5)/n, we have

| — ¢, 70.Js ]XT GQX_](gb = Oro.i, ])/n|00< |¢'yoj ]l >‘IJ+|¢«10] jXT G?YGWO 670]/n|oo

Therefore, the last term in (S.5.11) is bounded by CS§/2)\1,]‘ + C{sslog(p)/n}'/? +
C{log(p)s1}/2)A;. Combining the bounds for all the four terms into (S.5.11) leads to

72, =72 | < Csy? A, + Clsslog(p) /n}Y/? + C{log(p)si } /2, (S.5.12)

gy 'YO J
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with probability converging to 1 as n,p — oo.

Recall that =5 ; = —¢s5;/72, and Z,,; = —¢,;/72, ;. We can write
1255 = Brodlt = 1920/ T = 030/ T + 05,0/ T — 5.4/ T55 10

IN

Clongs — ¢35l + |0551 (757 —12.%)

< COs3[My + {log(p)/n} %] + Clog(p)siAi /A + C{log(p)siss}'/* M\

By choosing A; < {log(p)/n}/? and A\;; =< log(p)/v/n, it follows ||é$ — 20 lley
C(ss + s1){log(p)}"/*{log(p)/n}'/?, and maxi<;<, |72 — 73, ;| < Clog(p)(ss/n)'/? +

C'log(p)(s1/n)Y/? = o(1) under Assumptions 3 and 5. These results imply that A, , =
maxy<j<p{1,;/72,} < log(p)/+/n. Note that

A =0+ Z5En [p5(Xi, Zi)] = E0En [0 (Xis Zi)] + E5 Ry + Ro + Ry (S.5.13)

from (8.5.5), where Ry = (25 — Z,0)Ey[py(Xi, Z;)].  We have shown that R, =
E, [{A(X79)—A@)} Xi XT] (F—10) in (S.5.3), and |Ra|ee < CsiAiA1. < Csilog®?(p)/n
in (S.5.5). It follows that

Eo Ry = B [25 X{AXT) — A@) X7 (5 = 70)]-

Since |A(@)XT(5 — 70) — AXT)XT (5 — )| < C{XT (¥ — ~)}? for a positive con-
stant C, |25Ri|ee < C{log(p)}/25:03 < C{log(p)}*/?s1/n. We also have |Rsle <

C{log(p)/m}V2I|ET — 22 [lsy < C(ss + 51) log"?(p) /n. Therefore,

. - 1.
VI3 =) = B 7D (X 20 + O (53 + 1) o)/ V),
i=1
which proves Lemma 1. [

In the following, we present the result of Lemma 1 under weakly sparsity condition
that allows many small nonzero values for the entries of the inverse Fisher Information

matrix =,,. We make the following assumption for the sparsity of =, by its ¢, norm.
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Assumption S5. The Fisher Information matrix Z,, is positive definite with bounded
entries such that ||Z,, [l < C and Anin(Z,,) > 1/C, and maxi<j <, D 5 1 [Zy0515 % <
c3(p) for 0 < g3 < 1 and c3(p){log(p)/n}1=%)/2 = o(1).

Lemma S1. Suppose that Assumptions 2-4 and S5 hold. For the Lasso parameters
A1, A < {log(p)/n}Y/2, we have

. _ 1l .
\/5(7 - 70) = 570% ZP%(Xu Zi) + Op{an logm(p)} (5.5.14)
=1

for a, = cs(p){log(p)/n} /2 1 {c5(p)} =5 {log(p)/n} /2 + 51 {log"(p) /n}1/2.

Proof of Lemma S1. Following the proof of (S.5.9) and (S.5.10) in Lemma 1 and the
proof of Theorem 1.8.1 in Van de Geer (2016) for Lasso under weak sparsity, it can be

shown that
(65,5 — sl < Ces()\;™ + Clog(p)siAt/ Ay, (S.5.15)
- 2 _
E, [gi,i/XiT,_j(gbﬁhjv—j — Oyig)] < CC3(p>/\ijq3 + Clog(p)siA? (S.5.16)

for all j = 1,...,p with probability converging to 1 as n — oo. Notice that under
Assumption S5, |24l < C{cg(p)}ﬁ for a positive constant C'. Following the proof
of (S.5.12), we have

72— Tl < CAg{es(p)} 75 +C{es(p)y 7 {log(p) /n} 2 +C{log(p)si }/2 A (8.5.17)

with probability converging to 1. Similarly, for all j =1,...,p,

[1]>

55 = Zroilt < Clongy — bash + 105,411 (757 — 72.2)

< Ceg(p)A,® + Ch{es(p)} 75 + Clog(p)siAT/ M. (S.5.18)

By choosing Aj, Ay ; < {log(p)/n}*/2, since )\17]-{03(1))}% < {c;z,(p)}ﬁ{log(p)/n}l/2 =
[es(p){log(p)/n}1-0)/2] 7% = o(1), it follows ||Z2 — =2 ||, = 0,(1) and max<j<p |72, —

7_2

2 il = 0p(1) under Assumptions 3 and S5.
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From (S.5.5), the result of Lemma S1 follows by bounding é:le, Ry and R3 under
(S.5.17) and (S.5.18). First, we still have |25 R, | < C{log(p)}"/2s:02 < C{log(p)}*/?s, /n.
Second, |R2|oo S 081)\1)\17* S 081 log(p)/n as /\1,* = maxlgjgp{)\m/%%j = {log(p)/n}1/2
Finally, |Rs|s < C{log(p)/n}"?I|=5 = Z],lle, < C{log(p)/n}?a,, where

an = c5(p){log(p) /n} 1=/ + {e5(p)} 7% {log(p) /n}'/? + 51 {log* (p) /n}'/*.

Therefore,

) 1 &
Vi =) = Z 7= D pn(Xis Z) + Op{anlog™(p)}. O
1=1

6 Proof of (8.2)

Under the correct model h.(X;6) for LCSTE(X), we need to show (8.2) is valid if either
the instrument propensity score model A(X™"y) or the regression models h, (X, z;1,.)

and hq(X, z;1,4,) are correctly specified, but not necessarily both.

First, if the model for P(Z = 1|X) is correctly specified, from Theorem 1 in Ogburn
et al. (2015), we have
Elkag{Y — Dh.(X;0)}|X] = 0.

Since E(kqgig| X ) = 0, it also follows
Elraire{ky (X5 9y1, ¥y0) — ka(X5 a1, Yao)he(X; 0) } X] = 0.

Those results together imply (8.2).

Second, consider the case that the regression models h, (X, z;,.) and hq(X, 2;14.)
are correctly specified. We can write E[Voh.(X; 0)rag{Y — &k, (X;¢y1,9%40)}] as

E[Voh(X;0)kain{Y — hy(X, Z;0y2)}] + E[Vehe(X; 0)kaia{hy (X, Z5yz) — ky (X501, Py0) },
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where the first term is equal to E[Vgh.(X; 0)kaigE{Y — hy (X, Z;1,2)| X, Z}] = 0 as the
model h, (X, z;1,.) for Y given X and Z is correctly specified. For the second term,

notice that

hy (X, L 9y1) — iy (X501, 00) = AXT9){Ay (X, 1501) — hy (X, 0;¢0) } and
hy(X, 05 0y0) — by (X5 by, 9050) = —{1 = AXT ) Hhy (X, Lihyr) — hy (X, 0540y0) -
It can be written as
E(Vohe(X; 0)E[kaia{hy(X, Z;yz) — ky(X; 941, 150) } X])
= E(Vohe(X;0)[AX 7)™ {hy (X, 15051) = ky(X; 1, y0) JB(Z = 1] X)
—{1 = AXTY)} {7y (X, 0590y0) — Ky (X590, 940) }P(Z = 0]X)])
= E(Vohe(X;0)[{hy (X, 1;91) — hy(X, 0;90y0) }P(Z = 1| X)
+{hy (X, 101) — Ry (X, 0590 YB(Z = 0]X)])

= E[Vehe(X;0){hy (X, 1;by1) — hy(X, 0;10y0) }]

= E[Voh(X;0){E(Y|X,Z=1)-E(Y|X,Z =0)}].
Therefore,
E[Vohe(X; 0)kan{Y —ky(X; 01, %0)}] = E[Vehe X;0{E(Y|X, Z = 1)-E(Y|X, Z = 0)}]
Similarly, it can be shown that E[Vghe(X;0)he(X;0)kag{D — ha(X, Z;1az)}] = 0 as
the model hy(X, z;1bg.) for D given X and Z is correctly specified, and

E[Vohe(X;0)he(X; 0)kaig{ha(X, Z; thaz) — ka(X; a1, Yao) }]
= E[Vohe(X;0)he(X;0){E(D|X,Z =1) —E(D|X, Z = 0)}].
Those results imply that
E(Vohe(X;0)kaalY — ky(X; ¢y, 9y0) — {D = ka(X; Par, Yao) }oe(X; 0)])
= E(Voh(X;0){E(Y|X,Z=1)-E(Y|X,Z=0)}
—he(X;0{E(D|X, Z = 1) - E(D|X, Z = 0)}]),

which is equal to 0, since h.(X;6) = Egggj;:g%ggig% This proofs (8.2). O
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Coverage and RMSE for DGP1 with interaction and n = 200
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Figure S1: The empirical coverages of confidence intervals and the RMSEs of the es-
timated coefficients for the proposed method, DDML and uwLasso under DGP1 with
interaction, n = 200,400 and p. = 0.2,0.3,0.4.
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Coverage and RMSE for DGP2 with interaction and n = 200
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Figure S2: The empirical coverages of confidence intervals and the RMSEs of the es-
timated coefficients for the proposed method, DDML and uwLasso under DGP2 with
interaction, n = 200, 400 and (g, A11) = (0.5,0.5), (0.5,0.75), (0.5, 1), (0.5, 1.25).
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Coverage and RMSE for linear combination of coefficients under DGP1
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Figure S3: The empirical coverage of the confidence interval for aq +Z}il(10 —7)Bo,;/10
and the RMSE of its estimate for the proposed method under DGP1 and DGP2 without

interaction.



Sensitivity analysis for the Bound (R) under n = 200
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Figure S4: The empirical coverage of the confidence interval and the RMSE of the
estimated coefficient for the proposed method with respect to R in (3.5) (with 90%
zeros for Bem) and the sparsity of Be(;ﬁ (proportion of zeros) (with R = 12) under DGP1
without interaction, p = 100, and p. = 0.2,0.3,0.4.
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FDR and power of the proposed initial and debiased estimators for DGP2 without interaction
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Figure S5: The false discovery rate (FDR = number of false positives/number of discov-
eries) and the power (number of true positives/number of true signals) of the nonzero
components of 4 (Initial estimator) and the Benjamini-Hochberg multiple testing proce-
dure applied on the p-values from the proposed inference procedure (Debiased estimator)
under DGP2 without interaction. The signals are regarded as the coefficients with value

larger than 0.02. The nominal FDR level controlled by the BH procedure is 0.05.

32





