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Summary. This study proposes novel estimation and inference approaches for het-
erogeneous local treatment effects using high-dimensional covariates and observa-
tional data without a strong ignorability assumption (Rosenbaum and Rubin, 1983).
To achieve this, lasso estimation under a non-convex objective function is developed
for a two-stage regression model. With a binary instrumental variable, the parameters
of interest are identified on an unobservable subgroup of the population (compliers).
A debiased estimator is proposed to construct confidence intervals for treatment ef-
fects conditioned on covariates. Notably, this approach simultaneously corrects the
biases due to high-dimensional estimations at both stages. The finite sample perfor-
mance is evaluated via extensive simulation studies, and real data analysis is per-
formed on the Oregon Health Insurance Experiment to illustrate the feasibility of the
procedures. This approach can be used for both continuous and categorical response
variables under the framework of generalized linear models.
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1. Introduction

1.1 Overview. At present, estimating the effect of a treatment on some outcome

after conditioning on a vector of covariates is one of the focus areas of causal in-

ference and program evaluation research. Statistical inference of covariate-specific
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treatment effects is particularly important in the recently emerging fields of per-

sonalized medicine and dynamic treatment regime. With observational data, a

common requirement for identification is a strong ignorable treatment assignment

assumption (Rosenbaum and Rubin, 1983). This means that given a set of observed

covariates, the treatment assignment (the nature of data collection) is independent

of the potential outcomes. However, this assumption could be violated in empir-

ical applications. When it does not hold, the selection problem must be solved

by distinguishing the treatment effect from the confounding effects generated by

the treatment selection. For observational data with fixed-dimensional covariates,

a variety of methods based on instrumental variables (IVs) have been proposed to

overcome the selection problem (Imbens and Angrist, 1994; Angrist et al., 1996;

Heckman and Vytlacil, 1999; Abadie, 2003; Tan, 2006). These methods primarily

focus on the local average treatment effect (LATE), and are widely used in statis-

tics, economics, and other social sciences. Further details can be found in reviews

in Angrist and Pischke (2008) and Imbens and Rubin (2015).

The present work focuses on heterogenous treatment effects using observational

data with high-dimensional covariates and endogeneity. Novel estimation and infer-

ence methods are developed for treatment-covariate interaction effects and covariate-

specific treatment effects with the help of an instrumental variable to deal with the

endogeneity. The covariate-specific treatment effects represent the expected differ-

ence between potential outcomes given a set of covariates. The instrument induces

exogeneity between the treatment and the potential outcomes given the covariates

under the “complier” subgroup of the population. The identification and estimation

of the local treatment effect on compliers with fixed-dimensional data were studied

extensively in Imbens and Angrist (1994); Abadie (2003); Tan (2006); Hong and

Nekipelov (2010); Ogburn et al. (2015). However, the existing methods for fixed-

dimensional covariates do not yield valid inference in data with high-dimensional

covariates. The challenges in the causal inference problem considered herein are

multi-fold. Firstly, the compliers are unobserved. Following the identification tech-

nique used in Abadie (2003), a two-stage regression approach, in which both stages

involve high-dimensional covariates, is needed. Secondly, the sample objective func-

tion is non-convex in optimization parameters. The unconstrained estimation may

yield unstable estimates even under fixed-dimensional cases. Finally, the second-

stage estimation involves plug-in estimates from the first-stage model, which con-

tributes additional variation in the second-stage estimator.

To tackle these challenges, under the framework of generalized linear models

(GLMs), this study proposes regularized estimation for each regression coefficient
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under a non-convex objective function. Further, its consistency is theoretically

established. Based on the initial regularized estimator, a debiased estimator is pro-

posed for the regression coefficients, which eliminates the impact of regularization

bias from both first- and second-stage regressions. The proposed procedure can be

considered as a debiased lasso estimation (van de Geer et al., 2014) under a non-

convex two-stage model. The asymptotic normality results are provided for both the

debiased estimator and its functionals. Based on these results, confidence intervals

could be constructed for the treatment, the covariates of interest, their interaction

effects and the covariate-specific treatment effects. The proposed method can be

applied to both continuous and categorical responses, corresponding to linear and

non-linear second-stage regression models, respectively. Finally, the proposed meth-

ods are evaluated and illustrated using simulations and real data from the Oregon

Health Insurance Experiment (OHIE). The heterogeneous effects of insurance on

healthcare use and well-being of low-income adults are explored.

The main contributions of this work are as follows. (i) A regularized two-stage

estimation procedure is proposed for models on the compliers under data endogene-

ity. It addresses the instability of unconstrained estimation due to non-convexity.

The consistency of the regularized estimator under the non-convex objective func-

tion is established. (ii) A novel approach to simultaneously correct the biases due to

regularized estimation at both stages is proposed. (iii) A novel statistical inference

procedure based on the debiased estimator is developed for covariate effects and

(local) heterogeneous treatment effects with high-dimensional data. To the best of

our knowledge, there have been no conclusive studies that construct debiased lasso

estimators under a two-stage model with a non-convex objective function. The sta-

tistical inference results for this type of model are of independent interest in studies

with high-dimensional data.

1.2 Related literature. The interaction effects and covariate-specific treatment

effects are key areas of interest in personalized medicine and social science. They

reveal how the effect of treatment depends on participants’ characteristics, and en-

able the selection of accurate, individualized treatment plans (Schulte et al., 2014).

Substantial research have been conducted on modeling nonlinear and interaction

effects (Chipman et al., 1998; Tian and Tibshirani, 2010; Zhao et al., 2012) as well

as heterogeneous treatment effects in randomized trials (Bonetti and Gelber, 2004;

Tian et al., 2014; Ma and Zhou, 2017). The present study builds upon this by of-

fering novel inference procedures for observational data and non-randomized trials

without the strong ignorability assumption.
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Considerable efforts have been made to study high-dimensional observational

data (Belloni et al., 2014, 2017a; Cattaneo et al., 2019). In particular, Belloni et al.

(2017a) provided efficient estimators with honest confidence bands for LATE and

local quantile treatment effects under high-dimensional covariates. The parameters

of interest in the present study differ from this line of work. LATE considers the

single average treatment effect on compliers over the joint distribution of the co-

variates, whereas this study focuses on high-dimensional covariate and interaction

effects and covariate-specific treatment effects. Studying heterogeneous treatment

effects conditional on covariates requires new orthogonal scores compared with those

in Belloni et al. (2017a). Additionally, methodological innovation is needed for in-

ference procedures of the target parameters.

Under the framework of high-dimensional GLMs, several pioneering works, in-

cluding Javanmard and Montanari (2014); van de Geer et al. (2014); Zhang and

Zhang (2014), developed inference procedures for regression coefficients using con-

vex objective functions with lasso penalty. Loh and Wainwright (2012); Belloni

et al. (2017b); Datta et al. (2017); Loh (2017) studied penalized estimation under

non-convex objective functions. The present study requires estimation and infer-

ence for a two-stage non-convex optimization problem, which largely remains an

open question in the current literature.

1.3 Organization. The remainder of this paper is organized as follows. Section 2

introduces the proposed model, the parameters of interest, and provides comparisons

with existing approaches. Section 3 presents the proposed estimator for a two-stage

non-convex regression model. Section 4 describes the debiased estimator and its

inference procedure, while Section 5 provides their theoretical properties. Sections

6 and 7 discuss the conducted simulation study and real data study, respectively.

All the technical proofs are relegated to the Supplementary Material (SM).

2. Model and Background

The data in this study consist of n observations on an outcome variable Y , a binary

treatment indicator D, a binary instrument Z and p-dimensional covariates X. For

example, for the OHIE data in Section 7, Y represents different health outcomes,

D indicates whether or not a low-income person has health insurance, and Z is the

indicator of insurance eligibility. In this experiment, Z and D are not equal because

not every person eligible to apply for health insurance actually purchased it. The

covariates X consist of individual demographic, social, and financial information.
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Let Y (0) and Y (1) be the potential outcomes when D = 0 and 1, respectively,

and Y = Y (1)D + Y (0)(1−D). Let D(0) and D(1) be the treatment under Z = 0

and 1, respectively, and D = D(1)Z + D(0)(1 − Z). Let Y (z, d) be the response

variable under Z = z and D = d for z = {0, 1} and d = {0, 1}. Following the

terminology in the literature, the population is divided into four different subgroups

by D(0) and D(1) as follows. Let always-takers and never-takers be defined by

D(0) = D(1) = 1 and D(0) = D(1) = 0, respectively. Further, let compliers

and defiers be those having D(0) = 0 and D(1) = 1 and those having D(0) = 1

and D(1) = 0, respectively. The goal of causal inference is to learn about the

characteristics of the distribution of {Y (1), Y (0)} for the complier subgroup.

2.1. Assumptions and Identification

Because the compliers with {D(1) > D(0)} are unobservable, the following as-

sumption is made on the identification of the treatment effect, which is thoroughly

discussed in Imbens and Angrist (1994) and Angrist et al. (1996).

Assumption 1. (i) Independence of the instrument: conditional on X, the random

vector {Y (0, 0), Y (0, 1), Y (0, 1), Y (1, 1), D(0), D(1)} is independent of Z; (ii) exclu-

sion of the instrument: P{Y (1, d) = Y (0, d)|X} = 1 for d ∈ {0, 1}; (iii) first-stage:

0 < P(Z = 1|X) < 1 and P{D(1) = 1|X} > P{D(0) = 1|X}; and (iv) monotonicity:

P{D(1) ≥ D(0)|X} = 1.

Let the local average response function (LARF) be E{Y |X,D,D(1) > D(0)}.
This function describes the average response for compliers given the treatment vari-

able and the covariates. It is equal to E{Y (0)|X,D(1) > D(0)} and E{Y (1)|X,D(1) >

D(0)} when D = 0 and D = 1, respectively, under Assumption 1. The local

covariate-specific treatment effect (LCSTE) function is defined as

LCSTE(X) = E{Y (1)− Y (0)|X,D(1) > D(0)}, (2.1)

which gives the expected treatment effect for compliers conditional on covariates.

To study heterogeneous treatment effects, a parametric model is assumed for the

LARF such that for some known function h(·) and unknown parameters θ0,

E{Y |X,D,D(1) > D(0)} = h(D,X; θ0). (2.2)

Under Assumption 1 and (2.2), LCSTE(X) = h(1, X; θ0)− h(0, X; θ0). This study

focuses on the estimation and inference of the unknown parameter θ0 and its func-

tionals. Let W = (D,XT, DXT)T with θ = (α, βT, δT)T and W = (D,XT)T with
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θ = (α, βT)T when the interactions between the treatment and covariates are in-

cluded and absent in the model, respectively. Here, α, β and δ denote the treatment

effect, the main covariates effects, and the interaction effects between the covari-

ates and the treatment, respectively. We could also consider the interaction terms

and higher order terms among the covariates. However, the empirical performance

of lasso may deteriorate as more interactions are added to the model. In the real

data study considered in Section 7, the high dimensionality is mainly in the main

covariate effects. The followings are three examples of the LARF and LCSTE(X).

Example 1. Linear models on compliers:

E{Y |X,D,D(1) > D(0)} = α0D + βT

0X + δT

0DX := W Tθ0 (2.3)

and LCSTE(X) = α0 + δT

0X, where θ0 = (α0, β
T

0 , δ
T

0 )T.

The approach proposed herein can be applied to GLMs. Suppose the conditional

density of the response Y on the compliers takes the form

f{y|X,D,D(1) > D(0); θ0} = exp[{yη − b(η)}/φ+ c(y, φ)] for η = W Tθ0, (2.4)

where φ is the dispersion parameter, b(η) and c(y, φ) are smooth functions, and θ0

represents the true regression coefficients on compliers. If the dispersion parameter

is known, this is the natural exponential family with η as the natural parameter.

Under (2.4), the relationship between Y and W is modeled as gc[E{Y |X,D,D(1) >

D(0)}] = η = W Tθ0, where gc(·) is the canonical link function, the inverse of the

derivative of b(η). To simplify the notation, write f(y|X,D; θ0) = f{y|X,D,D(1) >

D(0); θ0}. Note that f(y|X,D; θ0) may not be the density function for all the

data. The exponential dispersion family (2.4) is widely used in nonlinear regression

models. The following examples are special cases of (2.4).

Example 2. Logistic regression models on compliers: P{Y = 1|X,D,D(1) >

D(0)} = Λ(α0D+βT

0X+δT

0DX), and LCSTE(X) = Λ{α0 +(β0 +δ0)TX}−Λ(βT

0X)

for Λ(a) = exp(a)/{1 + exp(a)}.

Example 3. Poisson regression models on compliers: Y |X,D,D(1) > D(0) ∼
Poisson(λ) for λ = exp(α0D + βT

0X + δT

0DX), and LCSTE(X) = exp{α0 + (β0 +

δ0)TX} − exp(βT

0X).

To identify θ0 in the LARF, let g(Y,D,X; θ) = (Y − θTW )2 for the linear model

in (2.3) or g(Y,D,X; θ) = − log{f(Y |X,D; θ)}, the negative log likelihood function,

for the GLM in (2.4). Define the weight function

κ := κ(0)P(Z = 0|X) + κ(1)P(Z = 1|X) = 1− D(1− Z)

P(Z = 0|X)
− (1−D)Z

P(Z = 1|X)
, (2.5)
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where κ(0) = (1−D) P(Z=1|X)−Z
P(Z=0|X)P(Z=1|X) and κ(1) = D Z−P(Z=1|X)

P(Z=0|X)P(Z=1|X) . From Theorem

3.1 in Abadie (2003), under Assumption 1, there exists a relationship between the

conditional expectation (given compliers) and the unconditional expectation (over

the entire population) such that the true parameter θ0 is identified by

θ0 = arg min
θ∈Θ

E{g(Y,D,X; θ)|D(1) > D(0)} = arg min
θ∈Θ

E{κg(Y,D,X; θ)}, (2.6)

where g(·) is any measurable real function of (Y,D,X). Notice that κ is 1 when

D = Z and takes a negative value when D 6= Z. Intuitively, the negative values of

κ should offset non-compliers in the unconditional expectation in (2.6). However,

those negative weights also make the sample objective function of (2.6) non-convex,

imposing challenges in the estimation of θ0.

2.2. Connection to Existing Methods

Under Assumption 1, Imbens and Angrist (1994); Angrist et al. (1996); Tan (2006)

have shown that LATE on the compliers can be identified via the ratio

E{Y (1)− Y (0)|D(1) > D(0)} =
E{E(Y |Z = 1, X)} − E{E(Y |Z = 0, X)}
E{E(D|Z = 1, X)} − E{E(D|Z = 0, X)}

, (2.7)

where the outer expectations in the ratio are taken respect to the covariates X.

Similarly, LCSTE(X) can be identified by the same ratio without the expectations

for X. Based on (2.7), LATE can be estimated by inverse propensity score weight-

ing, using an estimated P(Z = 1|X) for the denominator and numerator in (2.7)

(Tan, 2006). This method only requires modeling P(Z = 1|X); however, it cannot

be used to estimate the covariate-specific effects LCSTE(X) given X. Tan (2006)

also proposed a regression approach for LCSTE(X) based on parametrical mod-

els for P(D = 1|Z,X) and E(Y |D = d, Z,X) for d = 0, 1. Note that both the

aforementioned methods are for fixed-dimensional data, which cannot be applied to

high-dimensional covariates.

Belloni et al. (2017a) combined both regression and inverse weighting approaches

to estimate LATE under a high-dimensional setting. Their approach is based on

regularized regression estimation (or consistent machine learning estimation) for

P(Z = 1|X) and four conditional expectations E(Y |Z = z,X) and E(D|Z = z,X)

for z = 0, 1. Those regressions do not involve plug-in estimates and can be fitted by

regularized convex optimization, which are advantages for this approach. In fact,

their estimator has the same structure as the doubly robust estimator for LATE

discussed in Tan (2006) under fixed-dimensional settings. However, the doubly ro-

bust inference for this estimator has not been studied with high-dimensional control
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variables. Despite its flexibility in constructing estimators for the aforementioned

conditional expectations, it is not clear whether the inference procedure for LATE

can be extended to LCSTE(X) for covariate-specific treatment effects.

This study employs a different modeling approach as compared to Tan (2006)

and Belloni et al. (2017a). Here, a GLM for the response is directly built on the

compliers. This approach does not require estimating the four conditional expec-

tations of Y and D given Z and X. In stead, the parsimonious model for LARF

is estimated, which enables easy interpretation for the impact of covariates and

treatment on LARF and LCSTE(X). Notice that the covariate effect on LATE is

not straight forward from (2.7). Further discussions on the comparison between

modeling on the compliers versus modeling the overall conditional expectations of

Y and D can be found in Abadie (2003); Ogburn et al. (2015).

One disadvantage of a parametric approach is misspecification. Ogburn et al.

(2015) considered a parametric model for LCSTE(X) on the covariatesX or a subset

of X with an identification equation based on the weight κ(1)−κ(0). Under a fixed-

dimensional setting, they proposed a doubly robust estimation method. Specifically,

as long as the model of LCSTE(X) is correct, their method can produce consistent

estimators for its regression coefficients, even if the propensity score P(Z = 1|X) is

mis-specified. However, to satisfy Assumption 1, applied researchers generally need

to consider a large number of covariates X. This is because the treatment may be

confounded, in the sense that Z may not be independent of the potential outcome

variables given a limited number of covariates (Lee et al., 2017). Thus, a large set

of conditioning variables generally need to be employed. This requires statistical

inference approaches for LCSTE(X) with high-dimensional covariates. As an ex-

tension of the proposed approach, doubly robust estimation for high-dimensional

data is discussed in Section 8.

3. Estimation Method

We begin with notation and definitions. Throughout the paper, for a vector a =

(a1, . . . , ap)
T ∈ Rp and 1 ≤ d < ∞, let |a|d = (

∑p
i=1 |vi|d)1/d be the vector `d

norm, and |a|∞ = max1≤j≤p |aj | be the vector maximum norm. For a matrix

A = (aj1j2) ∈ Rp×q, the elementwise `1 and `∞ norm are defined as ‖A‖1 =∑p
j1=1

∑q
j2=1 |aj1j2 | and ‖A‖∞ = max1≤j1,j2≤q |aj1j2 |, respectively. The matrices

`1, `∞ and `2 (spectral) norm are denoted as ‖A‖`1 = max1≤j2≤q
∑p

j1=1 |aj1j2 |,
‖A‖`∞ = max1≤j1≤p

∑q
j2=1 |aj1j2 | and ‖A‖`2 = sup|x|2≤1 |Ax|2, respectively. The
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Frobenius norm is ‖A‖F = (
∑

j1j2
a2
j1j2

)1/2. Let Ip be a p×p identity matrix. For any

random variables U1, . . . , Un and any function h(·), let En[h(Ui)] =
∑n

i=1 h(Ui)/n

denote the empirical average of {h(Ui)}. For a function h(·), let ḣ(·) and ḧ(·) be its

first and second order derivatives.

The proposed estimation consists of two stages. In the first stage, an estimator is

developed for κ in (2.5) by estimating P(Z = 1|X). In the second stage, θ0 and the

smooth functional of the linear combination wT

c θ0 are estimated for a pre-specified

vector wc. Without loss of generality, our analysis is based on the likelihood estima-

tion g(Y,D,X; θ) = − log{f(Y |X,D; θ)} in (2.6), although least square estimation

can be used for the linear model (2.3).

Suppose the observed data (Yi, Di, Zi, X
T

i )ni=1 are independent and identically

distributed (i.i.d.) random vectors with the conditional density f(Yi|Xi, Di; θ0) on

the compliers satisfying (2.4) and Assumption 1. We assume Zi follows the logistic

regression given Xi where P(Zi = 1|Xi = xi) = Λ(xT

i γ0) for Λ(a) = exp(a)/{1 +

exp(a)} and γ0 = (γ0,1, . . . , γ0,p)
T ∈ Rp. Other models can be applied in a similar

manner. The lasso estimator γ̃ of the logistic regression solves

γ̃ = arg min
γ

− En[ργ(Xi, Zi)] + λ1|γ|1 for (3.1)

ργ(Xi, Zi) = Zi log Λ(XT

i γ) + (1− Zi) log{1− Λ(XT

i γ)}. (3.2)

The weight κi for the ith observation is estimated by plugging γ̃ into (2.5),

κ̃i = κi(γ̃) =
(1−Di)

{
Λ(XT

i γ̃)− Zi
}

Λ(XT

i γ̃)
+
Di

{
Zi − Λ(XT

i γ̃)
}

1− Λ(XT

i γ̃)
. (3.3)

To avoid the estimated weight being too small, we could set the estimated propensity

score to be cps and 1−cps if Λ(XT

i γ̃) < cps and Λ(XT

i γ̃) > 1−cps, respectively, where

cps is a small positive constant. In the simulation, we set cps = 1/21 so that the

estimated weights κ̃i are bounded by −20 from below. Notice that trimming is only

need for Di 6= Zi as κ̃i = 1 if Di = Zi.

In the second-stage estimation, Because θ0 is the minimizer of E[κg(Y,D,X; θ)],

a natural estimator of θ0 is obtained by minimizing the penalized sample analog

of (2.6). Let A be the index set of important covariates not penalized, and θAc be

the sub-vector of θ with components not in A. A common choice of A is A = {1},
indicating that only the treatment variable is not penalized in the estimation. Let

Ln,γ̃(θ) =
1

n

n∑
i=1

κi(γ̃)g(Yi, Di, Xi; θ) (3.4)
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be the empirical estimate of E{κg(Y,D,X; θ)}. However, the weight κi(γ̃) is nega-

tive when Zi = 1 and Di = 0 or Zi = 0 and Di = 1. These negative weights could

make the empirical loss function Ln,γ̃(θ) non-convex, and make the lasso solution

of arg min
{
Ln,γ̃(θ) + λ2|θAc |1

}
diverges to −∞.

To solve this problem, following Loh and Wainwright (2012) and Loh (2017), the

restricted lasso program is considered as follows:

θ̃ ∈ arg min
|θ|1≤R

{
Ln,γ̃(θ) + λ2|θAc |1

}
, (3.5)

where λ2 is the lasso penalty parameter, and R is a positive constant satisfying

R ≥ |θ0|1 to guarantee that the true regression parameter θ0 is feasible for the

minimization program (3.5). The constraint |θ|1 ≤ R ensures the existence of

local/global optima for (3.5). Notice that Theorem 3.1 in Abadie (2003) shows

E{κi(γ0)g(Yi, Di, Xi; θ)} = E{g(Yi, Di, Xi; θ)|D(1) > D(0)}, which implies the con-

vexity of the population loss function. The non-convexity of Ln,γ̃(θ) is due to the

negative weight κi(γ̃) on some observations. This cause of non-convexity in the

proposed model differs from that of the linear model with measurement errors and

missing covariates considered in Loh and Wainwright (2012) and that of the robust

linear regression considered in Loh (2017). Moreover, those works only considered

one-stage estimation problems, while this study considers a two-stage problem.

In practice, it may not be desired to drop the main covariates effects but keeping

their interactions with the treatment. To this end, we could use a combination of

the lasso and group lasso penalties in the form

pλ,a0
(θ) = λ

{
a0

p∑
j=1

|δj |+ (1− a0)

p∑
j=1

(β2
j + δ2

j )
1/2

}
in (3.5) for λ > 0 and a0 ∈ (0, 1), where βj is the main effect of the jth covariate

and δj is its interaction effect with the treatment variable. The group lasso penalty

simultaneously penalizes the main effect βj and the interaction effect δj , while the

lasso penalty imposes sparsity on the interaction effects.

Specifically, for the linear model in Example 1, let M̂γ̃ = 1
n

∑n
i=1 κi(γ̃)WiW

T

i ,

M̂γ0 = 1
n

∑n
i=1 κi(γ0)WiW

T

i and Mγ0 = E{κi(γ0)WiW
T

i }. The program (3.5) has a

specific form

arg min
|θ|1≤R

{
θTM̂γ̃θ/2− ω̂Tθ + λ2|θAc |1

}
, (3.6)

where ω̂ =
∑n

i=1 κi(γ̃)YiWi/n. Because of the negative weights, the matrix M̂γ̃

could be non-positive-semi-definite, leading to deteriorated solutions over iterative
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optimization, despite its population counterpart Mγ0 being positive definite. There-

fore, the proposed estimator (3.5) obtains the minimum of the objective function

within a constraint `1 ball of θ.

Let p0 be the dimension of θ and ∇ denote the gradient or subgradient operator

of a function. Let 〈·, ·〉 be the inner product operator on the Euclidean space. θ̌ is

called a stationary point of the optimization problem (3.5) if

〈∇Ln,γ̃(θ̌) + λ2∇|θ̌Ac |1, θ − θ̌〉 ≥ 0 (3.7)

for all feasible θ ∈ Rp0 . For θ̌ lying in the interior of the `1 ball |θ|1 < R, the condi-

tion (3.7) becomes the usual zero subgradient condition ∇Ln,γ̃(θ̌) + λ2∇|θ̌Ac |1 = 0.

Note that the set of stationary points may also include local maxima. Here, we will

show that any stationary point of (3.5) in the neighborhood of θ0 is consistent to

θ0 as n→∞ in Section 5.

To obtain a stationary solution for the optimization program (3.5), the compos-

ite gradient descent is applied. This iteratively solves the following minimization

problem:

θt+1 = arg min
|θ|1≤R

{
〈∇Ln,γ̃(θt), θ〉+ ru|θ − θt|22/2 + λ2|θAc |1

}
(3.8)

for a positive constant ru. The solution to (3.8) can be computed in two steps. In

the first step, θ̃t+1 = θt−∇Ln,γ̃(θt)/ru is updated, and the components of θ̃t+1 are

soft thresholded at the level λ2/ru if they are not in A. This is the solution of (3.8)

without the constraint |θ|1 ≤ R. If the resulting thresholded vector has `1 norm

greater than R, it is projected onto the `1 ball centered at zero with radius R, based

on the algorithm provided in Duchi et al. (2008).

4. Inference Method

This section describes the construction of confidence intervals for θ0 and its linear

combinations based on the stationary point θ̃ of the optimization (3.5). Compared

to the debiased lasso procedure for linear regression model, inference for the local

treatment effect model brings two additional challenges. First, the weights {κi(γ0)}
are unknown, and the inference procedure for θ0 must account for the variation

of estimating γ0 using γ̃. Second, the nodewise regression for debiasing θ̃ cannot

be applied owing to the negative weights in {κi(γ0)} and the non-convexity of the

empirical objective function Ln,γ̃(θ).
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We first construct the debiased lasso estimator for γ̃ in (3.1) in the first-stage

regression following the method by van de Geer et al. (2014). Note that, for the

logistic regression, the first and second derivatives of the function Λ(·) are Λ̇ =

Λ(1−Λ) and Λ̈ = Λ̇(1− 2Λ), where Λ̇(XT

i γ0) is the conditional variance of Zi given

Xi. Let Iγ = E{ρ̇γ(Xi, Zi)ρ̇
T

γ(Xi, Zi)} = E{Λ̇(XT

i γ)XiX
T

i } be the FI matrix of γ

in the first-stage model, where ργ(Xi, Zi) is defined in (3.2). Let Ξγ = I−1
γ be the

inverse of the FI matrix.

Let g2
i,γ = Λ̇(XT

i γ) and Gγ = diag{g1,γ , . . . , gn,γ}. Note that Iγ can be viewed

as the expected inner product matrix of the weighted covariates gi,γXi. Its inverse

Ξγ can be estimated by the nodewise regressions (van de Geer et al., 2014; Janková

and van de Geer, 2016). Define

φ̂γ̃,j = arg min
φj∈Rp,φjj=−1

|Gγ̃Xφj |22/n+ 2λ1,j(|φj |1 − 1), (4.1)

τ̂2
γ̃,j = |Gγ̃Xφ̂γ̃,j |22/n+ λ1,j(|φ̂γ̃,j |1 − 1). (4.2)

Let Ξ̂γ̃ be the estimator of Ξγ0 , with the jth row being Ξ̂γ̃,j = −φ̂γ̃,j/τ̂2
γ̃,j . The

debiased lasso estimator of γ̃ is

γ̂ = γ̃ + Ξ̂γ̃En
[
{Zi − Λ(XT

i γ̃)}Xi

]
. (4.3)

Because of the negative weights in {κi(γ̃)}, the nodewise regression method can-

not be applied to the inference of θ0. A Taylor expansion of the gradient ∇Ln,γ̃(θ) of

the empirical objective function is considered to construct a debiased estimator of θ̃

in (3.5) for statistical inference. To this end, we introduce the influence matrix Nθ,γ

of the first stage estimation and the FI matrix Mθ,γ of the second stage regression.

Recall that p0 is the dimension of θ and Wi. Let

zθ,i = − ∂

∂θ
g(Yi, Di, Xi; θ) = φ−1

{
Yi − ḃ(W T

i θ)
}
Wi

for zθ,i = (zθ,i1, . . . , zθ,ip0)
T, where ḃ(·) denotes the first derivative of b(·). Let

κ0(a1) = κ0(a1, D, Z) =
(Z − a1)(a1 +D − 1)

a1(1− a1)

such that κ in (2.5) can be written as κi(γ) = κ0{Λ(XT

i γ)}. The influence matrix

of the estimator γ̃ on estimating θ is Nθ,γ = −E[zθ,iκ̇0{Λ(XT

i γ)}Λ̇(XT

i γ)XT

i ]. Let

N̂θ,γ = (N̂θ,γ,j1j2)p0×p = − 1

n

n∑
i=1

zθ,iκ̇0{Λ(XT

i γ)}Λ̇(XT

i γ)XT

i
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be the sample counterpart of Nθ,γ , and Ňq0 be a regularized estimator of Nθ0,γ0 by

thresholding each component N̂θ̃,γ̃,j1j2
of N̂θ̃,γ̃ , formulated as

Ňq0 =
{
N̂θ̃,γ̃,j1j2

I(|N̂θ̃,γ̃,j1j2
| > q0λ3)

}
p0×p (4.4)

for a threshold level q0 > 0. Here, λ3 =
√
s1 max(

√
s2, log p0){log(p0)/n}1/2, where

s1 and s2 are the number of the nonzero elements in γ0 and θ0, respectively.

Taking the second derivative of g(Yi, Di, Xi; θ) with respect to θ, let

Mθ,γ = E
{
κi(γ)

∂2

∂θ∂θ
g(Yi, Di, Xi; θ)

}
= E

{
φ−1κi(γ)b̈(W T

i θ)WiW
T

i

}
(4.5)

be the FI matrix of θ on the complier group, where b̈(·) denotes the second deriva-

tive of b(·). Let Bθ0,γ0 = M−1
θ0,γ0

. To obtain the estimator of Bθ0,γ0 , the CLIME

procedure, originally proposed by Cai et al. (2011) for estimating sparse precision

matrices, is applied. Specifically, let B̃θ̃,γ̃ = (b̃j1j2) be the solution of the optimiza-

tion problem:

min ‖Bθ̃,γ̃‖1 subject to ‖Bθ̃,γ̃M̂θ̃,γ̃ − Ip0‖∞ ≤ λ4, Bθ̃,γ̃ ∈ Rp0×p0 , (4.6)

where λ4 is a tuning parameter that satisfies λ4 ≥ ‖Bθ0,γ0‖`1‖M̂θ̃,γ̃ −Mθ0,γ0‖∞, and

M̂θ̃,γ̃ =
1

n

n∑
i=1

κi(γ̃)
∂2

∂θ∂θ
g(Yi, Di, Xi; θ̃) (4.7)

is the estimated FI matrix. To obtain a symmetrical estimator, we construct

B̂θ̃,γ̃ = (b̂j1j2) for b̂j1j2 = b̂j2j1 = b̃j1j2I(|b̃j1j2 | ≤ |b̃j2j1 |) + b̃j2j1I(|b̃j1j2 | > |b̃j2j1 |).
The advantage of CLIME lies in the convex optimization (4.6), which can be solved

column-by-column (S.2.7) by linear programming despite the matrix M̂θ̃,γ̃ may not

be positive semi-definite. However, the solution of graphical lasso is not guaran-

teed to converge due to the non-positive-semi-definiteness of M̂θ̃,γ̃ ; see Remark 3

in Mazumder and Hastie (2012). Moreover, CLIME only requires weak sparsity of

Bθ0,γ0 , whereas graphical lasso generally needs exact sparsity.

As γ̃ and θ̃ are consistent to γ0 and θ0, it can be shown that M̂θ̃,γ̃ is an element-

wise consistent estimator of Mθ0,γ0 . The optimization (4.6) follows the CLIME

procedure; however, the theoretical justification for B̂θ̃,γ̃ is more involved compared

to the original CLIME built on sample covariance matrices. This is because of the

additional variation introduced by the plugging-in estimate γ̃ for γ0.

By the Taylor expansion of κi(γ̃) at γ0 and ∂
∂θg(Yi, Di, Xi; θ0) at θ̃,

√
n(θ̃ − θ0) +

√
nB̂θ̃,γ̃En

[
κi(γ̃)zθ̃,i

]
=
√
nB̂θ̃,γ̃En

[
κi(γ0)zθ0,i

]
−
√
nB̂θ̃,γ̃Ňq0(γ̃ − γ0) + op(1). (4.8)
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This is shown in the SM. Note that the bias brought by γ̃ in the term
√
n(γ̃ − γ0)

must also be corrected for the inference of θ0. Using the de-sparsified/debiased lasso

estimator γ̂ in (4.3) and its asymptotic expansion (given in Lemma 1 in Section 5),

we have

√
n(θ̃ − θ0) +

√
nB̂θ̃,γ̃En

[
κi(γ̃)zθ̃,i

]
+
√
nB̂θ̃,γ̃Ňq0(γ̃ − γ̂)

=
√
nB̂θ̃,γ̃En

[
κi(γ0)zθ0,i

]
−
√
nB̂θ̃,γ̃Ňq0Ξγ0En

[
ρ̇γ0(Xi, Zi)

]
+ op(1). (4.9)

Motivated by the equality (4.9), a debiased estimator θ̂ for θ0 is proposed as follows:

θ̂ = θ̃ + B̂θ̃,γ̃En
[
κi(γ̃)zθ̃,i

]
+ B̂θ̃,γ̃Ňq0(γ̃ − γ̂). (4.10)

Based on the expansion result in (4.9) for θ̂, confidence intervals are constructed

for θ0 and its linear combinations. Let

V0 = E
{
κi(γ0)zθ0,i −Nθ0,γ0Ξγ0 ρ̇γ0(Xi, Zi)

}{
κi(γ0)zθ0,i −Nθ0,γ0Ξγ0 ρ̇γ0(Xi, Zi)

}
T
.

(4.11)

Then, V = Bθ0,γ0V0B
T

θ0,γ0
can be estimated by V̂ = B̂θ̃,γ̃ V̂0B̂

T

θ̃,γ̃
for

V̂0 =
1

n

n∑
i=1

{
κi(γ̃)zθ̃,i − Ňq0Ξ̂γ̃ ρ̇γ̃(Xi, Zi)

}{
κi(γ̃)zθ̃,i − Ňq0Ξ̂γ̃ ρ̇γ̃(Xi, Zi)

}
T
. (4.12)

The diagonal values {V̂jj} of V̂ are the estimated variances of
√
nθ̂j for j = 1, . . . , p0.

Theorem 2 in Section 5 provides the asymptotic normality of
√
n(θ̂j − θ0,j)V̂

−1/2
jj .

Based on this result, the 1− τ confidence interval for θ0,j can be constructed as

(θ̂j − zτ/2V̂
1/2
jj n−1/2, θ̂j + zτ/2V̂

1/2
jj n−1/2), (4.13)

where zτ/2 is the upper τ/2 quantile of the standard normal distribution. Given a

vector of covariates wc, w
T

c θ0 can be estimated by wT

c θ̂ with the confidence interval

(wT

c θ̂ − zτ/2(wT

c V̂ wc/n)1/2, wT

c θ̂ + zτ/2(wT

c V̂ wc/n)1/2). (4.14)

Under the linear model in Example 1, wT

c θ̂ together with (4.14) provide the

estimate and confidence interval for the LCSTE, conditioned on W = wc. For the

nonlinear models in Examples 2 and 3, given W = wc, the LARF h(wT

c θ0) can be

estimated by h(wT

c θ̂). Recall that ḣ(·) is the first order derivative of h(·). The

confidence interval of h(wT

c θ0) can be constructed by the delta method as

(h(wT

c θ̂)−zτ/2|ḣ(wT

c θ̃)|(wT

c V̂ wc/n)1/2, h(wT

c θ̂)+zτ/2|ḣ(wT

c θ̃)|(wT

c V̂ wc/n)1/2). (4.15)
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Let w0 and w1 be the values of W under D = 0 and D = 1 with the same

X, respectively. The LCSTE = h(wT

1θ0) − h(wT

0θ0) in Examples 2 and 3 can be

estimated by h(wT

1 θ̂)− h(wT

0 θ̂), with the 1− τ level confidence interval

(h(wT

1 θ̂)− h(wT

0 θ̂)− zτ/2(wT

a V̂ wa/n)1/2, h(wT

1 θ̂)− h(wT

0 θ̂) + zτ/2(wT

a V̂ wa/n)1/2)

(4.16)

for wa = ḣ(wT

1 θ̃)w1 − ḣ(wT

0 θ̃)w0.

5. Asymptotic Results

This section derives the asymptotic normality of θ̂ and its linear combination wT

c θ̂.

Let S1 and S2 be the supports of the regression parameters γ0 and θ0, respectively.

Let s1 = |S1| and s2 = |S2| be the number of nonzero elements in γ0 and θ0. For

two positive sequences {a1,n} and {a2,n}, the notation a1,n � a2,n indicates that

a1,n and a2,n are of the same order, such that C1 ≤ a1,n/a2,n ≤ C2 for all n and two

constants C1 and C2. Let λmin(A) and λmax(A) be the minimum and maximum

eigenvalues of a non-negative definite matrix A. Let |A| be the cardinality of a set

A. Further, let C be a positive constant which may change from case to case.

The asymptotic expansion of γ̂ is presented in (4.3). A similar result on the

de-sparsified/debiased lasso estimator has been given in van de Geer et al. (2014)

under GLMs with bounded covariates. Here, the following assumptions are made

for the first-stage regression with sub-Gaussian distributed X.

Assumption 2. The vector Xi is a sub-Gaussian random vector such that

sup
|v|2≤1

E
[

exp{(vTXi)
2/C1}

]
≤ C2

for two positive constants C1 and C2 <∞, and i = 1, . . . , n.

Assumption 3. log(p) = o(n1/5) and s1{log3(p)/n}1/2 = o(1).

Assumption 4. The probabilities P(Z = 1|X = Xi) = Λ(XT

i γ0) are bounded from

0 and 1, equivalently, max1≤i≤n |XT

i γ0| ≤ C, where Λ(a) = exp(a)/{1 + exp(a)}.

Assumption 5. The FI matrix Iγ0 is positive definite, and its values are bounded

such that ‖Iγ0‖∞ ≤ C and λmin(Iγ0) ≥ 1/C. The number of the nonzero entries in

each row of Ξγ0 is controlled by s3, where Ξγ0 is from the family of sparse matrices

H0(s3) =

{
Ξ : max

1≤j≤p
|Ξγ0,j |0 ≤ s3, λmax(Ξγ0) ≤ C

}
(5.1)

for s3{log3(p)/n}1/2 = o(1). Here, Ξγ0,j denotes the jth row of Ξγ0 .
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Assumption 2 considers the covariates to be sub-Gaussian random vectors, in-

cluding the Gaussian distribution as a special case. Assumptions 3-5 are standard

for the lasso inference. Assumption 3 is made for the sparsity of the first-stage re-

gression, which guarantees that the initial estimator γ̃ satisfies |γ̃−γ0|1 ≤ Cs1λ1 and

|γ̃ − γ0|2 ≤ Cs
1/2
1 λ1, with high probability for some C > 0. Assumption 4 implies

the loss function −En[ργ(Xi, Zi)] in (3.1) behaves quadratically near its minimum.

This condition is commonly set in the study of high-dimensional GLMs (see Lemma

6.8 in Bühlmann and Van de Geer (2011)). Assumption 5 considers the inverse of

the FI matrix to be strongly sparse, such that the number of nonzero elements in

each row is bounded by s3. The debiased estimator γ̂ in (4.3) also works under a

weaker condition (Assumption S5 in the SM) via the `q norm on Ξγ0 for q ∈ [0, 1),

which allows several small nonzero entries.

It can be shown that the first-stage lasso estimator γ̃ in (3.1) and its debiased

estimator γ̂ in (4.3) have the following properties.

Lemma 1. Suppose that Assumptions 2-5 hold. For the lasso parameters λ1 �
{log(p)/n}1/2 and λ1,j � log(p)/

√
n, we have |γ̃ − γ0|1 = Op(s1λ1), |γ̃ − γ0|2 =

Op(
√
s1λ1), En

[
XT

i (γ̃ − γ0)
]2

= Op(s1λ
2
1); and

√
n
(
γ̂ − γ0

)
= Ξγ0

1√
n

n∑
i=1

ρ̇γ0(Xi, Zi) +Op
{

(s3 + s1) log3/2(p)/
√
n
}
. (5.2)

Lemma 1 is used in (4.9) to develop the debiased estimator θ̂ and the inference

procedure for θ0. A similar result holds under the weakly sparse condition via `q

norm on Ξγ0 at the price of a slower convergence rate for the smaller order term in

(5.2); see Lemma S1 in the SM for details. This will also cause a slower convergence

rate for the smaller order term in the expansion of θ̂ in (5.5). Next, we show the

consistency of the restricted lasso estimator θ̃ in (3.5) to θ0.

Assumption 6. There exist constants h1 > 0, r0 > 0 and C > 0 such that the dis-

tribution of the response variable Yi satisfies (i). E exp
[
t{Yi−ḃ(W T

i θ0)}
]
≤ C for any

|t| ≤ h1; and (ii). λmin

[
ED(1)>D(0)(WiW

T

i )
]
> h1, and 1/C ≤ max1≤i≤n b̈(W

T

i θ) ≤
C for θ ∈ Br0(θ0).

Part (i) of Assumption 6 assumes a sub-exponential distribution on the cen-

tered response Yi − ḃ(W T

i θ0). Owing to the boundedness of the weights κi(γ0)

under Assumption 4, this condition indicates the existence of the moment gener-

ating function of κi(γ0){Yi − ḃ(W T

i θ0)} around zero for all i = 1, . . . , n. Note that

E
{
κi(γ0) ∂

∂θj
log f(Yi|Xi, Di; θ0)

}
= ED(1)>D(0)

{
∂
∂θj

log f(Yi|Xi, Di; θ0)
}

= 0. By
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the large deviation results established in the SM, the deviation of |∇Ln,γ0(θ0)|∞
from 0 is bounded at the order {log(p0)/n}1/2. Note that the moment generation

function of Yi on compliers is E
{

exp(t1Yi)
}

= exp
[
{b(W T

i θ0 + t1φ)− b(W T

i θ0)}/φ
]

under the exponential dispersion family (2.4). For Yi − ḃ(W T

i θ0), we have

E exp
{
t1Yi − t1ḃ(W T

i θ0)
}

= exp
{
t1ḃ(W

T

i θ0 + t2φ)− t1ḃ(W T

i θ0)
}

= exp
{
t1t2φb̈(W

T

i θ0 + t3φ)
}
,

where t2, t3 are between 0 and t1. Part (i) of Assumption 6 is automatically satisfied

for compliers under (2.4) if {b̈(W T

i θ0)} are bounded.

Part (ii) of Assumption 6 assumes the minimum eigenvalue of ED(1)>D(0)(WiW
T

i )

is larger than a positive constant, and b̈(W T

i θ) is bounded away from 0 and ∞ for

all i = 1, . . . , n. Note that VarD(1)>D(0)(Yi|Di, Xi; θ) = φb̈(W T

i θ). This condition

indicates the variance of Yi is bounded away from 0 and ∞ in the neighborhood of

θ0. It also implies the expected second derivative of the negative log likelihood for

compliers is strictly positive definite around θ0, such that

λmin

[
− ED(1)>D(0)

{
∂2

∂θ∂θ
log f(Yi|Xi, Di; θ)

}]
> h0 for θ ∈ Br0(θ0) (5.3)

for a positive constant h0 = h1/(Cφ). The above inequality (5.3) is used to guar-

antee the local restricted strong convexity (Loh, 2017) of the objection function

∇Ln,γ̃(θ). The detailed derivations are provided in the SM.

Theorem 1. Under Assumptions 1-6, s2 log(p0)/
√
n = o(1), λ2 � {s1 log(p0)/n}1/2,

|A| < c and |θ0|1 ≤ R ≤ cs2 for some positive constant c, there exists a stationary

point θ̃ of the optimization program (3.5) such that |θ̃ − θ0|2 ≤ r0. Furthermore,

any stationary point θ̃ within this r0-ball of θ0 satisfies

|θ̃ − θ0|1 ≤ Cs2λ2 and |θ̃ − θ0|2 ≤ C
√
s2λ2 (5.4)

for some positive constant C, with probability approaching 1 as n→∞. Addition-

ally, if λmax

{
ED(1)>D(0)(WiW

T

i )
}
≤ 1/h1 for a positive constant h1, En

[
W T

i (θ̃ −
θ0)
]2

= Op(s2λ
2
2).

Theorem 1 shows the existence of stationary points of (3.5). It also establishes

the consistency of a stationary point to the true parameter θ0. Compared to the

penalty rate {log(p0)/n}1/2 of the conventional convex lasso optimization, the pro-

posed estimator (3.5) requires a larger penalty of the order {s1 log(p0)/n}1/2. This

results in slower `1 and `2 convergence rates for θ̃−θ0, which are increased by a factor
√
s1. Such a large penalty is used to control the error when estimating the unknown
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weights κi(γ0) in the empirical objective function Ln,γ̃(θ). Using the estimated γ̃

increases the deviation bound of |∇Ln,γ̃(θ0)|∞ to the order {s1 log(p0)/n}1/2, even

though the maximal gradient |∇Ln,γ0(θ0)|∞ with the true γ0 can be controlled at

the rate {log(p0)/n}1/2.

Now, the asymptotic normality for each component of the debiased estimator θ̂

in (4.10) and its linear combination are derived. Note that N̂θ,γ and B̂θ,γ depend

on both γ and θ. The following assumptions are made on Nθ0,γ0 and Bθ0,γ0 .

Assumption 7. The influence matrixNθ0,γ0 is weakly sparse, such that ‖Nθ0,γ0‖`∞ ≤
s4 and for 0 ≤ q1 < 1, max1≤j1≤p0

∑p
j2=1 |Nθ0,γ0,j1j2 |q1 ≤ c1(p).

Assumption 8. The minimum and maximum eigenvalues of ED(1)>D(0)(WiW
T

i )

are bounded from below and above by h1 and 1/h1 for h1 > 0, respectively, and

‖Bθ0,γ0‖`1 ≤ s5 and max1≤j1≤p0
∑p0

j2=1 |Bθ0,γ0,j1j2 |q2 ≤ c2(p) for 0 ≤ q2 < 1.

If the interest is only on the local average treatment effect or the local average

treatment effect on the treated, the sparsity conditions on Ξγ0 , Nθ0,γ0 and Bθ0,γ0
are not needed. But the identification, model and distribution assumptions are

still needed, as well as the sparsity assumptions for the instrument propensity score

model and the four regressions of Y and D on X under Z = 0, 1. See the discussion

in Section 2.2 and Belloni et al. (2017a) which treats the covariate effects as nuisance

parameters. To conduct statistical inference for each of the regression coefficients in

LARF, the sparsity conditions for the Fisher Information matrices are needed. This

is similar to the conditions of the de-sparsified lasso in van de Geer et al. (2014).

Let s0 = max1≤k≤5{sk}. The following theorem provides the asymptotic expan-

sion of the proposed debiased estimator θ̂, in preparation for the variance estimation

and the asymptotic normality of θ̂ and wT

c θ̂.

Theorem 2. Under the conditions of Theorem 1, Assumptions 7, 8, s
7/2
0 log5/2(p0) =

o(
√
n), s5λ

1−q1
3 c1(p)(log p)1/2 = o(1) for λ3 =

√
s1 max(

√
s2, log p0){log(p0)/n}1/2,

and s0(s5λ4)1−q2c2(p)(log p)1/2 = o(1) for λ4 � s5{s1s2 log(p0)/n}1/2, we have

√
n(θ̂ − θ0) =

√
nBθ0,γ0En

[
κi(γ0)zθ0,i

]
−
√
nBθ0,γ0Nθ0,γ0Ξγ0En

[
ρ̇γ0(Xi, Zi)

]
+ op(1). (5.5)

Compared to the asymptotic expansion of γ̂ in Lemma 1, Theorem 2 for θ̂ re-

quires more restrictive conditions on the sparsities of θ0, γ0, Nθ0,γ0 and Bθ0,γ0 .

This is due to the nature of two-stage estimation, where the first-stage estima-

tor influences the second-stage estimation, causing additional variation. It is fur-

ther caused by the rates of ‖M̂θ̃,γ̃ −Mθ0,γ0‖∞ and ‖N̂θ̃,γ̃ − Nθ0,γ0‖∞ being higher
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than {log(p0)/n}1/2, which is the conventional deviation rate of sample covariances

from their population counterparts by large deviation results. In fact, the deriva-

tion of Theorem 2 shows that ‖M̂θ̃,γ̃ − Mθ0,γ0‖∞ = Op
[
{s1s2 log(p0)/n}1/2

]
and

‖N̂θ̃,γ̃ − Nθ0,γ0‖∞ = Op
[√
s1 max(

√
s2, log p0){log(p0)/n}1/2

]
, where the extra fac-

tors s1 and s2 are caused by replacing the true parameters γ0 and θ0 by their lasso

estimates γ̃ and θ̃.

From the expansion result of θ̂ in Theorem 2, it can be observed that V =

Bθ0,γ0V0B
T

θ0,γ0
is the variance of the leading order term in (5.5). The following

theorems show the asymptotic normality of
√
n(θ̂j − θ0,j)V̂

−1/2
jj and

√
nwT

c (θ̂ −
θ0)(wT

c V̂ wc)
−1/2 for a constant vector wc.

Theorem 3. Under the conditions of Theorem 2, if s
13/2
0 log5/2(p0) = o(

√
n),

s3
0λ

1−q1
3 c1(p) = o(1), λmax(Nθ0,γ0N

T

θ0,γ0
) < C and Vjj > 1/C for a positive con-

stant C, then,

√
n(θ̂j − θ0,j)V̂

−1/2
jj → N(0, 1) in distribution as n→∞.

Theorem 4. Under the conditions of Theorem 2, if |wc|21s
13/2
0 log5/2(p0)/

√
n = o(1),

|wc|21s3
0λ

1−q1
3 c1(p) = o(1), |wc|21s0(s5λ4)1−q2c2(p) = o(1), λmax(Nθ0,γ0N

T

θ0,γ0
) < C,

|wc|2 < C, and wT

cV wc > 1/C for a positive constant C, then,

√
nwT

c (θ̂ − θ0)(wT

c V̂ wc)
−1/2 → N(0, 1) in distribution as n→∞.

Theorems 3 and 4 justify the confidence intervals of θ0 in (4.13) and wT

c θ0 in

(4.14). The `1 norm constraint on wc is commonly set to estimate sparse linear

combinations of high-dimensional regression coefficients (Cai and Guo, 2017). In

the case of regression analysis on centered covariates, wc measures the differences

to the average values of covariates. The following corollary extends the result of

Theorem 4 to LCSTE for the nonlinear models in Section 2. The confidence intervals

(4.15) and (4.16) for h(wT

c θ0) and h(wT

1θ0)−h(wT

0θ0) are built based on this corollary.

Corollary 1. Under the conditions of Theorem 4, if w0 and w1 satisfy the same

conditions as wc in Theorem 4, h(·) is a smooth function with |ḣ(·)| > 1/C, and

max{|wT

c θ0|, |wT

0θ0|, |wT

1θ0|} < C for a positive constant C, we have

√
n{h(wT

c θ̂)− h(wT

c θ0)}{ḣ(wT

c θ̃)
2wT

c V̂ wc}−1/2 → N(0, 1) and
√
n
[
{h(wT

1 θ̂)− h(wT

0 θ̂)} − {h(wT

1θ0)− h(wT

0θ0)}
]
(wT

a V̂ wa)
−1/2 → N(0, 1)

in distribution as n→∞, where wa = ḣ(wT

1 θ̃)w1 − ḣ(wT

0 θ̃)w0.



20 Qiu, Tao and Zhou

6. Simulation

This section presents evaluations of the root mean square error (RMSE) of the pro-

posed estimator and the empirical coverage of the confidence interval for each com-

ponent of the regression coefficients in the LARF of (2.2). The linear combinations

of those regression coefficients and the interaction effects between the treatment

variable and the covariates were also considered. Further, the proposed method

was compared with the double debiased machine learning (DDML) approach (Bel-

loni et al., 2017a; Chernozhukov et al., 2018) and the un-weighted de-sparsified

lasso (uwlasso) approach (van de Geer et al., 2014), which does not use the weights

{κi(γ̃)} in the sample objective function in (3.4). Note that DDML is designed to

estimate LATE, which cannot estimate the regression coefficients in the LARF and

the heterogeneous treatment effect LCSTE(X).

The simulation design was constructed as follows. First, p-dimensional covariates

{X1, . . . , Xn} were generated according to the normal distribution with mean 0 and

covariance Σ = (σj1j2)p×p, where σj1j2 = σ00.5|j1−j2| for j1, j2 = 1, . . . , p. Second,

the instrument variable {Zi} was simulated via logistic regression, where P(Zi =

1|Xi) = Λ(XT

i γ1) for γ1 = (γ1,1, . . . , γ1,p)
T and i = 1, . . . , n. Third, for the treatment

variable Di, the potential treatments {Di(0), Di(1)} were generated as

Di(0) = I(XT

i γ2 − ς + εd0,i ≥ 0) and D∗i (1) = I(XT

i γ2 + ς + εd1,i ≥ 0),

respectively, where γ2 = (γ2,1, . . . , γ2,p)
T, ς = 1, and {εd0,i, εd1,i}

i.i.d.∼ N(0, 1). Let

Di = ZiDi(1) + (1−Zi)Di(0). To guarantee the monotonicity assumption Di(0) ≤
Di(1), Di(1) = max{D∗i (1), Di(0)} was set for i = 1, . . . , n. The strength of the

instrument can be measured by the estimated slope from the regression of D on Z,

which is between 0.66 and 0.77 (standard errors 0.032–0.049) for all the scenarios.

Finally, two settings were considered for the response variable Y , creating different

types of endogeneity between Y and D on the always-takers (Di(0) = 1) and the

never-takers (Di(1) = 0).

• DGP1: for each i = 1, . . . , n, generate εy,i ∼ N(0, 1) correlated with εd0,i, εd1,i,

where Cov(εy,i, εd0,i) = Cov(εy,i, εd1,i) = ρε. Also generate ε0,i ∼ N(0, 1)

independent of (εy,i, εd0,i, εd1,i)
T. Let εi = εy,i if Di(0) = Di(1), and εi = ε0,i if

Di(0) < Di(1). The second-stage regression is

Yi = α0Di +XT

i β0 + εi, (6.1)

where β0 = (β0,1, . . . , β0,p)
T. Take σ0 = 0.5, γ1,j = γ2,j = 0.5I(j ≤ 5), α0 = 1

and β0,j = I(j ≤ 5). The correlation ρε is set to be 0.2, 0.3, 0.4.
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• DGP2: for each i = 1, . . . , n, generate ε0,i ∼ N(0, 1) independent of εd0,i, εd1,i.

Generate potential outcomes using linear models(
Yi(1)

Yi(0)

)
=

(
ξ1i

ξ2i

)
+

(
ξ3i

ξ3i

)
I{Di(0) = 1}+

(
ξ4i

ξ4i

)
I{Di(1) = 0}, (6.2)

where ξ1i = α0 +XT

i β0 + ε0,i, ξ2i = XT

i β0 + ε0,i, ξ3i ∼ Poisson(λ11), and ξ4i ∼
Poisson(λ00). Let Yi = Yi(1)Di+Yi(0)(1−Di). Take σ0 = 1, γ1,j = γ2,j = j−2,

β0,j = 2j−2, α0 = 1, λ00 = 0.5, and λ11 = 0.5, 0.75, 1, 1.25.

The first setting creates dependence betweenDi and the error εi for non-compliers

in the second stage regression (6.1). The simultaneity of the two random variables

is measured by the correlation ρε. The treatment is exogenous on compliers for

any ρε ∈ (0, 1). In the second setting, the intercepts of the regression models differ

among the subgroups of compliers and non-compliers. The endogeneity originates

from the uncontrolled subgroup indicator, which confounds the treatment variable.

The two designs also have different sparsity structures, where the strong and weak

sparsity of β0 are constructed under DGP1 and DGP2, respectively. The coeffi-

cients are allowed to take small but nonzero values under DGP2. The interaction

effects δ0 between Di and Xi were also considered, where DiX
T

i δ0 was added to the

regression model (6.1) for δ0,j = I(j ≤ 5) and to the term ξ1i in (6.2) for δ0,j = 2j−2,

respectively. The penalty parameters λ1 and λ2 in the two stage regressions (3.1)

and (3.5) were chosen by five-fold cross-validation in the simulation, ru was set to

be 10 so that the step size of the algorithm (3.8) was 0.1, and the tuning parameters

q0 and λ4 were set such that 10% of the elements in Ňq0 and B̂θ̃,γ̃ were nonzero.

Following Loh (2017), we set R = 2(α0 + |β0|1). Sensitivity analysis was conducted.

It shows that the proposed procedure is robust to the tuning parameters q0, λ4

and R. For uwlasso, the lasso parameter for the regression of the response on the

treatment and covariates was chosen by five-fold cross-validation. The inverse of

the design matrix was estimated by CLIME with the same penalty parameter as the

proposed method. Further, we set n = 200, 400 and p = 50, 100, 200, 300, 400, 500.

Note that the effective sample size on compliers was significantly lower than the

overall sample size. All the simulations were repeated 1000 times.

Figures 1 and 2 report the empirical coverages of the confidence intervals for the

regression coefficients α0 and β0 and the RMSEs of the estimated coefficients by the

proposed method θ̂ in (4.10), the DDML and uwlasso methods for DGP1 and DGP2,

respectively. The nominal level was set as 95%. The uwlasso method was simply

applied to the linear regression of Yi on Di and Xi, ignoring the endogeneity in

the data generation process. Here, the coverage and RMSEs are reported for three
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Fig. 1. Empirical coverages of confidence intervals and RMSEs of estimated coefficients
for the proposed method, DDML and uwlasso under DGP1 without interaction, n = 200, 400

and ρε = 0.2, 0.3, 0.4.
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Fig. 2. Empirical coverages of confidence intervals and the RMSEs of estimated coef-
ficients for the proposed method, DDML and uwlasso under DGP2 without interaction,
n = 200, 400 and (λ00, λ11) = (0.5, 0.5), (0.5, 0.75), (0.5, 1), (0.5, 1.25).
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categories: treatment, covariates with non-zero β0,j for DGP1 and |β0,j | > 0.02 for

DGP2 (feature) and covariates with zero β0,j for DGP1 and |β0,j | ≤ 0.02 for DGP2

(non-feature). For the latter two categories, the average coverages and RMSEs are

calculated. Note that DDML can only be applied to estimate the average treatment

effect, which is equal to α0 under DGP1 and DGP2.

From Figures 1 and 2, it can be seen that the proposed method shows reason-

ably good performance overall. The method demonstrates coverages close to the

nominal level 0.95 for the treatment, features and non-features coefficients in all

the given scenarios. The coverage rate departs slightly from the nominal level as

the dimension p increases at n = 200. As n increases to 400, the empirical cover-

age improves. Compared to the DDML results, both methods demonstrate similar

coverage for the treatment effects at various levels of endogeneity represented by

ρε. Nevertheless, the RMSE of the proposed method is smaller, as DDML requires

the estimation of more parameters compared to the proposed method, which could

increase the variation. It should be noted that DDML relies on four fitted regres-

sion models of Y and D on X given Z = 0 and 1, respectively. On the other hand,

the proposed method only needs to estimate one local average response function, as

modeled in (2.2). The debiased lasso (uwlasso) approach cannot produce confidence

intervals with the desired coverage rate; additionally, it has a large RMSEs for the

treatment effect. This is because the lasso without weighting by {κi(γ̃)} ignores

the endogeneity in the data structure. It is worth mentioning that the uwlasso

method yields reasonable coverage for the regression coefficients of features and

non-features, as the covariates are independent of the regression error εi under both

DGP1 and DGP2 without interactions. The RMSEs of uwlasso is smaller than that

of the proposed method for feature and non-feature coefficients. This is because the

propensity score of P(Z = 1|X) is estimated, and the additional variation of γ̃ from

the estimated propensity score is included in the proposed method.

Figures S1 and S2 in the SM report the RMSEs of the estimates and the empirical

coverages of the proposed approach for the treatment effects and the coefficients of

covariates under DGP1 and DGP2 with interactions between Di and Xi. They also

show the relevant results of DDML and uwlasso. The conclusions are similar to those

drawn from Figures 1 and 2 without interactions. Figure S3 in the SM provides the

results of the linear combination α0 +
∑10

j=1(10− j)β0,j/10 of the coefficients under

DGP1 and DGP2 without interaction. It is observed that the proposed method also

achieves accurate coverage in this case, confirming the theoretical results obtained

herein. From the above results, it can be concluded that the proposed method

performs well for estimating the coefficients in LARF and the LCSTE under the



Inference for Heterogeneous Treatment Effects 25

complier model (2.2). In particular, it demonstrates consistent performance under

two data generation processes with different types of endogeneity.

Fig. 3. Empirical coverages of confidence intervals and RMSEs of estimated coefficients
for the proposed method with respect to the sparsity of Ňq0 (the proportion of zeros in the
horizontal axis) under DGP1 without interaction, p = 100, and ρε = 0.2, 0.3, 0.4.

Figure 3 presents the sensitivity analysis of the estimated influence matrix Ňq0 in

(4.4) to the proposed method. The empirical coverages and RMSEs of the proposed

method are reported for five sparsity levels of Ňq0 that correspond to different

values of the tuning parameter q0. It is observed that the coverages and RMSEs are

insensitive to changes in the sparsity level in general. Under n = 200, the coverage

for the treatment effect is slightly lower than the nominal level when Ňq0 is less

sparse, particularly for ρε = 0.4. However, as n increases to 400, the coverages

move closer to 0.95 for all sparsity levels. As in Ňq0 , the impacts of the sparsity of

B̂θ̃,γ̃ (controlled by λ4) and the `1 norm bound R on the proposed procedure are

reported in Figure S4 in the SM. This figure shows that the proposed method is

robust to the choice of λ4 and R. These results demonstrate the proposed estimation

and inference procedure for the regression coefficients in LARF and the LCSTE are

robust to the selection of the tuning parameters.
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7. Case Study

In 2008, the state of Oregon conducted eight lottery drawings to randomly select

names for its Medicaid program from a waiting list of almost 90,000 uninsured,

low-income adults. This created a rare opportunity to study the effects of Medicaid

coverage for the uninsured on different health outcomes. One can use this data to

examine the effects of expanding public health insurance on healthcare use, financial

hardship, health, and labor market outcomes. This section discusses the application

of the proposed method to analyze a real data example from the OHIE.

To be eligible for the OHIE, individuals had to be Oregon residents, be otherwise

ineligible for Medicaid or other public insurance, have an income below the federal

poverty level, have no insurance for at least six months, and be between 19-64 years

of age. Among the randomly selected individuals, only those who met the eligibility

criteria and completed the application process were enrolled. The treatment variable

D and the instrumental variable Z are the 0-1 indicators of Medicaid coverage and

lottery selection, respectively; Z = 1 if an individual was selected by the lottery, and

D = 1 if she or he decided to complete the application process and eventually enroll

in the Medicaid program after selection. Individuals who did not win the lottery

had no chance of Medicaid access, and those who won the lottery could decide not

to be enrolled in Medicaid by not completing the application process.

Approximately two years after the experiment, researchers obtained interview

data from 5842 adults who were not selected (Z = 0) and 6387 adults who were

selected for the program (Z = 1) (https://www.nber.org/oregon/). The strength

of IV can be represented by the slope coefficient 0.240 (standard error 0.008) from

the regression of D on Z. This dataset is particularly advantageous for collecting a

large set of the demographic characteristics of each individual, including age, gen-

der, education, income, and location. Statistical summary of some key variables of

interest are reported in Table 1. For example, about 25% of the respondents were

Hispanic or Black, and a little more than half of the participants were female. The

average number of emergence department (ED) visits was higher for the treated

group. The dependent variable Out-of-Pocket Spending (%) was measured by the

percentage of out-of-pocket expenditure to household income. The treated group

had less out-of-pocket spending and was less likely to have any catastrophic ex-

penditures or medical debt on average. Happiness was measured on a scale from 1

(unhappiest) to 3 (happiest). Mental and Physical Health Composite Scores were

denoted as MCS and PCS, respectively. They were computed using the scores of

twelve questions and ranged from zero to one hundred, where one hundred indicated
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Table 1. Some descriptive statistics of the survey respondents in OHIE.
Treatment Control

Mean Std. Min Max Mean Std. Min Max

Age 40.476 11.686 20 64 40.953 11.702 19 71

Female 0.644 0.479 0 1 0.530 0.499 0 1

Hispanic 0.171 0.377 0 1 0.183 0.386 0 1

White 0.684 0.464 0 1 0.687 0.464 0 1

Black 0.120 0.324 0 1 0.095 0.294 0 1

Other 0.136 0.343 0 1 0.147 0.354 0 1

Education (years) 12.170 2.094 9 16 12.351 2.126 9 16

Any doctor visits 0.790 0.408 0 1 0.613 0.486 0 1

Num. of ED visits 1.520 3.791 0 104 0.878 2.118 0 60

Amount of out-of-pocket spending ($) 410.07 1615.436 0 50400 704.912 2356.459 0 92475

Any Catastrophic expenditures 0.039 0.194 0 1 0.046 0.211 0 1

Any medical debt 0.511 0.500 0 1 0.557 0.497 0 1

Happiness 1.921 0.671 1 3 1.961 0.660 1 3

MCS in women ≥ 50 yr 40.052 12.221 11.466 66.965 42.889 11.649 13.594 66.404

PCS in women ≥ 50 yr 39.087 10.640 12.586 65.352 42.089 10.887 10.269 64.027

the highest level of health while a zero score represented the lowest level of health

condition. The control group had higher MCS and PCS compared to the treatment

group on average.

Prior analyses of this dataset estimated the LATE of medical insurance on vari-

ous clinical outcomes (Finkelstein et al., 2012; Baicker et al., 2013, 2014; Finkelstein

et al., 2016). They found that compared to the control group without insurance, the

treatment group with insurance coverage had substantively higher healthcare uti-

lization, lower out-of-pocket medical expenditures, and better self-reported physical

and mental health. However, these studies focused on the LATE and did not explore

local heterogeneous treatment effects. Moreover, previous studies only controlled

a small set of covariates. We believe that controlling detailed medical histories,

personal characteristics, and functional forms of these covariates could lead to more

accurate estimates of the effects.

To analyze the data, we consider the following linear model

E [Y |X1, X2, D,D(1) > D(0)] = αD + βT

1X1 + βT

2DX1 + βT

3X2,

where Y represents different outcomes of interest, the covariates X1 consists of age,

age2, and race (the baseline group is white and others), and X2 consists of the

second-order polynomials of a large set of covariates that include medical history

and demographic variables such as income, family size, education level, location,

catastrophic expenditures, and existing borrowed or skipped bills. For the responses

Out-of-Pocket Spending and Happiness, the total number of covariates is 40, which
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generate 860 polynomial terms. For the dependent variables MCS and PCS, 43 co-

variates are controlled, which generate 988 polynomial terms excluding the constant.

We penalized β1, β2, β3 in the estimation (3.5).

Following the strategy in Baicker et al. (2013), results are reported for subgroups

divided by age, because the effects are expected to be stronger in subgroups. Three

age groups are defined as: below 35, 35 to 49, and 50 to 64 (the oldest eligible group).

The sample size for each group is reported in Table 2, excluding observations with

missing values. The first two age groups are comparable in size, and about a quarter

of the respondents are in the most senior group. For certain clinical outcomes such

as MCS and PCS, we focus on 1614 female respondents who were at least 50 years of

age. Although the sample sizes are larger than the dimension p in the case study, the

number of free parameters in the influence matrix and Fisher Information matrices

are at the order of p2 which is much larger than the sample sizes.

The lasso penalty parameters are chosen by five-fold cross-validation, and all

other tuning parameters are kept the same as those in the simulation. The treat-

ment effects of Medicaid coverage on various outcomes of interest are reported in

Table 2 (standard errors in parentheses), and ŝ2 represents the number of signifi-

cant covariates selected from the second stage regression by the Benjamini-Hochberg

multiple testing procedure on the p-values of each coefficient from the proposed de-

biased estimator (4.10) at 10% nominal level for FDR. From Table 2, it can be

seen that Medicaid coverage led to a significant reduction in financial strain due to

medical costs for the younger groups (age<35) and senior groups (age≥50) in terms

of percentage of out-of-pocket spending. However, the effect was not significant to

people whose age were between 35 and 49. This result on each group is consistent

with the estimated overall effect of Medicaid coverage on out-of-pocket spending in

Baicker et al. (2013). Notably, we also find that the reduction increased with the

increase in age, and the effect was more significant for the younger group. For the

self-reported levels of happiness, previous research using the same data failed to

find a significant overall effect of Medicaid coverage, which was arguably a measure

of overall subjective well-being (Baicker et al., 2013). However, as seen in Table 2,

the estimation of the heterogeneous effect shows that although Medicaid coverage

did not appear to increase the self-reported happiness for younger groups, it sig-

nificantly increased the happiness levels of individuals above 50 years of age. Our

results also show that Medicaid coverage did not significantly increase the overall

mental and physical health scores measured by MCS and PCS for elderly women.

The results also indicate that age and race had no statistically significant effect on

those scores in elderly females. These findings are new to the literature.
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Table 2. Heterogeneous treatment effects of Medicaid coverage on outcomes.
Out-of-Pocket Spending (%) MCS

age<35 35≤age≤49 age≥ 50 age≥50 & F

D -0.498 (0.212) 0.246 (0.425) -1.194 (0.204) 0.206 (0.297)

female -1.932 (0.561) -1.378 (0.422) -1.200 (0.785) −
age -0.724 (0.335) -2.789 (5.717) -1.034 (1.273) 0.116 (0.143)

Hispanic 0.072 (0.215) -0.970 (1.826) -0.250 (0.560) 0.550 (0.764)

Black 0.134 (0.257) 0.535 (0.794) -1.980 (0.861) 0.113 (0.145)

D × age -0.385 (0.587) -0.223 (0.120) 2.596 (0.138) 0.508 (0.417)

D × age2 -0.280 (0.907) 0.053 (0.107) -0.239 (0.206) 0.323(0.400)

D ×Hispanic -0.830 (0.881) 0.208 (0.212) -0.049 (0.234) 0.006 (0.095)

D ×Black -0.830 (0.881) -0.295 (0.210) -0.285 (0.191) 0.122 (0.281)

ŝ2 66 58 83 38

n 3971 4537 3374 1614

Happiness PCS

age<35 35≤age≤49 age≥ 50 age≥50 & F

D -0.086 (0.376) -0.024 (0.056) 0.129 (0.041) -0.043 (0.384)

female -0.290 (0.614) -0.275 (0.327) -0.823 (1.216) −
age -0.224 (0.370) -3.675 (4.434) -1.244 (1.392) 0.071 (0.255)

Hispanic -0.320 (0.258) -0.436 (0.657) 1.016 (1.137) 0.033 (0.213)

Black 0.050 (0.357) -0.436 (0.648) -0.147 (0.568) -0.094 (0.165)

D × age 0.171 (0.880) 0.022 (0.039) -0.025 (0.040) 0.234 (0.355)

D × age2 0.113 (0.083) 0.267 (0.041) -0.040 (0.056) 0.280 (0.383)

D ×Hispanic 0.267 (0.764) 0.164 (0.145) -0.017 (0.059) -0.033 (0.111)

D ×Black -0.072 (0.386) -0.052 (0.084) -0.053 (0.022) 0.333 (0.278)

ŝ2 26 47 69 126

n 3971 4537 3374 1614
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8. Discussion

This study proposes novel estimation and inference procedures for heterogeneous

treatment effects using observational data with a binary instrumental variable and

high-dimensional covariates. The initial estimator for regression coefficients in

LARF is obtained by the restricted lasso program (3.5) that provides a consistent

estimator under the non-convex objective function Ln,γ̃(θ). Other methods could

be applied to obtain the initial estimator. For the linear model and the program

(3.6), following the idea of CoCoLasso (Datta et al., 2017) for error-in-variables re-

gressions, we could first project M̂γ̃ to the space of positive semi-definite matrices,

and use this projected matrix to replace M̂γ̃ in (3.6), which results in a convex lasso

program to estimate θ0. Another alternative is the Dantzig selector (Candes and

Tao, 2007), which solves the constrained convex optimization

θ̃ = arg min |θ|1 such that |∇Ln,γ̃(θ)|∞ < λ. (8.1)

The advantage of the Dantzig estimator is that only one tuning parameter λ is

needed, which could be chosen by cross-validation. The `1 norm bound R on θ in the

restricted lasso program (3.5) is not required. The consistency of θ̃ in (8.1) can be

verified under the deviation inequality on |∇Ln,γ̃(θ)|∞ and the local restricted strong

convexity inequality in (S.1.1) in the SM. The inference procedure can be similarly

constructed based on the Dantzig estimator by following the steps in Section 4.

It is also interesting to explore doubly robust estimation approaches under high-

dimensional covariates. Let hc(X; θ) be the model for the local covariate-specific

treatment effect LCSTE(X) in (2.1). Under Assumption 1, it is shown in Abadie

(2003); Ogburn et al. (2015) that E[κdiff{Y−Dhc(X; θ)}|X] = 0 for κdiff = κ(1)−κ(0),

where κ(0) and κ(1) are given after (2.5). Let hy(X, z;ψyz) and hd(X, z;ψdz) be the

models for E(Y |X,Z = z) and E(D|X,Z = z) over the entire population for z = 0, 1,

respectively, where ψy1, ψy0, ψd1 and ψd0 are unknown parameters. Inspired by the

findings of Ogburn et al. (2015), the estimation equations

E
(
∇θhc(X; θ)κdiff[Y − ky(X;ψy1, ψy0)−{D− kd(X;ψd1, ψd0)}hc(X; θ)]

)
= 0 (8.2)

are considered for the estimation of θ, where

ky(X;ψy1, ψy0) = {1− Λ(XTγ)}hy(X, 1;ψy1) + Λ(XTγ)hy(X, 0;ψy0),

kd(X;ψd1, ψd0) = {1− Λ(XTγ)}hd(X, 1;ψd1) + Λ(XTγ)hd(X, 0;ψd0),

and Λ(XTγ) is the model for P(Z = 1|X). Given that the model hc(X; θ) is accu-

rately specified for LCSTE(X), the estimation equation in (8.2) is doubly-robust in
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the sense that it is valid if either the instrument propensity score model Λ(XTγ)

or the regression models hy(X, z;ψyz) and hd(X, z;ψdz) (not necessarily both) are

specified correctly. This is shown in detail in the SM.

Let ψ̂y1, ψ̂y0, ψ̂d1 and ψ̂d0 be the regularized estimators for ψy1, ψy0, ψd1 and ψd0,

respectively. The regularized estimation for E(Y |X,Z = z) and E(D|X,Z = z) was

considered in Belloni et al. (2017a) for estimating LATE under high-dimensional

covariates. The doubly-robust estimation for θ and LCSTE(X) can be obtained

using the Dantzig selector similar to (8.1), which solves the optimization

θ̃ = arg min |θ|1 such that∣∣En(∇θhc(Xi; θ)κ̂diff[Yi−ky(Xi; ψ̂y1, ψ̂y0)−{Di−kd(Xi; ψ̂d1, ψ̂d0)}hc(Xi; θ)]
)∣∣
∞ < λ.

Following the method described in Section 4, the inference procedure for θ can be

developed based on θ̃ and the de-sparsified estimators for γ, ψyz and ψdz. Unlike

the method in Ogburn et al. (2015), the approach proposed herein can be applied to

data with high-dimensional covariates. Importantly, it avoids fitting the regression

of Y −Dhc(X; θ) on X and Z for every value of θ, which would create difficulties

in high-dimensional estimation. It should also be noted that the weight κ(1) − κ(0)

has more negative values than the weight κ in (2.5) used in the proposed procedure,

because E{κ(1)−κ(0)} = 0, but E(κ) = P{D(1) > D(0)} > 0. The negative weights

may create numerical instability as well as computational challenges for the Dantzig

estimator. These issues will be investigated further in future works.

The proposed approach can also be extended to multiple-level and continuous

instrument variables. For a multiple-level instrument variable Z, consider its two

levels z and z′, and the complier group {D(z′) > D(z)}. Let Πz,z′ = {Z = z or z′}.
Similar to the identification equality (2.6) under Assumption 1, if the independent

instrument and monotonicity conditions (Tan, 2006) are satisfied for each pair of

levels of Z, it can be shown that

E{g(Y,D,X)|D(z′) > D(z),Πz,z′} = E{κz,z′g(Y,D,X)}/P(D(z′) > D(z),Πz,z′)

for any measurable function g(·) of (Y,D,X), where κz,z′ = I(Πz,z′) − DI(Z=z)
P(Z=z|X) −

(1−D)I(Z=z′)
P(Z=z′|X) . Estimation and inference procedures similar to the proposed approach

can be established for LARF and LCSTE(X). This can be achieved based on the

above identification equality, the model for P(Z = z|X), and the models of Y on X

andD on each complier group {D(z′) > D(z)}. A study of such models can be found

in Tan (2006). Additionally, Imbens and Angrist (1994) provided an identification

and two-stage estimation approach for LATE under a model with a multiple-level

instrument variable but no covariates.
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For causal inference with a continuous instrument Z, Kennedy et al. (2019)

considered the extended monotonicity condition that D(z) = I(z ≥ T ) for an unob-

served random threshold T , and proposed to estimate the local instrumental vari-

able (LIV) curve, defined as E{Y (1) − Y (0)|X,T = t}, under a fixed-dimensional

setting. By modeling the LIV curve, the conditional expectations E(Y |X,Z = z)

and E(D|X,Z = z) and the conditional distribution of Z given X, Kennedy et al.

(2019) estimated the parameters in the LIV model by solving a system of estimating

equations. Although the target parameters and models differ from those proposed

herein, this is a two-stage estimation approach similar to the proposed methods and

the aforementioned extensions. Using the Dantzig selector (8.1) on the estimating

equations, this approach can be extended to the case of high-dimensional covariates.

A full investigation of this problem will be conducted in future studies.
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Recall that X = (X1, . . . , Xn)T is the data matrix of the covariates, where Xi =

(Xi1, . . . , Xip)
T. Let Xj = (X1j, . . . , Xnj)

T be the jth column of X. Let X−j be the

n× (p− 1) sub-matrix of X without the jth variable. Let Xi,−j be the ith observation

without the jth variable. Recall that Wi = (Di, X
T
i , DiX

T
i )T and Wi = (Di, X

T
i )T for

models with and without interactions between Di and Xi, respectively, and p0 is the

dimensionality of Wi and θ0 in the LARF. Recall that C is a positive constant which

may change from case to case.

1 Proof of Theorem 1

Recall that zθ,i = − ∂
∂θ
g(Yi, Di, Xi; θ). Note from (??), the jth coordinate of the ith

summation term in ∇Ln,γ0(θ0) is −κi(γ0)
{
Yi − ḃ(W T

i θ0)
}
Wij/φ = −κi(γ0)zθ0,ij. Since

E
{
κi(γ0)∇ log f(Yi|Xi, Di; θ0)

}
= ED1>D0

{
∇ log f(Yi|Xi, Di; θ0)

}
= 0,

E{κi(γ0)zθ0,ij} = 0 for all j = 1, . . . , p0.

Following Theorem 1 of Loh (2017), we first consider |∇Ln,γ̃(θ0)|∞. Let Ỹi = κi(γ0){Yi−

ḃ(W T
i θ0)}, which is sub-Exponential distributed with zero mean under Assumption 6.

We will show max1≤j≤p0 |En(ỸiWij)| ≤ C{log(p0)/n}1/2 for a positive constant C.

1



Let Y̌i = ỸiI{|Ỹi| ≤ C0 log(p0)}. For any positive constant c0, since Y̌i is sub-

Exponential distributed, P{max1≤i≤n |Ỹi| > C0 log(p0)} ≤ np−c̃00 ≤ p−c00 by choosing

C0 large enough. For any 1 ≤ j ≤ p0, we have

P
(
|En(ỸiWij)| > C{log(p0)/n}1/2

)
≤ P

(
|En(Y̌iWij)| > C{log(p0)/n}1/2

)
+ p−c00 ,

where by Chernoff bound,

P
(
En(Y̌iWij)− E(Y̌iWij) > C{log(p0)/n}1/2

)
≤ exp(−Ct{n log(p0)}1/2)

n∏
i=1

E exp{t(Y̌iWij − E(Y̌iWij))}.

By a Taylor expansion of the function exp(x) at 0, E exp{t(Y̌iWij − E(Y̌iWij))} = 1 +

tE(Y̌iWij − E(Y̌iWij)) + E
{∑∞

k=2 t
k(Y̌iWij − E(Y̌iWij))

k/k!
}

, which is bounded by 1 +

E
[
t2(Y̌iWij − E(Y̌iWij))

2 exp{t|Y̌iWij − E(Y̌iWij)|}
]
. For any positive t at the order

{log(p0)/n}1/2, we have

P
(
En(Y̌iWij)− E(Y̌iWij) > C{log(p0)/n}1/2

)
≤ exp(−Ct{n log(p0)}1/2)

n∏
i=1

(
1 + E

[
t2(Y̌iWij − E(Y̌iWij))

2 exp{t|Y̌iWij − E(Y̌iWij)|}
])

≤ exp

(
− Ct{n log(p0)}1/2 + 2

n∑
i=1

E
[
t2(Y̌iWij − E(Y̌iWij))

2 exp{t|Y̌iWij − E(Y̌iWij)|}
])
,

where the last inequality is from the Taylor expansion of log(1+a) at 1 for small a. Since

E(Y̌iWij − E(Y̌iWij))
2 ≤ E(Y̌iWij)

2 ≤ E1/2Y 4
i E1/2W 4

ij < C1 < ∞, and E exp{t|Y̌iWij −

E(Y̌iWij)|} ≤ E exp{tC0 log(p0)(|Wij| + E|Wij|)} ≤ C1 by the fact log3(p0)/n → 0 and

Wij is from a sub-Gaussian distribution. Therefore,

P
(
En(Y̌iWij)−E(Y̌iWij) > C{log(p0)/n}1/2

)
≤ exp

{
−CC1/2

2 log(p0)+2C2C
3/2
1 log(p0)

}
for t = {C2 log(p0)/n}1/2 for a positive constant C2. It can be similarly shown that

P
(
En(Y̌iWij)−E(Y̌iWij) < −C{log(p0)/n}1/2

)
≤ exp

{
−CC1/2

2 log(p0)+2C2C
3/2
1 log(p0)

}
.
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From the above probability inequalities, by choosing C large enough, it follows that

P
(

max
1≤j≤p0

|En(Y̌iWij)− E(Y̌iWij)| > C{log(p0)/n}1/2
)
≤ p−c00

for a positive constant c0. Since E(Y̌iWij) = −E
[
WijỸiI{|Ỹi| > C0 log(p0)}

]
, by Cauchy

Schwarz inequality, |E(Y̌iWij)| ≤ CE1/2
[
Ỹ 2
i I{|Ỹi| > C0 log(p0)}

]
≤ Cp−c0 for all j =

1, . . . , p0. Those results imply that for a positive constant C, max1≤j≤p0 |En(ỸiWij)| ≤

C{log(p0)/n}1/2 and |∇Ln,γ0(θ0)|∞ ≤ C{log(p0)/n}1/2 with probability converging to 1

as n, p→∞.

It suffices to focus on Ln,γ̃(θ0)− Ln,γ0(θ0). Notice that

∇Ln,γ̃(θ0)−∇Ln,γ0(θ0) = − 1

n

n∑
i=1

{κi(γ̃)− κi(γ0)}∇
{

log f(Yi|Xi, Di; θ0)
}
.

By Cauchy Schwarz inequality and |κi(γ̃)−κi(γ0)| ≤ CXT
i (γ̃−γ0) under Assumption 4,

|∇jLn,γ̃(θ0)−∇jLn,γ0(θ0)| ≤ CE1/2
n

[
XT

i (γ̃ − γ0)
]2E1/2

n

[
∇j log f(Yi|Xi, Di; θ0)

]2
for all j = 1, . . . , p, where ∇jLn,γ̃(θ0), ∇jLn,γ0(θ0) and ∇j log f(Yi|Xi, Di; θ0) denote the

jth component of ∇Ln,γ̃(θ0), ∇Ln,γ0(θ0) and ∇ log f(Yi|Xi, Di; θ0), respectively.

Notice that zθ0,ij = ∇j log f(Yi|Xi, Di; θ0) =
{
Yi − ḃ(W T

i θ0)
}
Wij/φ. Let žθ0,ij =

zθ0,ijI{|Yi − ḃ(W T
i θ0)| ≤ C0 log(p0)} for a large positive constant C0. Since z2

θ0,ij
=

(ž2
θ0,ij
− Ež2

θ0,ij
) + E(žθ0,ij)

2 on the set {|Yi − ḃ(W T
i θ0)| ≤ C0 log(p0)}, and E(ž2

θ0,ij
) ≤

E(z2
θ0,ij

) ≤ C1 for a positive constant C1, we have, for any j = 1, . . . , p0,

P(Enz2
θ0,ij

> 2C1) ≤ P
{
En(ž2

θ0,ij
− Ež2

θ0,ij
) > C1

}
+

n∑
i=1

P
{
|Yi − ḃ(W T

i θ0)| > C0 log(p0)
}

≤ P
{
En(ž2

θ0,ij
− Ež2

θ0,ij
) > C1

}
+ p−c00

for a positive constant c0 related to C0, and all j = 1, . . . , p0. Following the proof for

the deviation bound max1≤j≤p0
{
En(Y̌iWij) − E(Y̌iWij)

}
≤ C{log(p0)/n}1/2, it can be

similarly shown that

P
{

max
1≤j≤p0

En(ž2
θ0,ij
− Ež2

θ0,ij
) > C{log(p0)/n}1/2

}
≤ p−c00

3



for a large positive constant C, given log5(p0)/n→ 0 as n, p→∞. Those results imply

maxj En(z2
θ0,ij

) = Op(1). It follows that |∇Ln,γ̃(θ0)−∇Ln,γ0(θ0)|∞ ≤ Cs
1/2
1 λ1 by Lemma

1, and |∇Ln,γ̃(θ0)|∞ ≤ C{s1 log(p0)/n}1/2 for a positive constant C, with probability

converging to 1 as n, p→∞.

Next, we show the local restricted strong convexity (Loh and Wainwright, 2012) of

the objection function ∇Ln,γ̃(θ) such that

〈∇Ln,γ̃(θ1)−∇Ln,γ̃(θ2), θ1 − θ2〉 ≥ τc,1|θ1 − θ2|22 − τc,2|θ1 − θ2|21 log(p0)/n (S.1.1)

for two positive constants τc,1 and τc,2, and all θ1, θ2 ∈ Br0(θ0). Note that by Taylor

expansion,

∇Ln,γ̃(θ1)−∇Ln,γ̃(θ2) = − 1

n

n∑
i=1

κi(γ̃)
∂2

∂θ∂θ
log f(Yi|Xi, Di; θ3)(θ1 − θ2),

where θ3 is between θ1 and θ2, and hence, θ3 ∈ Br0(θ0). It follows

〈∇Ln,γ̃(θ1)−∇Ln,γ̃(θ2), θ1 − θ2〉 = (θ1 − θ2)TEn
[
κi(γ̃)∇2

i (θ3)
]
(θ1 − θ2),

where ∇2
i (θ) = −∇2 log f(Yi|Xi, Di; θ) = − ∂2

∂θ∂θ
log f(Yi|Xi, Di; θ) = φ−1b̈(W T

i θ)WiW
T
i

given in (??).

Since from (5.3), λmin

[
ED1>D0

{
− ∂2

∂θ∂θ
log f(Yi|Xi, Di; θ)

}]
> h0 for θ ∈ Br0(θ0), by

Lemma 13 of Loh and Wainwright (2012), to show (S.1.1), it suffices to prove for all

θ ∈ Br0(θ0),∣∣vT{En[κi(γ̃)∇2
i (θ)]− E[κi(γ0)∇2

i (θ)]}v
∣∣ ≤ c1h0 for any v ∈ K(2τ−1

c ) (S.1.2)

with probability converging to 1, where τc = c2 log(p0)/n for some proper positive con-

stants c1 and c2, and

K(2τ−1
c ) = {v ∈ Rp0 : |v|0 ≤ 2τ−1

c and |v|2 ≤ 1}

is the set of the p0-dimensional vectors within the unit `2 ball and with at most 2τ−1
c

nonzero elements.
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Notice that En[κi(γ)∇2
i (θ)] = φ−1En[κi(γ)b̈(W T

i θ)WiW
T
i ], to show (S.1.2), it suffices

to prove for all θ ∈ Br0(θ0),∣∣En[{κi(γ̃)− κi(γ0)}b̈(W T

i θ)(v
TWi)

2
]∣∣ ≤ c1h0φ/2 and (S.1.3)∣∣En[κi(γ0)b̈(W T

i θ)(v
TWi)

2
]
− E

[
κi(γ0)b̈(W T

i θ)(v
TWi)

2
]∣∣ ≤ c1h0φ/2 (S.1.4)

for any v ∈ K(2τ−1
c ) with probability converging to 1 as n, p → ∞. For (S.1.3), by

Cauchy Schwarz inequality and Assumption 6, we have∣∣En[{κi(γ̃)− κi(γ0)}b̈(W T

i θ)(v
TWi)

2
]∣∣ ≤ CEn

[
|κi(γ̃)− κi(γ0)|(vTWi)

2
]
.

Since max1≤i≤n |κi(γ̃)− κi(γ0)| ≤ C{log(p)}1/2|γ̃− γ0|1 = Op{s1 log(p)n−1/2} = op(1) by

Lemma 1 and Assumption 3, we only need to show maxv∈K(2τ−1
c ) En(vTWi)

2 is bounded.

Noting that vTWi is sub-Gaussian distributed by Assumption 2, it follows E(vTWi)
2 ≤ C

for any v with |v|2 ≤ 1. Note that τ−1
c log(p0) = c−1

2 n. By Lemma 15 of Loh and

Wainwright (2012), for any positive constant t0,

P
{

max
v∈K(2τ−1

c )

∣∣En(vTWi)
2 − E(vTWi)

2
∣∣ ≥ t0

}
≤ C2 exp

{
− C3nt0 + 2τ−1

c log(p0)
}

for postive constants C2, C3, which converges to 0 at the rate exp(−c3n) for c3 > 0 by

choosing c2 large. This implies En(vTWi)
2 is bounded over K(2τ−1

c ), and

max
v∈K(2τ−1

c )
En
[
{κi(γ̃)− κi(γ0)}b̈(W T

i θ)(v
TWi)

2
]
→ 0

in probability as n, p→∞. Hence, (S.1.3) holds with overwhelming probability when n

and p are large enough.

For (S.1.4), since vTWi is sub-Gaussian distributed for |v|2 ≤ 1, and κi(γ0) and

b̈(W T
i θ) are bounded for θ ∈ Br0(θ0) under Assumptions 4 and 6, κi(γ0)b̈(W T

i θ)(v
TWi)

2

is sub-Exponential distributed for all v ∈ K(2τ−1
c ). Following the proof of Lemma 15 in

Loh and Wainwright (2012), it can be shown that

P
{

max
v∈K(2τ−1

c )

∣∣En[κi(γ0)b̈(W T

i θ)(v
TWi)

2
]
− E

[
κi(γ0)b̈(W T

i θ)(v
TWi)

2
]∣∣ ≥ t0

}
≤ C2 exp

{
− C3nt0 + 2τ−1

c log(p0)
}
.
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Following the above argument, (S.1.4) is satisfied with probability converging to 1 by

choosing c2 large enough.

Given (S.1.2) hold, we have for any θ ∈ Br0(θ0),∣∣vT{En[κi(γ̃)∇2
i (θ)]− E[κi(γ0)∇2

i (θ)]}v
∣∣ ≤ 27c1h0(|v|22 + τc|v|21) for any v ∈ Rp0 ,

which leads to

vTEn[κi(γ̃)∇2
i (θ)]v ≥ vTE[κi(γ0)∇2

i (θ)]v − 27c1h0(|v|22 + τc|v|21)

≥ h0|v|22 − 27c1h0(|v|22 + τc|v|21) = τc,1|v|22 − τc,2|v|21 log(p0)/n

by choosing c1 = 1/54, where τc,1 = h0/2 and τc,2 = h0c2/2. This proves the local

restricted strong convexity inequality (S.1.1) by letting v = θ1−θ2 for all θ1, θ2 ∈ Br0(θ0).

Applying the proof of Theorem 1 in Loh (2017) on the case of bounded |A|, this theorem

follows by choosing λ2 � {s1 log(p0)/n}1/2 and |θ0|1 ≤ R ≤ cs2 for some positive constant

c. Also note that

vTEn[κi(γ̃)∇2
i (θ)]v ≤ λmax

{
E[κi(γ0)∇2

i (θ)]
}
|v|22 + h0(|v|22 + τc|v|21)/2,

where∇2
i (θ) = φ−1b̈(W T

i θ)WiW
T
i . Since λmax

[
E(WiW

T
i )
]
≤ 1/h1, λmax

{
E[κi(γ0)∇2

i (θ)]
}
≤

C4 for a positive constant C4. Letting v = θ̃− θ0, we have En
[
W T
i (θ̃− θ0)

]2
= Op(s2λ

2
2).

�

2 Proof of Theorem 2

By the mean-value theorem on κi(γ̃) and Taylor expansion of ∂
∂θ
g(Yi, Di, Xi; θ) at θ̃,

∇Ln,γ̃(θ̃) can be written as

1

n

n∑
i=1

κi(γ̃)
∂

∂θ
g(Yi, Di, Xi; θ0) +

1

n

n∑
i=1

κi(γ̃)

{
∂

∂θ
g(Yi, Di, Xi; θ̃)−

∂

∂θ
g(Yi, Di, Xi; θ0)

}
= − 1

n

n∑
i=1

κi(γ0)zθ0,i + N̂θ0,γ̄

(
γ̃ − γ0

)
+ M̂θ̃,γ̃(θ̃ − θ0) +Op{s1s2 log3/2(p0)/n}, (S.2.1)
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where γ̄ is between γ̃ and γ0. Using Ňq0 given in (4.4) as an estimator of Nθ0,γ0 for

s ∈ (0, 1], it is shown that |Ňq0−Nθ0,γ0 |∞ = op(1), and
√
n
∣∣(N̂θ0,γ̄−Ňq0)(γ̃−γ0)

∣∣
∞ = op(1).

Together with (S.2.1), this leads to

− 1√
n

n∑
i=1

κi(γ̃)zθ̃,i = − 1√
n

n∑
i=1

κi(γ0)zθ0,i + Ňq0

√
n(γ̃ − γ0) + M̂θ̃,γ̃

√
n(θ̃ − θ0) + op(1),

(S.2.2)

given s1 max{s2, log(p0)} log3/2(p0)/
√
n = o(1) and s

3/2
1 max(

√
s2, log p0) log(p0)/

√
n =

o(1). Since the maximal difference between B̂θ̃,γ̃M̂θ̃,γ̃ and Ip0 are controlled by λ4 in

(4.6), we have that

√
n(θ̃ − θ0) +

√
nB̂θ̃,γ̃En

[
κi(γ̃)zθ̃,i

]
=
√
nB̂θ̃,γ̃En

[
κi(γ0)zθ0,i

]
−
√
nB̂θ̃,γ̃Ňq0(γ̃ − γ0) + op(1). (S.2.3)

We provide the following lemma on the consistency of M̂θ̃,γ̃ and B̂θ̃,γ̃.

Lemma 2. Suppose that assumptions in Theorem 2 hold. Set λ4 ≥ ‖Bθ0,γ0‖`1‖M̂θ̃,γ̃ −

Mθ0,γ0‖∞. Then,

‖M̂θ̃,γ̃ −Mθ0,γ0‖∞ = Op

(
{s1s2 log(p0)/n}1/2

)
(S.2.4)

‖B̂θ̃,γ̃ −Bθ0,γ0‖∞ = Op

(
4s5λ4

)
and (S.2.5)∣∣B̂θ̃,γ̃,j −Bθ0,γ0,j

∣∣
1
≤ 2cqc2(p)(4s5λ4)1−q2 (S.2.6)

for each j = 1, . . . , p0, where cq = 1 + 21−q2 + 31−q2 , and B̂θ̃,γ̃,j and Bθ0,γ0,j are the jth

row of B̂θ̃,γ̃ and Bθ0,γ0 , respectively.

Proof of Lemma 2. It suffices to prove the results for the solution B̃θ̃,γ̃ = (b̃j1j2) of

(4.6). Note that the matrix optimization problem (4.6) can be decomposed to p0 vector

minimization problems. Let ej be a unit vector in Rp0 with 1 in the jth coordinate and

0 in all other coordinates. For 1 ≤ j ≤ p0, the jth row B̃θ̃,γ̃,j of B̃θ̃,γ̃ is the solution to

the following minimization program:

min
bj∈Rp0

|bj|1 subject to ‖M̂θ̃,γ̃bj − ej‖∞ ≤ λ4. (S.2.7)
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Part (i): Note that M̂θ̃,γ̃−Mθ0,γ0 = (M̂θ̃,γ̃−M̂θ0,γ̃)+(M̂θ0,γ̃−M̂θ0,γ0)+(M̂θ0,γ0−Mθ0,γ0),

where

M̂θ̃,γ̃ − M̂θ0,γ̃ = φ−1En
[
κi(γ̃){b̈(W T

i θ̃)− b̈(W T

i θ0)}WiW
T

i

]
, and

M̂θ0,γ̃ − M̂θ0,γ0 = φ−1En
[
{κi(γ̃)− κi(γ0)}b̈(W T

i θ0)WiW
T

i

]
.

We have shown |b̈(W T
i θ̃)−b̈(W T

i θ0)| ≤ C|W T
i (θ̃−θ0)| and |κi(γ̃)−κi(γ0)| ≤ C|XT

i (γ̃−γ0)|

for all i = 1, . . . , n. By Cauchy Schwarz inequality, it follows that ‖M̂θ̃,γ̃ − M̂θ0,γ̃‖∞ ≤

C
√
s2λ2 ≤ C{s1s2 log(p0)/n}1/2 and ‖M̂θ0,γ̃ − M̂θ0,γ0‖∞ ≤ C

√
s1λ1 = C{s1 log(p)/n}1/2

for a positive constant C with probability converging to 1 as n, p → ∞. By large

deviation results, we also have ‖M̂θ0,γ0 − Mθ0,γ0‖∞ ≤ C{log(p0)/n}1/2. Those results

imply that ‖M̂θ̃,γ̃ −Mθ0,γ0‖∞ = Op

(
{s1s2 log(p0)/n}1/2

)
.

Part (ii): We provide the upper bound of ‖B̃θ̃,γ̃ − Bθ0,γ0‖∞. By Assumption 8,∥∥Bθ0,γ0

∥∥
`1
≤ s5. Note that

‖B̃θ̃,γ̃ −Bθ0,γ0‖∞ ≤ ‖(B̃θ̃,γ̃ −Bθ0,γ0)Mθ0,γ0‖∞‖Bθ0,γ0‖`1

≤ s5‖(B̃θ̃,γ̃ −Bθ0,γ0)Mθ0,γ0‖∞, (S.2.8)

and ‖(B̃θ̃,γ̃ −Bθ0,γ0)Mθ0,γ0‖∞ is bounded by∥∥(B̃θ̃,γ̃ −Bθ0,γ0

)(
M̂θ̃,γ̃ −Mθ0,γ0

)∥∥
∞ +

∥∥(B̃θ̃,γ̃ −Bθ0,γ0

)
M̂θ̃,γ̃

∥∥
∞

≤ ‖M̂θ̃,γ̃ −Mθ0,γ0‖∞‖B̃θ̃,γ̃ −Bθ0,γ0‖`1 + ‖B̃θ̃,γ̃M̂θ̃,γ̃ − I‖∞ + ‖I −Bθ0,γ0M̂θ̃,γ̃‖∞

≤ 2‖Bθ0,γ0‖`1‖M̂θ̃,γ̃ −Mθ0,γ0‖∞ + ‖B̃θ̃,γ̃M̂θ̃,γ̃ − I‖∞ + ‖I −Bθ0,γ0M̂θ̃,γ̃‖∞,

where the last inequality follows from the fact that Bθ0,γ0 is a feasible point for Program

(S.2.7) so we have ‖B̃θ̃,γ̃‖`1 ≤ ‖Bθ0,γ0‖`1 . Set λ4 ≥ ‖Bθ0,γ0‖`1‖M̂θ̃,γ̃ −Mθ0,γ0‖∞, we have

‖(B̃θ̃,γ̃ −Bθ0,γ0)Mθ0,γ0‖∞ ≤ 2‖Bθ0,γ0‖`1‖M̂θ̃,γ̃ −Mθ0,γ0‖∞ + 2λ4 ≤ 4λ4. (S.2.9)

Thus, (S.2.8) and (S.2.9) imply that

‖B̃θ̃,γ̃ −Bθ0,γ0‖∞ ≤ 4s5λ4. (S.2.10)
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Part (iii): We next provide the upper bound of
∣∣B̃θ̃,γ̃,j − Bθ0,γ0,j

∣∣
1
. Let tn = ‖B̃θ̃,γ̃ −

Bθ0,γ0‖∞. Note that
p0∑
j2=1

∣∣B̃θ̃,γ̃,j1j2
I
{∣∣B̃θ̃,γ̃,j1j2

∣∣ ≥ 2tn
}
−Bθ0,γ0,j1j2

∣∣ ≤ tn

p0∑
j2=1

I
{∣∣B̃θ̃,γ̃,j1j2

∣∣ ≥ 2tn
}

+

p0∑
j2=1

∣∣Bθ0,γ0,j1j2

∣∣∣∣I{|B̃θ̃,γ̃,j1j2
| ≥ 2tn} − I{|Bθ0,γ0,j1j2| ≥ 2tn}

∣∣+ (2tn)1−q2c2(p)

≤ (2tn)1−q2c2(p) + (tn)1−q2c2(p) + (3tn)1−q2c2(p)

≤
(
1 + 21−q2 + 31−q2

)
t1−q2n c2(p) (S.2.11)

by a similar argument in the proof of Theorem 6 in Cai et al. (2011). By the definition

of B̃θ̃,γ̃, we have
∣∣B̃θ̃,γ̃,j

∣∣
1
≤
∣∣Bθ0,γ0,j

∣∣
1

for all j = 1, . . . , p0. Notice that
∣∣B̃θ̃,γ̃,j1

∣∣
1

=∑p0
j2=1

∣∣B̃θ̃,γ̃,j1j2

∣∣ equals to

p0∑
j2=1

(∣∣Bθ0,γ0,j1j2 + B̃θ̃,γ̃,j1j2
I
{∣∣B̃θ̃,γ̃,j1j2

∣∣ ≥ 2tn
}
−Bθ0,γ0,j1j2

∣∣
+
∣∣B̃θ̃,γ̃,j1j2

− B̃θ̃,γ̃,j1j2
I
{∣∣B̃θ̃,γ̃,j1j2

∣∣ ≥ 2tn
}∣∣)

≥
∣∣Bθ0,γ0,j1

∣∣
1
−

p0∑
j2=1

∣∣B̃θ̃,γ̃,j1j2
I
{∣∣B̃θ̃,γ̃,j1j2

∣∣ ≥ 2tn
}
−Bθ0,γ0,j1j2

∣∣
+

p0∑
j2=1

∣∣B̃θ̃,γ̃,j1j2
− B̃θ̃,γ̃,j1j2

I
{∣∣B̃θ̃,γ̃,j1j2

∣∣ ≥ 2tn
}∣∣,

which implies that
p0∑
j2=1

∣∣B̃θ̃,γ̃,j1j2
−B̃θ̃,γ̃,j1j2

I
{∣∣B̃θ̃,γ̃,j1j2

∣∣ ≥ 2tn
}∣∣ ≤ p0∑

j2=1

∣∣B̃θ̃,γ̃,j1j2
I
{∣∣B̃θ̃,γ̃,j1j2

∣∣ ≥ 2tn
}
−Bθ0,γ0,j1j2

∣∣,
and hence,∣∣B̃θ̃,γ̃,j1

−Bθ0,γ0,j1

∣∣
1
≤ 2

p0∑
j2=1

∣∣B̃θ̃,γ̃,j1j2
I
{∣∣B̃θ̃,γ̃,j1j2

∣∣ ≥ 2tn
}
−Bθ0,γ0,j1j2

∣∣. (S.2.12)

Because of (S.2.10), (S.2.11) and (S.2.12), we have

|B̃θ̃,γ̃,j1
−Bθ0,γ0,j1|1 ≤ 2c2(p)

(
1 + 21−q2 + 31−q2

)
‖B̃θ̃,γ̃ −Bθ0,γ0‖1−q2

∞

≤ 2c2(p)
(
1 + 21−q2 + 31−q2

)
(4s5λ4)1−q2
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for all j1 = 1, . . . , p0. �

We now verify (S.2.1)–(S.2.3) that serve as the foundation to prove Theorem 2.

Proof of (S.2.1). Notice that ∂
∂θ
g(Yi, Di, Xi; θ) = −∇ log f(Yi|Xi, Di; θ), and

∇2
i (θ) = −∇2 log f(Yi|Xi, Di; θ) = φ−1b̈(W T

i θ)WiW
T

i

is the second derivative of g(Yi, Di, Xi; θ) with respect to θ. We can express Mθ,γ

and M̂θ,γ in (4.7) as Mθ,γ = E
{
κi(γ)∇2

i (θ)
}

= φ−1E
{
κi(γ)b̈(W T

i θ)WiW
T
i

}
and M̂θ,γ =

En
{
κi(γ)∇2

i (θ)
}

, respective.

For any γ, by the first order Taylor expansion of −En
[
κi(γ)∇ log f(Yi|Xi, Di; θ)

]
at

θ̃, we have

−En
[
κi(γ)∇ log f(Yi|Xi, Di; θ)

]
+En

[
κi(γ)∇ log f(Yi|Xi, Di; θ̃)

]
= En

[
κi(γ)∇2

i (θ̄)
]
(θ−θ̃),

where θ̄ is between θ and θ̃. Therefore,

1

n

n∑
i=1

κi(γ̃)

{
∂

∂θ
g(Yi, Di, Xi; θ̃)−

∂

∂θ
g(Yi, Di, Xi; θ0)

}
= En

[
κi(γ̃)∇2

i (θ̄)
]
(θ̃ − θ0) = M̂θ̃,γ̃(θ̃ − θ0) + (M̂θ̄,γ̃ − M̂θ̃,γ̃)(θ̃ − θ0),

where θ̄ is between θ0 and θ̃. Let Rem1 = (M̂θ̄,γ̃ − M̂θ̃,γ̃)(θ̃ − θ0). We have

M̂θ̄,γ̃ − M̂θ̃,γ̃ = En
[
κi(γ̃){∇2

i (θ̄)−∇2
i (θ̃)}

]
= φ−1En

[
κi(γ̃){b̈(W T

i θ̄)− b̈(W T

i θ̃)}WiW
T

i

]
.

Since |b̈(W T
i θ̄)− b̈(W T

i θ̃)| ≤ C|W T
i (θ̄− θ̃)| ≤ C|W T

i (θ̃−θ0)| by the Lipschitz continuity of

b̈(·). It follows |Rem1|∞ ≤ C{log(p0)}1/2En
[
W T
i (θ̃− θ0)

]2 ≤ C{log(p0)}1/2s2λ
2
2 by Theo-

rem 1. The expansion (S.2.1) follows by noticing that En
[
κi(γ̃)zθ0,i

]
= En

[
κi(γ0)zθ0,i

]
+

En
[
zθ0,iκ̇0(Λ(XT

i γ̄))Λ̇(XT
i γ̄)XT

i

]
(γ̃ − γ0), where γ̄ is between γ̃ and γ0. �

Proof of (S.2.2). From (S.2.1), up to an additive small order termOp{s1s2 log3/2(p0)/
√
n},

we have

− 1√
n

n∑
i=1

κi(γ̃)zθ̃,i = − 1√
n

n∑
i=1

κi(γ0)zθ0,i + N̂θ0,γ̄

√
n(γ̃ − γ0) + M̂θ̃,γ̃

√
n(θ̃ − θ0),
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where N̂θ0,γ̄ = −En
[
zθ0,iκ̇0(Λ(XT

i γ̄))Λ̇(XT
i γ̄)XT

i

]
, and γ̄ is between γ̃ and γ0. To show

(S.2.2), it suffices to prove
√
n
∣∣(N̂θ0,γ̄ − N̂θ̃,γ̃)(γ̃ − γ0)

∣∣
∞ = op(1).

Note that N̂θ0,γ̄ − N̂θ̃,γ̃ = (N̂θ0,γ̄ − N̂θ0,γ̃) + (N̂θ0,γ̃ − N̂θ̃,γ̃), where

N̂θ0,γ̄ − N̂θ0,γ̃ = En
[
zθ0,iκ̇0(Λ(XT

i γ̃))Λ̇(XT

i γ̃)XT

i

]
− En

[
zθ0,iκ̇0(Λ(XT

i γ̄))Λ̇(XT

i γ̄)XT

i

]
and

N̂θ0,γ̃ − N̂θ̃,γ̃ = En
[
zθ̃,iκ̇0(Λ(XT

i γ̃))Λ̇(XT

i γ̃)XT

i

]
− En

[
zθ0,iκ̇0(Λ(XT

i γ̃))Λ̇(XT

i γ̃)XT

i

]
= En

[
(zθ̃,i − zθ0,i)κ̇0(Λ(XT

i γ̃))Λ̇(XT

i γ̃)XT

i

]
.

By the Lipschitz continuity of κ̇0(·) and Λ̇(·), we have

|κ̇0(Λ(XT

i γ̃))Λ̇(XT

i γ̃)− κ̇0(Λ(XT

i γ̄))Λ̇(XT

i γ̄)| ≤ C|XT

i (γ̃ − γ0)|

for all i = 1, . . . , n. Based on this inequality, |(N̂θ0,γ̄ − N̂θ0,γ̃)(γ̃ − γ0)|∞ is bounded by∣∣En[zθ0,i{κ̇0(Λ(XT

i γ̃))Λ̇(XT

i γ̃)− κ̇0(Λ(XT

i γ̄))Λ̇(XT

i γ̄)
}
XT

i (γ̃ − γ0)
]∣∣
∞

≤ CEn
[
|zθ0,i|{XT

i (γ̃ − γ0)}2
]
≤ C log3/2(p0)s1λ

2
1

with probability converging to 1. Since zθ̃,i−zθ0,i = φ−1
{
ḃ(W T

i θ0)−ḃ(W T
i θ̃)
}
Wi, similarly,

|(N̂θ0,γ̃ − N̂θ̃,γ̃)(γ̃ − γ0)|∞ is bounded by∣∣En[(zθ̃,i − zθ0,i)κ̇0(Λ(XT

i γ̃))Λ̇(XT

i γ̃)XT

i (γ̃ − γ0)
]∣∣
∞

≤ C
∣∣En[|Wi||W T

i (θ̃ − θ0)||XT

i (γ̃ − γ0)|
]∣∣
∞

≤ C{log(p0)}1/2E1/2
n

[
W T

i (θ̃ − θ0)
]2E1/2

n

[
XT

i (γ̃ − γ0)
]2 ≤ C{s1s2 log(p0)}1/2λ1λ2

with probability converging to 1. Therefore, we can write

− 1√
n

n∑
i=1

κi(γ̃)zθ̃,i = − 1√
n

n∑
i=1

κi(γ0)zθ0,i + N̂θ̃,γ̃

√
n(γ̃ − γ0) + M̂θ̃,γ̃

√
n(θ̃ − θ0) + Rem2,

where Rem2 =
√
nRem1 +

√
n(N̂θ0,γ̄ − N̂θ̃,γ̃)(γ̃− γ0), and Rem1 = (M̂θ̄,γ̃ − M̂θ̃,γ̃)(θ̃− θ0).

Through the above derivation, we have

|Rem2|∞ = Op{s1s2 log3/2(p0)/
√
n}+Op{s1 max(

√
s2, log p0) log3/2(p0)/

√
n}.
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we can further express (S.2.1) as

− 1√
n

n∑
i=1

κi(γ̃)zθ̃,i (S.2.13)

= − 1√
n

n∑
i=1

κi(γ0)zθ0,i + Ňq0

√
n(γ̃ − γ0) + M̂θ̃,γ̃

√
n(θ̃ − θ0) + Rem3,

where Rem3 = Rem2 +
√
n(N̂θ̃,γ̃ − Ňq0)(γ̃ − γ0), and |

√
n(N̂θ̃,γ̃ − Ňq0)(γ̃ − γ0)|∞ ≤

√
nq0s1λ3λ1 � s

3/2
1 max(

√
s2, log p0) log(p0)/

√
n. Combining with the bound on |Rem2|∞,

we have |Rem3|∞ ≤ Cs1
√
s2 max(

√
s1,
√
s2 log p0) log(p0)/

√
n if s2 ≥ C log2(p).

Notice that N̂θ̃,γ̃ −Nθ0,γ0 = (N̂θ̃,γ̃ − N̂θ0,γ̃) + (N̂θ0,γ̃ − N̂θ0,γ0) + (N̂θ0,γ0 −Nθ0,γ0), where

|N̂θ̃,γ̃ − N̂θ0,γ̃|∞ ≤ C
√
s2λ2, |N̂θ0,γ̃ − N̂θ0,γ0|∞ ≤ C log(p0)

√
s1λ1 and |N̂θ0,γ0 −Nθ0,γ0|∞ ≤

C{log(p0)/n}1/2 with probability converging to 1 as n, p → ∞. Those results imply

that |N̂θ̃,γ̃ − Nθ0,γ0|∞ = Op(λ3) for λ3 =
√
s1 max(

√
s2, log p0){log(p0)/n}1/2. Similar

as Ňq0,j1j2 = N̂θ̃,γ̃,j1j2
I
{
|N̂θ̃,γ̃,j1j2

| > q0λ3

}
, let Ñq0,j1j2 = Nθ0,γ0,j1j2I

{
|Nθ0,γ0,j1j2| > q0λ3

}
based on the true influence matrix Nθ0,γ0 . Let Ñq0 = (Ñq0,j1j2). For the matrix `∞ norm,

under Assumption 7, we have

‖Ňq0 −Nθ0,γ0‖`∞ ≤ ‖Ňq0 − Ñq0‖`∞ + ‖Ñq0 −Nθ0,γ0‖`∞ ≤ Cλ1−q1
3 c1(p)

+ max
j1

p∑
j2=1

|N̂θ̃,γ̃,j1j2
|I
{
|N̂θ̃,γ̃,j1j2

| > q0λ3, |Nθ0,γ0,j1j2| ≤ q0λ3

}
+ max

j1

p∑
j2=1

|Nθ0,γ0,j1j2|I
{
|N̂θ̃,γ̃,j1j2

| ≤ q0λ3, |Nθ0,γ0,j1j2| > q0λ3

}
+ max

j1

p∑
j2=1

|N̂θ̃,γ̃,j1j2
−Nθ0,γ0,j1j2|I

{
|N̂θ̃,γ̃,j1j2

| > q0λ3, |Nθ0,γ0,j1j2| > q0λ3

}
,

where the last term in the above inequality is bounded by Cλ1−q1
3 c1(p). For the second

last term, it is bounded by

max
j1

p∑
j2=1

|Nθ0,γ0,j1j2 − N̂θ̃,γ̃,j1j2
|I
{
|N̂θ̃,γ̃,j1j2

| ≤ q0λ3, |Nθ0,γ0,j1j2| > q0λ3

}
+ q0λ3 max

j1

p∑
j2=1

I
{
|Nθ0,γ0,j1j2 | > q0λ3

}
≤ Cλ1−q1

3 c1(p).

12



Since |N̂θ̃,γ̃ −Nθ0,γ0 |∞ ≤ Cλ3 with probability 1− p−c0 for a constant c0 > 0, for a large

q0 > 0 and a small c1 > 0, we have

max
j1

p∑
j2=1

|N̂θ̃,γ̃,j1j2
|I
{
|N̂θ̃,γ̃,j1j2

| > q0λ3, |Nθ0,γ0,j1j2| ≤ q0λ3

}
≤ max

j1

p∑
j2=1

|N̂θ̃,γ̃,j1j2
−Nθ0,γ0,j1j2|I

{
|N̂θ̃,γ̃,j1j2

| > q0λ3, |Nθ0,γ0,j1j2| > c1q0λ3

}
+ Cλ1−q1

3 c1(p),

which is bounded by Cλ1−q1
3 c1(p). It follows that ‖Ňq0 − Nθ0,γ0‖`∞ = Op{λ1−q1

3 c1(p)},

and ‖Ňq0‖`∞ ≤ s4 given λ1−q1
3 c1(p)→ 0 as n, p→∞. �

Proof of (S.2.3). Multiplying B̂θ̃,γ̃ on both sides of (S.2.13), we have

−
√
nB̂θ̃,γ̃En

[
κi(γ̃)zθ̃,i

]
= −

√
nB̂θ̃,γ̃En

[
κi(γ0)zθ0,i

]
+ B̂θ̃,γ̃Ňq0

√
n(γ̃ − γ0) + B̂θ̃,γ̃M̂θ̃,γ̃

√
n(θ̃ − θ0) + B̂θ̃,γ̃Rem3,

where B̂θ̃,γ̃M̂θ̃,γ̃

√
n(θ̃ − θ0) =

√
n(θ̃ − θ0) + (B̂θ̃,γ̃M̂θ̃,γ̃ − Ip0)

√
n(θ̃ − θ0). From (4.6),∣∣(B̂θ̃,γ̃M̂θ̃,γ̃ − Ip0)

√
n(θ̃ − θ0)

∣∣
∞ ≤

√
n‖B̂θ̃,γ̃M̂θ̃,γ̃ − Ip0‖∞|θ̃ − θ0|1 = Op(

√
ns2λ2λ4),

which converges to 0 if s2{s1 log(p0)}1/2λ4 → 0 as n, p→∞.

From the derivation of (S.2.1) and (S.2.2), we have Rem3 = Rem2 +
√
n(N̂θ̃,γ̃ −

Ňq0)(γ̃ − γ0), and Rem2 =
√
n(M̂θ̄,γ̃ − M̂θ̃,γ̃)(θ̃ − θ0) +

√
n(N̂θ0,γ̄ − N̂θ̃,γ̃)(γ̃ − γ0), where

(M̂θ̄,γ̃ − M̂θ̃,γ̃)(θ̃ − θ0) = φ−1En
[
Wiκi(γ̃){b̈(W T

i θ̄)− b̈(W T

i θ̃)}W T

i (θ̃ − θ0)
]

and

(N̂θ0,γ̄ − N̂θ̃,γ̃)(γ̃ − γ0) = En
[
zθ0,i{κ̇0(Λ(XT

i γ̃))Λ̇(XT

i γ̃)− κ̇0(Λ(XT

i γ̄))Λ̇(XT

i γ̄)}XT

i (γ̃ − γ0)
]

+ En
[
(zθ̃,i − zθ0,i)κ̇0(Λ(XT

i γ̃))Λ̇(XT

i γ̃)XT

i (γ̃ − γ0)
]
.

Recall that B̂θ̃,γ̃,j is the jth row of B̂θ̃,γ̃. Given |B̂θ̃,γ̃,j −Bθ0,γ0,j|2 ≤ |B̂θ̃,γ̃,j −Bθ0,γ0,j|1 =

o(1) for any j = 1, . . . , p0 from Lemma 2, and max1≤j≤p0 |Bθ0,γ0,j|2 ≤ C, we have

max1≤j≤p0 |B̂θ̃,γ̃,j|2 ≤ C, and B̂T

θ̃,γ̃,j
Wi is sub-Gaussian distributed for any j = 1, . . . , p0.

Similar to the proofs of (S.2.1) and (S.2.2), it can be shown that

|B̂θ̃,γ̃Rem2|∞ ≤ Cs1 max{s2, log(p0)} log3/2(p0)/
√
n
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with probability converging to 1. Also notice that

∣∣√nB̂θ̃,γ̃(N̂θ̃,γ̃ − Ňq0)(γ̃ − γ0)
∣∣
∞ ≤ s

3/2
1 s5 max(

√
s2, log p0) log(p0)/

√
n.

Therefore, it follows that

√
n(θ̃ − θ0) +

√
nB̂θ̃,γ̃En

[
κi(γ̃)zθ̃,i

]
=
√
nB̂θ̃,γ̃En

[
κi(γ0)zθ0,i

]
−
√
nB̂θ̃,γ̃Ňq0(γ̃ − γ0) + op(1)

given λ4 � ‖Bθ0,γ0‖`1‖M̂θ̃,γ̃ −Mθ0,γ0‖∞ � s5{s1s2 log(p0)/n}1/2 and s
7/2
0 log5/2(p0)/

√
n =

o(1), where s0 = max1≤k≤5{sk}. �

Proof of (4.9). From (S.2.3) and (S.5.13), we have

√
nB̂θ̃,γ̃Ňq0(γ̃ − γ0) =

√
nB̂θ̃,γ̃Ňq0(γ̃ − γ̂) +

√
nB̂θ̃,γ̃Ňq0(γ̂ − γ0)

=
√
nB̂θ̃,γ̃Ňq0(γ̃ − γ̂) +

√
nB̂θ̃,γ̃Ňq0

{
Ξγ0En

[
ρ̇γ0(Xi, Zi)

]
+ Rema

}
,

where Rema = Ξ̂γ̃R1 +R2 +R3, R1 = En
[
{Λ̇(XT

i γ̃)− Λ̇(ãi)}XiX
T
i

]
(γ̃− γ0) from (S.5.3),

R2 = (I − Ξ̂γ̃X
TG2

γ̃X/n)(γ̃ − γ0) from (S.5.5) and R3 = (Ξ̂γ̃ − Ξγ0)En
[
ρ̇γ0(Xi, Zi)

]
from

(S.5.13) in the proof of Lemma 1. We have shown that with probability converging to 1,

|Ξ̂γ̃R1|∞ ≤ Cs1 log3/2(p)/n, |R2|∞ ≤ Cs1 log3/2(p)/n, and |R3|∞ ≤ C(s3+s1) log3/2(p)/n

in Lemma 1. It follows that |
√
nB̂θ̃,γ̃Ňq0Rema|∞ ≤

√
n‖B̂θ̃,γ̃‖`∞‖Ňq0‖`∞ |Rema|∞ ≤

C(s1 + s3)s4s5 log3/2(p)/
√
n, which leads to (4.9). �

Proof of Theorem 2. From (4.9), we have

√
n(θ̂ − θ0) =

√
nB̂θ̃,γ̃En

[
κi(γ0)zθ0,i

]
−
√
nB̂θ̃,γ̃Ňq0Ξγ0En

[
ρ̇γ0(Xi, Zi)

]
+ op(1).

Note that E
[
κi(γ0)zθ0,i

]
= ED1>D0(zθ0,i) = 0. From the proof of Theorem 1, it has been

shown that
∣∣En[κi(γ0)zθ0,i

]∣∣
∞ = |∇Ln,γ0(θ0)|∞ ≤ C{log(p0)/n}1/2 for a positive constant

C with probability converging to 1 as n, p→∞. By large deviation results, we also have

14



∣∣En[Ξγ0 ρ̇γ0(Xi, Zi)
]∣∣
∞ ≤ C{log(p)/n}1/2 with probability converging to 1 as n, p → ∞.

It follows that∣∣√n(B̂θ̃,γ̃ −Bθ0,γ0)En
[
κi(γ0)zθ0,i

]∣∣
∞ ≤ ‖B̂θ̃,γ̃ −Bθ0,γ0‖`∞

∣∣√nEn[κi(γ0)zθ0,i
]∣∣
∞

≤ C{log(p0)}1/2‖B̂θ̃,γ̃ −Bθ0,γ0‖`∞ ,

≤ C{log(p0)}1/2c2(p)(s5λ4)1−q2

for λ4 � s5{s1s2 log(p0)/n}1/2 by Lemma 2, which converges to 0 given

{log(p0)}1/2c2(p){s6
0 log(p0)/n}(1−q2)/2 → 0

as n, p→∞. Also notice that
√
n
∣∣Ξγ0En

[
ρ̇γ0(Xi, Zi)

]∣∣
∞ ≤ C{log(p)}1/2, and

‖B̂θ̃,γ̃Ňq0 −Bθ0,γ0Nθ0,γ0‖`∞ ≤ ‖B̂θ̃,γ̃‖`∞‖Ňq0 −Nθ0,γ0‖`∞ + ‖B̂θ̃,γ̃ −Bθ0,γ0‖`∞‖Nθ0,γ0‖`∞

≤ s5λ
1−q1
3 c1(p) + s4‖B̂θ̃,γ̃ −Bθ0,γ0‖`∞ .

≤ s5λ
1−q1
3 c1(p) + s4c2(p){s6

0 log(p0)/n}(1−q2)/2.

This implies∣∣√n(B̂θ̃,γ̃Ňq0 −Bθ0,γ0Nθ0,γ0)Ξγ0En
[
ρ̇γ0(Xi, Zi)

]∣∣
∞

≤ C{log(p)}1/2
[
s5λ

1−q1
3 c1(p) + s4c2(p){s6

0 log(p0)/n}(1−q2)/2
]
,

which converges to 0 as n, p→∞. The conclusion of Theorem 2 follows. �

3 Proof of Theorem 3.

From (5.5) in Theorem 2, V = Bθ0,γ0V0B
T
θ0,γ0

is the variance of the leading order term in

the expansion (5.5), where V0 is given in (4.11). We first derive the difference between

V and V̂ . Let

V̂0 =
1

n

n∑
i=1

{
κi(γ̃)zθ̃,i − Ňq0Ξ̂γ̃ ρ̇γ̃(Xi, Zi)

}{
κi(γ̃)zθ̃,i − Ňq0Ξ̂γ̃ ρ̇γ̃(Xi, Zi)

}T
,
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such that the estimated variance V̂ in (4.12) can be written as V̂ = B̂θ̃,γ̃V̂0B̂
T

θ̃,γ̃
. From

(4.11), we have V0 = V0,1 + V0,2 − V0,3 − V T
0,3 where V0,1 = E{κ2

i (γ0)zθ0,iz
T
θ0,i
}, V0,2 =

Nθ0,γ0Ξγ0E{ρ̇γ0(Xi, Zi)ρ̇
T
γ0

(Xi, Zi)}Ξγ0N
T
θ0,γ0

and V0,3 = E{κi(γ0)zθ0,iρ̇
T
γ0

(Xi, Zi)}Ξγ0N
T
θ0,γ0

.

Correspondingly, we decompose V̂0 = V̂0,1 + V̂0,2 − V̂0,3 − V̂ T
0,3.

Note that V̂0,1 − V0,1 = En
[
{κ2

i (γ̃)− κ2
i (γ0)}zθ̃,izT

θ̃,i

]
+ En

[
κ2
i (γ0)(zθ̃,iz

T

θ̃,i
− zθ0,izT

θ0,i
)
]

+{
En
[
κ2
i (γ0)zθ0,iz

T
θ0,i

]
−E
[
κ2
i (γ0)zθ0,iz

T
θ0,i

]}
, where by the Lipschitz continuity of κ0(·, Di, Zi)

and ḃ(·), the first term and the second term on the right side of this equality are at the

orders log2(p)
√
s1λ1 and log(p)

√
s2λ2, respectively. By large deviation results, the third

term is bounded by C{log(p)/n}1/2. It follows that V̂0,1−V0,1 = Op

{√
s1s2 log5/2(p)/

√
n
}

.

For V̂0,2−V0,2, it can be decomposed as Ňq0

{
Ξ̂γ̃En

[
ρ̇γ̃(Xi, Zi)ρ̇

T
γ̃(Xi, Zi)

]
Ξ̂T
γ̃−Ξγ0

}
ŇT
q0

+

(Ňq0Ξγ0Ň
T
q0
−Nθ0,γ0Ξγ0N

T
θ0,γ0

). From the proof of Lemma 1, ‖Îγ̃−Iγ0‖∞ = Op({s1 log(p)/n}1/2),

where Îγ̃ = En
[
ρ̇γ̃(Xi, Zi)ρ̇

T
γ̃(Xi, Zi)

]
. It implies ‖Ξ̂γ̃Îγ̃Ξ̂T

γ̃−Ξγ0‖∞ ≤ ‖Ξ̂γ̃(Îγ̃−Iγ0)Ξ̂T
γ̃‖∞+

‖(Ξ̂γ̃−Ξγ0)Iγ0Ξ̂T
γ̃‖∞+‖Ξ̂γ̃Iγ0(Ξ̂γ̃−Ξγ0)

T‖∞ ≤ ‖Ξγ0‖2
`1
‖Îγ̃−Iγ0‖∞ = Op(s

2
3{s1 log(p)/n}1/2+

(s1 + s3) log(p)/
√
n). Given ‖Ňq0 −Nθ0,γ0‖`∞ → 0, we have

‖V̂0,2 − V0,2‖∞ ≤ ‖Nθ0,γ0‖2
`∞‖Ξ̂γ̃Îγ̃Ξ̂T

γ̃ − Ξγ0‖∞ + C‖Nθ0,γ0‖`∞‖Ňq0 −Nθ0,γ0‖`∞

≤ Cs2
3s

2
4{s1 log(p)/n}1/2 + C(s1 + s3)s2

4 log(p)/
√
n+ Cs4λ

1−q1
3 c1(p)

for a positive constant C, with probability converging to 1. Similarly,

V̂0,3 − V0,3 =
[
En{κi(γ̃)zθ̃,iρ̇

T

γ̃(Xi, Zi)} − E{κi(γ0)zθ0,iρ̇
T

γ0
(Xi, Zi)}

]
Ξ̂T

γ̃Ň
T

q0

+ E{κi(γ0)zθ0,iρ̇
T

γ0
(Xi, Zi)}(Ξ̂γ̃Ňq0 − Ξγ0Nθ0,γ0)

T,

which is bounded by C‖Ξγ0‖`1‖Nθ0,γ0‖`∞
√
s1s2 log3/2(p)/

√
n + C‖Ξ̂γ̃Ňq0 − Ξγ0Nθ0,γ0‖`∞

with probability converging to 1. Since ‖Ξ̂γ̃Ňq0−Ξγ0Nθ0,γ0‖`∞ ≤ ‖Ξγ0‖`1‖Ňq0−Nθ0,γ0‖`∞+

‖Ξ̂γ̃ − Ξγ0‖`1‖Nθ0,γ0‖`∞ , from the proof of Lemma 1 and (S.2.2), it turns out that

‖V̂0,3 − V0,3‖∞ ≤ C
√
s1s2s3s4 log3/2(p)/

√
n+ Cs3λ

1−q1
3 c1(p) + C(s1 + s3)s4 log(p)/

√
n.

Combining all the three parts together, we have ‖V̂0 − V0‖∞ ≤ s
9/2
0 log5/2(p)/

√
n +

s0λ
1−q1
3 c1(p). Note that V̂ −V = B̂θ̃,γ̃(V̂0−V0)B̂T

θ̃,γ̃
+(B̂θ̃,γ̃−Bθ0,γ0)V0B̂

T

θ̃,γ̃
+Bθ0,γ0V0(B̂θ̃,γ̃−
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Bθ0,γ0)
T. Since the singular values of Nθ0,γ0 are bounded, it can be shown that the

maximal eigenvalue of V0 is also bounded. Therefore, with probability converging to 1,

‖V̂ − V ‖∞ ≤ ‖Bθ0,γ0‖2
`1
‖V̂0 − V0‖∞ + λmax(V0)‖Bθ0,γ0‖`1‖B̂θ̃,γ̃ −Bθ0,γ0‖`∞ ,

which converges to 0 under the conditions of Theorem 3.

Based on the asymptotic expansion of θ̂ established in Theorem 2, since the eigenval-

ues of Bθ0,γ0 and Ξγ0 , and the singular values of Nθ0,γ0 are bounded, for all j = 1, . . . , p0,

BT
θ0,γ0,j

Wi and BT
θ0,γ0,j

Nθ0,γ0Ξγ0Xi are sub-Gaussian distributed, where Bθ0,γ0,j is the jth

row ofBθ0,γ0 . Therefore, the second moment ofBT
θ0,γ0,j

κi(γ0)zθ0,i−BT
θ0,γ0,j

Nθ0,γ0Ξγ0 ρ̇γ0(Xi, Zi)

exists, and
√
n(θ̂j−θ0,j)V

−1/2
jj → N(0, 1) in distribution as n, p→∞. The claim of The-

orem 3 follows by noticing V̂jj → Vjj in probability as n, p→∞. �

4 Proof of Theorem 4 and Corollary 1.

Following the proofs of Theorems 2 and 3, it can be similarly shown that

√
nwT

c (θ̂−θ0) =
√
nwT

cBθ0,γ0En
[
κi(γ0)zθ0,i

]
−
√
nwT

cBθ0,γ0Nθ0,γ0Ξγ0En
[
ρ̇γ0(Xi, Zi)

]
+op(1),

and wT
c (V̂−V )wc → 0 as n, p→∞. Since |wc|2 < C, wT

cBθ0,γ0Wi and wT
cBθ0,γ0Nθ0,γ0Ξγ0Xi

are sub-Gaussian distributed. This implies
√
nwT

c (θ̂− θ0)(wT
c V wc)

−1/2 → N(0, 1) in dis-

tribution as n, p→∞, and the conclusion of Theorem 4 follows.

For the target parameter h(wT
c θ0) in Corollary 1, by Taylor expansion, we have

h(wT
c θ̂) = h(wT

c θ0) + ḣ(wT
c θ0)wT

c (θ̂ − θ0) + ḧ(wT
c θ∗){wT

c (θ̂ − θ0)}2/2, where θ∗ is between

θ̂ and θ0. Since wT
c (θ̂ − θ0) = Op(n

−1/2) from Theorem 4, we have

√
n{h(wT

c θ̂)− h(wT

c θ0)} =
√
nḣ(wT

c θ0)wT

c (θ̂ − θ0) + op(1).

Notice that ḣ(wT
c θ̃) → ḣ(wT

c θ0) due to |θ̃ − θ0|1 → 0. Therefore, ḣ(wT
c θ̃)

2wT
c V̂ wc →

ḣ(wT
c θ0)2wT

c V wc in probability. It follows that
√
n{h(wT

c θ̂)−h(wT
c θ0)}{ḣ(wT

c θ̃)
2wT

c V̂ wc}−1/2

converges to the standard normal distribution as n, p→∞.
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For the second claim, similarly by Taylor expansion, we have

h(wT

1 θ̂)−h(wT

0 θ̂) = h(wT

1 θ0)−h(wT

0 θ0)+ḣ(wT

1 θ0)wT

1 (θ̂−θ0)−ḣ(wT

0 θ0)wT

0 (θ̂−θ0)+op(n
−1).

Let w̃a = ḣ(wT
1 θ0)w1 − ḣ(wT

0 θ0)w0. This implies that

√
n
[
{h(wT

1 θ̂)− h(wT

0 θ̂)} − {h(wT

1 θ0)− h(wT

0 θ0)}
]

=
√
nw̃T

a (θ̂ − θ0) + op(1).

Since w̃T
aV w̃a = ḣ(wT

1 θ0)2wT
1V w1 + ḣ(wT

0 θ0)2wT
0V w0−2ḣ(wT

1 θ0)ḣ(wT
0 θ0)wT

0V w1, it can be

similarly shown that wT
a V̂ wa is a consistent estimator of w̃T

aV w̃a for wa = ḣ(wT
1 θ̃)w1 −

ḣ(wT
0 θ̃)w0. Following a similar proof of Theorem 4, this implies the second claim. �

5 Proof of Lemma 1

This derivation mainly follows the theoretical treatment for the de-sparsifying Lasso

in van de Geer et al. (2014) under bounded covariates. For the completeness of the

presentation, we provide a detail proof for the asymptotic expansion of the de-sparsifying

Lasso estimator under Logistic regression with sub-Gaussian distributed covariates.

First, we show the theoretical properties of the Lasso estimator γ̃ in (3.1). From

Assumption 2, each component of the covariates Xi is sub-Gaussian distributed. This

leads to maxi,j |Xij| ≤ C{log(p)}1/2 for a positive constant C. From Assumption 4,

c0 ≤ Λ̇(XT
i γ0) ≤ 1−c0 for a small positive constant c0, and all i = 1, . . . , n. This implies

(1− c0)E(XiX
T
i ) � E[Λ̇(XT

i γ0)XiX
T
i ], and λmin(E(XiX

T
i )) ≥ (1− c0)−1λmin(Iγ0). Since

λmin(Iγ0) ≥ 1/C by Assumption 5, the compatibility condition for Lasso is satisfied.

Note that log(p)/
√
n = o(1) and {log(p)}1/2λ1s1 = o(1) for λ1 � {log(p)/n}1/2 by

Assumption 3. By Lemma 6.8 and Corollary 6.6 of Bühlmann and Van de Geer (2011),

we have

|γ̃ − γ0|1 ≤ Cs1λ1 and E
{
En[ργ0(Xi, Zi)]− En[ργ̃(Xi, Zi)]|X

}
≤ Cs1λ

2
1 (S.5.1)
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with probability 1−exp(−c0) for any arbitrarily large constant c0 and λ1 � {log(p)/n}1/2.

Recall that ρ(z, a) = z log(Λ(a)) + (1− z) log(1−Λ(a)) = za− log(1 + exp(a)). Since

−ρ̈(z, a) = Λ̇(a) > c1 > 0 for any |a| ≤ max1≤i≤n{XT
i γ0} by Assumption 4, −ρ(z, a) is

strictly convex in a. Notice that ρ̇(z, a) = z − Λ(a). we have

−ρ(z, a1) + ρ(z, a) ≥ −(z − Λ(a))(a1 − a) + c1(a1 − a)2/2

for |a1|, |a| ≤ max1≤i≤n{XT
i γ0}. For any γ in a neighborhood of γ0, from the above

inequality, it follows that

ργ0(Xi, Zi)− ργ(Xi, Zi) ≥ −(Zi − Λ(XT

i γ0))XT

i (γ − γ0) + c1(XT

i (γ − γ0))2/2. (S.5.2)

Taking the expectation with respect to Zi given X leads to

E
{
ργ0(Xi, Zi)− ργ(Xi, Zi)|X

}
≥ c1(XT

i (γ − γ0))2/2.

Summing the above inequality over i = 1, . . . , n, we have En[XT
i (γ̃ − γ0)]2 ≤ Cs1λ

2
1.

Let Σx = E(XiX
T
i ) and Σ̂x = En(XiX

T
i ). Since Xij is sub-Gaussian distributed by

Assumption 2 for j = 1, . . . , p, by large deviation results, ‖Σx − Σ̂x‖∞ ≤ C{log(p)/n}2

for a positive constant C with probability converging to 1 as n, p→∞. It follows that

(γ̃ − γ0)T(Σx − Σ̂x)(γ̃ − γ0) ≤ ‖Σx − Σ̂x‖∞|γ̃ − γ0|21 ≤ Cs2
1λ

3
1 = o(s1λ

2
1)

by Assumption 3. It turns out (γ̃−γ0)TΣx(γ̃−γ0) ≤ Cs1λ
2
1. Since λmin(Σx) > 1/C > 0,

we have |γ̃ − γ0|2 ≤ C
√
s1λ1.

Next, for the de-sparsified Lasso estimator γ̂ in (4.3), consider the derivative of the

function ργ(Xi, Zi) in (3.2). For any γ, by Taylor expansion of ρ̇γ̃(Xi, Zi) at γ0, we have

ρ̇γ̃(Xi, Zi) =
(
Zi − Λ(XT

i γ0)
)
Xi − Λ̇(ãi)X

T

i (γ̃ − γ0)Xi,

where ãi is between XT
i γ̃ and XT

i γ0. Since |Λ̇(ãi)X
T
i (γ̃ − γ0) − Λ̇(XT

i γ̃)XT
i (γ̃ − γ0)| ≤

C{XT
i (γ̃ − γ0)}2 for a positive constant C independent of i by the Lipschitz continuity

of Λ̇(a), it follows that

En
[
ρ̇γ̃(Xi, Zi)

]
= En

[
ρ̇γ0(Xi, Zi)

]
+ En

[
ρ̈γ̃(Xi, Zi)

]
(γ̃ − γ0) +R1, (S.5.3)
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where the reminder term R1 = En
[
{Λ̇(XT

i γ̃)− Λ̇(ãi)}XiX
T
i

]
(γ̃ − γ0).

Note that En
[
ρ̈γ̃(Xi, Zi)

]
= −XTG2

γ̃X/n. Let φ̂γ̃,j,−j be the p − 1 dimensional sub-

vector of φ̂γ̃,j without the jth coordinate, where we set φ̂γ̃,j,j = −1. For the nodewise

regression (4.1) and (4.2), by the Karush–Kuhn–Tucker (KKT) conditions, for all j =

1, . . . , p, we have

φ̂T

γ̃,j,−jX T

−jG
2
γ̃Xφ̂γ̃,j/n+ λ1,j|φ̂γ̃,j,−j|1 = 0 and | − X T

−jG
2
γ̃Xφ̂γ̃,j/n|∞ ≤ λ1,j. (S.5.4)

From the equation in (S.5.4), it follows τ̂ 2
γ̃,j = −X T

j G
2
γ̃Xφ̂γ̃,j/n, and X T

j G
2
γ̃XΞ̂T

γ̃,j/n = 1,

where Ξ̂γ̃,j = −φ̂γ̃,j/τ̂ 2
γ̃,j is the jth row of Ξ̂γ̃. From the second inequality in (S.5.4), we

have |X T
−jG

2
γ̃XΞ̂T

γ̃,j/n|∞ ≤ λ1,j/τ̂
2
γ̃,j. Recall that ej is the p dimensional vector with the

jth coordinate being 1 and other entries being 0. The above results indicate

|Ξ̂γ̃,jX
TG2

γ̃X/n− eTj |∞ ≤ λ1,j/τ̂
2
γ̃,j

for all j = 1, . . . , p. Let λ1,∗ = max1≤j≤p{λ1,j/τ̂
2
γ̃,j}. From (S.5.3), we have

γ̃ − γ0 + Ξ̂γ̃En
[
ρ̇γ̃(Xi, Zi)

]
= Ξ̂γ̃En

[
ρ̇γ0(Xi, Zi)

]
+ Ξ̂γ̃R1 +R2, (S.5.5)

where R2 = (I − Ξ̂γ̃X
TG2

γ̃X/n)(γ̃ − γ0), and |R2|∞ ≤ λ1,∗|γ̃ − γ0|1 ≤ Cs1λ1λ1,∗.

Let φγ0,j = arg minφj,j=−1 E(gi,γ0Xiφj)
2, and εγ0,j = −Gγ0Xφγ0,j = Gγ0Xj−Gγ0X−jφγ0,j,−j

for εγ0,j = (εγ0,1,j, . . . , εγ0,n,j)
T be the error from projecting Xj on the space of X−j by

the FI matrix Iγ0 . Let τ 2
γ0,j

= E(εγ0,i,j)
2. It can be shown that Ξγ0,j = −φγ0,j/τ 2

γ0,j
,

τ 2
γ0,j

= 1/Ξγ0,j,j, and E(gi,γ0Xi,j1εγ0,i,j) = 0 for all j1 6= j and all i = 1, . . . , n. Consider

the regression

Gγ̃G
−1
γ0
εγ0,j = −Gγ̃Xφγ0,j. (S.5.6)

Let In be the n× n identity matrix. From the definition of the Lasso estimator φ̂γ̃,j in
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(4.1), we have

|Gγ̃Xφ̂γ̃,j|22/n− |Gγ̃Xφγ0,j|22/n+ 2λ1,j|φ̂γ̃,j|1 ≤ 2λ1,j|φγ0,j|1

⇐⇒ 1

n

n∑
i=1

{
(gi,γ̃Xij − gi,γ̃XT

i,−jφ̂γ̃,j,−j)
2 − (gi,γ̃Xij − gi,γ̃XT

i,−jφγ0,j,−j)
2
}

+2λ1,j|φ̂γ̃,j|1 ≤ 2λ1,j|φγ0,j|1

⇐⇒ En
[
gi,γ̃X

T

i,−j(φ̂γ̃,j,−j − φγ0,j,−j)
]2 − 2En

[
g2
i,γ̃g
−1
i,γ0
εγ0,i,jX

T

i,−j(φ̂γ̃,j,−j − φγ0,j,−j)
]

+2λ1,j|φ̂γ̃,j|1 ≤ 2λ1,j|φγ0,j|1. (S.5.7)

Note that ‖Gγ̃G
−1
γ0
− In‖∞ = max1≤i≤n |gi,γ̃/gi,γ0 − 1|. Since gi,γ0 is bounded away

from 0 and ∞, it follows |g2
i,γ̃ − g2

i,γ0
| ≤ CXT

i (γ̃ − γ0). We have

2
∣∣En[g2

i,γ̃g
−1
i,γ0
εγ0,i,jX

T

i,−j(φ̂γ̃,j,−j − φγ0,j,−j)
]
− En

[
gi,γ0εγ0,i,jX

T

i,−j(φ̂γ̃,j,−j − φγ0,j,−j)
]∣∣

≤ 2E1/2
n

[
(g2
i,γ̃g
−2
i,γ0
− 1)εγ0,i,j

]2E1/2
n

[
gi,γ0X

T

i,−j(φ̂γ̃,j,−j − φγ0,j,−j)
]2

≤ δ−1
0 En

[
(g2
i,γ̃g
−2
i,γ0
− 1)εγ0,i,j

]2
+ δ0En

[
gi,γ0X

T

i,−j(φ̂γ̃,j,−j − φγ0,j,−j)
]2

for any 0 < δ0 < 1. Since εγ0,i,j is sub-Gaussian distributed by Assumptions 2 and 5,

maxi,j |εγ0,i,j| ≤ C{log(p)}1/2 for a positive constant C with probability converging to 1.

This leads to

En
[
(g2
i,γ̃g
−2
i,γ0
− 1)εγ0,i,j

]2 ≤ C log(p)En
[
XT

i (γ̃ − γ0)
]2 ≤ C log(p)s1λ

2
1.

Since max1≤i≤n |gi,γ̃−gi,γ0| = o(1), En
[
gi,γ0X

T
i,−j(φ̂γ̃,j,−j−φγ0,j,−j)

]2 ≤ 2En
[
gi,γ̃X

T
i,−j(φ̂γ̃,j,−j−

φγ0,j,−j)
]2

as n, p→∞. Plugging those results into (S.5.7), for a small δ0, we have

(1− δ0)En
[
gi,γ̃X

T

i,−j(φ̂γ̃,j,−j − φγ0,j,−j)
]2

+ 2λ1,j|φ̂γ̃,j|1

≤ 2En
[
gi,γ0εγ0,i,jX

T

i,−j
]
(φ̂γ̃,j,−j − φγ0,j,−j) + 2λ1,j|φγ0,j|1 + C log(p)s1λ

2
1, (S.5.8)

which serves as the basic inequality for Lasso; see Lemma 6.1 in Bühlmann and Van de

Geer (2011). Since E(gi,γ0Xi,j1εγ0,i,j) = 0 for all j1 6= j, the concentration inequality

can be applied to control the maximum of the term En
[
gi,γ0εγ0,i,jX

T
i,−j
]

at the order
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{log(p)/n}1/2. Also note that |φγ0,j|0 ≤ Cs3 for Ξγ0 ∈ H0(s3,M) in (5.1). Following the

proof of Theorem 6.1 in Bühlmann and Van de Geer (2011), it can be shown that

|φ̂γ̃,j − φγ0,j|1 ≤ Cs3λ1,j + C log(p)s1λ
2
1/λ1,j and (S.5.9)

En
[
gi,γ̃X

T

i,−j(φ̂γ̃,j,−j − φγ0,j,−j)
]2 ≤ Cs3λ

2
1,j + C log(p)s1λ

2
1 (S.5.10)

with probability converging to 1 as n, p→∞.

For τ̂ 2
γ̃,j, notice that τ̂ 2

γ̃,j = −X T
j G

2
γ̃Xφ̂γ̃,j/n and εγ0,j = Gγ0Xj −Gγ0X−jφγ0,j,−j. Since

Gγ̃Xj = Gγ̃G
−1
γ0

(Gγ0X−jφγ0,j,−j + εγ0,j), and −Gγ̃Xφ̂γ̃,j = −Gγ̃G
−1
γ0
Gγ0X(φγ0,j + φ̂γ̃,j −

φγ0,j) = Gγ̃G
−1
γ0
{εγ0,j−Gγ0X(φ̂γ̃,j−φγ0,j)}, where the last equation is by (S.5.6), we have

τ̂ 2
γ̃,j − τ 2

γ0,j
= (Gγ0X−jφγ0,j,−j + εγ0,j)

TG2
γ̃G
−2
γ0
{εγ0,j −Gγ0X(φ̂γ̃,j − φγ0,j)}/n− τ 2

γ0,j

=
(
εTγ0,jG

2
γ̃G
−2
γ0
εγ0,j/n− τ 2

γ0,j

)
+ φT

γ0,j,−jX
T

−jG
2
γ̃G
−1
γ0
εγ0,j/n

−εTγ0,jG
2
γ̃G
−1
γ0
X−j(φ̂γ̃,j,−j − φγ0,j,−j)/n (S.5.11)

−φT

γ0,j,−jX
T

−jG
2
γ̃X−j(φ̂γ̃,j,−j − φγ0,j,−j)/n.

For the first term in (S.5.11), |εTγ0,jG
2
γ̃G
−2
γ0
εγ0,j/n−τ 2

γ0,j
| ≤ |εTγ0,jεγ0,j/n−τ

2
γ0,j
|+|εTγ0,j(G

2
γ̃G
−2
γ0
−

In)εγ0,j/n| ≤ C{log(p)/n}1/2 + C{log(p)s1}1/2λ1 for all j = 1, . . . , p. For the sec-

ond term, |φT
γ0,j,−jX

T
−jG

2
γ̃G
−1
γ0
εγ0,j/n| ≤ |φT

γ0,j,−jX
T
−jGγ0εγ0,j/n|+ |φT

γ0,j,−jX
T
−jGγ0(G

2
γ̃G
−2
γ0
−

I)εγ0,j/n| ≤ C|φγ0,j,−j|1{log(p)/n}1/2+C{log(p)s1}1/2λ1 ≤ C{s3 log(p)/n}1/2+C{log(p)s1}1/2λ1,

since |φγ0,j,−j|2 ≤ C and φT
γ0,j,−jXi,−j is sub-Gaussian distributed by Assumption 2. Sim-

ilarly, the third term is at a smaller order as well. For the last term in (S.5.11), since

|X T
−jG

2
γ̃(Xj − Xj−1φ̂γ̃,j,−j)/n|∞ ≤ λ1,j by (S.5.4) and −X T

−jG
2
γ̃X−j(φ̂γ̃,j,−j − φγ0,j,−j)/n =

X T
−jG

2
γ̃(Xj −G−1

γ0
εγ0,j −X−jφ̂γ̃,j,−j)/n, we have

|−φT

γ0,j,−jX
T

−jG
2
γ̃X−j(φ̂γ̃,j,−j−φγ0,j,−j)/n|∞ ≤ |φT

γ0,j,−j|1λ1,j+ |φT

γ0,j,−jX
T

−jG
2
γ̃G
−1
γ0
εγ0,j/n|∞.

Therefore, the last term in (S.5.11) is bounded by Cs
1/2
3 λ1,j + C{s3 log(p)/n}1/2 +

C{log(p)s1}1/2λ1. Combining the bounds for all the four terms into (S.5.11) leads to

|τ̂ 2
γ̃,j − τ 2

γ0,j
| ≤ Cs

1/2
3 λ1,j + C{s3 log(p)/n}1/2 + C{log(p)s1}1/2λ1 (S.5.12)
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with probability converging to 1 as n, p→∞.

Recall that Ξ̂γ̃,j = −φ̂γ̃,j/τ̂ 2
γ̃,j and Ξγ0,j = −φγ0,j/τ 2

γ0,j
. We can write

|Ξ̂γ̃,j − Ξγ0,j|1 = |φγ0,j/τ 2
γ0,j
− φ̂γ̃,j/τ 2

γ0,j
+ φ̂γ̃,j/τ

2
γ0,j
− φ̂γ̃,j/τ̂ 2

γ̃,j|1

≤ C|φγ0,j − φ̂γ̃,j|1 + |φ̂γ̃,j|1(τ̂−2
γ̃,j − τ−2

γ0,j
)

≤ Cs3[λ1,j + {log(p)/n}1/2] + C log(p)s1λ
2
1/λ1,j + C{log(p)s1s3}1/2λ1

By choosing λ1 � {log(p)/n}1/2 and λ1,j � log(p)/
√
n, it follows ‖Ξ̂T

γ̃ − ΞT
γ0
‖`1 ≤

C(s3 + s1){log(p)}1/2{log(p)/n}1/2, and max1≤j≤p |τ̂ 2
γ̃,j − τ 2

γ0,j
| ≤ C log(p)(s3/n)1/2 +

C log(p)(s1/n)1/2 = o(1) under Assumptions 3 and 5. These results imply that λ1,∗ =

max1≤j≤p{λ1,j/τ̂
2
γ̃,j} � log(p)/

√
n. Note that

γ̃ − γ0 + Ξ̂γ̃En
[
ρ̇γ̃(Xi, Zi)

]
= Ξγ0En

[
ρ̇γ0(Xi, Zi)

]
+ Ξ̂γ̃R1 +R2 +R3 (S.5.13)

from (S.5.5), where R3 = (Ξ̂γ̃ − Ξγ0)En
[
ρ̇γ0(Xi, Zi)

]
. We have shown that R1 =

En
[
{Λ̇(XT

i γ̃)−Λ̇(ãi)}XiX
T
i

]
(γ̃−γ0) in (S.5.3), and |R2|∞ ≤ Cs1λ1λ1,∗ ≤ Cs1 log3/2(p)/n

in (S.5.5). It follows that

Ξ̂γ̃R1 = En
[
Ξ̂γ̃Xi{Λ̇(XT

i γ̃)− Λ̇(ãi)}XT

i (γ̃ − γ0)
]
.

Since |Λ̇(ãi)X
T
i (γ̃ − γ0) − Λ̇(XT

i γ̃)XT
i (γ̃ − γ0)| ≤ C{XT

i (γ̃ − γ0)}2 for a positive con-

stant C, |Ξ̂γ̃R1|∞ ≤ C{log(p)}1/2s1λ
2
1 ≤ C{log(p)}3/2s1/n. We also have |R3|∞ ≤

C{log(p)/n}1/2‖Ξ̂T
γ̃ − ΞT

γ0
‖`1 ≤ C(s3 + s1) log3/2(p)/n. Therefore,

√
n
(
γ̂ − γ0

)
= Ξγ0

1√
n

n∑
i=1

ρ̇γ0(Xi, Zi) +Op

{
(s3 + s1) log3/2(p)/

√
n
}
,

which proves Lemma 1. �

In the following, we present the result of Lemma 1 under weakly sparsity condition

that allows many small nonzero values for the entries of the inverse Fisher Information

matrix Ξγ0 . We make the following assumption for the sparsity of Ξγ0 by its `q norm.
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Assumption S5. The Fisher Information matrix Iγ0 is positive definite with bounded

entries such that ‖Iγ0‖∞ ≤ C and λmin(Iγ0) ≥ 1/C, and max1≤j1≤p
∑p

j2=1 |Ξγ0,j1j2|q3 ≤

c3(p) for 0 ≤ q3 < 1 and c3(p){log(p)/n}(1−q3)/2 = o(1).

Lemma S1. Suppose that Assumptions 2–4 and S5 hold. For the Lasso parameters

λ1, λ1,j � {log(p)/n}1/2, we have

√
n
(
γ̂ − γ0

)
= Ξγ0

1√
n

n∑
i=1

ρ̇γ0(Xi, Zi) +Op

{
an log1/2(p)

}
(S.5.14)

for an = c3(p){log(p)/n}(1−q3)/2 + {c3(p)}
2

2−q3 {log(p)/n}1/2 + s1{log3(p)/n}1/2.

Proof of Lemma S1. Following the proof of (S.5.9) and (S.5.10) in Lemma 1 and the

proof of Theorem 1.8.1 in Van de Geer (2016) for Lasso under weak sparsity, it can be

shown that

|φ̂γ̃,j − φγ0,j|1 ≤ Cc3(p)λ1−q3
1,j + C log(p)s1λ

2
1/λ1,j, (S.5.15)

En
[
gi,γ̃X

T

i,−j(φ̂γ̃,j,−j − φγ0,j,−j)
]2 ≤ Cc3(p)λ2−q3

1,j + C log(p)s1λ
2
1 (S.5.16)

for all j = 1, . . . , p with probability converging to 1 as n → ∞. Notice that under

Assumption S5, ‖Ξγ0‖`1 ≤ C{c3(p)}
1

2−q3 for a positive constant C. Following the proof

of (S.5.12), we have

|τ̂ 2
γ̃,j−τ 2

γ0,j
| ≤ Cλ1,j{c3(p)}

1
2−q3 +C{c3(p)}

1
2−q3 {log(p)/n}1/2+C{log(p)s1}1/2λ1 (S.5.17)

with probability converging to 1. Similarly, for all j = 1, . . . , p,

|Ξ̂γ̃,j − Ξγ0,j|1 ≤ C|φγ0,j − φ̂γ̃,j|1 + |φ̂γ̃,j|1(τ̂−2
γ̃,j − τ−2

γ0,j
)

≤ Cc3(p)λ1−q3
1,j + Cλ1,j{c3(p)}

2
2−q3 + C log(p)s1λ

2
1/λ1,j. (S.5.18)

By choosing λ1, λ1,j � {log(p)/n}1/2, since λ1,j{c3(p)}
2

2−q3 ≤ {c3(p)}
1

1−q3 {log(p)/n}1/2 =[
c3(p){log(p)/n}(1−q3)/2

] 1
1−q3 = o(1), it follows ‖Ξ̂T

γ̃ −ΞT
γ0
‖`1 = op(1) and max1≤j≤p |τ̂ 2

γ̃,j−

τ 2
γ0,j
| = op(1) under Assumptions 3 and S5.
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From (S.5.5), the result of Lemma S1 follows by bounding Ξ̂γ̃R1, R2 and R3 under

(S.5.17) and (S.5.18). First, we still have |Ξ̂γ̃R1|∞ ≤ C{log(p)}1/2s1λ
2
1 ≤ C{log(p)}3/2s1/n.

Second, |R2|∞ ≤ Cs1λ1λ1,∗ ≤ Cs1 log(p)/n as λ1,∗ = max1≤j≤p{λ1,j/τ̂
2
γ̃,j} � {log(p)/n}1/2.

Finally, |R3|∞ ≤ C{log(p)/n}1/2‖Ξ̂T
γ̃ − ΞT

γ0
‖`1 ≤ C{log(p)/n}1/2an, where

an = c3(p){log(p)/n}(1−q3)/2 + {c3(p)}
2

2−q3 {log(p)/n}1/2 + s1{log3(p)/n}1/2.

Therefore,

√
n
(
γ̂ − γ0

)
= Ξγ0

1√
n

n∑
i=1

ρ̇γ0(Xi, Zi) +Op

{
an log1/2(p)

}
. �

6 Proof of (8.2)

Under the correct model hc(X; θ) for LCSTE(X), we need to show (8.2) is valid if either

the instrument propensity score model Λ(XTγ) or the regression models hy(X, z;ψyz)

and hd(X, z;ψdz) are correctly specified, but not necessarily both.

First, if the model for P(Z = 1|X) is correctly specified, from Theorem 1 in Ogburn

et al. (2015), we have

E[κdiff{Y −Dhc(X; θ)}|X] = 0.

Since E(κdiff|X) = 0, it also follows

E[κdiff{ky(X;ψy1, ψy0)− kd(X;ψd1, ψd0)hc(X; θ)}|X] = 0.

Those results together imply (8.2).

Second, consider the case that the regression models hy(X, z;ψyz) and hd(X, z;ψdz)

are correctly specified. We can write E[∇θhc(X; θ)κdiff{Y − ky(X;ψy1, ψy0)}] as

E[∇θhc(X; θ)κdiff{Y − hy(X,Z;ψyZ)}] + E[∇θhc(X; θ)κdiff{hy(X,Z;ψyZ)− ky(X;ψy1, ψy0)}],
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where the first term is equal to E[∇θhc(X; θ)κdiffE{Y − hy(X,Z;ψyZ)|X,Z}] = 0 as the

model hy(X, z;ψyz) for Y given X and Z is correctly specified. For the second term,

notice that

hy(X, 1;ψy1)− ky(X;ψy1, ψy0) = Λ(XTγ){hy(X, 1;ψy1)− hy(X, 0;ψy0)} and

hy(X, 0;ψy0)− ky(X;ψy1, ψy0) = −{1− Λ(XTγ)}{hy(X, 1;ψy1)− hy(X, 0;ψy0)}.

It can be written as

E
(
∇θhc(X; θ)E[κdiff{hy(X,Z;ψyZ)− ky(X;ψy1, ψy0)}|X]

)
= E

(
∇θhc(X; θ)[Λ(XTγ)−1{hy(X, 1;ψy1)− ky(X;ψy1, ψy0)}P(Z = 1|X)

−{1− Λ(XTγ)}−1{hy(X, 0;ψy0)− ky(X;ψy1, ψy0)}P(Z = 0|X)]
)

= E
(
∇θhc(X; θ)[{hy(X, 1;ψy1)− hy(X, 0;ψy0)}P(Z = 1|X)

+{hy(X, 1;ψy1)− hy(X, 0;ψy0)}P(Z = 0|X)]
)

= E[∇θhc(X; θ){hy(X, 1;ψy1)− hy(X, 0;ψy0)}]

= E[∇θhc(X; θ){E(Y |X,Z = 1)− E(Y |X,Z = 0)}].

Therefore,

E[∇θhc(X; θ)κdiff{Y−ky(X;ψy1, ψy0)}] = E[∇θhc(X; θ){E(Y |X,Z = 1)−E(Y |X,Z = 0)}]

Similarly, it can be shown that E[∇θhc(X; θ)hc(X; θ)κdiff{D − hd(X,Z;ψdZ)}] = 0 as

the model hd(X, z;ψdz) for D given X and Z is correctly specified, and

E[∇θhc(X; θ)hc(X; θ)κdiff{hd(X,Z;ψdZ)− kd(X;ψd1, ψd0)}]

= E[∇θhc(X; θ)hc(X; θ){E(D|X,Z = 1)− E(D|X,Z = 0)}].

Those results imply that

E
(
∇θhc(X; θ)κdiff[Y − ky(X;ψy1, ψy0)− {D − kd(X;ψd1, ψd0)}hc(X; θ)]

)
= E

(
∇θhc(X; θ)[{E(Y |X,Z = 1)− E(Y |X,Z = 0)}

−hc(X; θ){E(D|X,Z = 1)− E(D|X,Z = 0)}]
)
,

which is equal to 0, since hc(X; θ) = E(Y |X,Z=1)−E(Y |X,Z=0)
E(D|X,Z=1)−E(D|X,Z=0)

. This proofs (8.2). �
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Figure S1: The empirical coverages of confidence intervals and the RMSEs of the es-

timated coefficients for the proposed method, DDML and uwLasso under DGP1 with

interaction, n = 200, 400 and ρε = 0.2, 0.3, 0.4.
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Figure S2: The empirical coverages of confidence intervals and the RMSEs of the es-

timated coefficients for the proposed method, DDML and uwLasso under DGP2 with

interaction, n = 200, 400 and (λ00, λ11) = (0.5, 0.5), (0.5, 0.75), (0.5, 1), (0.5, 1.25).
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Figure S3: The empirical coverage of the confidence interval for α0 +
∑10

j=1(10−j)β0,j/10

and the RMSE of its estimate for the proposed method under DGP1 and DGP2 without

interaction.
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Figure S4: The empirical coverage of the confidence interval and the RMSE of the

estimated coefficient for the proposed method with respect to R in (3.5) (with 90%

zeros for B̂θ̃,γ̃) and the sparsity of B̂θ̃,γ̃ (proportion of zeros) (with R = 12) under DGP1

without interaction, p = 100, and ρε = 0.2, 0.3, 0.4.
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Figure S5: The false discovery rate (FDR = number of false positives/number of discov-

eries) and the power (number of true positives/number of true signals) of the nonzero

components of θ̃ (Initial estimator) and the Benjamini-Hochberg multiple testing proce-

dure applied on the p-values from the proposed inference procedure (Debiased estimator)

under DGP2 without interaction. The signals are regarded as the coefficients with value

larger than 0.02. The nominal FDR level controlled by the BH procedure is 0.05.

32




