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Abstract
We develop an equilibrium theory of business cycles driven by spikes in risk premiums that depress business demand for capital and labor. The economy is hit by aggregate shocks that increase firms’ uninsurable idiosyncratic risk and raise risk premiums.
We show that risk shocks can create quantitatively realistic business cycles, with contractions in employment, consumption, and investment. Economic fluctuations are
inefficient—output and employment fall too much during recessions, compared to the
constrained-efficient allocation, and consumption should be countercyclical. The optimal allocation requires stimulating employment and consumption during recessions.
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Introduction

Market economies experience recurrent recessions with sharp contractions in economic activity. Why do employment, investment, and consumption suddenly fall, and what is the
appropriate policy response? We argue that recessions are periods of heightened economic
uncertainty when firms and investors shrink from risk. We propose a model of business cycles driven by spikes in risk premiums that depress business demand for labor and capital.
The premise of our model is that businesses face significant uninsurable idiosyncratic
risk. Aggregate shocks raise idiosyncratic risk and drive risk premiums up. We show that
risk shocks can create quantitatively realistic business cycles, with comovement among
employment, consumption, and investment.

Furthermore, these economic fluctuations

are inefficient—output and employment fall too much during recessions, compared to the
constrained-efficient allocation, and consumption should have a countercyclical behavior.
The optimal allocation requires stimulating employment and consumption during recessions.
A long tradition attributes business cycles to time-varying risk premiums, dating back,
at least, to chapter 12 of the General Theory (Keynes [1936]). The comovement pattern of
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macroeconomic aggregates during business cycles, however, poses a challenge to this view.
It is very hard to explain why employment, consumption, and investment all simultaneously
contract. As Barro and King [1984] noted, in standard models contractions in investment
demand must produce expansions in consumption. As a result, most of the macro literature
invokes productivity shocks (RBC) and nominal rigidities (New Keynesian) to explain the
comovement pattern. In contrast, our model features only risk premium shocks and no
nominal rigidities. The only departure from the standard neoclassical growth model is that
firm insiders cannot fully insure against the idiosyncratic risk in their firms. This friction
enables the model to generate the comovement pattern that characterizes business cycles.
The mechanism can be understood in terms of risk premiums and precautionary saving,
and the different duration of capital and labor plays a central role. Because the marginal
products of capital and labor are uncertain, demand for them carries a risk premium to
compensate for uninsurable idiosyncratic risk. As a result, in partial equilibrium risk shocks
depress the demand for capital and labor symmetrically.
In contrast, in general equilibrium risk shocks affect capital and labor asymmetrically
because of their different durations. Higher idiosyncratic risk creates a precautionary saving
motive that depresses interest rates. Because capital has a long duration, lower interest
rates stimulate investment, compensating the effects of the higher risk premium. Labor, on
the other hand, has short duration, precisely zero in our model with frictionless spot labor
markets. It trades off disutility for output intratemporally, and is therefore unaffected by
lower interest rates.
The result is a large countercyclical labor wedge, and a small procyclical capital wedge.
This configuration of wedges enables the model to deliver realistic business cycles. A labor
wedge—like a labor tax—reduces employment and output, and thereby consumption and
investment. It creates a recession. The distribution of the decline in output between lower
consumption and lower investment depends on intertemporal substitution, the persistence
of the shock, and capital adjustment costs.
A capital wedge—like a capital tax—reduces investment and employment, but increases
consumption. To the extent that risk premium shocks show up as a capital wedge, they
can’t produce business cycles. This property is the essence of the Barro and King [1984]
problem, and is the main reason that the business-cycle literature has focused so much on
technology shocks or a combination of nominal rigidities and inefficient monetary policy
as drivers of business cycles. The insight in our paper is that the precautionary motive
dampens and overturns the effect of the risk premium on the capital wedge, but not on the
labor wedge, because of the different durations of capital and labor. As a result, risk shocks
generate business cycles with realistic comovement among employment, consumption, and
investment.
To evaluate the quantitative importance of the mechanism, we calibrate the model to
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US data. Idiosyncratic risk is highly countercyclical, both in terms of establishment-level
TFP or stock returns.1 We find that the model can reproduce the business cycle-behavior
in the data. The model is stylized in the interest of theoretical clarity, but our claim is that
the theoretical mechanism we describe is quantitatively important and a promising way to
understand business cycles.
We also pursue a sufficient statistic approach that allows us to quantitatively evaluate
the relationship between the labor and capital wedges in terms of measurable equilibrium
objects, without having to specify many structural details of the environment. The capital
wedge ωkt can be expressed as the labor wedge ωlt , equal to the idiosyncratic risk premium,
times a dampening factor that accounts for the countervailing effect of the precautionary
saving motive. When we plug in data from the US we get a steady state capital wedge
ωk,ss ≈ ω`,ss × (−0.1) < 0. The precautionary motive slightly dominates and the capital
wedge is small and negative in steady state. The dampening factor is relatively stable, so
while the labor wedge is countercyclical, the capital wedge is procyclical. Besides giving us
a quantitative sense of the mechanism, the sufficient statistic also allows us to see how it
would change under different scenarios.
We then study the efficiency of the competitive equilibrium. In the first best there is
perfect risk sharing and risk shocks have no effects. We solve for the constrained-efficient
allocation that respects the incomplete risk-sharing environment. The main takeaway is
that the competitive equilibrium is inefficient. The planner would create a small and procyclical labor wedge, and a large and countercyclical capital wedge—the opposite of the
competitive equilibrium.
As a result, in the planner’s allocation risk shocks depress investment but produce an
expansion in consumption, and output and employment fluctuations are smaller than in
the competitive equilibrium. Instead of recessions, risk shocks should produce the pattern
described in Barro and King [1984]. The constrained-efficient allocation can be implemented
by stimulating employment and consumption during recessions. A simple way of doing this
is with a procyclical labor tax and a countercyclical capital tax.
The inefficiency ultimately arises from the presence of hidden savings in the environment. Private agents don’t realize that increasing aggregate consumption, by increasing
employment and reducing investment, improves idiosyncratic risk sharing. This externality
is always present, but is particularly strong after risk shocks.

1.1

Related Literature

Our paper expands on a large literature that highlights the role of time-varying risk premiums in business cycles, such as Cochrane [2011]. Higher risk premiums act like a negative
demand shock to investment. However, these models are typically unable to deliver the
1

See Christiano et al. [2014], Gilchrist et al. [2014], Herskovic et al. [2016], and Bloom et al. [2018].
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comovement pattern between consumption, investment, and employment that occurs over
the business cycle. This is the essence of the problem identified in Barro and King [1984],
and the reason that the wedge accounting analysis in Chari et al. [2007] minimizes the role
of investment wedges. For example, Christiano et al. [2014], Di Tella [2017], Gilchrist et al.
[2014], and Bloom et al. [2018] study the impact of aggregate shocks to idiosyncratic risk
on investment dynamics. In the absence of nominal rigidities, in general equilibrium this
leads to countercyclical spikes in consumption. On their own, risk shocks cannot produce
realistic recessions in these models.
There is also a large literature on financial frictions where tighter financial constraints
reduce asset prices and investment, such as Kiyotaki and Moore [1997], Bernanke et al.
[1999], Brunnermeier and Sannikov [2014], or He and Krishnamurthy [2012]. However, in
the absence of movements in TFP or nominal rigidities, consumption must move countercyclically in these models. Caballero and Simsek [2017] study the effect of risk shocks in
a model with nominal rigidities which create a Keynesian aggregate demand channel that
can deliver recessions. In contrast, the mechanism in our paper does not require nominal
rigidities or deviations from optimal monetary policy.
It’s worth distinguishing the mechanism we propose from the real options channel highlighted in the literature that follows from Bloom [2009]. The crucial ingredient in this class
of models are non-convex adjustment costs, which create inaction regions, but risk sharing
is complete, or agents are risk-neutral. In contrast, we assume convex adjustment costs
(or even no adjustment costs). The crucial ingredient in our model is incomplete idiosyncratic risk sharing, which creates a risk premium on capital and labor and a precautionary
motive for saving. We focus on the effect of time-varying idiosyncratic risk for simplicity.
A time-varying price of risk would have similar effects. This could be a result of habits
as in Campbell and Cochrane [1999] (exploited by Kehoe et al. [2018]), heterogenous risk
aversion as in Longstaff and Wang [2012], Gârleanu and Panageas [2015], or Kekre and
Lenel [2019], or balance sheet effects as in He et al. [2015].
Hall [2017] treats employment as a form of investment, in the context of search models.
Higher risk premiums act like a negative demand shock for labor, and has the potential to
deliver recessions. Kilic and Wachter [2018] apply this idea in a rare-disasters asset pricing
model, and Kehoe et al. [2018] incorporate persistent human capital accumulation to overcome the puzzle of low employment volatility uncovered in Shimer [2005]. These models
largely abstract from investment, however, and often treat prices as exogenous. This limitation is important because, while a higher risk premium may depress job creation, it also
reduces the demand for investment. In the short run, consumption may well move countercyclically in models that include investment and endogenous prices. Kilic and Wachter
[2018] briefly describe results for an extension of their model to include investment, but in
that extension, a financial shock induces a substantial jump in consumption.
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Arellano et al. [2016] study the role of uninsurable idiosyncratic risk for demand for
labor in an open economy with financial frictions. In their model higher risk increases the
probability of default, and, through higher credit spreads, reduces demand for labor. However, they abstract from investment. Jermann and Quadrini [2012] incorporate investment
in a model with borrowing constraints where labor must be paid in advance, as working
capital. When financial conditions tighten, firms that are up against the constraint must
reduce employment. But this mechanism also affects investment, and in general equilibrium
consumption spikes on impact. In a similar line, Occhino and Pescatori [2015] look at the
effect of a debt-overhang problem, which also show up as both capital and labor wedges.
It also produces countercyclical consumption.
In contrast to these papers, our paper focuses on the general equilibrium response to
higher risk premiums and the resulting comovement of consumption, investment, and employment. Higher idiosyncratic risk creates both a risk premium, which depresses demand
for capital and labor symmetrically, and a precautionary saving motive, which depresses
interest rates. The difference in duration between capital and labor plays a central role
in generating realistic comovement. Because capital has a long duration, lower interest
rates stimulate demand, dampening the effects of the risk premium. The result is a large
countercyclical labor wedge, and a small procyclical capital wedge.
We use a simple neoclassical model with a frictionless spot market for labor. Uninsurable idiosyncratic risk is the only friction. While we abstract from search frictions, we
believe that incorporating them into the framework is a promising approach for future work.
The focus of our paper is on uninsurable idiosyncratic risk on the business side, an issue
highlighted by Angeletos [2006] and Meh et al. [2004]. We also abstract from uninsurable
labor income risk, which is the topic of a large literature, for example, Aiyagari [1994].

2

Setting

There are two types of agents, workers and entrepreneurs. A representative worker supplies
labor, and entrepreneurs use capital ki,t and labor `i,t to produce goods. Each entrepreneur
is exposed to idiosyncratic risk. The output flow for entrepreneur i is
dYi,t = f (ki,t , `i,t )dt + f (ki,t , `i,t )σt dBi,t ,

(1)

where Bi,t is a Brownian motion specific to this entrepreneur, and f (k, `) = k α `1−α is the
usual Cobb-Douglas production function. Idiosyncratic risk washes out in the aggregate, so
aggregate output flow is f (kt , `t )dt, as usual. As a result, the aggregate resource constraints
are
ct + φ(xt )kt = f (kt , `t )
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(2)

and
dkt = (xt kt − δkt )dt,

(3)

where ct = cw,t + ce,t is aggregate consumption, ce,t =

R

ci,t di is total consumption by

entrepreneurs, φ(xt )kt is investment, δ is the rate of depreciation of capital, and xt − δ is
the rate of growth of the capital stock. The function φ(x) incorporates convex adjustment
costs. For tractability, we assume it takes the form φ(x) = (exp((x − δ)) − 1)/ + δ. In
the steady state φ(δ) = δ and φ0 (δ) = 1, just like with quadratic adjust costs. With  = 0
we have the case without adjustment costs.
The level of idiosyncratic risk σt follows a diffusion
dσt = θσ (σ̄ − σt )dt +

√

σt vσ dZt

(4)

driven by an aggregate Brownian motion Z that captures risk shocks. This is the only
source of aggregate risk in this economy and the only exogenous driving force for business
cycles.
Markets are complete, but entrepreneurs cannot insure against their idiosyncratic risk
Bi for incentive reasons. This is the only friction in the economy.
The representative worker’s problem. The representative worker has impatience ρw and
Frisch elasticity of labor supply ψ. The worker’s problem is to choose values for consumption
cw and labor ` to solve
"Z

∞

max E
cw ,`

e−ρw t

0



#
1+1/ψ 
`t
log(cw,t ) −
dt
1 + 1/ψ

(5)

subject to the intertemporal budget constraint
Z
E

∞


Z
ξt cw,t dt ≤ nw,0 + E

0

∞


ξt `t wt dt ,

(6)

0

where ξt is the pricing kernel, dξt /ξt = −rt dt − πt dZt , rt is the interest rate, and πt is the
price of aggregate risk, Z.
Entrepreneurs’ problem. Entrepreneurs have impatience ρe > ρw . We take entrepreneurs
to be more impatient than workers as a device to obtain a stationary wealth distribution. An entrepreneur’s problem is to choose consumption, production, and risk sharing
(ci , ki , `i , xi , σn,i ) to solve
Z
max

ci ,`i ,ki ,xi ,σn,i

∞

e

E
0

6

−ρe t


log(ci,t )dt

(7)

subject to the dynamic budget constraint
dni,t =



ni,t rt + πt ni,t σn,i,t − ci,t + f (ki,t , `i,t ) − φ(xi,t )ki,t − wt `i,t + qt ki,t [xi,t − δ + µq,t

−rt − πt σq,t ] dt + σt f (ki,t , `i,t )dBi,t + σn,i,t ni,t dZt
(8)

and the solvency constraint ni,t ≥ 0, where qt is the price of capital and µq,t and σq,t its
drift and volatility. We treat σn,i as a choice variable because there are complete markets
for aggregate risk sharing. Entrepreneurs can use financial instruments to choose any σn,i
independently of other choices. But they cannot share their idiosyncratic risk. If they
could, they would perfectly insure and eliminate the σt f (ki,t , `i,t )dBi,t term. This is the
only friction in this economy.
Competitive equilibrium. Total wealth is ne,t + nw,t = qt kt , where ne,t =

R

ni,t di is the total

wealth of entrepreneurs. For a given initial distribution of wealth, a competitive equilibrium
is a process for prices (r, π, w, q), aggregate capital k, a plan for the representative worker
(cw , `), and a plan for each entrepreneur (ci , kt , `i , xi , σn,i ) such that every agent optimizes
taking prices as given; the aggregate resource constraints(2) and (3) hold; and markets
R
R
clear: `i,t di = `t , ki,t di = kt and ne,t + nw,t = qt kt .

2.1

Discussion of assumptions

Technology. A crucial feature of the environment is that the marginal products of capital
and labor are locally uncertain. When an entrepreneur makes k and ` decisions, he has
a probability distribution of how this will affect his profits, but he doesn’t know for sure.
The realized marginal product is uncertain when the factor quantity decision is made. The
central premise of the paper is that economic activity involves uninsurable idiosyncratic
risk of this type.
To clarify the technology, consider an entrepreneur who employs a constant amount of
capital and labor for one year. The output produced over this year has a normal distribution:
Z
Yi,1 =

1

Z
f (k, `)dt +

0

1

f (k, `)σdBi,t = f (k, `)(1 + σBi,1 ),

(9)

0

where Bi,1 is distributed as standard normal. The continuous-time formulation says that
this uncertain output is revealed gradually and the entrepreneur can continuously adjust
labor and capital, but the marginal product is locally uncertain. This formulation allows
us to map the entrepreneurs’ problem into standard portfolio-choice theory.
Idiosyncratic output over a year can be negative, Yi,1 < 0. Economic activity may actually destroy resources—e.g. a factory could burn down. However, because entrepreneurs
can continually adjust k and `, their wealth remains always positive, and has a lognormal
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distribution in equilibrium. Bankruptcy never occurs in equilibrium.
Idiosyncratic shocks are iid, which yields considerable tractability. Introducing persistent shocks would require keeping track of the cross-sectional joint distribution of productivity and wealth. But the crucial property remains that the marginal products are locally
uncertain.
Aggregation. The setting with two types of agents is tractable because it won’t be necessary
to keep track of the distribution of wealth among entrepreneurs. Homothetic preferences,
iid idiosyncratic shocks, and a linear budget constraint make the entrepreneur’s problem
homogeneous in the entrepreneur’s wealth, so aggregation is easy. Crucially, entrepreneurs
face uninsurable idiosyncratic risk, but don’t have non-tradable labor income. The representative worker has non-tradable labor income, but doesn’t face idiosyncratic risk. This
formulation has no role for uninsurable labor income risk, which is the focus of an extensive
literature. The focus in this paper is on the role of uninsurable idiosyncratic risk on the
entrepreneur’s side, and the resulting risk premium on labor and capital.
Entrepreneurs and risk sharing. Entrepreneurs in the model should be interpreted as insiders who must retain a significant stake in the firm for incentive reasons. In the case of
privately owned firms or startups, this means the founders, owners, and officers. In the
case of large, publicly traded corporations, it means significant investors, directors, and
officers, who have a substantial exposure to the idiosyncratic outcome of the firm through
stock ownership, options, and bonuses.2 In the model workers do not take idiosyncratic
risk because they don’t have the same incentive problems as these insiders. The type of
risk sharing that the first-best allocation requires, however, does not involve workers, but
rather risk sharing across entrepreneurs.

3

Characterizing the competitive equilibrium

The main departure of our model from the neoclassical growth model is time-varying uninsurable idiosyncratic risk. We can understand its effects in terms of a countercyclical risk
premium, which depresses demand for capital and labor, and a precautionary motive for
idiosyncratic risk which reduces interest rates.
Agents’ problem. The representative worker’s problem is completely standard. Entrepreneurs’
problem can be mapped into a consumption-portfolio problem. Homothetic preferences and
linear budget constraints imply policy functions linear in wealth, which avoids the need to
2

See Angeletos [2006], Meh et al. [2004], Moskowitz and Vissing-Jørgensen [2002], and Himmelberg et al.
[2004].
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keep track of the distribution of wealth across entrepreneurs. In what follows, hatted variables are normalized by the entrepreneur’s wealth, such as ĉ = c/n.
An entrepreneur’s value function takes the form Vt (n) =

1
ρ

log n + At , where At captures

the forward-looking investment opportunities facing entrepreneurs. The HJB equation is

ρ

1
log n + At
ρ





1
1 2 1
2
ˆ
= max log ĉ + log n +
µn,t − σn − (σt f (k̂, `)) + µA,t ,
ˆ
ρ
2
2
ĉ,k̂,`,x,σ
n

(10)

where µA,t is the drift of At , and the drift of wealth is
ˆ − φ(x)k̂ + (xi,t − δ + µq,t − rt − πt σq,t )qt k̂ − wt `ˆ − ĉ.
µn,t = rt + πt σn + f (k̂, `)

(11)

Idiosyncratic risk. Entrepreneurs’ exposure to idiosyncratic risk plays a central role in our
model, σ̃n,e,t = f (k̂t , `ˆt )σt = yt /ne,t × σt . Using the FOC for consumption, ci,t = ρni,t , we
get that idiosyncratic risk in entrepreneurs’ consumption is σ̃c,e,t = σ̃n,e,t . Using the resource
constrain, we obtain an expression for idiosyncratic risk in entrepreneurs’ consumption,
σ̃c,e,t =

(kt /`t )α−1
1 + zt
ρe σt .
α−1
(kt /`t )
− φ(xt ) zt

(12)

where zt = ce,t /cw,t is the consumption ratio of entrepreneurs relative to workers. We will
later use zt as a state variable in the recursive formulation of the problem.
Risk premium for idiosyncratic risk. Using the FOCs for `ˆ and k̂ we obtain Marshallian
demand functions for labor and capital,
perfect risk sharing

z
}|
{
wt = (1 − α)(kt /`t )α 1 −

risk premium

z }| { 
σ̃c,e,t σt

(13)

and


Rt = α(kt /`t )α−1 1 − σ̃c,e,t σt

(14)

With perfect idiosyncratic risk sharing, we would get the usual expressions where the wage
and the rental price of capital are equal to the marginal products of each factor. With incomplete risk sharing a risk premium emerges to compensate entrepreneurs for the uninsurable
idiosyncratic risk they face when using capital and labor. The risk premium captures the
covariance of the marginal product of capital or labor with the entrepreneur’s marginal
utility, c−1
i,t , and reduces demand for capital and labor symmetrically.
Precautionary saving motive for idiosyncratic risk. Uninsurable idiosyncratic risk also shows
up as a precautionary saving motive for entrepreneurs, which depresses equilibrium real
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interest rates. Entrepreneurs’ Euler equation is
2
2
rt = ρe + µc,e,t − σc,e,t
− σ̃c,e,t
,

(15)

2
2
where σ̃c,e,t
captures the precautionary motive for idiosyncratic risk, and σc,e,t
for aggregate

risk. Workers’ Euler equation is
2
rt = ρw + µc,w,t − σc,w,t
.

(16)

Since they don’t take any idiosyncratic risk, they only have a precautionary motive for
2
aggregate risk σc,w,t
.

Complete aggregate risk sharing means that the consumption of entrepreneurs and
workers have the same exposure to aggregate risk. From the FOCs for aggregate risk
sharing for entrepreneurs and workers, we obtain
πt = σc,e,t = σc,w,t = σc,t .

(17)

2
2
2 .
Their precautionary motive for aggregate risk is therefore the same, σc,e,t
= σw,e,t
= σc,t

Weighting the Euler equations by their consumption shares, 1/(1 + zt ) and zt /(1 + zt ),
we obtain

perfect risk sharing

lower interest rate

z
}|
{ z
}|
{
zt
2
2
rt = ρ̄t + µc,t − σc,t −
σ̃c,e,t ,
1+z
| {z }t | {z }

(18)

ce,t /ct prec. mot.

where ρ̄t =

1
1+zt ρw

+

zt
1+zt ρe

is the consumption-weighted impatience rate. The first part

of (18) is the expression for the real interest rate in a model with perfect risk sharing.
With incomplete risk sharing, entrepreneurs’ precautionary motive for idiosyncratic risk
depresses the real interest rate, weighted by their consumption share.
The Euler equations and aggregate risk sharing conditions also give us a law of motion
for the consumption ratio zt ,
2
µz,t = ρw − ρe + σ̃c,e,t
,

σz,t = 0

(19)

2
The term σ̃c,e,t
is entrepreneurs’ precautionary saving motive. Here we can see that if

entrepreneurs and workers had the same impatience rate, ρe = ρw , entrepreneurs would
eventually account for all the consumption in the economy (zt → ∞) because of their precautionary saving motive for idiosyncratic risk. We assume ρe > ρw to obtain a stationary
distribution for z.
Labor and capital markets. The two main equilibrium conditions come from the labor and
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1/ψ

capital markets. Workers’ FOC for labor supply is `t

= c−1
w,t wt . Plugging in (13) and

using cw = ct /(1 + zt ), we obtain equilibrium condition in the labor market:
cw,t

wt

}|
{
z }| { z
1/ψ
`t × ct /(1 + zt ) = (1 − α)(kt /`t )α (1 − σ̃c,e,t σt ) .

(20)

The optimality condition φ0 (xt ) = qt implies
xt =

log qt
+δ


and

φ(xt ) =

qt − 1
+ δ.


(21)

Next we use the entrepreneur’s FOC for k to obtain an asset-pricing equation for qt ,
Rt

z
}|
{
α(kt /`t )α−1 (1 − σ̃c,e,t σt ) −φ(xt ) + qt (xt − δ + µq,t − rt − πt σq,t ) = 0.

(22)

The competitive equilibrium is pinned down by the equilibrium conditions for employment and investment, (20) and (21); prices (13), (17), (18), and (22); the resource constraint
(2); entrepreneurs’ idiosyncratic risk (12); and the laws of motion of kt , σt , and zt , given
by (3), (4), and (19).

3.1

Recursive equilibrium

We will look for a recursive equilibrium with (k, σ, z) as state variables. Working with zt
as a state variable is useful because its law of motion is particularly simple. The two basic
endogenous variables will be employment `(k, σ, z) and the price of capital q(k, σ, z) and
will be characterized with a system of differential equations. All other endogenous variables
can be derived from them and the state variables.
Equations (20) and (22) are our two main equilibrium conditions, and will define a
system of differential equations for q(k, σ, z) and `(k, σ, z). From (12) and (21) we know
how to express σ̃c,e and x in terms of q and `, in addition to the states (k, σ, z). Equations
(17) and (18) give us expressions for π and r; we only need to find expressions for the drift
and volatility of aggregate consumption, µc and σc . Use the resource constraint to replace
c = k[(k/l)α−1 − φ(x)] in (20) and to obtain an expression for µc and σc in terms of the
drift and volatility of q and `:

(1 − α)(k/`)α−1 µ` − (x − δ) − α2 σ`2 − (q/)µq
µc = (x − δ) +
(k/`)α−1 − φ(x)
and
σc =

(1 − α)(k/`)α−1 σ` − (q/)σq
.
(k/`)α−1 − φ(x)

(23)

(24)

We already know the laws of motion of k, σ, and z, so we use Ito’s lemma to compute
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Meaning

Parameter

Value

Capital share

α

1/3

Frisch elasticity of labor supply

ψ

3

Capital adjustment cost



5

Depreciation

δ

0.07

Impatience rate, workers

ρw

0.035

Impatience rate, entrepreneurs

ρe

0.0975

Long-run idiosyncratic risk

σ̄

0.10

Mean-reversion of idiosyncratic risk

θσ

0.693

Aggregate volatility of idiosyncratic risk

vσ

0.16

Table 1: Parameter Values
the drift and volatility of q and `:
00 (√σv )2
qk0 (x − δ)k + qσ0 θσ (σ̄ − σ) + qz0 µz z + 12 qσ,σ
σ
µq =
,
q

√
qσ0 σvσ
σq =
,
q

(25)

√
`0k (x − δ)k + `0σ θσ (σ̄ − σ) + `0z µz z + 12 `00σ,σ ( σvσ )2
,
µ` =
`

√
`0σ σvσ
σ` =
.
`

(26)

Putting this together, equation (22) gives us a second order partial differential equation
and equation (20) an algebraic equation, which pin down q(k, σ, z) and `(k, σ, z). We solve
this system numerically using Smolyak interpolation, as described in Judd et al. [2014].

4

Main results

4.1

Parameter values

We solve the model with the parameter values shown in Table 1. We use an informal
combination of calibration to existing research and rough matching of observed moments
to arrive at these values. Our objective is to evaluate the quantitative plausibility of the
theoretical mechanism we propose. In Section 4.6 we perform a sensitivity analysis to
understand how results change under different parameter specifications.
The Cobb-Douglas capital elasticity, α = 1/3, is standard. The Frisch elasticity of labor
supply ψ = 3 is standard in the macro literature when employment volatility is an issue.
For the elasticity of the adjustment costs, which helps determine how lower output is split
between lower investment and consumption, we use  = 5 to roughly match the observed
split.
We set workers’ impatience ρw = 0.035 and the depreciation rate δ = 0.07 to match
12

the steady state ratios kss /yss = 3 and css /yss = 0.8, which play an important role in the
model, as we describe below in section 4.4. We set ρe = ρw +0.0625 to obtain a steady state
√
idiosyncratic volatility of wealth σ̃n,e,t = ρe − ρw = 25 percent, roughly corresponding to
the idiosyncratic risk in the stock market as in Herskovic et al. [2016].
For the stochastic process for σt we use σ̄ = 0.1, in line with evidence in Bloom et al.
[2018] on idiosyncratic productivity risk at the establishment level; θσ = 0.692 so risk shocks
√
have a half-life of one year; and vσ = 12 σ̄ = 0.158 so that a two-standard deviation shock
doubles idiosyncratic risk. We aim to capture transitory fluctuations in idiosyncratic risk at
the business cycle frequency. These numbers are broadly in line with evidence in Herskovic
et al. [2016] for idiosyncratic risk in the stock market. The implied steady state ratio of
entrepreneurial consumption to worker consumption is zss = 5 percent.

4.2

Impulse-response functions and business-cycle moments

Figure 1 shows the impulse response to a one-standard deviation risk shock. The economy
starts in the steady state, the long-run if aggregate shocks realize to zero, and we follow
the response of the economy in the absence of further shocks.
The first panel shows the behavior of idiosyncratic risk σt , which spikes by 5.5 percentage
points on impact and then returns to its long-run value of 10 percent, and the behavior
of the idiosyncratic risk of entrepreneurs’ wealth or consumption, σ̃c,e,t , which spikes by
10 percentage points on impact and then returns to its long-run value of 25 percent. The
idiosyncratic risk premium, σ̃c,e,t σt , therefore displays the same behavior. It spikes on
impact by 3 percentage points, and then returns to its long-run value of 2.5 percent.
Risk shocks create recessions in the model. The second panel shows the responses of
consumption, investment, and employment. They all fall on impact and slowly recover
afterwards. Investment falls by 5.5 percent, consumption by 1 percent and employment by
3 percent. This is broadly in line with stylized facts about US business cycles.
The third panel shows the behavior of real interest rates and wages. Wages fall on impact
by around 2 percent, reflecting weaker labor demand—entrepreneurs demand a larger risk
premium to compensate for uninsurable idiosyncratic risk. Interest rates have a small
hump-shaped increase, reflecting the interaction of an expected recovery of consumption
and a larger precautionary motive. The fourth panel shows the capital and labor wedges
generated by uninsurable idiosyncratic risk, which we will discuss in the next section in
detail.
The model generates comovement patterns that resemble business cycles in the data.
Figure 2 shows a stochastic simulation of the economy—a sample path. Idiosyncratic risk
roughly doubles just before the beginning of year 2. A recession begins, with simultaneous
contractions in employment, consumption, and investment.
Table 2 summarizes key moments in the model and compares them to US data. It
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4 ωk

years

St. dev.
Variable

Rel. st. dev.

Corr. w/output

Autocorr.

Model

Data

Model

Data

Model

Data

Model

Data

Output

y

1.7%

1.6%

1

1

1

1

0.91

0.85

Consumption

c

0.86%

0.80%

0.49

0.50

0.84

0.80

0.89

0.84

Investment

φ(x)k

5.8%

6.34%

3.36

3.96

0.95

0.85

0.94

0.82

Employment

`

2.1%

1.89%

1.24

1.18

0.87

0.87

0.87

0.91

Table 2: Business Cycle Moments from the Model Compared to HP filtered Data (smoothing
1600), at Quarterly Frequency and in Logs.
shows the standard deviation and autocorrelation of cyclical HP-filtered quarterly output,
consumption of nondurables and services, investment (including durables), and hours in the
non-farm business sector, in logs and per capita terms. The model can successfully replicate
business cycle behavior in the data. Since the model does not include TFP fluctuations,
and capital is a slow moving variable, output fluctuations are mostly driven by fluctuations
in total hours.
Our model is stylized in the interest of tractability and theoretical clarity. In Section 4.6
we explore the sensitivity of these results to alternative parametrizations. But our takeaway
is that the mechanism we propose is quantitatively important and seems like a promising
approach to understanding business cycles.

4.3

Wedges

During downturns idiosyncratic risk rises, making both capital and labor less attractive.
The result is lower employment, consumption, and investment. The mechanism involves
subtle general equilibrium effects. These can be understood from the wedges created by
time-varying uninsurable idiosyncratic risk, in the spirit of Chari et al. [2007], where we
take as the benchmark the efficient allocation with perfect risk sharing.
Risk shocks create time-varying labor and capital wedges. While higher risk reduces
demand for labor and capital symmetrically, in general equilibrium lower interest rates
affect labor and capital asymmetrically. The source of asymmetry is the long duration of
capital and the short duration of employment. There is in addition a wedge in the law of
motion of the consumption ratio zt . While this plays an important role in the long run, it’s
a slow moving state variable that does not respond on impact to risk shocks, and therefore
does not play an important role in business cycles.
We start with the labor wedge ω`,t . From the market clearing condition for labor,
equation (20), we write
1/ψ

`t

ct
= (1 − α)(kt /`t )α (1 − ω`,t ),
1 + zt
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(27)

where the labor wedge ω`,t is equal to the risk premium for idiosyncratic risk,
ω`,t = σ̃c,e,t σt .

(28)

Higher risk σt raises the risk premium on labor, making employment less attractive.
With ω`,t = 0, equation (27) is the equilibrium condition for employment in an economy
with perfect risk sharing. If ω`,t > 0 the economy behaves as if labor income was taxed.
Increases in this type of wedge reduces equilibrium employment and output, as well as
consumption and investment. The extent of consumption-smoothing and the magnitude
of capital adjustment costs determine the distribution between lower investment and lower
consumption.
It’s important to highlight that the 1 + zt term on the left side of equation (27) reflects
only agent heterogeneity. We would have this even with perfect risk sharing, because
only some agents actually provide labor. When zt is large, workers’ share of aggregate
consumption is small so the income effect induces them to work more. Crucially, however,
zt does not react to the risk shocks, σz,t = 0. The direct impact of a risk shock on the
equilibrium condition for labor is purely through the labor wedge ω`,t .
Second, there is a capital wedge, as if capital income was taxed or subsidized. Combining
both agents’ Euler equations and the asset pricing equation for capital, (22), we obtain
2
α(kt /`t )α−1 (1 − ωk,t ) − φ(xt ) + qt (xt − δ + µq,t − (ρ̄t + µc,t − σc,t
) − σc,t σq,t ) = 0,

(29)

where ωk,t is the capital wedge. With ωk,t = 0, equation (29) yields the equilibrium condition for investment in an economy with perfect risk sharing. If ωk,t > 0 it’s as if capital
income is taxed, reducing incentives for investment. In contrast to the labor wedge, this
wedge does not create a recession. By itself, a larger wedge ωk,t reduces investment but
increases consumption. This is the classic problem pin-pointed in Barro and King [1984],
and the reason the business cycle accounting of Chari et al. [2007] finds a minimal role for
investment wedges.
The capital wedge is

ω`,t

ωk,t

z }| { 
1 ρe kt qt 
.
= (σ̃c,e,t σ) × 1 −
α ct

(30)

It has the same form as the labor wedge, but the risk premium is dampened by the 1 −
1 ρe kt qt
α ct

< 1 factor.

Two forces operate on the capital wedge. Higher risk σt raises the risk premium on
capital, making investment less attractive, as shown in (14). However, it also creates a
precautionary saving motive, which depresses the interest rate, as shown in (18), and makes
investment more attractive.3 Which force dominates depends on the sign of 1 − α1 ρecktt qt . In
3

To be clear, the precautionary motive reduces the interest rate conditional on the behavior of aggregate
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general this term could be positive or negative.
To explain this, it’s useful to go over a well known benchmark. In a simple AK economy
with α = 1, and ρe = ρw , we know that ct = ρe kt , and so 1 −

1 ρe kt qt
α ct

= 0. In this case the

intertemporal wedge ωk,t = 0 for any kt , σt , and zt . The risk premium and the precautionary
motive always exactly cancel out. This is in fact a well known property of log preferences.
If, still in the AK environment, the intertemporal elasticity is greater than 1 (relative
risk aversion below 1), then the risk premium dominates. Higher risk depresses investment
and raises consumption on impact. If instead intertemporal elasticity is below 1 (relative
risk aversion greater than 1), then the precautionary saving motive dominates. Higher risk
raises investment and depresses consumption.
As we move away from the simple AK environment, we lose the simple characterization
of the sign of the capital wedge. Angeletos [2006] studies this issue in an economy with
uninsurable idiosyncratic risk on capital, but safe labor, and finds that the risk premium
dominates if the intertemporal elasticity is greater than α. In our environment intertemporal
elasticity is 1 (log preferences) but labor is also exposed to uninsurable idiosyncratic risk,
and we don’t have an analytical characterization. We therefore turn to numerical solutions,
and below in section 4.4 we provide a sufficient statistic in terms of measurable equilibrium
objects.
The fourth panel of Figures 1 and 2 show the labor and capital wedge, as an impulse
response and as a stochastic simulation—a sample path. The main takeaway is that timevarying idiosyncratic risk creates a large countercyclical labor wedge and a small procyclical
capital wedge. This constellation of wedges is what is needed to generate business cycles
where consumption, investment, and employment co-move. The average labor wedge is 2.7
percent and has a standard deviation of 2.2 percent, while the average capital wedge is
−0.35 percent and has a standard deviation of 0.25 percent. Their correlation is −0.9.
Finally, there is also a wedge in the law of motion of the consumption ratio zt . With
perfect risk sharing µz,t = ρw − ρe and in the long-run entrepreneurs’ consumption share
vanishes, zt /(1 + zt ) → 0. With incomplete risk sharing entrepreneurs have a precautionary
2 . As a result, their consumption share z /(1 +
motive for saving, so µz,t = ρw − ρe + σ̃c,e,t
t

zt ) has a non-degenerate ergodic distribution. However, because of perfect aggregate risk
sharing zt does not respond on impact to risk shocks, σz,t = 0. It’s a slow moving variable,
analogous to the capital stock kt . As a result, while zt plays an important role in the long
run, its role in business cycles is secondary.
Asymmetry between capital and labor. It’s natural to wonder why the labor and capital
wedges are affected differently by an increase in idiosyncratic risk. The first thing to notice
is that the risk-adjusted marginal product of capital and labor are affected symmetrically
consumption, which will move because of the labor wedge.
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by the risk premium. In this sense capital and labor are symmetrical.
The asymmetry comes from the long duration of capital and the short duration of the
employment relationship (zero because of frictionless spot labor markets). Investment depends on the present discounted value of the marginal product of capital. Here the risk
premium and precautionary saving motive enter with opposite effects. While the risk premium depresses investment, the precautionary motive drives the risk free interest rate down.
Because capital has a long duration, lower interest rates stimulate investment. As we’ve
seen, the capital wedge is dampened relative to the labor wedge, and in the quantitative
calibration is negative and procyclical.
To show this, we write the capital wedge as:
lower interest rate

ωk,t

z
}|
{
qt
zt
2
σ̃
.
= σ̃c,e,t σ −
c,e,t
α(kt /`t )α−1 1 + zt
|
{z
}
| {z }
| {z }
risk prem.

price-dividend ratio

(31)

prec. motive

The first term captures the role of the risk premium on capital, which depresses demand for
capital. This role is symmetric to labor. The second term captures the compensating role of
lower interest rates because of entrepreneurs’ precautionary saving motive for idiosyncratic
risk, weighted by entrepreneurs’ consumption share zt /(1+zt ) = ce,t /ct . The price-dividend
ratio of capital plays a central role. If capital had a zero duration, its price dividend ratio
would be zero, and we would recover ωk,t = σ̃c,e,t σt , as for labor.
We can write the labor wedge analogously to equation (31), but because employment has
zero duration, the price-dividend ratio is zero and we recover ω`,t = σ̃c,e,t σt > 0. Because
employment has zero duration in this model, lower interest rates have no effects on incentives
to employ workers. We conjecture that if employment relationships had a short but strictly
positive duration, such as in a search model, then the precautionary saving motive would
also dampen the labor wedge, but to a lesser extent than the capital wedge because of
the shorter duration of employment (reflected in a lower price-dividend ratio). The proper
duration in these models is not the expected length of an employment relationship, but the
duration of the dividends from a marginal increase in recruiting activity—e.g. finding a
worker 2 or 3 months earlier than otherwise.
There is also a technological asymmetry between labor and capital, in that capital
supply is inelastic in the short-run, while labor has an elastic labor supply. This is why
employment can fall on impact, while capital use is fixed. We conjecture that with variable
capital utilization, capital use will also fall on impact. But this asymmetry is relevant to
the different response of capital and labor to given wedges. It does not explain why the
wedges themselves are different.
Summary. Risk shocks create time-varying labor and capital wedges. The labor wedge
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depresses employment, output, consumption, and investment. The capital wedge, instead,
twists the economy by depressing investment and raising consumption. While higher risk
reduces demand for labor and capital symmetrically, the lower interest rates produced
by the precautionary saving motive affects them asymmetrically because of their different
duration. Because capital has a long-duration, lower interest rates dampen the capital
wedge and may even stimulate investment. In contrast, employment has a short duration,
so lower interest rates don’t affect it. The result is a large, countercyclical labor wedge and
a small procyclical capital wedge, precisely what is needed to produce business cycles.

4.4

A sufficient statistic for the sign of the capital wedge

The capital wedge arises out of two conflicting forces. The risk premium reduces demand for
capital, while the precautionary motives stimulates it. While we don’t have an analytical
characterization of the sign of the capital wedge, we can express it in terms of meaningful
measurable equilibrium objects that help us get a sense of its value. The sign of the capital
wedge depends on whether the following expression is above or below 1:
k t qt
yt
1
1 ρe kt qt
= ρe × × ×
.
α ct
ct
α
yt

(32)

We know that α = 1/3, and that in steady state the capital income ratio, kss qss /yss = 3
and the consumption-income ratio css /yss = 0.8, approximately. We can understand this
formula in light of equation (31). Notice that

1
α

× kyt qt t =

qt
αyt /kt

is the price-dividend ratio of

capital at the aggregate level (around 9 in steady state), and ρe yt /ct =

2
σ̃c,e,t
σ̃c,e,t σ

×

zt
1+zt

is the

ratio of precautionary motive to the risk premium, weighted by entrepreneurs’ consumption
share zt /(1 + zt ) = ce,t /ct .
The only remaining parameter is ρe . The model pins down its value in terms of workers’
impatience rate ρw = 0.035 and the steady state idiosyncratic risk of entrepreneurs’ wealth
(or consumption), σ̃n,e,t = 25 percent, which is a core object of interest in this model:
2
ρe = ρw + σ̃n,e,t
= 0.0975

(33)

This expression is easy to recover from the law of motion of the consumption ratio, µz =
2
ρw − ρe + σ̃c,e,t
= 0. Essentially, entrepreneurs’ consumption will grow faster than workers’

because of their idiosyncratic precautionary motive, until their exposure to risk σ̃c,e,t =
σ̃n,e,t falls to the point where it just compensates their higher impatience. In other words,
expression (33) tells us how much more impatient entrepreneurs must be if we observe them
in a steady state, given their exposure to idiosyncratic risk. The value of ρe we recover is
high but not unreasonable.
These numbers yield a steady state value of
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1 ρe kss qss
α
css

= 1.097. The precautionary

motive is slightly larger than the risk premium. In response to shocks, the capital-income
ratio kt qt /yt and the consumption-income rate ct /yt will move a little, but not much. So
we get a small procyclical capital wedge, as shown in Figures 1 and 2.
While we have a good idea of how to discipline ρw , kss qss /yss , and css /yss , the value of
ρe is more uncertain because it’s pinned down by the model in a roundabout way. However,
this gives us a model-consistent benchmark we can use to understand the mechanism and
think of comparative statics. For example, if we reduce ρe while still maintaining the
kss /yss and css /yss ratios, the precautionary motive will become weaker relative to the risk
premium and the capital wedge will become positive. It will always be dampened (more
negative) compared to the labor wedge, ω`,t > ωk,t .

4.5

Excess return of capital, markups, and labor share

Here we explore implications of our model for some salient equilibrium objects that have
received significant attention in the macro literature.
Excess return of capital. Our model creates a time-varying excess return of capital. Part of
it corresponds to a risk premium for aggregate risk, which can be identified with the equity
premium. But the incomplete idiosyncratic risk sharing produces a further excess return,
above the risk premium for aggregate risk. We can re-write the equilibrium condition for
capital, (22), using the expected or average marginal product of capital,
fk0 (kt , `t ) − φ(xt ) + (xt − δ + µq,t − rt )qt = qt ×



πt σq,t
| {z }

equity premium

+


fk0 (kt , `t )
× σ̃c,e,t σt . (34)
qt
|
{z
}
excess return

The difference with the capital wedge in equation (30) is that here we are using the equilibrium interest rate rt , while the wedge ωk,t is defined using the interest rate in the model
with perfect risk sharing. That is, the wedge helps us understand the effect of incomplete
idiosyncratic risk sharing in terms of capital and labor taxes in a model with perfect risk
sharing, while the excess return in (34) highlights the failure of the perfect-risk-sharing
asset-pricing equation at equilibrium prices, ignoring that the equilibrium interest rate rt
is lower than what it would be with perfect risk sharing given the same allocation.
The advantage of equation (34) is that it’s more directly related to the data. Farhi and
Gourio [2018] points out that because the return to capital has remained roughly constant
over the past decades, while interest rates have gone down, the excess return on capital
has become larger. A rising risk premium is one possible explanation, together with rising
market power and intangibles, but measures of the equity premium suggest it’s stable or
even decreasing. Although our model is not designed to address secular trends, the presence
of an excess return above the equity premium is consistent with our mechanism.
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Quantitatively, however, the total excess return attributable to idiosyncratic risk is
small, 0.3 percent on average, with a standard deviation of 0.23 percent and a correlation
with output of −0.84. The equity premium produced by the model is also small, around
0.017 percent, with a standard deviation of 0.02 percent. Our model is essentially a consumption CAPM with relative risk aversion equal to 1, where the equity premium is equal
to the covariance of aggregate consumption and stock returns. It is well known that such
models cannot explain the equity premium.
Likewise, our model produces an almost acyclical interest rate rt . This is the result of
two conflicting forces. Larger precautionary saving motive lowers rt after risk shocks, but
a transitory contraction in consumption means agents expect higher consumption in the
future, which raises rt . The result in our main calibration is a hump-shaped response of
interest rates, as these two forces play out over time.
The asset pricing literature has explored several avenues to explain the equity premium
puzzle and the behavior of risk-free rates, such as habits as in Campbell and Cochrane
[1999] (exploited by Kehoe et al. [2018]), heterogenous risk aversion as in Longstaff and
Wang [2012], Gârleanu and Panageas [2015], or Kekre and Lenel [2019], or balance sheet
effects as in He et al. [2015]. Our model does not have any of these ingredients, but we
believe that exploring the interaction of asset pricing and business cycles is a fruitful area
for future research.
Markups and labor share. Following Rotemberg and Woodford [1999], a common approach
to business cycles is to focus on the cyclical properties of markups. Our model produces
countercyclical markups. The marginal cost of goods is wt /fl0 (kt , `t ) = (1 − σ̃c,e,t σt ), so we
get markups over marginal cost
µt =

1
− 1 ≈ σ̃c,e,t σt .
1 − σ̃c,e,t σt

(35)

Alternatively we can compute the procyclical labor share of income,
η` =

wt `t
0
f` (kt , `t )

= (1 − α)(1 − σ̃c,e,t σt ).

(36)

It’s worth stressing that the mechanism in our paper does not reduce to a time-varying
markup because the precautionary saving motive for idiosyncratic risk also depresses the
interest rate relative to the model with perfect risk sharing and a time-varying markup.
Taking prices as given, the average user cost of capital is qt × (rt + πt σq,t + δ + φ(xt ) −
xt − µq,t ) = fk0 (kt , `t ) × (1 − σ̃c,e,t σt ), which implies a markup of fk0 (kt , `t )/user cost of k =
1/(1 − σ̃c,e,t σt ) ≈ σ̃c,et, σt , the same as using the labor margin. The capital share of income
is also procyclical.4 But we have to remember that the equilibrium interest rate is lower
4

When computing markups and capital and labor shares of income, we are counting the profits obtained
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than what it would be with perfect risk sharing and a variable markup because of the
precautionary saving motive for idiosyncratic risk. As a result, instead of a common capital
and labor wedge (as we would get from adding markups to a perfect risk sharing model),
our model delivers a large countercyclical labor wedge and a small procyclical capital wedge,
which as we’ve seen delivers business cycles in response to risk shocks.
The average markup in the model is 2.7 percent, with a standard deviation of 2.2 percent
and a correlation with output of −0.82. The average labor share is roughly 64 percent, with
a standard deviation of 1.4 percent, and a correlation with output of 0.82. In the data, an
average markup of 15 percent is common in the literature.5 While the presence of markups
is consistent with our model, quantitatively our model cannot explain such large markups.
Common ingredients such as imperfect competition and distortionary taxes are required to
account for markups in the data.

4.6

Sensitivity analysis

To understand how the model works, we consider perturbations to the benchmark calibration. We focus on the standard deviations of output, consumption, investment, and
employment. Because the objective is to understand how the model works, we don’t recalibrate the model when changing each parameter. Table 3 summarizes results.
Frisch elasticity ψ. A successful model of business cycles requires a relatively large elasticity
of labor supply. With a smaller Frisch elasticity around ψ = 1, the effects of risk shocks
would be dampened, but would still look like business cycles. The second column of table
3 shows the standard deviations of all variables would be smaller.
In the limiting case with ψ = 0 employment and output would be fixed and could not
respond to risk shocks. We would still get a countercyclical capital wedge, so risk shocks
would create a small spike in investment and a small contraction in consumption, with no
movement in employment or output on impact.
There is a large literature on the appropriate value of ψ for macro models, to which we
don’t have much to add. Rogerson [1988] introduces lotteries to capture the extensive margin for labor supply. Hall [2009] suggests that an elasticity around 3 is a reasonable working
approximation for employment fluctuations in an economy with a search and matching setup
and realistic equilibrium wage stickiness, in the sense of Hall [2005].
by entrepreneurs, f (kt , `t )σ̃c,e,t σt , as neither labor nor capital income. The pure profit share, σ̃c,e,t σt , is
countercyclical. In the data, depending on exactly how these profits are distributed, a fraction might show
up as labor income (or example, bonuses) or capital income (for example, accounting profits for private
firms).
5
See Edmond et al. [2018], Hall [2018]. Recent work by De Loecker and Eeckhout [2017] finds an
average markup of 60 percent. However, this is a sales-weighted markup. Edmond et al. [2018] report a
cost-weighted markup using the same data of 25 percent.
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Persistence θσ and capital adjustment costs . The mean reversion parameter θσ and the
curvature of the adjustment cost function  are important in determining how lower output
is split into lower consumption and lower investment in response to a larger labor wedge.
The elasticity of intertemporal substitution would also play a role here, but it’s pinned at
one with log preferences.
We calibrate a transitory risk shock with a half-life of one year. Agents are averse to
fluctuations in consumption in response to such transitory shocks, so investment must take
the brunt of the adjustment. A curved capital adjustment cost function reduces fluctuations
in investment and increases fluctuations in consumption.
We calibrate the model with  = 5 to obtain a ratio of standard deviation of consumption
to investment roughly in line with the data. To put this number in context,  = 5 means
that a contraction in investment of 10 percent is accompanied by a reduction in the marginal
cost of capital of 2.5 percent. Without adjustment costs, the effect on the marginal cost of
capital would be zero.
The second and third columns of table 3 show standard deviations for smaller adjustment
costs  = 3 and for more persistent risk shocks θv = 0.462, which implies a half-life of two
years. With smaller adjustment costs the standard deviation of consumption becomes
smaller, and that of investment larger. With more persistent shocks all standard deviations
become larger.
Volatility of risk shocks σv . Risk shocks are the only exogenous driving force in the model.
With a smaller volatility of idiosyncratic risk, the standard deviation of all variables would
become smaller. The fourth column of table 3 shows standard deviations for a smaller
σv = 0.1.
Steady state level of idiosyncratic risk σ̄. The effects of risk shocks become larger with
the long-run level of idiosyncratic risk. The effect of risk enters the model through second
moments, so if idiosyncratic risk is very small, a small increase has only second order effects.
We calibrate the long-run level of idiosyncratic risk σ̄ = 10% in line with Bloom et al. [2018].
A lower long-run level of idiosyncratic risk σ̄ = 5% reduces the effects of risk shocks, and
therefore reduces the standard deviation of all variables, as shown in the fifth column of
table 3.
Steady state idiosyncratic risk in entrepreneurs’ wealth σ̃n,ss . The effects of risk shocks also
depend on the level of idiosyncratic risk in entrepreneurs’ consumption or wealth. The
sixth column of table 3 shows standard deviations for a smaller target for this idiosyncratic
risk, σ̃n,ss = 15%. Hitting this target requires a lower impatience rate of entrepreneurs,
2
ρe = ρw + σ̃n,ss
= 0.0575.
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Benchmark⇒

ψ=3

=5

θv = 0.693

vσ = 0.16

σ̄ = 0.10

ρe = .0975

Variant⇒

ψ=1

=3

θv = 0.462

vσ = 0.10

σ̄ = 0.05

ρe = 0.0575

y

1.7%

1%

1.8%

1.9%

1.3%

0.75%

1.2%

c

0.86%

0.5%

0.7%

0.94%

0.59%

0.55%

0.98%

i

5.8%

3.8%

6.6%

8.3%

4.6%

1.6%

2.4%

`

2.1%

1.2%

2.3%

2.5%

1.5%

0.8%

1.2%

Table 3: Log Standard Deviations of Key Variables at Quarterly Frequency in the Benchmark Case and Variants

5

Efficiency

To study the efficiency of the competitive equilibrium, we consider a planner who can use
taxes on capital and labor to distort the capital and labor wedges in the competitive equilibrium. Because the role of risk shocks can be understood in terms of time-varying labor
and capital wedges, this allows us to ask if the planner would like a different macroeconomic
behavior in response to risk shocks. The planner has to live with the fundamental frictions
in the model and cannot eliminate incomplete risk sharing or prevent agents from saving
and sharing aggregate risk.
This planner’s problem can be fully microfounded in an environment with a moral
hazard problem with hidden trade, as in Di Tella and Sannikov [2016] or Di Tella (2019).
An entrepreneur’s idiosyncratic shock, as well as the resulting capital and labor decisions
and hidden savings cannot be observed. The optimal private contract takes the form of the
reduced-form incomplete risk sharing problem we’ve used this far. We can then ask what
is the best that a planner can do subject to the same contractual frictions. The resulting
planner’s problem coincides with the planner’s problem in this section. In the interest of
simplicity, we focus here on the reduced-form problem where the planner can use taxes to
distort wedges, but the contractual microfoundation is useful to understand why this is the
right planner problem to consider, and where the source of inefficiency lies.
The main takeaway from this section is that the response of the competitive equilibrium
to a risk shock is inefficient. Output and employment fluctuations are too large, and
consumption should move countercyclically. In the competitive equilibrium, risk shocks
create a small and procyclical capital wedge, and a large countercyclical labor wedge. As
a result, risk shocks create recessions with positive comovement in output, employment,
investment, and consumption. The planner, instead, wants a large and countercyclical
capital wedge, and a small and procyclical labor wedge. The result is the typical Barro and
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King [1984] pattern with negative comovement. Output, employment, and investment fall,
but consumption goes up. Because consumption and investment are negatively correlated,
fluctuations in output and employment are smaller.

5.1

The planner’s problem

We consider the case where the planner can use labor and capital taxes with lump-sum
rebates. In this case, the planner can effectively control employment `t , investment xt ,
and therefore aggregate consumption ct . However, in addition to the resource constraints,
equations (2) and (3), and the law of motion of the exogenous states σt , equation (4), the
planner must take as given entrepreneurs’ idiosyncratic risk. Computing σ̃c,e,t , we obtain:6
σ̃c,e,t =

k α `1−α 1 + zt
f (kt , `t )
ρe σt = t t
ρe σt .
ce,t
ct
zt

(37)

In addition, because all agents have access to the same financial market, the planner must
respect their Euler equations and their aggregate risk sharing. Combining them, we get a
law of motion for the consumption ratio, zt = ce,t /cw,t ,
2
µz,t = (ρw − ρe ) + σ̃c,e,t
,

σz,t = 0.

(38)

This means that zt will be a state variable for the planner (z0 is chosen optimally). If the
planner could control agents’ access to the financial market, preventing entrepreneurs and
workers from trading intertemporally or across aggregate states, then zt would not be a
state variable. It’s important to note that while the planner must respect agents’ Euler
equations, this does not restrict the control of aggregate consumption, which is a choice
variable, not a state variable. For any behavior of aggregate consumption, as long as we
respect the law of motion of zt , there is a process for the real interest rate rt and the price
of aggregate risk πt that satisfies agents’ Euler equations and aggregate risk sharing.
The planner’s objective function is a weighted average of the utility of the representative
worker and entrepreneurs, γUw + (1 − γ)Ue . Strictly speaking, we should specify the Pareto
weight on each entrepreneur, γi . However, entrepreneurs’ allocations differ only in their
scale, so for aggregate allocations we only need to know the Pareto weight on entrepreneurs
In the moral hazard microfoundation, the IC constraint requires σU it = f (kcitit,`it ) σt , and consumption
is cit = ĉt exp(ρe Uit ), where ĉt depends only on the aggregate states. Computing σ̃c,e,t , we obtain (37).
6
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as a whole. It is useful to write an individual entrepreneur’s utility as7
Z

∞

e

E

−ρe t

∞


Z
log ci,t dt = E

0

e

−ρe t

0


 
1 1 2
log ce,t −
σ̃
dt .
2 ρe c,e,t

(39)

The planner’s objective function is therefore
"Z

1+1/ψ

∞

−ρw t

γe

E
0

`
log cw,t − t
1 + 1/ψ

!
+ (1 − γ)e

−ρe t



 #
1 1 2
log ce,t −
σ̃
dt .
2 ρe c,e,t

(40)

Notice that because entrepreneurs are more impatient than workers, ρe > ρw , in the
first best with perfect risk sharing they would receive zero consumption in the long-run,
limt→∞ zt = 0. Here because entrepreneurs can save on their own and have a precautionary
motive, their consumption will not vanish in the long run. The consumption ratio zt will
have an ergodic distribution, and will converge to a steady state in the absence of shocks.
However, it is still true that entrepreneurs’ utility vanishes from the objective function in
the long run. As we’ll see below, there is a fundamental disagreement between the planner
and private entrepreneurs about their consumption profile. They save according to their
Euler equations, but the planner would like them to follow an Inverse Euler equation, that
eliminates the precautionary saving motive for idiosyncratic risk. Because we care about the
properties of the planner problem in the ergodic distribution, we can ignore entrepreneurs’
utility in the objective function, and maximize only workers’ utility subject to a given zt .
Entrepreneurs’ Pareto weight (1−γ) > 0 matters for how we choose z0 and how we converge
to the ergodic distribution.
The planner’s HJB equation is therefore
`1+1/ψ
+ Vk0 k(x − δ)
c,x,`
1 + 1/ψ
1 00 2
2
+Vz0 z(ρw − ρe + σ̃c,e
) + Vσ0 θσ (σ̄ − σ) + Vσσ
σvσ
2


ρw V (k, σ, z) = max log c + log

1
1+z



−

(41)

subject to
c + φ(x)k = k α `1−α

(42)

and (37). Notice that, in this formulation, the planner does not care directly about en7

An individual entrepreneur’s
consumption follows
dci,t /ci,t = µc,e,t dt + σ̃c,e,t dBit + σc,e,t dZt , so ci,t =
R

t
1 2
(ci,0 /ce,0 ) × ce,t × exp 0 σ̃c,e,t dBi,t − 2 σ̃c,e,t dt . His utility is
Z
E
0

∞


Z ∞

 
Z t
1 2
e−ρe t log ci,t dt = log(ci,0 /ce,0 ) + E
e−ρe t log ce,t −
σ̃c,e,s ds dt
0
0 2
Z ∞

 
1 1 2
σ̃c,e,t dt
= log(ci,0 /ce,0 ) + E
e−ρe t log ce,t −
ρe 2
0

The first term captures the initial inequality among entrepreneurs. If they all had the same Pareto weight
we would pick ci0 = ce0 for all entrepreneurs.
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trepreneurs’ consumption or exposure to idiosyncratic risk. The planner only cares because
if he exposes them to risk σ̃c,e,t they will save (higher zt in the future), leaving less consumption for workers, cw,t = ct /(1 + zt ).
Instead of working with the HJB equation, it’s easier and more revealing to work with
the co-states, mk = Vk0 , mσ = Vσ0 , mz = Vz0 . Taking first-order conditions, we have

1
2
1 − 2mz zσ̃ce
=λ
 c

σ̃ 2
(1 − α)(k/`)α λ + 2mz z α ce
= `1/ψ
k `1−α
λφ0 (x) = mk ,

[c]

(43)

[`]

(44)

[x],

(45)

where λ is the Lagrange multiplier on the resource constraint. The first condition says that
giving consumption not only delivers utility, but also relaxes entrepreneurs’ risk sharing,
σ̃c,e . This determines the marginal value of goods λ. The second condition equates the
marginal disutility of labor, `1/ψ , to its marginal product, taking into account that more
labor increasing entrepreneurs’ exposure to idiosyncratic risk. The third condition says that
the marginal value of more capital should be equated to its marginal cost. Together with
the resource constraint we can solve for the controls c, x , `, and λ as a function of the
states and co-states. It’s hard to obtain closed form expressions, but it’s easy to eliminate
c and λ and obtain a system of two equations for x and `.
Now we differentiate the HJB equation with respect to each state to obtain a law of
motion for mk and mz (mσ is not directly used):

α
+ λ α(k/`)α−1 − φ(x) + µmk mk
k
2 1
σ̃ce
1
2
− 2mz z
+ mz (ρw − ρe + σ̃c,e
) + µmz mz
ρw mz = −
1+z
1+zz

2
ρw mk = mk (x − δ) + 2mz zσ̃ce

[mk ]

(46)

[mz ].

(47)

The equation for mk resembles an asset-pricing equation for capital. Capital delivers dividends net of new investment, transformed into utility using λ. It grows at rate x − δ but it’s
discounted more heavily because it exposes entrepreneurs to idiosyncratic risk. With this
interpretation, the first-order condition for investment, x, can be understood as a Tobin’s Q
expression, properly taking into account the role of idiosyncratic risk. The equation for mz
captures the fact that higher z means that a smaller fraction of consumption goes to workers (who are all the planner cares about in the long-run formulation). On the other hand,
higher z reduces entrepreneurs’ exposure to idiosyncratic risk, and therefore the future value
of z.
We look for a pair of C 2 functions mk (k, σ, z) and mz (k, σ, z). Using Ito’s lemma we
transform equations (46) and (47), together with the first-order conditions (43) and the
resource constraint, into a system of two second order PDEs and two algebraic constraints,
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Percent Standard Deviations
Var.

Comp. Eq.

Social Planner

Comparison

y

1.7

0.62

↓

c

0.88

0.96

=

i

5.8

5.5

=

`

2.2

0.56

↓

ω`t

2.2

0.9

↓

ωkt

0.3

24

↑

Table 4: Percent Standard Deviations of Main Variables under Competitive Equilibrium
and Social Planner’s Allocation.
using the the resource constraint and first FOC to eliminate c and λ. We can solve this
differential-equation system using numerical methods analogous to those used to solve for
the competitive equilibrium.
Implied prices, wedges, and taxes. After finding the optimal allocation, we can back out
1/ψ

prices and wedges. Set qt = φ0 (xt ), wt = `t

2 −
ct /(1 + zt ), rt = ρ̄t + µc,t − σc,t

zt
2
1+zt σ̃c,e,t ,

and πt = σc,t . The implied labor and capital wedges, ω`,t and ωk,t are defined by:
1/ψ

`t

ct
= (1 − α)(kt /`t )α (1 − ω`,t )
1 + zt

(48)


2
α(kt /`t )α−1 (1 − ωk,t ) − φ(xt ) + qt xt − δ + µq,t − (ρ̄t + µc,t − σc,t
) − σc,t σq,t = 0. (49)
The optimal allocation can be implemented with a labor and capital tax, τ`,t and τk,t .
Entrepreneurs’ after-tax expected marginal product of labor is f`0 (kt , `t )(1 − τ`,t ); for capital
it’s fk0 (kt , `t )(1 − τk,t ). The tax does not affect the idiosyncratic risk, it’s levied before the
idiosyncratic shock realizes, so that it does not interfere with the incomplete risk sharing
problem.

τ`,t = ω`,t −
and


τk,t = ωk,t −

5.2

(kt /`t )α−1
1 + zt
ρe σt2
α−1
(kt /`t )
− φ(xt ) zt

(kt /`t )α−1
1 + zt
ρe σt2
α−1
(kt /`t )
− φ(xt ) zt





1 ρe kt qt
1−
.
α ct

(50)

(51)

Numerical results

The main result is that the recession pattern of the responses of capital, employment,
and consumption in the competitive equilibrium is inefficient. In the constrained efficient
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Response to a Risk Shock in the Planner’s Solution
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years

allocation, output and employment fluctuations are smaller, and consumption moves countercyclically. Figure 3 shows the impulse response to a risk shock in the planner’s allocation.
While employment and investment fall, consumption expands. This is the typical Barro and
King [1984] pattern. As a result, employment falls less than in the competitive equilibrium.
We can probe these results by looking at the implied labor and capital wedges. The
competitive equilibrium featured a small procyclical capital wedge and large countercyclical
labor wedge. In contrast, the planner wants a large countercyclical capital wedge and a
small procyclical labor wedge. The capital wedge twists the economy in the direction of less
investment but more consumption. In contrast to the competitive equilibrium, employment
and total output fall because with more consumption, the income effect reduces labor
supply. This effect is reflected in an increase in real wages. In contrast, in the competitive
equilibrium the labor wedge reduced demand for labor, so wages fell on impact.
The real interest rate falls on impact. Lower expected consumption growth and a larger
precautionary saving motive push interest rates down. In contrast, in the competitive
equilibrium agents expected a higher consumption growth as the economy recovered, but
this was compensated by a larger precautionary motive.
Figure 4 shows a simulated sample path, for the same realization of shocks as in Figure
2, where the negative covariance between investment and consumption is apparent. Table
4 compares the competitive equilibrium with the constrained efficient allocation. In the
ergodic distribution the standard deviation of consumption and investment are roughly the
same as in the competitive equilibrium, but their negative correlation (−0.88) means that
the standard deviations of output and employment are lower. The average labor wedge (4.5
percent) and capital wedge (−8.4 percent) are larger than in the competitive equilibrium,
but while the labor wedge becomes less volatile, the capital wedge becomes much more
volatile.
The planner’s allocation can be implemented with a combination of (1) a countercyclical
labor tax—lower labor taxes, or subsidize labor, during recessions to eliminate the labor
wedge; and (2) a procyclical capital tax—raise the capital tax during recessions to reduce
investment and free more resources for consumption. Figure 5 shows the impulse response
to a risk shock and a sample path simulation. In the ergodic distribution τ`,t has a mean
of 1.7 percent (a tax on labor) with a standard deviation of 2.6 percent. It’s positive in
the steady state, but becomes negative after risk shocks. In contrast, τk,t has a mean of −8
percent but a very large standard deviation of 24 percent. It’s negative in the steady state
but becomes very positive after risk shocks.

5.3

Understanding the inefficiency

To understand why the competitive equilibrium is inefficient, it’s useful to go over the role
of hidden savings, and then use that to understand why the planner wants different wedges
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τk
than in the competitive equilibrium.
The role of hidden savings. The inefficiency ultimately arises from the presence of hidden
savings in the environment. Without hidden savings, the planner would like agents to follow
the Inverse Euler equation, which eliminates the precautionary saving motive. Understanding the optimal allocation without hidden savings helps us see what the planner is hoping
to accomplish in the environment with hidden savings.
To see this issue in detail, consider the environment without hidden savings, so zt is
not a state variable. The planner can decide how much consumption goes to workers and
entrepreneurs separately. The first-order conditions for consumption for finite t are


1 2
−ρe t −1
γe−ρw t c−1
=
λ
=
(1
−
γ)e
c
1
+
σ̃
.
t
w,t
e,t
ρe c,e,t

(52)

Interpret λt be the pricing kernel (up to a constant), so workers satisfy their FOCs. Rearranging, we get that λt eρe t ce,t /(1 +

1 2
ρe σ̃c,e,t )

must be a constant, and because an indi-

vidual entrepreneur’s ci,t is equal to ce,t times an idiosyncratic martingale, we get that
λt eρe t ci,t /(1 +

1 2
ρe σ̃c,e,t )

is a martingale. The term ci,t /(1 +

1 2
ρe σ̃c,e,t )

is the marginal cost of

delivering utility to the entrepreneur, so this expression says that the discounted marginal
cost of utility must be a martingale. This is the essence of the Inverse Euler equation. In
the standard setting, the marginal cost of utility is the inverse of the marginal utility of
consumption, c−1
i,t . Here it’s modified to take into account that higher consumption reduces
the entrepreneur’s exposure to idiosyncratic risk, as captured by (37). In a steady state
without aggregate shocks, however, σ̃c,e,t is constant, so we recover the traditional Inverse
Euler equation: e(ρe −rt )t ci,t is a martingale, or in flow form,
µc,e,t = rt − ρe .

(53)

The crucial difference with the Euler equation is that it’s missing the precautionary savings
2 .
term, σ̃c,e,t
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Looking at (52), we see that, besides eliminating entrepreneurs’ precautionary motive,
the planner would like to front-load entrepreneurs’ consumption relative to workers’ (raise
zt = ce,t /cw,t ) when idiosyncratic risk σ̃c,e,t is large, to relax idiosyncratic risk sharing. But
when agents have access to hidden savings, he is forced to respect their Euler equation and
aggregate risk sharing, captured by (38). If he wants to increase entrepreneurs’ consumption, to relax the idiosyncratic risk sharing constraint (37), he must also increase workers’
consumption.
Labor wedge. Coming back to the setting with hidden savings, we can study the inefficiency
in terms of the implied labor and capital wedges, and how they compare to those in the
competitive equilibrium. As in the competitive equilibrium, the difference in duration plays
a central role in generating the asymmetric response of capital and labor. It is easier to
focus first on the labor wedge, which does not involve dynamic considerations, and then
extend the analysis to the capital wedge.
We can re-write the first-order condition for labor to obtain an expression for the labor
wedge,
improve risk sharing>0

1 − ω`,t

worsen risk sharing<0

}|
{
z
}|
{
z
ct
2
2
)×
) + (2mz,t zt σ̃c,e,t
1 −(2mz,t zt σ̃c,e,t
yt
.
=
1 + zt
| {z }

(54)

income effect

The forces can be split into those that are primarily about the long-run, and those that are
important for business cycles.
Business cycles. The numerator of (54) captures the impact of employment on idiosyncratic
risk. One the one hand, more employment increases entrepreneurs’ exposure to idiosyncratic risk. Private agents also realize this, which is why they demand a risk premium
to compensate them. But the planner also realizes that more aggregate consumption ct
relaxes the idiosyncratic risk sharing problem, as can be seen in equation (37). Essentially,
if aggregate consumption is higher, entrepreneurs’ consumption must also be higher, given
the consumption ratio zt . Because their consumption policy is ce,t = ρe ne,t , this means that
their wealth is higher and their exposure to idiosyncratic risk, σ̃c,e,t = σ̃n,e,t =

f (kt ,`t )
ne,t σ

is

lower, other things equal.
These countervailing forces create a countercyclical labor wedge. Consider increasing
employment by a small amount d` > 0, and using the extra output to increase aggregate
consumption. Besides the usual considerations (marginal product vs. marginal rate of
substitution between labor and consumption), this will improve idiosyncratic risk sharing.

32

We can write entrepreneurs’ exposure to idiosyncratic risk
σ̃c,e,t =

f (kt , `t ) + f`0 (kt , `t )d` 1 + zt
ρe σt .
ct + f`0 (kt , `t )d`
zt

(55)

Because yt = f (kt , `t ) > ct , increasing output and consumption by the same amount reduces
σ̃c,e,t . Instead of increasing idiosyncratic risk, as private agents think, more employment
actually improves idiosyncratic risk sharing. In consequence, the planner wants a lower,
and even negative, labor wedge after risk shocks when σt is large. He wants to subsidize
labor.
To formalize this, notice that the marginal value of an extra unit of aggregate consumption is not only that it delivers marginal utility, c−1
t , but also the marginal improvement in
2
idiosyncratic risk sharing, −2c−1
t mz,t zt σ̃c,e,t > 0. This is reflected in the expression for λ,

equation (43). It’s useful to write
λt =

1
Mt ,
ct

(56)

2
where Mt = 1 − 2mz,t zt σ̃c,e,t
> 1 captures the extra value of consumption from improving

risk sharing.
When the planner considers the marginal value of labor, he takes into account that
it adds to idiosyncratic risk, just like agents in the competitive equilibrium. That’s what
2 /(k α `1−α ) in equation (44) captures. But he also realizes that the
the term 2mz,t zt σ̃c,e,t
t t

extra output relaxes idiosyncratic risk sharing through higher consumption. That’s why
the marginal product of labor is weighted with λt . The numerator in the labor wedge
equation (54) captures both these considerations. The two forces go in opposite directions
and become larger after risk shocks, but it’s clear that the improvement in idiosyncratic
risk sharing dominates because ct /yt < 1. This gives us a countercyclical labor wedge.
Long-run. The denominator of (54) eliminates the 1+zt denominator in the definition of the
labor wedge, equation (48), which captures an income effect on labor supply. The planner
doesn’t care about entrepreneurs’ utility in the long-run because they are more impatient.
He would like to give them zero consumption, zt = 0, but can’t prevent them from saving
following their Euler equation, which includes an inefficient precautionary saving motive,
as explained above.
As a result, we have zt > 0 and only a fraction 1/(1 + zt ) of the extra consumption goes
to workers. But the planner gives workers only part of aggregate consumption not because
he puts less than complete weight on them, in which case they would also be made to work
more, but because of a constraint. He must give entrepreneurs some consumption, but he
is not forced to make workers work more. The result is a positive labor wedge that undoes
the income effect on labor supply.
However, it’s important to notice that because σz,t = 0, the denominator does not
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respond on impact to risk shocks, so this force does not play an important role in business
cycles.
Capital wedge. The same forces apply to the capital wedge, but because capital is a
long-duration asset, investment involves intertemporal tradeoffs. First, notice that mk,t =
λt φ0 (xt ) = λt qt is the marginal cost of new capital in utility terms. In standard models, it
would be c−1
t qt , reflecting the forgone utility from consumption. Here, instead, the lower
aggregate consumption also worsens idiosyncratic risk sharing, which is taken into account
by λt = c−1
t Mt . So the cost of investment for the planner is larger than what private agents
realize, and moves with risk shocks. On the other hand, the marginal product of capital will
not only be risky, as private agents realize, but also improve risk sharing through increased
aggregate consumption, analogously to labor. So it will also be weighted by λt in the future.
Now we can use the law of motion for mk , equation (46), and rewrite it in terms
analogous to the competitive equilibrium condition, equation (22),

2
α(kt /`t )α−1 1 − (mz,t zt 2σ̃c,e,t
)(1 − ct /(ktα `1−α
)) − Mt φ(xt ),
t

(57)


2
+Mt qt xt − δ + µq,t − (ρ̄t + µc,t − σc,t
) − σc,t σq,t ,

(58)

+Mt qt (µM,t + σM,t (σq,t − σc,t ) + (ρ̄t − ρw )) = 0

(59)

The differences from equation (22), help explain the inefficiency. First, the marginal product

2 )(1 − c /(k α `1−α )) instead of (1−σ̃
of capital is multiplied by 1 − (2mz,t zt σ̃c,e,t
c,e,t σt ). The
t
t t
planner internalizes that the marginal product of capital is risky but also helps improve
idiosyncratic risk sharing through higher aggregate consumption. This is symmetric with
labor.
Second, the cost of creating new capital φ(xt ), and the value of capital in the future
qt , is weighted by Mt because those resources could also be used to relax idiosyncratic risk
sharing. If Mt is high today—for example, if σt is large—but is expected to be lower in the
future (µM,t < 0)— today is a bad time to invest. In this case, investment uses goods when
their value from relaxing idiosyncratic risk sharing is high, and will deliver goods when their
value relaxing idiosyncratic risk sharing is expected to be low. The term σM,t (σq,t − σc,t )
captures the covariance between Mt and the marginal-utility-weighted value of capital c−1
t qt
to properly incorporate aggregate risk. In a steady state without aggregate shocks Mt is
constant, µM,t = σM,t = 0, and these dynamic issues vanish.
The last term, ρ̄t − ρw > 0, reflects that the planner doesn’t care directly about entrepreneurs (in the long-run), and so would like to discount the future using ρw rather than
ρ̄t =

zt
1+zt ρe

+

1
1+zt ρw .

The planner would like to give entrepreneurs zero consumption,

zt = 0, in which case ρ̄t = ρw , but cannot because they save to prevent this. This issue is
analogous to the role of the 1 + zt denominator in the expression for the labor wedge, (54).
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Ultimately, the disagreement reflects the inefficiency of entrepreneurs’ precautionary saving
motive, as we explained above. However, while this inefficiency may be important in the
steady state, it does not play a role in the impact of risk shocks, because zt and therefore
ρ̄t do not respond on impact.
We can use equation (57) to obtain an expression for the capital wedge:
worsen risk sharing<0

improve risk sharing>0

1 − ωk,t

z
}|
{
z
}|
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2
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worse risk sharing>0
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dynamic ineff.

If we compare the expressions for the labor and capital wedge, equations (54) and (60),
we see that if the price-dividend ratio for capital,

qt
α(kt /`t )α−1

was zero, the dynamic part

of the capital wedge would disappear. We wouldn’t quite obtain the labor wedge 1 − ω`,t ,
however, because instead of 1 + zt in the denominator we have Mt . The difference is that
investment requires goods which could be used to relax idiosyncratic risk sharing, captured
by Mt , while labor requires only forgoing workers’ utility from leisure, which cannot relax
idiosyncratic risk sharing. In the ergodic distribution, most of the variation in the capital
wedge comes from the second term in equation (60). The first term has a standard deviation
of 2.5 percent, compared to 25 percent for the total capital wedge.
The role of ρe > ρw . We assumed entrepreneurs are more impatient than workers to obtain
a stationary distribution of consumption and wealth, in both the competitive equilibrium
and the planner’s allocation. It may seem that this assumption is driving the result that in
the long-run, the planner does not care about entrepreneur’s utility directly. That is, their
utility vanishes from the planner’s objective functions (40).
Here we’ll argue that ρe > ρw is not essential to this issue. The fundamental issue is that
the planner and private entrepreneurs disagree on their appropriate consumption profile.
The planner would like to eliminate the precautionary saving motive for idiosyncratic risk
and front-load their consumption, so in the long run the only reason he cares about their
consumption and risk sharing is to satisfy the hidden savings constraint.
An analogous situation would arise with ρe = ρw . In this case, because of the precautionary saving motive for idiosyncratic risk, entrepreneurs would accumulate all the wealth
and consumption in the long-run, limt→∞ zt = ∞, both in the competitive equilibrium
and the planner’s allocation. The planner would be forced to give almost all of the consumption to entrepreneurs because of the hidden savings constraint. So while the utility
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of entrepreneurs would not vanish from the objective function (40), the allocation would
be so far away from the distribution of consumption that optimizes the objective function
in the absence of the hidden savings constraint, that on the margin the planner would not
value entrepreneurs’ utility directly (it vanishes relative to the utility of workers). The only
motive to give entrepreneurs consumption or reduce their exposure to risk would come from
the hidden savings constraint, as in the ρe > ρw case.
Summary. In the planner’s allocation the labor wedge is procyclical because, while the
marginal product of labor has idiosyncratic risk, the planner internalizes that the extra
output can also be used to improve idiosyncratic risk sharing through higher aggregate
consumption. Both forces go in opposite directions and both become larger after risk
shocks, but the improvement in idiosyncratic risk sharing dominates, so the labor wedge is
procyclical.
The same logic applies to investment, but the resources used to produce capital could
also be used to improve idiosyncratic risk sharing through higher aggregate consumption.
Periods when idiosyncratic risk is high, and especially if it’s expected to be lower in the
future, are particularly bad periods for investment. The planner does not want to use
resources when their value relaxing idiosyncratic risk sharing is high, and get more output
or capital in the future when the value of relaxing idiosyncratic risk sharing is low. So we
get a large countercyclical capital wedge.
The inefficiency arises from the presence of hidden savings, which are important in
the microfoundation of the incomplete idiosyncratic risk-problem. The planner would like
entrepreneurs to follow an Inverse Euler equation which front-loads their consumption,
especially when idiosyncratic risk is high. However, he must respect their Euler equations.
This creates inefficiency both in the long-run and in response to risk shocks.

6

Conclusions

In this paper we propose a theory of business cycles driven by spikes in risk premiums that
act like negative demand shocks for capital and labor. In this view, recessions are periods of
heightened uncertainty, when businesses and investors shrink from risky economic activity.
There is a long tradition that attributes business cycles to time-varying risk premiums,
going back to chapter 12 of the General Theory (Keynes [1936]). However, the comovement
pattern of recessions poses a long-standing challenge to this view. It is very hard to explain
why employment, consumption, and investment contract simultaneously. This is the essence
of the Barro and King [1984] problem, and essentially the reason why the macro literature
has focused on productivity shocks and monetary shocks with nominal rigidities as drivers
of business cycles. In this paper we aim to provide a theoretical framework to explain
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business cycles without productivity shocks or nominal rigidities.
Our first result is that spikes in risk premiums can generate quantitatively realistic
business cycles, with comovement between employment, consumption, and investment. The
mechanism hinges on the interaction of risk premiums and the precautionary saving motive,
and the different duration of capital and labor plays a central role. Our second result is that
the resulting business cycles are not efficient. Employment and output fluctuations are too
large, and consumption should move countercyclically. Optimal policy aims at stimulating
employment and consumption during recessions. This can be achieved with a procyclical
labor tax and countercyclical capital tax.
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