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Abstract

We explore the impact of Knightian uncertainty on contracting within a multi-layered firm.
We study a setting where, absent uncertainty, division managers should be paid based on their
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own division, diminishing effort. Correspondingly, division managers become also relatively more
positive about the prospects of others divisions within the firm, generating envy and discord in
the organization. When uncertainty is large enough, headquarters grants a division manager a
share of other divisions’payoff to hedge uncertainty, thus instilling confidence and promoting
a shared view (i.e., consensus) within the organization. Our model can explain the prevalence
of equity-based incentive contracts in (young) firms with uncertain cash-flow prospects, and the
prevalence of performance-based contracts in more mature and well-established firms.
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A classical theme in the theory of incentive contracts is determining the appropriate performance

measures to be used as a base of incentive pay in organizations.1 A key question is whether

firms should use incentive contracts based on overall equity performance, or contracts where pay

is based on division-specific performance. The distinction between equity-based contracts and

division-specific pay, such as pay-for-performance compensation, is particularly important for lower-

level managers.2 The case for equity-based contracts for top managers is rather strong, as they

are responsible for the performance of the overall firm. More puzzling is the widespread use of

equity-based compensation for division and rank-and-file managers who are deeper down in an

organization. This is because, for such lower-level managers, equity-based contracts reduce the

responsiveness of their pay to their actions, thus “diluting” their incentives. In addition, adding

non-informative risk (that is, “noise”) to compensation contracts for risk-averse agents reduces

their expected utility with no benefit to the principal (Holmstrom, 1979).

This paper proposes a novel explanation of the optimal incentive contracts in organizations based

on uncertainty aversion. We consider a multi-divisional firm endowed with company headquarters

and (two) uncertainty-averse division managers. Company headquarters must design optimal in-

centive contracts for the division managers. If pay is contingent only on a division’s performance,

as uncertainty increases division managers become relatively more conservative on the prospects of

their divisions, causing incentives to be less effective at inducing effort. Division managers’more

conservative beliefs on future expected cash flow of their division is due to their greater expo-

sure to division-specific risk under uncertainty aversion.3 When uncertainty is suffi ciently large,

company headquarters find it desirable to offer division managers compensation contracts with

cross-pay with the aim of making them more confident about their own division and inducing more

effort. Thus, optimal incentive contracts will be a combination of equity-based and division-specific

compensation when there is suffi cient uncertainty.

The benefit of equity based-contracts for division managers in multidivisional firms is to align

division managers’expectations on future cash flows with those held by the company headquar-

1See Murphy (1999, 2013), Frydman and Jenter (2010) and Oyer and Schaefer (2011) for extensive surveys.
2An example of pay-for-performance compensation is a contract based on Economic Value Added, or EVA.
3This property is an implication of the fact that, under uncertainty aversion, probabilistic assessments (or “beliefs”

in the sense of de Finetti, 1974) held by uncertainty-averse agents are not uniquely determined by a single prior but,
rather, are determined endogenously as the solution of a minimization problem (see Dicks and Fulghieri, 2019a, for
further details).
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ters. By providing cross pay, which hedges the division managers’exposure to division cash-flow

uncertainty, company headquarters induce division managers to hold more favorable expectations

on their divisions, with a positive impact on their effort. Cross-pay compensation, however, is

costly to company headquarters since it provides pay that is not linked to the specific divisional

performance (which is directly affected by effort) but, rather, is beneficial only through its effect

on division managers’beliefs. The optimal cross-pay component in a compensation contract for a

division manager will thus depend on its beneficial effect on managerial expectations.

We show that the structure of the optimal incentive contracts for division managers depends on

the level of uncertainty characterizing a firm’s future profitability and on the attitude of headquar-

ters toward such uncertainty. For low levels of uncertainty, optimal contracts have only traditional

pay-for-performance features, where a division manager’s pay depends only on the performance

of their own division. If uncertainty is suffi ciently large, the optimal contracts for division man-

agers also depend on headquarters attitude toward uncertainty. When headquarters are uncertainty

neutral, they grant cross pay to induce the division manager to agree with their own (exogenous) ex-

pectations on future cash flows. Because headquarters designs optimal incentive contracts to induce

agreement of beliefs within the organization with their own (exogenous) beliefs, we will denote this

case as one of “visionary” leadership. In contrast, when headquarters are themselves uncertainty-

averse, the optimal contracts induce again division managers to agree with firm headquarters,

but now equilibrium beliefs enacted in the firm (that is, the point of agreement) are endogenous

and depend on firm characteristics. Because, in this case, beliefs promoted by headquarters for

their organization are determined endogenously, we will refer to uncertainty-averse headquarters

as “pragmatic” leadership. This type of leadership is pragmatic in that it will determine the be-

liefs that it wishes to induce (in equilibrium) in the organization endogenously, depending on firm

characteristics.

Our model predicts that the relative importance of the equity-based and division-based (or pay-

for-performance) compensation depends critically on firms’characteristics. Specifically, division-

based compensation contracts are optimal in more mature firms, which are less affected by uncer-

tainty on future divisional cash flow. In contrast, at younger firms, especially those involved in

the development of new products and technologies that are more exposed to uncertainty on firm’s
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fundamentals, optimal incentive contracts have equity-based components. In the absence of such

equity-based compensation, division managers, by being more conservative on the future prospects

of their own division than for other divisions in the organization, will value their compensation

packages less than the ones offered to other division managers, which can create “envy” in the

organization.

Our paper provides a new decision-theoretic foundation for the use of equity-based compensa-

tion in organizations. In particular, we show that equity-based compensation can be used by the

company HQ to promoted a “shared view”within the organization. The necessity of promoting

a shared view stems from the disagreement that emerges endogenously within an organization be-

cause of agents’uncertainty aversion. Uncertainty-averse agents will assess the prospects of their

own divisions more conservatively than company HQ. In addition, divisional managers will also be-

come more positive about other divisions’prospects and compensation in the firm, generating envy

across division managers. Such disagreement is detrimental because it affects adversely incentives

and promotes discord in the organization. Our paper argues that equity-based compensation can

play an important role in realigning expectations (i.e., beliefs) within an organization and, thus,

produce a shared view of the company’s prospects, promoting internal consensus.

Our paper is linked to several streams of literature. The first one is the traditional principal-

agent theory and the theory of optimal contracts design within organizations. Contract theory

builds on the seminal work by Mirrlees (1976) and (1999), Holmstrom (1979) and Grossman and

Hart (1983).4 One of the key results of the early stages of this literature is that, to address a

moral hazard (or “hidden action”) problem, optimal contracts can be thought as the solution of an

inference problem where contractual compensation should be a function of all and only observable

variables that are informative on the hidden action selected by the agent.5

Closer to our paper is the research belongs to the emerging literature on contract theory under

uncertainty. Lee and Rajan (2018) consider the model in the spirit of Innes (1990) and study the

optimal incentive contract between a principal and an agent where both parties are uncertainty-

averse. The source of uncertainty in the model is the exact probability distribution of the random

4See Hart and Holmstrom (1987) and Prendergast (1999) for surveys of the earlier literature on contract theory.
5Ravid and Spiegel (1997) show that incentive contracts more directly tailored to shareholder value, such as

shareholder equity, are optimal when agents can choose their hidden action from rich sets of possible action-profiles.
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cash flow. The paper shows that, contrary to basic case of uncertainty-neutrality of Innes (1990), the

optimal contract has equity-like components. Szydlowski (2019) considers a dynamic contracting

model where an ambiguity-neutral principal designs an optimal dynamic contract for an ambiguity-

averse agent, where the source of ambiguity is the agent’s cost of effort. In that setting, uncertainty

(specifically, the worst-case scenario) evolves over time depending on firm performance, inducing

dynamic contracts with over- and under-compensation with respect to the case where the agent is

uncertainty-neutral. Miao and Rivera (2016) consider the optimal contract between uncertainty-

averse principal and an uncertainty-neutral but risk-averse agent: they show that the principal’s

preference for robustness can cause the incentive compatibility constraint to be lax. Carroll (2015)

shows that a principal who is uncertain about the actions of an agent will optimally grant the

agent a linear contract, to align their payoffs. The main feature of these papers is to consider

principal-agents problems in isolation. In contrast, in our paper we consider the problem of incentive

contracting within organizations, where the principal (company HQ) design contracts with multiple

agents who are exposed to multiple sources of uncertainty.6

Our paper is strictly related to the literature on the optimal employee compensation structure

and, particularly, on the use of equity-based compensation. Oyer (2004) suggests that equity-

based compensation (for example, through stock option plans) have the advantage of adjusting

employees’compensation to their outside options, which may be correlated to firm value. Oyer and

Schaefer (2005) document that broad-based stock option plans are more common at smaller and

riskier firms, and argue that (in calibrations) option-based compensation provide weak incentives

to middle-level managers. Rather, option plans seem to be more effective as tools to attract and

retain more optimistic employees. Bergman and Jenter (2007) argue that firms adopt option-based

compensation to attract (and under-pay) over-optimistic employees. Duchin et al. (2018) document

that a change in industry pay in one division of a conglomerate generates spillovers on divisional

managerial pay in other divisions of the same firm.

Other papers test the more traditional theory that equity-based compensation has a positive

effect on incentives, resulting in better performance ex-post. For example, Hochberg and Lindsey

(2010) argue that firms with option-plans that have higher implied incentives exhibit higher sub-

6An exception is Garlappi, Giammarino and Lazrak (2017), which shows that group decision-making by individuals
with heterogeneous beliefs may generate decisions that have ambiguity-like features.
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sequent operating performance, a feature that is concentrated in firms with fewer employees and

with higher growth opportunities. Baker, Jensen and Murphy (1988) suggests that non-executive

option plans may induce cooperation among employees helping to overcome the free-rider problem

implicit in large organizations, resulting in better firm performance. Our paper provides a novel

explanation for the seemingly “cooperative”outcome due to equity-based compensation based on

the better coordination of beliefs in the organization that is induced by such plans.

Our approach differ from theories where wage structure and equity-based compensation is a

way for cash constrained firms to raise “cheap” capital. Core and Guay (2001) argue that firms

use stock option compensation plans when facing greater capital requirements and stronger fi-

nancing constraints. Guiso, Pistaferri, and Schivardi (2013) argue that credit constrained firms

offer lower initial wages, but offer a steeper wage progression over time. Kim and Ouimet (2014)

argue that ESOP plans allows (financially constrained) firms to save cash by substituting wages

with equity compensation, with a smaller effect on incentives (especially in larger firms) due to

the free-rider problem. Our approach can explain the optimality of equity-based contracts also

for larger firms (such as, for example, Microsoft or Google) which are presumably less affected by

financing constraints. In addition, our paper can explain features of the compensation structure in

large organizations, such as the use of bonuses, where the value of the year-end bonus for division

managers is tied not only to the performance of their division, but also to the performance of the

entire organization.7

More generally, our paper is linked to a growing literature on the determination of organization

styles. Rotemberg and Saloner (1993) argue that, when contracts are incomplete, promotion of

a participatory corporate culture by firm leadership can be beneficial in innovative environments.

Rotemberg and Saloner (2000) show that a “visionary”CEO who is committed to a certain strat-

egy (or product line) can promote innovation by middle managers in situations where internal

competition for product implementation may stifle innovation. Dessein and Santos (2006) exam-

ine the trade-off between the benefits of decentralized decision making in adaptive organizations,

where agents can make best use of local information, and the benefits of centralized coordination.

More recently, Bolton, Brunnermeier, and Veldkamp (2013) argue that “resolute”leaders are able

7For example, Ma, Tang, and Gomez (2019) find that in the mutual fund industry it is rather common that fund
managers’bonuses are directly linked to the overall profitability of the mutual fund family.
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to commit ex-ante to a corporate strategy, avoiding a time-inconsistency problem that otherwise

would undermine coordination in the organization.

Our work also contributes to the emerging literature on uncertainty aversion in financial decision

making and asset pricing. Uncertainty aversion has been proposed as an alternative to Subjective

Expected Utility (SEU) to describe decision making in cases where agents have limited information

on probability distributions. This stream of research was motivated by a large body of work

documenting important deviations from SEU and the classic Bayesian paradigm (see Etner, Jeleva,

and Tallon, 2012). While the degree of ambiguity aversion may vary across treatments and subjects,

the presence of ambiguity aversion appears to be a robust experimental regularity. Interestingly,

Chew, Ratchford, and Sagi (2018) document that ambiguity-averse behavior is particularly relevant

among more educated (and analytically sophisticated) subjects.

Uncertainty aversion has also been shown to be an important driver of asset pricing, providing

an explanation for observed behavior that would otherwise be puzzling in the context of SEU. For

example, Anderson, Ghysels, and Juergens (2009) find stronger empirical evidence for uncertainty

than for traditional risk aversion as a driver of cross-sectional expected returns. Jeong, Kim, and

Park (2015) estimate that ambiguity aversion is economically significant and explains up to 45%

of the observed equity premium. Boyarchenko (2012) shows that the sudden increase in credit

spreads during the financial crisis can be explained by a surge in uncertainty faced by uncertainty-

averse market participants. Dimmock et al. (2016) show that ambiguity aversion helps explain

several household portfolio choice puzzles, such as low stock market participation, low foreign stock

ownership, and high own-company stock ownership.

The paper is organized as follows. Section 1 presents the model. Section 2 discusses the case of

a visionary leadership. Section 3 examines the case of a pragmatic leadership. Section 4 presents

empirical implications of our paper, and Section 5 concludes with directions for further ongoing

research. All proofs are in the appendix.
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1 The Model

We consider a firm composed by two divisions, τ ∈ {A,B}. Divisions are run by a division manager,

DMτ , τ ∈ {A,B}, and are supervised by the company headquarters, HQ. Each division is endowed

with a single investment project which represents the divisional assets. The investment project of

division τ requires that at the beginning of the period, t = 1, division manager DMτ exerts effort

aτ ; after that, the project generates a payoff at the end of the period, t = 2. Divisional projects

can either succeed, S, or fail, F . If successful, division-τ project generates a contractible payoff,

Yτ , which accrues to HQ. If the investment project fails, it generates zero payoff, 0. Let Ỹτ be the

random variable representing the (random) payoff from division τ taking values in {0, Rτ}. Let q

be the (joint) probability distribution of ỸA and ỸB.

1.1 Modeling Uncertainty

A key feature of our model is to acknowledge that most corporate decisions are taken without full

knowledge of the probability distributions involved, a situation that is characterized as uncertainty

(Knight, 1921). Accordingly, and differently from traditional contract theory, we assume that

division managers are uncertainty averse. While we will initially assume that company HQ are

uncertainty neutral, later we will allow for an uncertainty-averse HQ.

We model uncertainty (or “ambiguity”) aversion by adopting the minimum expected utility

(MEU) approach of Gilboa and Schmeidler (1989).8 A key feature of this approach is that economic

agents do not have a single prior on future events but, rather, they believe that the probability

distribution of future events belongs to a given set M , denoted as the “core beliefs set.”9 Thus,

8MEU was originally derived by Gilboa and Schmeidler (1989). An alternative approach is “smooth ambiguity”
developed by Klibanoff, Marinacci, and Mukerji (2005). In their model, agents maximize expected felicity of expected
utility. Agents are uncertainty averse if the felicity function is concave. Our results follow also in that framework if
the felicity function is suffi ciently concave. The main results of our paper will hold also in this latter approach, but
at the cost of requiring a substantially greater analytical complexity.

9Note that in our paper we take the core-beliefs set of agents as a representation of their primitive preferences.
The core-beliefs set, however, could be obtained as the outcome of a “micro-foundation” that builds directly on
uncertainty on economic fundamentals. In Appendix B, we present a model specification that generates qualitatively
identical results, where the source of uncertainty is consumer demand (formally, the proportion of consumers that
exhibit a relatively stronger preference for each good produced by the two divisions).
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uncertainty-averse agents maximize their MEU utility

U = min
µ∈M

Eµ [u (·)] , (1)

where µ is a probability distribution over future events, and u (·) is a von-Neumann Morgenstern

(vNM) utility function.10 In addition, following Epstein and Schneider (2010), we assume that

uncertainty-averse agents are sophisticated with consistent planning. This means that agents cor-

rectly anticipate their future uncertainty aversion and, thus, correctly take into account how they

will behave at future dates in different states of the world.11

An important property of uncertainty aversion, one which plays a critical role in our paper, is

uncertainty hedging. Given our two random variables Ỹτ , with τ ∈ {A,B}, representing the random

returns on the two divisions, we have that for any β ∈ [0, 1],we have

β min
µ∈M

Eµ

[
u
(
Ỹ1

)]
+ (1− β) min

µ∈M
Eµ

[
u
(
Ỹ2

)]
≤ min

µ∈M
{βEµ

[
u
(
Ỹ1

)]
+ (1− β)Eµ

[
u
(
Ỹ2

)]
}. (2)

Uncertainty hedging is a consequence of the min operator in (2), and is a direct implication of the

“uncertainty aversion axiom”of Gilboa and Schmeidler (1989). It implies that uncertainty-averse

agents prefer to hold a portfolio of uncertain assets (rather than a single uncertain asset). This

property can be best understood as the analog of the benefits of diversification in the standard

portfolio theory, but when agents are uncertainty averse. It derives from the property that, by

holding a portfolio of assets, investors can lower their exposure to underlying uncertainty. We will

show that uncertainty hedging also implies that an investor will be more “optimistic” about the

returns on a portfolio of assets rather than any single asset in the portfolio.

We model investor uncertainty aversion by assuming that investors are uncertain on the prob-

ability distribution of the return of the assets of the two divisions. Following Hansen and Sargent

(2001), (2007) and Hansen et al. (2006), we characterize the core beliefs set by using the notion of

relative entropy. For given pair of (discrete) probability distributions (q, q̂), the relative entropy of

10 In the traditional SEU framework, players have a single prior µ and maximize their expected utility Eµ [u (·)].
11Siniscalchi (2011) describes this framework as preferences over trees.
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q with respect to q̂ is defined as the Kullback-Leibler divergence of q from q̂, and is given by

R(q|q̂) ≡
N∑
i=1

qi ln
qi

q̂i
. (3)

The core beliefs set for the uncertainty-averse investors in our economy is then given by

M ≡ {q : R(q|q̂) ≤ η}, (4)

where q is the joint distribution of the returns of the assets of the two divisions, and q̂ is a certain,

exogenously given “reference”probability distribution (for example, an “uninformed prior”where

q̂i = 1/N). Thus, the core beliefs set M is the set of distributions q with a divergence not greater

than η with respect to the reference distribution q. The parameter η can be interpreted as repre-

senting the extent of uncertainty that is faced by the division managers.12 From (3), it is easy to

see that the relative entropy of q with respect to q̂ represents the (expected) log-likelihood ratio of

the pairs of distributions (q, q̂), when the “true”probability distribution is q. Thus, the core beliefs

set M includes the set of probability distributions, q, with the property that, if true, the investor

would expect not to reject the (“null”) hypothesis q̂ in a likelihood-ratio test.13

Intuitively, the core belief set M can be interpreted as the set of probability distributions that

are not “too unlikely” to be the true (joint) probability distribution that characterizes the two

technologies, given the reference distribution q̂. Note that a small value of η represents situations

where agents have more confidence that the probability distribution q̂ is a good representation

of the success probability of the two divisions, while a large value of η corresponds to situations

where there is great uncertainty on the true probabilities underlying the two investments.14 It is

immediate to verify the following property of the core beliefs set M .

Lemma 1 Let η < η (q̂), defined in the appendix. The core beliefs set M is a strictly convex set

with smooth boundary.

12As in Epstein and Schneider (2010), Hansen and Sargent (2005), (2007), and (2008), relative entropy can also be
interpreted as characterizing the extent of “misspecification error”that affects decision makers.
13Note that our results will go through, more generally, as long as the core belief set M is a strictly convex set

with smooth boundaries.
14As in Hansen and Sargent (2001), (2007), (2008), and Epstein and Schneider (2010), relative entropy can be

interpreted as characterizing the extent of “misspecification error”that affects investors.
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Note that Lemma 1 is an implication of the fact that relative entropy R(q|q̂) is a strictly convex

function of q.15 Lemma 1 also implies that, for uncertainty-averse agents with positive endowment

of the underlying risky assets, the relevant part of the core beliefs set M is a smooth, decreasing

and convex function. This property is an implication of the fact that uncertainty-averse agents

solving problem (1), will select their probability assessments that lie in the “lower-left”boundary

of the core beliefs set M (see Figure 1 for a numerical example).

It is easy to see that restricting investors’beliefs to belong to the core beliefs set (4) has the

effect of ruling out probability distributions that are “too far” from the reference probability q̂.

In other words, the maximum entropy criterion implied by (4) excludes from the core-belief set

probability distributions that give “too much”weight to extreme events. In addition, because from

Lemma 1 uncertainty-averse investors are essentially concerned about “left-tail”events, we denote

this property as “trimming pessimism.”

Because there is no closed-form solution for the level set of relative entropy for binomial distri-

butions in (4), for ease of exposition we model the relevant portion of the core beliefs set (namely,

the decreasing and convex “lower-left” boundary) by using a lower-dimensional parametrization,

as follows. Following Dicks and Fulghieri (2019a), we assume that the success probability of the

investment project of a type-τ division depends on the value of an underlying parameter θτ , and is

denoted by qτ (θτ ), with θτ ∈ [θL, θH ], where θL ≤ θH < θM . For analytical tractability, we assume

that qτ (θτ ) = φτpτ (θτ ), with τ ∈ {A,B}, where pτ (θτ ) ≡ eθτ−θM and φτ is a scaling factor that

will be specified below. Uncertainty-averse agents treat the vector ~θ ≡ (θA, θB) as ambiguous and

assess that ~θ ∈ Cθ ⊂ {(θA, θB) : (θA, θB) ∈ [θL, θH ]2}.16 We interpret the parameter combination
~θ as describing the state of the economy at t = 2.

Different from Dicks and Fulghieri (2019a), we assume that the returns on investments in the

two technologies are potentially correlated. Specifically, we assume that the probability that both

project are successful is equal to qSS ≡ rqA(θA)qB(θB), while the probability that only project A

is successful is qSF ≡ qA(θA)(1− rqB(θB)) and the probability that only project B is successful is

15For a general discussion, see Theorem 2.5.3 and 2.7.2 of Cover and Thomas (2006). Our results hold, generally,
when the core-belief set M is a strictly convex set with smooth boundaries. Note that “rectangular”core-belief sets
do not satisfy such condition, thus defeating the benefits of uncertainty hedging of the uncertainty-aversion axiom.
16 In Figure 2, compare our lower-dimensional approximation of the core-belief set, based on (5), with the one based

on relative entropy (4).
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qFS ≡ qB(θB)(1− rqA(θA)). Agents believe that also the correlation of the returns on investments

in the two technologies is also uncertain and that r ∈ Cr ≡ [r, r̄], where r < e−α

1+e−2α and r̄ > eα.

Finally, we denote C ≡ Cθ × Cr as the set of “core beliefs”of our uncertainty-averse investors. In

light of Lemma 1 and subsequent discussion, we assume that for ~θ ∈ Cθ we have that

(θA + θB)/2 = θT , (5)

where θT ≡ (θH+θL)/2.17 In addition, we set α ≡ θT−θL, where the parameter α characterizes the

level of uncertainty affecting division investment projects, as perceived by the division managers.

We assume, for simplicity, that the level of uncertainty perceived by the two managers, that is, the

value of α, is the same for the two divisions, an assumption that can be relaxed.

We will at times benchmark the behavior of uncertainty-averse agents with the behavior of an

uncertainty-neutral SEU agent, and we will assume that uncertainty-neutral investors has θL = θH ,

so that she assesses θτ = θT . This assumption guarantees that the uncertainty-neutral investor has

the same probability assessment on the return on the two divisions as a well-diversified uncertainty-

averse investor (and thus there is no “hard-wired”difference between the to type of investors).

We will assume throughout our paper that all agents, company HQ and both division managers,

are risk neutral. The assumption of risk neutrality will allow us to separate the effects of uncertainty

aversion, which are the primary focus of our paper, from those of traditional risk aversion.18 We will

also assume that division managers are uncertainty averse, and we will consider two types of HQ.

For reasons that will become apparent below, we denote an uncertainty-neutral HQ as visionary

leadership, while we denote an uncertainty-averse HQ as pragmatic leadership.

17We note that correlation of returns across divisions is introduced for the specific reason of avoiding the desirability
option-like incentive contracts that pay in state SS only. Given our assumption that (θA+θB)/2 = θT , these contracts
would shield division managers from uncertainty. The adoption of a similar specification of the set Cθ, such as L1, as
in Dicks and Fulghieri (2019b) would make such contracts suboptimal even in the absence of correlation uncertainty.
18The presence of risk-aversion for divisional managers will induce a risk sharing element in the optimal compen-

sation structure. The effect of the interaction of risk and uncertainty aversion is important, and is currently under
investigation by the authors.
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1.2 Uncertainty aversion and incentive contracts

The success probability of a type-τ division project, qτ , depends on the level of effort, aτ , exerted

by its division manager

qτ = zτaτpτ (θτ ) , (6)

where zτ represents the productivity of division τ , and θτ is parameter that characterizes the state

of the economy at t = 2. We assume that exerting effort is costly, and that DMτ must pay a

personal non-pecuniary cost equal to

cτ (aτ ) =
a
1+ 1

γ
τ

kτ

(
1 + 1

γ

) (7)

to implement effort level aτ (note kτ , γ > 0). Company HQ cannot directly contract on the level of

effort exerted by the division managers, creating a moral hazard problem that must be addressed

with optimal incentive contracts.

Optimal contract design is constrained by the fact company HQ can only observe the outcome

of each division project, Ỹτ , τ ∈ {A,B}. We will assume (and later verify) that parameters value

are such that the division manager’s participation constraint is lax, which implies that under the

optimal contract division managers earn (strictly) positive rents. This implies that, because the

division manager is risk neutral and protected by limited liability, optimal contracts have no base

pay, that is, payments in the case of failure of division projects. Thus, an incentive contract ω̂τ

for division manager τ is a triplet ω̂τ ≡ {wτ , xτ , bτ}, such that HQ pays DMτ the sum wτ if his

division has a successful project, xτ if the other division has a successful project, and bτ if both

projects are successful.

A key property of uncertainty aversion is that probability assessment held by decision makers,

that is, their “beliefs,” are endogenous, and depend on the decision maker’s overall exposure to

uncertainty. In our setting, this implies that incentive contracts affect a division manager effort

through two distinct channels. The first one is the traditional effect of inducing effort by rewarding

division managers in the case of success of their investment projects. The second channel depends

on the impact of incentive contracts on managerial assessment of the success probability of their
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projects. Specifically, incentive contract may be used by company HQ to lead uncertainty averse

division managers to hold more favorable assessment of the success probability of their division,

thus generating a positive effect on effort. This is a new channel and the key driver of our paper.

We now establish a preliminary property of optimal contracts that will allow us to simplify the

exposition of our results. It is useful to note that ambiguity by division managers on the degree of

correlation between their division projects, r, implies that company HQ will never find it desirable

to make payments conditional on the success of both projects.

Lemma 2 HQ sets bτ = 0 in the optimal contract.

Lemma 2 shows that it is always optimal for company HQ to grant division managers only

contracts that are linear in projects’payoffs. This property derives from the fact that, because

of uncertainty about correlation, payments contingent on both projects succeeding, bτ , will make

division managers more conservative about the joint success probability of both divisions, with an

adverse impact on their incentives to exert effort. Thus, company HQ will always find it optimal to

set bτ = 0 and not to expose division managers to uncertainty on the correlation between project

outcomes. On the basis of Lemma 2, we can restrict optimal contracts between HQ and division

manager τ to consist of a share of their division, wτ , the pay-for-performance component, and

potentially, a share of the other division, xτ , the cross-pay component, and we set ωτ ≡ {wτ , xτ}.

Given an incentive contract ωτ , division manager τ continuation utility is

ûτ

(
a, ωτ ;

−→
θ
)

= zτaτpτ (θτ )wτ + zτ ′aτ ′pτ ′ (θτ ′)xτ , (8)

where a = {aτ , aτ ′} is the action profile selected by the managers of both divisions. Because of

uncertainty aversion, the beliefs held by DMτ ,
−→
θa, are endogenous and are the solution to the

minimization problem
−→
θa(ωτ , a) = arg min−→

θ ∈C
ûτ

(
a, ωτ ;

−→
θ
)

and are characterized in the following Lemma.

Lemma 3 Let

θ̌
a
τ ≡ θT +

1

2
ln
zτ ′aτ ′xτ
zτaτwτ

. (9)
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The assessment held by an uncertainty-averse division manager endowed with an incentive contract

toward his project is

θaτ (ωτ ) =


θL

θ̌
τ
τ

θH

θ̌
τ
τ ≤ θL

θ̌
τ
τ ∈ (θL, θH)

θ̌
τ
τ ≥ θH

for τ ∈ {A,B}. (10)

Lemma 3 shows that the probability assessment, or beliefs, that a division manager holds toward

the success of their own project, θaτ , is endogenous and it depends on the incentive contract offered

by company HQ, ωτ . We will say that the agent has interior beliefs when θaτ ∈ (θL, θH), in which

case, the agent’s assessments are equal to θ̌
a
τ in (9). Otherwise, we will say that the division manager

holds corner beliefs.

Several important features are emerge from Lemma 3. First, note that if headquarters grants

to a division manager only division pay, that is ωτ ≡ {wτ , 0}, the division manager will assess the

prospects of his division conservatively and set θaτ = θL. It is useful to note that this implies that

pτ (θL) = e−αpτ (θT ), where α is the uncertainty of the firm and pτ (θT ) is the belief held by an

uncertainty-neutral agent. Second, note that probability assessment held by a divisional manager

toward his own division, θaτ , is a (weakly) decreasing function of the pay-for-performance component,

wτ . This property reflects the fact that, holding everything else constant, an increase of the pay-for-

performance component, wτ , in the incentive contract increases the divisional manager’s exposure

to the uncertainty affecting his own division project, generating a more conservative assessment of

its success probability.

In contrast, and symmetrically, the division manager probability assessment θaτ is increasing

function of the cross pay xτ . This property is the consequence of uncertainty-hedging, and its

reflects the fact that increasing the exposure to the other division uncertainty, will make the division

manager more “conservative”about the other division and, consequently, more “optimistic”about

its own division. Thus, Lemma 3 shows the key benefit of granting cross-pay: it makes a division

manager more confident about their division’s prospects when they have a share of the other

division. Granting cross pay, however, is costly and provides no direct incentive to effort. We

will show later that, when there is suffi ciently great uncertainty surrounding divisional investment
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projects (that is, when α is suffi ciently large), it is optimal for company HQ to grant cross pay.

Incentive contracts affect the choice of managerial effort as follows. Division manager τ chooses

his optimal level of effort aτ by setting

aτ (ωτ , aτ ′) = argmax
aτ

Uτ (a, ωτ ) ≡ zτaτpτ (θaτ )wτ + zτ ′aτ ′pτ ′ (θ
a
τ ′)xτ −

a
1+ 1

γ
τ

kτ

(
1 + 1

γ

) , (11)

where θaτ is determined in Lemma 3. The optimal level of effort aτ (ωτ , aτ ′) depends on the com-

position of his own incentive contract {wτ , xτ}, the productivity of his own division, zτ , as well as

level of effort exerted by the manager of the other division, aτ ′ , and its productivity, zτ ′ . We have

the following.

Theorem 1 Division manager τ optimally exerts effort aτ (ωτ , aτ ′) = [zτkτpτ (θaτ )wτ ]γ, which is

increasing in pay-for-performance pay, wτ , cross-division pay, xτ , and the effort exerted by the

other division manager, aτ ′.

Theorem 1 provides one of the key drivers of our paper. If division managers are uncertainty

neutral, pτ (θaτ ) = pτ (θT ), giving that their optimal level of effort is equal to

aNτ = [zτkτpτ (θT )wτ ]γ , (12)

where beliefs for uncertainty-neutral division managers are equal to θT . It is immediate to verify

that a division manager’s effort, aNτ , is an increasing function of his own division-based pay, wτ , but

is affected by neither their cross-division pay, xτ , nor the action of the other division manager, aτ ′ .

This means that it is never optimal for company HQ to offer cross pay, and thus the two divisions

are effectively operating independently.

In contrast, when divisional managers are uncertainty averse, from Theorem 1 it can immedi-

ately be verified that optimal divisional effort it is equal to

aaτ = aNτ

[
pτ (θaτ )

pτ (θT )

]γ
,

where divisional managers’beliefs pτ (θaτ ) are determined in Lemma 3 The presence of uncertainty
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aversion introduces now a link across division managers’optimal effort levels, which is driven by

beliefs. This happens because, when division managers are uncertainty averse, Lemma 3 implies

that their assessment of their division’s success probabilities are endogenous. Specifically, a division

manager is more confident about the success probability of his project if he is also granted pay that

depends on the payoff from the other division’s project, that is, cross pay. In addition, the presence

of cross pay makes a division manager’s beliefs also an increasing function of both the effort level

and the productivity of the other division. This means that effort levels by division managers are

strategic complements.

Finally, note that if HQ grants a small level of cross pay, division managers will be conservative,

believing θττ = θL, and will exert very low levels of effort, aaτ << aNτ , reflecting their pessimism.

If HQ grants a moderate level of cross pay, the division manager will have an interior solution

for θττ in Lemma 3, leading to an intermediate level of effort. Note that in this case, a
a
τ > aNτ iff

pτ (θaτ ) > pτ (θT ). Finally, if company HQ grants a very large level of cross pay, division managers

will be very optimistic, θττ = θH , and will be willing to exert a high effort level, with aaτ >> aNτ .

The main implication of this section is that a division manager’s level of effort depends on both

the pay-for-performance pay, that is division-specific pay, and a component that depends on the

performance of the other division, the cross pay. Standard principal-agents models suggest that,

with uncertainty-neutral agents, is never optimal to make incentive contracts for a division manager

contingent on other divisions’performance. Under uncertainty aversion, in contrast, company HQ

can use incentive contracts and, specifically, cross pay to motivate division manager effort by

inducing more favorable beliefs on project outcomes. In other words, a new and desirable effect of

incentive contracts is to determine the level of “optimism” that is prevalent in the organization.

The desirable belief structure that company HQs would like to generate in their company will,

in turn depend on their beliefs structure and whether they are uncertainty neutral or uncertainty

averse themselves, that is whether they have a strong or a pragmatic leadership, situations that

which we study next.
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2 Visionary Leadership

We consider now the ex-ante problem faced by the company HQ in selecting the optimal incentive

pay for the two divisions. We start with the case in which the company HQ is uncertainty neutral

and holds a belief θτ = θT for both divisions. Given the set of incentive contracts offered by HQ,

ω ≡ {ωA, ωB}, the division managers choose simultaneously the optimal level of effort exerted,

aτ (ω), with τ ∈ {A,B}. Given the (optimal) action profile selected by the two division managers,

ãτ (ω), we can express the payoff of company HQ, as

π
(
a,
−→
θ
)

= zAãA(ω)p (θT ) (RA − wA − xB) + zB ãB(ω)p (θT ) (RB − wB − xA) . (13)

As a benchmark, it is useful to note that if division managers are uncertainty neutral, division

manager effort is given by (12). By direct substitution in (13), it can immediately be determined

that the optimal incentive contract for uncertainty neutral managers is equal to ωNτ ≡ {wNτ , 0},

where

wNτ =
γ

1 + γ
Rτ .

In addition, the optimal incentive contract wNτ will induce each division manager to exert an effort

level equal to

aNτ =

[
zτkτpτ (θT )

γ

(1 + γ)
Rτ

]γ
.

If division managers are uncertainty averse, company HQ may choose one of three possible kinds

of incentive contracts: it can offer (i) a contract with no cross-pay to any the division manager, (ii)

a contract with cross-pay to one division manager, but not the other, or (iii) a contract with cross-

pay to both division managers. The optimal incentive contract depends on the level of uncertainty

faced by division managers, α, and is characterized as follows.

Theorem 2 For low levels of uncertainty, α < ln 2, the optimal contract grants only pay-for-

performance compensation to division managers. For higher levels of uncertainty, α > ln 2, the op-

timal contract grants cross pay to division manager. Further, if HQ grants only pay-for-performance

compensation, division managers will be relatively conservative: θττ < θT . If HQ grants division

managers cross pay, the optimal contract induces agreement: θττ = θT
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Theorem 2 shows that when the level of uncertainty faced by division managers is low, specifi-

cally for α < ln 2, company HQ grants only pay-for-performance compensation and does not offer

cross pay, xaτ = 0. Furthermore, in this case, company HQ allows division managers to be conserv-

ative, θττ = θT −α, even if this results in a diminished effort. This happens because, when division

managers face low levels of uncertainty, and α is small, company HQ and division managers beliefs

are suffi ciently aligned so that division manager’s uncertainty aversion does not reduce their effort

significantly (with respect to the uncertainty-neutral case). This implies that it not worthwhile for

the company HQ to improve division manager beliefs by also offering cross pay, which would be

costly to them (and with the sole effect of improving effort through its impact on division manager’s

beliefs). Finally, in this case, the optimal pay-for-performance compensation is the same as the one

that would be offered in the case the division manager is uncertainty neutral

wa,`τ = wNτ =
γ

1 + γ
Rτ .

Note that this incentive contract induces a level of effort by the division manager, aaτ , that is lower

than that would prevail under uncertainty neutrality, aNτ , as follows:

aa,`τ = e−αγaNτ .

When the level of uncertainty faced by division managers is suffi ciently large, α ≥ ln 2, company

HQ grants cross pay. This happens because, when uncertainty is suffi ciently large, beliefs by held by

division managers and company HQ will diverge significantly, and the division manager’s pessimism

will result in too little effort. In this case, it is worthwhile for the company HQ to elicit greater effort

by offering cross pay, through the positive effect of cross pay on the division manager’s assessment

of the success probability of his division. The optimal incentive contract is now given by

wa,hτ =
1

2

γ

1 + γ
Rτ =

1

2
wNτ , and xa,hτ = Θτ

1

2

γ

1 + γ
Rτ = Θτ

1

2
wNτ , (14)
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where Θτ ≡ (zτ/zτ ′)
1+γ (kτRτ/kτ ′Rτ ′)

γ , and it will induce an effort level equal to

ahτ =
1

2γ
aNτ .

It is easy to verify that ahτ > aa,`τ for α > ln 2, which means that granting cross pay increases

division managers’effort levels. Finally, note that by offering an incentive contract with cross pay,

HQ induces agreement from the division manager, θττ = θT . When uncertainty is low, HQ grants

only pay-for-performance compensation and accepts divisional manager’s pessimism. At greater

levels of uncertainty, company HQ find it optimal to boost division managers beliefs through cross

pay and align them to their own beliefs. Thus, when headquarters optimally contracts with division

managers, their vision spreads through the organization.

Corollary 1 If divisions are symmetric (same z, k, and R) and there is suffi cient uncertainty,

α > ln 2, the optimal contract is equity: Θτ = 1.

When divisions are symmetric and the uncertainty is large, we have that the optimal incentive

contract allows for cross-pay with Θτ = 1. This implies that wa,hτ = xa,hτ and the optimal incentive

contact is one where each division manager is granted an equal proportions of the payoff of both

divisions, that is, an equity contract.

3 Pragmatic Leadership

In this section we consider the optimal incentive contract for division managers when company HQ

is uncertainty averse as well. Different from the case of visionary leadership, where company HQ

was uncertainty neutral and held “strong”beliefs θT for their company, beliefs for an uncertainty

averse company HQ are not fixed, but they will be determined endogenously as well. Specifically,

beliefs held by uncertainty-averse company HQ will be pragmatically adapted to the company

characteristics. Thus, we will identify this type of leadership as the “pragmatic leadership.”

Given the action profile selected by the two division managers, a(ω) ≡ (aA(ω), aB(ω)),we can
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express the payoff of a uncertainty averse company HQ, as

π
(
a, ω,

−→
θ HQ

)
= zAaA(ω)p

(
θHQA

)
(RA − wA − xB) + zBaB(ω)p

(
θHQB

)
(RB − wB − xA) . (15)

where
−→
θ HQ ≡ {θHQA , θHQB } represents the company HQ beliefs regarding the success probabilities

of the two divisions. We still assume that company HQ and division managers face the same level

of uncertainty, α. Similar to the division managers’case, company HQ beliefs are determined by

setting
−→
θa(ωτ , a) = arg min

−→
θ ∈CHQ

π
(
a, ω,

−→
θ HQ

)
, (16)

where now the HQ core beliefs set, CHQ, is given by

CHQ =

{
−→
θ :

1

2
(θA + θB) = θT , where θA, θB ∈ [θL, θH ]

}
.

Similar to Lemma 3, HQ beliefs solve (16) and are given by

θHQτ (ωτ ) =


θL

θ̌
HQ
τ

θH

θ̌
HQ
τ ≤ θL

θ̌
HQ
τ ∈ (θL, θH)

θ̌
HQ
τ ≥ θH

for τ ∈ {A,B}. (17)

where now

θ̌
HQ
τ ≡ θT +

1

2
ln
zτ ′aτ ′ (Rτ ′ − wτ ′ − xτ )

zτaτ (Rτ − wτ − xτ ′)
. (18)

Similar to the case examined in the previous section, company HQ can offer their division managers

one of three possible contracts. It can offer (i) a contract with no cross-pay to any the division

manager, (ii) a contract with cross-pay to one division manager, but not the other, or (iii) a

contract with cross-pay to both division managers. Different from the previous section, the optimal

incentive contract depends now both on the level of uncertainty faced by division managers, α, and

the relative sizes and productivity of the two divisions, and is characterized as follows.

Theorem 3 For low levels of uncertainty, α < ln 2, the optimal contract grants only pay-for-

performance compensation to division managers. For higher levels of uncertainty, α ≥ ln 2, the
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optimal contract grants cross pay to at least one division managers, and to both if the divisions are

not too dissimilar. In addition, if headquarters grants only pay-for-performance compensation to a

manager, that division manager will be relatively conservative: θττ < θHQτ . If headquarters grants

both division managers cross pay, headquarters will induce agreement: θaτ = θHQτ .

If the level of uncertainty is low, α < ln 2, optimal incentive contracts include again only

pay-for-performance compensation without cross pay. In this case, optimal incentive contract and

divisional effort will be the same as in the case of visionary leaders:

wa,`τ = wNτ =
γ

1 + γ
Rτ , aa,`τ = e−αγaNτ .

The difference with the case of visionary leaders is that now company HQ beliefs are endogenous

and are given by (17). It is easy to see that company HQ will be relatively more optimistic on the

less productive (lower zτ ) division; if the two divisions are equally productive, zτ = zτ ′ , company

HQ will hold the same beliefs as the one held by visionary leaders, θT . In addition, managers of

both divisions will be (weakly) more conservative than company HQ: θaτ = θL ≤ θ̌
HQ
τ (with an

equality only if division τ has suffi ciently greater productivity than division τ ′, so that HQ holds

corner beliefs at θL).

If uncertainty is suffi ciently large, α ≥ ln 2, granting a division manager cross pay can be part

of an optimal incentive contract. This will have an impact on the beliefs in equilibrium. The

properties of the optimal contract depend on relative characteristics of the two divisions. If the

divisions are suffi ciently similar, the optimal contract grants each manager equity share such that

wτ = γ
2(1+γ)Rτ and xτ = γ

2(1+γ)Rτ ′ .

In contrast, if one division is suffi ciently stronger than the other one, it is optimal to grant only

pay-for-performance compensation to the stronger division and cross-pay to the weaker division.

Specifically, if the expected payoff of division τ , zτaτRτ , is suffi ciently larger than the expected

payoff of division τ ′, zτ ′aτ ′Rτ ′ , it will be optimal to set wτ = γ
1+γRτ , xτ = 0 for the stronger

division, and to set wτ ′ = γ
2(1+γ)Rτ ′ as the pay-for-performance component, and to set the cross-

pay component xτ ′ so as to induce agreement with HQ. This means that managers of the stronger

division will have beliefs (weakly) more conservative that company HQ, while managers of the
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weaker division will have the same beliefs as company HQ.

Corollary 2 If the headquarters grants both division managers cross pay, the optimal contract is

straight-equity with consistent beliefs in the organization: θττ = θHQτ .

Note that, at large levels of uncertainty, equity compensation in firms with adaptable leader-

ship is optimal whenever the two divisions are not too dissimilar. This feature differs from the

case of visionary leadership, where equity based compensation occurs only when the two divisions

are identical. In addition, when the optimal contract is equity-based compensation, the optimal

incentive contract equalizes beliefs in the organization: θττ = θHQτ ≡ θFirmτ . This common level

of beliefs in a firm with pragmatic leadership, θFirmτ , is endogenous and it depends on the firm’s

fundamentals, as follows

θFirmτ = θT +
1

2
ln
zτ ′aτ ′Rτ ′

zτaτRτ
.

In a firm with visionary leadership, if the optimal contract grants cross pay, it leads division

managers to agree with headquarters’vision for the company: θττ = θT , where θT is exogenous.

Thus, in a firm with visionary leadership, the uncertainty-neutral company HQ design incentive

contracts to hedge division managers uncertainty and induce them to agree with their uncertainty-

neutral beliefs. In contrast, in firms with pragmatic leadership, company HQ share the exposure to

uncertainty with division managers. This allows the vision of the firm to be flexible and to adapt

to the firm fundamentals.

We conclude this section by pointing out that incentive contracts with cross pay, by introducing

a positive externality among division managers, make a division manager’s welfare to depend on

the behavior an characteristics of other divisions in their firm. In particular, a division manager

derives a benefit from exposure to positive attributes of the other division, such as its productivity

and the effort level chosen by its division manager. In addition, this positive externality improves

managerial incentives to exert effort, through its impact on beliefs, leading to greater divisional

managers’welfare. In the spirit of Scharfstein and Stein (2000), we denote this feature of the

positive spillover across divison managers’welfare as “socialism.”

Corollary 3 Visionary leaders do not exhibit socialism in their organization. Pragmatic leaders

exhibit socialism if there is suffi cient uncertainty.
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Because of uncertainty neutrality, a visionary leader will accept any amount of uncertainty, and

insulate division managers from their exposure to uncertainty, providing division managers with full

insurance from uncertainty. Thus, he will write contracts to optimally limit the uncertainty that

his division managers must face. In contrast, a pragmatic leader dislikes uncertainty, so he writes

contracts to optimally share uncertainty with his division managers. This optimal uncertainty

sharing between company HQ and division managers results in socialistic behavior.

4 Empirical Implications

Our paper has several empirical implications that can help explaining some otherwise puzzling

features of the compensation policies adopted by corporations.

1. Firms characterized by high uncertainty, such as young firms, adopt compensation contracts

with an equity component. A puzzling feature of the compensation structure of many young firms

is the widespread use of equity-based compensation throughout the organization. While equity-

based compensation appears to be justified for the members of the top management, such as the

CEO, it is less clear why lower-level managers should receive equity-based compensation. This is

because equity-based compensation reduces the sensitivity of managerial pay to their action, and

thus reduces its effectiveness as an incentive. In other words, equity-based compensation makes

divisional managers lose line of sight between their actions and their impact on compensation. This

practice is even less justifiable for low-level employees, where the connection between an employee’s

actions and equity value is even more tenuous.

Our paper provides an explanation for the common occurrence of equity-based compensation.

Our paper suggests that equity-based compensation plays two important roles. The first one is to

better align the beliefs of members of the organization with the one held by the top management.

In particular, absent the equity component in pay, individuals would hold more conservative beliefs

than the top management on the expected performance of their unit. Inclusion of the equity-based

compensation would have the benefit of better aligning their expectations with the ones held by

the top management, improving the overall disposition of the organization. The second benefit is

that, because of the improvement of expectations, employees will exert greater effort, improving
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firm value.

2. Mature firms adopt compensation contracts primarily based on pay-for-performance measures.

As firms mature, the level of uncertainty surrounding their business activities decrease, reducing

(or even eliminating) the need of equity-based compensation. For these firms, effort levels in the

organization is better elicited by the use of pay-for-performance incentive contract, making equity-

based compensation redundant. This means that firms should first start, when they are young,

with incentive contracts heavily skewed toward equity-based compensation, and then move toward

pay-for-performance based contracts as they mature.

3. Optimal compensation in business groups. Our paper has also implications for the compen-

sation structure in business groups. Consider an executive manager in a subsidiary of a business (or

family group). Traditional theory would suggest compensation for that this type of managers should

depend only on the performance of their subsidiary or business unit. In contrast, compensation

for such managers is often tied to the performance of the entire business group. For example, Ma,

Tang, and Gomez (2018) study the compensation structure for the mutual funds industry, and find

that in about half of their sample, managers’bonuses are directly linked to the overall profitability

of the advisor. A similar practice is common in the investment bank industry, where individual

bonuses depend also on the overall performance of the intermediary. Such features, which would

be diffi cult to be justified on the basis of risk-aversion only, are consistent with the findings of our

paper.

4. Managerial (over)optimism. Our model predicts that managers in the upper echelon of

corporate ladders tend to be more optimistic about their firm’s future performance. This implies

that, rank-and-file managers perceive members of the top management team of a firm (such as CEOs

and CFOs) as overconfident and unrealistically optimistic. The role of managerial overconfidence

in corporations has been extensively documented (see, for example, Heaton, 2002, and Malmendier

and Tate, 2005, among others). Goel and Thakor (2008) suggest that managerial optimism can

be the outcome of the managerial selection process, whereby lucky and overconfident managers

are more likely to rise to the top positions of companies. Our paper suggests that top managers’

optimism is the consequence of uncertainty hedging, and not necessarily the sign of a negative

behavioral bias.
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5. Entrepreneur CEOs and family wealth. Entrepreneurship is commonly associated with fam-

ily wealth (Hurst and Lusardi, 2004), and access to family wealth is a primary determinant of

entrepreneurship (Levine and Rubinstein, 2017). There are several reasons why family wealth may

be associated with greater incentives to become entrepreneurs and, thus, CEOs. These include

relaxation of financial constraints and greater diversification opportunities (lower cost of capital).

Note that traditional risk-diversification rationales would imply the wealthy families invest in in-

dustries with low (or negative) correlation with the bulk of family money. Our paper adds a novel

rationale for the association between family wealth and entrepreneurship. Individuals in wealthy

families, by virtue of their broad portfolio, benefit more from uncertainty hedging, giving them

a comparative advantage in investing in business surrounded by greater uncertainty. As a con-

sequence, owners/CEOs belonging to wealthy families would (endogenously) be characterized by

more optimistic views of their companies. These are new and testable implications.

5 Conclusions

In this paper we have examined the impact of uncertainty aversion on the design of optimal incentive

contracts in an organization. We have studied the problem faced by a multi-divisional firms, for

simplicity with two divisions, where agents may be uncertainty averse. Divisional managers exert

unobservable effort that affects the success probability of their division, creating moral hazard.

The contracting problem is further complicated by the fact that division managers are uncertainty

averse, which makes them unduly conservative (in the eyes of the company HQ) on the success

probability of the investments in their divisions. We showed that the structure of optimal incentive

contracts depends on the level of uncertainty that affects the firms. For firms with low uncertainty,

incentive contracts exhibit only pay-for-performance compensation. For firms characterized by

high levels of uncertainty, optimal incentive contracts have also a cross pay compensation or are

straight-equity contracts. Our paper can explain how young firms award equity compensation to

their employees and then switch to pay-for-performance compensation as they mature.

Our approach can be extended in a number of ways. Specifically, it is interesting to examine the

case where division managers are not only uncertainty averse, but also risk averse. Risk aversion
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by division managers has two distinct effects. First, it creates a welfare cost for awarding cross

pay. This welfare cost is due to the traditional negative effect of exposing risk-averse agents to an

additional source of risk, and it will offset the benefit of cross pay examined in our paper. This

implies that managerial risk aversion produces a trade-off between risk bearing and uncertainty

hedging. Second, the presence of risk aversion creates a benefit from having a managerial division

pay that is based on relative performance. Following current theory (see, for example, the discussion

in DeMarzo and Kaniel, 2017) relative performance would make the pay of a division manager to

depend negatively on the performance of the other division, in contrast to the results in our paper.

This feature suggests that the presence of uncertainty aversion can help explaining the lack of use

of such contracts in reality, due to their effect on beliefs (confidence). These issues are currently

under investigation by the authors.
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A Appendix: Proofs

Proof of Lemma 1. Let x = {xA, xB} be a vector of indicator variables for success of type A and B projects:

x ∈ {0, 1}2. If the probability of success is q = {qA, qB} the probability of x is qxAA qxBB (1− qA)1−xA (1− qB)1−xB .

Thus, the relative entropy of q w.r.t. q̂ is

R (q|q̂) =
∑

x∈{0,1}2
qxAA qxBB (1− qA)1−xA (1− qB)1−xB ln

qxAA qxBB (1− qA)1−xA (1− qB)1−xB

q̂xAA q̂xBB (1− q̂A)1−xA (1− q̂B)1−xB
.

Because the log of a product is the sum of the logs, and probabilities sum to one, we can express this as

R (q|q̂) = R (qA|q̂A) +R (qB |q̂B)

where R (qτ |q̂τ ) = qτ ln qτ
q̂τ

+ (1− qτ ) ln 1−qτ
1−q̂τ . Because

∂2R
∂q2τ

= q̂τ
qτ

+ 1−q̂τ
1−qτ , R (qτ |q̂τ ) is strictly convex in qτ . Thus,

R (q|q̂) is strictly convex in q = {qA, qB}. Also, limqτ→0+ R (qτ |q̂τ ) = ln 1
1−q̂τ and limqτ→1− R (qτ |q̂τ ) = ln 1

q̂τ
. Define

η (q̂) = minχ∈Q ln 1
χ
, where Q = {q̂A, 1− q̂A, q̂B , 1− q̂B}. Therefore, if η < η (q̂), M, as the lower level set of a
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strictly convex function, is strictly convex. Note this generalizes: Theorem 2.5.3 of Cover and Thomas (2006) shows

relative entropy is additively separable in independent variables, and Theorem 2.7.2 shows it is strictly convex.

Proof of Lemma 2. Suppose first HQ has visionary leadership: HQ is uncertainty neutral and believes that r = 1

and θ = θT , so we can express HQ’s objective as

Π = zAaAe
θT−θM (RA − wA − xB) + zBaBe

θT−θM (RB − wB − xA)− zAaAzBaBe2(θT−θM ) (bA + bB) .

DMτ’s objective is Uτ = min−→
θ ∈C,r∈[r,r̄]

uτ , where

uτ = zτaτe
θτ−θMwτ + zτ ′aτ ′e

θτ−θMxτ + rzτzτ ′aτaτ ′e
2(θT−θM )bτ −

1

kτ
(

1 + 1
γ

)a1+ 1
γ

τ .

We will later show that both division managers exert effort in equilibrium, so aτ ′ > 0. Off-equilibrium, if aτ ′ = 0,

joint success would have zero probability, so bτ does not affect the objective or constraints, and thus bτ = 0 is WLOG

optimal. Thus, consider the case when aτ ′ > 0. The worst-case scenario for DMτ is rτ = r if bτ > 0 but rτ = r̄ if

bτ < 0. Thus, HQ solves

max Π

s.t. aτ ∈ arg max
a

Uτ ,
−→
θ τ ∈ arg min−→

θ ∈C
uτ

Let L be the Lagrangian function, λτ be the multiplier for the incentive compatibility constraint for DM τ , and let κτ
be the multiplier for the worst-case scenario for DMτ . Because wτ and xτ are positive, u is strictly convex-concave

in (θ, a) , so FOCs are suffi cient for a minimum on θ and for a maximum on a. Because each DM’s participation

constraints is lax, ICs will bind, so λτ > 0. The worst-case scenario will either have a corner solution, κτ = 0, or an

interior solution, κτ > 0.

If κτ = 0, DMτ has corner beliefs, so either θττ = θL or θH . ∂uτ
∂aτ

=
(
wτ + rzτ ′aτ ′e

θτ
τ′−θM bτ

)
zτe

θττ−θM − 1
kτ
a

1
γ
τ ,

and the spanning condition of Jewitt (1988) is satisfied, so FOC for the IC is suffi cient: ∂uτ
∂aτ

= 0. Thus,

L = Π +
∑
τ∈{A,B} λτ

∂uτ
∂aτ

. Therefore,

∂L

∂wτ
= −zτaτeθT−θM + λτzτe

θττ−θM ,

and
∂L

∂bτ
= −zτzτ ′aτaτ ′e2(θT−θM ) + λτrτzτzτ ′aτ ′e

2(θT−θM ),

because θA + θB = 2θT , which implies p (θττ ) p (θττ ′) = e2(θT−θM ). Thus,

∂L

∂bτ
− zτ ′aτ ′eθT−θM

∂L

∂wτ
= λτzτzτ ′aτ ′e

2(θT−θM )
[
rτ − eθ

τ
τ−θT

]
Suppose to the contrary that bτ > 0, which implies r = r < e−α ≤ eθ

τ
τ−θT , so ∂L

∂bτ
< zτ ′aτ ′e

θT−θM ∂L
∂wτ

. Because wτ
has no upper bound, ∂L

∂wτ
≤ 0, so ∂L

∂bτ
< 0 for all bτ > 0. Therefore, bτ ≤ 0. Suppose to the contrary that bτ < 0,

which by limited liability requires that wτ > 0, so ∂L
∂wτ

= 0. This implies that r = r̄ > eα ≥ eθ
τ
τ−θT , so ∂L

∂bτ
> 0 for

all bτ < 0. Therefore, bτ = 0.

If κτ > 0, DMτ has interior beliefs. Substituting in the constraint that θττ + θττ ′ = 2θT and differentiating,
∂uτ
∂θττ

= zτaτe
θττ−θMwτ − zτ ′aτ ′eθ

τ
τ′−θMxτ , and the worst case scenario satisfies ∂uτ

∂θττ
= 0. Therefore, the L = Π +∑

τ∈{A,B}

{
λτ

∂uτ
∂aτ
− κτ ∂uτ∂θττ

}
. Note

∂L

∂xτ
= −zτ ′aτ ′eθT−θM + κτzτ ′aτ ′e

θτ
τ′−θM ,

30



so ∂L
∂xτ

= 0 iff κτ = eθ
τ
τ−θT . This implies

∂L

∂wτ
= −zτaτeθT−θM + λτzτe

θττ−θM − κτzτaτeθ
τ
τ−θM

= −zτaτeθT−θM
[
1 + e2(θττ−θT )

]
+ λτzτe

θττ−θM

and
∂L

∂bτ
= −zτzτ ′aτaτ ′e2(θT−θM ) + λτrτzτzτ ′aτ ′e

2(θT−θM ),

so
∂L

∂bτ
− zτ ′aτ ′

eθT−θM

1 + e2(θττ−θT )

∂L

∂wτ
= λτzτzτ ′aτ ′e

2(θT−θM )

[
rτ −

eθ
τ
τ−θT

1 + e2(θττ−θT )

]

Because x
1+x2 is maximized at x = 1, eθ

τ
τ−θT

1+e2(θττ−θT ) ≤
1
2
for all θττ . Because rτ = r̄ > eα > 1, and ∂L

∂wτ
= 0, ∂L

∂bτ
> 0

for all bτ < 0. Similarly, ∂L
∂bτ

< 0 for all bτ > 0 because r = r < e−α

1+e−2α . Therefore, it is optimal to set bτ = 0.

Therefore, correlation uncertainty makes it ineffi cient for HQ to grant DMs payment contingent on both projects

succeeding. If HQ is uncertainty averse as well, it becomes even more costly to grant this kind of pay. Finally, if both

HQ and DMs were uncertainty neutral, then HQ would be indifferent between using b and w, so the claim follows

WLOG.

Proof of Lemma 3. By Lemma 2, DMτ has the objective Uτ (a) = min−→
θ ∈C uτ (a; θ), where

uτ
(
a;
−→
θ
)

= zτaτe
θτ−θMwτ + zτ ′aτ ′e

θτ′−θMxτ −
1

kτ
(

1 + 1
γ

)a1+ 1
γ

τ .

Also, for all
−→
θ ∈ C, 1

2
(θA + θB) = θT . Define Lτ as the Lagrangian for the worst-case scenario of DMτ , and λ as

the multiplier for the constraint on θ. Thus, ∂Lτ
∂θτ

= −zτaτeθτ−θMwτ + λ
2
and ∂Lτ

∂θτ′
= −zτ ′aτ ′eθτ′−θMxτ + λ

2
, so

∂Lτ
∂θτ

= ∂Lτ
∂θτ′

= 0 iff zτaτeθτ−θMwτ = zτ ′aτ ′e
θτ′−θMxτ , or equivalently, θτ −θτ ′ = ln

zτ′aτ′xτ
zτaτwτ

. Because θτ +θτ ′ = 2θT ,

this holds iff θτ = θ̌
τ
τ , where

θ̌
τ
τ = θT +

1

2
ln
zτ ′aτ ′xτ
zτaτwτ

.

uτ is strictly convex in θ, so FOCs are suffi cient for a minimum. Thus, if θ̌
τ
τ ∈ [θL, θH ], θττ = θ̌

τ
τ . If θ̌

τ
τ < θL, ∂Lτ∂θτ

< 0

for all θ ∈ [θL, θH ], so θττ = θL. If θ̌
τ
τ > θH , ∂Lτ∂θτ

> 0 for all θ ∈ [θL, θH ], so θττ = θH . Therefore, (10) corresponds to

the worst-case scenario.

Proof of Theorem 1. DMτ has the objective Uτ (a) = min−→
θ ∈C uτ (a; θ), where

uτ
(
a;
−→
θ
)

= zτaτe
θτ−θMwτ + zτ ′aτ ′e

θτ′−θMxτ −
1

kτ
(

1 + 1
γ

)a1+ 1
γ

τ .

Applying the minimax theorem, ∂u
∂θ
|−→
θ =
−→
θ τ

d
−→
θ τ

da
= 0, so dU

da
= ∂u

∂a
= zτe

θτ−θMwτ − 1
kτ
a

1
γ
τ . Because U is strictly

concave, FOCs are suffi cient for a maximum, so aτ =
[
zτkτe

θττ−θMwτ
]γ
, where θττ is given by Lemma 3. By

Lemma 3, the belief of DMτ depends on his action. For small aτ , aτ < e−2α zτ′aτ′xτ
zτwτ

, DMτ believes θτ = θH , so

aτ =
[
zτkτe

θH−θMwτ
]γ
. Note we are in this region iff kγτ e

γ(θT−θM )zγ+1
τ wγ+1

τ < e−α(γ+2)zτ ′aτ ′xτ . For moderate aτ ,

aτ ∈
[
e−2α zτ′aτ′xτ

zτwτ
, e2α zτ′aτ′xτ

zτwτ

]
, θττ = θ̌

τ
τ , so e

θττ−θM = eθT−θM
[
zτ′aτ′xτ
zτaτwτ

] 1
2
. Because aτ =

[
zτkτe

θττ−θMwτ
]γ
, this

implies

aτ =
[
zτzτ ′k

2
τe

2(θT−θM )aτ ′xτwτ
] γ
γ+2

.

Note we are in this region iff e−α(γ+2)zτ ′aτ ′xτ ≤ kγτ e
γ(θT−θM )zγ+1

τ wγ+1
τ ≤ eα(γ+2)zτ ′aτ ′xτ . Finally, for big aτ ,

aτ > e2α z
′
τaτ′xτ
zτwτ

, DMτ believes θτ = θL, so aτ =
[
zτkτe

θL−θMwτ
]γ
.We are on this region iffkγτ e

γ(θT−θM )zγ+1
τ wγ+1

τ >

eα(γ+2)zτ ′aτ ′xτ . Therefore, aτ is strictly increasing in wτ and weakly increasing in xτ (strictly increasing for interior

θ). When the division manager is uncertainty neutral, θH = θT = θL and α = 0, so aτ =
[
zτkτe

θT−θMwτ
]γ
.
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The following Lemma will be helpful for the proofs of Theorems 2 and 3.

Lemma 4 If HQ grants cross pay, setting xτ > 0, DMτ will have interior beliefs.

Proof of Lemma 4. HQ has the objective Π = min−→
θ ∈CHQ

π, where

π = zAaAe
θA−θM (RA − wA − xB) + zBaBe

θB−θM (RB − wB − xA) ,

where CHQ = {(θT , θT )} if HQ is uncertainty neutral, while CHQ =
{−→
θ | 1

2
(θA + θB) = θT , where θA, θB ∈ [θL, θH ]

}
if HQ is uncertainty averse. Optimal actions aτ are from Theorem 1.

dΠ

dxτ
=

∂Π

∂xτ
+

[
∂Π

∂aτ
+

∂Π

∂aτ ′

daτ ′

daτ

]
daτ
dxτ

.

Applying the minimax theorem, ∂Π
∂xτ

= −zτ ′aτ ′eθ
HQ
τ −θM < 0. Suppose to the contrary it is optimal to grant very

large xτ , so zτ ′aτ ′xτ > e2αzτwτaτ . For such a large xτ , θττ = θH and daτ
dxτ

= 0, so dΠ
dxτ

= ∂Π
∂xτ

= −aτ ′eθ
HQ
τ −θM < 0, so

it would be optimal to lower xτ . Thus, it must be that zτ ′aτ ′xτ ≤ e2αzτwτaτ . Similarly, it cannot be that zτ ′aτ ′xτ ∈[
0, e−2αzτwτaτ

)
, because daτ

dxτ
= 0 on that region as well, so dΠ

dxτ
< 0 on that region. Therefore, we can restrict

attention to contracts that set xτ = 0 and those that induce interior beliefs: zτ ′aτ ′xτ ∈
[
e−2αzτwτaτ , e

2αzτwτaτ
]
.

Proof of Theorem 2. By Lemma 4, there are three types of contracts to consider: those that grant only division

pay to both managers, those that grant both division and cross pay to both managers, and those that grant only

division pay to one manager but both division and cross pay to the other.

If HQ grants only division pay to both DMs: xτ = 0 and aτ =
[
zτkτe

θL−θMwτ
]γ
, so

Π = z1+γ
A kγAe

−αγ [p (θT )]γ+1 wγA (RA − wA) + z1+γ
B kγBe

−αγ [p (θT )]γ+1 wγB (RB − wB) ,

Note ∂Π
∂wτ

= z1+γ
τ kγτ e

−αγwγ−1
τ [p (θT )]γ+1 (γRτ − (γ + 1)wτ ), so wτ = γ

γ+1
Rτ . This gives HQ payoff

Π = e−αγ [p (θT )]γ+1 γγ

(γ + 1)γ+1

[
zγ+1
A kγAR

γ+1
A + zγ+1

B kγBR
γ+1
B

]
.

Suppose instead that uncertainty-neutral HQ sets xτ > 0 for both DMs. From Lemma 4, DMs have interior

beliefs: e−2αzτwτaτ ≤ zτ ′aτ ′xτ ≤ e2αzτwτaτ . From Theorem 1, DMs set aτ =
[
zτzτ ′k

2
τe

2(θT−θM )aτ ′xτwτ
] γ
γ+2

.

Thus, HQ maximizes

Π = zAaAp (θT ) (RA − wA − xB) + zBaBp (θT ) (RB − wB − xA) .

Thus,
dΠ

dwτ
=

∂Π

∂wτ
+

(
∂Π

∂aτ
+

∂Π

∂aτ ′

∂aτ ′

∂aτ

)
∂aτ
∂wτ

dΠ

dxτ
=

∂Π

∂xτ
+

(
∂Π

∂aτ
+

∂Π

∂aτ ′

∂aτ ′

∂aτ

)
∂aτ
∂xτ

Note that ∂Π
∂aτ

> 0 and ∂aτ′
∂aτ

> 0, so ∂Π
∂aτ

+ ∂Π
∂aτ′

∂aτ′
∂aτ

> 0. Because HQ sets both wτ > 0 and xτ > 0, dΠ
dwτ

= dΠ
dxτ

= 0,

which implies
∂aτ
∂xτ
∂aτ
∂wτ

=
∂Π
∂xτ
∂Π
∂wτ

. Because ∂Π
∂wτ

= −zτaτp (θT ) , ∂Π
∂xτ

= −zτ ′aτ ′p (θT ), ∂aτ
∂wτ

= γ
γ+2

aτ
wτ
, and ∂aτ

∂xτ
= γ

γ+2
aτ
xτ
,

this implies xτ = zτaτ
zτ′aτ′

wτ . Thus, aτ =
[
zτkτe

θT−θMwτ
]γ
. Substituting in xτ and aτ , HQ’s objective becomes

Π = z1+γ
A kγA [p (θT )]1+γ wγA (RA − 2wA) + z1+γ

B kγB [p (θT )]1+γ wγB (RB − 2wB) ,

so
∂Π

∂wτ
= z1+γ

τ kγτ [p (θT )]1+γ wγ−1
τ [γRτ − 2 (1 + γ)wτ ] .
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Therefore, ∂Π
∂wτ

= 0 iffwτ = 1
2

γ
1+γ

Rτ . By substitution, aτ = zγτ k
γ
τ [p (θT )]γ

[
1
2

]γ [ γ
1+γ

]γ
Rγτ , xτ =

z1+γ
τ kγτR

γ
τ

z
1+γ

τ′ k
γ

τ′R
γ

τ′

1
2

γ
1+γ

Rτ ,

and HQ earns

Π =

[
1

2

]γ
γγ

(1 + γ)γ+1 [p (θT )]1+γ {z1+γ
A kγAR

1+γ
A + z1+γ

B kγBR
1+γ
B

}
Note that it is better to induce interior beliefs iff 1

2γ
> e−αγ , or equivalently, iff α > ln 2.

Suppose to the contrary that HQ grants cross pay to DMA but not DMB : xA > 0 but xB = 0. Because

aA =
[
zAzBk

2
Ae

2(θT−θM )aBxAwA
] γ
γ+2

and aB =
[
zBkBe

θL−θMwB
]γ
, by same argument as above, xA = zAaA

zBaB
wA,

so the HQ maximizes it payoff, which can be expressed as

Π = z1+γ
A kγA [p (θT )]1+γ wγA (RA − 2wA) + e−αγz1+γ

B kγB [p (θT )]1+γ wγB (RB − wB) ,

by offering the optimal cross pay contract to DMA, wA = 1
2

γ
1+γ

RA, xA =
z
1+γ
A

k
γ
A
R
γ
A

z
1+γ
B

k
γ
B
R
γ
B

1
2

γ
1+γ

RA, and the optimal

division-based pay contract to DMB , wB = γ
γ+1

RB and xB = 0. This gives HQ payoff

Π =
γγ

(1 + γ)γ+1 [p (θT )]1+γ

{[
1

2

]γ
z1+γ
A kγAR

1+γ
A + e−αγzγ+1

B kγBR
γ+1
B

}
.

Note that the payoff from division A is the same as if HQ induces interior beliefs, while the payoff from division B is

the same as if HQ induces corner beliefs, so it is optimal to provide the same type of contract to both. Formally, if

α < ln 2, it is better to offer both DMs only division pay, while if α > ln 2, it is better to offer both DMs cross pay.

Finally, if HQ grants only division-based pay, xτ = 0, so by Lemma 3, θττ = θL < θT , the belief of HQ. Thus, the

division manager will be conservative. If HQ grants cross pay, Theorem 2 showed that the optimal cross pay contract

sets xτ = zτaτ
zτ′aτ′

w, so θττ = θT by Lemma 3.

Proof of Corollary 1. If α > ln 2, Theorem 2 showed wτ = 1
2

γ
1+γ

Rτ and xτ =
z1+γ
τ kγτR

γ
τ

z
1+γ

τ′ k
γ

τ′R
γ

τ′

1
2

γ
1+γ

Rτ . If the divisions

are symmetric, zA = zB , kA = kB , and RA = RB = R, wτ = xτ : each division manager receives 1
2

γ
1+γ

share of the

firm.

Proof of Theorem 3. HQ has flexible leadership — they are uncertainty averse. Thus, their objective is Π =

min−→
θ ∈CHQ

π, where

π = zAaAe
θA−θM (RA − wA − xB) + zBaBe

θB−θM (RB − wB − xA) ,

and CHQ =
{−→
θ | 1

2
(θA + θB) = θT , where θA, θB ∈ [θL, θH ]

}
.19 Beliefs of HQ are similar to Lemma 3, except that

θ̌
HQ
τ ≡ θT + 1

2
ln

zτ′aτ′(Rτ′−wτ′−xτ )
zτaτ (Rτ−wτ−xτ′)

. Theorem 1 gives the optimal actions of DMs given contracts, and Lemma 3

gives beliefs of DMs.

Suppose HQ has interior beliefs: θHQτ = θ̌
HQ
τ , so

Π = 2p (θT ) [zAaA (RA − wA − xB) zBaB (RB − wB − xA)]
1
2 .

By Lemma 4, we only need to consider contracts that set xτ = 0 or induce DMτ to have interior beliefs. If HQ grants

only division pay to both DMs, xτ = 0, by Theorem 1 aτ =
[
zτkτe

θL−θMwτ
]γ
, which implies

Π = 2e−αγ [p (θT )]γ+1 z
γ+1

2
A z

γ+1
2

B k
γ
2
A k

γ
2
Bw

γ
2
A (RA − wA)

1
2 w

γ
2
B (RB − wB)

1
2 .

Thus,
∂Π

∂wτ
=

Π

wτ (Rτ − wτ )
{γRτ − (γ + 1)wτ}

so ∂Π
∂wτ

= 0 iff wτ = γ
1+γ

Rτ . As the minimum of strictly concave functions, the objective is strictly concave, FOCs

19 If HQ had a different α, results are similar.
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are suffi cient for a maximum, so this it the optimal contract that grants only division pay, giving HQ payoff

Π = 2e−αγ
γγ

(1 + γ)1+γ [p (θT )]γ+1 z
γ+1

2
A z

γ+1
2

B k
γ
2
A k

γ
2
BR

γ+1
2

A R
γ+1

2
B .

Suppose that HQ wants to give both DMs interior beliefs: xτ > 0. Note that

dΠ

dwτ
=

∂Π

∂wτ
+

[
∂Π

∂aτ
+

∂Π

∂aτ ′

∂aτ ′

∂aτ

]
∂aτ
∂wτ

,

because the minimax theorem implies that θ terms disappear.20 Similarly,

dΠ

dxτ
=

∂Π

∂xτ
+

[
∂Π

∂aτ
+

∂Π

∂aτ ′

∂aτ ′

∂aτ

]
∂aτ
∂xτ

.

Because Π is increasing in effort, ∂Π
∂aτ

and ∂Π
∂aτ′

are strictly positive, and because there are strategic complementarities

in effort, ∂aτ′
∂aτ
≥ 0. Therefore,

[
∂Π
∂aτ

+ ∂Π
∂aτ′

∂aτ′
∂aτ

]
> 0. Therefore,

∂aτ
∂xτ
∂aτ
∂wτ

=
∂Π
∂xτ
∂Π
∂wτ

. We can express HQ’s payoff

Π = zAaAp
(
θHQA

)
(RA − wA − xB) + zBaBp

(
θHQB

)
(RB − wB − xA) ,

Thus, ∂Π
∂wτ

= −zτaτp
(
θHQτ

)
and ∂Π

∂xτ
= −zτ ′aτ ′p

(
θHQτ ′

)
. Therefore,

∂Π
∂xτ
∂Π
∂wτ

=
zτ′aτ′p(θ

HQ

τ′ )
zτaτp(θHQτ )

. Because DMs’problems

are identical to those in Theorem 2, their optimal effort given a contract is the same, so ∂aτ
∂wτ

= γ
γ+2

aτ
wτ

and ∂aτ
∂xτ

=

γ
γ+2

aτ
xτ
, which implies

∂aτ
∂xτ
∂aτ
∂wτ

= wτ
xτ
. Therefore, xτ = zτaτ

zτ′aτ′

p(θHQτ )
p(θHQ

τ′ )
wτ . By Lemma 3, this implies θττ = θHQτ , and that

wA
xA

= RA−wA−xB
RB−wB−xA

= xB
wB
. Define Tτ ≡ Rτ − wτ − xτ ′ and mτ ≡ wτ

Tτ
. Thus, xτ = mτTτ ′ . Substituting back into Tτ ,

this implies Tτ = 1
1+mA+mB

Rτ . Therefore, wτ = mτ
1+mA+mB

Rτ and xτ = mτ
1+mA+mB

Rτ ′ .

Thus, HQ optimal grants DMτ equity share βτ = mτ
1+mA+mB

of the firm: wτ = βτRτ and xτ = βτRτ ′ . By

Theorem 1, aτ =
[
zτzτ ′k

2
τe

2(θT−θM )aτ ′xτwτ
] γ
γ+2

, which implies (both DMs select effort optimally)

aτ = eγ(θT−θM )z
γ
2
τ z

γ
2
τ ′k

γ
2

(γ+2)
γ+1

τ k
γ
2

γ
γ+1

τ ′ x
γ
4

γ
γ+1

τ ′ w
γ
4

γ
γ+1

τ ′ x
γ
4

(γ+2)
γ+1

τ w
γ
4

(γ+2)
γ+1

τ

Because HQ pays straight equity, wτ = βτRτ and xτ = βτRτ ′ ,

aτ = β
γ
2

γ
γ+1

τ ′ β
γ
2
γ+2
γ+1

τ eγ(θT−θM )z
γ
2
τ z

γ
2
τ ′k

γ
2
γ+2
γ+1

τ k
γ
2

γ
γ+1

τ ′ R
γ
2
τ R

γ
2
τ ′ .

Substituting in, this gives HQ

Π = 2p (θT )
[
e2γ(θT−θM )zγ+1

A kγAR
γ+1
A zγ+1

B kγBR
γ+1
B

] 1
2
β
γ
2
Aβ

γ
2
B (1− βA − βB) .

Therefore, HQ maximizes its payoff by choosing equity shares to maximize Υ = β
γ
2
Aβ

γ
2
B (1− βA − βB). Note ∂Υ

∂βτ
=

β
γ
2
−1

τ β
γ
2
τ ′
[
γ
2

(1− βτ − βτ ′)− βτ
]
, so ∂Υ

∂βτ
= 0 iff (2 + γ)βτ+γβτ ′ = γ. Because this holds for both divisions, ∂Υ

∂βτ′
= 0

as well, βA = βB = γ
2(1+γ)

. Therefore, HQ receives payoff

Π = 2

[
1

2

]γ
γγ

(1 + γ)1+γ [p (θT )]1+γ z
γ+1

2
A z

γ+1
2

B k
γ
2
A k

γ
2
BR

γ+1
2

A R
γ+1

2
B .

Therefore, this is better for HQ iff α > ln 2. Proof of asymmetric contract case available on request.

20 If we have corner beliefs, ∂θ
HQ
τ

∂wτ
=

∂θ
HQ

τ′
∂wτ

= 0, because
−→
θ HQ is constant under corner beliefs. If beliefs are interior,

by identical logic of Lemma 3, ∂Π

∂θ
HQ
τ

= ∂Π

∂θ
HQ

τ′
, and ∂θHQτ

∂wτ
+

∂θ
HQ

τ′
∂wτ

= ∂
∂wτ

[2θT ] = 0.
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If HQ grants only division-based pay to a division manager, the division manager will be conservative, believing

the worst about their division: θττ = θL. When HQ grants cross-pay, θττ = θHQτ , so HQ contracts to produce agreement

with that division manager.

Proof of Corollary 2. As shown in the proof of Theorem 3, HQ will grant cross pay to both DMs only if α is

large enough and HQ has interior beliefs. In this case, each DM receives share γ
2(γ+1)

of the firm. When HQ grants

cross-pay, the proof of Theorem 3 showed that HQ always contracted to produce agreement with that DM.

Proof of Corollary 3. If HQ has a visionary leader, Theorem 2 showed that there are two types of contracts

offered in equilibrium. If α is small, wτ = γ
γ+1

Rτ , xτ = 0 and aτ =
[
zτkτe

θL−θM γ
γ+1

Rτ
]γ
, so DMτ earns payoffUτ =

z1+γ
τ kγτ e

(γ+1)(θL−θM )Rγ+1
τ

γγ+1

(γ+1)γ+2 . If α is big, HQ grants wτ = γ
2(γ+1)

Rτ and xτ =
z1+γ
τ kγτR

γ
τ

z
1+γ

τ′ k
γ

τ′R
γ

τ′

γ
2(γ+1)

Rτ , inducing

DMτ to exert effort aτ =
[
zτkτe

θT−θM γ
2(γ+1)

Rτ
]γ
, giving utility Uτ = e(γ+1)(θT−θM )zγ+1

τ kγτ

[
γ

2(γ+1)

](γ+1)

Rγ+1
τ

γ+2
γ+1

.

In both cases, Uτ is increasing in zτ , kτ , and Rτ , but is not affected by zτ ′ , Rτ ′ , or kτ ′ .

Suppose HQ has a flexible leader. By Theorem 3, if HQ grants no cross pay, wτ = γ
γ+1

Rτ , xτ = 0 and

aτ =
[
zτkτe

θL−θM γ
γ+1

Rτ
]γ
, so DMτ earns payoff Uτ = z1+γ

τ kγτ e
(γ+1)(θL−θM )Rγ+1

τ
γγ+1

(γ+1)γ+2 . This depends only on

division τ characteristics, so this firm does not exhibit socialism. In contrast, if HQ grants cross pay to both DMs,

wτ = xτ ′ = γ
2(γ+1)

Rτ , so

aτ =

[
γ

2 (γ + 1)

]γ
eγ(θT−θM )z

γ
2
τ z

γ
2
τ ′k

γ
2
γ+2
γ+1

τ k
γ
2

γ
γ+1

τ ′ R
γ
2
τ R

γ
2
τ ′ .

HQ only writes this contract when they have interior beliefs and induce agreement with DMs, DMs have interior

beliefs, so

Uτ =
[
z1+γ
τ kγτ z

1+γ
τ ′ kγτ ′R

γ+1
τ Rγ+1

τ ′
] 1

2 e(γ+1)(θT−θM )

[
γ

2 (γ + 1)

]γ+1
γ + 2

γ + 1
,

which is increasing in each element of {zτ , kτ , Rτ}τ∈{A,B}. Thus, this firm will exhibit socialism.
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B Appendix: Demand Uncertainty

A key ingredient of our paper is that program (1) is a strictly convex programming problem which generates “interior

beliefs” for well-diversified portfolios. In the main body of the paper, the possibility of such interior beliefs is a

consequence of (strict) convexity of the relative entropy function R(·), which produces a strictly convex core beliefs
set M (see Figure 1). Thus, no specific parametric restriction on the joint probability p is needed to generate our

results. In this appendix, we present an alternative “micro-foundation” where interior beliefs are the outcome of

uncertainty about consumer demand. All results in our paper remain qualitatively the same in this specification.

Consider a simple extension of our model. Each division specializes in the production of goods of type τ ∈ {A,B}.
At t = 1, division managers exert effort, aτ , to improve productivity, a decision made under demand uncertainty (as

described below). At t = 2, consumer demand is revealed and production decisions of firms are made. For tractability,

we assume that division τ has production costs cτ (Qτ ) = KτQτ , and that the division manager’s effort, aτ , lowers,

at a cost ξ (aτ ) = κ
2
a2
τ , the per-unit production cost: Kτ = K0 − K1aτ . For interior solutions, assume κ >

K2
1

2δ
.

For simplicity, we will assume linear contracts: division manager is compensated with sτ base pay, ωτ of their own

division, and χτ of the other division.

There are two types of consumers, type A and type B, with a total mass of 1. Consumers value both goods, as

well as the numeraire (which represent consumption outside the firm), but each consumer values one good more that

the other, which determines their type. The price of the numeraire is fixed to 1, while the price of type τ good, Pτ ,

is determined in equilibrium. For simplicity, we assume quadratic utility for each type of consumer. Thus

Uτ (qττ , q
τ
τ ′) = (D + ∆) qττ −

δ

2
(qττ )2 +Dqττ ′ −

δ

2
(qττ ′)

2 + w − Pτqττ − Pτ ′qττ ′ ,

where D, ∆, and δ are strictly positive parameters. For simplicity, we assume that w and D large enough so that

consumers (in equilibrium) always consume a positive amount from both divisions. It is easy to verify that the

consumer τ’s demand function for good τ is qττ = 1
δ

(D + ∆− Pτ ), and for good τ ′ is qττ ′ = 1
δ

(D − Pτ ′). Let

mτ ∈ [mL,mH ] be the proportion of consumers of type τ , with mA +mB = 1. Market clearing condition for good τ

requires that mτq
τ
τ +mτ ′q

τ ′
τ = Qτ , where Qτ is the output of a division τ . Thus, market clearing requires that

Pτ (Qτ ) = D +mτ∆− δQτ ,

and the price of type-τ goods is increasing in mτ . Because divisions know mτ when making their production decisions

Qτ , they maximize

πτ (Qτ ) = Pτ (Qτ )Qτ −KτQτ ,

which gives

Qτ =
D +mτ∆−Kτ

2δ
.

Letting Πτ = maxQτ π (Qτ ) , ex post profits for division τ is

Πτ =
[D +mτ∆−Kτ ]2

4δ
.

Thus, the division manager’s payoff is

min
{mτ ,mτ′}

U ≡ ωτ
[D +mτ∆−Kτ (aτ )]2

4δ
+ χτ

[
[D +mτ ′∆−Kτ ′ (aτ ′)]

2

4δ

]
+ sτ

s.t. mτ +mτ ′ = 1,

which is a (strictly) convex programming problem, with the same qualitative properties as (1). Further, it can quickly

be verified that the optimal effort is increasing in both pay-performance sensitivity, ωτ , and cross pay, χτ ′ .
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Figure 1: Core belief set under relative entropy.

This figure displays the core of belief set M when the maximum relative entropy criteria (4) is applied. It shows

the set of probability distributions p = (pA, pB) that satisfy {p|R (p|p̂) ≤ η̃} when p̂A = p̂B = 1
2
and η̃ = 3

10
ln 2. If

pB = p̂B = 1
2
, the relative entropy criteria implies pA ∈ [0.189, 0.811]. In contrast, if pA = pB , then the relative entropy

criterion implies pA ∈ [0.276, 0.724]. For division managers with positive exposure on both divisions, (wτ , xτ ) ≥ 0,

the relevant portion of the core beliefs set is given by the lower left boundary, which is bolded in the figure. If an

uncertainty-averse division manager had only pay-for-performance, he would assess that his effort is productive with

probability 18.9%. In contrast, if the division manager has full equity compensation, wτ = xτ , he would believe that

his effort is productive with probability 27.6%.

p( L)     p( T) pB

0

p( L)

p( T)

pA

Figure 2: Relative Entropy (solid line) vs. Simplified Specification (dashed line)

The figure compares the lower left portion of the core beliefs set, M , that is obtained under the relative entropy

criterion in eq. (4), the solid line, vs. the lower-dimensional specification of eq. (5), the dashed line.
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