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0. Preliminaries (What?)

Regional policy interdependence

Public safety spending (per capita, 2015): county governments in NC

I public expenditure, tax rates, etc.

Tool: spatial econometrics

This research: spatial econometric model speci�cation-structural
spatial econometric model
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0. Preliminaries

Theoretical foundation ) a game setting
I n agents, an n� n spatial network matrix Wn (zero diagonals)
I e.g., LQ payo¤

ui (Yn) = ηi
=i�s exo. char.

yi
=i�s decision

+ λ0
=parameter

yi wi .
i�th row of Wn

Yn�
1
2
y2i

I complete information

A spatial autoregressive (SAR) model : Yn = (y1, � � � , yn)0 and
Xn = (x1, � � � , xn)0

Yn = λ0WnYn + Xnβ0 + En.

I exogenous characteristics? ηn = (η1, � � � , ηn)
0

I regression function: ηn = Xnβ0 + En

(2019 AEA/ASSA Annual Meeting) January 2019 3 / 18



1. Introduction (Why?)

Motivation

Economic explanation of spatial/time dependencies from a spatial
panel data set

Considerations
I a panel data set has id�s ) dynamics of individual actions

F e.g., agent=county government, its action=public safety spending

I multi decision-making periods
I rational economic agents ) forward-looking agents�behaviors.

) Corresponding econometric model speci�cation?
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1. Introduction (Overview - How?)

1. A new model speci�cation
I n agents, innate locations )spatial network Wn
I continuous type action, parametric LQ payo¤ for choices of agents�
actions

I conventional SDPD model: myopic behaviors
I maximization of agent�s lifetime payo¤: stable economic environment
) time-invariant optimal policy functions

F LQ value functions ) a linear system ) correlation structure

2. QML method, asymptotic properties, bias correction, Monte Carlo
simulations

3. Case study: counties�public safety spending in NC
I agent=county government, action=its public safety spending
I two policy functions: (i) myopic (conventional) v.s (ii) forward-looking
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2. A spatial dynamic game with intertemporal optimization
2.1 Literature review: spatial dynamic panel models and myopic choices

Data environment

I panel data set :

8><>: Ynt|{z}
dependent V. (action)

, Xnt|{z}
indepenent V.

9>=>;
T

t=0

and given Wn .

SDPD model :

Ynt = λ0WnYnt + γ0Yn,t�1 + ρ0WnYn,t�1 + ηnt . (1)

I

 
λ0

current competition
, γ0
persistency

, ρ0
di¤usion

!
: main parameters

I ηnt = (η1t , � � � , ηnt )
0 at time t: observable + unobservable

characteristics
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2. A spatial dynamic game with intertemporal optimization
2.1 Literature review: spatial dynamic panel models and myopic choices

Justi�cation: agent i�s tth-period payo¤ uit

ηityit + ρ0yit wi .Yn,t�1| {z }
=previous neighbors�actions

+ λ0yit wi .Ynt| {z }
=current neighbors�actions

(2)

�c (yit , yi ,t�1)

where wi .=i th-row of Wn,

c (yit , yi ,t�1)| {z }
=cost

=
γ0
2
(yit � yi ,t�1)2| {z }

=adjustment cost

+
1� γ0
2

y2it| {z }
=cost of selecting yit

, (0 < γ0 < 1).

I ηit : exogenous characteristics, ηivi (innate) and ηvit (time-variant)
I ηvit : stationary �rst-order linear Markov process, exogenous
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2. A spatial dynamic game with intertemporal optimization
2.2. Intertemporal choices

Lifetime problem:
I time-discounting factor: δ 2 [0, 1)
I complete information setting up to t ) Et (�) is de�ned.
I agent i�s tth-period problem: given (Yn,t�1, ηnt ), maximizes

ui (yit ,Y�i ,t ,Yn,t�1, ηit ) +
∞

∑
s=1

δsEt
�
ui
�
Yn,t+s ,Yn,t+s�1, ηi ,t+s

��
(3)

by selecting yit .
I stable economic environment
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2. A spatial dynamic game with intertemporal optimization
2.3. Nash equilibrium characterization

The stable system of NE is

Y �nt = (λ0Wn + δQ�n )Y
�
nt +(γ0In + ρ0Wn)Yn,t�1+(In + δL�nΠn) ηnt .

(4)
I δ: prespeci�ed parameter
I Q�n and L

�
n : functions of parameters and Wn

I Πn : nuisance parameters for ηnt (Etηn,t+1 = Πnηnt )
I λ0WnY �nt : contemporaneous spatial e¤ect
I γ0Yn,t�1: dynamic e¤ect
I ρ0WnYn,t�1: spatial-past time e¤ect
I δQ�nY

�
nt : additional expected spatial-future time e¤ect

I δL�nΠnηnt : expected future exogenous e¤ect
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3. Econometric model

An econometric model based on Eq. (4)?

) Econometric model

Ynt = (λ0Wn + δQ�n )Ynt + (γ0In + ρ0Wn)Yn,t�1 (5)

+(In + δL�nΠn)Xntβ0| {z }
regression func

+ cn0 + αt ,0 ln| {z }
ind./time e¤.

+ Ent|{z}
disturbance

Main parameters: θ0 =
�
λ0,γ0, ρ0, β

0
0, σ

2
ε,0

�0 where
Var (Ent ) = σ2ε,0In.

Estimation framework: large n and T , increasing domain asymptotics
I spatial �lter: Rn = In � λ0Wn � δQ�n
I di¢ culty: how to get Q�n and L

�
n?
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4. Estimation
4.1 Quasi-maximum likelihood estimation

The concentrated log-likelihood function with nT observations:

ln LnT ,c (θ) = c�
nT
2
ln σ2ε+T ln jRn (θ1)j�

1
2σ2ε

T

∑
t=1
Ẽ 0nt (θ) Jn Ẽnt (θ)

(6)
where

Ẽnt (θ) = Rn (θ1) Ỹnt � (γIn + ρWn) Ỹ
(�)
n,t�1� (In + δL�n (θ1)Πn) X̃ntβ

with Ỹnt = Ynt � ȲnT , Ỹ (�)n,t�1 = Yn,t�1 � ȲnT ,�1, and
X̃nt = Xnt � X̄nT , and Jn = In � 1

n ln l
0
n.

I Rn (θ1) and L�n (θ1): additional parts evaluated at θ1 = (λ,γ, ρ)

The QMLE, θ̂ml ,nT � argmax
θ2Θ

ln LnT ,c (θ) .
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4. Estimation
4.1 Quasi-maximum likelihood estimation

Estimation procedure:
I outer loop: search over di¤erent parameter value θ.

F demanding part: evaluating ln jRn (θ1)j
I inner loop: For θ, we compute Rn (θ1) (i.e., Q�n (θ1)) and L

�
n (θ1)

(=main components of value functions). ) compute ln LnT ,c (θ).

F we do not need to compute all components in Vi�s.

Theorem (Consistency)

Under some regularity conditions, θ̂ml ,nT
p! θ0.
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4. Estimation
4.1 Quasi-maximum likelihood estimation

Theorem (Asymptotic normality)

p
nT
�
θ̂ml ,nT � θ0

�
+

r
n
T

Σ�1θ0,nT
an,1(θ0)| {z }

from estimating cn0

+

r
T
n

Σ�1θ0,nT
an,2(θ0)| {z }

from estimating αt ,0

+Op

 
max

 r
n
T 3
,

r
T
n3
,

r
1
T

!!
d! N

�
0,Σ�1θ0

Ωθ0Σ
�1
θ0

�
.

Ωθ0,nT = E
�

1
nT

∂ ln L(u)nT ,c (θ0)
∂θ

∂ ln L(u)nT ,c (θ0)

∂θ0

�
, Ωθ0 = limT!∞ Ωθ0,nT ,

Σθ0,nT = �E
�
1
nT

∂2 ln LnT ,c (θ0)
∂θ∂θ0

�
and Σθ0 = limT!∞ Σθ0,nT .
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4. Estimation
4.1 Quasi-maximum likelihood estimation

Bias correction of θ̂ml ,nT :

θ̂
c
ml ,nT = θ̂ml ,nT �

1
T

h
�Σ�1θ,nT an,1(θ)

i
jθ=θ̂ml ,nT

�1
n

h
�Σ�1θ,nT an,2(θ)

i
jθ=θ̂ml ,nT

.

Corollary

Regularity conditions and n
T 3 ! 0 and T

n3 ! 0 ,

p
nT
�

θ̂
c
ml ,nT � θ0

�
d! N

�
0,Σ�1θ0

Ωθ0Σ
�1
θ0

�
.
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5. Simulations

Overall performance of θ̂ml ,nT and θ̂
c
ml ,nT / comparison with θ̂

S
ml ,nT

and θ̂
S ,c
ml ,nT (= the QMLEs from the conventional SDPD model (Lee

& Yu (2010))

I θ̂
c
ml ,nT performs better than θ̂ml ,nT .

I crucial misspeci�cation errors of θ̂
S
ml ,nT and θ̂

S ,c
ml ,nT
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6. Application

Public safety spending among counties in NC

Two types of optimal reaction functions

(i) conventional SDPD model: myopic agent model (δ = 0)
(ii) our model: forward-looking agent model
I δ = 0.9704 (( average annual long-run interest rates in the sampling
periods)
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6. Application

Selected model via the sample log-likelihood

Myopic Forward-looking

Total revenue 0.1023*** [0.0054] 0.1239*** [0.0066]
Neighbor�s total revenue -0.052*** [0.0158] -0.0667*** [0.0191]
λ 0.0142 [0.0657] 0.0058 [0.0845]
γ 0.3937*** [0.0251] 0.5081*** [0.065]
ρ 0.0705 [0.0784] 0.1726* [0.0984]
Sample log-likelihood -2712.9 -2712.5

* indicates 10% level of signi�cance and *** indicates 1% level of
signi�cance.

Dollar amounts are real per capita values adjusted by the GDPD.

Sample log-likelihood is a good measure to capture the true model
(( simulation study)
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7. Conclusion

Summary
I Spatial dynamic panel data model with the forward-looking agent
assumption

I QML estimation method, asymptotic properties, bias correction
I application: policy interdependence of counties�public safety spending
in NC
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