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Abstract

This paper studies productivity and trade dynamics during sudden stop episodes. Sudden stops of

capital inflows to emerging economies are characterized by deep recessions, slow recoveries, sharp

devaluations, and reversals in the trade balance. We develop a framework to capture these salient

features of sudden stops. The model features endogenous productivity and trade dynamics, and

endogenous sudden stops. In this environment, firm and product entry and exit into domestic and

export markets play a key role in shaping the dynamic response of the economy to a sudden stop.

We discipline the model using unique firm-product level data in both domestic and export markets

from a census of manufacturing firms in an emerging economy. The calibrated model matches the

key stylized facts of sudden stops and their aftermath.
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1 Introduction

Business cycles in emerging economies are characterized by volatile international capital flows, and

sudden stops of capital inflows often cause severe economic downturns. These sudden stop episodes

are characterized by sharp devaluations, trade balance reversals, and slow recoveries. A key distinctive

feature of these events is that the growth slowdown in the aftermath is primarily explained by reduced

aggregate productivity growth [Mendoza, 2010]. A second key attribute is that firm and product en-

try and exit into domestic and export markets play a key role in shaping the dynamic response of the

economy. These features suggest that a theory of sudden stops should consider both trade and produc-

tivity dynamics, including the response at the extensive margin (firm and product creation). This paper

develops a simple and coherent model of sudden stops that can account for these features.

Our model combines a Klette and Kortum [2004] type growth model of endogenous productivity

dynamics - extended to an open economy setting - with a leverage-driven model of endogenous sudden

stops and an endogenous real exchange rate. We model a small open economy consisting of final and

intermediate good producers. Innovation occurs in the intermediate good sector, in which firms produce

differentiated varieties, and innovate to introduce domestic or export product lines. This process gives

rise to rich endogenous productivity and trade dynamics. Sudden stops are modeled following Mendoza

[2010] and Bianchi and Mendoza [2018]. We treat sudden stops as endogenous events because these are

low (but positive) probability events. Expectations are essential to firm and product entry, which play

a key role in the adjustment and are based on forward looking decisions. In the model, final good

producers demand intermediate inputs and a productive asset existing in fixed supply to produce a

tradable good. These firms use their productive asset as collateral for borrowing to finance working

capital. A collateral constraint is such that firm debt cannot exceed a fraction of the value of this asset.

Series of favorable productivity and interest rate shocks cause increases in leverage. Unfavorable shocks

arriving at times of high leverage make the collateral constraint binding, raising the effective cost of

borrowing and leading to a financial crisis. A sudden stop episode reduces the demand of tradable final

good producers for intermediate inputs.

Sudden stops have a starkly different impact on exporters and non-exporters and for extensive and

intensive margins. Exports benefit from a decline in costs due to lower wages and face a stable foreign

demand. The intensive margin rises sharply on impact. The extensive margin is driven by innovation

to introduce new export lines. This margin adjusts gradually, because most of the depreciation reverts

quickly and innovation decisions are forward looking. This is consistent with the empirical evidence

in Alessandria et al. [2014]. In contrast, intermediate goods producers selling to the domestic market

face a lower demand and earn lower profits. Innovation to introduce new domestic product lines, which
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drives entry and technological progress, slows down on impact, as the impact on domestic demand is

fairly persistent. The large and immediate declien in domestic entry matches the empirical evidence

documented by Ates and Saffie [2016]. The decline in entry rates to the domestic market generates a

persistent effect of sudden stops on productivity and over time, gradual entry into exporting contributes

to the recovery.

In the quantitative analysis we show, first, that the calibrated model can replicate the key stylized

facts of sudden stop episodes discussed in the introduction. We then quantify welfare and productivity

losses due to these episodes. To calibrate the model we use unique, very detailed data, reporting the

list of products each firm sells domestically and exports. We observe the amount sold in each market

and firm outcomes including revenue, employment, and profits. These are data on the universe of

manufacturing firms in Chile with 10+ employees during 1995-2005. In addition we construct firm age

using the same Chilean Annual Manufacturing Survey starting in 1980. Following a sudden stop, the

asset price falls by 8%, the debt-to-GDP ratio declines by 1%, GDP declines by 5% and consumption

falls 3.5% below trend.

More importantly, firm and trade dynamics in the simulated model are consistent with the empir-

ical evidence in the literature. First, both entry and incumbent firms’ innovation substantially decline

during sudden stops. This slows down aggregate productivity growth and in turn leads to a persis-

tent negative impact on GDP, consistent with the empirical findings in Cerra and Saxena [2008] and

Blanchard et al. [2015]. Second, while imports of intermediate goods decline , exports of intermediate

goods remain unaffected, roughly in line with empirical facts documented in Alessandria et al. [2014].

Moreover, export profits rise by 13% relative to the trend and stay above-trend several years following

a sudden stop. This is due to a decline in the real wage which reduces the marginal cost of production

of domestic relative to foreign rival firms. Firms then invest more in innovation to export, and the ex-

tensive margin of exports expands gradually, which is also consistent with the empirical fact shown in

Alessandria et al. [2014].

The rest of the paper is organized as follows. Section 1.1 reviews the related literature. Section 3

introduces the model. Section 4 presents calibration of the model and the quantitative analysis. Section

5 concludes.

1.1 Contribution to the Existing Literature

Our paper contributes to a literature studying the response of the economy to sudden stops. Recent

work [Mendoza, 2010, Jeanne and Korinek, 2013, Bianchi, 2011, Bianchi and Mendoza, 2018] models

sudden stops as endogenous events using occassionally binding collateral constraints. This approach
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produces the amplification and asymmetry that these events epitomize, preserving long-run business

cycle properties of standard models. Our contribution to this literature is incorporating productivity

and trade dynamics, in a heterogeneous-firms framework. This is essential because the slow recovery

following these episodes is characterized by slow TFP growth [Mendoza, 2010] and a key role of the

extensive margin of exports [Alessandria et al., 2014]. In recent developments in this literature, Seoane

and Yurdagul [2017] and Akıncı and Chahrour [2018] introduce growth rate trend shocks and news

shocks to improve the quantitative performance of these models. Endogenous technological change

generates fluctuations in growth rates with similar properties to news and trend shocks, so by explicitly

modeling endogenous trade and productivity dynamics we provide a measurable microfundation for

these channels.

Our paper is part of a nascent literature that blends endogenous technological change and interna-

tional finance with the goal of studying the medium and long-run consequences of large but temporary

external shocks. Comin and Gertler [2006] develop a model in which short-run shocks to the economy

causes medium-term business cycles using a product-variety expansion type of endogenous growth

framework. A similar framework is used by Queralto [2013] to study Korea’s 1997 finacial crisis, by

Guerron-Quintana and Jinnai [2018] to measure the cost of the U.S. Great Recession, by Gornemann

[2014] to explain long-term costs of sovereign crises, and by Ma [2017] to study macroprudential poli-

cies. Closer to our paper Ates and Saffie [2016] bridge a version of the Schumpeterian growth model of

Klette and Kortum [2004] and the business cycle model of Neumeyer and Perri [2005] and Uribe and Yue

[2006] to show that sudden stops have a persistent effect on growth through the composition of entering

firms. Matsumoto [2018] extends Ates and Saffie [2016] allowing for an occosinally binding constraint

to study the interplay of FDI and reserve accumulation in emerging countries. A key contribution of

our model to this literature is incorporating trade dynamics, which are essential to the understanding

of sudden stops in emerging markets. In addition we contribute to this literature by using microdata on

firms’ domestic and export product portfolios.

These trade dynamics are important as the literature studying the adjustment of exporters to crises

or large devaluations shows. In this regard, Alessandria et al. [2014] show that the sluggish response

of exports to large devaluations is driven by the extensive margin, which adjusts slowly given its for-

ward looking nature. Alfaro et al. [2018] find that exporting firms’ productivity and innovation rise in

response to depreciations. Blaum [2017] shows that the response of imports to devaluations is deter-

mined in part by the fact that large exporters – which expand during a devaluation – import inputs to

produce. Trade dynamics are in turn key to aggregate productivity. Bernard and Jensen [2004] show

that exporters account for a large share of TFP growth in U.S. manufacturing.
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We also relate to the literature on endogenous technical change. Recent work has studied the in-

teraction between trade and productivity dynamics (e.g. [Perla et al., 2015, Buera and Oberfield, 2016,

Sampson, 2015, Bloom et al., 2013]). The closest to our paper is Akcigit et al. [2018] as they also model

competition between intermediate good producers across countries. The link between trade and produc-

tivity in our model is more stylized, allowing us to go beyond transitional dynamics studying aggregate

risk with occasionally binding financial constraints. On the empirical front we also make a key contri-

bution to the endogenous technical change literature. In fact, the quantitative literature that builds on

Klette and Kortum [2004] has relied on patent and plant level data to estimate the parameters governing

the expansions and contractions of products [Akcigit and Kerr, 2018, Acemoglu et al., 2018, Lentz and

Mortensen, 2008]. In contrast, we observe the portfolio of domestically and foreign sold products at the

plant level. Thus, this is the first paper in the Klette and Kortum [2004] framework that uses product

level data for calibration and validation.

2 Model

The model consists of an infinite-horizon small open economy. A representative firm produces a trad-

able final good. This firm borrows working capital within each period and faces an endogenous collat-

eral constraint. Shocks to aggregate productivity and the real interest rate can occassionally make this

constraint binding and generate sudden stops.

A set of firms produce differentiated intermediate varieties used to assemble the final good in the

domestic market or abroad. This intermediate sector is modeled as a version of the Schumpeterian

growth model developed by Ates and Saffie [2016], which is a discrete time version of Klette and Kortum

[2004] incorporating aggregate risk. These intermediate good producers innovate to introduce new

product lines, competing among them and with foreign firms to become the lowest cost producer under

Bertrand competition. These firms also innovate to be able to export these product lines. This setting in

the intermediate sector generates endogenous productivity dynamics. In addition it gives rise to trade

dynamics at the intensive and extensive margins. A nontradable sector allows for an endogenous real

exchange rate. An overview of this environment is presented in Figure 1.

5



Figure 1: Model Economy

Note: This figure represents the structure of the model.

2.1 Tradable Final Good

A representative firm produces a tradable final good using a set of differentiated intermediate goods

{yt(i)}1i=0 according to the production function:

Y Tt = exp(εAt )exp
[∫ 1

0
lnyt(i)di

]
, (1)

in which εAt is a stochastic productivity shock.

We assume the firm must pay in advance a fixed fraction φ of the cost of intermediate inputs. This

working capital payment is financed by within-period borrowing from abroad without any interest. In

addition, the firm borrows from abroad using a one-period non-contingent bond. The firm is subject

to the following collateral constraint, which states that total borrowing must not be larger than a fixed

fraction κ of the value of a productive asset owned by the firm and used as collateral.

−Bt +φ
[∫ 1

0
pt(i)yt(i)di

]
≤ κQtLt−1 (2)

In this expression Qt denotes the price of the asset and Lt−1 denotes the amount owned by the firm. The

firm rents this productive asset at a rate RLt to firms in the intermediate good sector, which require it to

produce. This asset exists in fixed supply, which is normalized to one. Each period, the firm chooses
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amounts of each intermediate good {yt(i)}1i=0, the amount of the productive asset Lt to hold, and foreign

bond holdings Bt to maximize the discounted value of current and future profits:

max
{{yt(i)}1i=0,Lt ,Bt}

∞
t=0

Eo
∑∞

t=0
βtλtΠ

T
t

subject to the collateral constraint (2). Future profits are discounted with the same discount rate used

by the representative household.1 Firm profits are:

ΠT
t = Y Tt −

∫ 1

0
pt(i)yt(i)di −Bt + exp(εRt−1)RBt−1 −QtLt + (Qt +RLt )Lt−1 (3)

where λt is the marginal utility of tradable goods consumption by households, pt(i) is the price of

intermediate good i, and exp(εRt )R is a stochastic gross interest rate on the foreign bond. Each period,

the final tradable producer chooses intermediate goods demand {yt(i)}1i=0, productive asset holdings Lt,

and foreign bond holdings Bt to maximize the expected profit discounted by household’s discount rate

adjusted by the marginal utility λt. The demand for each intermediate good is:

pt(i)
(
1 +φ

µt
λt

)
=
Y Tt
yt(i)

(4)

In this expression, µt stands for the Lagrange multiplier on the borrowing constraint (2). When the

borrowing constraint is slack, µt = 0 and the demand function for intermediate goods (4) is standard,

equating price and marginal product. When the borrowing constraint binds, a strictly positive µt ap-

pears as the external financing premium on working capital payments, which increases the effective cost

of inputs.

2.2 Intermediate Goods

There is a continuum of differentiated tradable intermediate goods indexed by i ε [0,1] used to assemble

the final good. We refer to these as product lines. These intermediate goods can be produced by domestic

or foreign firms. Each product line is produced by a single firm - the lowest cost producer - in a context

of Bertrand competition.

These intermediate good producers have heterogeneous productivity levels at. They produce using

1The assumption that the firm can own an asset and can borrow from abroad instead of households makes the problem
more tractable. A model in which households own the asset and borrow from abroad would be equivalent but less tractable.
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the productive asset (`t) and labor (ht) according to the following production function:2

yt = at (`t)
α (ht)

1−α (5)

Firms innovate to introduce new product lines by becoming the lowest cost producers. When a firm

carries on a succesful innovation, it obtains a productivity lead of an exogenous magnitude, equal to

(1+σD ) times the previous leading technology, which becomes available to all firms. Firms also innovate

to export existing domestic product lines. When a firm carries on a successful export innovation it

obtains a larger productivity lead equal to (1 + σX) the previous existing technology. For each product

line, only one successful innovation occurs at a time. The probability of successful innovations and the

investment firms need to incur in to innovate are discussed in the next subsection.

Product lines can be classified into domestic lines (D) (in which the lowest cost producer is a domes-

tic firm), export lines (X) (in which a domestic firm has innovated to be able to sell the product both

domestically and abroad) and import lines (M) (in which the lowest cost producer is a foreign firm and

the final tradable good producer imports the product). We describe prices and profits for each of these

three types below.

Under Bertrand competition, the firm with the leading technology sets a price equal to that of the

marginal cost of its competitors which have the second-best (i.e. the previous leading) technology.

Firms’ marginal cost depends on factor prices and trade costs (both of which differ between domestic

and foreign firms), and their productivity.3

Foreign firms trying to sell in the domestic market face an iceberg trade cost such that, shipping 1+ξ

units is required to sell 1 unit. Domestic firms trying to sell abroad face the same iceberg trade cost.

(D) Domestic lines In this case the second lowest marginal cost belongs to domestic firms. Because all

domestic firms face the same factor prices, differences in cost between the leading firm and its competi-

tors are due only to differences in productivity. Let at(i) denote the productivity level of the lowest cost

producer for line i. The price set is equal to the second lowest marginal cost:

pDt (i) = M̃C
D
t (i) =

1
at(i)/(1 + σD )

α
(
RLt

)α
(Wt)

1−α , (6)

where α = α−α(1−α)−(1−α). Profits obtained from this line are:

πDt (i) = pt(i)yt(i)−RLt `t(i)−Wtht(i)

2Both factors of production - the productive asset and labor - are internationally immobile
3Factor prices are a rental rate RLt for the productive asset and wage Wt . These are denoted RL∗t and W ∗t in the case of

foreign firms.
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Replacing in this expression the demand for intermediate goods by the final tradable good producer (4),

profits can be written as:

πDt = Y Tt
1

1 +φµt/λt

σD

1 + σD
(7)

The following points are worth mentioning. First, profits are independent of the productivity level at(i)

of the lowest cost producer.4 Second, profits are a decreasing function of the Lagrange multiplier on the

borrowing constraint µt.5 Third, profits are independent of factor prices. Factor prices impact both the

cost and the price (which is equal to the cost of the second-best firm), cancelling out.

(X) Export lines Export lines are owned by domestic firms and sold both domestically and abroad. In

the domestic market, prices and profits are identical to those discussed above for domestic lines, with

the only difference that the productivity lead is (1 + σX):

pXt (i) = M̃C
X
t (i) =

1
at(i)/(1 + σX)

α
(
RLt

)α
(Wt)

1−α (8)

πXt = Y Tt
1

1 +φµt/λt

σX

1 + σX
(9)

Due to the larger productivity lead, prices in the domesitc market are lower and profits from domes-

tic sales are larger than those of domestic lines.

In the foreign market, a representative final tradable good producer demands intermediate goods

according to the following production function:

Y ∗t = exp
[∫ 1

0
lny∗t (i)di

]
Foreign production of the final tradable good is not subject to shocks, and Y ∗t grows at a constant

rate. The demand of this foreign final good producer for each intermediate good is:

p∗t(i) =
Y ∗t
y∗t (i)

(10)

In the case of export lines, the second lowest marginal cost belongs to foreign intermediate good pro-

ducers. The price set for export lines in the foreign market is equal to this second lowest marginal

4In Appendix A.1 we show that asset and labor inputs for each product line are also independent of productivity. This
property enables us to study the aggregate dynamics of the economy without keeping track of heterogeneous productivity
levels across product lines.

5When the borrowing constraint binds, µt is strictly positive and profits decline. The reason for this is that when the
borrowing constraint binds, the final tradable good producer lowers its demand for intermediate goods. This translates into
lower profits for intermediate good producers.
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cost:

p∗t(i) = M̃C
∗
t(i) =

1
at(i)/(1 + σX)

α
(
RL∗t

)α
(W ∗t )1−α (11)

Using the expression for the foreign demand for intermediate goods (in equation (10)), profits from

export lines’ sales abroad are:

π∗t = Y ∗t

1− 1 + ξ
1 + σX

(
RLt

)α
(Wt)

1−α(
RL∗t

)α
(W ∗t )1−α

 (12)

Profits from export sales differ from profits from domestic sales of export lines in that they do de-

pend (negatively) on factor prices. Lower domestic factor prices make domestic production cheaper,

while the export price is determined by foreign factor prices.

(M) Import lines In this case the lowest cost producer is a foreign firm and the domestic final good

producer imports the intermediate good, As the demand for intermediate goods by this producer (in

equation (4)) has a unit elasticity, the total payment to foreign firms is independent of the price charged:

pt(i)yt(i) =
Y Tt

1 +φµt/λt
(13)

The price is equal to the second lowest marginal cost, which in this case belongs to a domestic

firm . The productivity lead by foreign firms is the same as that of domestic exporting firms, 1 + σX .

Consequently the price is the same as that of export lines in equation (8). Note that in equation (13), the

right hand side is independent of a product line i so output yt(i) is also the same as for export lines.

2.3 Innovation and Firm Dynamics

Firm dynamics are shaped by firm entry, innovation by incumbent domestic firms, and innovation by

foreign firms. The productivity of each product line evolves with each technological improvement gen-

erated by successful innovations. A successful domestic innovation increases the existing productivity

of a product line by an exogenous factor 1+σD and leads an entering or incumbent domestic firm to ac-

quire the product line. An successful export innovation increases the existing productivity of a product

line by an exogenous factor 1 + σX and allows the firm to sell the product domestically and abroad.

Due to entry and innovation, aggregate productivity in the intermediate sector increases over time.

Firm dynamics change the status of each product line over time and endogenously determine the exten-

sive margins of imports and exports. Below we explain in detail firms’ innovation decisions.

A Graphic Example Figure 2 illustrates an example of the evolution of firms’ product lines from a

period t to t+ 1. In period t (top panel) domestic firm 1 produces two domestic product lines. Domestic
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firm 2 produces two domestic and one export lines. There is also one foreign product line. In period t+1

(bottom panel) domestic firm 1 succeeds in an exporting innovation for product line 1, which becomes

an export line. Domestic firm 1 also succeeds in a domestic innovation and acquires domestic product

line 3. Foreign innovation occurs in product line 5, so domestic firm 2 loses that product line. Domestic

firm entry is not depicted in the figure.

Figure 2: Firm Dynamics

Note: This figure provides an example of firms’ product dynamics between an initial period t (top panel) and a subsequent
period t + 1 (bottom panel).

2.3.1 Innovation by Incumbent Domestic Firms

Domestic innovation A firm owning nD domestic lines and nX export lines has nD + nX domestic in-

novation opportunities. The underlying assumption is that a domestic innovation is a spin-off from
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existing technologies. For each innovation opportunity, a firm chooses to invest an amount ZDt .6 The

probability of success of a domestic innovation is proportional to the amount invested:

iDt = ηD
(
ZDt
At

)1/ρ

(14)

This probability is inversely proportional to the average productivity of intermediate firms where At is

(including foreign firms). The functional form is consistent with Akcigit and Kerr [2018], who argue it

is consistent with empirical patterns.

Export innovation A firm owning nD domestic product lines has nD export innovation opportunities.

For each innovation opportunity, a firm chooses to invest an amount ZXt . The probability of success of

an export innovation is:

iXt = ηX
(
ZXt
At

)1/ρ

(15)

When a firm’s export innovation is successful, a product sold domestically can also be exported and

the domestic line becomes an export line.

Foreign innovation Finally, a foreign firm generates a successful innovation with an exogenous proba-

bility iF .

Incumbents’ Innovation Decisions

As is common in Schumpeterian growth models, innovation is undirected in the sense that inno-

vation is equally likely to apply to any product line. This feature is preserved in this model because

operating profits are independent of a firm’s productivity level, so firms with a given productivity are

indifferent among the many product lines that can be introduced. Undirected innovations carried on by

many firms imply that each product line faces the same replacement probability dt. The probability of

i successes in n trials for a binomial process with success probability p is:

P (i,n,p) =
(
n
i

)
pi(1− p)1−i

The value of a domestic firm with nD domestic lines and nX exporting lines can be written in a

recursive form as follows:

6This investment is measured in units of the tradable final good.
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Vt(n
D ,nX ) = max

ZDt ,Z
X
t

{nDπDt +nX (πXt +π∗t )− (nD +nX )ZDt −n
DZXt

+
nD+nX∑
i=0

P (i,nD +nX , iDt )
nD∑
j=0

P (j,nD ,dt)
nD−j∑
k=0

P (k,nD − j, (1− dt)iXt )
nX∑
m=0

P (m,nX ,dt)

Et
[
Λt,t+1Vt+1(nD + i − j − k,nX + k −m)

]}
The first line represents operating profits minus innovation investment costs. The second and third

line add up the expected value of a firm across all the possible combinations of innovations and re-

placement on nD domestic lines and nX exporting lines in the next period. The first summation adds up

across all the possibilities for domestic innovations from 0 success to nD+nX successes. The second sum-

mation adds up over the number of domestic lines being replaced from 0 to nD . The third summation

adds up over the number of successful exporting innovations. We assume that exporting innovations

materialize only if replacement does not happen on that line. Thus the effective success probability is

given by (1−dt)iXt . The last summation adds up over the number of exporting lines being replaced from

0 to nX .

We use a guess-and-verify method to show that the value of a firm with nD domestic lines and nX

exporting lines is equal to the sum of nD times the value of a single domestic line and nX times the value

of a single exporting line:

Vt(n
D ,nX) = nDVt(1,0) +nXVt(0,1)

The proof is left to the Appendix. This linear relation enables us to aggregate firm dynamics in a

tractable way and study how firm dynamics affect endogenous growth and the extensive margins of

imports and exports. It enables us to do so without having to keep track of the firm size distribution.

The value of a single domestic line is given by:

Vt(1,0) = max
ZDt ,Z

X
t

{
πDt −ZDt −ZXt (16)

+
(
iDt + (1− dt)(1− iXt )

)
Et

[
Λt,t+1Vt+1(1,0)

]
+ (1− dt)iXt Et

[
Λt,t+1Vt+1(0,1)

]}
and the value of a single exporting product line is:

Vt(0,1) = max
ZDt

{
πXt +π∗t −ZDt + iDt Et

[
Λt,t+1Vt+1(1,0)

]
+ (1− dt)Et

[
Λt,t+1Vt+1(0,1)

]}
(17)

The first-order condition with respect to ZDt pins down the optimal investment for domestic innovation
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opportunities:

ηD
1
ρ

(
ZDt
At

)1/ρ−1
1
At
Et

[
Λt,t+1Vt+1(1,0)

]
= 1 (18)

The first-order condition with respect to ZXt pins down the optimal investment for export innovation

opportunities:

(1− dt)ηX
1
ρ

(
ZXt
At

)1/ρ−1
1
At

(
Et

[
Λt,t+1Vt+1(0,1)

]
−Et

[
Λt,t+1Vt+1(1,0)

])
= 1 (19)

Note that investment is forward-looking in the sense that as the expected value of a product line

increases, firms increase their investment.

2.3.2 Domestic Entry

Entry by domestic firms results from innovation by households. New domestic firms poach a product

line from incumbent firms, and start with a single domestic line. Households invest an amount ZEt to

create new firms.7 The number of firms created from ZEt units of investment is:

et = ηE
(
ZEt
At

)1/ρ

(20)

The optimal investment ZEt is such that the marginal benefit and marginal cost of investment are equal:

ηE
(
1− ρE

)(ZEt
At

)−ρE
1
At
Et

[
Λt,t+1Vt+1(1,0)

]
= 1 (21)

2.3.3 Productivity Growth and The Extensive Margins of Trade

We can now characterize how firm dynamics translate into aggregate productivity growth and into the

extensive margins of exports and imports. We denote the share of domestic lines by θDt , and the share

of export lines by θXt . The share of imported product lines is then 1−θDt −θXt . The rate at which product

lines are replaced (dt) is the sum of the probability that a product line is replaced due to domestic entry,

domestic innovation, or foreign innovation:

dt = (θDt−1 +θXt−1)iDt + et + iF (22)

In this expression, the probability that a product line is replaced due to domestic innovation is equal

to the probability a domestic innovation by an incumbernt firm is successful (iDt ) times the share of

7This investment is measured in units of the tradable final good.
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domestically-owned product lines (which is the sum of domestic and export lines). The law of motion

for the share of domestic lines is:

θDt = θDt−1 + (1−θDt−1)(et + (θDt−1 +θXt−1)iDt )−θDt−1((1− dt)iXt + iF) (23)

This share increases due to entry by domestic firms and due to domestic innovation by incumbent

firms. It decreases due to exporting innovation and foreign innovation.

The law of motion for the share of exporting lines θXt is:

θXt = θXt−1 +θDt−1(1− dt)iXt −θXt−1(et + (θDt−1 +θXt−1)iDt + iF) (24)

It increases due to export innovations and decreases due to domestic entry, domestic innovation, and

foreign innovation. The share of foreign lines is consequently 1−θDt −θXt .Note that the extensive margin

of imports is determined by endogenous changes in the share of foreign product lines. The extensive

margin of exports is determined by endogenous changes in the share of exporting lines.

Aggregate production of the tradable final good is:

Y Tt = exp
[∫ 1

0
lnyt(i)di

]
= At

[(
`Dt

)α (
hDt

)1−α]θDt−1
[(
`Xt

)α (
hXt

)1−α]θXt−1
[ 1

1 + ξ

(
`Mt

)α (
hMt

)1−α]1−θDt−1−θ
X
t−1

where `Dt , `
X
t , `

M
t are the amounts of the productive asset used by each product line, and hDt ,h

X
t ,h

M
t are

the amounts of labor hired by each product line. Note that `Mt and hMt are factors employed abroad.8

The average productivity of intermediate firms (At) is:

At = exp
[∫ 1

0
lnat(i)di

]
At grows as productivity of each product line at(i) improves through domestic firm entry, innovation by

incumbent domestic firms, and foreign innovation.9 The growth rate of At is:

At+1

At
= 1 + gt = (1 + σD )et+(θDt−1+θXt−1)iDt (1 + σX)θ

D
t−1(1−dt)iXt (1 + σX)i

F
(25)

Note that the three terms in the right-hand side correspond to the sum of new firm entry and do-

mestic innovations, exporting innovations, and foreign innovations respectively.

8Expressions for these variables are left to the appendix.
9Note that At is not necessarily the productivity level of this economy, because At includes prouctivity of foreign firms.

But the long-run growth rate of this economy is determined by growth in At .
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2.4 Nontradable Good

A representative firm produces a nontradable good using labor (HN
t ) according to the following produc-

tion function:

YNt = At(H
N
t )1−αN , (26)

where 0 < 1−αN < 1 is the labor share. We assume that total factor productivity in this sector increases at

the same rate as aggregate productivity in the tradable sector. This spillover guarantees that production

of tradable and nontradable goods grows at the same rate in the long run. Let P Nt denote the price of

the nontradable good. Since the law of one price holds for the tradable good, the real exchange rate is

determined by the price of the nontradable good. An increase in P Nt corresponds to a real appreciation.

2.5 Households

The representative household consumes the tradable and the nontradable final goods and supplies labor

ellastically. In addition it invests ZEt units of the tradable good in domestic entry. They receive income

from their wageWtLt, from profits from the tradable and nontradable good producers, and from profits

from domestic intermediate good producers. The representative household’s optimization problem is

then to maximize:

max
{CTt ,CNt ,Ht ,ZEt }∞t=0

E0

∑∞

t=0

[
ln

(
Ct −At

(Ht)ω

ω

)]
with

Ct =
[
(γ)1/ε(CTt )

ε−1
ε + (1−γ)1/ε(CNt )

ε−1
ε

] ε
ε−1 (27)

subject to their budget constraint:

CTt + P Nt C
N
t +ZEt =WtHt +ΠT

t +ΠN
t +θDt−1

(
πDt −ZDt −ZXt

)
+θXt−1

(
πXt +π∗t −ZDt

)
(28)

where γ determines the weight of tradable goods in composite consumption Ct, and ε is the constant

elasticity of substitution between tradable and nontradable consumption. Optimal investment in do-

mestic entry ZEt is determined by equation (21).
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Finally, the trade balance is:

T Bt = Y Tt −CTt −ZEt −θDt−1

(
ZDt +ZXt

)
−θXt−1Z

D
t︸                                                ︷︷                                                ︸

final tradable output - absorption

+
(
θDt−1 +θXt−1

)
Y ∗t︸             ︷︷             ︸

export of intermediate goods

−
(
1−θDt−1 −θ

X
t−1

) Y Tt
1 +φµt/λt︸                             ︷︷                             ︸

import of intermediate goods

The Appendix defines the equilibrium of the economy and the stationarized equilibrium conditions that

we use to solve the model numerically.

3 Data: Firms’ Product Portfolios

We use unique data on firms’ product portfolios in an emerging economy. Our firm-product level data

comes from the Chilean Annual Survey of Manufactures, which contains data on the universe of man-

ufacturing plants with 10+ employees. While the standard information on plant-level outcomes of this

Census has been used extensively in the literature, we have access to an additional form that records

each product produced by each firm. This data reports separately domestic and export sales of each of

these products. We have annual firm-level product data for 1995-2005. We are able to aggregate the

plant level data to the firm level. In addition, we construct firms’ ages using the standard plant-level

data of this annual Census of Manufactures starting in 1980.

This data has been used by Navarro [2012] and Voigtlaender and Garcia-Marin [2018]. To the best of

our knowledge, the Chilean Census of Manufactures is the only one reporting firm-product level data

and distinguishing between domestic and export markets.

4 Quantitative Analysis

In this section we show that the calibrated model can replicate the key stylized facts of sudden stop

episodes discussed in the introduction, and we quantify the implications of sudden stops in terms of

welfare and productivity. We start by discussing the calibration of the model.

4.1 Calibration

The model is calibrated at an annual frequency. There are 17 parameters to be determined in the model.

We take conventional values from the literature if available, and calibrate the other parameters to target

the Chilean economy as a benchmark. Table 1 shows the values of 12 externally-determined parameter
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values. The discount factor β = 0.96 and the interest rate on foreign bonds R = 1.06 are standard values

for annual models. The weight of tradable goods in consumption γ = 0.31 is set following Bianchi

[2011]. The elasticity of substitution between tradable and nontradable goods in consumption, ε =

0.6, is in the middle of the range discussed in Mendoza [2005]. The parameter for the labor supply

elasticity ω = 1.455 is set following Mendoza [1991]. Regarding the production parameters, the asset’s

share in tradable production α = 0.3 is a standard value, and the labor share in nontradable production

1−αN = 0.75 is taken from Schmitt-Grohé and Uribe [2016]. The iceberg trade cost ξ = 0.21 follows the

estimation by Anderson and Van Wincoop [2004]. The fraction of the input cost subject to the working

capital requirement φ varies widely depending on how it is estimated. We set its value to 0.6, which

is in the middle of the range in the literature such as Mendoza [2010] and Ates and Saffie [2016]. The

coefficient on the borrowing constraint κ is set to 0.13, which is close to 0.2 assumed in Mendoza [2010].

The concavity parameter governing investment ρ is set to 1.5, which is the middle value in the literature

such as Comin and Gertler [2006], Akcigit and Kerr [2018], and their literature review. The foreign

innovation rate is set to 0.03, which is somewhat arbitrarily set to a low value so that the economy grows

mainly through domestic innovation.

Table 1: Externally-Determined Parameters

Variable Value Source

β Discount factor 0.96 Standard
R Foreign bond interest rate 1.06 Standard
γ Tradable share in consumption 0.31 Bianchi (2011)
ε CES between T and NT sectors 0.6 Middle value in literature
ω Frisch elasticity 1/(ω − 1) 1.455 Mendoza (1991)
α Asset share in tradable sector 0.3 Standard

1−αN Labor share in nontradable sector 0.75 Schmitt-Grohe & Uribe (2016)
ξ Iceberg trade cost 0.21 Anderson & van Wincoop (2004)
φ Fraction of input subject to WK 0.6 Ates & Saffie (2014)
κ Coefficient on borrowing constraint 0.13 Debt to GDP ratio
ρ Concavity of innovation investment 1.5 Middle value in literature
iF Foreign innovation rate 0.03 Export innovation rate

Five parameters related to firm dynamics and growth, ηE ,ηD ,ηX ,σD ,σX , are jointly determined to

match five moments at the balanced growth path of the model with Chilean data in 2001-2011. The five

targeted moments are the GDP growth rate, the import-to-GDP ratio, the export-to-GDP ratio, the R&D

expenditure-to-GDP ratio, and the labor share in the tradable sector. The values of these parameter

values and the corresponding targeted moments are listed in Table 2.

The aggregate shocks to the economy determine the productivity of the final tradable sector εAt and
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Table 2: Jointly-Determined Parameters

Variable Value Target Model Data

ηE Domestic entry coeff. 1.98 Share of single-good non-exporters 38.3% 39.6% 38.3%

ηD Domestic innovation coeff. 4.05 Average Product non-exporter, 2.07 2.01 2.075

ηX Export innovation coeff. 1.42 Share of single-good exporters 14.9% 15.1% 14.9%

σD Domestic innovation size 0.06 Average growth rate 2.5% 2.5% 2.5%

σX Export innovation size 0.38 Relative profits non-exporters to exporters 26.2% 26.1% 26.2%

Y ∗ Foreign demand 0.79 Export revenue share for exporters 35.9% 34.3% 35.9%

the interest rate on the foreign bond εRt . We take the stochastic process for these shocks from Mendoza

[2010], in which εAt and εRt follow a joint discrete Markov process with two realizations for each variable.

In particular, εAt takes ±0.0134 and εRt takes ±0.0196 with the same autocorrelation 0.59 and the negative

correlation -0.67 between εAt and εRt . We set Y ∗t so that the total revenue for exporting product lines is

2.1 times larger than that for domestic product lines at the balanced growth path. Finally, the foreign

factor prices RL∗t and W ∗t are set equal to the domestic values RLt and Wt at the balanced growth path,

under the assumption that the domestic foreign economies have a similar productivity level.

4.2 Sudden Stop Dynamics

This section presents sudden stop dynamics in the model. We pick all sudden stop events from the

9,000-period simulation described above. Following Bianchi and Mendoza [2018], sudden stops are

identified as events in which the current account adjusted for its trend is at least two standard deviations

above its mean. Under this definition, the unconditional probability of sudden stops in the model is

7.9%, which is in line with empirical estimations in Eichengreen et al. [2008] and Jeanne and Rancière

[2011]. Figure 3 plots the average dynamics of key macroeconomic variables before and after sudden

stops events. Panels 3a, 3b and 3c show the path of real GDP, consumption, and the asset price in log

deviations from their linear trends.10 On average, GDP declines by 5%, consumption falls by 3.5%, and

the asset price drops by 8% following a sudden stop. The sharp fall in the asset price indicates that the

borrowing limit substantially tightens during sudden stops, and an amplification effect sets in motion

as in Mendoza [2010] and Bianchi and Mendoza [2018]. The net foreign asset-to-GDP ratio in the left

panel of the bottom row has a sharp spike, which indicates a sudden reversal of capital inflows.

Panel 3e illustrates the average path of productivity shocks and interest rate shocks, which cause the

sudden stop. Before a sudden stop occurs, productivity is high and the interest rate is low, implying that

10A linear trend is constructed by taking the log of 20-period series around each sudden stop (10 periods before and after
sudden stop respectively) and taking a linear trend of this log series.
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Figure 3: Sudden Stop Dynamics: Macro Variables

Note: This figure shows the path of real GDP, aggregate consumption. the asset price, the ratio of net foreign assets to GDP,
the productivity shock, and the interest rate shock around sudden stop episodes.

the country is facing favorable shocks. During this period, the borrowing from abroad increases and the

bond holdings-to-GDP ratio is below its mean. When these favorable shocks reverse to bad shocks of

low productivity and a high interest rate, the asset price declines and forces the borrowing constraint

to bind. Households are then forced to cut consumption, which reduces the asset price further, and the

amplification mechanism is set in motion. These developments of exogenous shocks and the subsequent

endogenous dynamics are all consistent with Mendoza [2010].

We now examine trade and growth dynamics, which are the novel features of our model. Figure 4

plots the average dynamics of the key variables around sudden stop epsidoes.

Panels 4c and 4d show the dynamics of imports and exports of intermediate goods. We observe that

imports fall by much more than exports and stay below the trend persistently, while exports are almost

unaffected. A decline in imports occurs because the final tradable producer in this country is con-

strained by the borrowing limit and is forced to reduce its demand for intermediate goods. In contrast,

foreign demand is not affected by the sudden stop in the domestic economy, so exports are unaffected.

This stark contrast in import and export dynamics during crises is at least qualitatively consistent with

the empirical facts documented and Alessandria et al. [2014]. Panel 4e shows that the trade balance-to-
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Figure 4: Sudden Stops Dynamics: Trade and Growth

Note: This figure shows the path of the domestic and export innovation rates, the productivity index (At), exports and imports
of intermediate goods, and the trade balance to GDP ratio around sudden stop episodes.

GDP ratio improves during sudden stops, which is also in line with a empirical fact [Mendoza, 2010].

Panels 4a shows firms’ innovation rates. In a sudden stop, the rate of domestic innovation falls by 13%

and the rate of export innovation barely diminishes by 0.05%. As a result, growth of the productivity

index At declines sharply. This has a persistent effect on the economy. This long-lasting negative impact

is consistent with empirical findings by Cerra and Saxena [2008] and Blanchard et al. [2015].

We analyze in Figure 5 how the extensive margins of trade react to sudden stops. Panels 5a and 5b

show a sharp real depreciation as reported in Mendoza [2005] - the real exchange rate and the domestic

wage fall by 5% and 4.5%. This results in a decline in the relative marginal cost of production for

domestic firms compared to foreign firms. Panel 5c shows an increase in the relative productivity of the

foreign economy compared to the domestic economy, which implies a larger foreign demand for exports.

Due to the decline in the relative marginal cost and increase in relative foreign demand, export profits

increase by 13% above trend as seen in Panel 5d. In contrast, domestic profits do not vary much. This

large gap between the domestic and export profits in turn affects firms’ investment decisions. As we

discussed earlier, export and especially domestic innovation rates decline. These endogenous firm-level

responses shape the evolution of the extensive trade margins. Panel 5f shows a gradual increase in the
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Figure 5: Sudden Stop Dynamics: Trade Margins

Note: This figure shows the path of the real exchange rate, the wage, the ratio of domestic to foreign marginal cost, domestic
and export profits, the share of export product lines, and the share of domestic product lines around sudden stop episodes.

share of export lines following the sudden stop. This is a consequence of the increased investment in

export innovation compared to domestic innovation. This gradual expansion of the extensive margin of

exports is in line with the empirical fact reported in Alessandria et al. [2014]. Panel 5e shows a decline

in share of domestic product lines.

4.3 Sudden Stops, Welfare and Productivity [To Be Completed]

Finally, we simulate counterfactuals to determine to what extent innovation and productivity account

for the welfare loss caused by sudden stops. We find that lower productivity growth accounts for 38%

of the welfare loss. Second, the decline in domestic innovation accounts for 32% of the welfare loss.

5 Conclusions

Sudden stops are characterized by sharp devaluations, trade balance reversals, a decline in output ex-

plained by lower productivity, and a slow recoveries in which trade dynamics play a key role. To account

for these features, we build a model of productivity and trade dynamics in sudden stops. For this pur-

pose we develop an open economy version of a Klette and Kortum model of endogenous growth. We

embed this framework in an endogenous sudden stop model due to an occassionally binding collateral
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constraint. We calibrate the model using unique firm-product level data from an emerging economy.

We show that the model replicates the key stylized facts of sudden stop episodes mentioned above.
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A Appendix

A.1 Equilibrium and Stationarized Equilibrium

This section defines the equilibrium of the economy and the stationarized equilibrium.

A.1.1 Factor Allocation

Before defining the equilibrium, we derive the expressions for asset and labor allocations. First we show

that the total cost for production RLt `t(i) +Wtht(i) is equal to production yt(i) times the marginal cost.

The latter can be written as:

yt(i)×MCt(i) = at(i)(`t(i))
α(ht(i))

1−α × 1
at(i)

α(RLt )α(Wt)
1−α = α(RLt `t(i))

α(Wtht(i))
1−α

Using the cost minimization condition RLt `t(i)/Wtht(i) = α/(1−α),

yt(i)×MCt(i) =
1
α
RLt `t(i) =

1
1−α

Wtht(i) = RLt `t(i) +Wtht(i) (29)

Thus production times the marginal cost is equal to the total cost.

Next, profit for a product line can be written as follows:

πt(i) = pt(i)yt(i)− (RLt `t(i) +Wtht(i)) = (pt(i)−MCt(i))yt(i)

Recall that the optimal price is equal to the marginal cost for the second-best rival. Here we consider

only the case in which the second-best rival is a domestic firm, but the case in which the rival is a foreign

firm is similar. The rival’s marginal cost is (1 +σ s) times the marginal cost for the leader, where s =D,X

depending on the type of the product line. Therefore,

πt(i) = σ sMCt(i)yt(i)

Using (29),

πt(i) = σ s
1
α
RLt `t(i) = σ s

1
1−α

Wtht(i)

In the main text, we derived another expression for a profit in equation (7). Thus we have:

σ s
1
α
RLt `t(i) = σ s

1
1−α

Wtht(i) = Y Tt
1

1 +φµt/λt

σ s

1 + σ s
(30)

This equation shows that the asset and labor input `t(i) and ht(i) are independent of productivity at(i),
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and depends only on the type of product lines, s = D,X. Combining this equation with s = D and s = X,

we obtain the relative factor input between domestic lines and exporting lines:

`Dt
`Xt

=
hDt
hXt

=
1 + σX

1 + σD

A.1.2 Stationarized Equilibrium

To stationarize the model, we divide the equilibrium conditions by aggregate productivity At. We de-

note stationarized variables by the lower-case letters, and use gt to denote the productivity growth rate

At+1/At. We also make some arrangements and reduce the number of equations. The following is the

complete list of equations to characterize the stationarized equilibrium of the model:

Tradable goods producers

yTt = exp(εAt )At
(LDt )α(HD

t )1−α

θDt−1

(
1 + σD

1 + σX

)1−θDt−1

λt −µt = β exp(εRt )Et(λt+1)

λtqt = βEt
[
λt+1(qt+1 + rLt+1) +µt+1κqt+1

]
µt

[
−bt +φyTt

1
1 +φµt/λt

−κqt
]

= 0

Intermediate goods producing firms

RLt =
1

1 + σD
αyTt

θDt−1

LDt

1
1 +φµt/λt

Wt =
1

1 + σD
(1−α)yTt

θDt−1

HD
t

1
1 +φµt/λt

LXt = LDt
θXt−1

θDt−1

1 + σD

1 + σX

HX
t =HD

t
θXt−1

θDt−1

1 + σD

1 + σX

πDt =
σDt

1 + σDt
yTt

1
1 +φµt/λt

πXt =
σXt

1 + σXt
yTt

1
1 +φµt/λt

π∗t = y∗t −
1 + ξ

1 + σX
1
ω∗

(rLt )α(wt)
1−α
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1 =
1 + σX

1 + ξ
αω∗

1

θXt−1

(L∗t)
α(H ∗t )

1−α

vt(1,0) = πDt − z
D
t − z

X
t +

[
iDt + (1− dt)(1− iXt )

]
Et(Λt,t+1vt+1(1,0)) + (1− dt)iXt Et(Λt,t+1vt+1(0,1))

vt(0,1) = πXt +π∗t − z
D
t + iDt Et(Λt,t+1vt+1(1,0)) + (1− dt)Et(Λt,t+1vt+1(0,1))

iDt = ηD(zDt )1/ρ

ηD
1
ρ

(zDt )1/ρ−1Et(Λt,t+1vt+1(1,0)) = 1

iXt = ηX(zXt )1/ρ

(1− dt)ηX
1
ρ

(zXt )1/ρ−1 (Et(Λt,t+1vt+1(0,1))−Et(Λt,t+1vt+1(1,0))
)

= 1

Aggregate variables

dt = (θDt−1 +θXt−1)iDt + et + iF

θDt = θDt−1 + (1−θDt−1)(et + (θDt−1 +θXt−1)iDt )−θDt−1((1− dt)iXt + iF)

θXt = θXt−1 +θDt−1(1− dt)iXt −θXt−1(et + (θDt−1 +θXt−1)iDt + iF)

1 + gt = (1 + σD )et+(θDt−1+θXt−1)iDt (1 + σX)θ
D
t−1(1−dt)iXt (1 + σX)i

F

a∗t =
1 + g
1 + gt

a∗t−1

Non-tradable goods producer

yNt = (HN
t )1−αN

wt = P Nt (1−αN )(HN
t )−α

N

Households

cTt + zEt = yTt −θ
D
t−1

(
ZDt +ZXt

)
−θXt−1Z

D
t +

(
θDt−1 +θXt−1

)
Y ∗t −

(
1−θDt−1 −θ

X
t−1

) Y Tt
1 +φµt/λt

− bt + exp(εRt−1)R
bt−1

1 + gt−1

cTt
yNt

=
γ

1−γ
(P Nt )ε

(Ht)
ω−1 = wt

(
γ
ct
cTt

) 1
ε

λt =
1

ct − (Ht)ω/ω

(
γ
ct
cTt

)1/ε

eDt = ηE(zEt )1/ρ
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ηE
1
ρ

(zEt )1/ρ−1Et(Λt,t+1vt+1(1,0)) = 1

Market clearing

Ht =HD
t +HX

t +H ∗t +HN
t

1 = LDt +LXt +L∗t

A.2 Numerical Solution

In this section we sketch the numerical solution method. The solution method is a version of the policy

function iteration, modified to deal with the occasionally binding constraint. Below is the procedure to

obtain the numerical solution.

1. We set the equally-spaced grid points for the endogenous state variables, foreign debt exp(εRt )Rbt−1/(1+

gt−1), share of domestic product lines θDt−1, share of exporting product lines θXt−1, relative pro-

ductivity of foreign countries over the domestic country a∗t = A∗t/At. There are also 2 states for

stochastic shocks εAt and εRt respectively.

2. For each grid point, we set the initial guess for five variables: cTt , Et(Λt,t+1vt+1(1,0)), Et(Λt,t+1vt+1(0,1)),

LDt , qt.

3. For each grid point, we do the following:

(a) We leave the five variables we have made guess for as unknown variables, and express all the

other endogenous variables in terms of the state variables and five unknowns. In this process

we first assume that the borrowing constraint is not binding and proceed. Later we check

if the constraint is satisfied. If it is not satisfied, we recalculate all the variables using the

binding borrowing constraint. The other endogenous variables, which include next-period

state variables, are now functions of the five variables.

(b) Using multi-dimensional linear interpolation over the next-period state variables and the

guess for the five variables (cTt , Et(Λt,t+1vt+1(1,0)), Et(Λt,t+1vt+1(0,1)), LDt , qt), we compute all

the endogenous variables next period. we then calculate all the forward-looking expectation

terms, such as the right-hand side of the Euler equations and the value functions.

(c) All the equilibrium conditions are now the functions of the initial five unknowns. There are

five equations we did not use in step (a), thus five equations in total. We solve for the five

unknowns using non-linear solver.
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4. We check the gap between the guess and the newly-obtained values for the five variables. If they

are close enough, we stop. If not, we update the guess by the newly-obtained values, and go back

to step 3. Repeat this process until the gap becomes sufficiently small.

We check the accuracy of the numerical solution using the Euler equation error. We simulate the

model for 100,000 periods with stochastic shocks and compute the Euler equation error for each period.

Figure 6 plots the distribution of the Euler equation errors obtained in this way. The average error is

smaller than -4 and the maximum error is smaller than -2, which is reasonably small compared to the

literature.

Figure 6: Distribution of Euler Equation Errors

A.3 Proof of Linear Relations in Value Functions

This section shows the detailed procedure of the guess-and-verify method to prove the linear relation in

value functions for intermediate producing firms. We guess the linear relation Vt(nD ,nX) = nDVt(1,0) +

nXVt(0,1) and prove it. We first work on the value of a firm with a single domestic product line:

Vt(1,0) = max
ZDt ,Z

X
t

{
πDt −Z

D
t −Z

X
t

+


1∑
i=0

P (i,1, iDt )


1∑
j=0

P (j,1,dt)


1−j∑
k=0

P
(
k,1− j, iXt

)
Et

[
Λt,t+1Vt+1(1 + i − j − k,k)

]
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Using the linear relation, the summations in the second line can be written as follows:

1∑
i=0

P (i,1, iDt )


1∑
j=0

P (j,1,dt)


1−j∑
k=0

P
(
k,1− j, iXt

)
Et

[
Λt,t+1Vt+1(1 + i − j − k,k)

]


=
1∑
i=0

P (i,1, iDt )


1∑
j=0

P (j,1,dt)


1−j∑
k=0

P
(
k,1− j, iXt

)
Et

[
Λt,t+1[(1 + i − j − k)Vt+1(1,0) + kVt+1(0,1)]

]


= Et
[
Λt,t+1Vt+1(1,0)

] 1∑
i=0

P (i,1, iDt )
1∑
j=0

P (j,1,dt)
1−j∑
k=0

P
(
k,1− j, iXt

)
(1 + i − j − k)

+Et
[
Λt,t+1Vt+1(0,1)

] 1∑
i=0

P (i,1, iDt )
1∑
j=0

P (j,1,dt)
1−j∑
k=0

P
(
k,1− j, iXt

)
(k)

= (iDt + (1− dt)(1− iXt ))Et
[
Λt,t+1Vt+1(1,0)

]
+ (1− dt)iXt Et

[
Λt,t+1Vt+1(0,1)

]
Therefore we have:

Vt(1,0) = max
ZDt ,Z

X
t

{
πDt −Z

D
t −Z

X
t

+
(
iDt + (1− dt)(1− iXt )

)
Et

[
Λt,t+1Vt+1(1,0)

]
+ (1− dt)iXt Et

[
Λt,t+1Vt+1(0,1)

]}
Similarly, we can show that the value of a firm with a single exporting line is given as follows:

Vt(0,1) = max
ZDt

{
πXt +π∗t −Z

D
t + iDt Et

[
Λt,t+1Vt+1(1,0)

]
+ (1− dt)Et

[
Λt,t+1Vt+1(0,1)

]}
which is equation (16) and (17) in the main text. Next we work on the value of a firm with general nD

domestic lines and nX exporting lines:

Vt(n
D ,nX ) = max

ZDt ,Z
X
t

{nDπDt +nX (πXt +π∗t )− (nD +nX )ZDt −n
XZXt

+
nD+nX∑
i=0

P (i,nD +nX , iDt )
nD∑
j=0

P (j,nD ,dt)
nD−j∑
k=0

P (k,nD − j, iXt )
nX∑
m=0

P (m,nX ,dt)

Et
[
Λt,t+1Vt+1(nD + i − j − k,nX + k −m)

]}
Using the linear relation in the value function,

Vt(n
D ,nX ) = max

ZDt ,Z
X
t

{nDπDt +nX (πXt +π∗t )− (nD +nX )ZDt −n
DZXt

+Et[Λt,t+1Vt+1(1,0)]
nD+nX∑
i=0

P (i,nD +nX , iDt )
nD∑
j=0

P (j,nD ,dt)
nD−j∑
k=0

P (k,nD − j, iXt )
nX∑
m=0

P (m,nX ,dt)(n
D + i − j − k)

+Et[Λt,t+1Vt+1(0,1)]
nD+nX∑
i=0

P (i,nD +nX , iDt )
nD∑
j=0

P (j,nD ,dt)
nD−j∑
k=0

P (k,nD − j, iXt )
nX∑
m=0

P (m,nX ,dt)(n
X + k −m)

The second line can be written as follows:

Et[Λt,t+1Vt+1(1,0)](nD + (nD +nX )iDt −n
Ddt −nD (1− dt)iXt
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The third line can be written as follows:

Et[Λt,t+1Vt+1(0,1)](nX +nD (1− dt)iXt −n
Xdt

Therefore Vt(nL,nH ) can be written as follows::

Vt(n
D ,nX ) = max

ZDt ,Z
X
t

{nDπDt +nX (πXt +π∗t )− (nD +nX )ZDt −n
DZXt

+ Et[Λt,t+1Vt+1(1,0)](nD + (nD +nX )iDt −n
Ddt −nD (1− dt)iXt

+ Et[Λt,t+1Vt+1(0,1)](nX +nD (1− dt)iXt −n
Xdt)

}
= max

ZDt ,Z
X
t

{nDπDt +nX (πXt +π∗t )− (nD +nX )ZDt −n
DZXt

+nD
{
(iDt + (1− dt)(1− iXt ))Et[Λt,t+1Vt+1(1,0)] + (1− dt)iXt Et[Λt,t+1Vt+1(0,1)]

}
+ nX

{
iDt Et[Λt,t+1Vt+1(1,0)] + (1− dt)

}
Et[Λt,t+1Vt+1(0,1)]

}
= nDVt(1,0) +nXVt(0,1)

This verifies that the initial guess Vt(nD ,nX) = nDVt(1,0) +nXVt(0,1) is correct.

A.4 Firm Size Distribution

This section shows the law of motion for the share of each firm size and how to derive the firm size

distribution. Each firm is characterized by the number of domestic and exporting lines it owns, (nD ,nX).

The law of motion for the firm size (nD ,nX) is the formula that gives us the measure (number) of firms

that own (nD ,nX) given the firm size distribution in the previous period. Let δt(nD ,nX) denote the

measure of firms that own nD domestic lines and nX exporting lines at period t. Because the total

measure of intermediate goods is one and each firm owns at least one product line, the measure of firms

is between 0 and 1, i.e. δt(nD ,nX) ∈ [0,1] ∀t,nD ,nX . In order for a firm to become a firm with (nD ,nX) in

the next period, there are some conditions to be satisfied. For example, a firm with (i, j) at period t − 1

can own at most 2i + j domestic lines, because this is the case in which all domestic innovations (i + j)

are successful, all exporting innovations fail, and no replacement on domestic lines happens. So, if a

firm owns (i, j) that satisfies 2i + j < nD , this firm cannot become a firm with (nD ,nX) in the next period.

Let (i, j) denote the number of domestic and exporting lines that a firm owns at period t − 1. Let

(k,m) denote the number of successes in domestic innovation and exporting innovation respectively.

Then consider a case in which this firm becomes a firm with (nD ,nX). This implies that the number of

replacement on domestic and exporting lines, denoted by (rD , rX), are given by rD = i + k −m − nD and

rX = j +m−nX . The table below lists up all the notations:
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symbol description

nD domestic lines next period

nX exporting lines next period

i domestic lines this period

j exporting lines this period

k successes in domestic innovation

m successes in exporting innovation

rD replacements on domestic lines

rX replacements on exporting lines

These variables need to satisfy the following conditions:

• Number of successful innovations is limited by the number of existing lines:

(1) k ≤ i + j

(2) m ≤ i

• The sum of exporting innovation and replacements on domestic lines is limited by the number of

existing domestic lines. The number of replacements on exporting lines is limited by the number

of existing exporting lines:

(3) rD +m ≤ i

(4) rX ≤ j

• Minimum necessary number of successful innovations to achieve (nD ,nX):

(5) k ≥ nD − i

(6) m ≥ nX − j

• Given i, minimum necessary number of exporting lines j to achieve (nD ,nX):

(7) j ≥ nD − 2j

(8) j ≥ nX − i

• Non-negativity constraints:
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(9) i ≥ 0

(10) j ≥ 0

(11) k ≥ 0

(12) m ≥ 0

(13) rD ≥ 0

(14) rX ≥ 0

As in the main text, let P (i,n,p) denote the binomial probability for i successes in n trials with the

success probability p. Incorporating all the conditions above and some additional conditions to keep

the consistency across different conditions, the law of motion for firm size (nD ,nX) is given as follows:

δt(n
D ,nX) =

∞∑
i=0

∞∑
j=max

 0,nD−2i,

nX−i, I+

(
nD+nX

2 − i
) 
δt−1(i, j)

min{nD ,i+j}∑
k=max

 0,nD−i,

nD+nX−i − j



min{nX ,i,i+k−nD}∑
m=max{0,nX−j}

P (k, i + j, iDt )P (m,nD +m− k, iXt )P (i + k −nD −m,i,dt)P (j +m−nX , j,dt)

where I+(x) is the smallest integer that is equal to or greater than x. The special case is (nD ,nX) = (1,0),

because there is new firm entry. In this case et is added to the right-hand side.

To derive the firm size distribution at the balanced growth path, we use the values at the balanced

growth path for new entry, innovation and replacement rates et , i
D
t , i

X
t ,dt, and iterate this law of motion

for large enough (nD ,nX) until the distribution converges for every firm size. For the parameter values

used in the main text, the firm distribution is not very dispersed and more than 90% of firms own only

one product line either domestic or foreign. But still there is heterogeneity in the sense that 57% of firms

are a single domestic line and 35% are a single exporting line. In future research we plan to calibrate

the parameters to match the key firm-level moments using this formula.
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