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ABSTRACT. This paper incorporates ambiguity and information processing constraints
into a model of intermediary asset pricing. Financial intermediaries (specialists) are
assumed to possess greater information processing capacity. Households purchase this
capacity, and then delegate their investment decisions to specialists. The delegation
contract is constrained by two frictions: (1) As in He and Krishnamurthy (2012), an
incentive constraint arises from a moral hazard problem, which takes the form of a
minimum capital requirement, and (2) Because households can invest for themselves at
any time, continued delegation is subject to a participation constraint that depends on
the underlying heterogeneity in channel capacity. At the same time, both households
and specialists have a preference for robustness, reflecting ambiguity about risky asset
returns. Ambiguity takes the form of endogenously determined pessimistic drift distor-
tions (Hansen and Sargent (2008)). When volatility increases, so does ambiguity, since
it becomes more difficult to discriminate among models. Importantly, these endogenous
drift distortions produce heterogeneous beliefs. In our model, ambiguity is scaled by the
inverse of time preference, and we assume specialists are more patient. Hence, given their
longer investment horizons, specialists have a stronger preference for robustness. As a
result, when volatility is high specialists become relatively pessimistic, and this tightens
the capital constraint and accelerates the onset of a financial crisis.
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1. INTRODUCTION

In a pair of influential papers, He and Krishnamurthy (2012, 2013) [henceforth HK12,
HK13] argue that for many assets it is misleading to characterize prices using household
Euler equations. This is because many assets are not held by households. They are held
by leveraged financial intermediaries. Although these intermediaries may be investing on
behalf of households, the contractual relationships between them are plagued by a variety
of frictions. In HK12, asymmetric information produces a moral hazard problem that leads
to a capital constraint, requiring the intermediary to maintain a minimum degree of ‘skin
in the game’. HK12 and HK13 show that the effective stochastic discount factor becomes
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much more volatile, and that the nonlinearity induced by the constraint can account for
observed state dependence in risk premia.’

Although the work of He and Krishnamurthy has been influential, it has not gone
unquestioned. The key premise of HK12,13 is that some securities are too ‘complex’ for
households to understand, so they delegate investment in these securities to specialists,
whose actions cannot be precisely monitored. Cochrane (2017) questions how widespread
and insurmountable this complexity problem really is,

Furthermore, if there is such an extreme agency problem, that delegated
managers were selling during the buying opportunity of a generation, why
do fundamental investors put up with it? Why not invest directly, or find a
better contract?...So, in my view, institutional finance and small arbitrages
are surely important frosting on the macro-finance cake, needed to get a
complete description of financial markets in times of crisis...But are they
also the cake?...Or can we understand the big picture of macro-finance with-
out widespread frictions, and leave the frictions to understand the smaller
puzzles, much as we conventionally leave the last 10 basis points to market
microstructure. (Cochrane (2017, p. 963-64))

Perhaps in anticipation of this critique, HK13 confine their analysis to the market for
mortgage-backed securities.

In this paper, we argue that intermediary asset pricing is indeed ‘the cake’. We op-
erationalize complexity by assuming that agents face limits on their ability to process
information, giving rise to so-called Rational Inattention (RI) (Sims (2003)). Although
there have been many applications of Rational Inattention to financial markets, these
applications either abstract from heterogeneity in information-processing capacity, or as-
sume that any differences are fixed and immutable.? In contrast, we argue that trade in
information-processing capacity is the raison d’ etre of financial markets, and that when
this trade is combined with the monitoring frictions of HK12, the scope of intermediary
asset pricing models is greatly expanded. Although most households could manage their
portfolios themselves, most choose not to do so.?

Another key ingredient of our analysis is the assumption that investment is subject
to Knightian Uncertainty, or equivalently, ambiguity. Of course, this is not a new idea.
Besides Knight (1921), Keynes (1936) argued that financial markets are by their very
nature mechanisms for intermediating differences of opinion about ambiguous investment
opportunities. However, it took many decades before this idea became operationalized in
formal mathematical models. Our particular approach is based on the work of Hansen and
Sargent (2008). Agents are assumed to have a (correctly specified) benchmark model of

Brunnermeier and Sannikov (2014) develop a closely related model. He and Krishnamurthy (2018) survey
the burgeoning literature on ‘intermediary asset pricing’, which followed HK12 and HK13.

2[Provide citations]. Sims (2006) criticizes applications of RI in finance, arguing that in most financial
applications information is scarce and costly, so the relevant constraint is on the supply-side, not the
demand-side. Kacperczyk et. al. (2018) argue that differences in information-processing capacity con-
tribute to wealth inequality, but do not allow agents to buy and sell this information-processing capacity.
3Pagel (2018) also bases portfolio delegation on inattention. However, in her model inattention is not based
on information processing limits, but rather on ‘information avoidance’ (Golman et. al. (2017)), which
arises from from loss aversion.
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asset returns, which they distrust in a way that cannot be captured by a conventional finite-
dimensional Bayesian prior. Rather than commit to a single model/prior, agents entertain
a set of unstructured alternative models, and then optimize against the worst-case model.
Since the worst-case model depends on an agent’s own actions, agents view themselves
as being immersed in a dynamic zero-sum game. Solutions of this game produce ‘robust’
portfolio policies. To prevent agents from being unduly pessimistic, in the sense that they
attempt to hedge against empirically implausible alternatives, the hypothetical ‘evil agent’
who selects the worst-case model is required to pay a penalty that is proportional to the
relative entropy between the benchmark model and the worst-case model.

Incorporating robustness into intermediary asset pricing models is important for a cou-
ple of reasons. First, it delivers a natural source of heterogeneous beliefs. In contrast to
Maenhout (2004), we do not scale the entropy penalty parameter by the value function.
Even with log preferences, a constant entropy penalty produces horizon effects in portfolio
choice. In particular, the effective degree of ambiguity aversion depends on an agent’s
rate of time preference. Agents with a low rate of time preference are endogenously more
ambiguity averse, since they care more about the future. Following HK12, we assume
specialists are more patient than households, which in our model makes them more ambi-
guity averse. As a result, their pessimistic drift distortions are greater. This is important
because it allows households to survive in the long-run, despite their greater impatience.
In contrast, the model in HK12 does not possess a nondegenerate stationary equilibrium,
which makes it difficult to evaluate empirically.*

The second reason robustness is important is that it tightens the specialist’s capital
constraint, making crisis episodes more likely. The constraint binds when households
want to invest in the risky asset, but specialists do not. We assume throughout that
differences in channel capacity are sufficiently great that households choose to remain
in the contract. This imposes an upper bound on the fee the specialist can charge.’
Because specialists are relatively ambiguity averse, they want to invest less in the risky
asset. As a result, the constraint binds at higher levels of specialist wealth than without
ambiguity. We inject cyclicality into this mechanism by assuming that dividend volatility
is stochastic, and follows a 2-state jump process. In robust control models, pessimistic
drift distortions ‘hide behind’ objective risk. When volatility increases, it becomes more
difficult to discriminate among models, and this endogenously makes ambiguity increase as
well. Since specialists have a higher degree of ambiguity aversion, their relative pessimism
increases during volatile periods, thus making it more likely that the economy will hit the
capital constraint.

The remainder of the paper is organized as follows. The next section explains how
we incorporate ambiguity and information processing into the model of He and Krishna-
murthy. Section 3 solves the model, and derives equilibrium diffusion processes for the risk
premium and market price of risk. These processes depend on two state variables: (1) the

4HK13 remedies this defect by introducing nontradeable labor income. However, to keep the analysis
tractable, they assume households live for a single-period and have a rather implausible bequest motive.
HK12 note that when households are relatively impatient, their model can capture ‘liquidation effects’; in
which asset values fall in response to financial disintermediation.

5In contrast, in HK12, where households have no ability to opt out, intermediation fees actually increase
during crises.
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endogenous wealth distribution between specialists and households, and (2) the exogenous
level of dividend volatility. Section 4 calibrates the model, and studies its quantitative
implications.

2. AMBIGUITY AND FINANCIAL INTERMEDIATION

2.1. Model Specification and the Full-Information Rational Expectations So-
lution. We consider an infinite horizon continuous-time Lucas (1978)-type model. The
economy is populated by two types of agents, specialists and households. There are two
assets in the economy: one risky asset and one risk-free asset. The risky asset represents
complex assets that require some expertise and information processing capacity. We as-
sume the market is incomplete due to limited market participation as Basak and Cuoco
(1998), where only experts who own the intermediaries can invest into the risky asset.
Households can purchase channel capacity from specialists and make investments through
intermediaries. Households thus face the decision to allocate portfolio between purchasing
equity from intermediaries and the riskless short term bond. Figure 1 shows the market
structure of the economy where the intermediary sector is indicated in the middle block.

Expert {Wt — T riskless
t

Wealth T,
\ a I {ﬁt‘gg = &t

t £ —_ h
Intermediary Capital T{ <: la-Boel =e
/ 1—ar 1—¢f riskless
Household h {Tth

Wealth © AWl — T} riskless

Figure 1: Market Structure and Intermediation Relationship

The total wealth of experts is W; and households wealth is W}*. A superscript h denotes
the households throughout the paper. Households allocate T}* to purchase intermediary
equities and the remaining fraction is used to buy riskless bonds. Intermediaries absorb
in sum 7}/ funds from households 7T} and experts T}, allocate a fraction oy to the risky
asset and 1 — a4 to the riskless bond. Assuming there is no short-selling constraint for
the intermediary, we expect a; to be larger than 1, i.e., specialists use leverage. In this
case, specialists invest more than total intermediary capital into risky equity and borrow
(o — 1) T/} from the bond market. The total risky asset position or intermediary’s dollar
exposure in risky asset is /. Through an affine contract developed by HK(2012), 3; € [0, 1]
is the share of returns going to specialists and 1 — 3; to households. Thus, at time ¢, the
specialist bears a total risk exposure of ¢; = Bta‘{ and the household is offered an exposure
of (1 — Bt)e! to excess return.
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The dividend of the risky asset is governed by a geometric brownian motion with return
g and stochastic volatility oy,

@ = gtdt + O'tdZt, (21)
Dy
where Z; is a standard Brownian motion. Assume the volatility o; is a two-state Markov
chain with state space ¥ = {omg,or}, where oy > or. The intensity matrix of the
continuous-time Markov chain is
—Am Am
]

Ap is the rate of transition from the high volatility state to the low volatility state, and
Az is the rate of transition from low to high. The return of the risky asset is defined as:

th == M == /LR’tdt + UR,tdZt- (22)

t
where P; is the risky asset price, ugr; is the expected return and opr; is the volatility of
the risky asset. The riskless asset is in zero-net supply, and has an interest rate r;. We
define the risk premium in our model as mr; = ur; — r:. We assume that the measure
of households are specialists are normalized to one. Both households and specialists are
infinitely lived and have log preferences over consumption. Denote households (specialists)

consumption rate as CJ (C;). The household’s objective is to:

- i
max E {/ e "In Cpdt (2.3)
{Ct,E?} 0 B
while the specialist’s objective is to:
o B}
max [E [/ e P In Cydt (2.4)
{Ct.e¢,6t} 0 i

where p” and p denote the time discount rates for households and specialists, respectively.
The dynamic budget constraints are

dWh = el (dRy — rdt) — keldt + Wlrdt — Clat, (2.5)
and
dWy = e1(dRy — r¢dt) + max <1 ; /Bt) key + Wyrydt — Chdt. (2.6)
Bte[%,ﬂ

where k; is the exposure price that clears the intermediation market. Households obtain
an exposure €' from the intermediary with an excess return indicated as the first term
in the budget constraint, i.e., sf(th — rdt).  Specialists bear a risky exposure &; by
putting their own wealth into the intermediary. In order to use the intermediation service,
households pay an intermediation fee I{:tsé‘ = K;. The second term denotes the transfer
from households to intermediary. The specialist chooses the optimal contract share S;
to maximize the intermediation fee. The third term is the risk-free interest earns by the
household (specialist) on his own wealth. The last term is the consumption expense.

The optimal exposure supply schedule is 8] = ﬁif k; > 0 and Bf € [ﬁ, 1] ifk; =
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0. Further, define the per-unit specialist fee ¢; as ¢ = % = (1 Bi t)ktwm. The full-
information rational expectations solutions for the above two max1m1zat10n problems are:

ky

Ol = p"Wlandeh = 7Wt ,
o3 Rt
and
TRt
Cf = pWiandey = =W,
ORt

Now define the scaled specialist wealth as an aggregate state variable in the economy:

Wi
= — 2.7
=g (2.7)
It is governed by the following stochastic process
dx
Qj‘it = ,uz,tdt + O'z7tdZt, (28)
t

where p,; and o, are the endogenously determined growth rate and volatility.

2.2. Ambiguity and Robustness. We are interested in studying an intermediation re-
lationship between households and specialists when they have heterogeneous information
processing capacities and a preference for robustness. In this section, we introduce ambi-
guity and robustness into the above otherwise standard He-Krishnamurthy model. Specif-
ically, we assume that agents in our economy do not know the true model governing the
evolution of the economy, and incorporate model uncertainty due to robustness into their
decision problems. Following Hansen and Sargent (2001, 2006), we assume that when
agents face model misspecifications, they take Equation (2.5) as the approximating model
which is generated by the probability measure P. Assume the probability distribution
in the distorted problem @ is absolutely continuous with respect to P. All the random
variables and expectation operators for the robust problem below are defined on ) and F;
measurable. As argued in Anderson, Hansen and Sargent (2003) — henceforth AHS — the
agents believe the approximating model is only a useful benchmark. However, they are
concerned about the possibility that the approximating model is misspecified. In order
to incorporate doubts about model specification, the agents conceive a class of models
surrounding the approximating model, and make optimal decisions based on the range of
possible models. An endogenous perturbation v (W}') = v} is introduced to parameter-
ize the change of measure from P to ). By the Girsanov Theorem, the distortion only
changes the drift, and the corresponding distorting model is

thh = (Eﬁ(ﬂR,t — ki) + TtWth - CZL) dt + UI,}V,t (V?dt + dZt) ’ (2.9)

where a{,‘V’t = opel. Note that the endogenous feedback effect of ' on W/ enables a wide
range of model misspecifications. The alternative distorting models are vaguely specified
and statistically difficult to distinguish within a given sample period 7' (AHS, 2003). This
setting allows the approximating model to be perturbed by alternative functional forms,
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and enables the complexity of possible models to be nonlinear, and high-dimensional.®
Thus v} reflects the pessimistic view of shock process from households, i.e., a pessimism
parameterization. The evil agent chooses the drift adjustment I/th to minimize the sum of
the expected continuation payoff, but adjusted to reflect the additional drift component
in (2.9), and of entropy penalty:

1
inf | DV(WY) + vt ofy Vi + = £
112h|: (W t)+VtUW,t +29? t

where

1
DV(WES V) = Vi [el (s — ko) + Wi = CF| + 5V (el 20k + ik

and £; = (I/th)2 is the relative entropy (i.e., the expected log Radon-Nikodym derivative),
which measures the distance between the two models. eih > 0 is the weight on the entropy

t
penalty term, i.e., the Lagrange multiplier imposed on the time ¢ relative entropy constraint
L;.” The household then solves the following HJB equation:

1 2
sup inf [ln Ol — p"V + DV + v)'oR !V + — (1/{‘) ] :
{Clepy vt 20;

subject to (2.9). Solving first the infimization part yields
y = —HwaU{/"W.

Here we assume that the degree of ambiguity and robustness is constant, i.e., 67 = "
for two reasons. First, following the literature on robust control, Hansen, Sargent and
Tallarini (1999) and AHS (2003) assume 67 is fixed over time and state independent.
Maenhout (2004) argues that 6] should be state dependent in order to prevent robustness
from diminishing and to ensure homotheticity in the CRRA utility setting. The log utility
in this paper does not face this problem. Second, Hansen and Sargent (1998) showed
that the model with time-varying 6" but a constant relative entropy is observationally
equivalent to the model with a constant robust parameter 6" but has a time-varying
entropy L. Substituting for 1 in the HJB equation gives:
h
0= sup |InCP—p"V +DV — %(JR,teng)Q . (2.10)

{Cl et
The following proposition summarizes the main results from the above model with:

Proposition 2.1. Under robustness, the household’s optimal consumption rule is

o = phwi (2.11)

6Learning is excluded here by assuming the impossibility to learn due to the model complexity. It is also
possible to decompose ambiguity into time-varying non-learnable ambiguity (Markov hidden state) and
time-invariant learnable ambiguity, e.g. Hansen and Sargent (2005, 2007, 2010) and Epstein and Schneider
(2007).

"Hansen and Sargent (2001) show the observational equivalence between the robust control problem and
multiple priors setup in the ambiguity literature (Gilboa and Schmeider, 1989; Epstein and Wang, 1994).
Comparatively, 8" indexes the set of priors used in multiple priors modeling.
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and the optimal risk exposure is

we _ TRt — koo
& =3 W (2.12)
T ORry
where v = 1+ 6" /p" and 6" reflects the degree of robustness. Household’s value function
takes the form V (W[, Y/") = /%h In W}l 4+ Y/, where Y,* is a function of aggregate state x;
which satisfies a second-oder ODE.

Proof. See the Appendix 6.1 for the derivations. O

Now we turn to the specialist’s problem. Take Equation (2.6) as the specialist’s ap-
proximating model. The corresponding distorting model can thus be obtained by adding
an endogenous distortion v(W;) = vy,

AWy = (esmre + (@ + i)Wy — Cp) dt + ow (ndt + dZy) (2.13)
where oy = oper. Choosing a drift adjustment v; to:
i%f DJ(Wy Yy) + vioweJw + ;@Ht
where
DI(Wi¥e) = Julermae + (g + rWi — Gl + 3 June®oh + v
and H; = v? denotes the relative entropy of the specialist’s approximating model. 9% is the

weight that specialist puts on the entropy penalty term. We assume 6; is time invariant
which equals constant 6. The specialist solves the following HJB equation:

1
sup inf [ln Ciy — pJ + DJ +veoriJw + Vf]
{Ctﬁt} vt 29t
subject to (2.13). Assuming 6; is a constant and solving first the infimization part,
1/2( = —QJwO'WJ.
Substituting for v, in the HJB equation gives
0
0= sup [m Cy — pJ + DJ — QJé’tefJi] (2.14)
{Crer}

The following proposition summarizes the main results from the above model with:

Proposition 2.2. Under robustness, the specialist’s optimal consumption rule is

Cy = pWy (2.15)
and the optimal risk exposure is
8: = ﬂ-Rét Wt' (216)
VYORt

where v =1+ 0/p and 0 reflects the degree of robustness. The specialist’s value function
takes the form J(Wy;Y:) = %ln Wi+ Y:, where Y; is a function of aggregate state x; which
satisfies a second-oder ODE.
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Proof. See the Appendix 6.1 for the derivations. O

It is clear from the above optimal rules that the robustness parameter changes the
desired exposures of households and specialists. When 6 = 6" = 0, the optimal choices

of the household and specialist reduce to the original FI-RE model. It is worth noting

h

" ] is determined by the interaction of the

that the effective coeflicient of risk aversion [
h
9 )

P 7" 0" /p"
and the subjective discount factor [ P ] via the relationship [ 5 ] =1+ [ ]

risk aversion (1) in the logarithm utility specification, the degree of robustness

0/p

This representation coincides with Tallarini (2000) where is more plausibly inter-

'Yh
~y
preted as a measure of the agents’ aversion to model uncertainty instead of atemporal risk
aversion. From the optimal risk exposure choices, (2.12) and (2.16), it is clear that the
effective coeflicient of risk aversion negatively influences the desired risk exposure for both
agents. In particular, the effective coefficient of risk aversion increases with the degree
of robustness, and decreases with the rate of time preference. The higher the degree of
robustness, the lower the demand for risk exposure. When agents are more concerned
about model uncertainty, they become more risk averse, and reduce their desired expo-
sure to the risky assets. Moreover, when the discount rate is higher, agents value present
well-being more than than the future, and thus behave less risk-averse to the present risks
since they are so unlikely to forgo the present. Hansen, Sargent, Tallarini (1999) show
the observational equivalence of the locus of robustness parameter and subjective discount

h . h
factor [ (9 P ) where movements along which preserve all equilibrium quantities. The

(9, p)

eh
pairs of { 9

can be completely offset by appropriate changes in the other one.® Later it will also be
shown that v* and v are the keys to determine the effective financial constraint. When
ot /p = 0"/0, these two problems are observationally equivalent to the FI-RE model in
the constrained region. Following HK12 and HK13, we assume households are less patient
than the specialists (p" > p). Hence, observation equivalence would require households to
be more ambiguity averse than the specialists (8" > ).

The specialist’s exposure supply is a step function:

h
] and [ /; ] have explicitly negative relationship and variations in one

1;?; ef € [0, mey], for anyS; € [ﬁ, 1] ifk, =0,
meywithB) = ﬁ ifk; > 0.
with ef = 77:2; Wy, and k; denotes the per-unit exposure price, which is the only de-
terminant for bptimal contract B;. In contrast, the household’s exposure demand is
eh = 7;’;,‘;;;kt W/, which follows the risk sharing constraint e} < me}. From Figure 2,
Rt

8Hansen, Sargent, Tallarini (1999) and Luo (2016) discuss the robustness effect from the precautionary
saving perspective.
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it is clear that both the exposure supply and demand functions are influenced by the
robust parameters 6 and 6".

Constrained Region W{* > m;W, Unconstrained Region W/* < m,W,
Price k¢ Exposure Supply Price k¢ Exposure Supply
0,—"2 (T2 w,| ifk, =0 0,—"2 (T2 w,| ifk, =0
"1+6:/p\oh, t| if ke =0, "T+0,/p\oZ, e| ifke=0,
m (ﬂR't>W iy > 0 Exposlure Demand . m (ﬂR't>W iy > 0
1+0./0\g2 |t ke . TR — K¢ 1+0./0\g2 |t ke .
1+06:/p\0f, m( o )w;‘ 1+6./p\cZ,

Exposure Demand

1 TRy — ke
i wh
1+ Sth/ph< U}%,t ¢

me; Exposure me; Exposure

Figure 2: Unconstrained and Constrained Region in Equilibrium

3. CAPACITY-CONSTRAINED FILTERING AND ROBUST FILTERING

Now we assume that the evolution of the expected dividend growth rate g; is unobserv-
able to the agents, but it is assumed to follow a mean reverting process:

dgs = Pg (? — gt) dt + ,ODgUgdZt +4/1— pQDgO'gngﬂg, (317)

where Z; and Z,; are independent standard Brownian motions with Z,; capturing innova-
tions to the growth rate that are not correlated with the dividend process. The assumption
of the mean-reverting expected growth rate of dividend is consistent with the facts on real
business cycles.

Here we assume that the typical investor learn the state (g;) via finite information-
processing capacity (rational inattention, or RI). The main idea of Sims’ RI theory is that
agents with finite capacity react to the innovations to the state gradually and incompletely
because the channel along which information flows cannot carry an infinite amount of
information. Following Peng (2004) and Kasa (2006), we adopt the noisy-information
specification and assume that the investor observes only a noisy signal containing imperfect
information about g;:

dg; = gedt + d&s, (3.18)
where & is the noise shock, and is a Brownian motion with mean 0 and variance A (in the
RI setting, the variance, A, is a choice variable for the agent). Following the RI literature,
we assume that §; is independent of the Brownian motions, Z; and Z ;.

To model RI due to finite capacity, we follow Sims (2003) and impose the following
constraint on the investor’s information-processing ability:

H (graat|Ze) — H (geratlZirar) < kAL, (3.19)
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where « is the investor’s information channel capacity; H (g:+a¢|Z:) denotes the entropy
of the state prior to observing the new signal at ¢ + At; and H (gr+a¢|Zi+a¢) is the entropy
after observing the new signal. k imposes an upper bound on the amount of information
— that is, the change in the entropy — that can be transmitted in any given period. To
apply this information constraint to the state transition equation, we first rewrite (3.17)
in the time interval of [t,t + At]:?

gtrat = po + p1ge + p2V Ateryag, (3.20)

whete p = 5 (1 — oxp (—pyA8)), p1 = exp (—pyAb), pa = 0y (T = oxp (~20,B0) ] 20y ),
and €4 a¢ is the time-(¢ + At) standard normal distributed innovation to permanent in-
come. Taking conditional variances on both sides of (?7) and substituting it into (?7?), we
have

In (p?Et + pg) —In (3 ae) = 26AL,
which reduces to
Y =2(—pg— k)Xt + 02,
as At — 0, where X; = E; [(gt — §t)2} the conditional variance at t. In the steady state

in which >»; = 0, the steady state conditional variance can be written as:

o2

Y= ijg). (3.21)

Proof. The IPC,
In (pfzt + pg) —In > ar = 26AL,
can be rewritten as

—exp (—2pgAt)

1
In <exp (—2pgAt) X + Ata§> —InYianr = 2KAL,

2pg At
In (exp (—2pgAt) Xy + 1= exp2(pg2pgAt) U;) —In¥iar = 2rAL,
which can be reduced to
Srrar — S = (exp (2(—pg — £) Al) — 1) Xy + P (2(=py — k) Bf) — exp 2k A1) oo

—2p,
Dividing At on both sides of this equation and letting At — 0, we have the following
continuous-time updating equation for >:

: L M Ar — X 2
Be=dm = A — 2R Bty

g

9Note that here we use the fact that AB; = eV At, where ADB; represents the increment of a Wiener
process.
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In the filtering problem, we assume that the agent’s objective is to minimize the follow-
ing minimum square errors (MSE):

Jt = l/lilf Et [(gt — /g\t)2i| y (322)
{g:}
subject to the information-processing constraint. Note that in the steady state the value
2
of Jy is just ¥ = 570

Specifically, we may think that the model with imperfect state observations can be
decomposed into a two-stage optimization procedure:

(1) The optimal filtering problem determines the optimal evolution of the perceived
state;

(2) The optimal control problem in which the decision makers treat the perceived state
as the underlying state when making optimal decisions.

Here we assume ex post Gaussian distributions and Gaussian noise but adopt log pref-
erences. In stage 1, consumers need to estimate the unobserved state (g;) using its prior
distribution and all processed and available information (i.e., their noisy observations,

¢
Fi= { g; }jzo)' Specifically, consumers rationally compute the conditional distribution of

the unobserved state and represent the original optimization problem as a Markovian
one. Given the Gaussian prior go ~ N (g0, X0), finding the posterior distribution of g;

becomes a standard filtering problem that can be solved using the Kalman-Bucy filtering
t

method. Specifically, the optimal estimate for ¢; given Fy;= { g;} in the mean square

sense coincides with the conditional expectation: g: = Ei[g¢], where E;[-] is based on
Fi. Applying Theorem 12.1 in Liptser and Shiryaev (2001), we can obtain the filtering
differential equations for g; and 3; as follows:

dgr = pg (9 — gt) dt + Kidn, (3.23)
S = —AK? = 2p,% + 02, (3.24)

given go ~ N (go, Xo), where

2y
K, =— 2
= (3.25)
is the Kalman gain and

dn; = VAAB}, (3.26)

with mean F [dn] = 0 and var (dn;) = Adt, where B} is a standard Brownian motion and
A is to be determined. Note that 7, is a Brownian motion with mean 0. Although the
Brownian variable, &, is not observable, the innovation process, 7, is observable because
it is derived from observable processes (i.e., dg; and py (g — g¢) dt). In this case, the path
of the conditional expectation, s, is generated by the path of the innovation process, n;.
In the steady state, we have the following proposition:

Proposition 3.1. Given finite capacity k, in the steady state, the evolution of the perceived
state can be written as:

dGi = py (3 — G) dt + 3dB}, (3.27)



AMBIGUITY AND INFORMATION PROCESSING 13

where

6 =%/VA=f(r) oy, (3.28)

[ (k) = \/K/(k+pg) <1 (ie., the standard deviation of the estimated state is greater

than that of the true state),

0_2

A=—"F2 — 3.29
4k (K + pg) (3.29)

1s the steady state conditional variance, and
K =2k (3.30)

1s the corresponding Kalman gain.

Proof. In the steady state in which Et = 0, substituting the definition of the Kalman gain,
2

(3.25), into —AK? + 2rY; + Jg =0 and using ¥ = 2(,:74?1)9), we can easily obtain that:
o2
A= —"2 _ and K = 2k.
15 (i + py)

O

3.1. Robust Filtering. In the robust filtering problem, as shown in Basar and Bernhard
(1995), Pan and Basar (1996), Ugrinovskii and Petersen (2002), and Kasa (2006), a robust
filter can be characterized by the following dynamic zero-sum game:
Ly = inf sup { B9 (95— 32)2] 07" H (QIP) } (3.31)
{9s} {Qy

where P and () are the approximating and distorted models, respectively, and H,, is
the relative entroy and is bounded from above. As shown in Dai Pra, Meneghini, and
Runggaldier (1996), the entropy constrained robust filtering problem is equivalent with
the following risk-sensitive filtering problem:

1 . ~ _

708 (/eXp (0F (gs,gs))dP) = Sgp{/F(gs,gs)dQ —07 ' He (Q\P)}7 (3.32)

where F' = (g5 — §8)2 is the loss function. The steady state conditional variance is deter-
mined by the following Riccati equation:'°

1
ngz = 0'3 - (o’Q — 9) 227

which means that

o? [—pg + \/pf, + (1 —60?) SNRJ
1— 602 ’
where SNR = Jg /o? is the signal-to-noise ratio. The corresponding Kalman gain is
s —pg + \/pg +(1—00%) SNR

K== _
o2 1 — 6002

¥ =

(3.33)

10Foy simplicity here we assume that ppy = 0.
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The value function can be written as
1 = 1 -
Joo= glog </ exp (0F (gs, Js)) dP> = glog (Et exp (0 (9¢ — gt)Q))

. 1 .
= E [(gt - gt)ﬂ + 5 0vary [(gt - gt)ﬂ
1 N R 2
= G+ 50 <Et [(Qt - gt)ﬂ - (Et [(gt - gt)2]> )
= X+ 6%7
where we use the fact that E [(gt - §t)4] = (3!X2. In the steady state,

J =X +0%% (3.34)

i.e., the welfare loss under robustness is larger than that obtained in the model without
robustness.

3.2. Observational Equivalence (OE) between Capacity Constrained Filtering
and Robust Filtering. We can establish the first observational equivalence between
capacity constrained filtering and robust filtering when the filtering problems lead to the
same Kalman gain:

—pg + \/pg +(1—602)SNR
" 2(1— 002)
The following figure illustrates the relationship between x and 6.
itbpF4.0145in3.5129in0inoel.eps
Since both capacity and ambiguity increase the Kalman gain of the filtering problem,
one way agents can implement a robust filter is by re-allocating some of their limited

capacity to decisions that demand a relatively high degree of ambiguity. This result is the
same as that obtained Kasa (2006).

(3.35)

4. THEORETICAL IMPLICATIONS

4.1. Market Equilibrium. Here we provide a detailed definition of market equilibrium
in our model economy:

Definition 4.1. An equilibrium for the economy is a set of progressively, measurable price
processes {Py,ry, R} and {k;}, households’ decisions {C}*,el*}, and experts’ decisions
{C},ef, Bf} such that
(1) Given the processes, decisions optimally solve (2.3) and (2.4).
(2) The intermediation market reaches equilibrium with risk exposure clearing condi-
tion,
1 _ *
ehr = f ter. (4.36)
By

(3) The stock market clears:
€f + e = P (4.37)
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(4) The goods market clears:

Cr +Ch* = Dy. (4.38)
(5) Transversality conditions satisfy:
. h h _
limE [exp (—p t) V(W ,t)} ~0 (4.39)
tli)m E [exp (—pt) J(Wi,t)] =0 (4.40)

In the unconstrained region (see the right panel of Figure 2), the exposure supply exceeds
the demand. There exists an abundance of intermediary supply so that specialists must
set the intermediation fee to zero to attract all the exposure demand from the household.
In this case, both the per-unit exposure price k; and per-unit of specialist wealth fee
q: are zero. The incentive-compatibility constraint is slack (8} > ﬁ), as well as the
risk-sharing constraint is slack, such that

TRt TRt
eMlp—0 < Mmer = 5 W) < m—5-W,
T ORt TRt

where we assume risk premium 7g; is positive. Define m = %m, the risk-sharing con-
straint is translated into the equity capital constraint
Wh < mw;.
Intermediary earns higher exposure, so that households put all the wealth into the inter-
mediation, T} = Wh.
In the constrained region (see the left panel of Figure 2 ), the exposure supply is less

than demand, k; > 0. The incentive-compatibility constraint is binding (5; = ﬁ) and
the equity capital constraint is binding, such that
Trt — k s
5? = Mmey < 7}%}’5 5 tWth = miRét Wt
Y ORt TORt
— Wl >mW,. (4.41)
kimey mks TRt

In equilibrium, the specialist earns a rent ¢; = = % 2L > (0 for scarce intermediary

Wi Y Ok,
service. When k; increases, 6?* decreases, hence exposure demand drops. Households
would not put all their wealth into the intermediary, Tth = mW; < W}, thus induces the

financial constraint for the intermediation. Define effective financial constraint

Definition 4.2.

h
7n=Lom. (4.42)

v
Robustness concerns change the binding conditions for the economy through the effec-

tive financial constraint m. When 7" = v < 0"/0 = p"/p, ambiguity parameters don’t
change the financial constraint, i.e. m = m. However, as HK12 and HK13, assuming
the specialist is more patient than the household, p" > p, the existence of ambiguity
causes the effective financial constraint to be scaled by relative ambiguity aversion. Thus,
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specialists become more constrained even if they face the same level of ambiguity as the
households, i.e. when 8" = 6, i < m. Later we will see in addition to the wealth distribu-
tion among households and specialists, robustness parameters influence the equity capital
binding conditions as well as the conditions for whether the economy is in the constrained
region or not. This is similar to the role of the financial constraint. We incorporate am-
biguity into the financial constraint to make it “endogenous” by the agents’ ambiguity.

The effective financial constraint can also be treated as an “adjusted” financial constraint
146" /p"
1+0/p
between the household and specialist. During a financial crisis, people fear more about

the adverse state and are more uncertain about the true state. This fear will influence the
asset market through effective financial constraint directly. Using (4.42), we have

dm h dmn 1

%:—#m<0andwzﬁ

From these results, we can see that # and 6" play opposite roles in determining m

which captures the inverse of agency friction. When the specialist’s ambiguity aversion
0 is larger, the effective financial constraint m is smaller, which makes the equity capi-
tal constraint easier to bind for a given wealth distribution. On the other hand, when
household’s ambiguity 6" increases, m is larger, thus relieving the financial constraint
faced by the intermediary for a given wealth. The intuition is that when experts are more
uncertain they are less willing to put the required ‘skin in the game’, and so the agency
friction worsens. However, when household become more ambiguous, they have a lower
demand for financial intermediation, which relaxes the agency friction. HK12 document
the constraint effect and the sensitivity effect of the intermediation multiplier which are
also applicable here.

with the adjustment of % = , which is the relative ratio of effective risk aversion

m > 0.

4.2. Asset Pricing Implications.

4.2.1. The Equity Capital Constraint and the Price-Dividend Ratio. Since bonds are in
zero net supply, the asset market clears when aggregate wealth equals the market value of
the risky asset,
Wh+w, =P, (4.43)
In equilibrium, from the goods market clearing condition (4.38) and the optimal con-
sumption rules of households and specialists,

oWy + phWth = Dy.
Thus, the equilibrium price/dividend ratio is

P 1 P 1+ Apzy

- = _—— = —

Dt ( ph) ' ph
where z; = W;/D; is the aggregate state variable and Ap = p” — p. Notice that robustness
concerns do not have a first order effect on the price/dividend ratio. Robustness only
indirectly influences it through a wealth effect. When the risk sharing constraint just

starts to bind, the threshold level of the state ¢ could be derived as

5? = Mme&yg,

(4.44)
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which means that £=%r = mTWt Together with the equilibrium price/dividend ratio
above yields:
1
2= . (4.45)
mp" +p

When z; < z¢, the economy is within the constrained region, otherwise, when x; > x¢,
the economy is unconstrained. Agents are ambiguous, thus both the robust concerns from
households and expert s influence the critical level of ¢ through the effective financial
constraint m. As Figure 3 shows, when household become more ambiguous about the
world, m is larger and z¢ is smaller thus the constrained region is smaller. On the other
hand, when expert s becomes more ambiguous, /m is smaller so that they face tighter
effective financial constraint which is easier to bind for a given wealth distribution. Hence,
the constrained region is larger thus the probability for the economy to drop into the
constrained region is higher.

4.2.2. Specialist’s Portfolio Share. The specialist makes a portfolio choice to invest a share
a of the total equity 7/ = W, + T} into the risky asset and the rest into the riskless bond.
Thus, the total exposure is
€tI = OétTtI
which yields the following implementation constraint:
eF + el = (W, + TH). (4.46)

This implementation constraint requires the specialist to choose a; to reach the optimal
risk exposure £7. Household obtains the desired exposure e/'* by choosing how much wealth
T} to contribute to the intermediation.

Proposition 4.3. In unconstrained region, the share of the return is

1

By = " . (4.47)
ol p
3 (s — )
In constrained region,

1
=—. 4.48
b 1+m ( )

Proof: In the unconstrained case, per-unit exposure price is zero. Recall that the share of
return contract 3; = €} /el. Since the robust concern distorts the specialist’s desired risk
exposure €5, the choice of share contract turns into

1%
BV = L andk, = 0.

Now the specialist and household no longer hold the equity claims according to their
wealth contributions as in HK(2012)’s case, but with a distortion term %h which equals
the inverse of distortion on the financial constraint. Note that although agency friction m
doesn’t enter BtU in unconstrained region, both robustness parameters distort the contract

share alternatively. Replacing W}* with asset market clearing condition (4.43) yields:

By =
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By the imposed assumption that 0 < 8Y < 1, z; should be limited within (0,1/p]. Later
we will show that in order for the risk-free rate to be valid whenever robustness exists,
x¢ # 1/p. From now on, we assume

(0,1/p] for@=0"=0
e d (0,1/p) others.
Furthermore, we have
1 hh 1
dpv —(z—l)p'y dpv <7t—1)m
5; = P 2§Oandd02: P 5 > 0.
e+ () e
Note that when 6 = 6" = 0, we have
= _ 1
8 — P+ 0 dpy _ Ap (pxt 1> <o

t 0 1 g9 _ 2

A higher ambiguity from the specialists decreases the share of returns that go to them. In
other words, when specialists have more doubt about their approximating models, they
prefer a lower return share which comes from a lower risk exposure. In contrast, a higher
ambiguity from household increases the contract share in the unconstrained region, where

they want to bear lower risk and transfer the risk to the intermediation. By calculating

apy’
dor |’
py <= 0" + p" > 6 + p , the expert ’s preference for robustness has a stronger effect

on the contract share than the household in the unconstrained case. In the constrained
region, the share of return is determined by the incentive constraint of specialist. In order
to prevent the specialist from shirking, households need to pay a positive intermediation
fee and exposure price to the intermediary, thus

B =

it is clear to see that if p"y" >

U
the scale effect of the two robustnesses ’%‘ and |

dk; > 0.
1+man >

expert

Proposition 4.4. In the unconstrained region, the desired risk exposure and optimal port-
folio choice are

1
eV* = . P,. (4.49)
al p
L3 (s — &)
al* =1. (4.50)
In the constrained region,
1
F = P,. 4.51
& 1+m " ( )
1 h
—_ + —
ar =z P P (4.52)



AMBIGUITY AND INFORMATION PROCESSING 19

Proof. In the unconstrained region, T)" = W}, both households and specialists put all their
wealth into the intermediation, such that the total risk exposure equals e/ = a; (W, +W}).
The equilibrium conditions (4.37) and (4.43) yield aY* = 1. The risk exposure for the
specialist can be derived as follows:

ef e =W, + W
&g +
t /Bt(]
1

U U
e =0 Ph=¢e" = P;.
1+ 5 (G - %)
v\ phze  pM
1

EI:Pt

In the constrained region, the expert holds g; = share of risk. Hence, the expert ’s

1+m
risk exposure
. 1
€ = Btetl =1 —i—mpt'
Further, the expert ’s portfolio share is
I 1 h _
€t Pt * Tt + P p
o+ = = — — ; = —_—.
Wtk T EmWe T (I m)ph
From (4.52), we have
doyf dogf
— > 0and— < 0
o~ M agh S

which means that the two robustness parameters play opposite roles in determining the
equilibrium portfolio share «a; in the risky asset. From Figure 3, in the unconstrained
region, a; = 1 such that the expert invests all of the intermediary’s equity capital into the
risky asset. Once the constraint is binding. «; > 1 means the expert holds above 100% of
the total equity and borrows (a; — 1)(W; + T}*) riskless bonds. There are three effects of
heterogeneous ambiguity:The first is the “constraint effect” under a given wealth distri-
bution.!’ When the expert ’s (household’s) ambiguity aversion 6 (") is larger (smaller),
the effective financial constraint m is tighter (looser), which induces the expert to hold a
larger (smaller) portfolio share oy of risky assets. The constraint effect could be further
decomposed into two channels, (i) the “general equilibrium channel” and (ii) the “inter-
mediary expertise effect”. Specifically, a higher ambiguity aversion 6 induces the expert
to have more doubts about the approximating model thus more unlikely to expose to the
risky asset. Hence, the exposure supply decreases, risky asset price decreases accordingly
in equilibrium using equation (4.51). Lower price triggers a higher demand for risky asset
portfolio holding for a given return. This is the general equilibrium effect. When the
households realize that the expert loses the expertise in determining the probability dis-
tributions, they put even less wealth into the intermediation, which worsens the agency
problem. Since the households are more sensitive to the expertise of the expert implied by
the ambiguity aversion, the expert loses more equity capital due to the household partici-
pation decline by lowering the risk exposure. As a consequence, the equilibrium portfolio

11HK(2012) illustrate the constraint effect of intermediation multiplier m as an accelerator of the tightness
for capital constraint. In our model, ambiguity is endogenous as a scale on m and plays the similar role in
terms of constraint effect through the effective financial constraint.



20 LEYLA JIANYU HAN, KENNETH KASA, AND YULEI LUO

share has to adjust above 1 to make the risk exposure optimal, where the extra leverage
is borrowed from the short-term bond market. This is the intermediary expertise effect
implied by the expert ambiguity change. On the other hand, when the households become
more ambiguous, i.e. 6" is larger, the effective financial constraint i becomes looser,
such that expert will invest less in the risky asset. The general equilibrium effect raises
when the households more concern about their model uncertainty, such that they want
to bear less risk exposure and reduce risk exposure demand, hence the risky asset price
decreases in equilibrium. The expert needs to reduce the optimal exposure from equation
(4.51). Total risk exposure declines but equity capital rises. As a result, portfolio share
has to decrease to meet the optimization in equilibrium. Furthermore, households trust
the expertise of expert , reflected in less ambiguity, more than themselves when they are
more ambiguous, so that they don’t want to make portfolio decisions and put more wealth
into the intermediation and let the expert do the portfolio choice, thus releasing the ef-
fective financial constraint for the expert . The intermediation expertise effect makes the
agency problem less severe hence the expert bears less risk exposure and invests less in
the risky asset. The relative ratio of both agents’ relative risk aversions determines the
equilibrium result. The agent who’s effective risk aversion changes larger during financial
crisis will dominate the equilibrium portfolio choice even though the expert is the marginal
investor. This coincides with Bossaerts et al (2010) that prices reflect the average beliefs
of heterogeneous agents. Moreover, the ambiguity dispersion of two agents will scale up
the tightness of financial constraint. The effective financial constraint m plays a crucial
role of financial multiplier or accelerator, which incorporates the sensitivities of agents’
heterogeneous ambiguities, in transmitting the belief dispersion into the asset market. In
the special case when v = 4", the heterogeneous ambiguity constraint effect neutralizes.
The second effect is the “wealth effect” under certain effective financial constraint. Later,
Figure show that the unconditional mean of scaled expert wealth x; is a decreasing func-
tion of € which will even amplify the constraint effect. However, there is no steady state
solution E[x; | # = 0] for any #". From equation (4.52), constraint effect is a first order ef-
fect of ambiguity to portfolio share while wealth effect is not. This further emphasizes the
most important channel of heterogeneous ambiguity through effective financial constraint
transmitting into asset market dynamics. The third is the “sensitivity effect” to exoge-
nous shocks. HK (2012) document the sensitivity effect such that one percent of expert s’
wealth drop will induce m (> 1) percent equity participation of households’ wealth into
the intermediation. The economy is more sensitive to the changes in the aggregate state
in the constrained region. It is easy to show,

dfdogy 1 d—m<0andi daiy 1 d—m>0
dd\dxy) (1 +m)2pha? do doh \dzy ) (14 m)2pha? doh '

When expert robustness is higher, the effective financial constraint m is smaller, such that
a change in the expert s’ wealth leads to a smaller change in «y, i.e. a weaker sensitivity
effect. However, when household robustness 6" is larger, the effective financial constraint
becomes looser, a change in the expert wealth results in a larger change in o;. On the other
hand, the robust concern from the household plays an opposite role. When 6" is larger,
the effective financial constraint becomes looser, a change in the expert wealth results in
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a larger change in o;. This would cause a severer binding during crisis and accelerate the
sensitivity effect especially during financial crisis.
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Figure 3:

The expert’s portfolio choice for risky asset a: is graphed against the expert wealth x; for different
robust parameters (6 and ") varying from 0 to 3. The threshold value x¢ (vertical line) separates the
constrained (left) and unconstrained (right) region. The top panels shut down expert’s robust concern
(6 = 0) and the top right panel is the enlarged version of top left panel. Bottom left panel shuts down

household’s robust concern (§" = 0). Bottom right panel plots the homogeneous robust concern from two
agents (0 = 0" = 0).

4.2.3. Risky Asset Volatility.
Proposition 4.5. In the unconstrained region,

v 1 (p"y" = py) @i+
O'Rt—O‘ .
’ L+ Apze) p(Y' =)@+

(4.53)

In the constrained region,

h
0 14+m
= . 4.54
TR (1 + Apmt> (mph + p> (4.54)
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Proof. The return volatility can be derived from matching the diffusion terms of equation
(2.1), (2.2) and (4.44) that

oD, < 1 ) o
O’R7 = ¥ == . 455
! ph Py — (p" — p)e; Py/Dy) p" — (p" — p) B ( )
Using Proposition 4.4 and 4.3, we have
I S W Gk LT (4.56)
fut "\P/Di) (p"y" = py) e+ '

1 o
= . 4.
R <Pt/Dt> <ph - ’M) (4.57)

From equation (4.56) and (4.57), price/dividend ratio increases when z; increases, thus
the return volatilities decrease. In the constrained region, as x; drops, the constraint
tightens, thus return volatility rises only through price/dividend ratio. However, in the
unconstrained region, decreasing in z; not only increases o k¢ through price / dividend ratio

from the first term in parentheses of equation (4.56), but also decreases o¥ Rt through the
second term. Thus, the effect of z; to agt is ambiguous in the unconstrained case. When
there is no ambiguity, i.e. § = #* =0, a%}t = ¢ which is independent of x;.

Lemma 4.6.

Aoy, —o (% — xt> [m (1—p") (% — xt> + " (1= p)ay

t_ . <0.
o Pl (1+ Apxy) (pAvywy + )
da%,t (f - xt> pApyzy 0
o ph (1+ Apay) (pAyzy +7)2
d"%,t 7 (% B :Et) Ap
A ph(1+ Apxy) (pAyay +7)°

where Ay = 4" — v denotes the dispersion in effective risk aversion. And,

dory _ dory _ dopy
o doh  db

Lemma 4.6 shows the opposite influence from two agents’ ambiguities. From equation

(4.55), the risky asset volatility come from two parts: price/dividend ratio and risk share

contract. Price/dividend ratio is not a function of ambiguity under given wealth. In

Proposition 4.3, heterogeneous agents’ ambiguities have first order effect on 3/ in the

unconstrained region but no effect in constrained region, thus first order influence the
risky asset volatility.

=0.
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Figure 4:

The risky asset volatility og,: is graphed against the expert wealth z; for different robust parameters (0
and ") varying from 0 to 3. The threshold value z¢ (vertical line) separates the constrained (left) and
unconstrained (right) region. The top panels shut down expert’s robust concern (f = 0) and the top right
panel is the enlarged version of top left panel. Bottom left panel shuts down household’s robust concern
(Oh = 0). Bottom right panel plots the homogeneous robust concern from two agents (6 = 0" = 0).

4.2.4. Risk Premium and Financial Constraint. The risk premium could be solved through
optimal exposure supply by the expert (2.16),
N ’sz,tf?
Rt = W,
Thus, we have the following results.
Proposition 4.7. In the unconstrained region,

2. ~h h h _
g, = 20 [(o"" = pr) @i +1] (458)

(L4 Apze) [p(vh — ) z¢ + 9]

In the constrained region,

o2ply 14+m
TRt = . 4.59
R,t T (1 + Aprt) (mph + ,0)2 ( )
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Proof. See Appendix 6.2.1.

Lemma 4.8.
2
any,  20° (") "+ (& )]

20 > 0.

3
piae[1+ Apay] [’yh —v+ VPITJ

arf, 02 (&= p) (o +ApBY) (8Y)° y

dor yhay (14 Apzy) (o — ApBY)’

dﬂ'%t
— > (),
do —

dgg,t > 0 and dgﬁ’t =0and ng,t > 0.
Proof. See Appendix 6.3.1. It is interesting to notice that, 8 positively changes the risk
premium both in the unconstrained and constrained region, while #" also has a positive
impact but only in the unconstrained region, as shown in Figure 5. The intuition is,
whenever there is an increase in ambiguity aversion from two agents, both of them require
higher risk premium in unconstrained region.'?> However, during financial crisis, the model
predicts a first order effect of @ which reflects the major influence from marginal investor.
The higher risk premium induces the expert who has high ambiguity aversion or low wealth

to buy the exposure. Further, since d [(1 +m) (mp(;"—-i—p) 2} /dm = _% < 0, the risk
mph+p

premium is a decreasing function of monly in the constrained region. When the capital
constraint tightens, it will induce a higher risk premium.

4.2.5. Market Price of Risk and Uncertainty. The market price of risk is defined as the
Sharpe ratio. Using Proposition 4.5 and 4.7 directly gets the following result.

Proposition 4.9. In the unconstrained region, the market price of risk is

U
TRt oy

of, PO =)+

TRt :a< 7 ) ! (4.61)

OR,t mph+p) xy

(4.60)

In the constrained region,

In the constrained region, only the expert robustness concern has first order effect on
the sharpe ratio. This is consistent with the argument in intermediary asset pricing that
marginal investors rather than households truly dominate the asset market. From equation
(6.96), wealth growth and consumption growth are direct functions of sharpe ratio over

12This coincides with the literature where robustness can explain equity premium puzzle, e.g. Hansen,
Sargent and Tallarini (1999), Chen and Epstein (2002), Maenhout (2004).



AMBIGUITY AND INFORMATION PROCESSING 25

Risk Premium B Risk Premium (enlarged)

— e
— ==
‘‘‘‘‘‘ =2 351
P

0 10 20 30 40 50 60 70 80 90 100 0
Scaled Specialist Wealth x Scaled Specialist Wealth x

Risk Premium Risk Premium (9=0")

0 10 20 30 40 50 60 70 80 90 100 0 5 10 15 20 25 30
Scaled Specialist Wealth x Scaled Specialist Wealth x

Figure 5:

The risk premium 7g; is graphed against the expert wealth z; for different robust parameters (6 and Oh)
varying from 0 to 3. The threshold value x° (vertical line) separates the constrained (left) and
unconstrained (right) region. The top panels shut down expert’s robust concern (6 = 0) and the top right
panel is the enlarged version of top left panel. Bottom left panel shuts down household’s robust concern
(6" = 0). Bottom right panel plots the homogeneous robust concern from two agents (6 = 8" = 8).

expert robustness parameter, which generate larger first and second order amplification
effect from expert . Further,

d (W%,t/ag,t) oy,
R PRy R
d (W%,t/ag,t) B oy (1 — pxy) >0
" (=) m+a T
a(7Ho/o%s) o (U+0/p) [Ap (0" = Z)ait o (1+0/p)°]
i [~ Apfz, + o (1+0/p)]? -
Proof. See Appendix 6.98. Also, it is easy to see that,
d(mrt/IRt) (/T R.t) > 0 and d(mrt/ort) (Tr1/o1) = (0and d(mrt/ort) (Tt T Rt) > 0.

de deh df
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Figure 6:

The sharpe ratio wr.:/or,: is graphed against the expert wealth x; for different robust parameters (6 and

6") varying from 0 to 3. The threshold value z° (vertical line) separates the constrained (left) and
unconstrained (right) region. The top panels shut down expert’s robust concern (6 = 0) and the top right
panel is the enlarged version of top left panel. Bottom left panel shuts down household’s robust concern

(6" = 0). Bottom right panel plots the equal robust concern from two agents (§ = 6" = 8)

4.2.6. Ezxposure Price and Intermediation Fee.
Proposition 4.10. In the unconstrained region, the per-unit exposure price kg] =0 and

intermediation fee ¢© = 0. In the constrained region,
_ a*(1+m) < B ph'yh'mwt> p" (4.62)
(mph + p)? 1—pxy ) (1+ Apzy) xy '
a*m hyhma 1\?
g T (L ptman) (1)? (1.63)
o+ P ' 1= pwe ) \a
Proof. See Appendix 6.2.2.
dky  o*(1+m) ot -0

d0 p(mph + p)? (1 + Apxy) z
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dky a*(1+m) ~'ma p"
aor 7(mph—|—p)2 1 — pxy (1 + Apxy) xy <V
dky _ o2(1+m) p"[1 — pay (1 +m)]
do  (mph+p)*  (1+ Apxy) xy
Proof. See Appendix 6.3.3. And,

daqy dgy dqt
20 > (0 and 20" < 0 and 70 > 0.

From Figure 7 and 8, the exposure price and intermediation fee change similar in terms of
0 and 6. The exposure price clears the intermediation market where the exposure supply
and demand are directly reduced by an increase in 6 and 6", respectively. There are two
reasons for it. First, During the crisis, an increased ambiguity induces the household
a lower demand for risky asset and higher demand for the riskless bond. This directly
reduces the exposure demand hence the per-unit exposure price drops in equilibrium.!
Secondly, equation (6.95) implies dk;/dm < 0, which indicates another channel that § and
6" change k; through /. The intuition is, both higher ambiguity of households and lower
ambiguity of expert s will make households trust the expertise of the expert more so that
agency friction is relaxed, making it easier for expert to manage the intermediary thus
charging a lower intermediation fee.

> 0.

4.2.7. Interest Rate.
Proposition 4.11. In the unconstrained region, the interest rate is

277" = (V" +1) [pze (V' =) +1]

U = ph + g — pApzy + o - 5 . (4.64)
[o (V" =) @t + 1]
In the constrained region,
1— px 1+ ~m) + ohm2~h] + ohm2 (pha, — A
7nt:pfurg_pAmgt_ag( p) [p (L +ym) + p'm?*y"] + p"m? (o' —7") (4.65)

(1= pz) (p + mph)”
Proof. See Appendix 6.2.3. Moreover,

dr 207y (1 — pay) ( h )
—L = =)
df o (Y" =) i+ 4]

il 0 iy <y

é{ dr‘g] -c h

G >0 iy >
drf _ 20%pya (1—pxy) (4" — )
dor P lo (4" =) 3y + AP

13The exposure supply also drops due to higher 0", but indirectly through risky asset price decline, which
is smaller compared to the first order effect of 6 on demand reduction.
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Figure 7:

The exposure price k: is graphed against the expert wealth z; for different robust parameters (6 and Oh)
varying from 0 to 3. The threshold value x¢ (vertical line) separates the constrained (left) and
unconstrained (right) region. The top panels shut down expert’s robust concern (f = 0) and the top right
panel is the enlarged version of top left panel. Bottom left panel shuts down household’s robust concern

(6" = 0). Bottom right panel plots the equal robust concern from two agents (8 = 6" = 9).

U
S % >0 ifyh <~y
I <0 ifyh >
dr? B 202§ph (Ap)2 xy (1 — paxy)

d p |—Apz, + ph (l—i—Hi/p)]3 N
In the constrained case,

dry o’m
T 7T <o
do (mph + p)”
d 2,2
o __petmt,
do (mph + p)” (1 = pay)
dry a?m[1 — pxy (1 4+ m)]

ary _ _ <0.
df (mph + p)* (1 — pay) 4
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Figure 8:

The per-unit intermediation fee ¢; is graphed against the expert wealth xz; for different robust parameters
(6 and ") varying from 0 to 3. The threshold value ¢ (vertical line) separates the constrained (left) and
unconstrained (right) region. The top panels shut down expert’s robust concern (@ = 0) and the top right
panel is the enlarged version of top left panel. Bottom left panel shuts down household’s robust concern

(6" = 0). Bottom right panel plots the equal robust concern from two agents (6 = 8" = 6).

Proof: See Appendix 6.3.4.

4.3. Observational Equivalence for Financial Friction. There exists an observa-
tional equivalence (OE) for v* = v < 6" /p" = 0/p < 1m = m. Following the assumption
by HK(2012) that p" > p, we must get 6" > 6, i.e. households are more patient and
more ambiguous than the expert . This is intuitive in the way that marginal investor
has the expertise in the sense that he concerns less about the robustness. Moreover, in-
sider information also makes them less ambiguous about the true state. Under OE, the
effective financial constraint drops to the non-adjusted one, where the effect of heteroge-
neous ambiguity cancel out with each other in aggregate equilibrium. Thus, the constraint
effect, which describes the channel of how heterogeneous ambiguities influence asset mar-
ket through effective financial constraint, is neutralized. We could see from Figure 10,
the portfolio share and risky asset volatility won’t change with different ambiguity levels.
However, the power of ambiguity to explain risk premium puzzle still remains both in
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Figure 9:

Interest rate r; is graphed against the expert wealth z; for different robust parameters (6 and Gh) varying
from 0 to 3. The threshold value z¢ (vertical line) separates the constrained (left) and unconstrained
(right) region. The top panels shut down expert’s robust concern (§ = 0) and the top right panel is the
enlarged version of top left panel. Bottom left panel shuts down household’s robust concern (Gh =0).
Bottom right panel plots the equal robust concern from two agents (6 = 0" = 8).

constrained and unconstrained case (middle panels), where risk premium and sharpe ratio
are higher with higher ambiguity.

4.4. The Wealth Distribution.

Proposition 4.12. The expert wealth process follows,

dx
— = g gt + 04 4dZ;.
Tt
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Major asset pricing variables against the expert wealth x; when equalizing effective financial constraint

(m = ) under different robust parameters (f and ™) varying from 0 to 3. The threshold value z°

(vertical line) separates the constrained (left) and unconstrained (right) region.
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Figure 11:
Unconditional mean of expert ambiguity 6 conditional on household ambiguity 6" = 0.

In unconstrained region,

A2 + AVz; + AY

U 2 2
Wi = Ap(1 - p) +0® + o (4.66)
’ (1= pxr) [p (V" = 7) 2 + )
Ay = o ('y" - 'y) (27h + 7)
A7 = p(292 -3+ 290")
A = APyl
and
U ’}’h
—1. 4.67
In constrained region,
Apgz? + A A
for = Ap (1 — pxy) + o2 + o2 0Tt +2 12 + Ao 5 (4.68)
(mph +p)” (1 — pzy) 7}
Ay = p" (mh — ph) m® + p (P’Y + ph) m+ 2p°
Ay = —plym? - (ph - 2m) m—3p
Ay = ym+1
and
1
—o|l— 1. 4.69
Tt [(mph +p) xt } (4.69)

Proof. See Appendix 6.4.
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Figure 12: Theoretical Stationary Distribution

The left (right) figure is the stationary distribution of expert’s scaled wealth when
oc=or (0 =0op).

Figure 11 shows the unconditional mean of x; with different expert ambiguity degree 0
assuming no household ambiguity, i.e. fi5¢(6) = 0 conditional on E [z | " = 0]. However,
there is no solution of ji, (6") = 0 for E [z, | 8 = 0].

h
Define scaled household wealth z} = %,

h_Pt_Wt:]-_pxt

xry =
! Dy ol

(4.70)

We solve the stochastic process for the wealth process however highly non-linear, which
prevents us from obtaining a close form solution of the density function. However, it
enables us to do the simulation easily and solve other variables in terms of the state vari-
able in close form. Figure 14 shows the stationary scaled household wealth distribution
is fat-tailed or Pareto, which coincides with the fundamental results in empirical evidence
(Gabaix, 2009) and theoretical results from dynamic heterogeneous agent models in study-
ing wealth distributions (Benhabib, Bisin and Zhu, 2011, 2015). Furthermore, we consider
the heterogeneity of ambiguity or robust concern as reflecting the expertise level. Expert
as marginal investor has higher expertise thus lower ambiguity. The heterogeneity in ex-
pertise would lead to the stationary fat-tailed wealth distribution is analyzed by Eisfeldt,
Lustig and Zhang (2017).
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Figure 13: Theoretical Stationary Distribution

Stationary distribution of expert’s scaled wealth when ¢ = &, where ¢ = 0.094 is the
unconditional mean of ¢ in the steady state.
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Figure 14: Simulated Expert Scaled Wealth Distribution

Histogram of expert scaled wealth distribution at the end period of simulation. The red
line is the just binding constraint z¢. The left figure is the case when 6 = #* = 0.04 and
the right one is the benchmark model when § = 6" = 0.0001.

In HK(2012), a big problem is that the state variable process degenerates in steady
state. Under observational equivalence v* = + in subsection 4.3, which includes HK(2012)
where v = 4" = 1.

In the unconstrained region,

:u’g,t |"y:'yh:1: Ap (1 - pxt) and UxU,t |'y='yh:1:0'
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Thus, x; satisfies a second-order linear differential equation dz; = Ap(1 — pxy)zdt,

1 1 1
dt =t + const. & — — = T | dvy =t + const.
Ap Ty T,

e
- dz
Ap (1 — pxy) 24 t

Lt
& Ce?t = -
Tt — =
p

where z¢ < 1y < % and C' is a constant. When ¢t = 0, z; drops into unconstrained

region, zg = ¢ = —+

mph+p7
',EC
C=——7 :—m’;h.
p
Finally, we get
p Apt Tt 1
——e = ey =
mph Ty — % YT mphe=4rt 1+ p

It can be seen that under p* > p, when t — oo,

lim x; = —.
t—o00

The top left panel in Figure 15 shows that, the convergence speed is exponentially fast
until 1000 periods. HK(2012) corresponds to case (6 = 0) on the top right panel. When
x¢ is close to zero, pg; is sufficiently large and o,; — oo such that z; jumps into the
unconstrained region easily. Once inside the unconstrained region, x; will converge to the
steady state value 1/p and, with zero diffusion, never jump back to the constrained region
again.

Decompose equation (4.66),

AUL2 4+ AU AU
Ngt:Ap(l—p;pt)_F 0.2 —|—O‘2 0.’L't+ 1Tt + 5 .
B el ymyh TR tlyeyho1

subjective expected wealth (under Q)

The third term is generated by ambiguity heterogeneity which is the mean driving force
in scaled expert wealth evolution process. Under OE, In the constrained region, decompose
equation (4.68),

(phm)” N m*" + (2p+p")m+3p m+1

1 — pay T l‘%

pap = Ap (1= pzy) + 07 — (02°)°

Solve for inverse function x; (§) = x¢ conditional on y,; = 0 under OE, we get O,c =
phfp. When 6 < 6., since Ap is close to zero, 6,c is close to 0 (around 0.0078), it is
more possible for x; to drop into constrained region. Small 6 corresponds to big o, thus
it would be highly possible to jump to infinity (see bottom panel of Figure 15). On the
contrary, when ambiguity parameter 6 > 0,c, it is less possible to drop into the constrained
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Figure 15:

Top left: The expert wealth z; evolves over time in unconstrained region under HK(2012) and
observational equivalence (OB, m = m). Top right: Unconditional mean of i, in constrained region
over different s under OB. Bottom: Unconditional mean and standard variance of scaled expert wealth
distribution in constrained region under CE.

region. Conditional on x; < z¢, the larger ¢, the smaller o, ;, making the distribution non-
degenerate and stationary. However, under OE, we cannot get the fat-tailed household
wealth distribution. Thus, we show that the heterogeneity in effective risk aversion matters
in order to fit the empirical evidence.

The wealth evolution for households is

Wth w, 1 pxy

AWt _ dw, ! (% 4 IR gy a2dt> .
Tt Y ORt
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In HK(2012) case, % = 02, v = 1, then dl?//ﬁh — dvv%t = —Ap < 0. Households will
s t

eventually become extinct and only experts will survive in the economy.

5. QUANTITATIVE RESULTS

5.1. Calibrating Robustness Parameter Using Detection-error Probabilities.
Obtain the relative entropies from household and expert optimal robust problem,

9" (z) = /Ly = 0"y, Vi (5.71)
g () = VHe = Oowp Jw. (5.72)
Finally we get
h
h h mp 1
= -1 1, cioze + 1, cipel
o) =0 (" 1) [7 (mp+ p) (1= par) - =OFT T o (yh — ) a4y el ’i]]
(w0) = 04" ( 1){ L 1 + ! 1 ] (5.73)
= - T ¢ c 1 .
g e Y (mph + p) g EOTTT o (g =)y 4y o)

where 1 denotes the indicator function. See Appendix 6.6 for the proof. Follow the

method of Maenhout (2006), define Radon-Nikodym derivative E}f,t = %(El,t = %)

as households (expert s) distorted model Q"(Q) with respect to approximating model P.
Then log likelihoods for two agents are

- t 1 [t 2
¢t =log=h, = —/0 e (xs)dZs—2/0 th ()| ds (5.74)

_ t 1 t
617t = lOg :‘Lt = / g (ﬁs) dZS — 2/ ||g (.’ES)H2 ds. (575)
0 0
The log of Radon-Nikodym derivative Eé"t = ddQ% (52775 = %) of the approximating model
PP with respect to households (expert s) distorted model Q"(Q) is

_ t 1 t 2
d=log, = [ " @)dze+ [ [ @)
0 0

ds (5.76)

_ t 1 t
s =logZas = [ gla)dzit [ Nlow)| ds (5.77)
0 0

When approximating model P generates the data, gp measures the probability of the
likelihood ratio of making detection errors in selecting model ). Define

dp = Pr ¢k, > 0P, 7o) (5.78)

gp = Pr (gl,t > 0|P, ]'-0) . (5.79)
Similarly, when model ) generates the data,

gl = Pr (5& > O|Qh,]-"0> (5.80)

qQ = Pr (62,t > OlQh,Fo) : (5.81)
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Given the equal weight of prior probabilities over model P and @), the conditional proba-
bility of the detection error for two agents over sample length N are

1 1
h ( gh. L S )
p" (0% N) = Sdb + 5db (5.82)
1 1

5.2. Measurements from Simulation. In this section we evaluate the model’s ability
to match the empirical moments. The calibration proceeds in two steps. First, a subset of
parameter values in Table 1 are set using standard values from the literature. Second, given
these parameter values, the two ambiguity parameters are simultaneously determined by
solving the model to target jointly five moments from the data.

In the first step, we adopt the parameter values from HK (2012). In the second step,
we compare the theoretical moments of our model with heterogeneous ambiguity with the
equivalent model under rational expectation. The baseline moments in the first column
of Table 2 estimated from the data are taken from HK(2013). The second column is the
approximating model without considering two agents’ ambiguity degrees. Left columns
are simulation results with calibrated ambiguity degrees.

Indeed, all of the measurements display more severe dynamics after considering ambi-
guity aversion. The main points to notice in Table 2 are the following: (i) The calibration
suggests that the expert has a very low level of ambiguity aversion. This is because the
ambiguity indicates the heterogeneity in expertise. Expert has high expertise thus low
ambiguity degree than the households. (ii) Expert ambiguity dominates the key moments
of risk premium and Sharpe ratio. A small shift of the expert ambiguity degree from 0.01
to 0.02 would cause the risk premium and Sharpe ratio to jump twice values than before.
(iii) Heterogeneity should be within a certain range, neither too low or too high. For
6 = 0.01, O" € (0.1,1] will result in reasonable moments. (iv) Heterogeneity is important
while non-linear in determining the risk free rate level and volatility. That is the joint
result of “flight to quality” wealth effect and expertise effect. The equilibrium interest rate
decline depends on which effect dominates. (iv) household wealth distribution is fat-tailed
and Pareto due to the heterogeneity in ambiguity.

After the expert’s ambiguity shift from 0.1 to 0.2 conditional on invariant of household’s
ambiguity, column 5 of Table 2 shows the risk premium soar immediately from 36.30% to
59.33% (63% change). This is consistent with the fact documented in Muir (2017) that
an increase in risk premia occurs right during or after the banking or financial panic. We
interpret the panic as an increase in expert’s robust preference or ambiguity.

MThe simulation uses quarterly data over 10,000 sample paths and remain the last 33 years as non-burn-in
periods. Numerically we prove that it is long enough to ensure the stationary distribution of state variable
. Also, x; is independent of the initial values.
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Table 1: Parameters and Targets

Panel A. Preferences

p  Time discount rate of expert 0.5%
p"  Time discount rate of household 1.136%
@  Ambiguity attitude of expert 0.0413

6"  Ambiguity attitude of household 0.0413
Panel B. Intermediation

m  intermediation multiplier 2

g  Dividend growth rate 2%
oy Dividend volatility in the high state 9%
oy Dividend volatility in the low state  15%
Ag Transition rate from high to low 0.7

Ar, Transition rate from low to high 0.05

Table 2: Measurements

Data Model

0 0.0001  0.04

" 0.0001  0.04

~ .02 9.26

AP 1.01 4.63

Risk Premium (%) 0.92 5.29

Sharpe Ratio (%) 9.59  61.62

Interest Rate (%) 1.59  1.77

Interest Rate Volatility (%) 031  0.35
Return Volatility (%) 9.40 835

P/D Mean 200.00 150.40

P/D Volatility 0.00 3.99

Portfolio Share 1 1.0031

Expert Scaled Wealth Mean 200.00 111.44
Expert Scaled Wealth Volatility 0.00 7.12
Expert Detection Error Probability 0.25 0.29
Household Detection Error Probability 0.25 0.28
Probability of Sharpe Ratio Exceed Twice of the Mean (%) 0 0.32

This table reports the unconditional simulated results. We simulate 5000 years and 5000
sample paths with quarterly frequency. To match the data from 1970-2017, we report 47
years simulated results in stationary distribution.

6. CONCLUSION

TBA.
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Figure 16: Probability of Constraint Binds

Time path for the probability of falling into constrained region.
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All blue lines indicate the calibrated case with § = #" = 0.04. The dotted black line are
6 = 6" = 0.0001, which represent almost no ambiguity. Red rectangular regions indicate
the constrained region of the # = 6" = 0.04 case. The light blue horizontal lines in the

first two figures are unconditional means for risk premium and Sharpe Ratio,

respectively.
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Figure 18:

This figure plots the enlarged graph for # = 8" = 0.0001, which represent almost no
ambiguity. The light blue horizontal lines in the first two figures are unconditional means
for risk premium and Sharpe Ratio, respectively.
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All blue lines indicate the calibrated case with § = #" = 0.04. The dotted black line are
6 = 6" = 0.0001, which represent almost no ambiguity. Red rectangular regions indicate
the constrained region of the # = 6" = 0.04 case. The light blue horizontal lines in the

first two figures are unconditional means for risk premium and Sharpe Ratio,

respectively.
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Figure 20:

This figure plots the enlarged graph for # = 8" = 0.0001, which represent almost no
ambiguity. The light blue horizontal lines in the first two figures are unconditional means

for risk premium and Sharpe Ratio, respectively.
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APPENDIX

0.1. Solving the Optimal Choices of Households and Experts under Robust
Concern. Proof of Proposition 77. Optimal household consumption and portfolio rule
under robustness are

1
ch = — 0.1
P 0.1
—Va (7TRt - k't)
h
= : . 0.2
T Vi - 0MVZ o2, 02
Put (0.1) and (0.2) back into (??) gives
1 1 "
0 = —InVy—p'V+V, [sf(m:u — k) + rtWth A + §wa(€?)20%7t + ,u%t — ?(URJE?VH,F

1
= IV, -V 14V, [gﬁ(wR,t k) + 'rtWth} +5 (wa - ehvg) (eM20%, + bt
Guess value function takes the form

1
V(wh Y = 1o WY+ Y (0.4)

where Y} is a function of aggregate state variable x;. Now define Y, andY; as a function
of x¢,
dY(%t) = /JJY7tdt + O'Y,tdZt‘

Using Ito’s formula,

1
Wy = Y (@) e + 5V (@0)07 g} (0.5)
Uélf,t = YM(1)00 124 (0.6)
1
Ky = Y’(:Et),ux,txt + §Y”(xt)0'£7t$§ (07)
oy = YI(2t)o 121. (0.8)
Under this conjecture, V,, = W and Vi = —W. Substituting these conjectures
into FOCs (0.1) and (0.2),
o = p'wi
TRt — ky
5? = — Wth.
T ORt

Put all those expressions back to (0.3) yields (for simplicity, I dropped the time script),

AV
0 = Inp"Wh—Inwh—phyh —14 ! [(”R k) wh o rwh

phwh yho?,
1 1 oh Wh (ng—k)? 5
-5 + OrtH
2 (ph(Wh)2 (phWh)2> el TR
(WR—k)z r 1 (7TR—]<J)2 h
0 = lnph—thh—l—i—i—&——— + [y
ph,yho.]Q% ph 2ph~h J%% Y

(0.3)
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Substituting equation (0.5) yields

Yh',u Ty lyh//UQ 22— phyh I ph +1— (TRt — ke)? _n (0.9)
t Mz, t 4L = t . .
2 z 2 Ph’)’hU%’t ph
second-order ODE. Thus, optimal robust consumption rule for the household is
Cth* _ phWth
and the robust optimal risk exposure is

hx _ TRt — kg

h
[ 5— Wy
VhUR,t

Proof of Proposition 77. Optimal expert consumption and portfolio rules under RB are

1
Cy=—
t= 7
e — —Ju TRt
" Jyw — 02 0%,
where Jum:% is the adjustment for risk aversion of mean-variance coefficient. Conjecture
the value function for expert takes the form
1
JWyYy) = -InW, +Y,. (0.10)
p
So that J, = ﬁ and Jy = _pl/%/f’ Put those expressions into FOCs and back into (?7?),

1 [Wr? 1/ 1 9 W2 52
0=InpW —InW —pY — 1+ — TFR+(q+7“)W]—< + >7T§+uy.

pW | vo?, 2 \pW?2 = p2W2) ~% 0%
Substituting equation (0.7) yields
1 @+ h
Yilpig gty + =Yoot = pYy —Inp 1 — -t - T (0.11)
’ 2 ’ p 2pv0%,
From propositions 7777777777, Y; could be derived in terms of x; and satisfies the above
second-order ODE. Thus, optimal robust consumption rule for the expert is
Cf = pWr

and the robust optimal risk exposure is

TRt

8: = 2 Wt.
VoR4t

0.2. Solving for Asset Prices.



0.2.1. Solving the risk premium.

’YU%Z,tE? '7‘712?,,tﬁtpt ’YU?%,tﬁt(Pt/Dt)
ﬂ' = = g
e W, W, 7t

In the unconstrained region,

U vogi By (Pi/Dy)
TRt =
Tt
U o?y" (P =) 2 4]

L+ Apm) [p(yh — )+

In the constrained region,

Y% Bt(Pt/ Dy)
Tt

TRt —

a?yp" 1+m
Tt (1 + Apxt) (mph —+ p)2

= MRt =

0.2.2. Solving the exposure price and intermediation fee. In the constrained region, k; > 0.
When household desired exposure demand (?7) equals expert exposure supply (?7), we
have

TRt — k¢ h TRt

—_— m

5?*(]%) = 77’152< <~ ) Wt = 3 Wy
T ORt ORt
= h h h
=k = <1 _ e ) TRt = <1 L mpra > TR (0.12)
1 — pxy v 1= pzy
ot +m) < phvhmfl:t) p"
t (mph 4 p) 1 — pay (1 + Apl‘t) Tt
And then
_ Ky mkei mkeP . m Pt/Dtk
Qt_Wt_ W, Y 5t_(1+m) Tt !

o’m ph’yhmxt 1\?
= gt = 5 v — — .
(mph + p) 1 — pxy Tt
In order to make sure k; > 0, z; should satisfy the condition

= h = h

-1

LA trs >0 (mp" + p)y <0
1 — pxy ' 1 — pay

=1 < Te.

mph +p
Since k; is positive only when x; < z., thus the condition satisfies automatically.
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0.2.3. Solving the risk free rate. From household’s Euler equation under distorted model,

hx hx
rdt = phdt + E; {dct } — var; [dct] .

Ch Cth*
dop  d(p"W{)  d (P, — W)
ok phWwh o B—W
AW, = (emrt + (@ + )Wy — Cp) dt + oper (Orierdt + dZy)
d 1 — 1\ 77
o W [ <1— ”) Bl gitre—p|dt+ 2 az,
Wi g v ) ok YORt
= Gwadt+rdt + a2z, (0.13)
YORt
where ¢y = (;,12;)2 +qt — p.
d(P—Wy)  (gdt+0dZ)D; — pdW;  (gdt +0dZ;) — ppta, 014)
P — W Dy — pWy 1= pxzy '
d(P—Wy) g — pry (Pwie + 7t)
> E|—(5———| = ’ dt
t |: Pt — Wt ]. — PTt
PLt 7TR’ 2
o [AP =W (7S
! Pt — Wt 1-— P

_ o — PTe TR 2
ro= g let (pwi +1e) < 5 aR,t>
— PTt

1 — pxy

TRt ]2 TR, 2
h h Pt ([WUR,t] 2U’YUR,t> o
=Ty = P+9—P(P —P>$t—PQtiﬂt— 7 .
— PTt

Using the expressions for mp;/or+ and ¢; in constrained and unconstrained regions by
propositions ?? and 77,

h_ (h h_
r{ =p"+g— pApz; + 0° 1t = (0" +) (o (o 27) )
[0 (Y =) @ +]

1— px 1+ ym) + pPm2~y" + pPm? (play — A"
rt:ph+g_pApxt_U2( pxi) [p (14 ym) + p'm?~"] i (2 ")
(1= pzs) (p + mph)” ¢

From equation (0.14),

AWl d(P,— W) (gdt +0dZy) — pSgta
Wth a Pt - Wt

1 — pxy



dw} ( 1 > dW, 1 dD,
= o= 1— +
Wt 1-— Pt Wt 1-— Pt Dt
dwh  aw; 1 d
e S _ <xt 4 IR gy o2dt) .
W Wi L—pxy \ &  7ORy

0.3. Comparative Analysis.

0.3.1. Risk premium.

Ly _ot(+0/p) (1+ 0" /") {(Ph —p)+ (0" —0) +(1+ 9//))1%}
Y a0 g - (0 + 40/ 4]

pTt

2
drY, 202 (1) [ + 0" + 5 (£ — o)
= L=
do 3
P 1+ (o = padd |7 =7 + 7%
Iyt >y>1,
g h 1
e >0>—-———F—< &7 —7+7—>0.
p(Y" =) pTL
Ify>~">1,
g v 1 h 1
Sle—) S >a e —yry— >0
v =" p(r=9" " p T by
Iyt =y>1,
1 1
P —y+r— = 7—>0,
py py
2
arf,  20% (") [+ 0"+ (£ - )] .
~ = > 0.
do 3
piae[1+ Apay] [vh—wvi}
1 (4608
Rt — 2
P/D g, [ph — (o — p) B} ]
dr 1 a* (1+6/p) |:dﬁtU h h U sy
) _ h t U
o= 3 hp—p—pﬁt+2,0—pt]
do P/Dxt[ph_(ph_p)ﬂgf] db ( < ) ) ( )dah
2
o o® (1+6/p)° (%t - p) (" + (0" = p) BY) (BY)
[+ (p" = p)ad] e (0" = (p" = p) BY)’ ph (1 + 67 /ph) '

Oéﬁfélépﬁph—(ph—@ﬁ?éph

a0 (L= p) (o +Ap80) (8Y)°
ot yhay (14 Apay) (ph — ApBY)’
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0.3.2. Sharpe ratio.

d <Wg,t/alg,t) B o (ph + eh)Q CUt
d0 [(p0" — ph0) 2y + ph (1 +0/p)>
d (77%,1;/ g %,t) oy,
= - 5 > 0.
dé [p(Y" =) ¢ + 1]
d(whifofs) o (+0/p)p" (0+p) (5 i)
40" [(p0" = p"0) w, + ph (14 0/ )]’
= ! <7T%’t/0%7t) _ ot mpm)
ao" P lo(h =)z +9)
d (ﬂ%t/ag,t)

o (1486/p) [Ap (ph — %) x4 ph (1 +5/,0)2}
do [ '

—Apbzy + ph (1 + 9_/p)]2

d(ﬂ—g,t/io-%,t)

When Ap (ph—§> zy + pt (1+§/p)2>0, o

> 0. Hence,

62 _
Ap <ph - p) zp 4 pl (1 +9/p)2 >0

=2 =0 & 0=1/pp"
- B
o ph—%<0 & 0>/ pph
{ o (146/p)°

T < ——F—=y =
)

Take first derivative of ¢ with respect to 6,

dp  —2p" (1+0/p) < h_9_29‘2)

b Ap (pph_§2)2 p

2 o
Ph—0—2—=0<20%+pf — pp" =0
p

_ —pEVp*+8pp"
- g _

D

=

_ — _ / H2 h
Since 6§ > 0, the negative root is not valid. Now show 6 = p+++8pp </ pph,

i TV tysts s
h: 4 <Z<1
v op

where we have used 0 < p% < 1.

2 _
= ph—0— 2; < 0for 0/ pph.



Thus,

Now show that ¢ > 1/p,

h 9/,)2 Y h
1+0 1 20 0 - -
Ap <ph _ i) p PP p
p
—_—
& (0 +p ) >0
1
=< —< qb
P
Finally,
d (ﬂ—g,t/alg,t) =0
= 7
do
0.3.3. Ezxposure price.
dky  o2(1+m) p" (1 — pxy — pmay)
do (mph + p)* [L+ (p" = p)ae] |
Since
e 1 1 1 < 1 1
C Tl e T p\1 g 25,,) T o\l m
p+0
.1 1
=2 <3< - | ——
p\1l+m
& 1—pre(1+m) > 0. (0.15)
b aP(L+m) P = pry (14 m)]
—= = 5 o > 0.
o (mph+p)* L+ (" = p)we]
0.3.4. Interest rate. Denote sharpe ratio Zg’: = sp,

2
PTt [(isp) — 20,1ysp] + 02

re = ph+g*p(ph*p)xt—ptht— e
dry dgy 2y sp dsp
L. LA | () Y (S 0.16
= W PR30~ 0= pae) 12 [(v )\ (0.16)
ary  _ 20%xy" (1 - pay) <,yh_,y)
df [0 (Yh =) @y + 7]
d:

U
=<0 ifyh <y
dr% e h

5 =0 ify" > 7.

dre _ dap __ 2pwy  (spdsp  dsp
~ dor ~ 7 dph

= {

— 2t 1
doh PEE ggh (1 — pxy)y (0.17)
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drf’ _ 20%pya (1 - pzy) (V" — )
[ 3
db P o (v =) e + ]
dr? - h
—= >0 ify" <
={gr ]

T <0 iyt >,

ﬁ B 2020 Apxy [Ap (ph«g + pph) x; — Appl (1 + é/p)]
do p(1+6/p) [—Apbz; + ph (1+§/p)]3
drf’  20%0p" (Ap)* @i (1 — pay)

d p [—Apbzy + ph (1+0_/p)]3 N

In constrained case, from equations (0.16) and (0.17),

dry o’m B 214 K o _U) <_ oy N o(p+90) ﬂ
do (mph + p)ay (1= px)y® [\ (mph + p)ay (mph +p)xe — p(mp" + p) 2

dry o’m
o T <o,
df (mph +p)”

d 2,2
—Tfl — P > 0.
dg (mph + p)” (1 — pxy)
dry a?m 1 — pxy (1 4+ m)] 0
do (mph + p)? (1 — pay) ay

where we used the condition (0.15).

0.4. Solving the Stochastic Process of Aggregate State. In order to derive the

unconditional mean and variance of risk premium and interest rate, we need to know the
distribution of the state variable z;. Using Ito’s formula,

Wi dwy  WiydDy  dWidDy Wy
dSL‘t = d = —

= —) = — —[dDy,dD
D, D, D? pz " Dg[ b, dDi]
_ dy _ AW, dD; dDydW, (dD;)®
Tt o Wt Dt Dt Wt Dt
Plug in the assumed dividend process (?7?7) and derived expert wealth process (0.13),
dx; dWy dDy omRy 2
— = — — ——=>dt + o°dt
Tt Wy Dy Y ORt

dzy

2
1T o 7T
= —g—ptatrit g — -t dt+( = —0'>dZt-
T Y Ort VORt VYOR
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Denote E = —&t  drift and diffusion of aggregate state process as Mat and oy ¢, Tespec-

YOR,t’
tively.
poy = 0°—g—p+aq+r+E —oFE
E?(1 —2px;) + (3pzy — 1) 0 FE — o2
= U2+Ph—p—p(ph—p)$t+(1—pxt)qt—k ( Pt)l(pt )
— PTy
O’m7t - E_O'

From equation (77?)
dz
bt Mm,tdt + Ua;,tdZt-
Lt

The mean of dz;/x; is a quartic equation with polynomial of degree four. Under OE,

ym + 1
3p + mpl + ym2ph 4+ 2ymp’

C
Uzt = T = Ty =

0.5. Leverage Exposure and Liquidity. Define the state variable in HK(2013) as y; =
%. From goods market clearing condition,

t
P, 1
h _ t_
p(yeP) + p" (P — Py:) = Dy & E— m

N
p — Apy,

A 1 1 1 h _ 1-—
St )] b 0 (5)
Af 1+m Py \ pay I+m 0 Yt

Compare with equation (20) in HK(2013), it is obvious that the liquidity A = 7:—;7 And

= Tt

the effective financial constraint m = %m = 125 In the bad state, (’yh — ’y) = Al]l=
m J. Thus, the wedge of two agents ambiguity aversion or the belief dispersion matters
for household liquidity demand.

0.6. Detection Error Probability Calibration. Obtain the relative entropies from
household and expert optimal robust problem,

h
ORtEr 0" TRt — ke N ’Yh —1 TRt Ky
h ORt OR,t ‘

eh
h / h _h
( t) t Wit ph”rth ph’)/h OR. ~

In constraint case, from equation (0.12),

TRy ki oy

ort  Ort (1 —pxs) (mph +p)
In unconstrained case, k; = 0,

TRt ke _ ayy"
ort  ort PO =Nty
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h_
=gt lw) = 77h : [(

y'mp"o L N oy L 1 ]
1= pieg) (mpl + p) “ <O p (3h =)y 4 ]|

h
h mp 1
= 0 — 1) 1 el + 1 c
! <7 [7 (mph + p) (1= pry) SO T p(yh —q) g 4 el ’i]]

Ooreer 0 mry v —17Ry

g(x) = VHe = 00w Jyw = — = =
(1) ! ! pWi PY ORt Y ORt

1 1
h
= = -1 1 c 1 c
g (xt) gy ('7 ) |:’7h (mph T P) Tt z¢€(0,2°] + P(’}/h — 7) Tt + zr€(x ,:7]:|

where 1 denotes the indicator function.




