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Online Appendix A — Proofs

Proof of Lemma 1
If ¢; + 72 < w;, then bank ¢ has to be liquidated at ¢t = 1, i.e., ¢; = z, and does not survive to t = 2.

If ¢; + xZ > w;, then the Lagrangian of bank ¢’s problem is

~ 1
L = ci+x€¢fzifwi+(1+rz)(zf€i+zi)7(1+r)(17wi)75{21-2
+Ai[ei + @l — 2 — wil

where A; > 0 is the Lagrange multiplier on the bank’s constraint at ¢t = 1.

The first order conditions (F.O.C.s) for ¢; and z; are governed by

oL

8—&—96(1—1—)\1-)—(1—1—7;3)
oL
%—rz_)\i_gzi

where we do not immediately set the derivatives to zero since ¢; and z; are not assumed to be
interior.

There are several cases to consider:

o If \; = 0, then (i) % < 0 and hence ¢; = 0 and (ii) setting % = 0 delivers z; = .
Confirming A; = 0 requires that the bank’s constraint is satisfied at these solutions, i.e.,

¢ > wi + F.

]

o If \; € (0,7;), then (i) g—fi < 0 and again ¢; = 0 and (ii) setting c’% = 0 delivers z; = =

Moreover, with A; > 0, the bank’s constraint now binds, so z; = ¢; — w; and hence \; =

7y — ¢ (¢; —w;). Confirming A\; € (0,7,) therefore requires ¢; € (wi,wi + %)

o If \; € [r, IJ;J — 1), then (i) g—fi < 0 and again ¢; = 0 and (ii) 376 < 0 for any z; > 0, hence

z; = 0. The bank’s binding constraint is now ¢; = w;.

o If \; = 1= — 1 then (i) g—i < 0 and hence z; = 0 and (ii) the bank’s binding constraint now

delivers ¢; = “i=<%_ This is only valid if ¢; € (0,2), or equivalently ¢; € (w; — %, w;).

= 7.7; .

o If \; > M= — 1, then (i) g—i < 0 and again z; = 0 and (ii) g—é > 0 and hence ¢; = z. The

bank’s binding constraint is now ¢; = w; — Z.

We can summarize these cases as follows. If ¢; > w; + %, then ¢; =0 and z; = % Therefore,

Viwi)=c+Q+r)z—1+r)+rwi+-=>0

l\')‘ﬂ
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Next consider ¢; € [wi, w; + %), in which case ¢; = 0 and z; = ¢; — w;. Therefore,

Vi(wi) = (1472) G+ —w) — (1+7) (1= w) —g(ci —w)?
and V; (w;) > 0 reduces to
g(ci—wi)t(1+rz)(ci—wi)—(1+rz)z+(1+r)(1—wi) <0

The associated quadratic has roots

4 14 I+r)z—047r) (1 —w)
GTwt T ET \/1+2C )

so we need ¢; between the smaller and larger roots, which is satisfied by any ¢; € [wi,wi + %)

Note here that the term in the square root is greater than 1 since

(I+r)z—(14+r)(1l-w)>A+r)zZ—(1+r)1—p)=(1+7) <p—|— 111’;55—0 >0

where the inequality follows from the ex ante solvency assumption. Accordingly, we have established

Wi —Cy

Vi (w;) > 0 for any ¢; > w;. Finally, if ¢; € [w; — 27, w;), then z; = 0 and ¢; = #—=. Therefore,

Wi — C;

Vi(wi) = (1+r2) (5— )—(1—1—7’)(1—%‘)

x
and V; (w;) > 0 reduces to

~ 14+7)(1 —w; ~
ci+:vz2wi+( 1)+(TZ Z>EA(CU¢)
xr

Thus, ¢; € [w; — 2Z,w;) delivers V; (w;) > 0 if and only if ¢; > g(w,) — TZ.

We now need to determine where A (w;) — x% lies relative to the interval [w; — %, w;). Since
A (w;) > w;, the only cases to consider pertain to the upper bound of the interval. If A (wi)—xZ < wy,
then V; (w;) > 0 for the subset ¢; € [A (w;) — xZ, wl), which establishes V; (w;) > 0 if and only if
¢; > A(w;) —2Z. If instead A (w;) — 2% > wy, then V; (w;) > 0 if and only if ¢; > w;. Notice that we
have now established V; (w;) > 0 if and only if ¢; > min {Z (w;) — xZ, wi}, where this lower bound
on ¢; is non-decreasing in w;.

We conclude with a sufficient condition for the aforementioned lower bound on ¢; to always

equal A (w;) — 2% so that A (w;) = A (w;) for all w; € [p, 1] as in the second part of the statement

(1+7r.)Z
1+r

ante solvency assumption. Then ¢y, < p constitutes a sufficient condition for A (wi) —xz <w;. B

of the lemma. Rewrite g(wl) — 2z < w; as w; + > 1 and recall w; > p along with the ex



Proof of Proposition 1

Let A; > 0 denote the Lagrange multiplier on the constraint in bank i’s optimization problem in
Eq. (3). The Lagrangian is then

L = Ci"'l'gi_zi“'Ai_wi_%sz‘Q
+(14r)EZ—li+z)—(1+r)A;—(14+7)(1 —w)

+N; [Ci +xl; — z + N\ — wi]

F.O.C. wrt ¢;: or
BT =z(1+XN)—(1+7;)
F.O.C. wrt z;: 5
8: =r.— XA — (%
F.O.C. wrt A;:
oL .\ _
8AZ = A —Tp

Consider the various cases for /¢;:

1. If ¢; € (0,2), then \; = H% — 1 > 0, where the inequality follows from the assumptions of
ry >0 and z € (0,1) in the main text. Substituting A; into the F.O.C. for z;:

oL 1

Therefore z; = 0. Now use A; > 0 to conclude that the constraint is binding and hence
A =w;—c¢ —axl; € (w; — ¢ — xZ,w; — ¢) (A.1)

Next, substitute A; into the F.O.C. for A;:

oL 1+,
N,

— (14 1)

Notice that (A.1) requires A; interior, so r, = 1= — 1.

2. If ¢; = z, then \; > H% — 1 > 0 and again z; = 0 but now with A; = w; — ¢; — xz. This

implies A; interior, which requires \; = r,. Thus, rp > H% - 1.

3. If 4; = 0, then \; < 1= — 1.

(a) If \; > r,, then z; = 0. Moreover, \; > 0 now implies A; = w; — ¢;, which again requires
Ai = 1. Thus, 1, € (rz, H;% — 1).

(b) If A\; € (0,7;], then




Moreover, \; > 0 implies a binding constraint, i.e.,

T’Z—)\i

¢

C; —

Thus,
oL

ON;

r:—rp+((wi—¢

Note that aa—ALi # 0 will imply a contradiction (e.g., %

+A¢:wi—>Ai:rz+C(wi—ci—Ai)

—_ Az)

> 0 implies that A; is set as high

as possible, but setting A; as high as possible implies % < 0). Accordingly, 68—& =0

and hence

Aj=wi—c+

¢
We can then back out
>\i =Ty

so rp € (0,72].

Ty —Tp

(c) If A; =0, then
%:x—(l+rz)<0—>€i:0
%*T Cz'—>z-*rz
82’1‘_2_ 1 1
oL
on,

where the constraint requires
T,
A > w; — ¢+ —

¢

If r, > 0, then bank 7 wants to set A; as low as possible, which means that its constraint

cannot be slack. Therefore, 7, = 0. But 7, = 0 means that A; cancels out of the bank’s

objective function, so it is without loss of generality for the bank to set A; so that its

constraint holds with equality. This bullet then extends the previous one to cover r, = 0.

Putting things together:

1. If rp, < 7,, then

;=0
A_rz—rb
IS
T, —Tp
Aj=w;— ¢+ c
~ ~ (’)"Z
Vi(wisrp) = (rz —mp) 2+ (L +1p) (e +2—1) +

2¢

—1p)? B e
+(rp — 1) (1 —wi)



If r, > r, then V; is (weakly) decreasing in w;. In the worst-case scenario of w; = 1,

(Tz - Tb)2

2¢

so the bank is run-proof and thus w; = p, i.e., only depositors that really need to withdraw

Vi(Lim) = (r =) T+ (L4 me) (e + 2= 1) >0

at t = 1 do. If instead 7, < r, then V; is increasing in wj, i.e., it is less costly for the bank to
cover a run by borrowing on the interbank market and repaying the interest rate rp than it

is to pay patient depositors the interest rate r if they do not run. Note that

(Tz - Tb)Q

Vilpsry) = +mp)ci+(1+r)z—(1+7r)+ 5

+(r—ry)p>0

where the inequality follows from ¢; =¢; + 2 — 1 and ¢; + r,Z —r > 0 for all 4. Thus, w; = p

regardless of the sign of r, — r. This is true for all banks so the interbank market clearing

1
rb:max{rz—§</ cidz’—p>,0}
0

The case r, < 7, is thus valid if and only if fol cidi > p (i.e., aggregate cash holdings are

condition pins down

sufficient to cover all depositors that really need to withdraw at ¢t = 1).

. Ifry € (1., 7= — 1), then
6;=0

z; =0
Aj=w;—¢
Vi(wisry) = (rz —mp)z2+ (1 +1p) (ci + 2= 1)+ (rp — 1) (1 — wi)
In the worst-case scenario of w; = 1,
Vi(Lire) = (rs —mp) 24+ (L+1p) (e +2 = 1)

The bank is run-proof if and only if ¢; > ¢(rp), where ¢(-) is as defined in Eq. (4). If
¢i > ¢(rp), then w; = p with ¢;, z;, and A; as above. If ¢; < ¢(rp), then the bank experiences
arun at t =1 (i.e.,, w; = 1) and fails with ¢; = 1, z; = 0, and A; = 0. The interbank market
clearing condition is given by Eq. (5). The equilibrium value of 7}, is pinned down by Eq.
(5), with ¢(+) as defined in Eq. (4). Now we need to confirm that the equilibrium value of 7
satisfies r}, € (rz, 1J;” — 1). Define

H () = /{H} (0 — i) di

- 1+7‘Z

With a continuous distribution of ¢;, there exists a unique solution r; € (rz, H;’z — 1) to



H (r}) = 0 if and only if H (r,) > 0 and H (1= — 1) < 0. These conditions are equivalent
to fol cidi < p and f{z‘\cpl—mz} (p — ¢;) di < 0, where the latter can be rewritten as

1

1-F (1 - m%’) ciZI—x?ZCl (CZ) g

The left-hand side is decreasing in x, so it follows from cpax > p that there exists an z € (0, 1)

such that this inequality is satisfied if and only if = € (0, ).

3. Ifrp, = H%—l, then

Vi(wisry) = (1 +72) <5—

In the worst-case scenario of w; = 1,

T

Vilting = 4 (- 129)

The bank is run-proof if and only if ¢; > 1 — 2z, in which case all run-proof banks have w; = p.

Interbank market clearing then pins down aggregate liquidations among run-proof banks as

/ (p—ci—aly)di=0 (A.2)
{ilei>1—22}

Eq. (A.2) has a non-negative solution for aggregate liquidations if and only if | {ilei>1—a7} (p—ci)di >
0, which from the previous bullet means fol cidi < p and z € [z,1). It is also straightfor-

ward to confirm that aggregate liquidations do not exceed the maximum feasible amount;
p—ci—xz<0forall ¢; >1—2zso Eq. (A.2) could not hold with equality.

4. If ry > H%—l, then

z; =0
A =w;—c —x2
Vi(wisry) = (1 +m1p) (ci+2z2—=1)+ (rp — 1) (1 — w;)
In the worst-case scenario of w; = 1,

Vi (1;7“1,) = (1 —I-T’b) (CZ' + 2z — 1)

The bank is run-proof if and only if ¢; + zZ > 1, in which case all run-proof banks have



A; = p—(ci+xz) <0, ie., all run-proof banks are net lenders on the interbank market.
This violates the market clearing condition unless the measure of run-proof banks is zero, i.e.,

unless cmax + £z < 1. Therefore, with cpax + 2z > 1, we can rule out r > H‘% — 1.

Recall that in autarky the condition for bank i to be run-proof is ¢; > 1 — xz. Note from
the definition of ¢(+) in Eq. (4) that ¢ (1= —1) = 1 — 2Z. Also recall that we have just shown
ry < M= — 1 and thus €(r}) < 1— 2%, when fol cidi > porz € (0,7). In words, there are strictly
fewer bank runs in the model with interbank trade than in autarky if fol cidi > porze(0,z) If

instead fol cidi < p and x € [7,1), then the measure of bank runs is the same. l

Proof of Proposition 2

This proof lays out the second-best problem assuming no reallocation from failing banks. For
brevity, set ( — 0o as noted at the beginning of Section 3.1 so that z; = 0, leaving only choices of
fi and Az

Planner’s Solution Abstracting from Depositor Behavior We first construct the objective
function of a planner who chooses a cash threshold ¢ > cpin for run-proofness without access to
the resources of run-prone (failing) banks.

Recall ¢ = fol ¢;di and let £ denote the average liquidation among run-proof banks. Welfare is
then

W = ¢c+azF @)+ [(1+r.)(Z—0) 4+l [1 - F(c)

= CHaFF @+ (1 +7m)Z1-F@] - (147, —2)l[l—F @)
=L

where L is aggregate liquidations.

The resource constraint of each run-proof bank 7 at ¢ = 1 implies
Ai =p—C — a;EZ

Thus, market clearing (or equivalently the aggregate resource constraint) is

Cmax
/A (p—ci—xl;)dF (¢;) =0
C

Notice that we can express the market clearing condition as

/Acmax (p—ci)dF (¢;) = zL

C



which allows us to substitute L of the planner’s objective function and write

W= aHﬁF®+4LHQZU—F@ﬂ—<1Z%—1>L%M@—@MF@0

1+r,
T

Cmax
= cH+azz+ ( —1>/ (ci +xz — p)dF (ci)
c
Now consider the constraints faced by the planner choosing ¢ > ¢pin. One constraint is that

aggregate liquidations cannot be negative, i.e., L > 0, or equivalently

ﬁ%”@—qmen>o

C

Recall that ¢ (the decentralized solution) is pinned down by

/Cmax (p—ci)dF (¢;) =0

C

Thus, the constraint L > 0 reduces to

ﬂﬂp—qMF@azo

which means the planner chooses ¢ < ¢. Another constraint is that aggregate liquidations cannot
exceed the total liquidation value of run-proof banks, i.e., L < Z[1 — F (¢)], but this will never bind
and can therefore be ignored.!

If the planner were to choose ¢ without any other constraints, then the choice would be governed
by

w-m= (1) @raz-p 1@

where ny,nm7; > 0 are Lagrange multipliers on the constraints ¢ > cpin and ¢ < ¢ respectively.

Complementary slackness conditions then imply

c if xz<p-—¢
c=14 p—xz if xZ€(p—"7Cp— Cmin) (A.3)
Cmin if rZ > P — Cmin

Next, we turn to implementation of this solution as a decentralized equilibrium. Specifically,
if there exist taxes and transfers that achieve the planner’s unconstrained choice of ¢, then the

choice also satisfies the price-dependent run-proofness constraints introduced by depositor behavior.

'To see this formally, use the expression for L from market clearing to write L < Z[1 — F ()] as

/ x(ci—|—z5—p)dF(ci)ZO

The left-hand side of this expression is the endogenous part of the planner’s objective function, i.e., the planner seeks
to maximize it. Moreover, the left-hand side evaluated at ¢ = € is strictly positive, i.e., 2Z[1 — F (¢)] > 0. Thus, the
constraint will never hold with equality.



Clearly, this implementation is only relevant for xz > p — €.

Implementation of Planner’s Solution Respecting Depositor Behavior Consider a flat
tax rate 7 > 0 on interbank borrowing that is rebated (to run-proof banks) through a lump-sum
transfer 7" > 0. The tax rate faced by bank 1 is

0 if A <0
T =
T if A;>0

and implements
147,

X

(1+7)(1+7) = (A4)

where 7 > 0. Clearly, % < 0.

The optimality conditions for any bank that chooses A; < 0 are as in the baseline model, i.e.,

oL
oL
oA, ~ N

Setting % = 0 delivers \; = 1, so (i) g—é x 141, — = <0 by Eq. (A.4) and hence ¢; = 0 and
(il) Aj = w; — ¢;.

The banks that choose A; > 0 will be banks with ¢; < p. This can be seen by adding the
constraint A; > 0 with Lagrange multiplier u; > 0 to the optimization problem in the proof of
Proposition 1 and evaluating the complementary slackness condition. Specifically, with ( — oo,

the bank Lagrangian is

L = ¢ +xb; + A, —w;
F(A4r)E-b) -1 +7)(L+m) Ay = (1 +7) (1 —wi)
+ X\ [ci—%x&—i—Ai —wi] + Ny +T

with optimality conditions

or _

o
oL
0A;

z(l+X)—(14r,)

:1+>\i_(1+7)(1+rb)+ﬂi

Setting g—i = 0 delivers \; = ry+7 (1 + 1) — ;. If p; = 0, then A; > 0 and hence A; = w; —¢; —xl;.
Moreover, g—é o (1+7)(1+7r)—= =0. By Eq. (A.4), we get {; € [0, 2] interior. If u; > 0, then
A; =0 and x¢; > w; — ¢; (this need not hold with equality because it is possible to have A\; = 0).
Moreover, % x (1+7)(1+m)— == — 4, < 0so {; =0 and hence ¢; > w;. In equilibrium, each

run-proof bank faces w; = p, so it is banks with ¢; > p that are constrained, i.e., these banks want

10



to lend. The value of an unconstrained (borrowing) bank is

Viwisme) = (A+r)z24+04+7)1+7) e+ ((1+T)(1+rb)—

1+7r,

=0
— () = (L 7) (L) = (14 )y + T

=12 (147)>0

so the run-proofness condition of V; (1;7) > 0 is

6 >1- \Atr) 2+ T
(1 + T) (1 + T’b)
which can be rewritten as T
G >1—xz— T
x
using Eq. (A.4). Thus,
N - T
C = ]. — Iz m

The market-clearing condition is

P Cmax
[o-c-atyir@ =" - pir)
¢ p
while the budget constraint for the tax/transfer scheme requires

p
T/ (p— i — i) dF (¢;) = T[1 - F (9)
Satisfying both market clearing and the budget constraint requires

/ " = p)dF (e) = L F (@)

T

(A.6)

Notice that Egs. (A.5) and (A.6) define a system in terms of 7 and 7" for a given ¢. This system
can thus be solved to find the 7 and T' that implement Eq. (A.3) when xz > p —¢. Accordingly,

the second-best for a planner that cannot reallocate away from failing banks is given by Eq. (A.3)

and implemented by an interbank borrowing tax rate

EEE-pI-Fp—rI] o

SR (ci—p)dF(ci)
HJ(

rZ € (p—C,p — Cmin)

1—2Z—cmin)

T Gopdiiey W TFZ P Cin

and a lump-sum transfer

T %(1—p) Zf a:EE(p—E,p—Cmin)
H%(l—$5—cmin) Zf szP—Cmin

11



to run-proof banks. W

Proof of Lemma 2

With Wb(Z) and Wg}, as per Eqgs. (7) and (8) respectively, showing ngz) < Wg}, simplifies to

showing
1.
/ di < Jo cidi
{i|ci26(r;)} p

1
/ pdi</ c;idi
fese()} o

Next, use Eq. (5) to substitute out the left-hand side and get
1

/ c;di < / c;di
feserp)} o

To show that this result is not driven by linearity in the welfare function, suppose depositors

Rewrite this inequality as

which is true.

have concave utility over payoffs, u (-). Then the welfare functions to be compared are
W = / u(ci +22) dF (c;) + / [pu (1) + (1= p)u (L + )] dF (c;)
ci<E( ; 01-26(1";)

and

1 -1 lcii
Wih = u(a7) <1—f0 ;’d ) +[pu(1)+(1—p)u(1+r)]f0pd

We define these welfare functions over only depositors since banks always have higher welfare when
the measure of run-proof banks is maximized. With u (-) = log (-) and a uniform cash distribution,
Wéz) < Wg}, if and only if

Cmin + Cmax 2p — Cmax ) < Cmin T Cmax)
-1+ 1—p)log(1+7r)+ |1 — ——— ) log(xz
(s 20t ) (1 ) log (1-+7) o) g (07)

(2p — cmax + 72) 10g (2p — Cmax + £2Z) — (Cmin + ©Z) 10g (¢min + Z) + Cmin + Cmax — 2P

Cmax — Cmin

>

where we have used Eq. (5) to substitute out ¢ (r}) in )//\V/ISZ). The set of parameters for which this

inequality is satisfied is non-empty. For example, it is satisfied for the parameters in Section 5.2.1.
|

Proof of Proposition 3

Recall from the proof of Proposition 2 the objective function

W=Cta2F @+ 1 +r)Z[1-F@)]-Q+r.—2)L

12



The market clearing (aggregate resource) equation is now

/ o (p—ci)dF (¢;) = xL + / ¢idF (c;)

from reserve pooling

which can be rewritten as o
L _pl-F@ ¢

x
to isolate aggregate liquidations L. Substitute this expression for L into the objective W and

rearrange to get

W =Gt az+ (”” —1> (25— p)[1— F (@) +7
Thus,
() e-mre

If 2z < p, then the planner will set ¢ as high as possible, specifically ¢ such that L = 0. This implies
¢ such that 1 — F (¢) = %, so the planner only does reserve pooling here. If instead zz > p, then
the planner will want to set ¢ = ¢y, which is implemented with the borrowing tax and transfer

scheme {7, T}, specifically

o tix(l — TZ — Cmin)
fp (Ci - p) ar (CZ)
1

T= 2" (1 05— o)

x
There are no failing banks to pull liquidity away from, so the planner only does the borrowing tax
here.

The planner’s preference for reserve pooling at low x is not driven by linear utility. To show
this formally, take the extreme case of x — 0 where liquidations are impossible so the borrowing
tax is not an option. Depositor welfare is

c

D= u(c; —e)dF (¢;) + [pu (1) + (L= p)u(1+7r)][1 - F(c)]

Cmin

where ¢ solves

ﬁ%“m—qmen=dwa

C

and € > 0 captures a perturbation into reserve pooling. Note

% = —[pu(l)+(1—p)u(l—i—r)—u(E—s)]f(E)jf—/c;nu’(ci—e)dF(ci)
where
dc 1 F (o)

13



Therefore,

dzsgnpu(l)+(1—P)u(1+r)_u(E_€) 1 /E v (c; —e)dF (c;)

de p—Cc+e F) /...
The condition for & e } >0 1is
pu (1) + (1 —p)u(l+7)—u(c) 1 /Eo ,
= > — u (¢;)dF (¢
p—7o ) ), v @

where ¢y solves fEcO’“ax (p—¢ci)dF (¢;) = 0. With a uniform cash distribution and log utility, this

condition reduces to

(2p — Cmax) (1 = p)log (1 4+7) > plog (2p — cmax) — (Cmax — ) 10g (Cmin)

The set of parameters for which this inequality is satisfied is non-empty. For example, it is satisfied

for the parameters in Section 5.2.1. B

Proof of Lemma 3

From the proof of Proposition 1, a most-pessimistic equilibrium when fol cidi < p and z € (0,7)
involves A; = w; — ¢; and the set of run-proof banks is S = {il¢; > ¢(rp)}. Denote by C the
cash from failing banks that gets moved to the run-proof banks when runs are within the banking
system.

Suppose bank i € S gets a fraction m; € [0, 1] of C that is immediately available to be redeployed,

where || I midi = 11 € [0,1]. Then the new cash level of a run-proof bank i is ¢; +m;C and its

|c;>¢(ry)}

new net interbank position is A" = w; — (ci + mé), where w; = p for run-proof banks. Market

/ ATYdi =0
{ilci>e(rp)}

clearing thus becomes

<
p— e+ 7T,~C~’ di=0
/{iCz‘ZC(Tb)} ( < >>
<
/ (p—¢)di =TIC (A7)
{ilei>e(rs)}
<

folcz'di o

S| =
p

so |S] is increasing in II.

Suppose II = 1, i.e., all the cash from failing banks that gets moved to the run-proof banks
is immediately redeployed. Then the maximum level of welfare ngx is achieved if and only if
C = | {ilei<z(r)} ¢;di, i.e., all of the cash from failing banks moves to the run-proof banks via

withdrawals by patient depositors and none moves out of the system via withdrawals by impatient

14



depositors. This cannot be true when patient and impatient depositors have similar arrival rates
at the bank.?

As long as IIC > 0, Eq. (A.7) will pin down a lower r;, than the solution ry to Eq. (5). Since
¢ (+) is the same increasing function of 7, in both equations, Eq. (A.7) also implies a lower measure
of failed banks than Eq. (5).

Therefore, relaxing the assumption that all withdrawals are cash-outs from the system leads to
an improvement in the decentralized equilibrium but not to the point that a welfare improvement

from reserve pooling (if feasible) is eliminated. W

Proof of Proposition 4

Consider the model with a decentralized interbank market.
If 1y, € (rs, 1= — 1), then

Vilwirg) =(re—mp) 2+ 1 4+rm)(cc+z2—1)+ (rp—7) (1 — wy)

from the proof of Proposition 1. This is the maximized value of bank ¢ at t = 2 if it honors
withdrawals w; at t = 1.

With information suppression, w; = ¢ for all i € [0, 1], where ¢ € [p, 1] is to be determined in
equilibrium. If ¢ € (p, 1), then patient depositors are playing a mixed strategy where they withdraw
at t = 1 with probability ‘ff_,’; € (0,1).

Bank i does not default at ¢t = 2 if and only if V; (¢;r,) > 0, or equivalently,

(Tb - T) (1 — ¢) (AS)

¢ >c(rp) =c(r) — T

where ¢(+) is as defined in Eq. (4). We can see from Eq. (A.8) that ¢(rp) < ¢(rp) for the same

interest rate rp, with strict inequality if and only if ¢ < 1.

Let ry denote the equilibrium interbank rate with information suppression. Market clearing

¢—c)di=0 A9
Am»wwﬁ ) )

Suppose there exists an equilibrium with ¢ = p. Comparing Eqs. (5) and (A.9), it must be the case

pins down 7y as the solution to

that ¢(ry) = ¢(r}), where r} is the equilibrium interbank rate without information suppression.
Comparing Eqgs. (4) and (A.8), we then conclude ¢ (rf) > ¢ (r}) and rjf > r}.
Next, define

Cp=¢—xZ

2The liquidation of failing banks happens after the interbank market clears, so while the cash available to split
between patient and impatient depositors is ultimately f{i\ci<6(r;‘;)} (¢ + x2) di, only f{i\ci<2(r;‘)} c;di is available
at the time that transfers by patient depositors to other banks can be redeployed. In practice, a receiver will be
appointed to liquidate the assets of a failing bank, which is what delays the transfer of liquidation proceeds.
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A sufficient condition for ¢y < € (rf) is

(1—2)(1+4r,)z
147

p<1-—

Suppose this sufficient condition is satisfied. Then, banks with ¢; € (c¢, c (Tg)) only have to liquidate
l; = % < 7 to satisfy depositor withdrawals at t = 1. Welfare is then

WP = 42z 4+ [1+7r)Z a3 i
{ilei>e(rg) }

+Qj__1)//{i|cie(%’c(rg))} (ci+xZ — @) di

positive

positive by definition of cg

If there exists an equilibrium with ¢ = p, then WéQ) exceeds WIS2) as defined in Eq. (7) if p <

1—2)(1+r.)Z
e

Proof of Lemma 4

Bank 4 is solvent at ¢ = 2 if and only if ¢; > ¢, where ¢ is to be determined in an information
suppression equilibrium. Assessing his bank under the assumption that everyone withdraws from

it at t = 1, the expected value of a patient depositor at bank 7 if he waits is

Ewait:(l—i-r)/ i
{ilei>e}

while his expected value if he runs is

Eryn = / (c; +zz)di+ / di
{ilei<e} {ilei>e}

Therefore, he waits if and only if Fyqit > Eryp, i-€.,

r /{“Cizc} di > /{“CKC} (¢; +z2)di

or equivalently

7 (Cmax — €) > (€ — Cmin) (H;m“ + xz) (A.10)
when ¢; ~ U [¢min, Cmax)-

The analysis that follows posits an equilibrium where each bank only experiences withdrawals
p at t = 1 under information suppression then checks if patient depositors at any one bank have
an incentive to deviate when assessing expected solvency under the assumption that everyone
withdraws from this one bank. If yes, then the posited no-run equilibrium does not exist. If no,

then it exists but may not be unique, which we return to at the end of the proof.
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In any equilibrium where patient depositors do not run, ¢ is pinned down by

(ci—p)di=0
/{i|ciZC}
or equivalently B
(¢max — ©) (p — Cma"“) =0 (A.11)

with the uniform distribution. We are assuming that information suppression is only with the
public; banks can observe everyone’s cash positions so that the interbank market functions as in
the benchmark model. Thus, interbank participants do not liquidate any assets when z € (0, ).
Recall that we are also assuming fol c;di < p, so market clearing holds with equality.® If € < cipax,
then Eq. (A.11) pins down

C=2p — Cmax

and satisfies ¢ < cpax if and only if ¢pax > p, which we have imposed. Condition (A.10) for no runs

by patient depositors then becomes
e —2(2r +2p + 27) cax + 4rp + (2 — Cmin) (2p + 227 + cin) < 0

The roots of the associated quadratic are

Cmax = 27 + 2p + 2z + \/4r(r+p+x2)+(cmin+x2)2

Thus, we need

cmaxz2r+2p+x3—\/4T(T+p+$§)+(0min+l“5)2

Note that cpax less than or equal to the larger root is guaranteed by fol cdi < p.

We have now shown that there exists a no-run equilibrium under information suppression if
Cmax 18 sufficiently high. This need not be the only equilibrium, i.e., the existence of a no-run
equilibrium does not mean that information suppression eliminates runs. Suppose we start from
an equilibrium where each bank experiences a run then check if patient depositors at any one bank
have an incentive to deviate when assessing expected solvency under the assumption that everyone
withdraws from this one bank. If yes, then we can claim uniqueness of the no-run equilibrium (at
least among pure strategy equilibria). In any equilibrium where patient depositors run, ¢ =1 — 2.

The no-run condition in (A.10) is then
1- (Cmin + LL‘g)Q

Cmax > 1 — 2z + o

This is clearly violated as r — 0, so for sufficiently low r, there is always an equilibrium where all

banks experience runs under information suppression even if we assume cpayx + 2z > 1 to eliminate

31f fol cidi > p, then ¢ = cmin, i.e., condition (A.10) is trivially satisfied and there exists an equilibrium without
runs.
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such an equilibrium without information suppression. l

Proof of Proposition 5

Let A; > 0 denote the Lagrange multiplier on the first constraint in bank ¢’s optimization problem
in Eq. (9). Simplify the second constraint to k; € [0, £***], where £™** < min {yijc\i + E}, with
multipliers u? > 0, and ,u} > 0. The Lagrangian is then

L = ¢— (Vi*k‘i)jL(ﬁ*%)+l‘£i*2i+Ai*wi*%CZi2
—i—(l—i—’rz)(?—&;—i-zi)—(1+rb)Ai—(1+7")(1—w2-)—(1+rk) (kz—E)
X [6— (vi— k) + (7 —k) + b — 2+ Ay — w;| + pdki + pg [K — k]

F.O.C. wrt ¢;: or
= — x(1 N (1
o, z(l+X)—(14r,)
F.O.C. wrt z;:
g: =r:— A — (%
F.O.C. wrt A;:
o
8Az — g b
F.O.C. wrt k;: or
=0 — ! o
8k1 - :u‘l /"LZ + AZ rk
We restrict attention to combinations of r;, and {E} o that implement A; = 0 for all 7 (i.e.,
1€|0,

all interbank trade is conducted through loan certificates) in equilibrium. We then show that there
exists such a combination where welfare is higher than in the decentralized equilibrium.
Notice that A; = 0 satisfies the F.O.C. for A; € R if (and only if) A; = rp. The remaining

conditions are:
&C sign <]. + Ty >
= Tp — -1
T

al;
aﬁ sign Tz — Tp
=4 — %
0z ¢

oc 1

ok, =M My T T Tk

In the equilibrium we are considering, no one transacts at the interest rate r,. However, a value
of r, must still be specified in case a bank were to deviate and use the interbank market off
equilibrium, e.g., in the evaluation of run-proofness. Specifying a latent value of 1, effectively

selects an equilibrium from a continuum of possible equilibria.?

4In the absence of an interbank market, the latent 7, could come from a discount window or any form of lender
of last resort facility, including one set up by a fiscal rather than monetary authority. Since no one transacts at ry,
the facility is not used in equilibrium and hence its presence does not increase the amount of liquidity in the system,
preserving the assumption of ¢ < p.
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We set the latent interbank rate at r, = r; and conjecture r; € (rz, 1‘;“ — 1), in which case
¢; =0 and z; = 0. Moreover, ¢ — (v; — k;) + (? — E) + A; = w; by complementary slackness with

A; = rp > 0. Bank i’s maximized value is then

Vi(wisrg,re) =Vi(wisre) = A+r) 2+ (1 4+rg)(C—vi+0)— (147r)— (rg — 1) w;

where we recall
G=Cc—vi+U (A.12)

The bank is run-proof if and only if V; (1;r;) > 0, or equivalently ¢; > ¢(ry), where ¢(-) is as
defined in Eq. (4). Thus, we focus on A; = 0 and

c—(wi—k)+W—k)=p (A.13)

for all ¢ such that ¢; > ¢(rg). Banks that are not run-proof fail at ¢ = 1 and are precluded from
interbank borrowing, i.e., they also have A; = 0.

With r, = 7y, bank i is indifferent between any k; € [0, k®] so we proceed with k; = kmax.5
Consider EZ =0if ¢; <¢(rg) and

max __
ki

max {E — ci,O} if ¢ <c¢(rg)
min {Vi,//%i —l—E} if ¢ >¢(rg)

where we note

Fci=vi— (@t (7—F)

from Eq. (A.12). In words, any bank ¢ with ¢; < €(rx) receives no initial allocation of loan
certificates and must use its available cash, ¢ + (ﬁ — E), to cover its payment obligations v; before
it is allowed to use any recirculated loan certificates k. This corresponds to the recirculation policy
in Eq. (11). Then,

~

1
kz/ kidi :/ max {k — ¢;,0} di +/ min{ui,ki +E} di (A.14)
0 {i‘ci<E(7‘k)} {’L|CZZE(T’1€)}

where Eq. (A.13) implies
min{yi,Ei+E} =p+k—c (A.15)

for all ¢ such that ¢; > ¢ (rg). Substituting Eq. (A.15) into (A.14) delivers

/ (p—c)di= / min {k, ¢; } di (A.16)
{ilei=e(re)} {ilei<e(ri)}

% Alternatively, we could have set rp = 7 +€, with € > 0 arbitrarily small, in which case the cutoff for run-proofness
would be arbitrarily close to ¢ (rx) and the F.O.C. for k; would deliver k; = k;"** without indifference. Setting instead
rp = 1 — € would deliver k; = 0 for all 4, i.e., the environment in Proposition 1 with 7, = r;, and will be ruled out
with r, < r; as derived below.
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which pins down 7 conditional on the initial allocations 74:\1 for ¢; > ¢ (rg).

Social welfare takes the same form as Eq. (7), but with 7 in place of r}, where 7} solves (5).
The right-hand side of Eq. (A.16) is strictly positive if loan certificates are issued, i.e., if k > 0, in
which case Egs. (5) and (A.16) imply

—¢;)di —¢)di A7
/{ucizam} ol [[ilcec(r;:)}(p ) o

Recall @ (-) > 0 from Eq. (4). Then, r;, < 7} from (A.17) and it follows immediately from Eq. (7)

that welfare is higher than in the decentralized equilibrium. Also recall from Proposition 1 that

ry < H% — 1. Thus, Eq. (A.16) delivers r, < Hx“ — 1, verifying our initial conjecture about ry.
Verification of r > r, follows trivially from fol cidi < p.
It only remains to find initial allocations k; for ¢; > ¢ (7%) such that k > 0. Use Eq. (A.12) to

rewrite Eq. (A.15) as

min{yi,EiJrE} = (,0+E7ﬁ75)+1/i (A.18)
The planner can satisfy Eq. (A.18) for all ¢; > ¢(r) by setting an initial allocation of loan
certificates
~ 0 4 <
.= i e ¢(ri) (A.19)
vi if ¢ >7¢(rg)
and an interest rate rp such that
k=v+c—p (A.20)

Notice that k > 0 will require 7 > p — ¢. Substituting Eqs. (A.19) and (A.20) into the definition
of k in Eq. (A.14) delivers

/ min{v;,p}di=p—¢ (A.21)
{ilei<e(re)}

The left-hand side of Eq. (A.21) is positive, strictly increasing in 7, and ranges from 0 to at most

. Therefore, with 7 > p — ¢ > 0, there is a unique solution for r;. W

Proof of Lemma 5

If low cash banks use recirculated loan certificates before cash, then k; = min {I/i, E} for ¢; < ¢ (rk).

The expression for k, previously given by Eq. (A.14), is now

1
k= / kidi = / min {Z/Z',E} di + / min {Z/Z', k; + E} di (A.22)
0 {i|ci<E(’!’k)} {llclzz(T’k)}

With the allocation in Eq. (A.19), ki = v; for ¢; > ¢ (rg). Therefore, Eq. (A.22) becomes

k::/ min{yi,E} di—}-/ vidi
{ile;<e(re)} {ile;>e(r)}
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Using Eq. (A.20) to substitute out k gives

V—i—E—p—/ min{ui,y—i—E—p}dz’—i—/ vidi
{ilei<e(rx)}

{ileize(re)}

Then using Eq. (A.12) to substitute out v; gives

u+’5—p:/ min{u+5—ci,u+5—p}di+/ (T+c—c)di

{ile;<e(ri)} {ile;>e(ry)}

Rewrite as

1/+E—p:/ (1/+E—p)di—|—/ (V+E—Ci)d’i+/ T+c—c)di
{ilcqj<6(’r’k),(}i<p} {i|Ci<E(’r‘k),Ci2p} {’L|C,26(’r‘k)}

<

V—i—E—p:/ (V+E—p)di+/ (p—ci)di—l—/ (T+c—c)di
{ilei<e(rr)} {ile;<e(ry),ci>p} {ilei>e(rk)}

<

(p—ci)di+ / (p—ci)di=0 (A.23)

{ilei>e(ri)}

If {ile; < €(rk),c; > p} # 0, then the first term in Eq. (A.23) is negative. The second term is then

/{z|c7 <e(rk),ci>p}

also negative since it integrates over higher values of ¢;. But then Eq. (A.23) cannot hold, so it
follows that {i|c; < ¢(rg),c; > p} = 0. Accordingly, Eq. (A.23) simplifies to

/ (p—ci)di=0
{ilei>e(rr)}

which is the same as Eq. (5), i.e., the equation that pins down r;. W

Proof of Lemma 6

Consider the parameter space where z; = £; = 0, i.e., no liquidations or additional investments

made. In the decentralized equilibrium, this means considering parameters that deliver an equilib-
1+7r,
x

rium interbank rate of r; € (7"2, — 1), i.e., the second bullet in Proposition 1 which motivated
corrective intervention.

The value of a bank with cash ¢; > ¢(r}) in the decentralized equilibrium is
Vilpsrg) = (L+r) 2+ (A +rp)ci—(L4+7) = (g —r)p

while banks with ¢; < € (r}) fail and have a value of zero. In the allocation with loan certificates,
banks with ¢; > ¢ (r}) get Vi (p;r}) while banks with ¢; < ¢(r}) fail and have a value of zero.

If banks have to choose whether or not to participate in loan certificates before knowing their
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realization of ¢;, then the condition for banks to prefer to participate in loan certificates is

Vi (psry) di > / Vi (psry) di

/{ilcizc(r?i)} {ileize(r) }

or equivalently

V(o) di > (rf ~77) /{| INCERVL

=0 by market clearing

/{i|C¢€(C(TZ)’C(T;))}

That is, the ex ante participation constraint for loan certificates simplifies to

V; ( ;’r*) di >0
/{1;|cie(c(rz),0(r§))} o

which is true since V; (p; ;) > 0 for all ¢; > ¢(r;). B

Proof of Proposition 6

Recall Eq. (A.21), which pins down 7 under the loan certificate arrangement in Proposition 5:9

/ min{v;,p}di=p—=¢
{ilei<e(re)}

Suppose the parameters are such that the solution to Eq. (A.21) satisfies ¢ (ry) < 7+ ¢ — p. Then,
using Eq. (A.12), the solution must also satisfy ¢ (ry) < ¢; + v; — p for all i. This implies v; > p
for any ¢ with ¢; < ¢ (rg), simplifying Eq. (A.21) to

/ di= <
{ile;>2(ry)} p

Welfare with loan certificates (given by Eq. (7) with 7 in place of r}) then simplifies to

2T+ [(14r)F—a7] =
0

which is exactly the welfare in Eq. (8).
Using Eq. (A.20), ¢(ry) < ¥ + ¢ — p can also be expressed as ¢(r;) < k. Any bank i with
¢; < ¢(ry) thus has
Vi — (E+ (U—E)) =k—¢ >0

which is to say it uses all of its cash and then some recirculated loan certificates to cover its payment
obligations. We call this the “unconstrained case” because payment obligations are such that all

of the cash holdings of failing banks can be transferred towards run-proof banks.

SRecall that Eq. (A.21) is equivalent to Eq. (12) with ¢; as per Eq. (A.12) and k as per Eq. (A.20).
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If instead €(ry) > ¥+ ¢ — p, then €(ry) > k and any bank i with ¢; € (k,(ry)) has
Vi — (E-i— (ﬁ—%)) EE—CZ' <0

which is to say it covers all of its payment obligations with cash and still has some cash left over,
i.e., it does not use any recirculated loan certificates. We call this the “constrained case” because
payment obligations are such that not all of the cash holdings of failing banks can be transferred
towards run-proof banks.

Both sides of Eq. (A.21) are increasing in p, with the right-hand side increasing one-for-one
and the left-hand side increasing less than one-for-one. The left-hand side is also increasing in 7,
thus Eq. (A.21) defines ry increasing in p. The unconstrained case, ¢ () < 7+ ¢ — p, will therefore
require p not too high.

Alternatively, consider an increase in payment obligations from v; to v; +¢ at all banks i, where
e > 0. From Eq. (A.12), ¢; is unchanged. The left-hand side of Eq. (A.21) is then increasing
in &, which means the solution r; is decreasing in €. The condition for the unconstrained case,

¢(rr) < U+ ¢ — p,is therefore easier to satisfy for higher . W

Proof of Lemma 7

Start from the loan certificate allocation in Proposition 5, where the cutoff cash level is pinned
down by Eq. (12). We obtain a closed-form solution for this cutoff, denoted here by ¢;, using a

uniform cash distribution as in Lemma 4. If ¢ < k, then Eq. (12) is

/:mx (p—ci)dF (ci):/:l GdF (¢)

1

min

which reduces to
p(1-F @) =¢

and hence
2 2

Cm ax

€ = Cmax — %
with the uniform distribution. Confirming ¢ < k then requires cmax > 1/2p2 + ciﬁn. Recall from
the proof of Lemma 4 that the cutoff without loan certificates was ¢ = 2p—cpayx. It is straightforward
to show ¢ < € when ¢ < p.

A depositor will get 1 from running and 1 + r from waiting for any bank with ¢; > ¢;. For
¢; < ¢, the bank has available resources ¢; + k; — k + 2¢; at t = 1. Under the loan certificate
allocation in Proposition 5, k; = max {E — ¢, 0}. Therefore, any bank with ¢; < ¢ has available
resources max {¢; — k, 0} +x/; at t = 1. When z € (0,Z), we have ¢+ 2% < 1 and thus ¢ + 2z < 1.
It then follows that a depositor will get c; + k; — k + 2Z, or equivalently ¢; + 2Z — min {ci, E}, from

running and 0 from waiting for any bank with ¢; < ¢. The expected value to a patient depositor
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of running is therefore

Cmax

By = / " e+ o7 — min {e, FY] dF (c;) + / dF (c;)

Cmin &)

while the expected value of waiting is

Ewait = / (]- + 7”‘) dF (CZ)

1

The depositor waits if and only if Fyeit = Erun, i-€.,

_/l min {¢;, k} dc; (A.24)

7 (emax =) 2 (G = inin) <Cl+2cm + x2>
Cmin

This expression differs from condition (A.10) in the proof of Lemma 4 by the last term. Note

/ l min {Cz}E} de; = % (Crnax - El) (2P — Cmax — El)

Cmin

from Eq. (12) with uniform distribution. We can then rewrite condition (A.24) as

—_

2

[\)

Q (El) =T (Cmax - El) - (51 - Cmin) <Cl+cmln + l‘g) + 3 (Cmax - El) (2P — Cmax — El) >0

where
Q @)=—(p+zz+7)<0

Thus, Q (¢;) > Q (¢) follows from ¢ < €. In other words, the no-run condition under information

suppression is easier to satisfy with loan certificates.” W

Proof of Lemma 8

We first rewrite z (L) = zge™ M as

L(z)= %ln <@>

x

where L (0) = oo and L (zg) = 0. If 29 < Z, then the intermediate value theorem implies existence
of an z* € (0,2) such that L (z*) = ZF (¢). Since L (z) = 2F (¢) for any = € (0,7), it follows that
there exists a solution z* € (0,%) such that L (z*) = L (z*). That this solution is unique follows
from L' (z) < 0.

The direct effect of loan certificates is on the function L (-). Specifically, this policy lowers ¢,

"We also include here a note on the run equilibrium under information suppression, which was shown to exist for

sufficiently low r in the proof of Lemma 4. The maximum measure of run-proof banks is 1%;5 if all depositors run on

all banks. When loan certificates reallocate all the cash away from banks with ¢; < ¢;, the condition Fyait > Erun
e

can be written as r [1 - F (a)] > xzF (a), or equivalently 1 — F (a) > Tzz A necessary condition to eliminate
the run equilibrium under information suppression is therefore 1%2 > T;Z’ or equivalently ¢ > %, which
is not generically true. Thus, loan certificates do not necessarily eliminate the run equilibrium under information

suppression.
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so the flat part of the L (-) function is pushed down and delivers a new solution z** € (z*,7) such
that L (z**) = L (#**). Recall that welfare is

W=c+az+[1+71.)z—2z][1 - F(¢)]
for a given cutoff ¢. Rewrite as
W=¢c+azzF()+ (1+r,)z[1 - F ()

Loan certificates now have two positive effects on welfare. First, and as before, they decrease F' (¢).

Second, they also increase = from z* to z**. B

Proof of Lemma 9

Return to the four cases for 7 in the proof of Proposition 1.

If r, < r,, then we have already shown that all banks are run-proof for @ = 1 when V; is weakly
decreasing in w; (which occurs if r, > r) and that all banks are run-proof for @ = p when Vj is
increasing in w; (which occurs if 7, < r). Hence, they are all run-proof for any @ € [p, 1] so nothing

changes here.

If rp € (rz, 14;:2 — 1), then the condition for bank 7 to be run-proof is

Vi @ir) = (s — 1) F4+ (1) (ci+F— 1)+ (rp— 1) (1 —@) > 0

or equivalently

? (1+7’z)5_(1_1+r

= 1+ 147

)=o) =ctna

Naturally, ¢ (rp) in Eq. (4) is equivalent to ¢ (rp;1). Market clearing is still given by Eq. (5), but

with € (rp;w) instead of € (rp) in the limits of integration, i.e.,

(p—ci)di=0 (A.25)
Ama@@}p

Denote by 7} () the solution to Eq. (A.25). We now need conditions such that r} (@) € (r,, 1= — 1),
Define

ﬁ(rb;w) = / (p—ci)di
{ileize(ryiw)}

The conditions are again H (r.;w) > 0 and H (1= — 1;@) < 0. The condition for H(r;w) >0
reduces to fol c;di < p, as before. For H (H% — 1;@) < 0, note

c<1+r'z—1;w) —1-a%— (1—M> (1-)

x 1+7r,
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where

e (- 15w _ (tn(1-@)
oz o 1+7r,
_ . 1 1
< M(lp)_gs’:g”/ cidi — (1+71)p— /cidi—l—(l—i—rz)E—(l—i-r) <0
1+7r, 0 0

~

-~

<0 from fol cidi<p >0 from g;+r,z—r>0 for all ¢

Thus, there exists an 7 (@) € (0,1) such that H (= — 1;@) < 0 if and only if = € (0,2 (w)),
similar to before.

The properties of ¢ (rp; W) are as follows:

ge(ry;w)  rp—r

= >0
0w 1+m

¢ (rp; ) _ 14+r)z—>1+7r)(1—-w)

>0
ory (1 + T‘b)2

8%(7};@) 1+
owory — (1+m)°

Importantly, there is a unique cutoff ¢ (-) that satisfies Eq. (A.25). Thus, ¢ (r} (W) ;@) = ¢ (r} (@) ;@)
for any @’ # w, where w,w’ € [p, 1]. It then follows from % > 0 and M > 0 that 8T" @ .

L(”” ) > 0 that &U(w)

If rp = H% -1, then interbank market clearing pins down aggregate liquidations among run-

It also follows from > 0.

proof banks as
(p—ci—al;)di=0
/{ i|lci>1—xZ— z0+T>)(1—E)} ' ’
which has a non-negative solution for aggregate liquidations if and only if fol cdi < p and x €
[Z (W), 1), similar to before.

Ifry > H% — 1, then a necessary condition for bank i to be run-proof is

?
Vilpsre) = (14+1mp) (ci+2z—=1)+(rp—7)(1—p) >0
or equivalently

Ty — T

?
. I>1—=
cG+xz > 1t

(1—=p)
All run-proof banks then have

Ty — T
1+m7

Ai=ptatad <p- (1= 250 0-p) = -1 1m (1= ) <0

1+m7

which violates market clearing, as in the proof of Proposition 1, so nothing changes here. B
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Proof of Lemma 10

Suppose depositors at bank i decide whether or not to run on their bank based on whether or
not the bank can survive withdrawals by fraction @ (¢;) € [p, 1] of its depositors. Thus, bank ¢
is run-proof if and only if V; (w(¢;) ;) > 0. Compared to Lemma 9, we are now allowing the
degree of pessimism w to vary across banks. Since banks are distinguished by initial cash holdings,
allowing w to vary across banks reduces to allowing @ to depend on c¢;.

If r, < r,, then all banks are run-proof for any w € [p, 1]; see the proof of Lemma 9.

Ifry € (rz, HZZ — 1), then bank ¢ is run-proof if and only if Y (¢;,rp) > 0, where

1+7rY\ _ l+r—(1+ry)z
w (i) —
147 1+

with partial derivatives

14+r(1-w(g)—(1+r,)z

3 <0
(1—|—7’b)

Yy, (ciyrp) =

and

1

Assume &' (¢;) < 0, in which case Y (c;,r5) > 0. Define ¢ (r3) as the unique solution to Y (¢ () ,15) =
0. Then bank 7 is run-proof if and only if ¢; > ¢(r3) and the equilibrium interbank rate 7 solves
f{i|CiZ§(T’Ib)} (p — ¢;) di = 0. The condition for r; > r; is again fol c;di < p; this follows from the fact
that Y (c;,7.) > 0 for all ¢;. The condition for 7, < H% — 1 again takes the form of x below some
threshold, call it now Z. This follows from the fact that

1+, ~ 1
Y(ci, tr —1)—ci+xz—1—|—(1—x(+r))(1—w(ci))
x 147,

1+7r,
T

which is increasing in ¢; and x. Thus, higher x implies lower Q( — 1), which means that
f{i|ci>c(w_1)} (p — ¢;) di is negative if and only if x is low. Again, ¢ (r}) = ¢ (r}) but the interbank

rates will be different.

147,

72 — 1 cannot be an equilibrium; see again the proof

It is straightforward to show that r, >

of Lemma 9. Thus, fol cidi < p and x© > 7 are associated with Ty = 1‘*‘% —1. 1

Proof of Lemma 11

The environment is the same as in Lemma 9 except that r, is now determined in a market with

strategic traders. For brevity, set + — 0 and ( — oo so that ¢; = z; = 0 and bank ¢’s only choice is
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A;. The Lagrangian for the bank’s problem is

L = g+ A —w;
+(14+r)z—0Q+m) A —1+7)(1—w;)
+Ai [Ci—f—Ai—wi]

and the F.O.C. is
oL

04

= Ai — b — il

where o; = 6 A > ( is the price impact of bank i in the interbank market. If the solution for A; is

interior, then

At pessimism @, any run-proof bank ¢ must satisfy the constraint
G+A; >w
There are two cases:

1. The constraint is slack, i.e., A; = 0. Then A; = 7% and we need ¢; > W+ 2—’7 to confirm that

the constraint is indeed slack. The maximized value of the bank is

_ _ B
ci+z—14+rz—r(1-w)+-—=>0
a;
where the inequality follows from the ex ante solvency assumptions, ¢; =¢; +z — 1 > 0 and
@ +1,z2—1r > 0. Thus, all banks in this case are run-proof, which means they face w; = p.

The case then corresponds to ¢; > p 4 £t

2. The constraint is binding, i.e., A\; > 0. Then A; = W —¢; and we can solve for A; from the first
order condition for A;, which yields that we need ¢; < @ + 2—3 to confirm that the constraint

is indeed binding. The maximized value of the bank is
I4+r)z—0Q+m)(@W—c)—1+r)(1—-w)

so, as in Lemma 9, the bank is run-proof if and only if ¢; > @ (r; @). The properties C(rb’ ) >0
and %fbf) > 0 follow immediately from the proof of Lemma 9. The set of run-proof banks in

this case then corresponds to ¢; € |¢(ry;w), p + (%) and all banks in this set have A; = p—¢;.

Assume symmetry in price impacts, i.e., o; = « for all i. With some abuse of notation, we keep
the integral notation from the baseline model to denote aggregation, rather than introducing sum-

mations over N banks and defining cash sets. This reduces clutter without affecting the intuition.
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The market clearing condition is then

p+2’ Cmax
/( 5 (p—ci)dF () / dF (ci)=0 (A.26)
e(rp;w p+

sz\@

which can be rewritten as

/cmax (p—c;)dF (¢;) /pcmax p+ %)) dF (¢;) =0

(ry;w)

p\w.

=W (e(ry;w)) =x(2)

to isolate the first term W (¢ (rp;@w)), which is the same as before, and the second term X (%”),
which is the result of strategic trading. The second term can be understood as effective borrowing
by lenders who are not lending at their maximum capacity because of the price impact. An increase
in price impact would increase the effective borrowing by such lenders both on the extensive margin
(by increasing the set of lenders who do not lend at maximum capacity) and on the intensive margin
(by increasing the distance between actual lending and maximum capacity at each of these lenders).
If the price impact is very small, then the second term disappears, i.e., lim,_q (p + %b) > Cmax,
and we are back to the Walrasian market where each lender lends at maximum capacity.
Differentiate Eq. (A.26) with respect to w:

~(p—clrm@) f (i) D [ p (0 )] L)

a(p =2 (r; ) f (2 (ri®)) de (ri®) <d”’ o do‘) =0 (A.27)

1-F(p+12) dw

>0

where the sign reflects that market clearing requires (p — ¢ (ry;w)) > 0; see Eq. (A.26).

Pinning down the price impact « separately from the interbank rate r, requires an additional

do _ _da_dc(:)
v dw cr(.) dw
Any reasonable method for determining the price impact should then have the property < 0.

equation. We restrict attention to protocols where @ affects a only through ¢ (), i.e.

cr ()
To see this, notice from Eq. (A.26) that a marginal increase in ¢ (-) removes only borrowers from the

interbank market. The resulting market composition therefore favors borrowers relative to lenders,
so an additional unit of borrowing should increase the interbank rate by less than before.

We can now rewrite Eq. (A.27) as

dry [« (p—¢(rp;w)) f (€ (rp;w)) o da de (ry; w)
@ ( 1-F(p+3) o dc(rb;uz)) = (428)
>0
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where we recall

dec (ry;w) _ 0c(rp;w)  0¢(rp;w )drb

= A.29
o 0w or, do (A.29)
—_—— —
>0 >0

from the proof of Lemma 9. If % <0, then Eq. (A.28) implies % % > 0. But Tb > 0 implies
M > 0 from Eq. (A.29), which is a contradiction. Therefore, Cr(rb’ )>0.m
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Online Appendix B — Moral Hazard Extension

The environment is as laid out in Section 6.1. We first study the decentralized equilibrium, including
conditions under which an intervention that decreases the interbank rate (in the positive-withdrawal
state) will lead to a lower ex ante choice of cash by banks, i.e., a moral hazard channel exists. We

then show that loan certificates can still improve welfare under these conditions.

Decentralized Market

In the zero-withdrawal state,

Since ¢ + v; > 0 for all i, every bank is a net lender on the interbank market, which motivates

rg = 0, in which case
Vi(e,vi;0,0)=f(1+q—c—£(V,0)) +c+v; + 2l (v;,0) — (1 +7)
and it is clear from f'(-) > 1+ r and x < 1 that the bank chooses ¢ (v;,0) = 0, hence
V*(c,74;0,0) = f(14+qg—c)+c+v;—(1+7)
In the positive-withdrawal state,
Vievirfw)=f(l+qg—c—L(w)— (1+7)) (w—al(jw)—vi—c)— (1+7) (1 —w)

ov (c, vi; rf,w)

S = —f (L g == £ (w) + o (L+7)

ff(l+q—c)

1+ <
X

—>E(§Z,w) =0 (Bl)

Supposing for now (B.1) is true (we return to it below),
V¥ (e,vpr),w)=f(l+q—c)+ (1+7r)) (c+vi—w)—(1+7) (1 —w)

~ ~ 1 — ~
v (c,yi;rl’f,l) >0<=v;,>1—c— f(l_:_qpc) = V(C,Tg)
Tp
where v; > max {—1/, v (c, rf )} is the set of run-proof banks in the positive-withdrawal state.

At t = 0, the representative bank chooses ¢ to maximize

VRO = [

v v

V* (e, 57, p) dG (7) + (1 — ) / V* (¢, 7550,0) dG (i)

—v
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which expands to

. P _
V(c,rb,O) = 77/ e
max{—y,l—c—if( +qgc)
1+rb

+(1-m[fA+qg—c)+c—(1+7)]

14

}[f(1+q—c)~|—(1—|—rf) (c+vi—p)—(L+7)(1—p)]dG ()

Definition B.1. The decentralized equilibrium is a pair {c, 7‘{;} solving (i) the bank’s first order

condition
oV (¢;ry,0)
Jdc

and (ii) market clearing in the positive-withdrawal state

=0

/V {w’licf } (c+7; — p)dG (7;) =0

max f(1+11;0)
1+7‘b

where we check that the solution to these equations satisfies 1+7"5 < W

for run-proof banks, i.e., banks with v; € [max {—1/, 1—c— %} ,y] .
b

to confirm £ (v;, p) =0

Characterization of Equilibrium There are two cases to consider:

1. The bank chooses ¢ such that 1 — ¢ — % < —v, in which case market clearing will
b

ultimately pin down ¢ = p. The bank’s Lagrangian in this case is

,C_f(l—f—q—C)—i-(1+7T7‘§)C—(1+T)—7Tp(7’5—7“)—)\<I/+1—C—f(1+q_c)>

1+ 7’5
where A > 0 is a Lagrange multiplier. The first order condition is

fﬂ+q—d>

f’(1+q—c):1+7rr£+)\<1— T+ 17

If A =0, then the equilibrium interbank rate is

p_f/(1+q_p)_1
Tb— .

Confirming A = 0 then requires confirming that the constraint on the bank’s problem is slack

at this solution, i.e.,
ffA+q—p) —1_

= [U+4a=p) 4
1+v—p

L)

If instead m < my, then A > 0, i.e., the constraint binds, which pins down the equilibrium

interbank rate as
f(l+q—p)
1+v—p

P _
Ty = —1

as long as we are in this case.
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9. The bank chooses ¢ such that 1 — ¢ — L0+ 5 —v, in which case

1+7°£
1— 1—c— f(14+q—c)
ov (C; 7“5) _ [1 + P f/ (1 +q— )} G< ¢ 1+T{; )
A St a-c +(r£r><lp)g(lcf‘iiig”)

1+rbp
~(1-m)[f(1+q—c)—1]

With a uniform distribution, the bank’s first order condition reduces to

1+V_c_f(1+7q;0) p_ .

i+ rP—r)(l—p) 1

0 = 714+ —f(1+qg-0)] |1- PR iy 1J2Tp 5 | (B2)
b

—(1-m[f(1+qg—c)—1]

and market clearing is

1+rP 147
c— p+ b b —

V—i—(l—c—M) y_<1_c_f(1+7q—’3)>
2 2v 0

Positive interbank trade requires

y>1—c—7f(1+qp_c)
L+

in which case market clearing is simply

1/+ (1_6_ f(]-“rquc)) 1 _
c—p+ LA UG S i el Sk B

2 b 14 vdce—2p

(B.3)

and the condition for positive interbank trade simplifies to ¢ + v > p, which we will assume
for now. It is clear that this case will pin down ¢ < p. Using market clearing to substitute

the interbank rate out of the first order condition gives one equation in only c,

1+g—c 1-— "1T+qg—c)—1
fl+q—0 C f4q-c)+ DT ffA+q-¢
l+tv+c—2p T ﬂ—c+<1 147 )1—p
— 0 ~ JOtq—o 2v
LHS 14+v+c—2p
RHS
where
OLHS — f'l+q—¢)  f(l+g—c) ~0
dc l+v+c—2p (14+v+c—2p)°
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ORHS

1-m
5 = fUra—o |1+ Z
¢ - 1 1—
1—”1,6+<1—f<1++f—c>>21f)
14+v+c—2p
-7 1 1—1-@
_ o (I+q—c)—1] - LAes (147)(1—p)
2 2 fl+qg—-c)
— 1 1—
<1_pyc+<1_f(1j_qr—0)>21/p>
1+v+c—2p

If f”(-) is sufficiently negative, then ARHS

LHS < RHS at ¢ = p, or equivalently,

J (1+q—p)—1

f(1+q—p) —1
1+v—p —
T < =T
1 f(ll_:/'Z_—pﬂ) —f'(14q—p) 1 Lr 1—p P
+ fO+q=p) 4 ~ T(+ta=p) 2v
1+v—p 1+v—p

We can also confirm ¢ > v with LHS > RHS at ¢ = v, or equivalently,

[ (I+g—v)—1

5.~ > 0, in which case we can confirm ¢ < p with

1+2(v—p)
1+2(v—p)

{il;fZ:Z;*l ) p—V 1+7r 1-p
> e =my if l-———+ | 1 —
o= —f'(14q—v) ) Lt 1—p . v f(+q—v) 2u
+ Fatq=v) 4 T fOte—v) | 2 T v
1+2(v—p)

and 7 > 0 if the latter condition is not met. To ensure 7, < 7,, note

ORHS 1 ffA+qg—c)—1
or =2 _ 1 1—
1o ey (1o i ) B2
1+v+c—2p
o1 —e=¢4 (1 - Hr_c) 1p> 1+ f’(1+q:cc)
( ’ fres) ) 1| S 4 (-p)
dc 2 f(l+q—c)
1+ L0ra=g)
g | S (40 (-p)
2 f(l+g—c)
>0
dc
—
- 1+r 1— f'(4q—
a<1_pyc+<1_f(1j:1—c)>2up> 1 1+w1 1—
1+v+c—2p - o 1+v—p ( + r) ( p)
> 1 >0forc<p
de v 2 [(+a—p)
. - 14+g— 1—
where the second inequality follows from the fact that it l_qp 0 5 f (1_ pp ) > ffa-=p >
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(I+7). Therefore,agfs < 0 for any c € [v, p] if

p—V 1+7r 1—-0p
v + - f(tqv) 2v
1+2(v—p)

1—

>0 (B.4)

If (B.4) holds, then (%Cr > 0, which ensures m, < m,.

Note m, € (0,m)) and 7y € (0,1). Therefore, we conclude that ¢ € [v,p) if 7 € [7,,7,) and ¢ = p if
7 € [mp,1]. An immediate corollary is that all banks are run-proof without aggregate uncertainty.

To summarize, under condition (B.4), we have shown

€ [v,p) with j—fr >0 if welm,n,)
c:
=p if wenp,1]

1+g— j
fovem =1 i melmam)
e .

R
f'(t+a—p)—1

Zf (S [71'/\, 1]

K
Returning to (B.1) to confirm ¢ (v;, p) = 0, we need

ffA+q—c) f(1+q—c)

L+78 T f(4g—o)
1+v+4c—2p

r <

for 7 € [m,,m,). Note that % is increasing in c. Also note that 1+ 7} is weakly decreasing
14+v+c—2p

in 7 for m € [m,,1]. Therefore, a sufficient condition for £ (v;, p) = 0 for all w € [m,, 1] is

fA+q—v)
fO+q-v)
1+2(v—p)

x < (B.5)

This completes the characterization of the equilibrium under conditions (B.4) and (B.5).

Presence of a Moral Hazard Force The first order condition for the representative bank’s
choice of ¢ having the property % > 0 would represent moral hazard. Differentiating the first
b

order condition,

82V(c;r’b’,0)

P 2 P 2 - 2% 0)
8V(c,rb,0) 0 8V(c,rb,O)dc+8V(c);rb,())drgzo dcp:_ arydc
Oc Oc? orydc dry 92V (e;rf 0)
Oc?

Focus on 7 € [m,,m,), which is the effective range of parameters for this property. Here,

f(l+g—c)
PVE0) iy o A = AR G Sty LU DI N R S Lty b A O]
= —c -7 T — | +—
oc? 9 2v 1—}—1"5 v 2v 1—|—7°5
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82V(c;r£,0)

where we assume f” (-) sufficiently negative for < 0 to confirm the second order condition.

Oc?
Also,
0%V (¢;r?,0 "1+4q— l1+qg—c¢)—(1 1—
((;Tb ):1C+V_p+f(+qP o) f(l+q—c¢ (p+?”)( P)
dryoc 2v 1L+ 1+,

82V(c;rbp,0)
arydc

first order condition has the property <45 > 0 if p < 2v and f () is sufficiently concave that

drg
82V(c;r£,0)
Oc?

where a sufficient condition for > 0 is p < 2v. Therefore, the solution to the bank’s

< 0.

Planner’s Solution

We now study the planner’s choice of cash holdings for values of 7w such that banks choose ¢ < p.

The planner’s choice of ¢ would satisfy

oV (c;rbp,O) N oV (c;rl’:,O) %

=0
Oc ory dc
o P
whereas the representative bank’s choice only satisfies W =0. For 7 € (m,, 7)),
19)% (c; ), 0) v - -
orf - 7T/ _f(+g—c) (c+ i = p)dG (1)
b 1—c TP
"b
zero by ma?riet clearing
f(+g—c)
Flag—c) (h—1) (1 =pg(1-c- )
1+ 1“5 1+ 1“5

< 0

With a uniform distribution, market clearing delivers Eq. (B.3), from which we get

oy __ f'0+g-o  fl+g-c _,
dc l+v+c—20 (1+v+c—2p)°
, . . 8\/(0;7’{:,0) .
Therefore, the planner’s choice of ¢ would satisfy —5*— < 0, meaning that he would choose a

higher ¢ than the representative bank (this follows from the second order condition for the bank’s

2 P
o2 (erf0) < 0). Thus, there

problem, namely the assumption that f(-) is sufficiently concave for 5oz

is an inefficiency in the decentralized choice of c.

The simplest solution for the planner to correct this inefficiency is to impose a liquidity require-
ment at t = 0. For the analysis of loan certificates below, we will be interested in cases where the
planner also chooses ¢ < p. In this case, the planner does not find it optimal to make all banks

run-proof, leaving scope for liquidity reallocation away from failing banks. If the planner’s choice
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f(+q—c)

of ¢ satisfies 1 — ¢ — 7

> —v (and hence ¢ < p after substituting in 7)), then
oV (¢;ry,0) N vV (¢;ry,0) orf
dc ory dc

_ 7T<f(1+yq—0)_(1+?”)V(1—p)_1) B <1_7Tp;6> Ftgee)+1

where we have used the market clearing r{ from Eq. (B.3). Confirming ¢ < p then requires

8V(c;r£,0)+8V(c;r£’,0)% -0
Oc ory Jc
c=p
or equivalently
"(1 —p)—1
e SOt a—p) s

[(ta=p) _ (+n)(=p)

Thus, for sufficiently low 7, the planner will choose ¢ < p. We will return to the congruence between
m <7, and 7 € [7,,7,) in numerical examples below. Here, we just note that there is a non-empty
set of parameters for which the decentralized equilibrium is ¢® € [v, p) and the planner’s solution
is ¥ € (c*,p). The planner can then impose a liquidity requirement ¢ > ¢® on the decentralized
problem at ¢ = 0 to bring the equilibrium cash holdings up to the constrained efficient level. Next,
we explore the role of loan certificates in improving welfare. The main analysis will proceed with
loan certificates as the only intervention. At the end of this appendix, we discuss the effect of loan

certificates on top of a liquidity regulation.

Loan Certificates

With loan certificates, the constraint on the bank’s problem becomes
c+ T4zl (T, w) + A (T, w) + k (T, w) > w

where k (v, w) is the net loan certificate position assigned by the planner. If k (7;,w) < 0, then the
bank is a net accepter of certificates. Loan certificates only exist in the positive-withdrawal state.

In this state, the above constraint holds with equality, so the bank’s value is

Vi (c,ﬁi;rf,rk,w) = f(l+qg—c—L(Vj,w)) — (1+rZ)A(§i,w) - (1+7"k)%(5i,w) —(1+7)(1-w)

= V(evsr),w)+ (r) —re) %(Di,w)

The value of the bank in the positive-withdrawal state is therefore V' (¢, v;; 7k, w) under the latent
interbank rate rl’: = 7, in the model with loan certificates.
Focus on the positive-withdrawal state with = € (7,,7,). We assume ¢ (v;,w) = 0; following

(B.1), this just requires x sufficiently low. For run-proof banks, the planner implements A (v;, p) = 0
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and hence

0 1—c—7f(1+g_c) _
where < il ):f(1+q C)>0

147y, ory, (1+7g)?

~ 1 _

The remaining banks will fail, and the planner assigns them k (7;,1) < 0. Since k (-) is defined as

net loan certificate position, it should aggregate to zero, i.e.,

1_6_7f(i+q—0) v

e ~ ~ ~
/ k(v;,1)dG (v;) + / (p—vi—c)dG (v;) =0 (B.6)
v 1_C_f(1+q_c)
147y
The first integral is negative, so the second integral is positive.
We first confirm that loan certificates can implement a lower interbank rate; this is intuitive
given the discussion in the main text, so we confirm it for the extended environment only for

completeness. Return to Eq. (B.6) and consider k (i, 1) = —e <0, ie.,

/: (p—Di—c)dDi:<1—|—V—c—f(1+q_c)>e

f(+q—c) 1
_C_ﬁ + 7K

with the uniform distribution. Differentiate to get
1 - 1 — (1 — 1 - \
—<V—<1—C—f(_+_qc)>>dc—(p_1+f(+qc)> (—dc—l—f( +4q C)dc—l-f( +q 2C)d7"k
147 147y 14 rg (1+7g) Y,
"(1 - 1 — 1 _
_ <—dc+f( +q C)dc—i—f( +q 2c)di>5+<1+y_c_f( +q C)>d5
1+ (1—}—7”k) 1+

then evaluate at € = 0 (which returns the decentralized equilibrium) to get

2(p—c)
ﬂ — ct+v—p <0
delemg 1 (1, 10400 de
_fQ+g—c) _ f+a=c) | dry |, _ p*
(1+l/+c—2p)2 1+v+4c—2p TEk=Ty

where we recall that we are focusing on parameters where the decentralized equilibrium delivers
¢ € [v,p) and we imposed earlier p < 2v to ensure the moral hazard property. Therefore, a
perturbation into loan certificates lowers the interest rate.

f(+gq—c) >

Trm —v so that some

Welfare Improvement We now turn to welfare. Suppose 1 — ¢ —

banks are not run-proof. The expected value of a representative bank is

Va0 = n [ Faa- 0+ ) et T p) — (14 7) (1 9] G ()

+(1-m[fQ+qg—c)+c—(1+7)]
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and the expected value of a representative depositor is

1—c— f(+q—c)

E(dep) = x| "7 o (C+5i+x(1+q—c)+’é(ﬁi,1)) dG (7;)
I o sz (p+ (1= p) (147)) dG (7)

+(1—m)(1+7)

so overall welfare is

17C,f(1+‘1_‘3) .
V (c;75,0) + E (dep) = 71'/ v (c—l—’ﬁi—i—a:(l—i—q—c)—kk('ﬁi,l))dG(’ﬁi)

4

+7r/1” F (L q—c)+ (1 +m) (et Ti—p)+ pldG (72)

_ e f0+a—c)
1+rg

+1-m[f(l+qg—c)+

<~
1 _
V (¢;rg,0) + E (dep) = c+f(1+q—c)—7r[f(1+q—c)—$(1+q—c)]G(l—c—f(l—:_qrc)>
k
) [ o= TG @)
1+rg
l—c— f(iiq_c) " v
+7r/ g k(ﬂi,nda(mw/ (p—c— ;) dG (¥;)
—U 1—C—M
1+rg
zero by Eq. (B.6)
<~
]_ —
V (¢;7k,0) + E (dep) = c+f(1+q—c)—ﬂ[f(1+q—c)—x(1+q—c)]G(1—0—W)
k
-7 (1 +7g) /1C A (p—c—1;)dG (v;)
147y
Differentiating with respect to rg,
d(V (¢;1y,0) + E (dep))
dry,
de , dc de
= = f(l4qg—0c)— 1 =
dT‘k f( +q C)di+7T( +rk)d7’k
f(l4+qg—c)\ dc
71 — ' (1+q- loe- 119 7) 2
T[l4+r,—f(1+gq c)+x]G< c e -
fl+qg—c) de  f'(l4q—c)de f(l4+qg—-c)
1—p)(1 —z(l4+q-— 1oty ( 2 L4790 S TE 0
#rl(1 =) (1) o (g =0 (1- e LR (8 LErama e JEba

v
- /1_0_ P (p—c—1;)dG (v;)
147y
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Using the uniform distribution and evaluating at ry equal to the decentralized solution rl’j as given
by Eq. (B.3),

d(V (¢;rg,0) + E (dep))

drk Tk:rl,:*
B v z(l+q—c)
1+v+c—2p

1+q— 7 (14-q— _
frfl+g—c)—1- ”1]:5;/1%—;);: + (P —c+ <1 - ff%lifc?) g c> de

1+v+c—2 _
n | fA+a—c) 41 _ . 1 ’ dry,
+ v | 14+v+c—2p f ( + q C) P c 2

rk:r{j*

where moral hazard amounts to -4

drr > 0. The first term represents the direct effect of

rk:rf*
the interest rate on welfare; the second term represents the indirect effect through changes in the
bank’s choice of cash holdings, i.e., the moral hazard effect. If z < 5 +V1_:c”_2 ; ! (11++qq__cc), then the

first term is negative. This means that a perturbation of the interest rate below its decentralized

solution increases welfare. The sign of the coefficient on the moral hazard effect is ambiguous, but

if jTCk is sufficiently small, then the direct effect dominates. Recall
rE=T
82V(c;rlf,0)
)
dc _ or, 0 T’gzrf:*
d?‘g P —pP* - 82\/(0;7‘5,0)
b= — 9z o
Ty =Ty
'(1+q— 14r)(1—
c+v—p+ ffEquicf) (1 — (f(1r+)(q_c§)) (I4+v+c—2p)
_ 14+v+c—2p
- 2
14q— '(14q—
=02 -20-0+ (1- s ) 1) - g (1- S
14+v+c—2p 14+v+4c—2p
SO ddTCk . sufficiently small can be delivered by f (-) sufficiently concave.

TE=T}

Numerical Example A numerical example will illustrate the existence of parameters consistent
with these points. Consider v = ¢ and the functional form f(y) = ay + By?. We sketch the
computational procedure then present an example. The goal is only to establish that the parameter
set is non-empty, not to perform a quantitative analysis with the extended model.

First, solve Eq. (B.2) for ¢(rg). This amounts to solving

a+py(l+qg—c) "

™ 1 ptq—c
= 1+ar,— % l+ry—a—py(1+q-— 0)7 } ( a(l+g—c)+B(14+q—c)” | (1—p)(1+r) )
q - 147 + 1+rg

for a vector of possible values of r;. We focus on the range of 7 that delivers ¢ (r;) € (q,p) and

confirm that positive interbank trade is always satisfied, i.e., ¢ (r) + ¢ > p. We also confirm that
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the solution ¢ (r}) over this range always satisfies a + 3 (1 + ¢ — ¢ (r¢))?" " < 1+ 7y, which ensures
that not all banks are run-proof and hence confirms the use of Eq. (B.2) to solve for ¢. We also
confirm ¢ (rg) > 0 over this range, which confirms the moral hazard property.

Next, solve Eq. (B.3) for 7. This amounts to solving

atB(+g—c(rf))
ECCH)

Lra—e(r])

1+r{;*:

We confirm ¢ (v;,p) = 0 for run-proof banks via condition (B.5), which now simplifies to z <
(1+2(q - p)) 255
We then evaluate the welfare function

1+q—c(r)— f(A+q—c(ry))

W(Tk) = C(Tk)+f(1+q_c(rk))—W[f(l—i—q—C(T‘k))—$(1—|—q—c(rk))] % 147
— _ fOtg—c(re)) _ 1 4 fQ+a—c(ry))
—7m (14 1) (P —c(rg) — L+a C(Tk)2 Tk ) c(rk) +4q 12q+ Ttrs

over the range of 7, and confirm W' (rf*) < 0, which confirms that a perturbation into loan
certificates improves welfare. Finally, we confirm that the planner chooses ¢ < p, which amounts
to confirming m < 7.

The following configuration of parameters generates all of the noted results: a =1, v = %, and
B = 0.595 for the output function of the long-term investment project, » = 0.02 for the deposit rate,
g = 0.3 for non-deposit funding, p = 0.5 for deposit withdrawals in the positive-withdrawal state,
m = 0.1 for the probability of the positive-withdrawal state, and any = € [0,0.45] for the project
liquidation value. Given the other parameters, the choice of § delivers an expected decentralized
interbank rate (7r}") of 9.4%, which is the interbank rate we calculated for the benchmark model
in Section 5.2. While this is not necessary for any of the results, it is convenient for selecting an
example from a set of possibilities. Note that the range of = can be expanded to x € [0,0.625] if
we only confirm no liquidations for run-proof banks in the vicinity of r{*. We also note that any
x > 0.305 would deliver a positive measure of banks that could liquidate their way out of a run,

eliminating the possibility of an equilibrium where all banks experience runs.

Joint Policy with Liquidity Regulation Suppose the planner imposes a liquidity regulation
c> % att =0. Recall that ¢ strictly exceeds the decentralized choice c?, so the constraint will bind
(with strictly positive Lagrange multiplier) on the bank problem. Accordingly, banks will choose
¢ = ¢ and the equilibrium interbank rate in the positive-withdrawal state will be denoted Fg . The

strictly binding constraint means that banks continue to choose ¢ = ¥ for interest rates in the

, dchk = 0. A perturbation into loan certificates still decreases the interest
TR=T}

vicinity of 7). Thus

rate, i.e., the conclusion of ‘% < 0 does not change, and the effect of the interest rate on welfare

e=0
now only occurs through the direct channel so it is easier to conclude d(V(C;T’“’()g:E(dep ) ,<0. A

TE=Ty
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perturbation into loan certificates therefore delivers a welfare improvement over and above liquidity
regulation when the planner’s optimal regulation implements c® < p.

In summary, moral hazard can reduce the benefits of loan certificates, but (i) there is still a
net benefit for output functions that sufficiently bound the moral hazard and (ii) the moral hazard
concern can in principle be corrected with liquidity regulation, specifically a floor on banks’ cash
holdings. Importantly, liquidity regulation alone cannot achieve the outcome of loan certificates
when the planner finds it optimal to mandate ¢ < p; this follows from the fact that taking into
account the effect of ¢ on rf in Eq. (B.3) ex ante cannot introduce the first integral in Eq. (B.6),
i.e., cannot extract cash out of failing banks for use in market clearing ex post, so a liquidity

requirement to increase ¢ at all banks does not make loan certificates redundant.
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Online Appendix C — Global Games Extension

This appendix solves for the decentralized equilibrium with an interbank market when each de-
positor gets a noisy signal about his bank’s cash level and depositor strategies are determined via

global games.

Simple Case To simplify the initial exposition, assume z — 0 and ( — oo so that { = z = 0;
this reduces the number of choice variables for the bank. We return to > 0 later in the appendix.

A surviving bank’s profit (conditional on the choice of A and the state variables w and ry) is
c+A—w+1A+r)z—1+r)A—-1+7r)(1—-w)
Also recall that a bank must satisfy
c+A—-—w>0

to survive until the last period.
We first calculate the payoff differential to a depositor from waiting. If w < ¢, then A = w—c¢ < 0.
The payoff differential to a depositor from waiting is r. If instead w > ¢, then the bank needs

A =w — ¢ > 0. Rewrite its profit as
c+(1+m)z—0Q+r)—ry(w—c)+rw

This expression needs to be non-negative for borrowing to be permitted, i.e.,

1 1 2) 2z — (1 _
WS( +Tb)c+( +T)Z ( +T)EW(C,T5,)
Ty — T

where we will focus on solutions 7;* > r. If w < W (c, ), then the payoff differential to a depositor
from waiting is again r, conditional on w > ¢. Note that @ (c,rp) > ¢ reduces to ¢ + %Z > 1,
which is true. Therefore, the payoff differential to a depositor from waiting is  for any w < @ (¢, ).
If instead w > @ (¢, 1), then the bank cannot borrow. Accordingly, A = 0. It follows that the
payoff differential to a depositor from waiting is —< if w > ¢, conditional on w > @ (¢, 7).

We now need to compare the threshold @ (¢, 1) to ¢ as well as the limits w € [p, 1]:
e W(c,rp) > p reduces to

(I+r)z (A=p)(re—r) _

c>1- T L+ = c1 ()
e W(c,rp) < creduces to B
c<1—WECQ(Tb)
e W(c,rp) < 1 reduces to B
c<l—m503(rb)
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It is trivial to see that ¢ (1) < c3 (1p). Also note that o (1) < ¢1 (rp) when ry > rand (1+7,)2 >

(1+7) (1= p). The latter rearranges to p+ llﬂf Z > 1, which is true. Thus, ¢z (1) < ¢1 (1) < c3 (7).

It is also straightforward to see that ¢ < ¢1 (rp) implies ¢ < p.

Next, we formally define a depositor’s payoff differential v (¢, w; ) and the integral

1
T(c;rb)z/ v (e, w;rp) dw
p

Fix an ry. There are three cases:

1. If ¢ < ¢1 (1), then max {w (¢, rp),c} < p so the case of w > max {w (¢, ), c} always applies.
Thus,
v (e, w;ry) = L orallwe [p, 1]
w

and hence
T (¢;mp) =cln(p) <0

2. If c € (e1(rp),c3(rp)), then @ (c,rp) € (p,1). Also note that ¢ > ¢1 (rp) with ¢ (1) > c2 (rp)
implies ¢ > ¢z (rp) and therefore @ (¢, rp) > ¢. Thus,

vemm={ T 1S bolen)
o £ if we @ (c,m),1]

and hence
Y (c;rp) =71 (W (e,mp) — p) + cln (@ (e, 7)) (C.1)

with first derivative

T (esm) _ (H c > LE @ ()

Oc w(e,ry) ) ry—r

At any point ¢ € (c1 (1p), ¢3 (1)) such that Y (¢;7) = 0,

~(r o) - L een -

wery) ) rp—r ¢

oY (¢;rp)
Oc

T(c;mp)=0

This expression is positive if and only if

rp) 2 r,)Z — r
(R (S

-~

<0

A sufficient condition is (1 +7,)z < 1 + r, which we will impose and then return to later.

Accordingly, % > 0 at any point ¢ € (¢1 (rp), c3 (1)) where Y (¢;rp) = 0.

3. If ¢ > ¢3(rp), then W (¢, ) > 1 so the case of w < W (e, 1) always applies. Thus,
v (c,w;ry) =1 for all w € [p, 1]
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and hence
YT (cry)=r(l—p)>0

We now establish uniqueness of the global games solution, assuming Y (¢pin; <) < 0 and cpax >
c3 (rp). These assumptions are akin to the “lower dominance” and “upper dominance” assumptions
in Goldstein and Pauzner (2005), respectively. Under these assumptions, there is a unique solution
c* (rp) to Y (¢;mp) = 0 for any r, > r. The argument proceeds as follows. A solution to Y (¢;7) =0
exists by the intermediate value theorem: Y (¢;73) is continuous in ¢ with (i) Y (¢;rp) < 0 for any
¢ < c1(rp) and (ii) Y (¢;7p) > 0 for any ¢ > c3(rp). Furthermore, any solution to Y (¢;7p) = 0
exists in the interval ¢ € (¢1 (13), c3 (15)). That % > 0 at any point ¢ € (¢1 (5) , 3 (1)) where
T (¢;75) = 0 then establishes uniqueness.

So far, we have shown that there is a unique ¢* (1) € (Cmin, Cmax) for each r, > r. Next, we

need to show that market clearing can be satisfied, i.e.,
Cmax
/ (p—ci)dc;=0
c*(rp)

That is, we need to show that there is an r;* > r such that

(%) = 2p — Cmax

If we can show 4<°(e) - 0, then it will suffice to have parameters such that (i) ¢* (r) < 2p — cmax
dTb

and (ii) ¢* (00) > 2p — Cmax-
To show 2<(%) > 0 differentiate T (c* (rp) ;7m5) = 0 to get

dTb

OY (c* (rp) ;7p) dc* (1p) n OY (c;mp)

=0
Odc dry, orp
where we have already established % > 0. Also note that
oY (¢;mp) c I+7r)ce+Q+r)z—(14+7)
ory e (14ry)c+(14r)z—(14r) (Tb _ T)2 <0
Tp—T
de* (1)

for any ¢ € (c1 (ro) , ¢3 (rp)), which is the interval over which ¢* (rp) exists. Thus, =z > 0.
Showing ¢* (r) < 2p — ¢max amounts to showing Y (2p — ¢pax; ) > 0, with T (:) as per Eq.
(C.1). This is trivially true since Y (¢;r) = oo. Showing ¢* (00) > 2p — cmax amounts to showing
Y (2p — Cmax; 00) < 0. Note
T (c;00) =7 (c—p)+cln(c)

so the desired condition is
(2p — Cmax) In (2p — cmax) < 7 (Cmax — p)
which is true for any parameterization with cpax € (p,1) and p > ¢ as considered in the main
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analysis of the benchmark model.

The equilibrium 7;* determined by global games solves Y (2p — cmax;7;*) = 0. This yields
ry* = 0.104 for {r,r, cmax, %, p} as in Section 5.2.1. Note that (1 4+ 7,)2z < 1 +r as imposed above
in the discussion of T (c; ) is satisfied at these parameters. Also note that @ (2p — c¢max, r;*) = 0.89,

so global games yields the interbank rate that would arise in our benchmark model with w = 0.89.

General Case We now relax the simplifying assumption of x = 0. This will generate ad-
ditional cases, but the analysis follows the same logic as above. Here, we focus on solutions
rp* € (r,“‘% — 1).

The payoff differential to a depositor from waiting is still r for any w < @ (e, ). If instead
w > w(e,mp), then the bank cannot borrow A = w — ¢, which at an interest rate r, < H% -1
means it cannot borrow any lower amount and make up the difference via liquidation since any
such combination would lower its profits further. Accordingly, A = 0; note here that the bank

would never liquidate to lend since r, < H# — 1, ruling out A < 0. Therefore, the bank needs

to liquidate to satisfy ¢ + zf = w in order to survive, i.e., it will need to liquidate £ = *—=, which

satisfies ¢ < Z if and only if w < ¢+ zz. It follows that the payoff differential to a depositor from

_ctzxz

22 if w > ¢+ 2z, conditional on w > @ (¢, 7p). The

waiting is 1= H22—w 1 if oy < ¢+ 27 and

rest of the analysis depends on the ordering of ¢ (rp) and cg (73), where c2 (1) is now given by

(I+r)z  (rp—r)zz

=1-
¢z (") 1+7r 1+7r
and ¢ < cg (1) implies @ (¢, rp) < ¢+ 2.
The condition for ¢; (1) > ca (1) 18
1 2 1-— 1
ry < +r _1_( P)E +7) (C.2)
xZ
In this case,
(c+2x2)In(p) if c¢<eci(mp)
T(ere) = r@(em) —p)+(c+a2)n@(cr)) if c€(e(r),cs(re))
r(L—p) if ¢>c3(m)

and the steps to prove (i) existence and uniqueness of a solution ¢* (rp) to Y (¢;75) = 0 and (ii)

dcdigb) > 0 are the same as for x = 0.8

Suppose instead c; (1) < c2 (13). Then there are four cases:

1. If ¢ < ¢1 (rp), then there are two subcases:

®Note that the sufficient condition (1+17,)Z < 1+ r for % > 0 at any point ¢ € (c1 (rs),c3 (r5)) where
T (¢;7rp) = 0 is also sufficient when z > 0.

46



(a) If ¢min + ¢z > p, then

I4rs chzz—w ;
v (c,w;ry) = v o - L if welperaz
- - if we(c+az,l]

w

and hence

T(cry) = _(1+Tz)(1—c—x§')ln< 1= >

T l—c—xz

+<1—;T”Z —1) (c+2z—p) + (c+22)In(c+ 22)

with first and second derivatives

aY (¢;rp) _ 1+7'Z1n< 1—p

~) +1In(c+ x%)

Jdc T l—c—x2z

0?7 (c; 1 1 1
(CTb): + 7, 4 _ >0
oc? z l—c—2Z cH+zxz

(b) If ¢min + xZ < p, then define ¢, such that ¢, + 2z = p. The expression for T (¢;rp) in
the previous subcase applies for any ¢ € (¢, 1 (rp)), whereas v (c,w;rp) = —%ﬁ for all
w € [p,1] and hence T (¢;7p) = (c+22)In(p) < 0 for any ¢ < ¢,.

2. If c € (c1 (1) , c2 ()], then

r if welp,w(crm)
v(cwimy) = etz 1 if e (@ (e,m),c+ 27
+xz . ~
— if we(c+az,1]

and hence

Y(c;ry) = r(w(e,m) —p)+

(I4+ry)(c+azz—1) n <1 —w(c,rb)>

T l—c—xz

with first and second derivatives

14+r,)Z —r)zE
O(ar) _ (y,, , Lhreet SEE U 1) 14
o ’ 1—c— L)z Ty —T
1+7‘b
1+rp—(A+rp)e—(1+4712)Z
1+, o
+ x ln< 1—c_22 +In (¢ + z2)
ltry 2 -
Y (¢;mp) (1+Tb B 1> (I+72)az R
oc? N 1 1 (14r2)Z 2 4 zxZ
(1—e—a2) (1-e- OF)
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3. If c€ (ca(rp),cs3(mp)), then
T (¢;rp) =7 (W (e, mp) — p) + (c+22) In (W (¢, 1))
where we already know that % > 0 at any point ¢ € (¢2 (1p) , ¢3 (rp)) where Y (¢;rp) = 0.
4. TIf ¢ > e3(rp), then Y (¢;7m) =7 (1 — p) > 0.

The proof of a unique solution ¢* (1) to Y (¢;7) = 0 when ¢ (1) < c2 (rp) proceeds as follows.

For a given 7}, define the smallest solution to the global game as
co (rp) = arg mcin {c|c € (¢min; Cmax), Y (¢; 1) = 0}

Assuming Y (cmin;-) < 0 and cmax > ¢3 (1) again implies ¢g (1) exists, i.e., there is at least one
solution, and % > 0. The rest of the proof establishes that ¢g (rp) is the only solution.
Suppose cq (1) € (cp,c2 (1p)], where cf, = ¢, if c+2Z < p and cf, = cpin if c+2Z > p.? Then by the
convexity of Y (¢;ry) over ¢ € (cr,ca (1p)], there cannot be any ¢o (1) € (o (rp) , c2 (rp)] such that
T (¢o (rp) ;7m5) = 0 and % < 0, which means there are no additional solutions to Y (¢; ) = 0
on the interval ¢ € (cr,c2 (1p)]. We already know there cannot be any ¢y (1) € (c2(rp),c3(rp))
such that Y (¢o (1) ;75) = 0 and W < 0, and clearly there is no ¢o (rp) > c3 (1) such that
Y (¢co(rp);7mp) = 0. Therefore, there are no additional solutions to Y (¢;7,) = 0 on the interval
¢ > cg (rp). This establishes uniqueness if ¢ (1) € (cr, c2 (1p)]. If instead co (1) € (c2 (rp), c3 (1p)),
then uniqueness follows from the same arguments about the properties of T (¢;rp) on the interval
c > ca(rp).

Take again the parameters in Section 5.2.1, but now also using x = 0.75 rather than x = 0
as above. It is straightforward to confirm that the right-hand side of (C.2) is negative and hence
we must use the Y (¢;7p,) defined with ¢q (1) < c2(rp). Solving T (2p — cmax;73") = 0 yields
rp* = 0.095, which is associated with w = 0.98. That is, global games now yields the interbank

rate that would arise in our benchmark model with @w = 0.98.

9That there is never a solution ¢ < ¢y if ¢+ 2z < p follows from Y (¢;7p) < 0 for any ¢ < cy.
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Online Appendix D — Additional Results with Information Pooling

This appendix provides formal derivations for the discussion in Section 6.3.3.

Decentralized Equilibrium with General o The analysis that follows starts from an equilib-
rium where each bank only experiences withdrawals p under information suppression then checks
if patient depositors at any one bank have an incentive to deviate when assessing expected sol-
vency under the assumption that their bank experiences withdrawals @ € [p,1]. We maintain the
assumption of a uniform cash distribution as in Lemma 4.

Consider first r, € (TZ, H% - 1). Banks can observe everyone’s cash positions so a bank that
experiences withdrawals @ can participate in the interbank market if and only if ¢; > € (ry;@)
as defined in the proof of Lemma 9. With market clearing from Eq. (A.25) and the uniform
distribution,

C(ry;W) = 2p — Cmax

and hence

from the definition of ¢ (ry;@w). A sufficient condition for rj > 7. is cmax < Z + 2p — 1. With

Cmin + Z = 1, this sufficient condition simplifies to ¢ < p, which is true for the context we consider.

To confirm r} < H%—l, we need
1+r ~
Wt g (1 - W) — 22> 2p — Cmax
x
Now consider r, = 2’2 — 1. The definition of ¢ (r;;w) pins down
(147 _ _ 1+ _ ~
c< . Z—l;w) =W+ 1 (1-w) -2z
x

and Eq. (A.25) must instead determine aggregate liquidations for market clearing at this interbank

rate. Therefore,

B 2p — Cmax if w+£(1_w)_$g>2p_cmax
c= z
ijﬁ(l—w)—mE if w+£(1iw)imgg2pfcmax
or equivalently
1 ~
c:min{Zp—cmax,w+Jéq(l—w)—xz} (D.1)
xr

where we write ¢ without arguments for simplicity.
A bank with ¢; > ¢ can borrow /liquidate its way out of @ withdrawals so that a patient depositor
gets 1 from running and 1 + r from waiting. A bank with ¢; < € would instead have to liquidate

l; = #=%, where {; < Z if and only if ¢; > @ — xZ. Thus, a patient depositor gets %ﬁ from
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I4r.)(Z-224
running and 0 from waiting if ¢; < @ — xz, and 1 from running and min {(7“)1(_2)’ 1+ r}

L - Rl G
from waiting if ¢; > W — zz. Note that min {r)l(zw), 1 —I—T} = 1 + r corresponds to
¢ > w+ 1+r (1 — @) — xzz. However, we know from Eq. (D.1) that @+ 1 — (1—-w)—2z >7¢, s0it
. . s (-2) . _ . .
is impossible to have min ¢ ———=—=—%,1+7r » =1+ if ¢; <@ Thus, a patient depositor gets

(14r:) (7-25%)

1 from running and T

from waiting if ¢; > W — 2z when ¢; < ©.

We have three cases around two thresholds, ¢ and W — zz:
1. If @ — 2% < cmin, then the expected values of a patient depositor at bank i are

Erun =1

C 1 . N_E Cmax
Ewm:/ A+r:) E-% )dF(c,-)—i—/ (14 1) dF (¢)

1—w

which yields a no-run condition of

1 . — - .
+ 7y (Zz+c+cm1n

1—w 2’1 > (E — Cmin) + (1 + ’f') (Crnax — 6) > Cmax — Cmin

2. If W — 2z € (¢min, €), then the expected values of a patient depositor at bank ¢ are

ET‘U’IL:/ CZ _{:xzdF (Cl) / dF (Cl)

w—xZz

min

1 . _ w—c; Cmax
Bt / +r @ )dF(ci)—i—/ (1+7)dF (c;)
w—xzZ —Ww c

C

which yields a no-run condition of

147, (c+27 — o)
1—-w 2x

— 2
~ w Cmin Tz

3. If W — zz > ¢, then the expected values of a patient depositor at bank i are

¢ c+az Cmax
Erun = / - dF (Cz) / dF (C,)
Cmin c

w

Eyait = / o (1 + T) dF (CZ)

C

which yields a no-run condition of

(1+7) (Cmax —

C — Cmi C + Cmi
E)Z m1n<+m1n

— +xz> + Cmax — C
w 2
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We now go through the three cases for each of the two possible values of ¢ in Eq. (D.1).

If cax > 2p 4+ 2z — <w + llj'/; (1— w)), then € = 2p — cpax and hence:

x

o W < Cpin + 22 has a no-run condition of

1+2r)(1—w ~
Cr2nax+2<w—|—( +2r)( w)—xz—2p>cmax

147,
xr

Crnin —w) 2(1-w)(2(1+7)p — Cmin)
2

+2(20 — cmin) (p+ 27+ .
T

> 0

The roots of the associated quadratic are

2
(2/) +2Z—w— (IHQT(ZI_‘”))

B ~ _142r _
Cmax =20+ 22— | O+ 1~ (1=0) | £ | _9(9p— cpin) (p+ 2% + San — )
x

~~ +2(175)(2g)p76min)

<2p+aF— (w-s— e (1—5))
x

Note that the smaller root violates the condition for ¢ = 2p — ¢ax, thus the no-run condition

here is cpax greater than or equal to the larger root, i.e., a lower bound on cpax.-
® W >2p+ xZ — Cpax (Or equivalently cpax > 2p + 2z — @) has a no-run condition of

C?nax - 2(2P+ 27”@-}-1:2) Cmax —|—4(p—|—7’w+l‘ap - (Cmin + 2$2) Cmin < 0

The roots of the associated quadratic are

Cmax = 2p + 210 + 12z + \/4(,0—1—7@—1—3:2) 1@ + (Cnin + 22)°

The relevant values of cpax are smaller than the larger root, so the no-run condition is

Cmax > 2p + 21w + 1z — \/4(p+rw+x2)rw+(cmin+x2)2

However, we now have two lower bounds on cpax that depend on @, specifically

Cmax > max{2p+x3—w,2p+2rw+a:5— \/4(p+rw+x2)rw+(cmin+:c£)2}

Note that the condition

?
20+ 2rw + xz — \/4(p+rw+xi)rw+(cmin+x2)2 >204+ 2z —w
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simplifies to
2
A I )
1+4r 14 4r

and the associated quadratic has roots

w_2r(p+x%)i 2r (p + x2) 2+(cmm+9:2)2
1 +4r 1+4r 14 4r

Therefore, the no-run condition is

Cmax = 2p + 210 + 172 — \/4 (p+ 70 + 22) 1@ + (Comin + 22)% = ¢, (@) (D.2)
for any
o> 2r (p—i_xg) 2r (p—i—x%) (cmiﬂ—i_wz)Q (D3)
1+4r 1+4r 1+4r

® W — 2z € (Cmin, ¢) has a no-run condition of

1+2r)(1-w)
cr2nax +2 <w+ ( 1—")-1“(2 —xZ— 2/7) Cmax

xT

(Cmin +22)° 1~ o w(l-w) 201-m) (201 +r)p+3)
1+r, — t (2p + 27— ) l+7‘z o 147,
x xX €T

> 0

The roots of the associated quadratic are

2
~ (1+2r)(1—w) (cmm-l—wz 1-w
_ 1+2r <2p+m—w— T > P 152
Cmax = 2p+xZ— W+ 1+T (1-w) | £ - = Y
=Tz + 1+r )p+xZ)

—\2 w(l—w
) - 1+Tz

—(2p+zz—w

1+rz

Note that the no-run condition here is cpnax greater than or equal to the larger root for the

same reasons as in the first bullet. Also note that this case corresponds to

-~ 2r(p+=x2) 2r ( p+a:z (cmin—i—a:E)Q
Cmin T 22 < W < L ar \/ e _|_ e

If chax < 2p+ 22 — <w + llﬁf; (1-w) |, thenec=w+ 11:7; (1 —w) — zz. Note that this value

of ¢ is incongruent with @w > ¢ + xZ, so there are only two cases to consider here:

o W < Cpin + 22 has a no-run condition of

Cmax > €+ (1— LT <E—w+c+cmin)> €= Cuin

1—w T 2 T
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This lower bound on ¢y, does not breach the upper bound that delivers the considered value

of ¢ if and only if
- _ 14 _ _ 1+7r, (. W €+ cmin C — Cmin
tar— o+ 1" (1— >+ (1- -4
pTLz <w H;rz( w)) ¢ < 1—w< T 2z )) r

or equivalently

1+r, 14+3r14+r 142r 9
i — (1-w)
2rx 2r % r
(147.) (1 — cmin — 22)?

1_cmin_x:g 1+7, .
-2 —1)-1=p—- 1-—
( 2r ( x ) ( p ch))( w)—i— 2rx

< 0

The roots of the associated quadratic are
(l—cmin—xz (l-ig-crz . 1) . (1 —p— :L‘E))

~ 2r
l—cpin—xz (14r, 1 1
= —1)-(1-p—2a2)£
2r ( x ) ( P Z) o Lbre 4 148r 1dr 1420 (1472)(1—Cmin—2%)?
2rx 2r 1trz r 2rx
— x
l-w= Lfre | 143 1ir _ 1427
2rz 2r 1trz r

xT

If the larger root exceeds 1, then the condition for this case to be valid reduces to an upper

bound on w, speciﬁcally
l—cpin—az (14r 1 1 T 2
( " ( T : ) ( / M))

~ 2r
1—cpin—2xz (1471, 1 1
it 1191 ) § Sadiad —_— J— J— _'r J—
2r ( z ) (1=p=22) o re 4 143r e 1420 (1472)(1—cmin—22)*
2rx 2r 1trz T 2rx
. xT
w<1- Lfr. | 143 Lbr _ 142
2rz 2r 17z r
xT

® U > Cpin + 22 has a no-run condition of
w (Cmin + -'L'E)

1 ~
CmaxZC'i‘T(C"‘ZL'Z—Z— oD

2 1471, (c+az—-w)?
1-—w 2x

Threshold ¢y, for No-Run Equilibrium In Figure D.1, we use the above derivations to plot
the lower bound on cpax as a function of @ € [p, 1] keeping all other parameters as in Section 5.2.1:

Figure D.1:
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Lower Bound on ¢y, for No-Run Equilibrium

cmax
025 030 035

020

015

010

0.2 0.4 06 0.8 1.0
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The solid black curve plots the lowest value of ¢y ax for which there exists a no-run equilibrium

under information suppression as a function of w. The dashed horizontal line is the 1873 value
of ¢max (0.311). The vertical black line indicates the @ at which 0.311 is the lowest value of ¢pax
for which there exists a no-run equilibrium under information suppression. The vertical green line
indicates the @w at which 0.311 is the lowest value of ¢pax for which there exists a no-run solution
with loan certificates under information suppression.

The parameterization involves a high value of x (0.75). The non-monotonicity illustrated in
Figure D.1 can be established formally for high x; we do this before demonstrating how the figure
changes for low z. Return to the definition of ¢z, (W) in Eq. (D.2). The derivative with respect to
w is

p+2rw+zz
\/4(p+rw+x2)rw+ (Cmin + 22)°

c; @)= —2r -1

The condition for C’L (@) < 0 reduces to cpin < p, which is true. The next step is to confirm that
cr, () is indeed the relevant lower bound on ¢pax at high @. This will establish a downward-sloping
part of the curve at high @. To confirm the relevance of cr, (@), we must confirm (D.3). With
Cmin < p, a sufficient condition for (D.3) at w = 1is p+az < 1. Therefore, the lower bound on ¢ax
is locally decreasing in @ for @ close to 1 if p+ 2z < 1. The last step is to find a range of @w where

the lower bound on ¢y is increasing in w. Recall that the case of @ < ¢y + 27 has E.yy, = 1 and

S —(IMZ)E;W;%) de; + [ (14 7) de

Cmax — Cmin

Ewait =

o4



Differentiate Eqi: to get

Iirs z " Ibre (o403 o
ABaiy (-7 Jopin (ci 0% = 1) dei + (W -1+ r)) g
wait
dw Cmax — Cmin
1+4ry ot S
0 77 Pwer® (ij‘”) - (1+r)> Tonr
wait
dcmax B Cmax — Cmin

where € is given by Eq. (D.1). Thus, for parameters such that ¢ = @ + 4= (1 — @) — 2Z, we have

T

1+ry —
T c >
AdEyait (1-w)? fcmin (Ci T2z - 1) de;
wait _ <0
dw Cmax — Cmin
AdEyait _ 1471 — Eyait =0
dCmax Cmax — Cmin
and, for parameters such that ¢ = 2p — cpax, we have
Lz oz ~
dEwait o (1—15)2 Cmin (Ci Tz — 1) dci <0
dw Cmax — Cmin
14r . 1
1+7— Byait + 75 [cmax — <2p+$z — <w+ (1 —w)>>}
AdEyait Tx
= >0
dcmax Cmax — Cmin

where we have used the sufficient condition p + 2z < 1 to sign %.%“'f when ¢ = 2p — cpax. For

both values of ¢ then, d%g“ < 0 and %‘”Zﬁ > 0. Recall that the lower bound on cpax is such
that E,q: = 1, so it follows that an increase in @ requires an increase in cpax to preserve this
equality. This establishes an upward-sloping part of the curve at low @, conditional on the case of
W < Cmin + 2z being valid. Assuming p < ¢pin + £z so that the case of W < cpin + 2z applies for at
least some values of W completes the proof.

What happens if x is low? We now establish that the solid black curve in Figure D.1 would be
strictly decreasing. To see this, consider x — 0. The three cases become @ < ¢min, @ € (Cmin, €),
and w > ¢. Only the case of w > ¢ is valid. This follows from w > p and the fact that market
clearing implies ¢ < p (otherwise every bank in the interbank market would be a net lender, which
is impossible). However, when @ > ¢, the lower bound ¢y, (W) applies, and we have already shown

that ¢} (W) < 0. Thus, the entire curve is downward-sloping.

Derivations for Loan Certificates We now turn to the derivations behind the green vertical
line in Figure D.1.

Set ( — oo so that z; = 0. The planner chooses a cutoff ¢, along with the loan certificate
allocation such that (i) ¢; < ¢ have to rely solely on liquidations and (ii) ¢; > ¢ can borrow (or

borrow/liquidate in the limiting case of ry, = IJ;# — 1) their way out of @ withdrawals at the latent
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interest rate of r, = rp. We consider the loan certificate allocation in Proposition 5, specifically

L max {k — ¢;,0} if ¢ <75
' v if ¢ >7¢

with k = ¢ + 7 — p, which simplifies to

k = Cmax — p

with ¢+ 7 = cpax as in Section 5.2.1.
The cutoff ¢ is pinned down by k = fol k;di, which defines the same cutoff as loan certificates

without information suppression, i.e., ¢ solves Eq. (12). We obtain a closed-form solution for ¢
2

2p
confirming ¢ < k requires cmax > 1/2p% + 2, . If instead ¢ > k, then Eq. (12) with k& = cpax — p

delivers ¢; = cmax — \/ C2ax — 2. — p? and confirming ¢ > k requires cmax < 1/2p2 + 2. Thus,

2

< min gnd

using a uniform cash distribution. If ¢ < k, then Eq. (12) delivers ¢, = cpax —

2 . 2
_ Cmax — \/anax — Chin — p2 if  Cmax < 2p2 + Chnin

C] =
c o C?nax_cﬁﬁn Zf c > 2 2 + C2
max 2p max — 14 min

The 1873 value of cax satisfies cmax > 1/2p% + ¢, hence ¢ = cmax — %.

If ¢; > ¢, then a patient depositor gets 1 from running and 1 4 r from waiting. A bank with
¢; < ¢ would have to liquidate ¢; = w_ci%m, where ¢; < Z if and only if ¢; > W — 27 — k; + k.
Using the posited loan certificate allocation to substitute out k;, this is equivalent to liquidating
¢; = min {wmaxgcik’o}, E}. There are two cases when ¢; < ¢. If max {cz- —k, O} <w—xz, then a

ci +J:E—min{ci,

. . k . ... - ~
patient depositor gets } from running and 0 from waiting. If max {ci -k, ()} >w—xz,

w
then a patient depositor gets 1 from running and

{(1 ) (F- ) - (M~ () min{e B} H}

min

1—-w

2 2
max —%min

_ C 2p
Therefore, the case of max {ci — k, O} > w — xz applies for all ¢; < ¢ when @ < xz while the case

from waiting. It is straightforward to show that k + @ — 2Z > ¢ when ¢ = cmax — -

of max {ci —k, 0} < W — xz applies for all ¢; < ¢ when w > z2.

We thus have the following cases:

1. f w<zxz, then E,y;, =1 and

. /cl - { (L+7.) (7 —2%) — (M= — (14 1)) min {¢;, k} 14 r} 0F (c)

1-w

min

+/Cmax (14 7)dF (c;)

Cl
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Ifl+r, < %, then the function in the first integral of Fy,.;; must be less than 1+r, otherwise
the bank could borrow its way out of w withdrawals at the latent interest rate of 1, = 1. If
1+r, = H%, then this function is less than 1+ if and only if ¢; < @+ 1> (1 — ©) — 2% =

¢ (% —1; G), where we recall the definition of ¢ (ry; W) in the proof of Lemma 9.

2. If w > zz, then

El i T 1 i E Cmax
Emm:/ ci+xz inln{6> }dF(ci)+/ dF (c;)

w ¢

Fovut = / (1+7)dF (c;)

1

147,

L — 1. Recall that the resource constraint at ¢t = 1 of a bank that will survive

Consider r, <
until t = 2 is ¢; + k; — k + x6; + A; > w;, where k; — k is reallocation via loan certificates. If
¢; > ¢, then ¢; = 0 and the resource constraint simplifies to A; = w; — p. If the bank were to face
withdrawals of @, it would need to be able to profitably borrow A; = W — p at r, = 7, which it

can only do if ¢; > ¢ (ry;w). Thus, r} solves

which yields
I+r)z—14+r)(1—-w)
w*a

1+7r =

1Er2 _ 1 then requires
x

after using the definition of ¢ (r4;w). Confirming 7} <

= ~ 1
¢+ 27 — 17
w>—1+r“’ v
]‘_1+7‘z
xT

Note that ¢ (= — 1;w) <G is equivalent to @ < .

Ife < (1—a2) i, which is true at the 1873 value of cpax, then v < 2z and there are three

cases around two thresholds:

e If W < ~, then the no-run condition is

e( Mz —1w) r.) (Z— =4 Cmax
/ Cha i( z )dF<ci>+/c (1+7)dF () > 1

—w (Hr=—1m)

Cmin

o7



which works out to

2
1+7r 9 1+7r ~ 1+ T<Cmax_cmin> _
<1_ 1+rz> w _2(<1_ 1+rz> (cmin+3:z— 1+rz)_ I+ry v
X X x x

2
. 1+r 27 (Cmax — Cmin
+ <cmin t T2 — ) - ( leirz )

x x

< 0

so this case is only valid if @ is also between the roots of the associated quadratic. For the
parameters in Figure D.1,  is strictly less than the larger root. Thus, the no-run condition

is valid for all w < ~, which means the vertical green line cannot be in this case.
e If W € (v, 2Z], then the no-run condition is

Cmax

/cl (L+72) (- =2%) — (5= — (1 + 7)) min {c;, k} dF (c;) +/ (1+r)dF (c;) 21

1-w Z

min

which works out to

H—% El + Cmin

1—-w 2
Lr: (147 a — _

_ ( k) / min {ci, k} de; + (1 +7) (cmax — El)

1-w

+ 27z — w> (El — Cmin)

Cmin

>

2  Cmax — Cmin

where we know

/ ' min {ci,k}de; = <p - 7cmax2+ q) (Cmax — @)

Cmin

from Eq. (12). After some algebra, the no-run condition becomes

_ Cmin + TCmax — (1 +7)¢ \ _
<Cl_cmin+ min max ( ) l>w2

1+,
€T

(emntreme{14n)a) (144) (a+§mi" +E+ :cz) (& — Cmin)

— , B w
1 max +C, =
— <1 — 1+—to2> (p — a2+cl) (Cmax - Cl)
xT
= oo 1 max“l’z =
<Cl +rz — 1-&«2 ) (P - %) (Cmax - Cl)

Cmin+"’cmax_(1+r)il El c +Cmi ~ = =
+( Trz ) + : 2m1n +xz (Cl - Cmin) q
T

< 0

so this case is only valid if @ is also between the roots of the associated quadratic. For the
parameters in Figure D.1, the larger root is strictly less than xzz. Thus, the no-run condition

is valid for all @ less than or equal to this root, which is where the vertical green line is drawn.
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e If 0 > xZz, then the no-run condition is

Cmax El i 5 _ 1 Z)E Cmax
/ (1+r)dF(ci)2/ i+ 2z~ min fe }dF(cl-)~|—/ dF (c:)

@} Cmin w @]

which works out to

<rw +p— CmaX2+ Cl) (Cmax - El) > (Cl +20min + iL'E) (El - Cmin)

so this case is only valid if @ also satisfies

1 max C C min ~ C - min
CUZ(C 32+cl+(cl+2c +xz> cl— C i _p)
r Cmax — Cl

which is incongruent with w < 1 at the parameters being considered. Thus, the no-run

condition is violated for all @ > xZ at the 1873 value of cpax.

More General Specification for w =1 Consider a loan certificate allocation by the planner of

iy = { R(Ci) if < El (D.4)

Vi if a>7q

the form

where £ (¢;) > 0. If rf < 1‘*‘% — 1, then ¢; = 0 for a bank with ¢; > ¢ so k = ¢+ 7 — p is necessary
and sufficient to satisfy the resource constraint of any such bank at ¢t = 1 in a no-run equilibrium.
However, ¢; need not be the same as before. The cutoff ¢ is pinned down by k = fol k;di, which is

now

k= /Cl K (ci) dF (c;) + /Cmax vidF (c;)

Cmin Cl

or equivalently

| werire) =@ - [ -

Cmin <l

after recalling v; = ¢+ 7 — ¢; and hence v; = k + p — ¢;. With a uniform distribution,

/cl K (ci) de; =k (& — cmin) — <P - cmax2+cl> (Cmax — @1) (D.5)

Cmin

Note that Eq. (D.5) can be rewritten as

/l (E—n(ci))dci: (2p—cmam—a)M

Cmin

where the left-hand side is the total cash pulled from banks at the bottom of the distribution.
We focus on systems of loan certificates where the left-hand side is non-negative. Accordingly,
Eq. (D.5) delivers ¢ < 2p — cmax. The condition to confirm r} < H% — 1 is still @ > =, which
simplifies to ¢, + 22 < 1 at w = 1. With ¢ < 2p — cmax, a sufficient condition for ¢, + 22 < 1 is
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2p — cmax < 1 — xZ, which is satisfied at our parameters.

Setting w = 1, a bank with ¢; < ¢ would have to liquidate ¢; = HW;M, where ¢; < Z if
and only if ¢; > 1 — 27 — Kk (¢;) + k. Therefore, a patient depositor gets ¢; + 2z + & (¢;) — k from
running and 0 from waiting if ¢; < min {¢;,1 — 2z — & (¢;) + k}.

Suppose ¢, < 1 — 2z — k(¢;) + k for all ¢; < ¢. That is, suppose « () always satisfies & () <
1 —2Z+k —¢. Then,

Cmax

B = [ e on@ldr e+ [ dre)

min Cl

Eyait = / o (1 + ’l“) dF (Cl)
a

The no-run condition E,qit > Erun is then

- . 3
r (Cmax - El) > (El - Cmin) <Cl+26mln + sz) - / K (ci) de

Cmin
where we can use Eq. (D.5) to substitute out the integral and rewrite the no-run condition as

2 2
=2 Chin + Chax A =

¢ — 5 + (505— k) (El - Cmin) +(p—r) (cmaX — cl) <0
With ¢+ 7 = cpax, We have k = cpax — p and hence the no-run condition becomes

(Cmax - Cmin)2 <0

5124- (r+ 22 — cmax) &+ (P — 7) max — (P + 2) Cmin — 5

The associated quadratic has roots

_ T+ TZ — Cmax 7T+ TZ — Crax 2 (Cmax — Cmin)2
T = _fi <2> + (p+ 22) Cmin — (p—r)cmax—i-f

The no-run condition therefore requires ¢; between these roots, which will be impossible if the larger

root is less than cpin, i.e., if

T+ TZ — Cmax T+ TZ — Crax 2 (Cmax — Cmin)2
— 5 + 5 +(P+-’Bz)cmin*(p*r)cmax+f<Cmin

or equivalently

(Cmax — Cmin ) 2

9 + Cmin (Cmax - Crnin) <0

- (p - T) (Cmax - Cmin) +

which reduces to

c<p—r

Thus, there does not exist a system of loan certificates of the form in (D.4) with & (-) < 1—2Z+k—¢
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that makes information suppression work at @w = 1 if ¢ < p—r, which is satisfied at our parameters.

Now suppose there exists at least some ¢; < ¢ for which s (¢;) > 1 — 2z + k — ¢. Without
borrowing or liquidation, the available resources of a bank at t = 1 are ¢; + x (¢;) — k. Therefore, a
bank with % (c;) > 1 — 2z + k — ¢ has resources of at least ¢; +1 — 2z — ¢ at t = 1. A bank with
¢; > ¢ instead has resources ¢; + v; — k, which simplifies to p. A bank with ¢; < ¢ cannot have
more resources than a bank with ¢; > ¢;. Accordingly, if cpin + 1 — 22 — ¢ > p, then there cannot
exist any ¢; < ¢ for which & (¢;) > 1 — 2z + k — ¢. With ¢ < 2p — cmax, a sufficient condition is
2p — Cmax < Cmin + 1 — p — xZ. This reduces to cmax > 3p + 2 — 1 — cmin, which is satisfied at our

parameters.
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