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This appendix consists of five sections. In Section A we complete the derivation of the
equilibrium conditions and provide proofs for propositions 1 and 2. In Section B, we sum-
marize the equilibrium conditions for the model. In Section C, we discuss the computation
of the asset-weighted bank failure rate. In Section D, we provide further details on the
mechanisms that trigger banks to take on excessive risk. Finally, in Section E, we derive a
consumption equivalent variation that we use to interpret the welfare costs of simple rules

for capital requirements.



Online Appendix

A Derivation of Equilibrium Conditions

This section completes the derivation of the equilibrium conditions for the model. We
tackle the optimization problem of households before considering banks and nonfinancial
firms. We then consider the financing of the deposit insurance scheme provided by the
government. We conclude by stating the resource constraints. Along the way, we prove

propositions 1 and 2.

A.1 Households

In the main text, we consider a case in which we have only one representative house-
hold. The household problem involves saving through deposits and bank equity, with the
capital requirement on banks determining the equilibrium split between these two assets,
and providing labor services to firms inelastically. In our baseline specification, we leave the
managerial labor needed to run banks unmodeled. This is not too different from abstracting
from modeling the managerial services for other types of firms in the model. But there
are other approaches to setting up the household problem in models that include financial
intermediaries but that are in the standard RBC mold otherwise. Some of the alternatives
include differentiating more explicitly between roles within households.

In this section of the appendix, we spell out how to recast the setup for the household
problem described in the main text of the paper into an alternative with explicit differen-
tiation between workers and bankers. This recasting follows the blueprint in the model of
Gertler and Karadi (2011), which splits the household into workers and bankers. In that
model, bankers receive an endowment untied to the utility maximization problem of the
household, whereas we endogenize the endowment choice. We will show that, mutatis mu-
tandis, there is no change in the equilibrium conditions relative to the baseline setup with a
representative household.

We assume here that households are composed of workers and two bankers. The house-
hold seeks to maximize

S Cy — kCy_ ) 7 =1 D= q
max EOZBt (C = + < !
t=0

Ci,Dy,E3 ET 1—¢ 1—gy

where 0 < 8 < 1 is the worker’s subjective discount factor, assumed identical across workers,
ie. B, = for all w.
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This maximization problem is subject to the sequence of budget constraints
Ci+Di+E;+E = W,+R! D1+R”E;_,+R"E_, — T,

Ef > 0,
El > 0.

v

v

Households save through deposits, D;, which pay a gross real rate R¢, and by endowing
bankers with initial capital: E; is the endowment for bankers operating a “safe” bank, which
lends to a safe firm and pays R} next period; Ej is the endowment for bankers operating
a “risky” bank, which lends to a risky firm and pays R;/;. As for the baseline formulation
of the household problem, the returns that will be shared by the bankers are not known
when the household makes the endowment decisions. By contrast, the return on deposits is
known, and deposits are protected by deposit insurance. Households pay lump sum taxes,
Ty, to fund the government’s deposit insurance program.

I They are elected to run as bankers for two

Bankers run banks that they do not own.
periods at the end of which they return to the household. They share consumption with
the household as well as the proceeds from running safe and risky banks at the end of the
two-period stint as managers.

As in the new-Keynesian literature that considers sticky wages, see for example Erceg
et al. (2000), we assume that households can also access a complete set of state contingent
claims traded across households but in zero net supply—we leave this set unspecified in
the households’ objective functions and constraints. These state-contingent claims ensure
equalization of consumption and deposit decisions across households, counteracting the id-
iosyncratic risk borne by operating only one risky bank. In our baseline formulation of the
household problem, we do not need this additional assumption as we think of bank equity
in the same vein as a mutual fund that assigns aliquot shares of capital to different banks.

Using A\ as the Lagrangian multiplier on the budget constraint, and (; and ¢; on the non-

negativity constraints for safer and risky equity, respectively, the FOCs of the representative

household’s problem are:

Cy:  (Cy—kCy_1) " — BEE; (Cyy1 — kCy) ™ — Ay = 0, (A1)
Dy oD — Ay + BE {1} RY =0, (A.2)
Ef: o =X+ BE AN R+ G =0, (A.3)
El . At +PE A iR+ =0 (A.4)

'Bankers can be viewed as managers with expertise in operating firms.
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together with the complementary slackness conditions:

G B =0, (A.5)
G E;f =0. (A.6)

These conditions are equivalent to the conditions that characterize the solution to the
household’s problem in the main text: equation (A.1) corresponds to (16) in the main text,
(A.2) corresponds to (17) in the main text, (A.3) corresponds to (18) in the main text, (A.4)
corresponds to (19) in the main text, (A.5) corresponds to (20) in the main text, and (A.6)

corresponds to (21) in the main text.

A.2 The Bank’s Problem

There is a unit measure of banks. As described in Section 2.3.2, banks maximize expected
dividends

0o
max ]Et 1/Jt.t+1 /n’lUH_l dG(Et+1) — €,
le,dt,et,0¢
i1

subject to

lt =e + dt,

er = Vel

lt 2 07

Qéatéaa

Act+1
>\ct

A reminder on notation is in order. We use lower-case letters to denote variables per-

where ;41 = is the stochastic discount factor.

taining to single banks or firms, and upper-case letters to denote aggregate variables.

A.2.1 First-Order Conditions

Substituting d; = l; — e; into the maximization problem and writing dG(g,11) explicitly

turn the objective into

r € 1 Eep1 + )2
max ]Et wt,t-i—l / <<R§+1 + O'ttJrl> lt — Rf (lt — 6t)> exp <—(t+1€)> d€t+1 — €t 0,

2
ly,et,01 Q: /27TTt2 277

b
Et+1
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subject to

e = ’Ytlt,
lt 2 07

QSUtéaa

ot otlt

Aetb1 : ..
where ¢y ,41 = S5+ is the stochastic discount factor and &7, =

shield of limited liability. Note that we expressed ¢;,; from (Rf 1+ Oy Eég—tl) li— Rl — ep) =
0 to get the lower limit of the integral.

Append the Lagrangian multiplier x1; to the constraint e; > l; and xo; to the constraint
l; > 0. We will split the maximization problem into two parts. We will first condition
on a choice of risk, o;, and then show how to pin down that choice (see Section A.2.6).

Accordingly, conditional on the optimal choice of oy, the first-order conditions are:

=0

oL . RI— RS, Rl Oc;

i 0 5 1 Errq1 + €)?
E, / 1/1t,t+187t <<Rf+1 + UtSj) ly — Rf (L, — €t)> 5 exp <_(t+;7}2£)> degi1| —vxwe = 0.

. 21T
Et+1

=0

oL R — R? Rle Os;
—_— = _]Et wt,t+1 ((Rf—i-l + O¢ ( t t+1 — ¢ t)) lt _ R? (lt — 60) il +X1t+

36,5 ¢ O'tlt 86,5

r 9, . £ 1 g1 +&)?
]Et / wt,t—}—li Rt—l—l + Util lt — Rf (lt — €t) exp —M d€t+1 —1= O,
06t 2Tt

Q \/ 27T

b
i1
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together with the complementary slackness conditions:

Xt (e — Yele) = 0,
Xatle =0,

et — el > 0,

l; >0,

X1t > 0,

X2t = 0,

We are using the Leibniz integral rule above to find the partial derivatives of the profit
function. Note that the first term is zero in the differentiation because the upper limit of
the integral does not depend on any of the choice variables.

Next, express the integrals in the first-order conditions above using the erf function,
wherever possible. Note that we omit the stochastic discount factor and the expectation
operator in writing up the expressions of the next integrals. We include those terms in the
final exposition.

Work on g:
t

o0

9 s €t+1 d 1 (641 + &)? _
T A (e e =t e R

d_ ps d
Ry —Rit1  Riet 0
ot otlt t

- 1

g
(R;l 1o Rf)

t
d_ ps d
B Fied) g
ot ol t

Break the calculation of the integral into two parts.

2
eXp <_ (Et-i—; _; €) > d5t+1 —
i

[e.e]

o 1 Errq + €)?
t / €41 exp <_(t+12§)> d5t+l+

Qr ., \/ 27T 27
Ry—-RY _Rfet 0
ot otlt ¢
1

[e.o]

(Ra-r)

d_ ps d
<Rt Rt+1Rtet)Qt

2
exp <_(5t+1t6)> depyr.

2 274

27Ty

ot o¢lt
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Work on the first part

o0

1 Et+1 +f 2
/ 5t+172 exp <—(t+22) degya,
., 21T Ti
R{—R¢ e
< o'tt+1 IZ'tltt)Qt

by introducing a change in variables to recast the integral in terms of the Standard Normal
distribution. Use v = %, or equivalently €, = vV/271 — &, and remember that for
the change = = ¢(t), the integralfgﬁgj)) f(x)dx becomes f; f(o(t)(t)dt. Here, we use that

dv = Cf%ttl, so we need to multiply dv by v/27, to express de,y1 in terms of dv. Moreover,

we need to transform the lower limit using v. So we need to add £ to the lower limit of the
integral and divide the result by v/27.

o0

2
/ (vﬁrt — 5) \/_%Tt exp (—UQ) dv =
(Rd(l —ep)—RS | 1 )Q +Eoyl 27T7—t2
¢ (t—et) =Ry Ut )Qe+Eotly
o'tlt\/ETt

o0 o0

V2T 9 ¢ )
v exp <—v ) dv — — exp (—v ) dv =
(R?(’L*Et) Rf+1lt)Qz+§Ut’t (Rf(lt*%) Rf+17t)Qt+E”tlt
oyl V2T apliV/27y
(REQ—en)—RE 1) Qu+eoly
00 00 oplyV2Ty
V2 exp ( 2) — i exp (—UQ) dv — exp
Q\F (Rd(Lt er)— Rf+1lt)Qf+5afzt ﬁ
oplg V27 0 0
T (R? (ls —er) — t+1 Qt + ga'tlt
0+1 exp | —
V2m Utlt\[Tt
RI(l, —e Q —I—fal
£ ﬁerf(oo) - ﬁerf ( e (b= e) = Rinh) @ o
ﬁ 2 2 Utlt\[Tt
Tt (Rf (I — e) — Ry le > Qr + §oily i3 . ; (Rf (ly —er) = Ry 1y Qt + Eoyly
exp | — —=|1—er
V2T P o2 2 o2,

where we used that erf(z) = % s exp (—v?).
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Therefore,

¥ 1 g1 + 6)?
/ Et41 exp <(t+;2€)> depy =
27 Ti

(-t o (A7

T exp | — (Rf (It —e)) = Riql )Qt +&oyly 3 § 1— et (R‘Z (lo —er) — Ry 41, )Qt + Eoyly
v2r oli/27; 2 oili/27;

Going to the second part, we write / exp —w deyiq
\/ 27T 27

in terms of the error function. Again, use the transformation v = Et\?% or £41 = 21 —

o0

/ J;jp (~17) do= - 7 exp (~?) dv =

(R (g—et) =R, 1l )Qt+§0tlt ( iy —e)- Rf+1lt)Qt+‘5‘7tlt
oplg V2T otlyV27y

(Rf (It — ) — Ri 1 ) Q¢ + ol
(1 — erf ( o )) )

i 1 (041 +6)° _
/ (\/271’7}2 o <_ 27¢ >) Ao =

REI-R? Rde

< ot ail,f)Qt (A.8)
1

2

(Rf (It — ) — Ri 1 ) Q¢ + ol
(1 — erf ( o )) .

DO | —

Therefore,
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Combining the results for the two parts and simplifying,

o0

0 s Et41 d 1 (6041 +&)? B
Et / alt <<Rt+1 + Or—— Qt > lt - Rt (lt - Ct) 27TTt2 exp | — 27-t2 dEt+1 =

R{-R3,, _ Bie Q
ot olt t

€ eep1 +€)2
E, / (Rt+1 ot (Etr1 +6) ) dey1| =

1
Rd> exp (—
Q: ' \/ 27T 277
<R -RS Bt,)Qf
ot otle ‘

, ]
or Tt B (Rf (I —e) — Rf+1lt> Qi+ &aily |, (Rf (It — er) — Ri 1 ) Q.+ oy
F |:Qt V2m P ( ( oliV/27; 2Q; Lot oli/21; *

1 (de (Il — er) — Ryl ) Qi + &l

E: [ (R, — R = [1—erf =

( 1 t) 2( er ( o |
E, o T exp | — (Rf (le — &) = Riql ) Q¢ + Eoyly N

Qt m Jtltht
R - —BN [ _ (RE (1 — e0) = Ry yli) Qi+ Souly
2 Utlt\[Tt |
Similarly, work on 6@@

[ 0 s €41 d (141 +&)? B
T ()i gyl )

1 (5t+1 + 5)2 1 et) — Rtg 1lt + fUtlt
R¢ ———— | d —|1—erf + .
/ ' \/2mT? o ( 21} e 2 “ ol V27,

In sum, the FOCs can be written as follows:

B, | gleer |00 T _((R?( 7;)R§+1)Qt+§at>2

e
Act Qt V2 P Ut\/§7't

i~ B R (Ri (1= 5) = Riy) Qu+ o
2 Ut\/§7't

(A.9)

1 —erf

} + Xot = X1t
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>\ct

)\ct+1
E
' {5 Ut\/§7't

Rf; (1 — orf ((Rf (1 B %) B Rf“) @ + {%))] } —14+x1:=0. (A.10)

Finally, the complementary slackness conditions can be expressed as

(ee =) xie = 0, (A.11)
ltXZt = 0. (Al?)

A.2.2 Proof of Proposition 1

In equilibrium, capital requirements always bind; that is,

er = Vel

We will show that the Lagrange multiplier associated with this constraint is always pos-
itive, hence the constraint must bind. To this end, we also employ the household problem’s
first-order conditions (FOCs) with respect to equity, described in Appendix A.1.

Equations (A.3) and (A.4) can be expressed as

G

)\c e,l
BE, {t+1Rt—7f—1} =1- )
ct

>\ct

where i € {s,r} denotes the type of equity. In this expression, substitute equation (A.10)

for 1. Therefore,

(5 (1= )~ B - e
0%\/57’,5

_ &
>\ct

Ae 1
Et ﬁ A R?i 1-— erf

_ R€7i
t+1
>\ct

+Xlit =0.

(A.13)

Since the range of the erf function is between —1 and 1, i.e.—1 < erf(z) < 1, we know

that the following expression is between W% and Wi

U <E, 5)\Ct+1 Rfl 1 —erf (Rf (1 B %) B Rfﬂ) Qi+ &o;

: — Ry | P < Wl
)\ct 2 0'1% \/§Tt " 27

10
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where

vy =E, {BA;T 0- Rfi'l}} ,

vy =E, {W“ [RY — R } .

>\ct

Plugging \.; from equations (A.3) and (A.4) into equation (A.2), we get:
By {BAesr [RY = R |} = —oDi ' + ¢,

Note that ¢oD; ** > 0 under the usual (and mild) assumptions on the preferences for liquidity.
Moreover, the Lagrangian multiplier on the households budget constraint, A\., is positive.
It reflects the fact that the budget constraint always binds given the standard assumptions
on the preferences (the Inada conditions). The latest expression is transformed into the
following after dividing it by A.:
i —<a
E, {5)\;;1 [R? - Rteﬁiﬂ } _)it = —g(]l)\); < 0.

—\i*
_\112

Thus, ¥ < /\C—tz
ct
Rewriting Equation (A.13)

7; .
((=4) . Jose

)\c dl e,i . Cz .
Et /Bﬁ Rt 5 1 — erf U%\/iTt — Rt+1 = th — Xﬁt?
combine it with W < /\C—i to find
oLy < U < oL
)\ct )\ct

Hence, x}, > 0 for each i € {s,r}. O

11
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A.2.3 Combined First-Order Conditions

Act Qt V2r o1\/27
Rf+1 a‘t5 Rd 1 B erf (R‘ti( Z) t+1)Qt+§Ut
2 Utht

{5Af\t;1 5 (1 — erf (<R§(122tf:1>@+50t))] } —1+x1:=0.

Since x1; > 0, multiply the second equation by =, and add it to the first equation using

E, { gt |2 oo _((R‘Zl(l—jtt) M)QH&H)Q )

} + X2t = VX1t

?—: = ;. Therefore, the FOCs can be combined into:
d s 2
B ﬁ)\ct—i-l Ot T exp | — (Rt (1—7)— Rt+1) Qi+ &oy n
' At | Q2w o/ 27

: R (1 =) — Ry ) Qe+ Eoy
;(Rtsﬂ Zf R{(1 %)) [1—erf(( ( V)UtﬂT:) )”}:’Yt—X%

Xatle = 0. (A.15)

(A.14)

A.2.4 Zero-Profit Condition

In step 1, we derive the expression of the zero-profit condition under all states of nature.
In step 2, we show that this zero-profit condition implies the FOCs derived in Appendix
A.2.3.

Step 1: Since there is no agency problem between banks and households, this condition
captures the fact that all the profits (or losses) are distributed to equity holders after re-
alization of shocks at the beginning of each period. In each aggregate state, banks whose
investments in risky firms pan out will have returns that satisfy on average (over the realiza-
tions of the idiosyncratic shock) [(RHl + %) l; — R (1l — et)} — [ Rf,1,(b) - e; = 0, where
the bounds of the integral are chosen such that we integrate over banks for which the profit

is non-negative, while banks whose risky investments earn low (negative) returns will have

12
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Rf, 1, = 0. Therefore,

Ry = 7 ((Rfﬂ . Ut%;l) o n dt) \/Tr_ exp( (&2%5) degyr

Ct
Rd(l v¢)—R
(UtM Qt

(W)Qt
1 cirq + £)?
M) d5t+1 —

0- exp (—

_|_

o0

e / (Rts+1lt - Rfdt) exp <—M> detr +
t

2
2 \/ 27T 27;

It
o

1 / o, A 1 (eer1 +§)°
— 1 exp | —————— | deyyq =
€t Qt \/ 27T ( 27f
(Rd(1 ) — Rt+l)Q t
)@

d(1_ _ pPs ot
(Rt+ll Rddt) ( f((Rt(l Vt) Rt+1)Qt+§ )) +

otV 21

¢ ot 2 t t+&ot
e (o (- ()] g e (e )

2
I ) o (R{(1—v)—R},,)Qi+Eor
e (- (0 ‘

s ot RI(1—v)—R$, | )Qi+Eoy
%(RHI—fo—Rf(l—%)) {1—eff<( - 1) ﬂ}

a1V 2Tt

- = %, we can rewrite the latter condition as (using that it holds for each i € {s,r}):

R — lo 7 exp | — (Rt (=) — Rt+1) Qi + oy
Qe oiN/2m,

' (A.16)
11 (Rs 1 ié ~ R! (11—~ )) {1 —erf ((Rf(l — ) - Rts+1) Qr +€U§)]
w2\ Qs ! ! '

g % \/§Tt

13
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Step 2: Note that the combined FOC from Appendix A.2.3 can be expressed as:

2
g | gt [ob m (=00~ B Qv i

' At | Qe /21 P o221,

1 i RI(1 =) — Riy) Qr + &0

5 (Rfﬂ g RI(1 - ’Yt)) 1 —erf ( i 2 i Hl) ! i _ (A17)
2 Q: oi/21;

] )‘C €.t ; 4
Ve — Xop = Ve (Et {5 )\Hl Rt—’i-l} + /\Q) — Xat>
ct ct

where we substitute for 1 from Household’s FOC with respect to the two types of equity,

)\ct+1 e,i CtZ
E T T
BE, { Ny Rt+1} A

ie.,

for each ¢ € {s,r}.
When [{ > 0, the complementary slackness conditions in equations (A.5), (A.6), and
(A.15) imply both ¢/ = 0 and x%, = 0. Plugging these results into equation (A.17):

P S ) 2
E {/BActJrlRe,i } 1 B {B/\ctJrl [tﬂ T exp (Rf (1 =) — Rt+1) Qi + oy n
¢ i1 (= iy = - -
et Mt A | Qe 27 U%\/iTt

1( . o (Rf (1 =) - Rf+1) Qt +&oi
B (Rt—H T 0 R{(1 — ’Yt)) {1 —erf ( o2 :

Notice that equation (A.18) differs from the zero-profit condition derived in Step 1 above by

(A.18)

only the stochastic discount factor attached to both sides of the equation. Therefore, the

zero-profit condition implies the FOC.

A.2.5 Expression of Expected Dividends

Expected dividends (valued on date t) are defined as

O (o4 Uy, di, €) = —ey+

A s € 1 g1 +&)2
E; |8 /\ftl / ((Rt+1 + Uttil) Iy — Rf (lt - €t)> \/272 exp <_(t+;7-152§)> degg
c T

Rg(ltfct>_Rf+1 Q
otly ot ¢

In Appendix A.2.1, we calculated all the necessary ingredients for the above integral.

Multiply equation (A.7) by ”Qt—l: and make a sum with equation (A.8) multiplied by Rf, [, —

14
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RY(I; — e;). Use that the capital requirement always binds, i.e., e; = v;; Therefore,
2 (Ot; lt7 dtv et) - _lt7t+
2
Act+1 | Ot Tt (thl (L=m)— Rf+1) Qi + o
LE, < B — exp | — +
Act Qt V2T O't\/éTt

(Ri = B (=) = %) [1 o ( (Rf(1 =) = Ry ) Qo+ 5@)” }

2 O't\/iTt

(A.19)

We define €7, as the realization of the idiosyncratic shock below which the bank’s net

worth is negative; that is, (Rf oy %;1) I; — Rdd, = 0. Expressing

N Qt [ s
Ci41 = —;t [Rt-H —R{(1- ’Yt)]

t

and plugging it into the cdf of the Normal distribution:

* _1 5:—1—1_’_5 _}
G(5t+1)—2[1—|—erf< " =3

~9 Ry, — RI(L— )] +¢
1+ erf NG,
Tt

Therefore, 1 — G(e},,) =

1
1— =
2

Tt \/§

—9iRs  — RI(1— )| +
1—|—erf( at[t+1 i %)} f) =

_1_1 ¢ (Rgl(l_%) _Rf+1> Qi + Eoy
N o Ut\/§Tt '

Using these results, we can re-write equation (A.19) as follows:

A s of *
§2 (Ut§ ly, dy, et) = —liye + LRy {5 )\Hl [(RtJrl - Rf (1 - ’Yt) - gt) (1 - G( )) +
ct

O, Ct+1
« 2 (A.20)
(&) (- )]}

By denoting

w1

(Riww = R0 = ) (1= GCet),

() (259)

%)

15
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Equation (A.20) can be described as
Qo4 b, dyy e) = (Ey [P0 (w1 +w2)] — ) b

A.2.6 Choice of Risk

In this section of the appendix, we prove that the expected dividend function of banks
is convex in the risk parameter o;. This result guarantees that banks choose either the
maximum risk, @, or the minimum risk, ¢, to maximize expected shareholder value, net of
initial equity investment. So all the intermediate values of o;, which may result from the
first-order conditions with respect to o;, are not optimal.

The proof provided here generalizes the proof of Van den Heuvel (2008) to the presence
of aggregate uncertainty. Our proof applies to an arbitrary distribution of the idiosyncratic
shock, &;4,1, with non-positive mean, so our example of a Normal distribution considered in

the analysis is not a special case that can drive our results.

Assumption. ¢ has a cumulative distribution function G. with support [g, €], with e < 0 <
€. The mean of € is equal to =€ (£ > 0). € is independent of the aggregate shock. The

aggregate shock does not depend on the choice of oy.

Note that we do not restrict the analysis to the bounded support?, so € and g can take

—o0 and +o00, respectively. Note that G. need not be continuous.

d S di1_ __pPs
Let é(oy, R7 ) = (Rt dy _ Rip Q; = MQt, where the latter equation uses the

ol Ot Ot

result that the capital requirement constraint always binds. It denotes the realization of
the idiosyncratic shock below which the bank’s net worth is negative. Let m(oy, Rj,;) =
+
E. {(( it %f) l; — Rfdt) ] be a function of expected net worth (taken over the idiosyn-
cratic shock only) under some realization of Ry ; which is considered to be fixed in this
function. To account for the aggregate uncertainty, R; ; needs to be a random variable.
Therefore, expected net worth taken into account both idiosyncratic and aggregate uncer-
tainty is
s s 0i€ d

(oe) = [ Yrpm (O't, RtJrl(w)) P(dw) = E¢ Y111 Riy+ 5| b — Ridy ) dG: | =

o)

Q:
é(oe, R,y)

é(UtaRerl)

: g€
—Ei |V / ((R;H + é) I — Rfdt> dG.| =
t

OE
Y41 / ((REH - é) I, — Rfdt> dG.
t

E,

2Unbounded support is more relevant if we consider aggregate risk.
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(o, Ry,,)

o ol . s
E, ["/}t,tJrl <Rf+1lt - Rgdt - é&ltﬂ - gEt 1/Jt,t+1 / (5 - E(Ut, Rt+1)> dG.| =
t t

£

é(f"tv Rf+1)

l A S
E, [wt,t+1 (Rf_ult - thdtﬂ + att oKy Q/Jt,t+1 / <5(Ut; Rt+1) - 5) dG.| — Uthtwt,tH

Note that in the derivations above we express (Rf T %) l;— Réd, in terms of &(oy, Ry, )
and ¢ using the definition of &(oy, R}, ;).

The proof below shows that II(o;) is convex in o;. Note that the expression of II(oy)
involves the term which is linear in o; and & > 0. Moreover, 9,41 > 0. Therefore, the

sufficient condition for I1(o;) to be convex in oy is that

é(ot)
H(o) = E, [ / (o)) — &) dGa] o

is convex in oy.
Claim. H(oy) = E, Uj(m) (é(at, Si1) — 5) dGE} o, 18 convex in o;:

Proof. Steps of the proof: n

1. Define h(oy, Ri ) = oy Ué(‘”’Rfﬂ) (é(at, R} ) — 5) dGa} in which the aggregate un-

£

certainty is taken off. Consider 3 cases:

R¢(1—vt)—R$

(a) The realization of Rf, , is such that &(oy, R, ;) = > 0,80 Ry, <

Ot

Rg (1 o ’Vt) )
d(1_ _ ps
(b) The realization of Ry , is such that &(oy, R}, ;) = Rt(l+Rt“ <0,s0 Ry | >
Rf (1 - /715) )
d(1__ _ ps
(c) The realization of Ry , is such that &(oy, Ry, ;) = W = 0,50 R} | =
Rf (1 - ’Vt) ’

Show that h(oy, Rf, ) is convex in oy in cases la and 1b and h(oy, Rf,,) is linear in oy

in case lc.

2. Employ the argument that convexity is preserved under non-negative scaling and ad-
dition (guaranteed by the expectation operator over the aggregate uncertainty) to find

that H(oy) is convex.

Let’s show each step of the proof formally:
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1. Let o1, < 09 and, for A € (0, 1), define o)y = Ao1;+ (1 — A)oa. Let & = E(ou, Ri4) =
d
uQ for i = 1, 2, X\. Therefore,

élalt = 520'2,5 = é)\()\O‘lt + (1 — )\)UQt) (AQl)
Using the definition of the convex function, we need to show that
h(oa) < Ah(o1e) + (1 — A)h(oa).

(a) Ri, < RY(1—n,): it implies that &, < &, < &y,

E(oxat)
h(O’At) = ()\0'11: + (1 — )\)0'2,5) {/ (é(a,\t) — E) ng} =

Aot {/jl (éx—€)dG. — /:1 (€x—¢) dG5}+
-0 [“r-ado+ [T - aae) -

Aot {/ (61 —e)dG.+ (6 — &1) G:(&1) + / (e —£&y) ng} +
e éx

(1 — )\)Uzt {/62 (é2 - 5) ng -+ (é)\ — ég) GE<€AQ) + /8/\ (c‘f)\ — 5) dGE} S

é2

)\Ult{/ (él _5> dGe"‘(é)\—éﬂ G5(§1>+/ (él —é)\) dGE}—i-

Ex

(1 —X)oa {/ (€2 —€)dG. + (éx — &) Ge(&2) + / (Ex — &) dGE} ,

where the inequality sign comes from féil (e —£€\)dG. < féil (6, — €\)dG. and
féA (é —¢)dG. < féA (é)x — &€2) dG.. Substituting for the definitions of (o) =
o1 f (61 —€) dG. and h(oy) = oy fEQ €y — ) dG., we get:

h(O’)\t) S )\h(O’lt) + (]. — )\)h(UQt) + )\Ult {(f)\ - él) Gg(é)\)} + (1 )Ogt {(5)\ - 62) Gg(é)\)} =
/\h((ﬁt) + (1 - )\)h(JQt) + Ge(é)\) ()\Jlt (é; - 1?1) + (1 - )\)UQt (éA é )) = )\h(O’lt) (1 - )\)h(O’Qt),

where for the last equality we use equation (A.21) to show that

)\Ult (é)\ - él) —+ (1 - )\)O’Qt (EA‘)\ - ég) = é,\ (/\Ult + (]. — )\)O'Qt) - /\Ultél - (1 - )\)UQtéQ = 0
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(b) Ri > R} (1 —): it implies that &, < &) < &,

bl = O+ (1= Vo) { ) o) — ) ic.} -

)‘Ult{/jl (Ex—¢) ngﬂL/éléA (éx—¢) dGa}+
(1 —A)O—Qt{/jfz (&) — ) dG. —/j (&x—e) dGs} =

/\alt{/ (él—s)dG€+(éA—é1)G€(él)+/ (ék—s)dGE}Jr

é1

(1 — N)oa {/ (&2 — ) dG. + (éx — &) G- (é2) + / (e — &)) dGE} <

Ex

él éA
Ao1¢ {/ (61 —¢e)dG. + (éx — €1) G:(&1) +/ (éx— &1) dGs} +
(1= XNoy {/ (9 —€)dG. + (é\ — &2) G(é2) + / (9 — &)) dGE} )

where the inequality sign comes from f;? (éx —e)dG. < f;ﬁ (éx — &1) dG. and
féZ (z—: —£,)dG. < féQ £y — €)) dG.. Substituting for the definitions of h(oy;) =
o1 f (61 —€) dG. and h(oy) = oy f (69 — €) dG., we get:

h(O')\t) S )\h(O’lt) + (1 — )\)h(O’Qt) + /\0'1,5 {(é)\ — él) Gg(é\)\)} +
(1 = XNoa {(éx — &2) Go(€))} = Ah(o14) + (1 — N h(o2)+
Gg(é)\) ()\Ult (é)\ - él) + (1 — )\)O’Qt (SA,\ — 52)) = )\h(Ult) -+ (1 - )\)h(Ugt),

where the last equality follows from the same reasoning employed in the previous

case.

(¢) Ry = R} (1 —). Hence, £(0;) = 0 and

hoy) = o l/o (0—¢) dGE] ,

which is linear in oy

2. We found in step 1 that h(o;, R}, ) is convex in oy for each R; ; € R. Consider
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P(w) > 0 for each R (w) € R. Then the following function®:

| 1 (on Ria@) Plde) = Beho, Bip) = H)

is convex in o;. It follows directly from the linearity of the expectation operator which
puts a non-negative weight on every realization of R; ; and the fact that the sum of

convex functions is a convex function. Therefore, I1(0}) is convex in oy.

Since the expected dividend function is defined as the difference between expected net
worth and the initial equity investment (i.e., it is an affine transformation of expected net
worth) and does not depend on o,—that is, £2(oy; Iy, di, e;) = II(0y) — e,—the convexity of

[I(0}) guarantees that 2(oy; Uy, dy, €;) is convex. [

A.2.7 Safe and Risky Banks

The results established in the preceding section imply that at any one time, depending
on the state of the economy and the realization of aggregate shocks, only one type of bank
may exist, either the risky bank or the safe bank. However, we have not been able to rule out
analytically that risky and safe banks may coexist. Accordingly, we allow for this possibility
in the numerical solution of the model. Nevertheless, in our model simulations, we have not
found any such case.

We let p; denote the fraction of banks with risky portfolios (banks that choose o, = @)
at date t; the remaining fraction 1 — p; are safe banks (o; = g).

The fraction pu; is endogenously determined by equity positions of households: we have
a risky equilibrium (with p; = 1), or a mixed equilibrium (with 0 < u; < 1).

At any point in time, the economy may be in a safe equilibrium (with p; = 0),

Each bank within a group (safe or risky) is alike and solves the same maximization

problem in which it chooses Ii, di, e} according to its type i € {s,7}.

A.3 The Non-Financial Firm’s Problem

We consider the problem of safe firms before that of risky firms.

3Linearity in oy for one particular value of R 1 can be considered as a weakly convex function, so it does
not change the nature of the argument
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A.3.1 Safe Firms

Let 77, ; denote the revenue of a safe firm in period ¢ + 1 net of expenses:
7rtSJrl = yf+1 +(1- 5)thts+1 - Wt+1hf+1 - Rfﬂl{’s.

In this notation, the problem of the safe firm is to

The first-order condition for maxXp; | T 18 8h§+1 = 0. It implies that
Y11 Y1 ki ¢
Wipp = o0 =(l-a) = =0-a) A | . (A.22)
" Ohi i hi " hi
a 11—«
s A k? he
By = (1—a) 22 = (1-a) ot (bin) (bin) . (A.23)

Wt+1 Wt+1

Accordingly, the safe firm’s Lagrangian is:

a 11— s
£ =E, {At+1 (ktsﬂ) (hfﬂ) + (1= 0)Quirkyyy — Wipahiyy — Ryl }+

A ()" (b))
Ween

Mg (1= a) = hjy g N (= Qb ) -

Notice that there is no expectation operator on the Lagrangian multipliers because those

constraints hold under every state of nature. The problem implies the following first-order

conditions
aﬁsafo . .
o —E {RHJ + A =0,
t

acsafe ,ys A 1 ks a—1

=E |aZH +(1-96 ]+As 1—a)aE, |2 [ 2 —XQ, =0,
Ok 1y ' [ i1 ( et i ) o Wi \hin i

« -«

aﬁsafe At+1 (]{Zf+1) (hf+1) [ ) At+1 (ks o

=(1-« — Wi+ 25, |[(1—a) —— t“) —1]20.
Ohiyq ( ) Wi w1 A | ( ) Wi \ hip

Combining gﬁafe = 0 with equation (A.23) yields Aj, = 0. Then, plugging a;l;ie = 0 into
t41 t
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8£safe
k7,

for A\j,, we get

E: [Ri] Q= E, [ayi“ +(1- 5)@4 .

t+1
Consider the zero-profit condition of the safe firm under all states of nature. Since the

production function has constant returns to scale,

s

oy; oy k ot
v; LS 4 RS = ad < Hl) ki 4+ Wihi, g,

t+1 — s t+1 s t+1 s
aktJrl ahtJrl t+1

where we use equation (A.23) to substitute for Wi ; in the last equality. Plugging the

expression of y7, ; into 7, ; = 0 and using Qkj,; = 1/*, we find that:

ks a—1
OéAt+1 (T) kts_H + (1 - 5)Qt+1kts+1 - Rf—l—thkf—i—l = 0.

Since k7, ; > 0, we can divide by £} ; to get

ks a—1
R} Qi = aAiy (T) + (1 —0)Qi1 (A.24)

t+1
under all states of nature. This condition implies

L a—1
RQ,_1 = ad, <t> +(1-6)Q..

t

A.3.2 Risky Firms

Let 7/, ; denote the revenue of a risky firm in period ¢ + 1 net of expenses:

7Tz1:n+1 = ?J;rl + (1 —0)Qy ;+1 - Wt+1h§+1 - ;+1l{’r-

In this notation, the problem of the risky firm is to
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The first-order condition for maxyy, 7/, is Omies — . Tt implies that

oy,
oy’ k; ¢
Wi = yiﬂ = (1 —a) At+1< i“) ) (A-25)
aht+1 t+1
« 11—«
A k§+1 h:+1
o = 1A () s

Accordingly, the risky firm’s Lagrangian is:

Erlsky :]Et

« l1—a r
A (k;—l) (h§+1> + ki + (1= 80)Qunkfyy — Wipahiyy — Rl ] +

A (k)" (h)

A [(1—a) Wi

= by | N (1 = Qukyy) -

Notice that there is no expectation operator on the Lagrangian multipliers because those

constraints hold under every state of nature. The problem implies the following first-order

conditions
aﬁrisky , .
fr = —E; [Rt_H] + A, =0,
ol
aﬁriSky kr a-1
kT = E; |adi (h?l) +e1+ (1 =0)Quy1| +
t4+1 t+1
At (k: 1>"‘1
B [a (1 — ) + — A\, Q: =0,
s AT Ve o
a[’risky kr a A kr «
= 1-a)A t+1> - W, +)\Tl1—a2t+l<t+1> —1]:0.
ah€+1 ( ) t+1 <h€+1 t+1 ht ( ) Wt+1 h§+1
Equation (A.25) together with %%Tky = 0 yield A7, = 0. Plugging 65;;? =0 into %irfky for
t+1 t t+1
Aj;, we get
kr a—1
E, [R:H} Qr = Ky |aAi < i“) + (1 =0)Qt1 + €ra
t+1

Combining equation (A.22) with equation (A.25):

kf—&-l — k:—l—l (A27)
h§+1 h:+1

under all states of nature. But remember that the first-order condition of the safe firm
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implies

B [R;y\| Qi =By

ks a—1
O{At-i-l < Z+1> + (]_ — 5)@15-{-1] .

t+1
Therefore

[ t+1] Q= [RfHQt + 5t+1} .

Consider the zero-profit condition of the risky firm under all states of nature.

T =Y + (1= 0)Qikiyy — Wephyyy — Ry =
?/;—1 + (1 - 5)thg+1 ( )At-i-l (kt+1) (h;—l) ) t+1lf7 =
r o r l-a r r r for
aAi (kt+1) (htH) + ki + (1- 5)tht+1 - Rl =

r

a—1
aA ( i“) to1 ekl + (1= 0)Qikiy — t+1lf7 =0,
t+1

where we use equation (A.26) to substitute for Wy 1A, ;. Using equation (A.24) together

with equation (A.27), we can express

kT a—1
04At+1< f«H) t+1Qt ( 5)Qt+1v

that holds under all states of nature. Plugging it into the zero-profit condition and using
Qikf, = 1], we find that:

Ry Qb — (1= 0)Quakiyy + erpikiy + (1= 0)Qikiyy — R Qikiy = 0.
Since £k, ; > 0, we can divide by k] ; to get
Ry Qi = R} Q¢ + €111
under all states of nature. This condition implies
RiQi1 = RjQ11 + &

A.3.3 Aggregating Across Firms

Here we show that we can aggregate individual firms into two representative firms. Let
k;;t denote the capital chosen by firm ¢ that is financed by borrowing from bank j. Both ¢ and

j lie within the continuum of measure 1 of banks and firms, respectively. In this notation,
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equation (A.27) is written as
K k
Tars _ Fuel (A.28)
Jit+1 t+1

for all j € [0,1] and ¢ € [0,1]. Each firm chooses the same capital-to-labor ratio indepen-
dently of the type of bank it borrows from.

Note that oy is the fraction of risky firms at date ¢; the remaining fraction 1 — g; of firms
are safe firms. Let’s index firms as follows: firm j;, with j; € [0, 0], can only access a risky
technology subject to both aggregate and idiosyncratic shocks; firm jo, with jo € [0y, 1] has
access to a safe production technology subject to aggregate shocks only. Since there are no
equilibria with ¢ < 0, < @, the fraction of risky firms is linked to the fraction of banks with

risky portfolios as follows:
o= (1= ) o+ 0.
Define the following objects: Let K, = falt f:t k! ,,1djdi be the total capital allocated
to the safe technology and financed by borrowing from the banks that choose a fraction o
of risky projects. Let K7, , = f Jo " ki, 1djdi be the total capital allocated to the safe

technology and financed by borrowing from the banks that choose a fraction & of risky

projects. We let K ; denote the total capital allocated to the safe technology. Thus,

11
K¢, = //k ,t+1‘1l]alZ st+1 _'_Kﬁ,tJrla
0

ot

Let K¢y = f it ' 1djdi be the total capital allocated to the risky technology and
financed by borrowmg from the banks that choose a fraction ¢ of risky projects. Let
Ky = o kL, djdi be the total capital allocated to the safe technology and financed
by borrowmg from the banks that choose a fraction & of risky projects. We let K7, , denote

the total capital allocated to the risky technology. Thus,

Ki —// ]1t+1dl7dZ st+1+K:t+1’

The same upper and lower case notation applies to labor, i.e. H§t+1 = fglt f:t h;tﬂdjdi;

Hf,tﬂ f fm h; pdjdi; Hy 4+l = f h] 1 djdi; H;,tJrl ut h; 1 djdi.
Safe representative firm produces.

1 1 1
/At B,) djdi = //F Lo b)) didi =
0 0

O¢t—1

\H

Ot—1
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Using that the technology has Constant Returns to Scale:

/ / Fis, (Kjoo 1) K+ Fis | (K0 b3, ) W) djdi =
Ot—1

where Fk; (k‘ ht ) and Fh; (k h ) denote the partial derivative of F' (k’l h ) with

Jitr 75t Jit) 75t Jit2 g5t

respect to klt and h]t, respectively. Since these partial derivatives are homogeneous of

degree zero, we can express them in term of capital-labor ratio, i.e.

/ / [sz < : ) .+ fhz (i: )hl ] djdi = Plugging equation (A.28) =

1

//lf’“<kt> +fhz<k>h21djdz’:

ot—1 0
11
kt i . 7. s kt s
T h ks djdi| + [, dde = fr, K} + fn, I H; =
! ot 0
. K:,t _ Kﬁ,t _k K] hy K:,tJrKf,t H?, K; &k
Since i, =, s then Hg:?Z = (HE,#H?,t) Ks = 1. Therefore HS = it
K; K;
= s Hs
Jx: (Ht> ¢+ fu; <Ht>
Hence, we obtain that
Y = A (KD) (D) (A.29)
Moving to the risky representative firm,
ot—1 1 ot—1 1 ot—1 1

// At jt i ) 4e, djd’l //F Ry djdz+//5§7tk§7tdjdi.

Note that similar steps described above apply to the first term in the summation, so that
! fo ( toh ) djdi = A, (KI)® (H)'™®. To express the second term, notice that since
each risky firm solves the same maximization problem, it chooses the same amount of capital
independently of the type of bank it borrows from. Therefore, f ot fol gévtk;‘»’tdjdz’ = (K.
Hence,

Yy = A, (D) (H])' ™ = €K (A.30)
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A.3.4 Capital Producing Firms

At the end of period t, goods producing firms sell their capital to competitive capital

producing firms. Letting I denote gross investment, the evolution of capital follows

o (I} ’
[t:nt|:1_2 E—l qua

where 7, is a shock to investment-specific technology (ISP), and ¢ is a measure of the severity
of investment adjustment costs. The aggregate capital stock evolves according to
Kig+ Ky =L+ (1= 0) (K7 + K{).

The capital producing firms are owned by households, and solve the problem

o) ¢ ]9 . 2
max Etz Vrpri § MeriQevi |1 — 9 <t+l - 1) Itg—l-i - szg+i )

g
t+i i=0 ]t-i-i—l

where Yy 44, = ’\/\% is the stochastic discount factor of the households.

¢ (17 i I I
-2 (= —1) |- SR |

BE: 1@@& 19 ﬁ—l ﬁfg =0
+ )\Ct + qu (15)2 t+1
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A.4 The Government

The government levies the tax to fully compensate for the loss to the deposit insurance

fund due to rescue of defaulted banks.

d s
(ii:ifz_ll_of_t1>Qt_l
O¢_1€
T% = — / ((Rf + é ! t) Lt—l — Rlet_1> dG(gt) =
t—1

—Q/<Oﬁ+%4&>hl—RiﬁhOdG@}—
Qtfl

O¢—1€
((Rf + =l t) Lt—l - Rg_lDt_1> dG(ﬁt) =
Qt—l

d
S e Q-1
ot—1Li—1  ot—1

Note that in the square bracket the first term equals (RS gt ) L1+ Rt 1D;—1. We have

already calculated the second term. Therefore,

T, =

1Ly q T R (1=, 1 — R:Q,_ _
0114 1Tz1ep<_< N Y1) Qi1 s Qi1 + &0 ) s_Ut 1§)Lt1+Rletl+

Qtfl vV 2m * Ut,1ﬂ7t71 Qt,1
1 01§ d R;i (L =-1) Qi1 — R{Qu—1 + E0vy
Ly 1 | R} — —(1—v_1)R 1 —erf : ,
2 ' 1( ' Qi1 ( " 1) t_1> { “ < thl\thfl

which can be rewritten as

T o1l T ( <R§i_1 (1 —y1) Qi1 — RiQy 1 + 50t1>2)
t= - _

exp
Qt*l Vv 27T o’t—l\/iTt—l (A 31)

1 011§ d R (1= 1) Qo1 — Ri Qi1 + Eova

- |\R L,y — ——L;1— R D,_ 1+ erf .

2 ( QT e . 011V 271

A.5 Resource Constraints

The aggregate loans to the (representative) safe firm come from two sources: 1) from all
safe banks (of measure 1 — ;) that allocate 1 — g share of their loan portfolio to safe projects
and 2) from all risky banks (of measure ;) that allocate 1 — @ share of their loan portfolio
to safe projects. Therefore, the equilibrium conditions linking our bank-level and firm-level

variables representing loans are

Qi = (1 =) (L= ) ] + (1 =) puly.
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Similarly,
QK[ =0 (1 — )l +oplf.

The aggregate bank loans are linked to the individual bank loans by: L} = !y and Lj =

(1 — 4)lf. Therefore, we can describe the latter two equations by using aggregate loans

QG = (1—o)Li+(1-9) L,
Qi} = oli +oL.

The equity positions taken by households, in turn, determine the equity positions of
individual banks: E] = e} and E} = (1 — p;)ef. The returns on the equity positions taken
by households at date t are linked to the dividends paid by banks at date ¢ + 1. We have:

E Ry = (wi +ws) Ly,
E Ry = (wi +w3) L,
where we use the fact that max [nw{ +1,O} is linear in loans; w; and w, were defined in
equations (27) and (28). Deposits held by households are issued by (safe and risky) banks:
D, = D] + D] where D; = L; — E} and D] = L] — E}.
The equilibrium conditions linking our aggregate and individual firm-specific variables are

straightforward, but cumbersome in terms of notation. We state the conditions in Appendix

B. The market-clearing conditions for labor, capital, and goods are
H;+ H =1,

Kf‘i‘K: - Kt,

and

Y +Y =G+ 1Y
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B List of Equilibrium Conditions

From the first-order conditions for the household problem, derived in Section A.1

(Cy = KCy_1) ™ = BKE, (Copy — KCY) ™ — Ay = 0 (B
GoD; " = At + BB R =0, (B.

At + EeBAa1 By + ¢ =0, (B

Aet + EeBAr B + ¢ = 0. (B

From Section A.2.6, we know that we need to track two types of banks, safe and risky banks:

o] =0, (B.5)

o =0. (B.6)
From the bank problem in Section A.2, for Vi € {s,r}
Il =d. +el. (B.7)
From the proof that capital requirements always bind in Section A.2.2, for Vi € {s,r}
= YL (B.8)

From the combined first-order conditions for banks in Section A.2.3, for Vi € {s,r}

7 ct+1 Ut Tt R?(l_ t)_Rf 1 Qt"‘goé 2
Ve — Xbe = Ey {535 ST exp ( <( T ) ) ) + (B.9)
s Ut R (1—v) 5 1) Qetéot
%(Rt—l-l £ — R{(1 - )) {l—erfc A/a;f:t) )H},
Xbili = 0. (B.10)

From the zero-profit condition for banks derived in Section A.2.4, for Vi € {s,r}

ei i1, RE(—70)— B3, ) Qutéot\ 2
v ),

s O't 1 t) t+1 Qt+§ff§
L (s, — % — RI(1L— ) {1—erf<( WUM;) )”
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Definition of the share of risky banks, from the aggregation across banks in Section A.2.7

Ly

M E B

From the problem of safe firms in Section A.3.1

OéAt Kf)a_l Qt
RS = 41— 8) 2
Qi (His ( ) Qi1

From the problem of risky firms in Section A.3.2

€t

Qi

From Equation A.22 in Section A.3.1 and Section A.3.3

R, =R} +

Wy =(1-a) .

Hy
From the aggregation across safe and risky firms in Section A.3.3

K _ K¢
Hy — H]

Yy = Ay (K3 (Hp)' ™,
Yy = A (K7™ (H])' ™ — €K

From the problem of capital producing firms in Section A.3.4

Kt+1 — It + (1 — 5)Kt7

g 2
It=77t[1—(§(15t _1> ]]f;

o (17 ’ K 17
mQy |1 — 35 7, 1 — Qi@ 7, 1 7

E Act4+1 [f+1 -1 Itg+1 Ig _ O
B, Me+175., Q119 7 (Ig)2 t+1| — Y-
t

The tax for the deposit insurance scheme is derived in Section A.4

RE (1—ye1)—RS)Qi_1+€0v—1 )\ >
T, = L, 4 {5’5;117\';%6Xp <_ (( 1 ( ’Y;tji\/g;)fft 1+€ot 1) ) _

Ry (1=7-1)—R§)Qi—1+€0t—1

(R = R (1 =) = §=2) 1 ent (08
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(B.12)

(B.13)

(B.14)

(B.15)

(B.16)
(B.17)
(B.18)

(B.19)
(B.20)

(B.21)

(B.22)
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Using the resource constraints from Section A.5

L= (- ), (B.23)
L =l (B.24)

E} =L Vie{sr}, (B.25)
Li=D:+E} Vie{sr}, (B.26)
Qe = (1—0) I + (1 - ) I, (B.27)
QKT = oLi + 5L, (B.28)

D, = D; + Dy, (B.29)

K, = K; + K], (B.30)

Hy + H =1, (B.31)

YP+Y =C+ I (B.32)

From the first-order conditions of the bank problem in Section A.2.1, the Lagrange mul-
tipliers x5, on the loan constraints [{ > 0, where i € {s,r}, govern the transition between

different regimes, demarcated as follows:
1. safe regime: x5, =0, {7 > 0, x5, > 0, and [] = 0;
2. risky regime: x5, > 0, [] =0, x5, =0, and [] > 0;
3. mixed regime: x5, =0,y >0, x5, =0, and I} > 0.

These conditions, together with binding capital requirements, also imply whether the in-

equality constraints on the household bank equity holdings bind or not. Accordingly,
1. safe regime: (f; =0, £} >0,¢(/ >0, By =0 = p, =0;
2. risky regime: ¢ >0, E; =0, (f =0, and Ef >0 = pu; = 1;
3. mixed regime: ¢ =0, £y >0,¢/ =0,and £f >0 = 0 < p < 1;

and remember that p; is the share of risky bank equity in total bank equity. Notice that
in the safe regime, [; = 0 and the binding capital requirement make E; = 0 redundant; in
the risky regime, [j = 0 and the binding capital requirement make F; = 0 redundant; and
in the mixed regime, the fact that x5, = 0 and that (] = 0 together with Equation B.4 and
Equation B.11, make Equation B.9 redundant.

Finally, in the numerical implementation of the model, we use a guess-and-verify approach

to determine the regime sequence expected to occur after the realization of the aggregate
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shocks period by period (Guerrieri & lacoviello, 2015). In the iterative procedure to deter-

mine the regime guesses, the following conditions prompt a new guess:
1. safe regime exit: I < 0,
2. risky regime exit: [j <0,

3. mixed regime exit: Ij <0 or [j <0.
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C Computing Bank Failure Rates

In this section we provide additional details on our computation of the asset-weighted
average bank failure rate. In particular we reconcile the 1.52 percent annualized failure rate
used in our calibration with the somewhat lower rate of 0.5 percent in Elenev et al. (2021).

We obtain the list of failed banks from Bank Failure and Assistance Data of the Federal
Deposit Insurance Corporation (FDIC) and obtain the assets for those banks from the last
report filed with the Federal Financial Institutions Examination Council. The total assets
of the U.S. banking sector are from the Federal Reserve’s H.8 Release, Assets and Liabilities
of Commercial Banks in the United States. The H.8 Release does not include thrifts. This
omission seems negligible late in the calibration sample but is more substantive early on,
when thrifts were a more prominent part of the U.S. banking system. Nonetheless, we prefer
using the H.8 Release as it extends further back, allowing us to start the sample in 1980:Q1.

The main difference between the failure rate we calculated and the one in Elenev et al.
(2021) turns out not to be our use of the H.8 release. Rather, the difference stems from
including in our list of “failed” banks two large banks that received FDIC assistance during
the Global Financial Crisis—Citicorp and Bank of America. In our calculation, we treat the
provision of “assistance” by the FDIC, as tantamount to preventing failure. The assistance
cases are not numerous, and the ones that truly make a difference are those for Citicorp
and Bank of America because of the enormous sizes of their assets. For these two banks,
the FDIC invoked a Systemic Risk Exception (SRE). The SRE is a rarely used, post-1991
provision that allows regulators to waive the "least-cost" requirement for failing banks if it
threatens financial stability.

We confirmed that the two entries pertaining to Citicorp and Bank of America in the
FDIC dataset that we are using to construct failure rates coincide with the dates when
the FDIC invoked the SRE. A white paper of the Federal Deposit Insurance Corporation
(2018) offers a history of FDIC interventions; the SRE invocation for Citicorp is described
on Pages 73, and the one for Bank of America on page 86. The FDIC account explains that
the structure of the packages offered to the two banks was similar and included Treasury
participation through the Troubled Asset Relief Program (TARP). Other banks received
government funds through TARP, but the FDIC’s Bank Failure and Assistance Data do not
include them.

With our procedure, the average failure rate drops to 0.62 if we exclude all the entries in
the FDIC dataset categorized as “assistance.” And if we also construct asset weights using
FDIC data that include thrifts, the failure rate drops further down to 0.52 for a sample
running from 1984:Q1 through 2024:Q4, which seems like a close match for the 0.5 failure
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rate in the calibration of Elenev et al. (2021).
We certainly recognize that excluding banks that received “assistance” is a defensible
choice, but we prefer including them in our calculation for a closer match to what we intended

to capture as bank failures in our model.
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D Discussion of the Excessive Risk-Taking Mechanism

Following our results derived in Appendix A.2.5, we can decompose expected dividends

into the following components:

Q2 (o4 Ui dyye) = By {hygqale [wr + wal b — vels,

where

Wi+ wo] = (Rfﬂ — R (1 =) - i;:) (1 — G(Srﬂ)) + (;i) \/T;_W exp (— (%) ) ,

non-defaulted

_ ws = bonus from
w; = returns from a loan

projects volatility

portfolio with riskiness o,

and the cutoff point &}, is defined by Rf (1 — v;) Q; — Ry, Qi = 0veps ;.

The first component, wy, represents loan returns of riskiness o; controlling for the variance
of idiosyncratic shock (when 7 is taken as given). The bank trades off the benefits from
limited liability and deposit insurance with a smaller profitability of riskier projects. The
term % reflects, in expectation, the reduction of loan returns for the bank holding o; share
of risky projects. The bank receives net income on loans, Ry, ; — R{ (1 — ) — %, if it does
not default on deposits which happens with probability 1 — G(ef ). If the bank defaults, it
gets zero, i.e. 0-G(ef, ;) which is not shown in the expression explicitly.

The second component, wo, represents the extra effect of o; on expected net worth owing
to more dispersed returns from projects. In fact, ws is strictly increasing in 7: the bank
views projects as a call option the value of which rises with volatility associated with higher
upside. Limited liability bounds the payoff to zero in the worst case scenario.

Risk-taking incentives depend on the difference between returns on safe loans and returns
on deposits. Table D1 illustrates the effects of greater risk-taking on the components of div-
idends for each realization of the aggregate returns. We map aggregate returns into states
of nature and consider two cases depending on the sign of €}, ;. The aggregate returns influ-
ence the value of the shield of limited liability. Risk amplifies the effect of the idiosyncratic
shock. So, in every state of nature, the bank’s choice of risk is determined by the expected
effect of the idiosyncratic shock on the value of the shield of limited liability and returns on

loans. The up-turn arrow, {}, indicates that greater risk-taking increases the corresponding
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component of bank’s dividends. The down-turn arrow, |}, means that the corresponding
component of bank’s dividends decreases with greater risk-taking. Two arrows turned in the
opposite directions, {1}, signify that the effect of greater risk-taking is undetermined and

depends on the parameterization.

Table D1: Tllustrating the Effects of Higher Risk on Dividends.

Effects on w;
States of nature where . v = ” Effects on woy
Ri - Rf(1—n)— 9, | 1- G(eft)
R, < RI(1—-v) < €41 >0 U f i

if e, > =&, then 1y

if ef, 1 < =&, then 7

Ri >Rl (1-v) & ¢&41<0 3 J

First, ey, ; > 0 indicates that the bank makes losses on safe loans. It happens in those
states of nature where the net income from the zero-risk portfolio is negative, so the bank
is behind the shield of limited liability. By accepting more risk, the bank is more likely to
get a positive net return under a favorable realization of the idiosyncratic shock as risk acts
like a leverage on the size of the shock. Therefore, 1 — G(ej,,) rises. This balances with
smaller returns on a portfolio with more risky loans, i.e. Rf ; — RY (1 — ;) — % goes down.
Similarly, gambling on more dispersed returns allows the bank to move away from a zero
return that comes from the limited liability to some positive return that is accompanied by
less frequent defaults. So, the effect of o; on expected dividends from ws is positive.

Second, €7, ; < 0 shows that the bank makes positive profits on safe loans. The bank is
more likely to default when it takes on more risk because any negative idiosyncratic shock
would be amplified by risk. The bank internalizes that riskier projects are less profitable.
Therefore, the overall effect of greater risk on w; is negative when £;,; < 0.

Then consider the bonus from projects volatility. If —§ < &;,; < 0, there are two
contrasting forces. On the one hand, the bank always benefits from limited liability that
makes the variance of projects returns attractive. On the other hand, the bank is more
concerned about (and more vulnerable to) the variability of returns in the situation when
taking on more risk would result in zero payoff instead of some positive payoff achieved by
smaller risk. It occurs when —§ < €;,; < 0. In these states of nature, the bank requires
greater than average realization of the idiosyncratic shock in order to get a positive return.
Call this type of shock a good idiosyncratic shock. This shock happens with probability
smaller than 0.5. Define a bad idiosyncratic shock as a complement to a good idiosyncratic
shock. An increase in risk increases the profits under a good shock. It captures the benefits
from greater upside. At the same time, an increase in risk makes it more likely to get a

bad shock. The bank trades off marginal profits coming from a good shock with marginal

37



Online Appendix

losses coming from the reduction of profits due to more defaults. Since the probability of the
latter is greater than the probability of the former, the losses from defaults can dominate the
benefits from greater volatility. This force goes in the opposite direction when ¢, ; < —¢.
The difference is that here the bank is more likely to get a good shock than a bad shock.
Therefore, the bank puts more weight on the benefits from risk-taking than on its costs.
It is verified mathematically that the effects of o, on wy are unambiguously positive when
€ < €.

In sum, we find that net returns on safe loans, R;,; — R{ (1 — ), is the main driver for
the bank’s choice of risk. In the partial-equilibrium setting, we differentiate between three
cases that characterize incentives for risk-taking.

First, Rf,; < R{(1 — ) applies to the states of nature where a relatively large negative
aggregate shock is realized. Two forces against the one that seems to be of lesser relevance
make the bank benefit most from taking risk. Second, —¢ < R (1 — ;) — R} 1 < 0 applies
to the states of nature where intermediate values (not too large and not too small) of either
negative or positive aggregate shock are realized. There are more forces that lower incentives
for risk. Third, R (1 —~;) — R{,; < —¢ applies to the states of nature where a positive
aggregate shock of a larger size is realized. Interestingly, there is a force associated with
the bonus from projects volatility that makes it possible for the bank to increase risk. The
choice of risk depends on the strength of that force, ws, relative to the negative exposure of
returns from a loan portfolio to risk, w;. It still remains a quantitative question to find out
how risk-taking is determined in the general equilibrium set-up.

Capital requirements affect risk-taking through a change in €}, ;. When +, increases, €},
falls. It means that the bank will be more likely to find itself in the states of nature where
€;,1 is negative. It forces the bank to keep more skin in the game, make the shield of limited

liability less attractive and prevent the switch into financing risky projects.
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E Consumption Equivalent Variation

Let Wel fP* be the welfare level attained under the optimal policy:

il Coptt — KCopri—1) < —1  Dist —1
Wel opt _ E t ( opt,t opt,t—1 4+ opt,t )
f tz_;) 6 [ 1-— Se ‘ 1— Sd

And let Wel fr'¢ be the welfare level attained under a simple rule:

_|_
1_§c <0 1_§d

—ce 1—

Welfmle — Eiﬁt [(Crule,t - ’%Crule,t—l)l -1 D—rulgt — 1]
t=0

For given paths of consumption and deposits, we are interested in sizing a permanent tax
A applied to the consumption utility stream under the optimal policy such that the level
of welfare under the optimal policy with the tax is equal to the level of welfare under the
suboptimal rule. Thus,
- A) (Copt,t - /ﬂc'opt,tfl))li(C -1 Dé;tg,? —1

1_§c o 1_<d

Eiﬁt [((1 ‘| — Welfrule,
t=0

which can be rewritten as

) 1—A 1—¢c Co _ Co B 1-¢ 1 Dé—&l -1
EZ /Bt [( ) ( pt,t KCopt,t 1) + < pt,t _ Welfrule‘
t=0 1 — Se 1 — Gd
Taking out (1 — A)'7¢ we get
S — — 1=sc__ Dl_gd—l _A)—se
Etzo 6t |:(1 . A)l Se (Copt,t K,CioEtg,thl) S 1 + go olpi,éd + (]_ Al)_g; 1:| — Welfrule

With some additional manipulations, we obtain

o _ C — fiC — )1_% —1 (C t — HJC tt—l)l—gc —1
E t 1 — A 1—¢c 1 ( opt,t opt,t—1 opt, opt,
;ﬁ [<( ) ) 1 — Ge + 1 — Se _'_
Disi—1 (1—-A)"*—1
% Cipt,t + ( ) 1 — Welfrule.
— Gd 1—c

Let Wel f& " be the welfare from the consumption utility stream attained under the optimal

policy,

1—g,
C'opt,t - KCopt,tfl) ‘= 1‘|

Welfd' = EY_ 5 (
=0 =<
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Hence,

(1-A)"*—1
(1=5)(1=<)

From the equation above, we can derive A, the consumption equivalent variation:

(1= A)'= — 1) Wel f&" + Welf + _ el e,

((1 — A)l_gc — 1) <W€lfgpt + + Welfopt _ Welfrule’

1
(1-p)(1 —<C)>

Welfrule - Welf"pt

(1 - A)lf‘gc 1= ’
opt 1
(Welfe" + asa=c)
(1— Ayl = q _ Welfr = Welfm

(Welfe" + =pt=)

1

opt __ rule T—sc
A1 (1_ Welfopt Wellf ) |
(Welf?' + st

40



Online Appendix

References

Elenev, V., Landvoigt, T., & Nieuwerburgh, S. V. (2021). A macroeconomic model with fi-
nancially constrained producers and intermediaries. Econometrica, 89(3), 1361-1418.

Erceg, C. J., Henderson, D. W.; & Levin, A. T. (2000). Optimal monetary policy with
staggered wage and price contracts. Journal of Monetary Economics, 46(2), 281-313.

Federal Deposit Insurance Corporation. (2018). Crisis and response: An FDIC history, 2008-
2013.

Gertler, M., & Karadi, P. (2011). A model of unconventional monetary policy. Journal of
monetary Economics, 58 (1), 17-34.

Guerrieri, L., & Tacoviello, M. (2015). Occbin: A toolkit for solving dynamic models with
occasionally binding constraints easily. Journal of Monetary Economics, 70, 22-38.

Van den Heuvel, S. J. (2008). The welfare cost of bank capital requirements. Journal of
Monetary Economics, 55(2), 298-320.

41



