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A Derivations

A.1 Proof for Lemma 1

Proof. By the chain rule,

ω

ωKt
F (AtKt, BtLt) = F1(AtKt, BtLt) · At,

ω

ωLt
F (AtKt, BtLt) = F2(AtKt, BtLt) · Bt,

which gives equation (3). Multiplying by Kt/Yt and Lt/Yt yields equations (4) and (5).

Finally, since F is homogeneous of degree one, Euler’s theorem implies F (AK,BL) =

AKF1(AK,BL) + BLF2(AK,BL) for all (AK,BL). Then dividing both sides by Y =

F (·) yields sK,t + sL,t = 1.

A.2 Proof for Household Euler Equation

The representative dynasty maximizes

→∑

t=0

εt Lt
c1↑ω
t

1→ ϑ

subject to the aggregate budget constraint

ctLt = Yt →Kt+1 + (1→ ϖ)Kt.

Form the Lagrangian:

L =
→∑

t=0

εt

[
Lt

c1↑ω
t

1→ ϑ
+ ϱt

(
Yt →Kt+1 + (1→ ϖ)Kt → ctLt

)]
.
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The first-order condition with respect to ct is

εt
(
Ltc

↑ω
t → ϱtLt

)
= 0 ↑ ϱt = c↑ω

t .

The first-order condition with respect to Kt+1 is

→εtϱt + εt+1ϱt+1

(
ωYt+1

ωKt+1
+ 1→ ϖ

)
= 0.

Substituting ϱt = c↑ω
t and defining rt+1 ↓ ωYt+1/ωKt+1 yields

c↑ω
t = ε c↑ω

t+1 (1 + rt+1 → ϖ),

which can be rearranged to obtain the Euler equation:

(
ct+1

ct

)ω

= ε(1 + rt+1 → ϖ).

A.3 Proof for Lemma 2

Proof. From Lemma 1, rt = AtF1(AtKt, BtLt). Using equation (2) and the detrended

variables,

AtKt = AT (Tt)A
e
tKt = AT (Tt) (B

e
tLt) kt, BtLt = BT (Tt) (B

e
tLt).

Since F1(·) is homogeneous of degree 0, F1(ϱAK,ϱBL) = F1(AK,BL) for any ϱ > 0,

so

F1(AtKt, BtLt) = F1

(
AT (Tt) kt, BT (Tt)

)
,

which implies equation (11).
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A.4 Proof for Proposition 1

Proof. Fix T and suppress time subscripts for steady-state values. Define the effective

capital-labor ratio

k̃ ↓ AK

BL
.

CRS implies there exists a strictly concave function f such that Y = F (AK,BL) =

BLf(k̃),where f(k̃) ↓ F (k̃, 1). The marginal product of capital can be written as r ↓
εY
εK = AF1(AK,BL) = Af ↓(k̃), so the BGP condition r = r↔ implies

f ↓(k̃) =
r↔

A
=

r↔

AeAT (T )
. (20)

Capital’s share can be written as a function of k̃

sK =
rK

Y
=

Af ↓(k̃)K

BLf(k̃)
=

k̃f ↓(k̃)

f(k̃)
. (21)

Log-differentiate equation (21) yields

d log sK = d log k̃ + d log f ↓(k̃)→ d log f(k̃).

Since d log f(k̃) = k̃f →(k̃)

f(k̃)
d log k̃ = sK d log k̃, we have

d log sK = (1→ sK) d log k̃ + d log f ↓(k̃).

To find d log sK
dT , we now solve for d log k̃

dT and d log f →(k̃)
dT . Differentiating equation (20) with

respect to T yields

d log f ↓(k̃) = → d logAT (T ).

Also, since d log f ↓(k̃) = f →→(k̃)k̃

f →(k̃)
d log k̃, we have

d log k̃ = → f ↓(k̃)

f ↓↓(k̃)k̃
d logAT (T ). (22)
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Note that under CRS, we have F1(k̃, 1) = f ↓(k̃), F2(k̃, 1) = f(k̃) → k̃f ↓(k̃), F12(k̃, 1) =

→k̃f ↓↓(k̃). Plugging these back into the elasticity of substitution definition yields

ςKL =
f ↓(k̃)

(
f(k̃)→ k̃f ↓(k̃)

)

→k̃f(k̃)f ↓↓(k̃)
. (23)

Using equation (21), f(k̃)→ k̃f ↓(k̃) = f(k̃)(1→ sK). Equation (23) then rearranges to

→ f ↓(k̃)

k̃f ↓↓(k̃)
=

ςKL

1→ sK
. (24)

Combine equations (22) and (24) to obtain

d log k̃ =
ςKL

1→ sK
d logAT (T ). (25)

Substituting in d log k̃ from equation (25) and d log f ↓(k̃) = →d logAT (T ) yields

d log sK = (1→ sK)

(
ςKL

1→ sK
d logAT (T )

)
→ d logAT (T ) = (ςKL → 1) d logAT (T ).

Dividing by dT yields the first expression in equation (12). The second follows from

sL = 1→ sK , i.e. d log sL/dT = →(sK/sL) d log sK/dT .

A.5 Proof of Lemma 3

Proof. The period utility of the Boppart–Krusell balanced-growth class can be ex-

pressed as:

u(c, h) =

(
c v(x)

)1↑ω → 1

1→ ϑ
, x ↓ h cϑ/(1↑ϑ), φ < 1, (26)

with the standard logarithmic variant for ϑ = 1. We first derive the intratemporal

marginal rate of substitution (MRS) →uh/uc that determines wage.

w = →uh(c, h)

uc(c, h)
= c1/(1↑ϑ) !(x), !(x) ↓ → v↓(x)

v(x) + ϑ
1↑ϑxv

↓(x)
. (27)

This expression corresponds to the MRS structure emphasized in Boppart and Krusell

(2020): the dependence on c is through c1/(1↑ϑ) and all remaining dependence is through
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the composite x = hcϑ/(1↑ϑ).

Now use the key balanced-growth scaling property. Take any ϱ > 0 and define the

scaled bundle

c↓ ↓ cϱ1↑ϑ , h↓ ↓ hϱ↑ϑ .

Then the composite x is unchanged:

x↓ = h↓(c↓)ϑ/(1↑ϑ) = hϱ↑ϑ
(
cϱ1↑ϑ

)ϑ/(1↑ϑ)
= hcϑ/(1↑ϑ) = x.

Using equation (27), we obtain

→uh(c↓, h↓)

uc(c↓, h↓)
= (c↓)1/(1↑ϑ)!(x↓) = (cϱ1↑ϑ)1/(1↑ϑ)!(x) = ϱ c1/(1↑ϑ)!(x) = ϱ

(
→uh(c, h)

uc(c, h)

)
.

Thus, scaling wages by ϱ scales the MRS by ϱ when (c, h) are scaled by (ϱ1↑ϑ ,ϱ↑ϑ).

Finally, apply this one-period with ϱ = gw, where gw ↓ wt+1/wt = gB is the gross

wage growth rate on the balanced growth path. Starting from any (ct, ht) that satisfies

the intratemporal condition at wage wt, the scaled pair

ct+1 = ctg
1↑ϑ
w , ht+1 = htg

↑ϑ
w

satisfies the intratemporal condition at wage wt+1 = gwwt. Therefore, along a BGP,

ct+1

ct
= g 1↑ϑ

w = g 1↑ϑ
B ,

ht+1

ht
= g↑ϑ

w = g↑ϑ
B .

The special case φ = 0 implies ht+1 = ht for all t (the standard KPR case).

We also show that wage growth on a balanced growth path is pinned down by the

growth rate of labor-augmenting productivity in the following lemma.

Lemma 4 (Wage growth on a BGP) Suppose the economy is on a balanced growth path

with constant long-run temperature T (so AT (T ) and BT (T ) are constant). Then the com-

petitive wage per unit of labor input (i.e., per hour in the elastic-labor extension) grows at the
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gross rate

gw ↓ wt+1

wt
= gB.

Proof. From the firm’s first-order condition in Lemma 1, the competitive wage satisfies

wt =
ωYt

ωLt
= Bt F2(AtKt, BtLt).

Because F has constant returns to scale, F2(·) is homogeneous of degree 0, so it can be

written as a function of the effective capital–labor ratio, F2(AtKt, BtLt) = F2(
AtKt
BtLt

, 1) ↓

↼
(

AtKt
BtLt

)
.

On a BGP (and with constant long-run temperature), the effective ratio k̃t ↓ AtKt
BtLt

is

constant over time: indeed, At = AT (T )Ae
t and Bt = BT (T )Be

t and AT (T ), BT (T ) are

constant, while the BGP requires the detrended ratio kt ↓ Ae
tKt/(Be

tLt) to be station-

ary. Hence k̃t = (AT (T )/BT (T ))kt is constant on the BGP. Therefore F2(AtKt, BtLt) is

constant on the BGP, implying
wt+1

wt
=

Bt+1

Bt
.

Finally, since Bt = BT (T )Be
t and BT (T ) is constant on the BGP, we have Bt+1

Bt
=

Be
t+1

Be
t

=

gB by the exogenous law of motion Be
t+1 = gBBe

t . This proves gw = gB.

A.6 Proof of Proposition 2

Proof. Fix T and suppress time subscripts for BGP values. We define the effective

capital–labor ratio as k̃ ↓ AK
BhN . And the rest of the proof follows the proof of Proposi-

tion 1 in Section Appendix A.4.
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