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A. RESERVE MONEY: CHARACTERIZING THE NON-PAYMENT EQUILIBRIUM

For completeness, we characterize the non-payment equilibrium and its equilibrium conditions.
The non-payment equilibrium serves as a benchmark, in which neither money is used for payments
and both are hoarded as reserve money.

Definition 3. In a non-payment equilibrium, both monies are used as reserve monies in that agents
never make a payment upon a payment shock.

Proposition 3. A non-payment equilibrium exists if c_; > rz_; for both i € {1,2}.

Proof. Consider an agent’s continuation value, defined at the beginning of any dt-interval. Let W,
denote the continuation value when her money portfolio contains m € {0, 1} units of Money 1 and
n € {0,1} units of Money 2. Under a non-payment equilibrium, the system of Bellman equations is
given by:

(A1) Wi =0,

(A2) rWoir = —ci,
(A3) rWio = —c,
(A4) 'Woo = —c1 —¢3.

Payment incentives. We verify that the proposed payment behavior is optimal. Specifically, because
making a payment is never optimal, it implies that

(AS) 21 < Wi —Wor,
(A6) 21 < Wio— Wy,
(A7) 22 < Wi —Wio,
(A) 220 < Wor —Woo -
Plugging (A1)—(A4) into (A5)—(A8) yields the stated condition. O

B. PROOFS OF RESULTS IN THE MAIN TEXT
B.1. Proof of Proposition 1

Proof. Without loss of generality, we consider i = 1, that is, a type-1 money-division equilibrium.
Consider an agent’s continuation value, defined at the beginning of any dt-interval. Let W,,,,, denote
the continuation value when her money portfolio contains m € {0, 1} units of Money 1 and n € {0,1}
units of Money 2. Recall that payment opportunities arrive at rate A. If the agent has Money 1,
she pays with it; the payment settles with probability p;, yields transaction gain z;, and if it settles
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she gives up Money 1. Hence, under a type-1 money-division equilibrium, the system of Bellman
equations is given by:

(B1) Wit = A (21 +Wor — W),

(B2) Wor = —c1 +Au (Wi —Wor),
(B3) Wio = —c2 + Ay (21 +Woo — Wio),
(B4) "Woo = —c1 —ca+ Ay (Wio — Woo) -

We analyze this system. First, subtract (B2) from (B1):

c1+ Az
B5 Wi Wy = ————.
(BS) 1 01 r+2Am
Similarly, subtract (B4) from (B3):

c1+Amz;
B6 Wio—Wopo = ————.
(B6) 10 — Woo 20
Hence,
(B7) Wi —Wor = Wio — Woo.

Next, compare states that differ only in Money 2. Subtract (B3) from (B1) and use that the payment
terms are identical up to relabeling the post-payment state:

2
(B3) Wi =Wy = -
Likewise, Wo; —Woo = 2 /7.

Payment incentives. We now verify that the proposed payment behavior is optimal by deriving the
necessary and sufficient conditions.

(i) An agent with Money 1 always pays with Money 1. Consider state (1,1) (a similar argument
applies to (1,0)). Upon a payment opportunity, paying with Money 1 yields expected value p;(z; +
Woi) + (1 — py )Wy, while not paying yields Wj;. Thus paying with Money 1 is optimal iff

(B9) M1 (z1 +Wor) + (1 —puy)Wip > Wiy
Using (B5), condition (B9) becomes
(B10) c1 < (}"—I—},[Jl)zl.

(ii) An agent with Money 2 does not pay with Money 2. Consider state (0, 1). If the agent were to
pay with Money 2, the payment would settle with probability u, and yield z,; if it settles she moves
to (0,0), otherwise she stays in (0, 1). Thus paying with Money 2 is weakly optimal iff

M2 (22 +Woo) + (1 — w2)Wor > Wor,

that is
W()1 —W()o < 2.

Therefore, to ensure no payment with Money 2 we require the reverse inequality:

(B11) Wor —Woo 2> 2.
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Using Wy — Woo = ¢2/r from (B8), this becomes
(B12) c > rzo.

Note that an agent with both monies, that is, an agent at state (1,1), would never prefer to pay with
Money 2 because doing so sacrifices the continuation value ¢, /r while Money 1 is available; more
formally, under (B10) and (B12) the potential “pay-with-Money-2” deviation is dominated by “pay-
with-Money-1.”

Acceptance incentives. Under the proposed equilibrium, Money 1 is always accepted by construc-
tion. Off the equilibrium path, if Money 2 were tendered, the recipient compares holding Money 2
versus not holding it. By (BS),

Wn—WmZQZO and WOl—WOO:C—ZZO7
r r

so accepting Money 2 is (weakly) optimal. Thus acceptance constraints do not bind.
Taken together, combining (B10) and (B12) yields the stated conditions. ]

B.2.  Proof of Generalized Proposition 2

We state and prove Proposition 4, a generalized version of Proposition 2 concerning the co-payment
equilibrium, without imposing the assumption of » — 0.

Proposition 4. Fori € {1,2}, a type-i co-payment equilibrium exists if

(B13)
Ci H—i r llili%,-
Ly (= )z + _i <0, IC1
Faep e B e e 0
r r r2

Ui T (IJ,,-J,»%) r r u,-(3u,»u,,«+2u,7 +2.ufiz+(z) )
Srei— oA e (i 5 ) i e | 204 7 - - ; 20, (IC2)
AT A(p-i+7) (4 7) A (it 7) Critp-it 1)
e WED) WLt DAME o ge3
A 2+ i+ 1 e

- - 2
ci B Bili+ 207+ i+ (5)
—— e O — Wiz - =2 <0, (IC4)
AT Al ) T R e )

It is easy to verify that Proposition 2 in the main text holds by imposing r — 0 and recognize that
(IC4) is automatically satisfied whenever (IC1) holds when » — 0.

Proof. Without loss of generality, we consider i = 1, that is, a type-1 co-payment equilibrium. Con-
sider an agent’s continuation value at the beginning of any dt-interval. Similarly, let W,,,, denote
the continuation value when her portfolio contains m € {0, 1} units of Money 1 and n € {0, 1} units
of Money 2. Following similar logic underlying the proof of Proposition 1, the system of Bellman
equations of a type-1 co-payment equilibrium is given by:

(B14) Wit = Au (21 +Wor —Whi),
(B15) Woir = —c1 + Aua (22 +Woo — Wor ) + A (Wi —Wor),
(B16) rWio = —c2 + A (z1 +Woo — Wio) + Ay (Wi — Wio),

(B17) Woo = —c1 —ca+ A (Wio —Woo) -
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The system (B14)—(B17) is linear in (W;1, Wo1, Wio, Woo). Solving it yields:

(B18)
e ) Mub (s sts?)
Wi r2u+s) 1T R Es) (i +s) 2 T s ts) < S(2H1+S)(H2+S)(2#1+H2+S)2 2
W Wyt o M(mts) n u? _|_Hz(ul+S)(H1H2+2H1S+H2S+S
WOI = r(2ur+s) 1 r(2ﬂ1+‘\‘)(ﬂ2+‘¥)22 RETEDES x(2u1+s)(u2£k(s)(2u§+u2+s) 2
10 M My 2uysts (g +s) Bkt (g +s
Woo ) 1 a2 sy T S o] B ) 2
Mt ¢l — Wy o420 s+ Lo s+52 + Hi 71+ MM 2
r(2uy+s) r(2u1+s)(p2+s) s(2u1+s) 52Uy +5) (U2+s) (201 +H2+s)

Payment incentives. Similarly, we verify that the proposed payment behavior is optimal by deriving
the necessary and sufficient conditions.

(1) An agent with both Money 1 and Money 2 pays with Money 1 rather than not paying. If the agent
follows the equilibrium rule and tenders Money 1, her expected value is t; (z; +Woi) + (1 — ) Wiy;
if she does not pay, it is Wij. Thus paying with Money 1 is optimal iff

(B19) Wi —Wor < z1.

(i1) An agent with only Money 1 pays with Money 1 rather than not paying. Similarly, paying with
Money 1 in state (1,0) is optimal iff

(B20) Wio—Wo < z1.

(iii) An agent with both Money 1 and Money 2 pays with Money 1 rather than using Money 2.
Paying with Money 2 yields us(z2 + Wio) + (1 — to)Wy1. Hence paying with Money 1 is optimal
relative to paying with Money 2 iff

(B21) i (Wi —Wor —z1) < o (Wi —Wio—22).

(iv) An agent with only Money 2 pays with Money 2 rather than not paying. If the agent tenders
Money 2, her expected value is s (z2 + Woo) + (1 — t2)Wo1; if she does not pay, it is Wp;. Thus
paying with Money 2 is optimal iff

(B22) Wor —Woo < z2.

Before proceeding, it is useful to establish an identity showing that under a co-payment equilib-
rium, the two payment monies are substitutes. Let

D = Wy + Wy — Wor — Wio.
We have

rD = Ay (z1 +Wor — Wi +Wio — Woo) — A (z1 +Woo — Wio +Wii — Wor) — A (22 + Woo — Wor + Wit — W)
= 24D — A (z2+ D),

so that
(I‘—i-ZA[.Ll —|—/'L;.12) D = —7L,LL222.

Since s = r/A. Then

N e
2U + U+
Equivalently,
25Xé)
(B23) (Wio—Woo) — (Wi —Wor) = — (Wi +Woo —Wor —Wio) =

2ot
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Now, note the redundancy of (B19): By (B23), we have Wjg — Wyg > W11 — Wp;. Therefore (B20)
implies (B19). Hence among the four payment incentive constraints, it is without loss to keep (B20),
(B21) and (B22), noting that (B19) is then automatically satisfied.

Acceptance incentives. We also verify the willing-to-accept incentive constraints. In this equilib-
rium, a payee who currently holds portfolio (i, j) must be willing to accept a payment that (upon
successful settlement) increases her holdings by one unit of the tendered money. The potentially
relevant acceptance conditions are: for type-(0,0),

(B24) Woo < Wi 5
for type-(0, 1),

(B25) Wor < Wir s
and for type-(1,0),

(B26) Wio < Wiy .

We evaluate (B24)—(B26) using the closed-form continuation values in (B18).
(a) Condition (B24) is equivalent to Wiy — Wyg > 0. By (B18), this difference simplifies to

| 1 i T

Wio—Woo = c1+ cr+ 71+ Z
OO A ) T T A ) () T 2T (2 +s) (B2 + ) (20 + o+ 5)

2

which is weakly positive for (c¢y,c2,z1,22) > 0. Hence (B24) always holds.
(b) Condition (B25) is equivalent to Wi — Wy > 0. By (B18), this difference is
(B27)
1 2 1o (1o + 215 + Hos + 5>
Wi —Wor = K Hi ( )

c1+ o+ —
A +9) T ACm ) (ats) P 25T 2 +9) (o £ 5) 2+ o F5)

2

so (B25) is equivalent to (B27).
(c) Condition (B26) is equivalent to Wj; — Wjg > 0. By (B18), this difference simplifies to

1 JISy15)

Wi1 —Wio = +
H O 2 +9) P (o +9) (2 + 2 +9)

22,

which is weakly positive for (¢,z2) > 0. Hence (B26) always holds.

Taken together, substituting the closed-form solutions from (B 18) into the three nonredundant pay-
ment incentive constraints (B20), (B21), (B22), and also into the only potentially binding acceptance
constraint (B27) yields exactly the four inequalities labeled (IC1)—(IC4) in (2). L]



