Supplemental Appendix: Reputation and competitive selection

By JOYEE DEB AND JACK FANNING

This appendix contains the proofs of Lemmata 5 and 6 (used for Propo-
sition 4) and the proofs of the results in Section 1V.

SA 1. Proof of Lemma 5

The proof of Lemma 5 involves arguments similar to those in the proof of Lemma 2, and we will
use the analysis already presented in the proof of Lemma 2 in the main appendix.

Consider reputational equilibria where ¢ < ¢RE. We first establish that competent firms must exert
effort in period 1 when there are many initial entrants, allowing us for 7 > 2 to use the bound on
¢7 established in the Proof of Lemma 2. We then use this bound to show that competent firms must
typically exert effort in periods 1,...,T7 — 1, so that u” > 1 —¢'.

Given that there are at least two active firms in period 1, a consumer in period 2 must believe
that a firm with output g has a higher reputation than a firm with output b. This implies such active
firms must certainly exert effort with strictly positive probability in period 1. Given this, a firm’s
reputation in period 2 after a g output in period 1 must be strictly greater than y. So, such a firm
will certainly be active in period 2, but will not be active if it produces output b.

Consider an on-path history /' in which all active firms entered at time 1 and have never previously
produced output b. Let (k") be the probability that such active firms exerts effort; since all active
firms entered at the same time they must exert effort with the same probability. Let fj(4') be the
probability that consumers believe such a firm will exert effort. Fix an arbitrary competent active
firm i € J(A') at such a history. Let this firm’s expected continuation value at complete history /'
be V! (') if it exerts effort and V™' (') if it does not, and let V/ (k') := max{V"" (K"), V"' (h")}.
We will denote p(h't!|',g;) as the probability of complete history 4'"! given A’ and that firm i
produces output g in period #. On the equilibrium path in period 1, the value functions must satisfy:
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where we use the fact that a firm will cease to be active if it produces output b at the end of the first
period. This clearly implies:

18" i 1) 78
using the fact that the firm’s continuation payoff at any history > € H ;— is at least B/|J(h')|. The

RHS is positive for any ¢ < ¢f€ = §(o — B)B/a, and so any competent firm must exert effort in
period 1. More generally, for any on-path history 4’, where all active firms entered at the same time
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1, we have:
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where VEH(E ,b) < 1/(1—19) is a firm’s expected time 7 + 1 continuation payoff conditional on
history 4’ and all active firms in period ¢ producing output b.

We can establish a bound on conditional probabilities in the summand of these expressions:
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Now let H' nm e the set of period 7 complete histories at which there are at least M active firms at
period ¢, each of which entered in period 1 and have previously always produced g but exert effort
with probability strictly less than 1 when competent in period 7. If i € H!, > the value functions of

an arbitrary competent firm i € J(h') must satisfy:

t+1 )t
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We will assume |J(h')| > M > —1/In(1 — B), which implies —|J(A")|(1 — B)VE)=1 > _p(1 —
B)M~1. We can apply this bound to the inequality in (II.1) before multiplying it by p(h')|J(k")| and
summing over ' € H' nm to establish the second inequality of:

(e — B — oq . MOla=B)(1-B"!
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(SA2) p(H,™) > p(HT N Hy ) > p(H, ) 5 p) > Kp(H,

where

S(a—P)B—ca
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The first inequality in (IL.2) holds by definition and the final inequality holds for all sufficiently large

M because limy; . M(1 — B)M~! = 0. However, from equation (A.2) it is immediate that:

K= > 0.

A

p(HY) = p(H.NH,) + p(H \ HY,) < ¢fg<l;”)w+¢’ = ¢’ﬁg‘(‘§/()"’_)w

And so, for any £” > 0, and T we can ensure that p(H."!) < €” for < T, by choosing a sufficiently
large number of initial entrants, M, implying that p(H,, ,/) < €"/K.
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Let H”,, be the set of period # < T histories for which fewer than M incumbents produced output
ginperiod ¢t — 1. For each &' € H'.,,, there must exist some previous history /° with s € {1,....t — 1}
such that there was entry by M(h*) > M firms in period s, but only some positive number less than M
have produced output g in period s, ...,# — 1 periods. The probability that a single firm will produce
output b at least once int —s < T periods is at most (1— 7). The probability that at least M (h*) — M
out of M(h*) firms produce at least one output of b in less than t —s < T periods is therefore at most:

M K s N
Z <M(lh )> (1 _BT)M(hS)—i < M<M](‘;l )) (1 _ﬁT)M(hS)—M < MMM(I _BT)M_Ma
i=0

where the first inequality follows for M (h*) > M /2. Using I’Hopital’s rule we get

limg, . MMM (1= BTYIM — fimg,  M.M\(1—BTYM=M /(—in(1— BT))M = 0. This establishes
p(H,,) < €' forallt < T, and for all sufficiently large M.

Next, let ﬁle? be the set of histories for which, each incumbent firm in period ¢ + 1 exerted effort
with probability 1, if competent, in every period 1,...,# — 1 and produced output g in every period
1,....t—1. For 't ¢ Qﬁ; it must be there was some preceding history #° with s <t < T where
either: fewer than M incumbents produced output g (so i’ € HZ,,); or there were at least M active
firms but competent firms did not exert effort with probability 1 (so h* € H? ,,); or there were at
least M incumbents that produced g, but there was successful entry (so &* € H*). We must therefore
have:

T T-1 T
pHI) > 1= Y p(HLy) = Y p(Hy ) — Y p(HY) > 1 -Te" —Te" /K- Te"
s=1 s=2 s=2

where the second inequality must hold for any £” > 0, for all M large enough. For any & > 0,
choosing T = T such that ,ﬁgT “(y) > 1—¢€'/2 and €” > 0 sufficiently small, we must then have
u’ > p(ﬁzgl) al ~!(y) > 1—¢, given sufficiently many initial entrants. And hence, u’ > 1—¢’
fort > Ty by Lemma 1. g

SA 2. Proof of Lemma 6

Assume without loss, that € > 0 is sufficiently small that f1,(1 —€) > y. As in the proof of
Lemma 3, if pjuf > 1 — € for some ¢ then a monopolist never faces successful entry at 7 or subse-
quently, pjuj > 1—¢ forall s > ¢.

Given any € > 0, by Lemma 2, there is some Eg € [3,0), & € (0,/3) and T such that p’ >
1—¢ foranyt > Ty, & < & and E > Eg. Given any €” > 0, Lemma 4 ensures an upper bound M
on the number of firms and the existence of some T~ such that with probability greater than 1 — &”
any active non-monopolist at period ¢ is either not active at time ¢ + T~ or at some time between ¢
and 7 4+ T¢» — 1 has been the only firm to produce output g.

Suppose, therefore, towards a contradiction, that p{uj < 1 —¢€ for all . Let u’ , be the average
equilibrium reputation of active firms which are not a monopolist at time . Assume that ¢ > Tg.
For such r, we need piui + (1 —p))u", > 1—¢'. The left hand side is certainly smaller than
1 —€e+(1—p}) and so we get pj < 1—e+¢'. Next consider some arbitrary €” > 0 and suppose
that u’ | < 1—¢€". This implies that p) + (1 —p’)(1 —¢€") > piul+(1—pi)u’, > 1—¢€ and so
py > 1—¢'/e". By choosing € sufficiently small we get a contradiction, which implies that we
must indeed have p’ | > 1 —¢"” when €’ is small.
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Suppose the equilibrium has generic beliefs for + > T and consider arbitrary ¢ > T + Ty + Ter.
We will show that at such times, non-monopolists that were not active at T, + T must have a high
reputation. Let H',, be the set of period # complete histories at which all active firms at period ¢ were
also active at time # —s. Also let H) be the set of period 7 histories at which there is a monopolist.
Lemma 4 and t — Ty» > T implies that p(ﬂ; r, \H7) < €". To see this notice that the probability

that in period s € {r — Tr,...,1} at most one firm produced g and any others b is at least 1 — €” and
after such an event the g firm either be becomes a monopolist and remains one until period ¢, or is
replaced in period s’ € {s,...,7} (given generic beliefs it cannot become an active non-monopolist).
Given pj <1-¢&+¢€ wemusthave p(H\UH' ;) =p|+p(H,;, \H}) <1—¢g+¢&'+¢&". Using the
above facts and pu’ | = Yy opt w(h)p(h')/(1—p}) > 1—¢", where u(h') is the average reputation
of an active firm at complete history &', we get

t t t t 1
Z@'gg’l ug;TS,/ u(h')p(n') g Z@'ed;TS,, \H! p(h")(u(r") —(1—¢€")) o e
— & — >1—-¢€" —

1 _p(ﬁtl UEATS//) o 1 _p(ﬂtl UE;TE”) a 8_8/_8,/'
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Clearly, the right hand side can be made greater than 1 —2&"”’ for €’ and €” sufficiently small, as we
shall henceforth assume. That implies ¢ + (1 — ) (1 — V/2€”") > 1 — 2&" where ¢ = p(u(h') >

1—V2e"|h' ¢ H, Uﬂ;Ts,, ), which rearranges to ¢l > 1 — /2"

All active firms at history i’ & H|, UH’ 1’4 r,, Were new entrants in some period s' >t —Ten, produced

the same outputs in periods s > s, exerted effort with the same probability if competent, and thus
had the same reputation. If such firms were active in period s and s+ 1, we must have:

p(ath p')  (e(®’)(a—PB)
1—pu (k) : 1—p(h) < B H)'

where e(h*) is the firm’s probability of effort at history A* if competent. And so, for a firm that was
not active at time ¢ — T~ to obtain a reputation of 1 —+/2¢"” > y by time ¢ we must have:

1—V2e” _ u(k) y o (e@w)e—B)
\/W<1—u(h’)<1—wsnre,,< p “)'

This implies, for each such firm we need:
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Let H), v+, be the set of period ¢ complete histories at which there are exactly M active firms that
were not active at time ¢ — s, which exert effort with probability greater than e if competent. Our
analysis above, in particular the fact that 1 — p(H| UH 2 Te”) >e—¢ —€'forallt > T + Ty + Ten,
ensures that for each k € N, there is some period t between T+ T + (k+1)(Ter 4+ 1) and Ty + (k+
2)(Tzr + 1) — 1} and some number of active firms M’ € {2,...,E} for which

max e(h’) > e:= <<

SE{Z—TS// ,,,,, I—l}
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We now consider the implications of consumers’ belief updating in period ¢ + 1. Suppose a firm
with reputation u and likelihood ratio x = (1 — )/, exerts effort with probability e if competent.
Let [i,(x, e) denote the firm’s updated reputation if it subsequently produces output g. The difference
in the firm’s reputation after producing g as opposed to b is then:

D(x,e) 1= [ly(x,e) — [ip(x,e) = 1—}—le(e) - l—l—):B(e) >0
where 5 (1-p)
= prea—p) =PI =T (= B)
Notice that
dD(x,e) _ (B(e) —G(e))(1 —B(e)G(e)x?)
ox (1+xB(e))?*(1+xG(e))?

is positive for all x> < 1/(B(e)G(e)) and negative otherwise, implying that D(x,e) is minimized
either by having x as large as possible, or as small as possible. Also notice that the likelihood ratio
of a firm at some history &' € H ! N 1s bounded above and below respectively by

Ten o Ten
le—‘l’<1—/3> and le‘/’(ﬁ) '
v \l-«o v \a

Finally, notice that dD(x,e)/de > 0.

Slightly abusing notation, let the event h“rl (I,M —1,-) be the r + 1 period consumer histories
at which one firm has produced output g and M—-1 ﬁrms have produced output b; there may be
more than one consumer history consistent with this event, associated with different numbers of
new entrants in period ¢ + 1. We adopt the same definitions developed in Lemma 1 and Lemma 3,
where in particular HY, is the set of complete period 7 histories that occur with positive probability
in our equilibrium in which there are exactly M active firms, and H'(h.) is the set of period ¢
complete histories consistent with consumer history 4. We let 1. ,(h.) be consumers’ (average)
belief that a firm is competent given their history 4’ and let u, (k') be the average probability of
competence of firms that produced output ¢ in period ¢, conditional on the complete history A'.
Given p(ﬁjw N e) > p for some M’ € {2,...,E} and some ¢ between T + Tgr + (k4 1)(Ter + 1)

and T + Ty + (k+2)( e+ 1) —1, we have:

<l ) (uéjgl(hiﬁ&t) w;; (gt -1y W W}>
M —1
Su’“+p(h’c+,vlp) o (e (D) — e ()
WS T ) X pl ) — )

hfeH’ hrHGHHl(th-‘*;Vlﬂ)

<ptt - %(Bﬁ(l —a)* " 'min{D(x,e),D(x,e)}) +£".

The first inequality follows from (A1) and the second from /%! (A+1) < max{ it (hH1, Vézl R3S
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The equality follows by definition. The final inequality follows from p(ﬁjw e e) > p, from

P(Hi \H, ) <€ trom e () — o, () > min{D(x,e), D(x. &)} for ' € H', . from

Mo (HY) — (1) > 0 for i € H' | i o VHyy o, (as conditional on W e Hy\ oo
have the same reputation and exert effort with the same probability), from p(A' ') > (1—a)E~1B
for h't! € H’“(hij‘},), and from (M’ —1)/M" > 1/2. This, however, implies that u'*! — u’ > & for
some & > 0 when &” is sufficiently small and so (given Lemma 1) we have pu7 7 +(*k+D(Ter+1) > g
which is clearly impossible for large enough k. This establishes the lemma’s claims given eventually
generic beliefs.

all firms

Suppose instead, that the equilibrium rewards success for + > T. Consider t > T + Ty, We
showed above that our assumption pu{ < 1 — ¢ implies p} <1—¢e+¢ <1 for &' < €. As argued
in Lemma 4 there is an upper bound on the number of firms M < o and in each period there is a
probability greater than B(1 — o)~ that exactly one firm gets output g and all others get b. If the
probability of new entry when at most one firm produces output g (and any others producing b) is
less than r, then:

(SA3) P> (P (1= p)B( — o)y (1 - 1),

We can then choose r € (0,1) such that B(1 —a)Y~1(1—r)/(1— (1 —r)(1 —B(1 — Oc)M_l)) >
1 — e+ €. For such r there exists 7, < oo such that for any s > Ty, if (SA3 - ) held for ¢ € {s, ..

— 1} then p“’T’ > 1—¢e+¢€, a contradiction. Hence, to avoid this conclusion in some perlod
t E {s,...,s + T, — 1} there must be entry with probability greater than » when at most one firm
produces output g. The total probability of entry in period ¢ when at most one firm produces g, is
then at least (1 — o) ~!r. For arbitrary M > 0, given & < B/(M + 1) and E > M there will be
at least M new entrants after such an event (as they will get a share of total sales of at least ). A
slight adaption of the argument at the start of Lemma 5 then implies that for a sufficiently large
number of active firms in period ¢, any competent firm will exert effort with probability 1. Formally,
given some private history 4} of some competent firm i let its continuation value be V"e(h’ ) if it
exerts effort and V" (1) if it does not. Let V/ (h!) = max{V/" (h}),V/**(ht)} and let Vit (ht,b) be
the firm’s continuation value if all firms subsequently produce output b. Also let: n(hﬁ ) be the
probability consumers expect a firm to exert effort at that history, let 1;(h}) be the probability firm
i expects firm j to exert effort, and J(/}) be the set of active firms. We have:

vt ) =T IDEZED s ¥ v ) + 61— ) [T~ U s )72 1, )

7)) p2 3
Vi () = Wwézphf“|h”g,>vf“<h’“>+6< ) (AT
ht+1 J#Ei

And so:
cU(h (K _ B )1
V) =V ) =~ 8l B) (e~ ) >0

where the first inequality follows because V! ™! (1) > B/|J(h.)| since the equilibrium rewards
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success at such ¢ and [T;4(1 —U(n(h}))) < (1— B)MUI=1 and the second inequality follows for
all sufficiently large |J(h!)| since limy oo M(1 —B)YM~1 =0, U(f)(h!)) < @ and ¢ < ¢RE.

Given full-effort when there are a large number of firms M’ and a probability greater than (1 —
a)M=1r/M of new entry by a large number M’ of firms in period ¢, we can simply repeat the
argument in Lemma 3 that for some & > 0, we have u'*! > u’ + & (at every consumer history
inconsistent with exactly one of M" firms producing g, consumer selection still weakly increases
reputations). We can then repeat this argument k times to see that u’+7e+*7r > k& which clearly
cannot hold for sufficiently large k. g

SA 3. Proof of Proposition 6

Consider consumer behavior consistent with a strong-incentive equilibrium and a competent firm
i with private history /! that expects to be active in the current period with sales of R, when it decides
whether to exert effort. Let its continuation value be V' (1!) if it exerts efforts and V;"' (h!) and let
VI(h) = max{V'(h),V/" (h!)}. Also let g; be the event where i produces output g in period 7.
Continuation values must satisfy:

1

VO () = R—cR+8a Y p(hi ik, gi) Vit (hiH)
h§+1

Vi () =R+ 8B Y. p(hH |, g)ViT (W)

141
hi

When a firm expects J (/) active firms we must have V/ ™ (1) > B(1 —c¢) X5, ¥k /|J(K!)| and

SO
(a—B)B(1—c)
[T (R)I(1—8ex) -

If firm i is active and receives revenue R € [0,1/|J(h!)|], then given cR < ¢/|J(h})| and ¢ < &5/, we
then immediately get V' (ht) — V"' (h!) > 0. Hence, a competent firm always exerts effort if it is
active (even if only one consumer purchased from it), and so consumers select those firms with the
highest reputations.

Without loss of generality, any such equilibrium is a full-effort equilibrium (requiring inactive,
low reputation but competent firms to exert effort won’t change outcomes or incentives), which can’t
exist for all large E and small £ by Proposition 2. In fact, the proof of Proposition 2 relied only
on consumers selecting firms with the highest reputation on the equilibrium path, and those firms
always exerting effort, which we have established must be true for the strong-incentive equilibria
above. lemmatas 1, 2 and 3 must then apply to the strong incentive equilibria above, but Lemma 3
(the emergence of a competent monopolist) contradicts the definition of a strong-incentive equilib-
rium. U

o)
Ve ()~ Vi () > —cR +

SA 4. The firm age model

In this section, we study the firm age model introduced in Section IV.B, in which consumers do
not observe calendar time, but do observe the age of any incumbent firms.

The age of a firm is the number of periods since it entered, where that age is 1 when it enters
and 2 in the next period (this simplifies notation compared to assuming age O on entry). Potential
new entrants also don’t observe calendar time, but do observe the age of any incumbent. The latter
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assumption ensures that entrants cannot signal the calendar time and thus information about the
incumbents through their entry decision.

We focus on full-effort equilibria with generic beliefs, so an incumbent firm never has a reputation
of exactly y. Hence, all active firms will have the same age. Given this, we can summarize on path
consumer histories by . = (m,, mp, my,a), which specifies the number of incumbent firms with past
outputs g and b, the number of new entrants, and the age of incumbents a (where a = 1 when there
are no incumbents, and a > 2 otherwise). We similarly define h, = (mg4,my, a) as a pre-entry history
that is observed by the first potential entrant in some period. Let a period ¢ complete history be
denoted /', as before.

Consumers must form beliefs about calendar time from the history that they observe. To ensure
such beliefs are well-defined, we follow Pe1| (2025) and assume that the game ends with probability
1 — p in each period, where p € [§,1). Future payoffs are still discounted by & where &/p €
(0,1] is discounting due to impatience. Given this, consumers who do not observe calendar time
should assign prior probability (1 —p)p’~! that they are in calendar time period ¢ before observing
the age and outputs of any incumbent firms. Given a complete history i, we let p(h,) denote the
equilibrium probability of /, conditional on the game not ending before time ¢, so that p’~! p(h,) is
the unconditional probability of that history. All other elements of the model are the same as our
baseline model.

In order to establish Proposition 7°s claim thatequilibria with full-effort and generic beliefs cannot
exist when there is almost-free entry, we first show that we can focus on a class of equilibria, where
entry decisions are stationary.

Definition 1 (Equilibrium with stationary entry). An equilibrium with stationary entry is one in
which entry decisions are the same at every pre-entry history for which any incumbent’s reputation
is strictly below .

This means that in a full-effort equilibrium with generic beliefs and stationary entry, the distribu-
tion of the number of firms that enter when the reputation of all incumbent firms is below v, does
not depend on the number of incumbents with b or g outputs or the age of incumbents in that period.

Definition 2 (Outcome equivalence). We say two equilibria ¢ and o* are outcome-equivalent if
they generate the same distribution over pre-entry histories /..

Lemma SA 1. Given any full-effort equilibrium with generic beliefs where there is at least one
new entrant whenever all incumbents have reputations below , there exists an outcome-equivalent
full-effort equilibrium with stationary entry and generic beliefs.

Proof of Lemma ' Let H'(h,) be the set of period ¢ complete histories consistent with potential
entrants observing pre-entry history A, in period 7. Denote p(m|h,) the probability of m entrants in
period ¢ conditional on potential entrants observing the pre-entry history. Then define g(m) as the
probability of m > 0 new entrants conditional on pre-entry histories where there will be entry by at
least one firm. This satisfies:

_ YiXh, Zh'eg’(he)P(m|he)P(E)Pt71

Yo X Livers () Lo P [R,) p(B*) ps =1
Clearly Y,,~0g(m) = 1. Next for any h, = (mgy,my,a) # (0,0, 1), define g(h.|m) as the probability
of that pre-entrant history in period # +a — 1 and any incumbents having been active in periods
t,...,t +a—2 given m firms successfully entered the market in period ¢; this does not depend on the
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period ¢ or the pre-entry history at which the incumbent firms entered given full-effort. It can be
defined as:

q(he = (mg,mp,a)lm) = p*~" Y p(h®|he = (0,0,m,1)).
heHa(h,)

Given this, the probability of reaching pre-entrant history 4, # (0,0,1) is just ¥, g(m)q(he|m).
We can then identify a new full-effort equilibrium where for any pre-entry history where p(m|h,) >
0 for some m we let p(m’|h,) = q(m’) in the new equilibrium. Clearly this has the same probability
of any pre-entry history.

It remains to show that such entry probabilities can be obtained as part of optimal potential entrant
behavior. Let I, be the expected post entry profits of each of m new entrants that become active
firms (in any period ¢ > 1). Clearly if g(m) > 0, then we must have IT,, > &. Also if IT,, > & for
some m < E then we must have g(m’) = 0 for all m’ < m (or some potential entrant would deviate
to entering, knowing that if m — 1 firms have entered the E” potential entrant will enter etc). Hence
if g(m) > 0, we must have IT,, < & for m’ > m. In the new equilibrium, let firm m enter with
probability ¥~ q(m")/(Lw>m_19(m')) and so the probability the first m firms have entered is
Yw>mq(m') and the probability exactly m have entered is g(m). Letting m! = min{m > 1: g(m) >
0} > 0 then the first m' firms enter for sure, and since IT,, > & for all m > m! with g(m) > 0, such
firms won’t deviate on the equilibrium path. Similarly for m > m', because I1,, < & with IT,, = &
if g(m) > 0 then on the equilibrium path no firm can benefit by deviating (entering when the above
strategies calls for it not to, or not entering when called to). Off-the equilibrium path, some optimal
strategies can be identified by backward induction. (|

Given an equilibrium with stationary entry, for i, = (mg, mp, my,a) we define p(he) = Y pecpo(pe) p(h*).
Let H? be the set of complete period a histories for which all active firms have age a. We then have
P(HE) = Yh—(myumy,0.0) P(hc)- As previously: let J(h') denote the set of active firms at history /' as
previously and let u;(h") be the probability that firm i is competent given 4. Also let ,uaq(hc) be the
consumer’s belief that a firm with output g is competent given /.

Lemma SA 2 (Increasing reputations). In any full-effort equilibrium with generic beliefs where
there is at least one new entrant whenever all incumbents have reputations below y, consumers’ av-
erage belief that an arbitrary active firm is competent given age a, denoted [1°, is weakly increasing
in a.

Proof of Lemma [SA 2} Recall that a firm in period ¢ who entered in period 1 has age a =t. Given
Lemma[SA T|we can restrict attention to equilibria with stationary entry, in which consumers beliefs
about any firm of age a are identical to their beliefs given the additional information that such a firm
entered in period 1. The result is then a straightforward adaption of Lemma [SA 2] using the facts
that the belief about any particular firm must be a martingale, and consumers positively select based
on reputation.
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The average reputation of active firms of age a satisfies:

1 pi(h°)
1 a a
y=pu <pu= - Z Z P(h ) Z a
p(HS) —(mg,mp,0,a) h* €H (h, s M (0°))]
1 ‘ul ha+1)
_ _ Z Z p(ha) Z ha+1‘ha Z -
p(ﬂz) he=(mg,mp,0,a) h*€H (h, petlegat! ieJ(h*) |J h |
1 He.g(he)mg + We p(he)mp
o, P 5 )mg—i-m =
P\ he=(mg,mp,my,a+1) 8 b
1
(SA4) gia_,’_l Z P(h )maX{,uc g( )]lmg>07uc b( ) mb>0} = .LLa_H
p(ﬁz ) he=(mg,my,0,a+1)

where on the first line, the inequality holds by induction, and the equalities by definition. The second
line follows from the first by the martingale property of beliefs E[u;(h'"!)|h'] = p;(#'). The third
line follows by definition (consumers beliefs must on average be correct). The inequality on the
fourth line is then because an average of two values is less than their maximum and because m, > 0
when incumbents reputations are below y but not above y: more precisely consumer histories with
age a+ 1 incumbents and m, = 0 occur only if max{ e ¢(hc) Lm0, Uep(he) Lm0} > Y and con-
sumer histories with age a+ 1 incumbents and m, > 0 only occur if max{ e ¢ (he) L, >0, He b (he) Lm0} <
y; the latter histories are inconsistent with H' ?“. The final equality then follows by definition given
consumers selection rule. O

Lemma SA 3 (Arbitrarily high average reputations for old active firms). Fix v, a, 3 and € > 0.
There exists A < oo, E < o0, & > 0 such that if E > E and & < &, in any full-effort equilibrium, we
have u* > 1—¢€ fora > A and p(ﬁ?) > 1 — € where U is the average reputation of an age a firm.

Proof of Lemma ' Recall the notation from the proofs of lemmatas 2 and 5: H, := The set
of t-period complete histories in which each incumbent firm in period ¢ produced output g in ev-
ery period 1,...,r —2. H' := The set of t-period complete histories in which there is successful
entry in period ¢ despite at least one firm producing output g in period r — 1. H) := The set of
t-period complete histories in which each incumbent firm in period ¢ has produced output g in every
period 1,...,t —2 but produced b in period t — 1. Let S'!(A) C H'*! be the set of ¢ + 1-period
complete histories that succeed some ¢-period complete history A" € A C H'. Also recall H' (h,) is
the set of time ¢ complete histories consistent with /.

For arbitrary M > 2, it is clear that for any E > M and & € (0,8/M) we can ensure there must
be at least M active firms in any period in which entry would be successful, and in particular there
will be at least M initial entrants. Henceforth, we assume this, and assume without loss that there is
stationary entry.

Recall that ﬂéfl (y) is the reputation of a firm in period ¢ that is known to have produced output g
in every period 1,...,t — 1 and exerted effort if competent in those periods (as is true in full-effort
equilibrium). Clearly, fi ' (y) > fiy(y) > y forz > 2, and fif " (y) — 1 ast — oo.

Also notice that in a full-effort equilibrium a firm’s reputation conditional on a complete history
K cannot go down at succeeding history A'*! in which it produced output g in period 7. Hence an
incumbent firm i’s reputation conditional on any history 4" € H), N H},, must be at least fL,(y).

Consider a consumer history i, = (mg,my,,m,a) in which there is successful entry m, > 0 despite
at least one incumbent firm having produced output g in the previous period, mg > 0. This requires
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that consumers must believe that the incumbent with output g is competent with probability less
than y, and so we must have:

- p(HgNH (he) NHY) i (w)
V= p(HE A H (he) VHE) + p(H* (he) N (HE\ HE)

or equivalently p(H(he) N\ (HS\ H%)) > p(HS N H(h) NHE) (R(w) — )/ . And so:

p(H\Hg) >} p(H"(he) N (H\Hy))

hc:(mg ',mbavaa)

> Y pgns ) nm) BV e e BV
hC:(’ng‘rmbam.ha) v 74

Next notice that p(H{,) is smaller than the probability that each initial entrant (at time 1) would have
produced b in some period 1,...,a — 1, if new entry after period 1 was impossible. If new entry was
impossible after period 1, the probability that a given initial entrant produced output g in periods
1,...,a—1 would be at least B*~!. Given at least M initial entrants, the probability that this would
not be true for any of them would then be less than (1— B4~")™. And so, p(H%) < (1— B¢ ). As
noted in the proof of lemmatas 2 and 5, we have H4*! D S**1(H4\ (H UHY)) and so:

p(HS™") >p(HY) — p(HiNHY) — p(H})

>p(H) — (1 —p(Hz»pw‘@_w—(l — B,

For any a and &,41 > 0 and we can then choose €, > 0 such that if p(Hg) > 1 — g, for all large
enough M we must have p(ﬁg“) >1—¢&,.1. Forany A and €4, > 0 we can then choose &, > 0
for a < A and M large enough that p(ﬂ?“) > 1—¢gyqy if p(ﬁél,) > 1— g but since p(ﬂé) =1 this
is certainly satisfied.

And so, for any &' > 0 such that (1 —&')*> > 1 — & we can choose A such that fig ' (y) > 1—¢'.
Given such an A, if there are sufficiently many entrants, p(ﬁ?) > p(ﬂ?“) >1—¢'. And so,
pt > i (w)pHE ) > (1—¢')*> > 1 —&. Given Lernrna we must also have u? > u# for
a>A. U

Lemma SA 4 (Emergence of a “competent monopolist” in full-effort equilibria). Given any
v, o, B and € > 0, there exists E < oo, & > 0 such that for any & € (0,1), & <&, E > E, there is
some A < oo such that in any full-effort equilibrium with generic beliefs we have piuy > 1 — € for
all a > A, where Uf is the average reputation of a monopolist of age a, and p{ is the equilibrium
probability that in period a there is a single active firm who entered in period 1 conditional on the
game not ending before period a.

Proof of Lemma ' We know that for any , 8, ¥ and small € > 0, we can find A and E and E
such thatif E > E and £ < & and a > A, then reputations of active firms of an age a firm are greater
than 1 — & and p(ﬂ?) > 1 — &. Furthermore, we can assume the equilibrium has stationary entry.
Given this, we first want to show that the probability that all firms of age A can be replaced when
they have age a > A is small. Let J(h') be the set of incumbent firms at complete history 7, while
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J(R'") remains the set of active firms. Define @ = u# and for a > A + 1, define:

S ‘ pi(h*)
0 _p(HA)( Y Y ) Y (1]

==z he=(mg,my,0,a) h*€H*(h) ieJ(h*) =

+ ¥ )3 Y o) ¥ ﬁﬁj)

a'e{A+1,....a} h’C:(mg,,m;,,m;,a’):m;>0ha'Eﬁa’(hi‘) ieT(h) 1" \=

This is effectively an imagined average reputation for firms of age a who were active in period
A, and either remain active or are replaced in some period a’ € {A+ 1,...,a}. The first line is
the probability weighted sum of the reputations of firms who are still active in period a, and the
second line is the probability weighted sum of the reputations of those who were instead replaced in
period d’ € {A+1,...,a}. This imagined reputation is increasing in a, indeed it can strictly increase
because there is still consumer selection between firms when some incumbents produce b and some
g of whom some remain active, m, = 0. Formally:

a 1 He,g (he)mg + Ue p (he)my
= (HY) ( L p(he) == mg+m
PUZ) > he=(mg,mp,0.a+1) g T
n Z Z p(h/)ucr,g(h/c)m; +”c,b(h/c)m;;>
Cc /
ad €{A+1,....a+1} h.=(mp,m,m}.a’):m >0 malﬁ’ +m,
1

HA Z p(hc) max{]lmg>0.uc,g(hc) + ]lmb>0.uc,b(hc)}
p(—z ) he=(mg,mp,0,a+1)

Heg (he)me + pep (e )my N
Y Y p(a) T ) —
ad e{A+1,....a+1} h=(my,m),m}.a’):m >0 myg +m,
where the first equality follows from the Martingale property on beliefs and the inequality from
the fact that the maximum of two values is larger than its average, and the second equality is by
definition.

For any a > A we must have

Hap(ﬂ?) = Z p(he) max{ L, >otc.g(he) + L, >0Hep(he) }
he=(mg,mp,0,a)
/

#c.,g(h’c)m; + He b (he)m,
iy +m,

+ ) Y p(h,)

d e{A+1,....a} W= (mpy,my, ml.a'):m,. >0

(SA5) <p(H})—(1—y)p**

where
=Y Y p(h,),
d' €{A+1,....a} hi=(mjp,mj,m}.a’):m,>0
is the probability that active firms in period A entered in period 1 and are replaced between period
A+ 1 and a, conditional on the game lasting a periods. The equality in (SAJ)) is by definition,
and the inequality follows from max{1,,>ole,¢(hc), L, >0t p(he)} < 1and Y (g my.0.4) Pe) <
12



p(HZ) — p*and (e g (B, )mly+ pep (R, )my,) / (miy+m)) < y for all hl, = (mly,m),,m!,,a’) with m/, > 0
and p(h.) > 0. Given the above inequality, we have p*¢/p(H?) < (1 — u “/ (1 - 1//). Given that
we ¥ > u > 1 — &, we have that the probability of all active firms of age A are replaced by a > A
conditional on the game lasting that long is arbitrarily small for small €. The probability some of
the period 1 firms remain active is p(H¢) = p(H2) — p*¢ > p(H?) (1 —€/(1 —y)).

Given that there are at most E firms in any period on the equilibrium path, the probability that
some active firm gets output g while all others get b is at least (1 — a)f~!. Therefore, the prob-
ability that this does not happen in any period s € {A,...,A’ — 1} conditional on all active firms in
period A having age A and the game not ending before A’, is most (1 — (1 — o)E *1)A/*A, which can
be made strictly less than & > 0 by choosing A’ large enough. That is: (p(H2') — pt')/p(HA) < €
or equivalently l—ep(ﬁ/;)/p(ﬂg‘/) <p¥/p( HA/)

Combining this with p(H?) /p(HA) (1-y—e¢)/
v)/(1 — y —g). Furthermore, since u#’ < 1— 1—,u b
have a reputation above 1, we must have uf pi'/ p(HA
v)/(1—y—¢). In fact, since p(H2) > 1 — € we have p
ui'pl > (1—e)*(1—y—g)/(1-y)—e(1—¢). )

Given this, for any a, B, y and € > 0 such that p,(1 —€) > y we can choose E < o0 and & >0
such that for any given E > E and &< é there exists A such that ,ul V24 “/p( HA >y pA >1—e.

)wehavepA/p HY)>1—¢(1-
/p(HY) because non-monopolists can’t
¥ —1+pA/pHA> l—e—e(l—
>

(1-
P/
) =
(HY)>(1—¢e)(1—w—¢)/(1—y) and so

Given ui'p{/p(H?) > uip{ > 1 — & for some a, we have fI,(uf') > y and so u‘”’l at/p(HHY) >
,uf“ @+1 > 1 — ¢, hence the premise holds for all a > A. O

Proof of Proposition 7: Formally, consider any y, &, 3, € € (0,1 — ) and € > 0 such that f1,(1 —
€) >1—¢ > y. By Lemmal|SA 4] for all sufficiently large E and sufficiently small £, there exists
A, such that uf > uip{ > 1—¢€ for all a > A. Therefore, any monopolist of age a > A + 1 will
have a reputation strictly above 1 — & > y even after output » and so will not be replaced. We
are interested in the incentives of such a monopolist to exert effort. Let V“(R) be a competent
monopolist’s expected continuation payoff when it has sales of R if it exerts effort and let V;*“(R)
be its payoff if it doesn’t exert effort. We must have:

VEUR) =R(1—¢) +8 (aV (U (Re(pf))) + (1= )V (U (fp(1f))))
VIU(R) =R+ (BV (U (R (1)) + (1= BV (U (B (1))

In a full-effort equilibrium, we have

ViU (g (u))) — Vet (U (A (u))
= (1 =) (U (1)) = U (ki) = (1 = ¢) (o — B) (Ag (1i') — fn (1))

In order for the firm to exert effort given age a > A + 1 and sales of R we need:

(SA6) 0 <VOUR)—V"™(R) = —cR+8(a—B) (V" (U (f(u))) = V(U (f(uf))))
= —cR+6(a—B)(1 —c)(U(fg(ui)) — U(fp(ui)))
< —cR+(a—B)*¢

In particular, consider this inequality when R > U(0) = 8 so ¢cR > B > 0. Clearly, there is some
€’ > 0 small enough such that this inequality cannot hold, which means that the firm will have an
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incentive to deviate from full-effort. Therefore, no full-effort equilibrium with generic beliefs can
exist. g

Proof of Proposition 8: Suppose X; € (0,f) so at least one firm enters if incumbents’ reputations
fall below &. In a full-effort equilibrium, an age a < a firm must then have a reputation agfl (y) >
v after output g and ﬂb(ﬂg‘*z(w)) < y after output b. However, its reputation when it has age
a > a must be either ,ﬂg” (y) or ﬂb(ﬂgfz(q/)) both of which strictly exceed y; there is no further
selection.

In line with Proposition 1, an age a > @ — 1 monopolist will then exert effort if and only if
c <O = ¢( ,ugfz(l//)). As shown in the proof of Proposition 3, a competent firm’s continuation
value after a g output is at least (1 —c)U(flg(y))/(1 — dax), and so if it expects to be replaced
in the next period if it produces output b giving a payoff 0, it exerts effort if ¢ < &€ = §(a —
B)/(8(e —B)+1—Sa). That proof also shows the cutoff ¢“C < é(u) for all u, so eXCF4 < &€,
The proof of Proposition 3 also shows that off the equilibrium path when there is more than one
incumbent firm if consumers believe g output firms have reputation 18(y) > y and b output firms
have reputation 1”(y) < v, then a competent firm which expects itself and competitor to be active
will optimally exert effort when ¢ < ¢XC. If it expects only itself to be active at such histories, it
will exert effort if ¢ < &C-FA. Hence, full-effort equilibria exist in the firm-age model if and only
if ¢ < cFA where €M < €. Tt is straightforward to verify that ¢(y) = ¢ can be larger or
smaller than é( ﬂg_z(lll)) depending on y, o and f; in particular, since ¢(ut) is not monotonic in u
and approaches O for y ~ 0 and u ~ 1.

Expected quality is identical to the full-effort equilibrium in the baseline model in periods a < a,
but in periods ¢ > &, firms with age a > a and output b are not replaced by new entrants with lower
reputations of y; such firms would have been replaced in the baseline model. This guarantees that
the average reputation of active firms in period ¢t > a is higher than in the baseline model, and so
expected quality is also higher. Since average reputations of active firms are strictly higher than in
the exogenous monopoly model from period 2 onward, so is expected quality. O
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