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B. Additional proofs and derivations

Proof of Proposition 1, (i). We first establish that the surplus S(x) is monotonically
increasing in productivity x. Fix a separation boundary x; at which S(x;) = 0, and the
surplus in new jobs S(x,) = S > 0, and conjecture that the implied S(x) is monotonically
increasing in x. Consider two matches with different productivities x' > x at some current
time, which we normalize to zero. Fix, for both matches, a given sample path for changes
in idiosyncratic productivity, arrivals of outside job offers, and job destruction shocks.
Denote by T the first time one of the following events occurs for match x: (i) the job is
destroyed endogenously; (ii) an outside offer arrives; and (iii) the job is destroyed
exogenously. Further denote by S; the continuation value thereafter for match x, and Sy
the continuation value for match x’. Since we have fixed the sample path of shocks, and
the arrivals of outside job offers, and job destruction shocks, it follows that S; = Sy: If
event (i) or (ii) is realized at T, S; > Sp; if event (iii) is realized, S = Sy = 0. Since the
match surplus is based on expectations over sample paths, S(x") = IE[ ) OT e "t (x; —rU)dt +
e TSHx'] > [E[fOT et (x, —rU)dt + e"TSy|x] = S(x) (where the expectations are
conditional on current productivity). This confirms the conjecture. Continuity of the

coefficients of the differential equation for S(x) in (2) further implies that there exists a



unique solution for given S(x,) and x;, by the Picard-Lindelof theorem. Therefore, for any
S and x;, there is a unique, monotonically increasing solution for S(x).

The general solution to (2) is then given by
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where 7; <y, <0, and ¥, >y, > 1 are the roots of p(¥) + fsA = 0 and p(y) = 0, where
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The boundary conditions are given in (3). Since y, > 1, the solution will explode as x =
oo unless S, = 0. The separation boundary x;, and the remaining coefficients §;, S,, and

S;, can then be recovered from the boundary conditions. Setting u = 02/2 implies y =
i\/(r + 6+ fsA)/u and y = £/ (r + §)/u, and thereby the stated solution.

Proof of Lemma 1, (i) and (ii). (i) If Bs = 0, the general solution for the surplus is
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Imposing the value-matching and smooth-pasting conditions S(x;) = 0 and S'(x;) = 0,
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Setting u = 02/2 implies y; = —/(r + 6)/u, and thereby the stated solution.

(ii) A standard result on first passage times implies
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See, for example, Whitmore (1979). Setting u = 02/2 simplifies the solution as stated.

Equation (7) follows because exogenous separations are independent.

Proof of Proposition 3: Further detail. Since the arguments that follow hold for all
levels of the current wage w, we treat w as parametric and, where necessary to avoid
clutter, suppress notation for dependence on w.

The coefficients J; and J,, and the boundaries x, and xs, that satisfy the boundary
conditions (13) and (14) can be inferred from an extension of the solution method of Abel
and Eberly (1996) as follows. Define the functions
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Note that 9,(G1,a,b) = G"19,(G, b,a), and 9,(G™1,a,b) = G¥>719,(G, b, a). Define the
minimum surplus shares of the firm B, = (1 — ,3)(1 — Af), and worker B, = B(1 —A,).

Then the boundary conditions imply the following nonlinear equations in the coefficients,
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Noting that a solution for the total surplus S(x) is provided in Lemma 1, and that the
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preceding steps hold for any current wage w, completes the solution.

Proof of Proposition 4: Further detail. Since the arguments that follow hold for all
levels of the current wage w, we treat w as parametric and, where necessary to avoid
clutter, suppress notation for dependence on w.

The total match surplus S(x) is as in Lemma 1, and the firm surplus satisfies the
Bellman equation in (10), evaluated at f = 0. The solution involves repeated use of the
quadratic p(y) in (38), and its cousin, o(¥) = p(¥) + sA. The latter has roots ¥P; < y; <
0 and ¥, >y, > 1. Note that each can be written as p(y) = —(62/2)(y —y) ¥ — v2),

and e(¥) = —(0*/2)(Y — Y1) — P2).



Region I w € (wy, wyp). The general solution for the firm’s surplus takes the form

J(w, x) + SAP(x) + J;(W)x¥r + J,(w)x¥z, (63)
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where, applying the method of variation of parameters,
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The boundary conditions are
J(w,xe)) = S(xe W), and, Jy(w,x. W) = 5" (x.W)). (65)

Furthermore, since 1, > 1, it must be that all terms in x¥2 in the general solution cancel;
otherwise, the firm surplus would diverge as x — oo. Using the solution for S(x) in Lemma
1, the definitions of the roots, and expanding P(x), this implies (after some tedious

algebra)
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Applying the smooth-pasting condition, and observing that, under the proposed solution,

P(x,) = P'(x,) = 0, yields the remaining coefficient,
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Further imposing the value-matching condition yields a nonlinear equation in the
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Region II: w € (wy, wyp). The general solution for the firm’s surplus takes the same form

as in Region 1. The boundary conditions are

J(woxpw)) =0, and, J, (w,xp(w)) =0. (69)

As in Region I, since ¥, > 1, all terms in x¥2 in the general solution must cancel, and so
the solution for J, in (66) again holds. Applying the smooth-pasting condition, and noting
that xr(w) < x, for all w in Region II implies ?(xf) = LP’(xf) =0,
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Imposing the value-matching condition,
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Region III: w € (W, wyy). We divide Region III into two sub-regions:

Region IlI(a): x € (xf(w),xn(w)). The general solution in this case takes the same

form as in Regions I and II. The value-matching conditions are

J (w2 w)) =0, and, J(w,x,(W)) = (6, (W) = S(xo), (72)
and the smooth-pasting conditions are
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Mirroring the approach taken in (59), it will be useful to define the functions
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As before, we have 0,(G™%,a,b) = G¥1710,(G, b, a), and 0,(G™%,a,b) = G¥2710,(G, b, a).
Observing that xs(w) < x, for all w in Region IIl(a) implies P(x;(w)) = P'(x,(w)) = 0,

yields the coefficients
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Region III(b): x > x,(w). The general solution in this case takes the form



Jw,x) = + (W)X + J,(w)xT2. (78)

(1) p(O)
The boundary conditions are
J(W, %, (W) = S(x, (W) = S(xo), and, Je(w, o (W)7) = Ju(w, x,(W)*) = K (w). (T9)

Since y, > 1, it must be that J,(w) = 0; otherwise, the firm surplus would diverge as x —

oo. Applying the smooth-pasting condition yields the remaining coefficient,
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The latter provides a solution for J;, J,, and J;, and the boundaries x; and x,, for a
given k. It remains to pin down k(w) = ]x(w, xn(w)). Equating x, across Region IIl(a)

and III(b) yields the following nonlinear equation x¢, x,, and k,
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Region IV: w € (wyy, ). The solution is given in (44) in the main appendix.

Derivation of the worker density g(x;0). For notational simplicity, we suppress
notation for dependence on tightness 6. The Fokker-Planck (Kolmogorov Forward)
equation for the steady-state worker density takes the form
d 1 02 5
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The final term captures the inflow of workers due to the creation of new matches. An
inflow Au is hired from unemployment into new matches with initial productivity x,. This
inflow is scaled by 1/(1 —u) to conform to the definition of g(x) as the density of
employees over productivity. A further inflow sAG(x,) is hired from employment in
matches with productivity x < x;.

Noting that, in steady state, u/(1 —u) = ¢/A, and integrating once,
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where C; is a constant of integration. The general solution is
Glx) = {G{xél + Gz_x%;2 + Gy, if x <x (85)

GHxbt + GFx%2 + GF if x> x,,

where GO_/+, Gl_/+, and GZ_/Jr are constants to be determined, and & < & <0, &, > &, >
0 are the roots of
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Since &, > 0 (because u = 0%/2) the solution will explode as x — oo unless G5 = 0.
Furthermore, since x; is an absorbing barrier, it follows that g(x;) = G(x;) = 0. The

remaining boundary conditions are g(x5) = g(xg), G(x5) = G(x3), and lim G(x) = 1.
X—00

Imposing these, solving for the remaining coefficients, and noting that &¢&, =
— (6 +sA)/(06%/2) and &,¢&, = —6/(02%/2), yields the following solution for the worker

distribution

where

. -1
1 1) /xp\%2 1 1) /x\%t 1 1 1 1
D wenlt)
Sz S/ \x §&1 $1) 1\ $2 $1 $2 &

Differentiating yields the following solution for the density g(x).
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The solution for the separation rate into unemployment is then given by ¢=4§ +

(62/2)xt g’ (x;)—see, for example, Moscarini (2005, section 6.5).



C. Computational appendix

Baseline model: Solution for wage adjustment boundaries. We implement a
solution approach based on Proposition 2 as follows. Recall that we have an analytical
solution for the total surplus S(x) from Proposition 1. We then create a grid for the wage
w; in practice, we use 120 grid points, with greater density for lower wages, where the

boundaries are especially nonlinear. We then implement the following algorithm:

1. For each w on the grid, we guess x,(w). This approach is informed by two
observations. First, since A, < 1, for any given wage w, the worker will initiate a
renegotiation if match productivity x is sufficiently high. Second, comparison of the
boundary conditions in (13) and (14) implies that the locus x,(w) is always in the
competitive region where outside offers are attractive to the employee. Thus, given
the guess for x,(w) and the solution for the total surplus S(x), the boundary
conditions in (13) imply solutions for the option value coefficients for the firm’s value
J(w,x) in (16). This yields a candidate solution f(w,x) for the firm’s value in the

competitive region.

2. Evaluate this candidate solution for lower xs until one of three conditions is met:
(a) J(w, x) traverses the boundary condition for the wage cut boundary (12).
(b) f(w,x) traverses the boundary condition for the wage increase boundary (13).

(c) f(w, x) traverses the boundary condition for the (non)competitive region (14).

3. In case of (a) (respectively (b)), we evaluate the smooth-pasting condition in (12)
(respectively (13)). If the latter is satisfied (up to numerical error) we have a solution.

If not, we update the initial guess for x,(w) and repeat.

In case of (c), we apply the value-matching and smooth-pasting conditions in (14),
which, in turn, allow us to solve for the option value coefficients for the firm’s value

in the subsequent (non)competitive region. The algorithm then returns to step 2.3?

For each w, the latter yields an accurate solution for the firm’s value J(w, x). Given
our analytical solutions, it is costless to evaluate the latter on a very fine grid for match
productivity x for our quantitative results. (Where numerical error might arise is from

the relatively sparser grid for w.)

32 In a final step, the algorithm also checks for the presence of a further inaction interval that lies below the
solution identified by steps 1 through 3. This can arise due to the presence of the option value of on-the-
job search with offer matching, which can induce nonmonotone bargained wages (e.g., Cahuc et al. 2006).



Figure C. Identification of A and o
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Baseline model: Identification of A and o. The second stage of our calibration
approach uses, respectively, the empirical incidence of compensation freezes and the
empirical standard deviation of log base wage changes to pin down, respectively, the
breakdown probability parameter A and the standard deviation of shocks to match
productivity o.

Of course, both parameters affect both moments. To investigate how well separately
identified are A and o, we create a grid for both parameters around their calibrated levels
in Table 1 and evaluate the implied incidence of compensation freezes and the implied
standard deviation of log base wage changes for each parameter combination. In doing so,
we maintain the first stage of our calibration approach that targets the unemployment
rate and the E-to-E rate in Panel B of Table 1; this involves a transform of rU to hit
these targets for each grid point for .33

Figure C plots the outcome of this exercise. As described in the main text, the
breakdown probability A mostly affects the incidence of compensation freezes, whereas o
mostly affects the standard deviation of log base wage changes. As a result, both

parameters are separately identified, under the model.

33 Specifically, suppose we scale o to 6’ = Ao, and transform (x,/x;) such that (x5/x))4 = (x,/x,). Then,
recalling the solution for the worker distribution in (86) and (87), and recalling that u = ¢2/2 in the
calibrated model, note that the shape parameters are transformed to &' = /4 and &' = &/A. It then follows
that the new worker distribution over (x'/x;) is the same as the original over (x/x;). Since x5 = x5 = 1 in
the calibrated model, all that is required is to adjust rU such that the rescaling of x; is satisfied. Finally,
observe that the share of workers below x; is left unchanged by the transform, and thus so is the implied
E-to-E rate. Similarly, one can confirm that E-to-U rate is likewise unchanged under the transform.



Nominal adjustment and inflation: Solution for wage adjustment boundaries.
In this case, we use a finite difference scheme (e.g., Achdou et al. 2022) and the penalty
method to solve the problem (similar to the algorithm used in Elsby and Gottfries 2022
and Elsby et al. 2025). One difference is that the Bellman equation in (28) is a two-
dimensional partial differential equation. As mentioned in the main text, we address the
latter using a perturbation approach, whereby the capital gain associated with the decay
of the wage J,, is approximated using our solution for the baseline model. As described in
the appendix of Elsby et al. (2025), the boundary conditions are then implemented using

a penalty method that penalizes deviations above or below the exercise option.
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