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A Empirical evidence

Al

Multiplexing in social comparisons

We provide evidence that social comparisons and conspicuous consumption operate across

different layers, with individuals comparing themselves to distinct reference groups in each.

®

(ii)

(iii)

Layer 1: Friends. Friendships and peer relationships significantly shape conspicu-
ous consumption. Individuals adjust their consumption to signal status within their
social circles. For instance, Liang et al. (2018) found that socially excluded individuals,
especially those who are relationship oriented, engage in conspicuous consumption to
regain social acceptance among friends. Similarly, Oh (2021) showed that subjective so-

cial class moderates the link between social self-esteem and conspicuous consumption.

Layer 2: Neighbors. Neighbors also influence conspicuous consumption. Agarwal
et al. (2021) examine peer effects of bankruptcies, showing that individuals living in
the same building as a bankrupt neighbor reduce their monthly debit and credit card
spending by 3.4%. Agarwal et al. (2020) provide causal evidence that “keeping up with
the Joneses” contributes to financial distress, finding that a 1% increase in lottery win-
nings raises the bankruptcy rate of close neighbors by 0.04%. Their findings suggest
that lottery winners spend more on visible assets (e.g., houses, cars) than invisible
ones (e.g., cash, financial assets), influencing neighbors’ financial behavior. Similarly,
Grinblatt et al. (2008) found that automobile purchases are influenced by recent neigh-
bor purchases, particularly among geographically proximate individuals. Other studies
confirm similar trends in household spending on visible goods when people are exposed
to wealthier neighbors (Bertrand and Morse, 2016; Kuhn et al., 2011).

Layer 3: Family. Conspicuous consumption extends to family networks, including in
low-income settings. Studies highlight large expenditures on weddings and festivals,
even among impoverished households, emphasizing social signaling within extended
families (Rao, 2001; Bloch et al., 2004).
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(iv) Layer 4: Coworkers. Workplace environments also drive conspicuous consumption.
Muggleton et al. (2022) found that income inequality within firms leads employees to
increase status-signaling expenditures. Additionally, De Giorgi et al. (2020) show that
coworkers’ spending habits shape individual consumption choices. Even in academia,
social comparisons play a role—Merton (1968) describes the “Matthew effect,” where

scholars signal intellectual prestige through publications, citations, and affiliations.

(v) Layer 5: Same ethnicity or race. Research on conspicuous consumption and race
reveals significant differences in spending patterns. Charles et al. (2009) found that
Black and Hispanic households devote a larger share of their expenditures to visi-
ble goods—such as clothing, jewelry, and cars—than White households with similar
incomes, consistent with status-signaling behavior. Specifically, Black and Hispanic
households spend up to 30% more, or about $2,300 extra per year, on publicly observ-
able items. These findings suggest that social and economic factors shape consumption
choices across racial and ethnic groups. Further analysis (Ryabov, 2016) show that His-
panics residing in more affluent neighborhoods were prone to allocate greater shares of
their expenditure to conspicuous goods.

A.2 Multiplexing in public goods

We provide here some real-world examples of situations where efforts are strategic substi-
tutes and agents exert positive externalities on each others. A natural application is the
provision of public goods. In such settings, individual efforts act as substitutes because the
benefits of the good are shared among all contributors. This means that if one individual
increases their contribution, others may reduce their own effort without significantly dimin-
ishing the total amount of the public good that is available. At the same time, contributing
to a public good generates positive externality, as others in the network continue to benefit
from it without having to increase their own contributions.

Consider a neighborhood park project. If one resident donates a large sum, others may
feel less compelled to contribute but will still enjoy the park. Similarly, in a group project, if
one team member takes the lead and completes most of the work, others may reduce their ef-
fort while still benefiting from the final outcome.? A similar pattern emerges in neighborhood
watch programs. When a few residents take the lead in organizing themselves and patrolling
the area, others may reduce their participation, trusting that safety is being maintained.
Despite the uneven participation, overall neighborhood security improves, benefiting all resi-
dents. Environmental conservation efforts follow a similar pattern. When certain community

members actively engage in clean-up drives and tree planting, others might participate less,

3We explicitly explore this example in Section 5.4 in a multilayer framework.
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assuming that the environment is already being cared for. Nevertheless, the entire com-
munity benefits from a cleaner and greener environment. Finally, consider public libraries
as local public goods. If a group of volunteers dedicates significant time to running literacy
programs or maintaining the library space, other potential volunteers may feel less inclined
to contribute, assuming that the existing efforts are sufficient. Yet, the entire community

continues to enjoy the educational and informational resources provided by the library.

B Interiority of the equilibrium effort

Under Assumption 1, there exists a unique equilibrium. If, for each s € S, x** defined in (14)
is interior, then X* = (x°*, s € §) must be a unique equilibrium by Proposition 2. To this end,
we derive first-order approximations of the equilibrium objectives when the ¢°s are not too
large.

For simplicity, assume v® = 0. In this case, we obtain the following Taylor expansions:

MS ~ I _ ¢SGS’
< Lo tee)r
1% ~ a E 9
tes
s t
o~ X (1 ety O‘qsth) T,
a tesS «

where & = ) _sa® > 0. These approximations are correct up to quadratic or higher-order
terms of ¢°s. When T = 1, we can further simplify these expressions. For each i € N, we
obtain

! <1 iy fwf) , ®.1)

Hi = 3
teS
s t
2 o~ L (1 i+ Y O‘qstdg) , (B.2)
« teS a

where d! is the degree of agent i € NV in layer ¢t € S. These expressions are useful to see the
effects of spillovers ¢® on the equilibrium payoff U, which has a one-to-one relationship to y;
by Corollary 1, and equilibrium efforts.

In particular, when ¢* ~ 0, for all s, from the above approximations, we see that x$
and p; must all be positive. By continuity, this shows that the equilibrium efforts must be
interior when the spillovers are not too large. In all the simulations, we verify that, indeed,
the equilibrium efforts are always strictly positive (see Section 4.2).
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C Inefficiency of equilibrium allocations

Consider the welfare function given by (22). An allocation X € K = [L;cn K is called efficient
if W(X) > W(X) for any X [I;cn K. The efficient allocation exists and it must be unique
given the strict concavity of W (-) and the convexity and compactness of the choice set K.
Determining the first-order conditions with respect to z,i € N,s € S leads to the next

proposition:

Proposition C1. An interior allocation X is efficient if and only if it satisfies the following

equality:*

s asgbsgjs.i .
+ =\, VieN,seS (C.1)
(”z‘s +zi + ¢° Zje/\/ gfjxj) ; (”; =+ I}q + ¢* Zke/\/ QJS‘JQIZ) ’

where \; is the multiplier of agent i’s budget constraint.

Proof of Proposition C1: An interior efficient allocation X* must satisfy the corresponding
FOCs with equalities, which lead to the system of equations in (C.1). Furthermore, W is
strictly concave in X. Thus, a solution to FOCs must be globally optimal. O

Comparing the conditions for an equilibrium allocation and those for the efficient alloca-
tion gives the discrepancy between these two allocations as each agent ¢ in equilibrium does
not take into account the effects of z; on other agents’ payoff. Basically, the first-order condi-
tion for each agent i at the Nash equilibrium corresponds to (C.1) without the second term on
the left-hand side of this equation (see (16) with y; := 1/ \:). When ¢° is positive (negative),
agent ¢ underestimates (overestimates) the marginal welfare effects of 7. Since the aggre-
gate budget is fixed for each player i, the discrepancy boils down to the relative allocations
across different layers. Given the wedge between different private returns of effort and the
social return, X* is unlikely to be efficient in general.

To obtain some intuition, we consider again regular networks (Section H.1).

Example C1. Consider regular networks with v{ = 0. Then, the unique efficient allocation

satisfies i¥ = 1°,Vi € N, where 1* = sl
tes

In particular, for two layers s # 1,

T S

[0

== (C.2)
The equilibrium allocation X* (72) satisfies i = z*°,Vi € N,s € S, where
*S S 1 SdS
™ af/[14 ¢%d7] (C.3)

“The Lagrange multiplier )\; associated with the Nash equilibrium differs from that of the efficient

outcome, which we denote by i
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By comparing (C.2) and (C.3), we observe a discrepancy between x°* and i°. Interestingly, the
efficient allocation X* does not depend on the degrees d°* and the network effect parameters ¢*

while the equilibrium allocation X* depends on these two parameters.

D Conditions for uniqueness: Spectral condition vs con-

strained positive definiteness

We can use the bordered Hessian test to check the positive definiteness of quadratic forms
subject to linear constraints. However, this method is challenging to apply due to the nu-
merous principal minors that must be computed. Alternatively, we can simplify the process
by eliminating the last layer using the budget constraints. By rewriting the quadratic form
without any constraints, the required condition becomes the following (5 is the total number
of layers):

diag(é(l +¢'Gh, -, —1 I+ "G M)+ 11— ® %(I‘F #*G?®) is positive definite.
(D.1)
Here 1(;_1)(s—1) denotes a (5 — 1) x (5 — 1) matrix where every entry is 1, and ® denotes the
Kronecker product of two matrices.
With two layers, 5 = 2, and the above condition is equivalent to positive definiteness of
1

1
o (I+6°G2),

(I+¢'GY) + =

which is equivalent to

1 1 APTR AP
<al+az>+)\mm(alG +§G ) > 0.

This condition is implied by the following:5
1 1
E(l + /\min((blc'l)) + g(l + Amin(¢2G2)) >0,
which is further implied by
14+ Amin(0*G1) > 0, and 1 + Apin(¢*G?) > 0.

When there are more than two layers, 5 > 2, we do not have such a simple equiva-
lent characterization of the condition in (D.1) for the two-layer case. Instead, we impose a
sufficient condition: for instance, if for every s € S, (I + ¢'G?) is positive definite, i.e.,
1+ Anin(6°G?®) > 0, then condition in (D.1) must hold. On the other hand, the following

condition is necessary for (D.1):

1 1 s !
<> + t> en(Ea 1 LG 0, vs£te s
[o%d o

o’ «

Unless there are only two layers, the above condition is in general not sufficient.

®For two square symmetric matrices A and B: Amin(A + B) > Amin(A) 4+ Amin(B), where Amin(+)

denotes the smallest eigenvalue of the respective matrix. For any scalar b, Amin (I + A) = b + Amin(A).
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Remark D1. A sufficient condition for Assumption 1 (or equivalently condition in (D.1)) is
1
5—1
Yt

where kg = L (1 + Apnin(¢°G?)) for each s € S. In other words, the spectral condition holds

as

k1 >0,---  kz_1 >0, and ks > —

9

for the first s — 1 layers as k1 > 0,--- ,ks_1 > 0, for the last layer ks can be negative, but
should exceed a certain threshold depending on the other layers, k1, -+ ,ks_1. We will apply
this condition in the multiple public goods application.

On the other hand, suppose that we require that Assumption 1 holds for all preference
weights {a! > 0,--- ,a® > 0}, then it must be the case that for each s € S, 1 + Apin(¢°G*®) > 0.

In other words, the spectral condition in (11) is almost necessary in some sense.

Let us now illustrate this remark by providing applications for which Assumption 1 holds

but not Proposition 1.

D.1 The case of Bergstrom et al. (1986) (BBV)

In the BBV’s model, there are two layers. The first layer is the empty network,i.e., G = 0,
and the second layer is a complete network with ¢? = 1. The spectral condition does not hold
as 1 + Amin(¢?>G?) = 0 as ¢? = 1, Apnin(G?) = —1. Let us use Remark D1 to obtain a weaker
condition. k1 = 2t (14 Anin(¢'G1)) = & > 0, and k2 = 25 (1 + Anin(¢°G?)) = 0. However, the
following holds:

1
) >*T
—0 N

>0

Thus, by Remark D1, Assumption 1 holds in the BBV setting. This implies that, in BBV,
Assumption 1 holds but not Proposition 1(ii).

D.2 The case of multiplexing in public goods

Take the example in Figure 2 in Section 4.2.2 of multiplexing in public goods with ¢! =
0.2,¢2 = 0,¢> = 1. We claim that Assumption 1 is satisfied, but the spectral condition in
Proposition 1(ii) is not met. Let us illustrate it using Remark D1. In that example, the first
layer is a star network with A, (G') = =2, 80 k1 = 21 (1 + Amin(¢'G1)) = (140-2(22) -, The

(Xl
second layer is an empty network, so A, (G?) = 0, and ky = é(l + Amin(0?G?)) = % > 0,
For layer three, it is a complete graph so A (G?) = —1, 50 k3 = L (1 + Anin(¢*°G?)) = 0.

However, the following holds: )
K3, >~ 71, 1-

K K
—0 1 2

>0
Thus, by Remark D1, Assumption 1 holds in this example but not Proposition 1(ii).
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E Examples of equilibria with interior and corner solu-

tions

E.1 Example of equilibrium with strictly positive efforts

We consider a multilayer network with n = 3 agents and s = 2 layers. Each agent i =
1,2,3 has a time constraint 7; = 1, and allocates effort across the two network layers. The
utility weights on each layer are o' = o? = 0.5. The externalities from neighbors’ efforts are
assumed to be ¢! = 0.5 (strategic substitutes and positive externality, thus a public good) and
¢? = —0.3 (strategic complements and negative externality, thus a conspicuous good). The
endowments in each layer are equal to v; = 0.1, for all i,s. The network in each layer is
displayed in the following figure:

Figure E1: Layer 1: Fully Connected Figure E2: Layer 2: Star Network
Triangle

Equilibrium Efforts. Since 1 + A\, (¢'G!) = 0.5 > 0 and 1 + Apin(¢2G2) = 0.576 > 0,

there exists a unique equilibrium given by®

Fler | | & |7
1 1.0293 | 0.14638 | 0.85366 | 0.51463 | 0.51463 | 1
2 1.1512 | 0.26828 | 0.73172 | 0.57561 | 0.57561 | 1

1

3 1.1512 | 0.26828 | 0.73172 | 0.57561 | 0.57561

Agent‘ 1bi ‘ x

In this case, as well as in the one discussed below, the equilibrium profile is obtained by
computing the (unique) global maximizer of the best-reply potential function 6; see Theorem 1
and Proposition 1.

All efforts are strictly positive, and each agent allocates their entire time endowment,
normalized to T; = 1. Since the spillover intensity is higher in layer 1 (¢! = 0.5) than in layer
2 (¢? = —0.3), free riding is more pronounced in layer 1, where efforts contribute to a public
good. Consequently, agent 1 exerts the least effort in layer 1 and the most in layer 2, where
she occupies a central position in this network.

5Remember that ¢§ := v5 + 25 + ¢° ZjEN 9525
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E.2 Example of equilibrium with corner solutions

We consider the same 3-agent, 2-layer network setup as before, with the aim of illustrating
a corner solution in which one agent exerts zero effort in the provision of the public good in
layer 1. The parameters are identical to those in the previous section, except that we now

assume ¢?> = —0.6, instead of $?> = —0.3, while maintaining ¢' = 0.5.

Equilibrium Efforts. Now, since 1+A\pnin(¢*G!) = 0.5 > 0 and 1+\puin (¢2G?) = 0.152 > 0,

there exists a unique equilibrium given by’

N

K3

1 0.184 0 1 0.260 | 0.092 | 1
2 0.680 | 0.160 | 0.840 | 0.340 | 0.340 | 1
3 0.680 | 0.160 | 0.840 | 0.340 | 0.340 | 1

Agent‘ i ‘ z) ‘ x} ‘ a ‘ g ‘T’

Changing only one parameter from ¢? = —0.3 to ¢?> = —0.6—that is, increasing the strength
of strategic complements in the star-shaped network (layer 2)—has a significant impact on
equilibrium behavior. In particular, agent 1, who occupies the central position in the star
network of layer 2, is induced to exert zero effort in layer 1 while substantially increasing
their effort in layer 2. Although all agents respond similarly to the stronger incentives in
layer 2, agent 1’s central role in that layer amplifies their response. The intensified comple-
mentarity, combined with their centrality, results in a disproportionately large shift of effort
toward layer 2. Consequently, the marginal return to effort in layer 1 for agent 1 drops below
that of layer 2, leading to complete withdrawal from layer 1.

This result highlights how the structure of the network and the nature of strategic inter-
actions (complements versus substitutes) jointly determine individual incentives. Moreover,
this phenomenon arises due to the multilayer structure. Indeed, in a monolayer public good
game, corner solutions naturally emerge (Bramoullé and Kranton, 2007), and increasing ¢
naturally leads to more corner solutions. In our two-layer framework, where layer 1 corre-
sponds to a public good game with strategic substitutes in efforts and layer 2 to a conspicu-
ous good game with strategic complements, increasing the strength of spillover effects in the
non-public-good layer (layer 2) can cause a player to exert zero effort in the public good layer
(layer 1). This occurs because of the effort arbitrage between the two layers and the fact that
this player is highly central in layer 2 only.

Finally, observe that if we did not impose the constraint that negative solutions are not

"Negative efforts are not permitted here.
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allowed, the unique equilibrium would exhibit very similar values and would be given by:

A A Bk
1 0.3446 | —0.08434 | 1.08434 | 0.17229 | 0.17229 | 1
2 0.5855 | 0.15663 | 0.84337 | 0.29277 | 0.29277 | 1

1

3 0.5855 | 0.15663 | 0.84337 | 0.29277 | 0.29277

Agent‘ i ‘ x

N

Observe that even though the real effort 2} = —0.08434 is negative, the effective effort ¢}

remains positive.

F Additional results on comparative statics exercises

We report comparative statics results with respect to all other parameters of the model, such
as o®, ¢*, G® in the Theorem F1 below.

Theorem F1. At an interior equilibrium X*, the following relationships hold
(i) Effects of o*:

-1
om gt s
o (ZaM) M.

tes

-1
axs* s S t t S
o = In—aM<ZaM) M°pu.

teS

8 Sk
X M <Z atM’> M?®pu, for s’ # s.

s
o teS

?92: < ) diag(1/pa, -+ 51/ pn) (Z atMt) M*p + In(p) + (In(e®) + 1)1,
tesS

teS

3

% ( ) (1/pay 1 pn) <Z atMt> M°u + Z In(p;) + n(ln(a®) + 1).
teS

teS iEN
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(it) Effects of ¢°:

—1
8IJ _ (Z atMt> MsGsMs(asN _ VS).

a(bs tesS
—1
axs* s s t t ¥ ali s s s
a(bS:fInfon > a'Mm M*G*M* (o — v*).
teS

’ x -1
a(;(¢8 = QS,MSI (Z Otht> MSGSMS(QS;L o VS), fOT‘ s ?é s.
tes

1
88% = (Z at) dza‘g(]‘/lula R ]-/ﬂn) (Z atMt> MSGSMS(OZSH — VS),

teS teS

6812;* _ (Zat> (1/M1"" 71//~Ln) <ZatMt> MSGSMS(O[S/,L—VS).

tesS teS

(iti) Effects of G*°: For a given matrix n®, define the c-perturbation of G* with respect to n°®
as G* + en®.8 Then:

-1
0 . .
op — (ba Z ot Mt MsnsMs(asN _ Vé).
O¢ g tes
-1
6Xs* s s s t t 5,8 s s s
=—¢° |I, —a’M* [ Y _o'M Menp*M*(a*p — v*).
O¢ e=o teS
Ix5 * -1
)(; = ¢>So¢s,MS/ <Z atMt> M*n°M?(a’u — v*), for s’ # s.
€
e=0 teS

ou*
Oe

= d)s (Z at> diag(l/lul’ e l/un) (Z Otht> MSTISMS(O(SH o VS).
e=0

teS teS

ow*
Oe

= ¢8 (Z at> (]_/Iul’ ceey ]-/,Un) (Z atMt> MSnSMS(ale’ B VS).
e=0

tesS teS

This theorem parallels Theorem 2 in the main text, and its proof follows a similar ap-
proach. For each parameter of interest, we first obtain the comparative statics of p using
(13). Next, we derive the equilibrium efforts using (14) and the equilibrium payoff using (15).
Additionally, we frequently utilize the following identity for the differential of an inverse
matrix: dA7! = —A71(dA)AL.

Proof of Theorem F1:

8Here, n° denotes a nonnegative, symmetric n x n matrix with zeros on the diagonal. By conti-

nuity, the equilibrium profile is unique and interior when ¢ is sufficiently close to zero. Moreover, all

equilibrium objectives are continuously differentiable in ¢ within an open neighborhood of zero.
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Part (i):

goc’; S (Z aqvﬁ) B M* (Z ath> B <T - Zvat> =- <Z otht>1 M- p.

teS tesS teS teS

-1
ox** o
=M’p+ o®M?® = |L, — a’M? E B K M pu.
das’ g oas [ “ <tesa ) ] H

!’ 71
axs ) s’ s’ 8[11 s’ s’ t t s /
B = O M S = M <§SQM M?pu, for s # s.

Uy _ ) t iaﬂi s
=In(u;) + <Za ) 1 D +In(a®) + 1.

s
0 tesS

-1
== (Zat> diag(1/pm1, -~ ,1/1a) (ZoﬁMt) M®p + In() + (In(a”) + 1)1.

oo’
tes tes

owr _ _ (Z at> (1pn, 1/ ) (Z atMt> M*p + Zln(ui) +n(In(a®) + 1).

oo’
teS teS 1EN

Part (ii). First, we have
OM?

— = -M°*G°M°.
6¢s

All



then

1 -1
a t t s S(1s s t t t t
8;‘5:—<ZQM> (—aMGM)(ZaM) <T+ZMV>

teS tesS tes
—1
+ <Z atMt> (—M*G*M?)v*
tes
—1
= (Z atMt> M*G°’M?*(a’u — v?®)
tes
ox** ou
— (—=MGSM? EIP— SMS
oo = (o= V) oM B

M°*G°M?*(a’p — v*)

-1
= — |:I" —a’M? <Z atMt)

tesS

’ —1
a S ’ ’ a ’ ’
X —a'MY R = oM (YoM | MEPGIMS (et - ), for s’ # s
8¢S 8¢S tesS

ou* o\ g On
56 = (tezsa ) diag(1/pq, »1/Mn)5¢s

—1
= (Z ozt> diag(1/p1, -+ 1/ ) (Z octMt) M’G°M?(a’u — v?)

tes tes
oW !
8¢5 = (Z at> (1//~"17 e ]‘/ﬂn) (Z atMt> MsGsMs(asu _ VS)
tes tes
Part (iii). First, we have:
oM — —¢SMSHSMS.
Je |._,
then
9 o =
K _ At S LSNAS o SNAS AV 0 tot
56_0<ZQM> (OuanM)(ZaM) <T+ZMV>
e= tes tes tes

1
+ (Z atMt> (—¢8Ms’l’]SMS)Vs

tesS

-1
— ¢s <Z atMt> MSTISMS(O(S},L _ VS).

tes
ox** au
— (—SM3nSM* I P—— SM®
9| (=°M°n°M?) (o’ — v°) + « 96"
—1
=—¢° [In — o’M? (Z atMt> ] M*n°M?* (o’ — v°).
tes
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/* -1
ox = o’ M* Op = ¢°a® M* Z a'M? MPn°M?(a’u — v*), for s’ # s.
86 e= 6¢3 teS
ou* ) op
= o | diag(1/ g, 1/ ) =——
o |, <; ) 9(1/m /1 )%b
-1
=¢° <Z at) diag(1/py, -+ 1/ pin) (Z atMt) M°*n*M*(a’p — v*).
tesS tes
oW B
L (Z at) (Upir. - 1) (Z oﬁMt> M5 M (0" — V).
€ le=0 tes tes

This completes the proof.

G Extensions: Analytical details

In this section, we provide the analytical details of the four extensions presented in Section 5.

G.1 CES utility function

We generalize the Cobb—Douglas utility function in equation (1) to allow for a Constant Elas-
ticity of Substitution (CES) aggregation of sub-utilities across layers, which is given by (36).
Let us show that our main results are qualitatively the same under this more general speci-
fication. With the budget constraint, we have: ) __¢ 27 = T;. The Lagrangian is given by:

(Zx —T,»).

s\P __
poy ol =1y
P seS
- X <0 (=0ifz! >0).

seS
The first-order conditions are equal to

aS

(a)"

Using the SET transformation, we rewrite the above condition as

8Uz (Xi7 X,i)
ox

S

4 — 4+ u; >0 (=0ifzf > 0).

where



Then, for an interior solution, we obtain
q'f = 525/%'7
or equivalently
JEN
We can now obtain the same result as in the Cobb-Douglas utility case. Define the function 0
on K =[], K; as the best-reply potential of the multiplexity network game, with

1 ]‘ / S S S S
—0(X) = 3 5 4 D @@ ol 00 Y gha) o = D (=) () (v (L + 0G0,
s€S iEN JEN SES

Then, if 1 + A\nin(¢°G?®) > 0, for all s € S, there exists a unique equilibrium. We can also
characterize the equilibrium. We obtain

x' = (I+¢°G)" (@p—v*),
where ; is determined by ) s x; = T;. This corresponds exactly to equation (14) where we
replace a® by o®.
Instead of the CES utility function (36), we can consider the CES utility function given
by (38). The Lagrangian can be written as

1/p
Zas(qf)pl -\ (fo—TZ).

sES SES

ﬁ:

The first-order conditions are equal to

-1
an(Xi,X,Z‘) 1 p i p—1 .
N a’ qf o’ qf *)\Zgo :Olffﬂf>0
=, L}Esﬁ (@) p () ( )

Using the SET transformation, we obtain

¢ o [Desat@)]” _ U
(o) =7 (Ag)T=7 (Ai)T=7
Denote )
1\ 1>
w=t(5)
This leads to \
& T M > 0.
(as) 1—p
Define

Then, we obtain for interior solution

4 = a’pi
This corresponds exactly to equation (14) where we replace a® by «°. The analysis is thus
exactly the same as for the utility (36)
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G.2 Convex costs

Consider the model for which each player’s utility is given by (39), where the cost function is
equal to (40).

Equilibrium uniqueness and best-reply potential Let us show that there exists
a best-reply potential and that the equilibrium is unique. First, note that under the convex
cost specification, each player’s strategy space is a rectangular subset of RIS!. This allows us
to directly apply SET. In contrast, under a budget-type cost constraint, the strategy space
becomes a simplex rather than a rectangle, except in the special case where there are only
two layers.

Define

PYX) := 0(X) + Q9 (X),

where the first term 0(X) is given by

1 ) X X ' . s
(X)) = Y o= D @)@ a0 Y gia)
s€ES iEN JEN
= > é {(xs)/vs + %(X'S)'(In + ¢SGS)XS} : (G.1)
seES

0(X) is exactly the same as in the budget-constraint case and defined in the main text in (8).
However, the second term

2 ﬁ (ZSES If)liﬁ, if f#1landg >0,
Zi % In (ZSGS ‘rzs) ) if 8= 1,

depends on the cost elasticity parameter j.

Q%(X) :=

Proposition G2. P () is a best-reply potential of the game.

Proof: Each player i’s payoff U; is strictly concave in x;. The first-order conditions at an

equilibrium profile are given by

B
oU(X) _ % — (Z xf) <0 (with equality if =¥ > 0) (G.2)

oxs
g sSES

for each s € S.
Rewriting this system of first-order conditions as a variational inequality (VI) and apply-
ing SET using Zenou and Zhou (2025) yields the following equivalent system:

s 1
o <0 (with equality if 2} > 0). (G.3)
@ v (ZSES l‘f)
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Therefore, the new system simplifies to

oPC (X . e
77)63:(5 ) <0 (with equalityifz] >0), VseS, (G.4)
which is precisely the first-order condition system for maximizing this potential function in

the first quadrant. In the final step, we use the observation that, for any s € S,

s C
32(’5):_% and 2 S S— (G:5)
Ty a Li ’Y(Zsesxf)

In other words, fixing each x_;, we have

arg max U;(x;,x_;) = arg max P (x;,x_;).
XieRi XiGRi

This leads to the result in Theorem G2, and thus completes the proof. O
Now, we need to show that this best-reply potential is concave. We already know that the

first term, 6(X), is concave under the spectral condition on each layer, i.e.,

14 Amin(6°G®) > 0, Vse€S. (G.6)

For the second term, Q¢ (X) is always concave since each of its components is concave.’

Lemma 4. P is strictly concave if, for each s € S, the spectral condition holds:
14+ Anin(¢°G?) > 0. (G.7)

This spectral condition is standard in the network literature, and we impose it on each
layer. Furthermore, this sufficient condition does not depend on the cost parameter 5 or the
cost shifter . In particular, for a fixed 3, it may be possible to slightly relax the spectral
condition by exploiting the concavity of the second term, Q¢ (X).

Remark G2. The same techniques used to establish conditions for a unique equilibrium also

apply to a more general convex cost function given by

Ci=¢ (Z ﬂff) ;
s€S

where, for each i € N, the function c; satisfies ¢;(t) > 0 and ¢/ (t) > 0 for all t > 0. Proposition
G2 continues to hold if we redefine Q€ (X) as follows:

T.

i d

2°(X) = Z/ 7. where T, =Y a}, (G.8)
ieN 70 ci(2) s€S

It is straightforward to verify that Q¢ (X) is (weakly) concave in X. This formulation accom-

modates both a broad class of convex cost functions and heterogeneity in costs across players.

9Tt suffices to show that each term of Q¢ (X) is concave. If 3 > 1, then (1 — 8)z'~? is concave in z
because z'~# is convexin zand 1 — 8 < 0. If 0 < 8 < 1, then (1 — 3)z'* is also concave in z since

1— > 0and z'7? is concave in z. If 3 = 1, then the corresponding term is In z, which is concave in z.
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Properties/characterization of the equilibrium Consider the utility function:

148
Ui(xi,x_;) = Zas In [ vj + 2§ + ¢° Z girs | — ﬁ <fo> .

seS JEN seS

Focusing on interior solutions, the first-order conditions yield

B
of s
w-r (D) -0
4 <SES
where
of of

@ vl 6t ey 0575
is the marginal benefit of making effort «7 and

B
N =y (Z x) = (T)" (G.9)

ses

is the marginal cost of making effort 7. Define p; := 1/); as the inverse of the marginal cost.
Then, the first-order condition can be written as

a® 1

G M
That is, in equilibrium, we have
T4 gt = atul — o,
JEN

In vector-matrix form:
5% — (I + ¢SG)_1 (asu* _ VS) — M* (asu* _ VS) )

Summing over s and using the fact that T denotes the vector of endogenous total efforts,
with 7; = 3", ¢, yields
s S . % s S% -1 oy — L
M (@t - v ) =D x" =T =(y) 7 (u) 7,
seS seS

where p* = (u},...,u%) is an is an n—dimensional column vector, and the exponentiation is
elementwise. In the last equality we use the fact

1
1 1 \?7
*:)\i:'V(Ti)ﬂ<:>Ti:< *> .
ey Y

Unlike the baseline model, now p* is endogenous and implicitly given by the solution to

the following system:

d Mi(afpt —v) =T = : (G.10)
seS 1/8
T3,
()
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To identify a condition for the uniqueness of the solution to this u-system, we construct

another potential:

a’ 1n\? Hi

o) =D (WM (=) = 3 (7) ( / 4 1/%) :
seS ieN Hi

This ¢(u) has the required property that at an interior p, V¢ = 0 if and only if u solves the

system (G.10).

Next, we verify that, under the spectral condition (G.7), ¢(u) is strictly convex in p. To
see this, observe that the first term in ¢(u) is strictly convex in u, since its Hessian matrix,
> @®*M?, is positive definite under condition (G.7). The second term (without the minus sign)
in ¢(p) is clearly concave. Therefore, any interior solution to the system, if it exists, must be
unique.

Assume that 3 > 0.1° At any interior equilibrium, the payoff of agent i is given by

* s s s * ) 1+
U: = E In(a®) + E Inp; — ——=1T:
i « (O/) < (% > M 1 34

sES SES

s s S ¥ 1 .
2o Ine) + (Za ) T TR SR T

seS sES

Observe that U;" is monotonic in y, implying that for any two agents, U > U if and only

if uf > pj in equilibrium, as in the case with a budget constraint.

G.3 The budget constraint model as a limiting case of the convex

cost model

We can approximate the budget case as a limiting case of the convex cost model. Formally,

define, for each agent i,

s\ 118
ci(x; B) = 1—Zﬂ (ZS;‘_S xl) ,

where v > 0 is a constant. For any 8 > 0, this cost is increasing and convex. It is easy to
verify that in the limit the cost function exactly represents that in the budget case:

0 if ) sz <T;

lm ¢;(x;8) =
A=rtoo +oo  if Y g > T,

For each 3, we obtain the best-reply potential function (see Section G.2) as

PO(X; B) = 0(X) + Q°(X; ),

Tn the case of 8 = 0, there is no linkage between layers, and we recover the setting of Bramoullé

and Kranton (2007) in each layer independently.
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where the first term 6(X) is defined in (G.1) and independent of 3, and the second term
(assuming 8 > 1) is

1-p8
1
0% (X: _ - s T41+B
=Ty (5)

which depends on the cost elasticity parameter 3. By definition, Q¢ (X; 3) < 0. Observe that,

for each ¢,

1-8 .
1 —oo if i <1y,

seES if ZSES x5 2 ﬂ'

7

In particular, if X € K, we have Y _.xz{ = T; for each i, and

seS i

lim QY(X;8) =0, (G.11)
B—+o0

Assume the spectral conditions in (G.6) hold, so that for each 3, P¢(X; f3) is strictly con-
cave, and, thus, the global maximizer of P¢(X; 3) is unique, which we denote by X*(3), i.e.,

max P(X; 8) = PE(X(8); B).

We can show that {X*(j3), 3 > 1} is uniformly bounded. Define limg_, ;. X*(8) = X*.
Similarly, 6(-) is strictly concave in K =[], K; (recalling that K; is the budget of agent 7)

and let X* = (x7,--- ,x}) denote its unique maximizer over K, i.e.,

max 0(X) = 0(X").

Note that for each 3, the feasible set of P¢(X; 3) is larger than K, the feasible set of 6(-).

Lemma 5.

X* =X*.
This lemma follows directly from the following two results:
(i) X*isin K;
(ii) X* is the unique maximizer of §(-) in K, i.e.,
0(X*) > 0(X), VXeK (G.12)
Proof of Lemma 5. Part (i). For each agent i, we need to rule out case (a) 3", s Z; > T; and

(b) ZSES Q_Zf* < E‘
In the former case, for sufficiently small ¢ > 0, HB > 0 such that, for any 5 > B

Sz e o>

seS seS

¢ (B)> g —e>0, foranyseS.
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Then we have

C 5% T‘1+B S5k TA1+B
8PS - = (8/8) + 4 — 5 < _Qz _ € + l—s* 5 <0 (G.13)
0z} | (x-(5).0) a V(X ses i (B)) a Y aes T —€)

for 3 > max{3, 31} and any s € S, where

In (77(2’2*7.60
Bt = max L

SES In (

T; ’
(Xses T —€) )
Note that X*(3) is the global maximizer of P (X; 3), which is strictly concave and equation
(G.13) implies z7*(3) = 0 for any s € S, which contradicts ) ¢ x7*(8) > T; > 0.

In the latter case, for sufficiently small ¢ > 0, 33 > 0 such that, for any 8 > 3

el < Y ar be<T,

seS SES

¢ (B) <@ +e€ foranyseS.

Then we have

C 5% T{lJrﬁ 75% T41+ﬁ
37’5 =% (56)+ s Bz,qz s+c+ L———>0 (G149
0z |(x+(5).8) a V(2 ses 2 (0)) a V(¥ ses I3 +e)

for 3 > max{3, 37"} and any s € S, where

In (’Y(Q:‘*"FG))
asT;
BT = max .
seS 11’1( Ti, )
(ZSES mf*+5)

However, Equation (G.14) contradicts that X*(3) is the global maximizer of P¢(X; j3).
Therefore, both cases are ruled out.

Part (ii). Take any X € K. For each 3, we have
0(X*(8)) = 6(X*(B)) + Q(X*(8): B) = PE(X*(B): ) = PC(X; ) = 0(X) + Q7 (X; ).

The first inequality follows from the non-positivity of Q¢, and the second inequality follows
from the optimality of X*(53). Therefore, for any 3, we have

0(X*(8)) > 0(X) + Q(X; 8).

Taking the limit as 8 — +oc and using limg_, , o, 2°(X; 3) = 0 by (G.11), we obtain (G.12). O
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G.4 Hypergraphs/multilateral interactions within each layer with
an application to teams

As stated in Section 5.4, we consider a model of teams in organizations. There are t € T
teams in an organization, where each team ¢ consists of a subset N* C N of agents. Each
team forms a clique. Preferences are team-specific rather than layer-specific and are denoted
by ot.

Consider the utility function given by (44). Each agent ¢ maximizes subject to the budget

constraint ), - 2} = B;. We have the following result:
Proposition G3.
(i) X is a Nash equilibrium if and only if
X € arg min 0(X),

where
2

0(X) = Z (if = Z % Z i |, (G.15)

teT teT JENT

and F is the set of X that satisfies the following feasibility conditions:

X >0,
ZtETi zf = Bi, Vi EN.

(G.16)

*

(i) Multiple equilibria may arise. However, the equilibrium team effort y** is unique for

every t € T, and consequently, equilibrium payoffs are also unique.

This characterization of the equilibrium using a best-reply potential reveals several in-
teresting observations. First, the set of equilibria may not be unique, but it forms a convex
subset of the feasible set F. Second, equilibrium team efforts are unique, which facilitates
subsequent welfare analysis—such as examining the effects of changes in team structure
(e.g., adding or removing members), the creation of new projects, or the inclusion of addi-
tional agents.

Remark G3. The uniqueness of equilibrium fails in this case. The smallest eigenvalue
of a clique is —1, and we have assumed ¢ = 1. Consequently, the spectral condition 1 +

Amin(9°G®) =1 — 1 = 0 is exactly binding and therefore not strict.

Assume an interior equilibrium and denote by )\; the Lagrange multiplier. The first-order

conditions are given by:
ou; «

(2
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As before, define p; = 1/);. Then, for any ¢ € 7;, this implies:

y' = .

This further implies that if i and ;j are directly connected (i.e., belong to the same team,
i,j € N, then p; = p;. If every pair of agents is directly or indirectly connected within a
layer, then y; = p1; = 1. As mentioned above, since there may be multiple disconnected teams

in each layer, the network G* may not be connected for some s. In that case, we have:
y' = pa’,

where y1; = pu; = p for all ¢, j connected in the same component.
On the other hand, by a simple counting argument, we obtain:

SEED I INEDS) SIS s ot}
ieEN 1N LET; teT ieNt teT teT

In other words,

en Bi B
o= %j;iat = E, (G17)
te
where B=3Y,_\ Bianda =}, ,a'

Each player’s equilibrium payoff is thus fully determined and given by:

Uy = Z allny™ = Z a'In(pat) = (Z at lnozt> + <Z ozt> In p. (G.18)

teT; teT; teT; teT;

Unlike the baseline case, having a common p does not imply that all players receive the
same equilibrium payoff.

To provide further intuition, consider the following example:

Example G2. Consider the networks displayed below in Figure 3 for layers A and B. We
assume the following o values for each agent:

o n
a1 a3

ot = o], oaf =|a3], (G.19)
052 054
042 0{4

where o', o2, o3, o*

are all positive. Note that we allow for heterogeneous values of «of, but
these still satisfy the integrability condition in (43).
We observe that there are two distinct teams in each layer, each forming a clique, and that

agents participate in different teams across layers. For example, agent 1 works with agents 2
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and 3 in layer 1, but with agents 4 and 5 in layer 2. Moreover, the « values are heterogeneous
within each layer but identical within a team.!
Note that we can give an alternative representation of this two-layer network using a hy-

pergraph. It is displayed in Figure G3.

2 3

Figure G3: Hyper-graph

The question we address is how each agent allocates their effort across teams, given their
time or budget constraint and the fact that, within any given team, all members occupy sym-
metric positions because each team network is complete; heterogeneity arises instead from team
sizes, memberships, and the o's.

Let us calculate the equilibrium in this two-layer network team example. The adjacency

matrices are given by:

01100 00011
10100 00100

Gr'=11 100 0/, GE=]o010 00 (G.20)
00001 1000 1
000 1 0 100 1 0

In this example, the equilibrium action profile may not be unique, but the equilibrium

payoffs are unique. Indeed, we have:

x% +x%+x§ = al,u,

1 1 2
Tyt x5 =00,

z3 4 23 = o3y,

yl
y2
y3
y4

af + 2 +af = o'y,

HWe could interpret Figure 3 with four layers instead of two, which would be equivalent from a
pure technical viewpoint (integrability is preserved). However, the economic interpretation would be
different. In our Figure 3 with two layers, all five agents are active in both layers and are involved in
different projects. In this case, the team or co-author example works well. In this new interpretation
with four layers, each agent is only present in two layers out of four and thus it illustrates something

very different.
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where
Bi+---+ Bs

T ta2tadtat

In equilibrium, the payoffs are:

Ui = alln(alp) + o In(ap),
U =U; =o' In(atp) + o® In(a3u),

Up = U = a?In(a?p) + a* In(ap).

When o' = a? and o® = o (as in the baseline model where agents in the same layer have
the same o), all players receive the same payoff. However, when o' # o2, the payoffs of agents
1 and 4 can differ. Similarly, when o3 # o, the payoffs of agents 1 and 2 can differ.

The equilibrium action profile is not unique because the rank of the following vectors:

O O = ==
= = O O O

1
0
0l
1
1

O O = = O

is 3, which is less than the dimension of the space (5). However, we can uniquely determine

the allocation of agent 1:
v =y +¢*— (Ba+Bs), af=y"+y' = (Bs+ Bs).

We cannot exactly pin down the allocation of agents 2 or 3, but the sum of their efforts in each

project is uniquely determined. For example,

ra+ai=a*u=y> and xy+ay=(By+B3)—vy*=y' —a].

To examine the effect of a more explicitly, let us take B; = 2 for each i and define:

al=at=w, o*=a*=1-w, wherewc (0,1).

Then, we have:
e If0.2 <w < 1, then yu = y; = 5, and 2

1 4

The equilibrium payoffs are:

U = 2wln(bw), (G.21)
U; = wln(b5w) + (1 — w) In(5(1 — w)). (G.22)

2Note that y* cannot exceed the total budget of agents 2 and 3, i.e., 5(1 —w) < 2+ 2 = 4.
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Thus,
U —U; =whn(5w) — (1 —w)In(5(1 — w)),

which has the same sign as w — 1/2. In particular, when w > 1/2, we have Uy > Uj;
when 0.2 < w < 0.5, we have Uy < Uj. In addition, multiple equilibria arise within this

range of w.

¢ Jf0 < w < 0.2, we obtain a corner equilibrium in which agents 2 and 3 allocate all effort
to the team with weight o, and agents 4 and 5 allocate all effort to the team with weight
o?. In this case:

y'=y'=1 y=y=4

The multipliers i; are not equal and are given by:

1 4
H1=—> Uz =""= 5= 7"
w 1—w
The payoffs are:
Uy =2wlin(1) = 0, (G.23)
Uy =wln(1l) + (1 —w)In(4) = (1 — w) In(4). (G.24)

Hence, Uy < Us. In this case, the equilibrium is unique.

H Departures from monolayer predictions: Theoretical

considerations

H.1 Regular networks with convex costs: Monolayer versus multi-
layer cases

To compare the predictions of the monolayer and multilayer cases, we now consider regular

networks with convex costs.

Regular Networks: Monolayer versus multilayer predictions. Let us begin
with the multilayer network with convex costs. As in Section 5.2, and assuming for simplicity
that 8 = 1, the utility function is given by

2
Ui(xi,x—;) = Zozs In (vf + i + ¢° Z gfjx]s) - % (Z J’f) .

ses JEN ses

We easily obtain the equilibrium effort in each layer s as follows:

aS

(14 ¢5d*) \/ES’ES m

S* _
multi —

(H.1)

T

)
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and the total effort:
* P Sk _ as
multi - E Trmulti = § (1 n ¢Sd$)' (H2)

sES seS

For the monolayer case with convex costs, the utility function becomes:

1
U,;(x,;,x_i) = aln Vi +IZ —+ gf) Z g,;jllij — 51312
JEN

[0
oo — . H.
Lmono 1+ ¢d (H.3)

We observe that the main difference between the two models is the additional term /> uﬁﬁ =
X i (total effort), which appears in the denominator of (H.1). This term links the different
layers together.

Solving the model yields:

To clarify the intuition behind this result, consider the two regular layers depicted in
Figure H4, where G is a circle network and G? is the complement network of G*, each
consisting of four agents. The sum of these two networks yields the complete network, i.e.,
G +GB = K,.

To gain intuition, consider again the two networks displayed in Figure H4. Assume for
simplicity v; = 1 for all ¢ and all s.

Figure H4: Two opposite regular networks

In the monolayer case, we treat G* and G? as independent and analyze them separately.

Using equation (H.3), we obtain:

Ax aA Bx  __ aB
Lmono = mv Lmono = 1+ ¢B’

so that the total effort is given by:

. al B
Xmono = A+ B
14 2¢ 1+¢
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In the multilayer case, we treat G* and G” as dependent and analyze them jointly. Using

equations (H.1) and (H.2), we obtain:

A B
o [0
(EA* _ , $B* _

multi 4 oA B multi 5 A B ’
(1+204)\/ 557 + 1557 (L+0P)\/Tf55x + 197

and the total effort is:

al aB
i = \/1+2¢A T 1eR
Clearly, the outcomes in the monolayer and multilayer cases differ significantly. In par-
ticular, the multiplex setting introduces an additional term, , /ﬁ + %, which links the

two layers due to the constraint imposed by the total effort cost. In particular, in the mul-
Ax

multi

tilayer case, the effort x in layer A depends on the parameters a® and ¢® while this
is not true in the monolayer case. Assume that ¢* < 0 and ¢® < 0, implying that efforts
are complements and agents exert negative spillovers on each other. In the context of social
comparisons (as discussed in Section 2.2), this corresponds well with real-world examples:
layer A might represent “neighbors” and layer B “extended family.” The efforts, in this case,
could be interpreted as the fraction of income spent on cars (layer A) versus weddings and
festivals (layer B). In the monolayer framework, these two types of expenditures are treated
independently. Each is influenced solely by o or o (how much the individual values their
neighbors or family) and by ¢* or ¢ (the strength of peer effects in each layer). However,
this independence breaks down in the multilayer case. Because of the convex cost associated
with total effort, the two activities become interconnected. In fact, the first-order condition
in the multilayer case, for each layer s = A, B, is given by:

of

(1+ ¢%ds) x8

multi

_ A B
= Topults + Lonultis

where the left-hand side represents the marginal benefit of individual effort and the right-

A and 2B

hand side captures its marginal cost. Notably, the two efforts =7, ... o ulti

are perfect
substitutes in the cost function—an increase in one must be offset by a decrease in the other
to maintain optimality. In contrast, in the monolayer case, the first-order condition for each

layer s = A, B simplifies to:
o’ s
(1 + ¢sd8) xfnono B xlnlono.

While the marginal benefit remains the same, the marginal cost is now independent of effort

in the other layer. This fundamental difference implies that monolayer predictions overlook
the interaction between activities and fail to account for the constraint imposed by the overall

cost of effort across layers.
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H.2 The linear-quadratic utility model of Ballester et al. (2006): Mono

versus multiplexing

H.2.1 Multiplexing: The linear-quadratic utility model of Ballester et al.
(2006) with a budget cost

We extend the model of Ballester et al. (2006)—a linear-quadratic utility function with strate-
gic complements in efforts and positive spillovers—to our multilayer framework. The utility
function of each agent i is given by:

U, = Zas vixd — %(azf)Q + ¢° Z giiriz; |,
seS JEN
where ¢° > 0 and the constraintis ) _szf = T;.

Note that there is no need to use SET, as this utility function is linear-quadratic and
thus constitutes an exact potential. In other words, we do not need to apply the SET trans-
formation to the first-order conditions to obtain a best-response potential. Therefore, as in
Ballester et al. (2006), the spectral condition for uniqueness is given by 1 — A.x(¢°G?®) > 0,
for all s € S, where \,,.x(H) denotes the largest eigenvalue of matrix H.

The Lagrangian can be written as

SES JEN SES

where ); is the Lagrangian multiplier. The first-order condition, at an interior equilibrium,
is equal to

oU;
oo =00 (v al 0" Y gyl | = A =0,
i JEN

By denoting j; = )\; and solving this equation, we obtain:!?

Hi
=l +9" ) ghel - oo
JEN

Thus, in the multilayer version of Ballester et al. (2006), the equilibrium is equal to
_ 1 —~
Xiaiti = [In = ¢°G°] ™ (VS T N) =M (Vs - (u> : (H.4)

where 1 can be determined by the constraint ) _sx* = T, ¢° > 0, and M® = I, — gbsGs]_l.
Note that M* differs from M?*, as defined in (12), which is why we use a different notation.
We obtain

-1
w= <Z O}Sﬁs> (Z Msv* — T) . (H.5)

seS seS

30bserve that in our baseline model, y; is the inverse of the corresponding Lagrange multiplier

associated with agent i’s constraint, whereas here ; coincides with the multiplier ;.
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We observe that the equilibrium effort in layer s increases in v® and decreases in u. In
our benchmark model, the equilibrium is given by (14), which instead decreases in v* and
increases in p (under the conditions that ensure M* > 0). Thus, the two models would be
equivalent if o® = 1 for all s, and if we replaced (v® — p) with (u — v®). However, p differs

between the two models.

H.2.2 Monolayer version of Ballester et al. (2006)

The utility is given by )
Ui = V;T; — 5 ((ﬂl)z + ¢ Z GijTiTy;
JEN
As it is well-known, if pA,.x(G) < 1, the equilibrium is given by
Ti=0i+ 0 Y gijT;
JEN
That is,
Xmono = [In — ¢G] ' v = Mv. (H.6)
To gain intuition, let us now compare the monolayer and multilayer versions of Ballester

et al. (2006) for regular networks.

H.2.3 Monolayer versus Multilayer Version of Ballester et al. (2006): Regu-

lar Networks

Consider the two networks displayed in Figure H4 with four agents. The left network (a circle
network) corresponds to layer A, while the right network corresponds to layer B, such that
G4 + GB = K,. For simplicity, assume that v? =1 for all 7 and all s.

The Ballester et al. (2006)’s model with a budget constraint In the monolayer
case, each layer can be solved independently. If »* < 0.5 and ¢” < 1, we obtain:

1 1
Xinono = (FW‘) 1, Xpono = (1_¢B> 1.

In the multilayer case, we solve the two layers jointly. Assume o® = 1 for all s and
T; = T = 1 for all i. Then, if $4 < 0.5 and ¢® < 1, we have:

4 1" 5 129"

Xmulti = WL Xmulti = WL
and
Hmulti = 2(1 _ ¢A) _ ¢B : ’
A

It is straightforward to see that x is increasing in ¢* (as in the monolayer case) but

B
multi

multi

decreasing in ¢Z. Similarly, x is increasing in ¢ (as in the monolayer case) but decreas-

ing in ¢,
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The Ballester et al. (2006)’s model with convex costs In the monolayer case, we
can solve each layer separately. Assume a = 1 and v; = 1 for all i. If ¢ < 0.5 and ¢” < 1, we
obtain

1 1
Ax _ Bx* _
Xmono = 1 — 2¢A + 017 Xmono = ml, (H8)

and pf := cx}, the marginal cost, is given by

Ax C Bx c

S —T S —Y
Hrono 1—2¢A+C HFrono 1—¢B+C

In the multilayer case, we solve the two layers together. Assume o® = 1 for all s for all ¢ and

v; = 1 for all i. Then, if ¢ < 0.5 and ¢” < 1, we have

L—p* L—p*
Ax *
Xmulti = 1— 2¢A1’ Xfmulti = 1— (bB 1.

However, p* is now endogenous and determined by the linear systems of equations (48). We

obtain:

W= e X i U0 = (g + g ) (1 W),
Solving this yields
. (i )

1+ec (1—%¢A + 1—1¢B>

(H.9)
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