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Abstract

This supplemental appendix describes the model variants in Section 5.3 of the main
text and derives optimal innovation by the firms. All section references refer to the main

text.

1 A Preference for Risk

We augment the model in the main text by allowing firms to have a preference for risk. The

objective function of firm ¢ is now given by
7l (1) = m () + . Var [v ()] for r = f,n,

where m; (I;) are profits (Equation 6 of the main text), and the parameters ay > 0 and a,, > 0
capture how much firms value risk when they engage in frontier and niche innovation respec-
tively. The superscript R stands for ‘risk.” We assume that when consumers are indifferent
between buying a new product and not, at least some of them do, so that the product’s quality
becomes known.

A property of the model in the main text is that the market is always covered: if consumer
s’ € P buys a product, all consumers s < s also buy a product. To ensure that the market

continues to be covered when firms have a preference for risk, we assume that fixed costs are
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not too small, specifically,
T(14+2c1) 5 4
o

F>F=— "«
T (2er—1)° !

(1)

The rest of the model is the same as in the main text. Below we provide an analytical
characterization of the firms’ behavior conditional on engaging in frontier or niche innovation
by adapting Propositions 1 to 3 in the main text. We also show that condition (1) ensures
that the market is covered. We then use these results in the simulations of the firms’ optimal

innovation strategies reported in the main text.

Proposition R1 There is a threshold

200502
ot > L
2cr — 1

such that, in pertod one,
(i.) if v(ly) < vl there is no profitable innovation.

(ii.) if v (lo) > vE, the optimal innovation is located at

27
lR* — l 2
! 207'+1<U(0)+af0>
and generates benefits
-
(1 F1€) = 5 (v(lo) + aso?)’ = F > 0.

Proof: In the first period, the firm solves

max i’ (1), (2)
where
7B (1) = m (1) + ayVar [o (1) (3)

We know from Equation 3 of the main text that
Var [U (ll)] = (ll — lo) 0'2

and from Equation 7 in the proof of Proposition 1 that

0 if I, =l
m(h) =3 7o)’ — L @rvlo) — (h—1) — e — 1)’ —F ifly € (lo,lo + 27v (Io)]
(o) = Lte(li — 1)’ - F if Iy € [lo 4+ 270 (Iy) , 00) .



Substituting into (3) we have

0 if Iy = I
v (lg)* — £ 2rv (lo) — (b — lp))’
+ (= lp)ajo? —Le(li — 1) - F

70 (lp)* + (i — lo) ayo? — Se(lh — 1) — F if Iy € [ly + 270 (I) , 0) .

7l (1)) = if 11 € (lo, lo + 27v (I)] (4)

Let 2 (v (Iy)) denote the solution to the firm’s problem (2) if F = 0. It is routine to show
that

- taso? if v (lp) € |0, Ogj}
ll (U (lo)) = 97 (U (l ) 1 2 if I aypo?
2cT+1 0 aro ) nv ( 0) S 2¢r )

and

’ 2t

% (2erv(lo) +a3a") = F if v (l) € [0, %]
T (v (ly) + a0’ — F ifu(ly) € | 4D oo).

wf (I (0 (1)) =

2cm+1 2cr

Notice that 7ft (lAlR (v (lo))) is increasing and convex in v (lp) and that

2 2
,ﬁ(ﬁ(igg))ZOﬁF:E

2
This implies that, for any I > F, there exists a threshold value v > ZZ{“_’I such that

mft (2}2 (QOR)> =0, nlt (ll?” (v (lg))) < 0ifv(lp) < v and wf (lﬂf (v (lg))) > 0 if v (lp) > vf.
We can then state the solution to (2) as

jRe _ lo if v (lp) € [0, vf]
1 32 (v (o) + apo?) if v (ly) € (vff, 00)
and
s st (v (o) + af02)2 —F >0 ifv(l) € (vf,00).

The statement in the proposition follows from this solution. H

Proposition R2 There is a threshold

R 2af02
= 9er—1

such that, in any period t > 2,



(.) if v <l{) < vlt, there is no profitable frontier innovation.

(13.) if v (l{) > vl and u (l,{, lf) =v <l{>, the optimal frontier innovation is located at

2
I =1 + 207':— 1 (v (l'{) * O‘f02>

and generates benefits

T 2
(1 1&) = or 1 <v (lf) +ozf02> —F>0.

(i7i.) if v (l{) > vl and u (l{, lf) > (l[), the optimal frontier innovation is located at

e =t (u (i) —o (1))
s (00 (1) = T (0 (0) - 72))
and generates benefits
t 1) = g (u(ihir) - o (i) (2t = e (u (i) = o ()))

7 (14 cr)? ( f cT 7 ooy ?
P (e () - (r.8) - Z2)) s
+ 2T + 1 max(()vt (1+ecr) AU cT >0

Proof: Suppose firm ¢ locates to the right of the frontier product l{ . Its optimal location

solves
max 7/ (1), (5)
1>t
where
(L) = m (It) + apVar [v (1;)] . (6)

The quality of product [; > l{ is only realized if at least one consumer buys it, that is, if
L>U 47 (u (l{, lf) —v (lf)) We, therefore, have

Var [v (I;)] = ’ ithe |1+ <u <l{’ lf) - (lgC)))

(zt—zgj 0% ifl, € l{+r<u (z{,zg) —v(z{)> ,oo).

It is immediate that if v (l{ ) < 0 the solution to the firm’s problem (5) is to locate at I/ and

make zero profits. For the remainder of this proof suppose then that v (l{ ) > 0. Using the
expression for profits (Equation 9 in the proof of Proposition 2) we then have that benefits

4



are given by

7TtR(lt):O
if [, = 1/
o v R 1 f 2
! (zt):—§c(zt—zt) _F

it e (it +7 (u (i) =0 (i))).
A = () =5 (w() +0 () - (0-1))]

]_ 2
+ay (zt—z{) 02—§C<Z—z{) _F

T [z{+7 (u (z{,zg) _ v (zg‘)) Wt (u (zg‘,lg) +o (l{m and

(1) = Tv (ZZ>2+ozf <lt—l{> 02—%c<lt—l{>2—F

it e [z{+7<u (z{,zg) +v(z{)) ,oo).

(10)

(11)

Case 1 (active frontier product) Suppose first that the frontier product is active,
u <l{, l?) =0 (l{) Let lAtRA (v (l{)) denote the solution to the firm’s problem (5) if F' =0,

where the superscript A stands for “active.” It is routine to show that

f af02 . f af02
FE) ) e Pl
st (o (1) ) () <[22 ).

Substituting into (7) to (11) we have

’ 2cr

2 2ot are
() +5- - F if v (if) e [0, %]

2ct+1 2ct )

DTN o) oy o) < )

Notice that 7t (0) < 0 if F = F and that, for all v (l{) € [0, 00),

EEE) ),
a0 (1) do (] )2 -




This implies that, for any F' > F, there exists a threshold value v > 0 such that

(I () = 0.

Next, notice that if F' = F we have
2040
TR f
Wf (lt 4 (207’ 1)) = 7TtR <lf + 70 (lf)) =0,

200502 apo?
QﬁA > f > f
2ct — 1 2cT

so that

If the frontier product is active, the solution to the firm’s problem (5) is then given by
174 = 1] and 7ff (IFY) = 0

it v (if) € [0,0f7] and

2T
A (0 () +are?)

and

i (1) = Ser 1 1 <v(l{>+af02> —F>0

it v (lf) € (yf, oo).

Case 2 (inactive frontier product) Suppose next that the frontier product is inactive,

u (l{ , lf) > (lf ) . Frontier innovation is less profitable if the frontier product is inactive than

if it is active. Accordingly, the expressions for 7/ (I;) in (7) to (11) are decreasing in u <l1{£ , lf).
We know from Case 1 that even if the frontier product is active, frontier innovation generates

negative benefits if v <l{ ) < vF4. If the frontier product is inactive, frontier innovation must,
therefore, also generate negative benefits if v (l{ > < vk4,

Suppose then that v <lf> > pft4 Let l/jﬁl (v (l[)) denote the solution to the problem

mlaxth (I)) subject to I, > I +7 (u (l{, lf) - (l{)) :

This is the firm’s optimal location if it is forced to located far enough from the frontier that

at least some customers buy the new product. The superscript [ stands for “inactive.” It is



routine to show that
B (1) - (e (o) (1)
+% e (0’” (ZD g fm) (“ <l{’l?> N &2_:2)) ‘
Substituting into (7) to (11) we then obtain
) - 3o ()0 (0) oo o0 -+ (1)
Jé%ff e (0’“ (@ T fm) (“ (lf’l?) N %))2 -k
Note that 7/ (" (v (i) )) is strictly increasing in v (1) € [of4,u (if,1¢)|. Moreover,

il (Ey (gf‘ﬂ) < 0and 7} (Z?I (u (l,{c, l?))) > 0.

The former inequality holds because the firm generates zero benefits when v (l{ > = pft4

and the frontier product is active. It must then generate strictly negative benefits when

v (l{ ) = v and the frontier product is inactive. The latter inequality, in turn, holds
because (i.) the frontier product is active when v (l{) =u (l{, lf) and (ii.) we know from
Case 1 that benefits are positive when the frontier product is active and v (l{ > > pft4,

It follows that for any F' > F, there exists a threshold v/ > v#4 such that 7/ (Z:RI (vi)) =

0, mft (Z:RI (v (l{))) <0ifwv (l{) < ol and 7ft (lAtR[ (v <l{)>> > 0if v (l{) > vl If the
frontier product is inactive, we can then state the solution to the firm’s problem as

F* =1f and ©ff (1F) =0,

if v (l{) € [O,yf“] and

TS F (u (z{,zg) _ (z{))

27 (1 +c7) f cr Foa\  Olay
+ 2cr +1 max (O’U<lt> N (14 c7) (u (lt’lt> er




and

oI (1) = ir <u (l,{, lf) —v (lf)) (202af —cT (u <l{, lf) —v (l,{)))

2
+ e (0,0 () = ey (o (Hotr) = 220)) = P o

if v (l{ > € (vf',00). The statement in the proposition follows by defining vff = v if the

frontier product is active and yf = v if it is not. W

Proposition R3. Suppose firm t locates in viable niche [a,b]. Let l, denote the closest
product to the left of a and l, the closest product to the right of b. The firm’s optimal

location is then given by

a if (b—a)<-=-X
™ (a,0) =% Y(a+b+X) if (b—a)>|X]|

where

20,0%T ((lh —b) — (a— 1))

X
(1—5%272) (lp — lo) + 20,027’

and its benefits are given by

ano® (q —1,) (I, — a) if (b—a)<—-X

Tp—la

5 (1= (87)°) (b —0)” = X?)

R (1 (g, b)) = ) if (b—a)>|X
me (1 (@ D) —i—i”%la(%(a—l—b—l;X)—la)(lb—%(a—i—b—i—X)) fb=a)z|X]
2= (0= 1a) (b —b) if (b—a)<X.
Proof: Firm t solves
R
e (L) , (12)
where
Wf (lt) = Tt (lt) + OznVar [’U (lt)] . (13)

We know from Equation 5 of the main text that

(= 1) (s =)

Var [v (I;)] = A

and from Equation 13 in the proof of Proposition 3 that

o (1) = zi (I —a)(b—1) (1— (w5 (a,0))?),

T



where
E[v(b)|&] —E[v(a)|&]

B (a,b) = — )

Substituting this expression into (13) we have

(b —la) (b — 1)
b L. o°.

" (1) = o (= a) (b~ 1) (1~ (75 (a,D)) + (14)

It is the routine to show that the solution to the firm’s problem (12) is given by

a if (b—a)<-X
I (a,0) = La+b+X) if (b—a)>|X]
b if (b—a)<X.

Substituting /[ (a,b) into (14) delivers the expression for 7f* (I/"* (a,b)) in the statement

of the proposition. B

Proposition R4. The market is always covered, that is,
1 <1l +ru <l{,lf> for all 17 > 18>0 and t > 1.

Proof: Consider first the first period. We know from Proposition R1 that the first firm only

innovates if )

aro
lo) >
vlh) 2 2cr — 17

in which case it locates at

. 27 (v (lp) + ayo?)
W= =T

Y

or, equivalently,

2
Re _f Iy T (2er —1) [y o
g i + v (ko) 2cT + 1 v (lo) 2er —1)°

The last term is positive, so that the market is covered in this case.
Consider next any period ¢ > 1 in which the frontier product is active, u (l{ , l?) =0 (l{ >

We know from Proposition R2 that firm ¢ only engages in frontier innovation if

200 p02
U<t ~ 2cr — 1’

in which case it locates at

2T
lﬁ*z:lfﬁ*2c¢-+],<v (ﬁj +’af02>’



or, equivalently,

2er — 1) apo?
1B —if <lf) T2t 1) (lf) o)
t ¢ Tl 2ct +1 v\t 2cr — 1

The last term is positive, so that that market is covered in this case.

Finally, consider any period ¢ > 0 in which the frontier product is inactive, u (l{ , lf) >

v (l{ ) We know from Proposition R2 that firm ¢ only engages in frontier innovation if

2
o (if) = 247
2cr — 1

in which case it locates at
S (u (z,{”, zg) — (z{)) (15)
27 (1 +c7) s cT s oay
2 en) (o0 (i) = T (o) — 221)).
T 2T + 1 max( oA (1+ecr) <u b cr

Suppose first that the second term is zero. We then have
=1l 47 (u (l{,lf) —v <lf>> <1l +7u <l{,l?>

where the inequality follows from v (l{ ) > 0.
Suppose next that the second term on the right-hand side of (15) is positive. The market

is then covered if

=1+

<u (z{,zg) Yo (z{) n 2afa2) < +1u (z{, zg) .
We can rewrite this inequality as
2er — 1 20002
i) = o (i) - () - 2% ) >0,
u<t’t = v\t 2er \\1 2er —1) —

where the sign follows from the fact that the second term on the right-hand side is positive
and that u (ltf,lf) >0 (lf) .n

2e +1

2 Patent Protection

The model in the main text assumes that if firm ¢ develops a new product in period ¢, the

competitive fringe can only imitate it in periods ¢ > t. As such, the new product enjoys

10



complete patent protection in period t. We now relax this assumption and allow for imperfect
patent protection. In particular, if firm ¢ > 1 develops a new product in period t, it enjoys
patent protection in period ¢ with probability p € [0,1], and faces competition from the
competitive fringe with complementary probability. The rest of the model is as in the main
text.

Below we provide an analytical characterization of the firms’ behavior conditional on
engaging in frontier or niche innovation by adapting Propositions 1 to 3 in the main text. We
also show that, as in the model in the main text, the market is always covered: in any period
t > 1, if consumer s’ € P buys a product, all consumers s < s’ also buy a product. We then
use these results in the simulations of the firms’ optimal innovation strategies reported in the

main text.
Proposition P1. There is a threshold vy, > 0 such that, in period one,
(.) if v(lp) < vy, there is no profitable innovation.

(i.) if v (lp) > vy, the optimal innovation is located at

2
lP* P v (ZO)

1 :p—|—207'

and generates profits

2¢7?

" 5P (lo)> — F > 0.

Wf (lf*) = TpU (l0)2 —

Proof: We know from the proof of Proposition 1 that if patent protection is perfect, profits
are given by m; (I;) = 0 if [; = [y and by

1 1
m (lh) =T (l0)2 —max | -~ (27v (lp) — (I1 — lo))2 0] — §c(l1 — lo)2 —F
T
if [y > lp. If there is no patent protection, price competition between the firm and the

competitive fringe results in zero prices. Profits are then given by ! (I;) = 0 if [; = Iy and
by
1
7'('{3 (ll) = —50 (ll — l0)2 - F
if [; > [y, where the superscript P stands for “patent protection.”
The firm’s problem is given by

P
max (1y) . (16)

11



Let lﬁf (v (lp)) denote the solution to this problem if F' = 0. It is routine to show that

P (o (1)) = 220ll)

P+ 2cr
and 0er?
CT

ot (I (0 (1)) = 7o () = 25 —po (l0)* = F

Notice that 7f’ (lA{D (v (lo))) is increasing and convex in v (ly) and that 7i (T{D (Qf)) =0,

where

vof = VF (p+2er) /[ (p°7).
We can then state the solution to (16) as

e z02 if v (lp) € [0,0]]
Z%v (l) ifwv(lp) € (Qf,oo)

and
oF (1) = 0 if v (ly) € [0,0]]
t TpU (l0)2 — p%f;;pv (l0)2 —F>0 ifv(l) € (Qg), oo) )

The statement in the proposition follows from this solution. B

Proposition P2. There is a threshold vE > 0, such that, in any period t > 2,

(2.) if v <l{> < ol there is no profitable froniter innovation.

(13.) if v (lf) > vl the optimal frontier innovation is located at

x pT a
lf B ll{ * p+ 2ct (U (l{> o (l{’lt>>

and generates profits

2 1 per? 2
7 (IP*) = pu (z{) - 5]?]—91— = <v (z{) T (z{,zg)) _F>o.

Proof: Suppose firm ¢ locates to the right of the frontier product l{ . Its optimal location
solves

max 7, (Iy), (17)
1>t

where 77 (I;) are profits with imperfect patent protection. If firm ¢’s patent is protected, which
happens with probability p, these profits are the same as in the main model. If, instead, firm

t’s patent is not protected, price competition between firm ¢ and the competitive fringe results

12



in zero prices. Profits are then given by zero if firm ¢ locates at the frontier l , and they are

given by
1 2
if it locates strictly to its right.
It is immediate that if v <l{ > < 0 the solution to the firm’s problem (17) is to locate at I

and make zero profits. For the remainder of this proof suppose then that v (l{ ) > (. Using
the expressions of profits under perfect patent protection in the proof of Proposition 2, profits

under imperfect patent protection are given by
() =0 (19)

I bt to B 1 ; 9
71t (lt) = ——=C (lt — lt) — F (20)

iflte<l{,l{+r<u<l{,l§)—v(l{)))
@) =pre (1) 27 (u () o (4) < 2 ()~ he(-H) P @
it e [z{+r<u<z{,zg)—v(z{)> zf+7( (z,{,z ( m and
wf(zt):pm( )2—% zt—zf) - (22)

it e [ztf+f(u (ztf,lg) +u(ztf)) ,oo).

Case 1 (active frontier product) Suppose first that the frontier product is active,

)+
(

u (l{, lf) = (lf) Firm ¢’s problem is then analogous to firm 1’s. Given the solution to firm

1’s problem in Proposition P1, we can state the solution to firm ¢’s problem (17) as

1/ ifv (1) e 0,04
lfA* - t2Tp f ; ; [ PAt }
el (l ) ifoll;) e (yt ,oo)
and
0 it v (if) € [0,01]

7TtP (lfA*) =

TpU (lf)2— 2cr” pU (lf)Z—F>O ifv(lf> € (’UPA oo)
t p2er t t t )

13



where

vt = VF (p+2e1) [ (%7,

and where the superscript A stands for “active.”

Case 1 (inactive frontier product) Suppose next that the frontier product is inac-
tive, u (l{ ) lf) > (l{ ) Frontier innovation is less profitable if the frontier product is inactive
than if it is active. Accordingly, the expressions for 77 (I;) in (19) to (22) are decreasing in

u <l{ , lf). We know from Case 1 that even if the frontier product is active, frontier innova-
tion generates negative profits if v (l{ > < vPA. If the frontier product is inactive, frontier
innovation must, therefore, also generate negative profits if v (l{ ) < P4

Suppose then that v (l{) > vl Let ED <v (l{)) denote the solution to the problem

mlaxwf (I) subject to l, >l + 7 (u (ltf, lf) —v (l{)) :

This is firm t’s optimal location if it is forced to locate sufficiently far to the right of the
frontier that at least some consumers buy its product. It is routine to show that the solution

to this problem is given by

F(() = e (ulr) - (1)) &
20 (- () o]
Substituting into (21) and (22) we have
() = g elr) (1) 2
et e (00 () - (o))
Note that x/ (1F" (v (1f ) )) is strictly increasing in v (1f ) € [, u (if )] Moreover,

i (? (va)> < 0and 7} (lAtP (u (l{,lf))) > 0.

The former inequality holds because 7/’ <273 (Uf A)) = ( if the frontier product is active. The

14



latter inequality holds because (i.) the frontier product is active when v (lf ) =u (l{ , lf) and
(ii.) we know from Case 1 that profits are positive when the frontier product is active and

v (lf ) > vP4. There, therefore, exists a threshold v’ > vF4 such that 7f (lAtP (v )) =0,

vl <lAtP (U (lf))) <0ifv (l{) <ol and ) <EP <v (l{))) > 0if v (l{) > v where the
superscript I stands for “inactive.”

If the frontier product is inactive, the solution to the firm’s problem (17) is then given by:
(i.) if v <l{> e [0,vf1],

(P =1f and 77 (1F") =0,

and (ii.) if v (lf) € (v, 00),

* p a
Z{DI - lif p —+ 2C7 <u (lf’ lt) v <Z{>>
and

100 = w0 () = 5T (o (i) +0 (1)) - F >0

77 and ! (17"*) follow from (23) and (24) because

cT "
il (lA;P (p+c7‘u (l{,lt>)) < 0.

The statement in the proposition follows by defining v/’ = vF4 if the frontier product is

Note that the expressions for

active and v’ = v if it is not. W

Proposition P3. Suppose firm t locates in viable niche [a,b]. Its optimal location is then
given by
1
1" (a,0) = 5 (a )

and its profits are given by
N p
7'('? (lﬁ (CL, b)) = 8_7' (b - CL)2 (1 - 7-25 ((I, b)Q) )
where 3 (a,b) is the slope of expected quality in the niche. Innovation in a non-viable niche

18 not profitable.

Proof: We know from the proof of Proposition 3 that if patent protection is perfect, profits

are given by

m (l) = 2i (I, —a) (b—1) (1 — 2B (a,b)?),

T

15



where E[v(b)|&] —E[v(a)|&]

B (a,b) = — )

If there is no patent protection, price competition between the firm and the competitive fringe

results in zero prices. Profits are then zero for any location in the niche. Under imperfect

patent protection, profits are, therefore, given by

Pl = 2% (h—a) (b—1) (1 — 7B (a,b)?) .

Firm ¢’s problem is to solve

Pn
max ).
lte[a,b} t ( t)

It is routine to show that the solution to this problem is given by
Pnx 1
[, (a,b) = §(a+b)

and

7B (177 (a,0)) = 2= (b= a)? (1 = 728 (a,)?) . W

8t

Proposition P4. The market is always covered, that is,
P <1l 41 <z,{,zg) forall 1l > 18>0 and t > 1.
Proof: We know from Propositions P1 and P2 that for any ¢ > 1,

1 —I—TQCT (U <l'{> tu (l{’ lf)) )

I =1+

The market is then covered if

T a a
i 14 2er (U <lg> —i—u(lf,lt)) <l +ru (ZZ’ZJ

or, equivalently,

i+ ru (z{ , zg) - - +sz (207'u (z{ , zg) — (z{ )) <t/ +1u (z[ , zg) .

This inequality holds because ¢ > 5/6 and u (l,{ , l?) >0 (l{ ), so that the third term on the
left-hand side is positive. B
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