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In this Supplemental Appendix, we provide four extensions: multihoming consumers,
asymmetric network effects, product differentiation with partial market foreclosure, and
network effects in market A (the tying market).

For completeness and self-containment of the Supplemental Appendix, we restate sev-
eral Lemmas and Propositions from the main text. Specifically, Proposition 4, Lemma 3,
and Proposition 5 from the main text are relabeled here as Proposition A.1, Lemma B.1,

and Proposition B.1, respectively.

A Analysis of Tying with Multihoming Consumers

In this Appendix, we provide an extension which allows for a positive fraction of consumers

who can multihome.

A.1 Model

Let p € (0,1) denote the fraction of consumers who can multihome at no cost, while
the remaining consumers single-home, as in our main model. We assume that the ability
to multihome is independent of a consumer’s valuation for product A. As in Doganoglu
and Wright (2006) and Jullien, Pavan and Rysman (2021), a multihoming consumer’s
gross market B surplus from consumption of both B1 and B2 equals the higher of the
standalone benefits from the two products, max{vy,vs}, plus § times the total number of
consumers she can interact with through use of B1 and B2 (equal to the network size of
B1 plus the network size of B2 minus the number of multihomers who consume both B1

and B2). In addition, we make the following assumptions:



e In market B, we maintain the current Assumption 1:

1
A=vy—v; >0,A << ——forall z €[0,7].
29(x)

e In market A, we assume that « is sufficiently large so that firm 1 serves all consumers
with the price of px = «a under independent pricing; i.e., that condition (4) in the main
text holds:
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A.2 Independent pricing with multihoming consumers

A.2.1 Market A

Under the full market coverage condition (4), firm 1 serves all consumers in market A and

hence the profit of firm 1 in market A is a.

A.2.2 Market B

Observe first that following price offers (pg1, pp2) such that max{v, +  — pp1,v2 + B —

pe2} > 0, there is always a NE consumer response of the following form:

o If pgo —pp1 < A: There is a NE consumer response in which all consumers buy B2

and none buy B1, and all enjoy a market B surplus equal to vy + 8 — pps.

e If pgo —pp1 > A: There is a NE consumer response in which all consumers buy B1
and none buy B2. (Note that since pp; > 0 we have pgy > A, which implies that
multihomers do not want to also buy B2.) All consumers enjoy a market B surplus

equal to v; + 8 — pp1.

o If pgo — pp1 = A: Both of the above NE consumer responses are equilibria. In
addition, if (pp1,pp2) = (0, A), then there are also equilibria in which some (or all)
multihomers buy both B1 and B2 while single-homers either all buy B1 or all buy
B2. Every consumer receives the same payoff (equal to vy + 5 —pp1 = va+ 5 — pp2)

in all of these NE consumer responses.

In each of these cases, the NE consumer responses described above result in the largest

possible market B surplus for every consumer given the price offers (pp1, pp2). In the first



two cases, they are the unique NE consumer response satisfying our Pareto dominance
refinement. In the last case, all of the NE consumer responses described are Pareto
undominated NE consumer responses. However, the response in which all consumers buy
only B2 gives firm 1 the lowest possible payoff among these and so is the NE response we
select.!

Now consider equilibrium price offers given these consumer responses. In any equilib-
rium some consumer must be making a purchase: if not, then it must be that v;+8—pp; <
0 for i = 1,2 (otherwise there is a NE consumer response in which all consumers buy the
same product and it gives strictly positive surplus). However, in that case, firm 2 would
have a profitable deviation to charge pgs = A which would attract all consumers since
ve+F—A > 0—a contradiction. Hence, in any equilibrium max{v;+8—pp1,ve+—pp2} >
0.

If pgo—pp1 > A, then (by the discussion above) B1 is making all of the market B sales
at price pg; > 0. Firm 2 then has a profitable deviation to a price slightly below pg; + A,
which leads all consumers to buy B2 — a contradiction. If, instead, pgs — pp1 < A, then
firm 2 is selling B2 to all consumers but could do so more profitably if it deviated to a
higher price — another contradiction.

Hence, it must be that pgs —pp1 = A and (by the discussion above) that all consumers
are buying only B2. However, if pg; > 0, then firm 1 would have a profitable deviation
that lowers pp; slightly and leads all consumers to buy B1l. Hence, in any equilibrium we
must have (pp1,pp2) = (0,A) and all consumers buying only B2. As neither firm has a

profitable deviation at those price offers, they are the unique equilibrium price offers.?

A.2.3 Summary

Under independent pricing, firm 1’s profit is o and firm 2’s profit is A.

LOur conclusion about the market B profits of the two firms in an independent pricing equilibrium
would be unchanged if we did not select this NE consumer response, but rather any of these undominated
NE consumer responses were possible.

2If we do not select the “all consumers buy only B2” NE consumer response when pgs — pp1 = A we
would derive the same equilibrium profits for the two firms because (i) if firm 2 was making strictly less
than A despite the fact that pgs > A then firm 2 would have a profitable deviation to a slightly lower
price at which all consumers buy B2 and (ii) if firm 2 was making strictly more than A (and, hence,
p2 > A, pp1 > 0, and firm 2 makes some sales of B2) then firm 1 would have a profitable deviation to
a slightly lower price at which all consumers buy B1. Thus, we must have pgs = A, pg1 = 0, and all
consumers purchasing B2. However, without the equilibrium selection, the same profits could arise in an
equilibrium in which all consumers buy B2 at price pgs = A but multihomers also buy B1 at a price of
pp1 = 0.



A.3 Tying with multihoming consumers

We focus on the case of pure bundling to examine how our results generalize with the
presence of consumer multihoming. We begin by examining consumer responses to firms’
price offers, establishing a lemma that extends Lemma 1 in the paper to the case in which
a positive fraction of consumers are capable of multihoming. As in the main text, we
define P = P — a.. As we focus on an equilibrium in which all consumers buy the bundle,
any ppgo strictly higher than A leads to zero profit for firm 2 as no multihomer will buy
B2. For this reason, in what follows, we focus on price offers by firm 2 with pgy € [0, A]

and consumer responses in which all multihoming consumers purchase B2.3

A.3.1 Consumer responses

For single-homing consumers, let ¢,(x, Xj, Xm|ﬁ) be the payoff gain, given 16, from pur-
chasing the bundle over purchasing B2 for a single-homing type x consumer (i.e., whose
willingness to pay for A is a + x) if all single-homing consumers and all multihoming
consumers whose types are respectively higher than X, and X,, purchase the bundle. In
a similar way, define 1,,(x, X, X,,) to be the payoff gain from purchasing the bundle and

B2 over purchasing only B2 for a multihoming type x consumer. We have
by, Xy, Xl P) = 0+ [(1 = p)(1 = 2G(X,)) = pG(X)] = A — (P—ppa)  (AD)

and

Vi (@, Xy Xpn| P) = 2+ (1 — p)(1 — G(X,))B — P (A2)

Notice that ¥, (z, X, Xm|ﬁ) is continuous in (x, X, X}, ), increasing in z, and decreasing
in X, and X,,, and that ¢,,(z, Xj, Xm|ﬁ) shares the same characteristics except that it is
independent of X,,. Also, s(z, X5, Xin) < ¥ (z, X5, X;p) for all (z, X5, X,,,). Intuitively,
multihomers are more inclined to buy the bundle (in addition to B2) than are single-
homers since, unlike for single-homers, for multihomers buying the bundle does not forgo
network benefits from the presence of single-homers who buy B2 and does not forego the
better stand-alone value vs.

It is useful to observe the following:

Claim A.1 Suppose that ppy € [0, A] and that no consumers buy the bundle. Then:

3When ppo = A multihomers are indifferent about buying B2 in addition to the bundle, but in
equilibrium they must buy B2 for otherwise firm 2 would deviate to a slightly lower price.



(i) Single-homing consumers with x = T are indifferent between the bundle and B2 if
and only if P=7 — B — (A — pps).

(i) Multihoming consumers with x = T are indifferent between buying both the bundle
and B2 and buying only B2 if and only if P=1.

Proof. (i) The indifference condition for single-homing consumers is given by
bo(7,7,7|P) =T — B— A — (P — ppa) = 0.
(ii) The indifference condition for multihoming consumers is given by
V(@ 7,7 P) =T — P = 0.
]

Claim A.2 Suppose that pps € [0, A] and that all consumers buy the bundle. Then:

(i) Single-homing consumers with x = 0 are indifferent between the bundle and B2 if
and only Z'fﬁ = (1 =B — (A —pp2).

(i) Multihoming consumers with x = 0 are indifferent between buying both the bundle
and B2 and buying only B2 if and only zfﬁ =(1—p)p.

Proof. (i) The indifference condition for single-homing consumers is given by
6,(0,0,01P) = B(1 = p) = A = (P = ppz) = 0.
(ii) The indifference condition for multihoming consumers is given by
¥m(0,0,01P) = (1 - w)f ~ P =0.
[

We introduce an assumption to ensure that the values of P identified in Claims A.1

and A.2 are well-ordered — specifically, to ensure that T — 5 — (A — ppa) > (1 — p)5:
Assumption M: T > (2 — )+ A

Next, using (A.1) and (A.2), define a NE consumer response in cutoff strategies with
cutoffs (X,, X,,) € (0,)2, by
¢5(XsaXsaXm) =0, (A3)



A NE consumer response in cutoff strategies is a NE consumer response in which single-
homers with = > )?s and multihomers with x > )?m buy the bundle.

Claim A.3 Suppose that pgs € [0,A]. In an interior NE consumer response in cutoff
strategies with cutoffs (X, Xm) € (0,7)2, we have X, > X,,.

Proof. From (A.3) and (A.4) (as well as (A.1) and (A.2)), whenever (X,, X,,) € (0,%)%,

we have

X — X = Bl(1 = 1)G(X,) + pG (X)) + (A = pgs) > 0. (A.5)

Next, we observe that there is at most one interior pair of cutoffs — i.e., there is a

unique solution to (A.3) and (A.4) — and it is increasing in P:

Claim A.4 There is a unique solution to equations (A.3) and (A.4) and it is increasing
in P.

Proof. Totally differentiating (A.5), we have

Xy _ 1= —pg(Xs) _

by Assumption 1. As % > 0, there is a one-to-one relationship between )Z'S and )~(m,

s

and we can write

where ¢'(X;) > 0.
Let us define H(X;) = X, + [(1 — p)(1 — G(X;)] B subject to X,,, = ¢(Xs). Then,
any interior equilibrium (X, X,,) = (X, ¢(X,)) satisfies

H(X,) = ¢(X) + (1= )1 = G(X)| 5= P,

by conditions (A.2) and (A.4).



To demonstrate the uniqueness of the interior equilibrium, we establish that H(Xj) is

a strictly increasing function.

H,<Xs) = cp,(jzs) - (1 - :U’)g()N(s)ﬁ

1B -meX) s
e~ meRs
/ _ _
e L A weEe Bug(Xn)|

From Assumption 1, we have 1 > 28¢(z) for any z. Hence,

il
2 L
+2)

g Mi=w

4
>,u(1—¥)>0

L= 81— pg(X)(2+ Bug(Xn) > 1=~

This implies that there can be only one interior equilibrium that satisfies (A.3) and (A.4).

In addition, as P increases, X, increases and hence X, increases as well. m

The above claims suggest the following pattern of consumer responses when pgs €
[0, A]: At very high values of P 1o consumers buy the bundle. As p falls, multihomers of
type T are the first to find purchase of the bundle (in addition to B2) to be a dominant
strategy. They do so if P < %. As P falls further and additional multihomers buy
the bundle (by iterated dominance), single-homers of type T come to find purchase of
the bundle to be optimal (regardless of what any other single-homers and the remaining
multihomers do). This happens at a bundle price p (which we denote by Pj,), which
is above T —  — (A — pp2), the bundle price P at which single-homers of type T find it
dominant to buy the bundle if no other consumers are doing so. As P declines further,
consumer responses are interior until P falls to a level (which we denote by P™) at which
multihomers of type x = 0 find it optimal to buy the bundle given the other single-
and multihoming consumers who are definitely buying the bundle. Because some single-
homing consumers still are buying B2, P™ is strictly below (1 — x)#, the bundle price at

which they would find it optimal to do so if all other consumers were buying the bundle.*

4“When pp2 = A, single-homers and multihomers all come to buy the bundle at the same price P and
we have P = (1 — p)p.



Finally, when P falls to (1—p)B8—(A—ppg2) all single-homers also find buying the bundle

to be optimal given that all other consumers definitely are doing so.

Interior consumer responses arise for the range of bundle prices Pe (Pints Pint). As
noted in the previous paragraph, the upper end of this range, Pj,,, is the level of P at
which just enough multihomers are buying the bundle so that single-homing consumers
of type = are indifferent between the bundle and B2 if no other consumers other than
those multihomers buy the bundle. The required cutoff type of multihomers, which we
denote by X is given by the solution to ¥,(7, T, X,ﬁ?t@mt) = (0. When no single-homing
consumers are buying the bundle, a multihomer of type X is indifferent about buying
the bundle when

Yo (X T, X P) = 0 45 X' = P.
Thus, P;,; is the unique solution to®

—=int

Py =7 [(1 — )+ MG(FW)] B—A— (P - p32> —0.  (A6)

bz, 7, P

The lower end of the range of bundle prices that lead to interior consumer responses,
P, is the level of P at which just enough single-homing consumers are buying the bundle
so that multihoming consumers of type x = 0 are indifferent between buying both the
bundle and B2 and buying B2 only if all of the remaining single-homers buy B2. The
required cutoff type of single-homing consumers, which we denote by X is given by
the solution to t,,(0, X 0|P™) = 0. The cutoff X" and P,,, are therefore the unique

solution to the following two equations:®

wm(O’X;nt,mBint) — ( o u)(l o G(X;nt»ﬁ _Bint = 0.
and
Y (X, X 01P™) = XM+ (1= p)(1 = 2G(X™))B = A — (B™ — pps) = 0.

For P above ?mt, single-homing consumers all buy B2 so if any multihomers buy the
bundle it is those types x > X,, such that ¢m()zm,f, )?m|13) = 0 if such a solution exists
and )~(m = 7 if not. The cutoff )?m that satisfies this condition (which is )~(m = ]3) is

5There is a unique solution to this equation since it is positive at P;n; = 0, negative at P, = Z, and
a decreasing function of Pj,;.

6Uniqueness follows because substituting for P,,, in the second equation it becomes Xt — (1 —
w)G (X)) 3—A+pp2 = 0 which is non-positive at X' = 0, non-negative at X" = T by Assumption M,
and an increasing function by Assumption 1. Observe that when ppo = A, X' = 0 and P™ = (1—p)B.

8



unique and strictly increasing in P for P < 7.

Likewise, for P below P multihomers all buy the bundle so if any single-homers
buy B2 it is those types x < X, such that ws()?s, )?S, 0\]3) = 0 if such a solution exists
and )~(8 = (0 otherwise. The cutoff )~(8 that satisfies this condition is unique and increasing
in P for P> (1 —p)B— (A — ppa).

Observe that the arguments above imply:
Claim A.5 There is a unique NE consumer response in cutoff strategies.

The following lemma summarizes these consumer response outcomes and shows that

they are the unique outcome of iterated elimination of dominated strategies.

Lemma A.1 Under Assumptions 1 and M and the full coverage condition (4), when
firm 1 offers only a bundle for sale, given prices of P for the bundle and ppy € [0, A]
for product B2, and defining P=P-— a, the unique outcome in consumers’ choices that

survives iterated deletion of dominated strategies is as follows:

(i) If P > T all consumers purchase B2 only (i.e., Xy = X,

7).

(i1) IfPe [Fmt,f) we have 0 < X, < X, =T, where X,, = P.

(iii) If P € (Bmt,_Pmt): we have 0 < X,, < X, < T where X, and X, satisfy

X+ |- )1 =26(X) = pG(Xn)| 8= A= (P=pp) =0;  (AT)

X+ (1= p)(1=G(X,)B—P=0. (A8)

(iv) If P e (1 — )8 — (A — ppa), P™]: we have X, > 0 and X,, = 0 where X, satisfies

Xo+ (1= p)(1-2G(X,)B— A~ (P—pp) =0.

() If P< (1= p)B— (A= ppa): we have Xy = X, = 0.

If pga = A, then the above results hold with (1 — pu)B — (A — pgs) = P™ = (1 — pu)B -

i.e., Case (iv) disappears.



Proof. We first define the iterations we use to establish iterated dominance. Given
cutoffs (X", X") and a price P, we define the next cutoffs X"*! = I';(X", X"|P) and
X =T, (X", X" |P) as follows:

T if 1, (T, X", X" | P) < 0;
Dy(X2, X0|P) = 0if ¢,(0, X2, X |P) > 0;
{x|ths(x, X7, X" |P) = 0} otherwise,

and

T if 9 (T, X7, X2 P) < 0
T (X7, X7 P) = 4 0if 0, (0, X7, X1 P) > 0;
{z|Ym(z, XQ,X,’%UB) = 0} otherwise.

Observe that these are weakly increasing functions: if more other consumers are buy-
ing the bundle (corresponding to lower values of (X, X)), then any given type x of
consumer is more willing to buy the bundle, weakly lowering the values I's(X?, X ) and
Do (X35 X0,

We first define a sequence of iterated dominance cutoffs starting at (72, Y?n) = (T, 7).
Observe that when P < T, we have Fm(YS,YSn) < T (i.e., multihomer types near T find
buying the bundle dominant). This starts a decreasing sequence of cutoffs Fm(YZ,Y;)
that converge to some (X ., X ) with X, <.

We next define a sequence of iterated dominance cutoffs starting at (X%, X°) = (0,0).
Observe that when P > (1—u)B—(A—pps), we have I'y(X?, X ) > 0 (i.e., single-homing
consumer types near x = 0 find buying B2 dominant). This starts an increasing sequence
of cutoffs T'y(X", X" ) that converge to some (X*, X*) with X* > 0 and (X% X") <
(X0, X,).

Observe that when P > 7 the increasing sequence begins but not the decreasing
sequence, while the reverse is true when P < (1 — p)8 — (A — pp»).

Given the definition of the functions I's(-) and I',, (+), the cutoffs (X, X, ) and (X%, X*))
(whenever the corresponding decreasing or increasing sequence exists) both satisfy the
conditions to be NE consumer responses in cutoff strategies. As there is always a unique
such NE consumer response, the cutoffs (X., X, ) and (X*, X*) must both equal the

cutoffs in that consumer response.

10



So the NE consumer responses in Cases (i)-(v) arise as a consequence of iterated
elimination of dominated strategies.

A.3.2 Equilibrium price offers

We examine conditions under which there is an equilibrium in which firm 1 sells the
bundle to all consumers, setting a bundle price of P* = a+ (1 — p)3, and firm 2 sells B2
to all multihomers by setting pj, = A. In this outcome, the network size of the bundle is
1 while that of B2 is pu.

We consider, in turn, firm 1’s and firm 2’s incentives to deviate from these price offers.
Firm 1’s deviation incentives

Since firm 1 is selling the bundle to all consumers when P = (1 —p)B and ppy = A,
it has no incentive to lower P below (1 — u)B. So we focus on whether it would want to
raise P above (1 — p)B. Since P™ = (1 — p)B when pgy = A, such a deviation leads
to one of Cases (i)-(iii) in Lemma A.1. Clearly firm 1 will not deviate in a manner that
leads to Case (i), in which its profit is zero. We next consider Cases (iii) and (ii) in turn.

Firm 1’s profit as a function of Pis
L(P) = (a+P) |1 = w)(1 = G(X)) + (1l = G(X))|

whose derivative is

m(P) = [(1 — (1= GX) +p(1 = G()N(m))] - (a + 13) (1- u)g()?s)?;s + ug(f(m)%]
(A.9)

We first consider Case (iii) and show that IT)(P) < 0 at all Pe (1 - ,u),@,ﬁm). To
do so, we first establish the following result:

: dX, X
Claim A.6 B> 1 and A > 1.

Proof. By totally differentiating the two equations (A.3) and (A.4) characterizing the

interior equilibrium, we have

1-2(1 —u)g@s)ﬂ —1g(Xom)B ] [ % ] B [ 1 ]
—(1 = p)g(X,)pB 1 i

11



By applying Cramer’s rule, we have

1 —pug(Xn)B
dfis B 1 1 _ 1+ 1g(Xm)B oy
ap 1—2(1—p)g (Xs)ﬂ —pg(Xp)B | 1 =2(1—p)g(Xe)B — p(l — p)g(Xm)g(X,) 52
—(1—p)g(X)B 1 |
1—2(1—pg(X)p 1
AX _ —(1—pg(X)B 1 _ 1-(-pG&)8
ap 1-2(1—pwg(Xe) —pg(Xn)B | 1—=2(1—p)g(Xs)B — (1l — p1)g(Xon)g(Xs) B
—(1-pwg(X,)B 1 '
| ]

Now, for P € ((1 — M)B,?m), we have

I(P) = [(1 = 1)1~ G(%a)) + (1 = G(Xn))] = (a4 P) | (1= wg(R) 52 + ngl(F) =22
< [(1= = GE)) + (1 = GEn)| = (@ + P) [(1 = wg(X,) + pg(X)|
= (1= @) [(1- G(X) = (a+ P)g(X)] + 1 [(1 - G(X) = (o + P)g(Xon)]
<0

The first inequality follows from Claim 6 while the last inequality follows because the
full market coverage assumption and the monotone hazard rate condition for G(-) imply
that ~

Lo 16O (1=GR) | 1-6(0) (1= G(%a)
9(0) 9(Xs) 9(0) 9(Xm)

Thus, firm 1 has no incentive to deviate to any price P that induces case (iii).
We next consider Case (ii). If there is a deviation that induces Case (ii), in which firm

1 sells only to multihoming consumers and X, = ﬁ, firm 1’s profit becomes
I,(P) = u(a + P)(1 = G(P)) < (a+ P)(1 - G(P)),

which is firm 1’s profit under independent pricing. We know that it is maximized with

P = 0 and thus it cannot be higher than «, which is strictly less than the profit with

12



P=(1-p)B.
Thus, firm 1 does not have any incentive to deviate.

Firm 2’s deviation incentives

Firm 2 has no incentive to deviate to pgs > A, which leads to zero profit. We thus
consider incentives to charge a lower price pgs < A.

We first show that any such deviation will lead to an interior equilibrium per Case
(iii) of Lemma A.1 by showing that for any pgs € [0, A) we have P> P = (1 —p)p.
To see this, note first from (A.6) that P s increasing in pps. The result then follows

since (A.6) implies that when ppy = 0 we have

—=int

P" =~ (1—p)B— Al - uBGP™) > (1 - pGP"™)B> (1 - p)s =P,

where the first inequality follows from Assumption M.

Given P = (1 — p)p, firm 2’s demand for any pgs € [0, A] can be written as

Dy(pp2) = p+ (1 — p)G(X).

Thus, firm 2’s profit is given by

7T2(sz) = pp2Ds (PBQ)-

For there to be no incentives to deviate from pgs = A, a sufficient condition is

M > 0 for all pgs € [0, Al
dpp2
We have
dr dD
M = D2(p32) —i—szM
dppa dpp:
N - dX,
= |p+(1- u)G(Xs)] +pp2 | (1= p)g(Xo) 5 ] '
PB2

Totally differentiating (A.3) and (A.4) gives

AX, = ~dpp + 8 | (1 = 1)29(X,)dX, + pg(Xn)dX,

13



X, = B(1 = )g(X.)dX.,
which imply that
dX, 1

_ - — — <0
dppa 1_3 [(1 — 11)29(Xs) + pg(Xnm)B(1 - /ub)g(Xs)}

since

51— 129(X,) + ng(X,)B(1 - w)g(X,)]
1 1 1
<p [(1 - M)E + Mﬁﬁ(l - M)%]
"
)

—(-p+k

<1 =p)d+p) <1,
where the first inequality is from ¢(-) < 1/(28) of Assumption 1.

Therefore, the sufficient condition above can be rewritten as

dX,
dppa

pA+ (1= p)G(Xs) > pra(l — pu)g(Xs)

As G ()Z’s) > 0 and pps < A, the above condition is satisfied if

] |

dX,

(1= wa(X) | 37

> A

Note that by Assumption 1,

dX,

1
dpp2 %

1= [(1 = w)20(X0) + pg(X)B(1 - p)g(X)
1
ST (-watEy

As Ag(X;) < % by Assumption 1, the sufficient condition is satisfied whenever p 77 0.52.

The case of the uniform distribution

14



The condition above (u 27 0.52.) is a sufficient one that ensures firm 2 has no incentive
to deviate, regardless of the distribution of G(-). However, it is not a tight condition and
is far from necessary in most cases. To illustrate this, we consider the special case in which

x is uniformly distributed over [0,Z] with density 1/Z. Then, Assumption 1 becomes

0<A<fp<

o8l

We can verify that

~ _P*—Oz+(A—pBQ) (1—55%/1) —B(1 = p)

X = 8 (@—(1-p))
pE—(1—p
1—5 [2(1—M)+Ti|
and _ | gt
dX, — Pz
dpss 0 eam] <"
PB2 1_5[2(1_,@_#%}

where both the numerator and the denominator are strictly positive because of 25 < ¥

under Assumption 1.

Thus, we have

dralom) gy g - Koy peeli=p) iz
de2 X x 1 — g [2(1 _ M) + M(x%—(‘rlu—ﬂ))}
and
d (dW2(PB2)> N D) 1 - B ~0
dppz \  dppa T -8 [2(1 )+ M(T;ilu—u))}

Since firm 2’s profit function is strictly concave in pgs, it has no incentive to deviate

if r2lppa) > 0.
PB2ppy=A

When firm 2’s first-order condition is evaluated at pgs = A,

dmsy (sz)
dpp2

_,_A0-p 1 - bz

ppa=A T1-Lo(1 - p) 4 )
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which is weakly positive if and only if

poo_ A 1 -850

1— o] T 1— g 2(1 . /vL) + M(f;(jﬂﬁu))

. (A.10)

Hence, under the uniform distribution, firm 2 has no incentive to deviate when T is

sufficiently large.

A.4 Comparison of tying and independent pricing equilibria

For completeness and self-containment of the Supplemental Appendix, we restate Propo-

sition 4 from the main text as Propostion A.1. Summarizing, we have:

Proposition A.1 Suppose that fraction p € (0,1) of consumers can multihome without
any cost and that Assumptions 1 and M as well as the full coverage condition are satisfied.

If p 72 0.52, tying leads to the following equilibrium
Pr=a+(1—-p)B and ppy = A,

i which all consumers buy the bundle and all multthoming consumers buy both the bundle
and B2. Tying raises firm 1’s profit relative to independent pricing but reduces firm 2’s

profit as well as consumer and total welfare.

Proposition A.1 shows that the mechanism we identified in our baseline model, through
which firm 1 can profitably employ tying to leverage its market power in market A into
market B, continues to operate despite the presence of multihoming consumers. However,
firm 1’s gain from doing so is more limited in this case, as tying leads to a quasi-installed
base advantage only due to capturing the single-homing consumers through sales of the
bundle (which gives a value advantage of (1 — u)3). When all consumers can multihome
costlessly, this ability goes away.

In addition, two somewhat surprising observations are worth noting. First, multihom-

ing can make tying more profitable than single-homing. This occurs if

(I—=p)B>p—As A>pup.

Second, under the same condition, the multihoming reduces consumer surplus: Note that

the net surplus that multihomers obtain from buying B2 is zero. Then, what matters
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for the consumer surplus comparison is the price of the bundle, which is higher under

multihoming. So we have:

Corollary 1 Multihoming increases the tying firm’s profit and reduces consumer surplus

relative to no multthoming if and only if A > upS.

The reason for this result is that with a sufficient share of multihoming consumers, firm

2 does not lower its price in response to firm 1’s tie.

B Analysis of Tying with Asymmetric Network Ef-

fects

In this Appendix, we extend the analysis by considering the case in which B1 and B2 can

have different network effects.

B.1 Model

Consider the case in which B1 and B2 also differ in their network effects, denoted by [
and (5. The assumption that B2 is the superior product in market B now can be restated
as v1 + B1 < vg + fa. Defining A, = (vy — vy) and Ag = (B2 — 1), this assumption is
equivalent to A, + Ag > 0.

We modify Assumption 1 as follows:

Assumption 1A: A, + Ag >0, ; > A,, and

1
B+ By < — for all z € [0,7].
g(x)

The second part of Assumption 1A (i.e., 51 > A,) states that the network effects associ-
ated with B1 more than offset its disadvantage in stand-alone value relative to B2. The
last part of Assumption 1A ensures that demand for the bundle decreases as the bundle
price increases, as we show below.

We also assume in this appendix that the condition for full coverage in market A holds,
specifically that « is sufficiently large so that firm 1 serves all consumers with the price
of py = a in market A under independent pricing:

1—-G(0) 1

o> =

9(0)  ¢(0)
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B.2 Independent pricing

Consider the competition in market B. By a similar argument as in the main text, the
equilibrium in market B has pp; = 0 and pgs = (va + B2) — (v1 + 1) = A, + Ap, with all
consumers buying B2.

Thus, under independent pricing, firm 1’s total profit is «, and firm 2’s total profit is
(V24 B2) — (v1 4+ 1) = Ay + Ag > 0.

B.3 Tying

We extend Lemma 1 as follows.

Lemma B.1 When firm 1 offers only a bundle for sale, given prices of P for the bundle
and ppo < vy for product B2, and defining P=pP-— «, the unique outcome in consumers’
choices that survives iterated deletion of dominated strategies is as follows:”

(i) If P - pe2 € (b1 — Ay, T — B2 — A,), consumers whose valuation for A is higher
than X € (0,Z) purchase the bundle while consumers whose valuation is lower than X

purchase B2, where X satisfies
X461 1= G(X)| = BG(X) = A, = (P = ppa); (B.1)

(1) If]3 — pp2 < B1 — Ay, all consumers purchase the bundle (i.e., X = 0);
(iii) ]fﬁ —pp2 > T — Po — A, all consumers purchase B2 only (i.e., X = T).

Proof. The proof follows the logic of the proof of Lemma 1. We have
be, X) =2+ i1 = GX)] = GX) = Ay — (P~ pra);
U(X) = 0(X, X) = X + 51 [1 = GX)] = BG(X) = Ay~ (P~ ppa).
Under Assumption 1A, U/ (X) =1 — (8, + B2)g9(X) > 0. We have
V(7)) =T — B — Ay — (P — pp2)

and

‘I’(O) =0 —A, - (ﬁ _pB2>>

where T — 5y — A, > 1 — A, under Assumption 1A. m

7A similar argument to that in Remark 3 in the main text establishes that 31 — A, <Z — B2 — A,
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We have the following proposition

Proposition B.1 Under Assumption 1A and the full coverage assumption, pure bundling

leads to an equilibrium in which all consumers buy the bundle and
P*=a+ 0 — A, and pg, = 0.

Firm 1’s profit is larger than under independent pricing. Tying harms firm 2 and con-

sumers, and reduces aggregate welfare.

Proof. From the previous lemma, P = £1 — A, and pj, = 0 lead all consumers to
buy the bundle (i.e., X = 0). Hence, firm 1 has no incentive to lower its price. In what
follows, we show that firm 1 has no incentive to raise its price. Note first that a total
differentiation of condition (B.1), which defines X, leads to
8—)5 = ! ~ > 1, (B.2)
OP  1—(B1+ ) g(X)

where the inequality follows from Assumption 1A. Given pj, = 0, firm 1 chooses P to

maximize its profit, given by
II(P) = (o + P)(1 — G(X)).
The first-order derivative with respect to Pis given by

(P) = (1 G(X)) — (at ﬁ)g()?g—j;

We next show that the first-order derivative is negative for any P> B1 — A,, which
implies choosing pP= 1 — A, maximizes firm 1’s profit. This is the case if the following

inequality holds for any P > 01— A,

1_—G~(5€) < (a+ }3)8—)5
9(X) opr

Because of the monotone hazard rate assumption on G(-), the full coverage assumption,
condition (B.2), and Assumption 1A (which assumes 8; — A, > 0), for any P> B — A,

we have

1_Ci(;(> < 1-G0O) <a<oz+13<(04+13)a_}£'
9(X) 9(0) or
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Firm 1’s profit exceeds «, its profit under independent pricing, while firm 2 earns zero
profit. Regarding consumer surplus, recall that under independent pricing, consumers
are indifferent between coordinating on B1 at pp; = 0 and coordinating on B2 at pgy =
A, + Ag. To compute consumer surplus under tying, we can decompose the bundle price
P* = a+ [ — A, into two components: the price for A, given by p4 = «a and the
implicit price for B1, given by pg; = 1 — A,. Thus, holding the price of A constant at
its level under independent pricing, tying effectively increases the price of B1 from 0 to
61— A, > 0.

B.4 Application to the Complementary-products Case

We apply the framework of asymmetric network effects to the case of complementary
products. Consider the situation in Subsection IVB where firm 1’s product Al faces
competition from A2. Here, we assume that the added value product Al brings to the
system over A2 has two components: it increases the stand-alone value of A by a + z
for a consumer of type x (as in Subsection IVB), and it also enhances the value added
by product Bi, raising it from v, + f'N; to v; + BN;, where v; > v} > 0, for i = 1,2 and
B > (" > 0. In other words, under this formulation, consumers’ valuations for the system
A2/Bi are (vi + 0'N;) for i = 1,2, whereas in Subsection IVB, we assumed v; = v} > 0,
for i = 1,2 and g = ' > 0. Since this modification does not affect the analysis under
independent pricing, we focus below on the tying case.

In the presence of tying, there is competition between two systems Al1/B1 and A2/ B2.
Let P denote the price of firm 1’s bundled system Al/B1, and let ppy be the price of
firm 2’s product B2, which also serves as the price of the system A2/B2,; as product A2
is provided competitively at a price of zero. Define A’ = v, — vy, which can be negative.
Since the value added by B1 to the system Al/B1 is v; + N7, whereas the value added
by B2 to the system A2/B2 is (vh+ ' N3), it follows from Assumption 1 that these values
satisfy the last two conditions of Assumption 1A: f(> A) > v}, — v, and

1

g9(z)

Therefore, we can apply Proposition B.1 to the competition between Al1/B1 and A2/B2,

B+ 6 < (28 <) for all z € [0,7].

leading to the following result.

Proposition B.2 Suppose Assumption 1 and the full coverage condition in market A

under independent pricing hold. When tying is allowed with complementary products
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and there is an inferior competitively-supplied alternative in market A, there is a unique
equilibrium in which all consumers purchase the A1/B1 bundle and the equilibrium prices
are given by

PP=a+P =a+(8—A), pyy=0.

Moreover, firm 1’s profit, equal to oo+ (8 — A'), exceeds that under independent pricing.

Both consumer surplus and social welfare decrease:

CS = CS*—(B—A)<CS*

AS = AST - A <AS™

Compared to Proposition 3 in the main text, the above result introduces an important
twist: tying forces the superior complementary product B2 to be used alongside the
inferior primary product A2, thereby reducing the overall added value of B2. As a result,
the compensation that firm 1 must offer to consumers decreases from A to A’, which can

even be negative. This further strengthens firm 1’s incentive to tie.

C Tying with Product Differentiation and Partial Mar-
ket Foreclosure in the Tied Market

In this Appendix, we introduce horizontal differentiation in market B. We identify con-
ditions under which, consistent with the main text, no independent pricing equilibrium
exists because firm 1 has a profitable deviation to bundling. Moreover, in some cases,
this deviation does not result in complete foreclosure of B2, as firm 1 allows for partial

market access by firm 2.

C.1 Model
C.1.1 Market A

There is a mass one of consumers whose valuation for product A is o + x with z € [0,7]
distributed according to G(-) with density g(-) > 0. We maintain Assumption 1.

We assume there is full coverage in market A. Specifically, « is sufficiently large so
that firm 1 serves all consumers with the price of p4 = « in market A under independent

pricing:
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Lo 1-Go) 1

—  g(0) 9(0)

C.1.2 Market B

We consider a Hotelling model with a linear transportation cost with parameter ¢ > 0.
Consumers are uniformly distributed along the interval [0, 1]. Firm 1 is located at point
0 and firm 2 at point 1. A consumer’s location—denoted by vy, representing the distance
from 0—is assumed to be independent of her valuation for product A. We assume that
the location of a consumer (the distance from 0), denoted by vy, is independent from her
valuation for product A. We impose a full coverage assumption, specifically that v; and

vy are sufficiently large to ensure that every consumer purchases either B1 or B2.
We introduce the following assumption:
Assumption D: ¢t < min{5/2, A, 5 — A}.

This assumption reflects a relatively strong network benefits and value advantage for B2

compared to the degree of product differentiation in market B.

C.2 Independent pricing

The outcome in market A has ps = «, exactly as in the main text under the full coverage
assumption.

Consider market B. We first establish conditions under which there is a NE consumer
response in which all consumers buy B2 or all buy B1.

All buying B2 is a NE consumer response if the consumer with y = 0 prefers to buy

B2 given that all other consumers buy B2. This is true if

vo+ B —1t—pp2 > V1 — Dp1

or equivalently

A+pB—1>pps—ppB1 (C.1)

The payoff of a consumer located at y in this equilibrium is vy + 5 — t(1 — y) — ppo.
Similarly, all consumers buying B1 is a NE consumer response if the consumer at

y = 1 prefers B1 given that all other consumers are buying B1, which holds if:
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pp2—pp1 = A— B+t (C.2)

The payoff of a consumer located at y in this equilibrium is v; + 8 — ty — pB1.
We next establish that there is no interior NE consumer response that is Pareto-
undominated; all consumers either purchase B1 or B2 in any Pareto-undominated Nash

equilibrium.

Lemma C.1 Under Assumption D, there is no interior NE consumer response which is

Pareto-undominated.

Proof. Suppose that there is a NE consumer response which is interior with a critical

consumer type y* € (0,1). Then, the following condition holds:

v+ (B=)y —ppr=v2+ (B—t)(1 —y") — pp2 (C.3)

Note that condition (C.3) implies that both conditions (C.1) and (C.2) hold. Consider the
all-buy-B2 NE consumer response. Since the network effect for B2 is larger than in the
interior NE consumer response, all consumers located at y € [y*, 1] are better off in the
all-buy-B2 NE consumer response. Now consider consumers with y < y*. In the interior
NE consumer response, the payoff of a consumer located at y < y* is v1 + By* —ty — pp1.

However, equation (C.3) implies that

vo+ B —(1—y)t —ppa=v1+2(8—1)y" +ty — pp1
> v+ By —ty — DB,

where the inequality follows because 2(f — t) > § under Assumption D. Thus, all con-
sumers are better off in the all-buy-B2 NE consumer response. m

Lemma 1 implies that there can be only corner solutions in Pareto-undominated NE
consumer response; all consumers purchase B1 or B2. The next lemma establishes that

there is no equilibrium under independent pricing in which all consumers purchase B1.

Lemma C.2 Under Assumption D, there is no equilibrium in which all consumers pur-
chase B1.

Proof. Suppose that there is an equilibrium in which all consumers purchase B1 at
pp1 > 0 with firm 2’s profit being zero. In such an equilibrium, the payoff of a consumer

located at y is v; + 8 — ty — pp1. We show that, in contradiction, under Assumption D
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firm 2 would have a profitable deviation to charge pps € (pp1,pB1 + (A —t)) (note that
A —t > 0 by Assumption D) which attracts all consumers and gives firm 2 a strictly
positive profit.

To see this, observe first that since when firm 2 deviates to pgs satisfying pgs — pp1 <
A—t < A+ —t, condition (C.1) holds, so an all-buy-B2 NE consumer response
exists. To complete the argument, we show that this all-buy-B2 NE consumer response
Pareto dominates the outcome in which all consumers buy B1 (the only other possible
undominated NE consumer response, according to Lemma C.1). When all consumers buy

B2, the payoff of a consumer located at y is vy + 5 — (1 — y)t — ppa. Observe that

vo+ B —(1—y)t—pp=v1+A+8—(1—y)t—pps
=uv+08+ty—pp +[pp1+ A —1t— ppo
> v+ B8 —ty —ppi-

Thus, we have a contradiction. m
In conclusion, under independent pricing firm 1 has zero profit in market B under

assumption D.

C.3 Tying

Let P be the price of the bundle and P=P—a. Let ny be the network size of the bundle
and ny(= 1 — ny) be that of product B2. Let ¢(z,y,n;) represent the payoff gain from
purchasing the bundle over purchasing B2 for type-z consumer located at y € [0, 1] given

the network sizes (ny,1 —nq) :
V(@ y,m) =z — A+ B(2ny — 1) =2y — 1) — (P = ppa).

Observe that all consumers with (x,y) € [0,Z] x [0, 1] satisfying x — t(2y — 1) = z(z,y) €
[—t, T + t] have the same gain. So we can reason in terms of z instead of (z,y). Let H(-)
be the c.d.f. of z with density h(-).

Recall that Assumption 1 implies * > 2. This, together with Assumption D, implies
2(z,1) > 2(0,0).
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When G(-) is a uniform distribution, H(-) is given by

1— T e (@ —t, 7+ 1]
H(z)=¢ 2 if z € [t,T — 1]
(e if 2 € [—t,1)
Observe that JH
h(—t) = — = 0.
(=)= —

z=—t
Let 1(z, Z) represent the payoff gain from purchasing the bundle over B2 for a type-z
consumer when all consumers whose z is higher than Z buy the bundle and the rest buy
B2. We have

W(z,Z) =2 — A+ B(1 —2H(2)) — (P — pp2).

Define ®(Z7) as follows:
O(Z) = $(2,7) = 7 — A+ B —2H(Z)) — (P — ppa), (C.4)
where ®(Z) is a strictly increasing function of Z as h(Z) < 2 < ﬁ We have
QT +t)=T+t—A— B~ (P—pp),
O(—t) = —t — A+ — (P —ppa),
where T+t — A — > —t — A 4+  under Assumption 1.

Lemma C.3 Suppose that Assumptions 1 and D hold. When firm 1 offers only a bundle
for sale, given prices of P for the bundle and pgs for product B2, and defining P=P- Q,
the unique outcome in consumers’ choices that survives iterated deletion of dominated
strategies 1s as follows:

(i) If P - P2 € (=t — A+ B, T+t — A — ), consumers whose z is higher than
7€ (—t,ZT + t) purchase the bundle while consumers whose z is lower than Z purchase

B2 where Z is the unique solution to
O(Z) =7 - A+ B(1—2H(Z)) — (ﬁ_pm) ~0. (C.5)

(1) Ifﬁ —pp2 < —t — A+ 3, all consumers buy the bundle (i.e., 7 = —t).
(iii) IfP—pps >T+1t—A— P, all consumers buy B2 (ie., Z=T+t).
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Proof. The proof is omitted as it parallels the proof of Lemma 1 in Appendix. m
By totally differentiating condition (C.5), which defines Z, we can derive

0z 1

< - = > 1.
oP  1—2Bh(2)

Firm 1’s profit is

The first-order derivative of firm 1’s profit with respect to Pis

8ﬁ1 . o D ~ 82
T8 =0 HZ) - (a+ P)h(Z) S (C6)

From Lemma C.3, by charging P=—t—A+ B, firm 1 can sell the bundle to all
consumers even if firm 2 charges pgo = 0 and by doing so it realizes a profit of a —t—A+f,
which Assumption D implies generates a larger profit than under independent pricing.
Thus, no independent pricing equilibrium exists.

Moreover, we can show below that the first-order derivative of firm 1’s profit with

respect to P is strictly positive when it is evaluated at P — pp2 = —t — A+ [ (ie.,
7 = —t):
- N\ 5 07
(1— H(Z)) - (a + P) W) %%
OP|5__,

= (1-H(-t)) - (O‘“g)%

=1

)

where the last equality follows from the fact that H(—t) = h(—t) = 0. Therefore, in
deviating to tying, firm 1 does not find it optimal to sell the bundle to all consumers and

in any equilibrium firm 1’s profit must exceed that under independent pricing.®

D Network Effects in Market A

In this Appendix, we examine what happens if we introduce network effects in market

A. We show that when firm 1 has an incentive to serve all consumers in market A under

8By continuity, if 5 — A — ¢ is negative but close to zero, tying is strictly unprofitable conditional on
full foreclosure but becomes profitable under partial foreclosure.
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independent pricing, adding the network effects in market A does not affect our conclusion

about the profitability of tying.

D.1 Model

Let 54 denote the network effect parameter in market A. Market B remains as described
in the baseline model. To reflect network effects in market A, we modify Assumption 1
as follows.
Assumption 1N:
Ba+28< b for all x € [0, T].

g(x)
This condition ensures that demand for product A with independent pricing decreases
with ps and that demand for the bundle when firm 1 offers only a bundle decreases with
the bundle price.
We also assume full coverage in market A. Specifically, that o + §4 are sufficiently
large so that firm 1 serves all consumers with the price of p4 = o+ 4 in market A under

independent pricing:

1
a+fBs > —.

9(0)

We show below that this is a sufficient condition for full coverage.

D.2 Independent pricing
D.2.1 Market A

Lemma D.1 Under independent pricing, given price pa, and defining pa = pa — «,
the unique outcome in consumers’ choices that survives iterated deletion of dominated
strategies in market A is as follows:
(i) If ba € (Ba,T),° consumers whose stand-alone valuation for A is higher than
X e (0,) purchase A while consumers whose valuation is lower than X do not purchase
A where X satisfies
X484 [1-G(X)| =i (D.1)

(ii) If pa < Ba, all consumers buy A (i.e., X = 0).
(iii) If pa > T, no consumer buys A (i.e., X =T).

9 Assumption IN implies f4 < Z.
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Proof. The proof follows the logic of the proof of Lemma 1. We define ¢ (x, X) to be
the net gain from purchase of A for a type-x consumer when all consumer types above X
buy A:

(x, X) =2+ fall = G(X)] = pa;

We then define:
W(X) = (X, X) = X + Ba [l — G(X)] — P

Under Assumption 1IN, ¥/ (X) =1 — [49(X) > 0.

The argument proceeds similarly to the proof of Lemma 1 in the Appendix. For
instance, when py < T a type T consumer finds it optimal to buy A even if no other
consumers do, initiating a decreasing iterated dominance sequence. Conversely, when
DA > Ba, atype x = 0 consumer finds it optimal not to buy A even if all other consumers
do, triggering an increasing iterated dominance sequence. These two sequences converge
to an interior X at which ¥(X) = 0 when p4 € (B4, T).

|

Hence, let X () be defined by X satisfying (D.1). We have

X 1

—— = — > 1.
dpA 1—5Ag<X)

Firm 1’s profit is then given by

(a+Ppa)(l — G(X(Pa)))-
Its first-order derivative with respect to py4 is

(1 - GXFW) - (a mwﬂm»%.

Setting pa = (4 is optimal for firm 1 if the first-order derivative is negative for p4 > (4,
which holds because of the monotone hazard rate assumption on G(-), the full coverage

assumption and Assumption 1N:

1_G<X(]/5A)) < 1_G(0> §a+ﬁA<(a+ﬁA)%-

9(X(@a) — 90

Therefore, in market A, firm 1’s profit is a + £4.

In market B, firm 1’s profit is zero and firm 2’s profit is A > 0. In summary, under
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independent pricing, firm 1’s total profit is a + 4 and firm 2’s profit is A > 0.

D.3 Tying

We extend Lemma 1 as follows.

Lemma D.2 When firm 1 offers only a bundle for sale, given prices of P for the bundle
and pgs for product B2, and defining P=r-— a, the unique outcome in consumers’
choices that survives iterated deletion of dominated strategies is as follows:

(i) ]fﬁ —pp2 € (Ba+B—A,T—B—A),1 consumers whose valuation for A is higher
than X € (0,Z) purchase the bundle while consumers whose valuation is lower than X

purchase B2, where X satisfies
X+ (Ba+8)[1- G| = 5GX) - A = (P~ pp) (D.2)
(i) If f:— pp2 < Ba+ 06— A, all consumers buy the bundli (i.e., X = 0).
(iii) If P — pps > T — B — A, all consumers buy B2 (i.e., X =T).
Proof. The proof follows the logic of the proof of Lemma 1. We have
b, X) =2+ (Ba+ B) [1 = GX)] = BG(X) = A = (P = ppa);

U(X) = (X, X) = X + (Ba+ ) [l - G(X)] = BG(X) = A — (P = pps).

Under Assumption 1IN, ¥/ (X) =1 — (64 + 26)g(X) > 0. We have
\I}(f) :f—/B—A— (ﬁ—p32)7

U(0)=Ba+8—A—(P—pp).

The remainder of the proof closely follows the structure of the proof of Lemma 1. =

As in the main text, when firm 2 charges pps = 0, this lemma implies that firm 1 can
sell the bundle to all consumers at a bundle price P = a+ 4 + 8 — A, which exceeds its
profit under the independent pricing equilibrium. Consequently, an independent pricing
equilibrium cannot be sustained, as firm 1 would have a profitable deviation by offering
the bundle. Moreover, firm 1’s profit in any equilibrium involving tying must strictly

exceed its profit under independent pricing.

10 Assumption 1N implies B4 +8 - A <7 — 3 — A.
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