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1 Proofs

1.1 Proof of Proposition 1

Suppose first that O, > 0 for all Hi. Since O* is an equilibrium steady state, then,
N(O*) = dO*. Thus, since Of; > 0 for all Hi, it must be the case that there is new
construction of both types of houses in both communities. Accordingly, housing prices must
equal construction costs so that P(O*) = (Cf, Cs, Cr,Cs). It must also be the case that the
fraction of large houses in each community is the same; that is, A;(O*) = Ao(O*) = A*. For
if one community had a greater fraction of large houses, the public service surplus enjoyed
by large house owners in that community would be higher than in the other which would
violate (12). Since both house prices and the fraction of large houses are the same across the
two communities, it follows from (9) and (10) that service levels and taxes are also the same.
If a majority of households own large houses (\* > 1/2), then, from (8) and (9), the public
service level will be g7 and, from (13), households live in large houses only if their preference
exceeds the expression in (17). If a majority of households own small houses (A* < 1/2), the
public service level is g¢ and households live in large houses only if their preference exceeds
the expression in (18).

It remains to consider the possibility that O, = 0 for some house type Hi. Since the
stock of housing must be sufficient to accommodate those households who need to reside in
the area, we know that >, >, O}, = 1. It cannot be the case that there are no small houses
(0% = 0%y = 0) because this would imply that the equilibrium prices of small houses must
exceed C's. This reflects the assumption that the distribution of household types has full
support on the interval [0,0]. This means that there are household types who are close to
indifferent between large and small houses and they would be willing to pay close to C, for
a small house. By assumption, (7, is larger than Cl.

Suppose there are no large houses (05, = Oj, = 0). Then both communities would
consist of small houses implying that A;(O*) = A2(O*) = 0. The steady state price of small
houses would be Cs and communities would choose public good service levels level equal
to g*(c) and a tax rate of cg*(c)/Cs. The steady state price of large houses would have
to be less than or equal to C'y so that construction firms had no incentive to supply large
homes. In order for this to be satisfied, all households must weakly prefer to live in a small
house given that small and large houses are priced at replacement cost and the tax rate is
cg*(c)/Cs. This requires that

9<(1—61—d)C,—Cs)+ C(CLC—;GS)g*(c).



All we have assumed is that 0 exceeds (1 — §(1 — d))(C, — Cs), so this is possible given our
assumptions. However, the existence of such a steady state is perfectly consistent with the
Proposition which does not require that \;(O*) > 0.

We are left with two possibilities: there are no small houses in just one community
(0%, = 0 for some 7) and there are no large houses in just one community (O}, = 0 for some
i). The first possibility is easy to rule out. Suppose that community 1 were the community
in which there were no small houses (i.e., O%; = 0). It cannot be the case that O, > 0,
because then (Pri(O*), Pr2(0*), Ps2(0*)) would equal (Cp, Cr,Cs) and large home owners
would strictly prefer to buy large homes in community 1. It cannot be the case that O7, = 0,
because then (Pr1(0*), Ps1(0*), Ps2(O*)) would equal (C7, Psy, Cs) for some Ps; < Cg, the
public service levels in both communities would equal g*(¢), and the tax rates would be
cg*(c)/Cy and cg*(c)/Cs respectively. Small home owners would then strictly prefer to buy
small homes in community 1.

The second possibility is harder to rule out and this is where Assumption 1 comes into
play. Suppose that community 1 is the community in which there are no large houses
(i.e., O35, = 0). Then the steady state prices (Ps1(O*), Pr2(O*), Ps2(O*)) must equal
(Cs,CL,Cs). Moreover, the public service level in community 1 must equal ¢g*(c), and
the tax rate would be cg*(c)/Cs. In community 2, the tax price for small home owners
would equal ¢Cg/ (CpA2(O*) + Cs(1 — A\2(O*))) which is lower than the community 1 tax
price of ¢. It must be the case that large home owners are in the majority in community
2 (i.e., A(O*) > 1/2) because otherwise small house owners would strictly prefer to buy
in community 2 to benefit from the lower tax price. Given that home prices are the same,
in order for small home owners to be indifferent between buying in the two communities, it
must be the case that their public service surplus is the same. This requires that the fraction

of large houses in community 2 \o(O*) satisfies the equation:
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It follows from this discussion that a necessary condition for the existence of a steady
state in which one community is all small houses and the other has a mix of houses is that
there exists A > 1/2 such that
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Since the right hand side of this equation is increasing in A there will not exist an asymmetric



equilibrium if
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B(g"(c)) = cg*(c) < B(g"( (30)
Intuitively, this is saying that the surplus a small homeowner would obtain living in a com-
munity in which 1/2 of the homes are large and the public service level is chosen by large
home owners, is strictly larger than that they would enjoy living in a community in which
all homes are small. We will show that inequality (30) is true under Assumption 1.

Defining the function ¢ : [Cs, Cr] — R as follows:
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it suffices to show that p(Cp) exceeds B(g*(c)) — cg*(c). Note that ¢(Cs) equals B(g*(c)) —
cg*(c), and so inequality (30) must be true if ¢'(z) > 0 over the relevant range. Differenti-

ating, we have that
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Using the fact that for any tax price p, we have that B'(¢*(p)) = p, we can write this as
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Noting that
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we can write
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It follows that inequality (30) must be true if for all z € [Cs, CL]
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Recalling that £4(p) denotes the elasticity of demand for public services at tax price p, this



is equivalent to
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This follows immediately from Assumption 1. |

2 Existence of a steady state with no zoning

In Section IIID, we claim that there will exist a steady state with no zoning. Given the
discussion in the text, this will be true if either there exists A\* greater than 1/2 satisfying

the equation

N =1 (1= 60— )+ 5 ) (O = G

or there exists A* less than 1/2 satisfying the equation
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In the former case, there exists a steady state in which the fraction of large houses in each
community is A* and the public service level is ¢g; and in the latter there exists a steady
state in which the fraction of large houses in each community is A* and the public service
level is g§.
Define the function ¢(A) on the interval [0, 1] as follows:
1= F((1—8(1— d) + LETGT) ) 0 o) ifae [0,1/2
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Then it is enough to show that there exists a solution to the equation \* = ¢(\*). Consider
the behavior of the function ¢(\) on the interval [0, 1]. First, note that because cg*(c)/Cs
exceeds cg*(c)/CL, we have that ¢(0) < ¢(1). Second, note that we can assume without loss
of generality that

9o, —cg) < B,
S

(1—6(1—d)+

for if this inequality is not satisfied then A* = 0 is a solution. This assumption implies
that ¢(0) > 0. Third, since (1 — §(1 — d) + %ic))(CL — () is positive, we have that
©(1) < 1. Fourth, given the properties of the public service benefit function B(g), the

optimal public service level g*(p) is a continuous function of the tax price. This implies that



the function (\) is continuous on [0,1/2) and continuous on [1/2,1]. Finally, given that

g*(p) is decreasing in p, we have that
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With this understanding of the behavior of the function ¢(\), we can now prove that
there must exist a solution to the equation A* = p(A*). Suppose there does not exist a
solution on the interval [0,1/2). Then we know that since ¢(0) > 0 and () is continuous
on [0,1/2), it must be the case that ¢(A) > A for all A on the interval [0,1/2). It follows that
1/2 < limy »1/2 p(A) < ¢(1/2). But we know that ¢(1) is less than 1. Given that ¢(\) is
continuous on [1/2, 1], there must exist a A* between 1/2 and 1 such that \* = p(\"). |

2.1 Proof of Proposition 2

Suppose that community 1 is the zoned community. If O* is a steady state, then, under
zoning, it must be the case that O% = 0 and hence A\ (O*) = 1. It must also be the case
that O}, = 0 and hence that \o(O*) = 0. To see why, suppose, to the contrary, that O}, > 0.
Then it must be the case that the steady state price of large houses in both communities is
C',. Since the price of small houses in community 2 is Cs, the tax price of public services is
lower for large house owners in community 1. But this means public service surplus enjoyed
by large house owners in community 1 is higher than in community 2 which would violate
(12). Since Pp1(0O*) = Cf and A\(O*) = 1 and Ps2(0O*) = Cg and M\(O*) = 0, it follows
from (9) and (10) that

and that

(0:(0),72(0") = (57, L)

Households living in community 1 pay property taxes equal to %EC)C’L = cg*(c) and house-
holds living in community 2 pay property taxes equal to %C’S = cg*(c). From (4), it
follows that a household of type 6 will prefer living in a large house in community 1 to a

small house in community 2 if

6+ B(g*(c)) —cg*(c) — Cr +6(1 —d)Cr, > B(g*(c)) — cg*(c) — Cs + (1 — d)Cs



or, equivalently, if their preference 6 exceeds 6° as defined in (22). ]

2.2 Proof of Proposition 3

Let
< Z(0),P(0,7),N(0, 2),(9:(0, Z), 32(0. Z)), >
(TI(O> Z)77—2<O7 Z))a (‘/9(07 Z)v %(O)a 049(0> Z))H 75(97 07 Z)

be an equilibrium with endogenous zoning and let O* be a steady state. Suppose, contrary
to the Proposition, that O* is both efficient and strongly locally stable. By definition, this
implies that either Z (O*) = (1,0) and O* equals (1 — F'(0°),0,0, F'(0°)) or Z (O*) = (0,1)
and O* equals (0, F(6°),1 — F(0°),0). For concreteness, assume the former, so that the
large houses are in community 1. By the definition of a steady state, this implies that
N(O*) =d(1 - F(6°),0,0,F(0°)).

We will show that all residents of community 2 would be better off imposing zoning if the
state were O*, which is inconsistent with the fact that Z3(O*) = 0. Recall that community
2 consists of all households of type # < 0° and that at the time of voting they all own small
houses. From (24), the equilibrium continuation payoff for a resident of type # in community
2is

(L= d)Cs + uVa(0") + (1 = ).

Since O* is a steady state, we have that for all § < 6°
Vi(0") =y + B(g) — g = Cs +6[(1 = d)Cs + uVo(O") + (1 = ) 5],
which implies that

_ =+ Blg) — g = Cs+ 81— dCs + (1= ) 5]

Vo(0") =V T

Note that this continuation payoff is independent of 6.
The continuation payoff for a resident of type # in community 2 if community 2 deviates

from equilibrium play and implements zoning is

(1= d)Psa(0", (1,1) + uVo(O%, (L, 1) + (1 = p) 1.

To evaluate this, we need to know what happens following community 2’s deviation to im-
pose zoning. In the period of the deviation, the initial stock of housing will be Oy = O*,
new construction will be Ny = N(O*, (1,1)), housing prices will be By = P(O*, (1,1)),
public service levels will be (g10,920) = (91(0*,(1,1)), 92(0*,(1,1))), and tax rates will



be (T19,720) = (71(0%,(1,1)),72(0*,(1,1))). The housing stock at the beginning of the
period following the deviation will be O; = (1 — d)Oy + Ny. Define the sequence of
housing stocks (O;(O1)),-, inductively as follows: O;(0;) equals O; and O.1(0;) equals
(1 — d)O(O1) + N(O(Oy)) where N(O:(0Oy)) is the equilibrium level of new construction
associated with housing stocks O.(O;); that is, N(O;(O;)) equals N(O;(O1), Z(O4(01))).
Then, O; = O4(01) is the housing stock that will prevail at the beginning of the period ¢
periods after the deviation. In that period, zoning rules will be Z; = Z(0;), new construc-
tion will be Ny = N(O;), housing prices will be P, = P(O;), public service levels will be
(911, 92t) = (91(Oy), 92(0y)), and tax rates will be (714, 7o) = (71(O¢), 72(Oy)).

By assumption the steady state O* is strongly locally stable. Since ||O* — O*|| = 0 and
Nrio + Nsi1o + Np2o + Ngoo = d, this implies that lim; ., Oy = O* and that Z;, = (1,0) for
all t > 1. With this information, we can now establish three properties of the sequence of

policies that follow community 2’s deviation.
Property 1: For sufficiently large ¢, Pr1; = Cf, and Pgoy = Cl.
Proof of Property 1: To prove this it is enough to show that for sufficiently large t,

Npi; > 0 and Ngo; > 0. But this follows from the fact that lim;_,., O; = O* and that
O* = (1-F(6°,0,0, F(6°)). |

Property 2: For all t = 0,....,00, (A1, Aer) = (1,0), where \; is the fraction of post-
construction houses that are large in community ¢, ¢t periods after the deviation.

Proof of Property 2: We know that A\jg = 1 because (Or19,Os10) = (1 — F(6°),0) and,
since zoning is in place in community 1 in the period of deviation, we have that Ngi9 = 0.
Moreover, by strong local stability, Z;; = 1 for all £ > 1 and thus it must be that A\, = 1 for
all t.

We know that (Opa0, Ose0) = (0, F(6°)). We also claim that for all t > 0, Ny, = 0. To
see this, suppose, to the contrary, that Nys > 0. Then, in order for households to want to

buy these houses it must be that
[B(ga:) — 72:CL] — Cp + 6(1 — d)Progs1 > [B(¢°) — ¢g°] — Pri + (1 — d)Prigs1-
But because community 2 has small houses and community 1 does not, it must be that
B(gat) — 72:CL < B(g°) — cg”.

Thus, for the above inequality to hold, we must have that Ppo;r1 > Priys1. But we know



that community arbitrage implies that

[B(g2t+1) — Tot+1Prot+1] — Prot+1 +6(1 — d) Prosro = [B(¢°) — ¢¢°] — Prazs1 + 0(1 — d) Prigyo.

But again because community 2 has small houses, it must be that

[B(gat+1) — Tot+1Prat+1] < [B(g°) — cg°].

Thus, we require Proiio > Pprizre. Continuing this line of argument, we conclude that
Proy > Pryy forallt =1, ..., 00. But we know from Property 1 that for sufficiently large ¢, it
must be that Pr; = Cp. It follows that for all £ > 0, Ay; = 0. [ |

Property 3: Pgy > Cg and for all ¢t > 1, Pgy; = C.

Proof of Property 3: From Property 1 we know that for sufficiently large ¢ it must be
that (Pri, Psat) = (Cr,Cs). Let t be the largest period in which (Ppri¢, Psar) # (Cr,Cys).
Suppose first that t = 0. Then all we need to show is that Pgsy > Cs. We know that
Op = (1 — F(6°),0,0, F(0°)). From Property 2, we know that Ny = (d,0,0,0) and hence
that Prio = C'. We also know that Pr;; = C and that Pgo; = Cs. Suppose to the contrary
that Pssg < Cs. Then, it must be that all types with preferences less than #° strictly prefer
small houses in community 2 implying that demand is at least equal to F(6°). Supply,
however, is equal to (1 — d)F(6°).

Now suppose that t > 1. Since Zr = (1,0), there are two possibilities in period t: (i)
P, 7 =C}, Pyyy < Cg, and N, ;7= d, and (ii) P < Cf, Pgop = Cs, and Ngyp = d. We now
show that possibility (i) cannot arise. Suppose, to the contrary, that it does arise. Then,
given that (Ppi7,4, Peypyq) = (Cr,Cs), we know that it must be that (1 — d)O,;;+d <
1 — F(#°) and that (1 — d)Ogy; > F(6°). This is because all households with types 6 less
than ¢ will strictly prefer to purchase a small house in period t at these prices. Thus, we
must have that Og; > F(6°)/(1 —d) in order for the housing market to clear. Now consider
period ¢ — 1. Suppose that (1 — d)Ogyr ; < F(6°). Then, since Ogyr > F(6°)/(1 — d), there
must be new construction of small houses in community 2 in period t — 1. In that case,
Py = Cg, but since the price of small houses falls in period f, no households with types
greater than 0° will want to purchase a small house in community 2. Accordingly, we have
that (1 — d)Oge; 1 + Ngop 1 < F(6°). But then we have that

Ogyp = (1 =d)Ogpp 1 + Ngopy < F(0°)/(1 —d),

which is a contradiction. Thus, Ogy; ; > F(0°)/(1 — d). This in turn implies that P,z , =

Cr, Pgyp 1 < Cs, and that N;,;; = d. Again, there can be no new construction of small



houses, because all households of type greater than 6° will want large houses. Continuing this
line of argument, we conclude that for all t = 1, ...., , we must have that Ogy; > F(6°)/(1—d).
But since Og99 = F'(0°) and Ng99 = 0, we have that

0521 = (1 — d)OSQO + NSQO = (1 — d)F(Ge) < F(Qe)/(l — d)

which is a contradiction. We conclude therefore that it cannot be that P;,; = Cf, Pgyr < Cg,
and N7 = d.

We have therefore established that in period t, P,z < Cp, Peyr = Cs, and Ngyp = d. If
t > 2, consider period ¢ — 1. Again, there are two possibilities: (i) P,,;, = Cr, Pgyp 4 < Cs,
and N7, =d, and (ii) P15, < Cf, Pgop 1 = Cs, and Ny | = d. Using similar logic, we
can again show that possibility (i) cannot arise.

Continuing on in this way, we conclude that for all t = 1, ...... 7, we have that P < Cp,
Pyyr = Cg, and Ngyp = d. Now consider period 0, the period the deviation becomes effective.
We know that Oy = (1 — F(6°),0,0, F(6°)), that Ny = (d,0,0,0) and that P19 = C. We
also know that Pr;; < Cp and that Psy; = Cs. We now argue that Pgog > Cg. Suppose
to the contrary that Pssy < Cs. Then, it must be the case that in period 0 all types with
preferences less than 0° strictly prefer small houses in community 2 implying that demand
is at least equal to F'(6°). Supply, however, is equal to (1 — d)F(6°). [

We can now complete the proof of the Proposition. Consider the payoff of a household
of type 0 under the deviation. As the household with the lowest preference for large houses,
this household can expect to remain in small houses in community 2 for as long as it remains
in the area. Thus, given that for all t > 1, Pgy; = Cs and Ay; = 0, we have that

VU(O*’ (L 1)) =y+ B(ge) o Cge — Pgao + 5[(1 - d)CS + uV* + (1 — ,u)—l g (5]

This household will favor imposing zoning if

(1 —d)Ps20 + pVo(O%, (1, 1)) + (1 - M)li_é — |1 =d)Cs+pV*+ (1 - Wi —5| >0

This difference equals
(1= p—d)[Pso — Cs,

which is positive given that 1 — > d. It follows that households of type 0 are in favor of
imposing zoning.
Now consider households of type 6 € (0,0°]. As noted, the continuation payoff for these

residents if zoning is not implemented is exactly the same as for a type 0 household. On



the other hand, since a type 6 household can always make the same choices as a type 0
household, it must be the case that Vy(O*, (1,1)) > V5(O*, (1,1)). It therefore follows that

Y
1-6

— (1= d)COs + pV* + (1 — p)—L—

(1 = d)Psao + pVp(O*, (1,1)) + (1 — p) 1-9¢

> (1= p—d)[Psy —Cs] > 0.

Thus, households of type 6 € (0,0°] also favor imposing zoning. [ |

2.3 Extension of Proposition 3 to three communities

Note first there is a sense in which Proposition 3 is trivially true when we have three com-
munities. Take an efficient steady state in which, say, communities 2 and 3 are unzoned and
the small houses are allocated in community 2 so that O* = (1 — F'(6°), 0,0, F(6°),0,0) and
Z(0*) = (1,0,0). Consider for € small and positive the stock O = (1 — F(6°),0,0, F'(6°) —
g,€,0). Thus, compared with O*, O features a small number of large houses in community
3. Define (O,(0)),2, in the usual way and assume that Z(O,(0)) = Z(O*) for all t. Then
it cannot be the case that lim; .., O,(O) = O*. This is because, by virtue of having a small
fraction of large houses, community 3 is now a more attractive place to build new small
houses than community 2. This means the fraction of small houses in community 3 will
grow relative to that in community 2 and limy;_.., O;(O) = (1 — F(0°),0,0,0,0, F'(6°)). It
follows that O* is not strongly locally stable in the sense defined earlier.

Nonetheless, from an efficiency perspective there is nothing troubling about this example.
Whether in the long run all the small housing is located in community 2, community 3, or
both, is immaterial. The difficulty is that the division of construction across the two unzoned
communities is arbitrary and small differences between the two communities will force it in
one or the other direction. To reflect this, we modify our definition of strong local stability.
For a given equilibrium with endogenous zoning and any given zoning rules Z, let ®(Z) be
the set of housing stocks O that are steady states and have the property that Z(0O) = Z.
Then, we say that a steady state O* is strongly locally stable if there exists ¢ > 0 such that
for any initial stock O with the property that ||O — O*|| < €, the sequence of housing stocks
(O:((1 = d)O + N));2, converges to some steady state in ®(Z(0*)) for any arbitrary vector
of new construction N such that Ny, + Ng; + Nza + Ngo = d. Moreover, the associated
zoning rules (Z(Oy((1 — d)O + N))),=, equal Z(O*) in all periods. This definition reduces to
our earlier one in the case in which there is a unique steady state associated with a particular
set of zoning rules.

We now demonstrate that Proposition 3 holds with this new more general definition of

10



strong local stability. Suppose, to the contrary, that there exists a political equilibrium with
endogenous zoning with an equilibrium steady state O* which is both efficient and strongly
locally stable. It must be the case that Z(O*) involves at least one community zoning and one
community not zoning. Without loss of generality, assume that Z;(O*) = 1 and Z3(0*) = 0.
If Z5(0O*) = 1, then community 3 is a monopoly supplier of small homes and we can use the
the logic from Proposition 3 to obtain a contradiction. Thus, assume that Z(O*) = 0. This
implies that O* = (1 — F(6°),0,0, F(0°) — z,0, z) for some x € [0, F/(6)].

Now consider for € small and positive the stock
Oe) = (1= F(0°),0,e, F(0°) —x —¢,0, z).

This differs from the steady state in that community 2 has a small fraction of large homes. We
will show that for sufficiently small e, Z5(O(¢g)) # 0 which will contradict the assumption O*
is strongly locally stable. To see this recall that if O* is strongly locally stable it must be the
case that for sufficiently small ¢ > 0 we have that for any arbitrary vector of new construction
N such that Ni; + Ng1 + Nio + Ngo = d, (O((1 —d)O(e) + N)),-, converges to some
steady state in ®((1,0,0)) and the associated zoning rules (Z(O,((1 — d)O(e) + N)));2, equal
(1,0,0) in all periods. In particular, this must be true for N = dO(e), which implies that
Z(0(g)) must equal (1,0,0).

Suppose first that the residents of community 2 follow the postulated equilibrium and do
not impose zoning. As the efficient steady state is strongly locally stable, the future play of
the equilibrium will have community 1 implementing zoning and communities 2 and 3 not.
All new construction of small homes will occur in community 2 and the price of new small
homes will be less than C's in community 3. All new construction of large homes will occur
in community 1 and the price of large homes in community 2 will be less than Cy. Let 5,
be the fraction of large homes (post-construction) in community 2 after ¢ = 0,....,00 periods
and let PY,, be the price of such houses.

Now suppose that the residents of community 2 were to deviate from the postulated
equilibrium behavior by imposing zoning. By strong local stability, in all subsequent periods,
households anticipate that zoning rules will return to steady state levels. In the period of
the deviation, new construction of small homes will occur in community 3. However, the
price of small homes in community 2 must be higher than those in community 3 because of
the beneficial fiscal externality created by the presence of large homes. Let Py, be the price
of small homes in community 2 in the period of the deviation. The value of large homes in
community 2 will also be higher than on the equilibrium path as will the fraction of large

homes. Let P}, be the price of large homes in community 2 and A}, the fraction. Following

11



the period of deviation, there will be a lower fraction of small homes in community 2 which
will increase the price of large homes relative to the equilibrium. Let A3, denote the fraction
(post-construction) after ¢ periods and let P},, denote the price. The price of small homes
in community 2 will return to C's and the price of small homes in community 3 will be less
than the construction cost.

Now consider the incentives to deviate for the types who own small homes in community
2. The payoff on the equilibrium path for a type # who owns a small house in community 2

and will continue to live in a small house is

(1= d)Cs + V) + (1= p) 7.
The continuation value V{ is the first element of the sequence (V,?)°, defined inductively

by

CCS )) _ CCS
)‘gtPB% + (1 - )‘(Z)t)CS )‘gtPLOQt + (1 - )‘gt>CS
Y

+0[(1 = d)Cs + uVi, + (1 - M)m]

CCS
)‘gtPLOQt + (1 - )‘gt)CS

VY = B(g*( g% ) —Cs

with end point condition

B(g*(c)) = cg*(c) = Cs + 6[(1 = d)Cs + (1 — p) 5]
1—0up '

v =

The payoff under the deviation for a type § who owns a small house in community 2 and

will continue to live in a small house is

(1= d)Pgyo + pVy + (1 - M)l——é’

CP§20
1 1 1 1
Moo Prog + (1 — A39) Payg

1
cPgy

CP5‘120 )) .
)‘%OPL12U + (1 o A%O)Psl'% )‘éOPL12O + (1 - A;O)PSI%
Y

+6[(1 — d)Cs + Vi + (1 - “>1——5]‘

Vol = B(g*( 9*( )_Psl*zo

The continuation value Vi! is the first element of the sequence (V,');°, defined inductively
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by

CS CCS CCS
Vi = Blg( : ) - 7 ( )~ Cs
' )‘%tpllat + (1 - )‘ét)CS )\%tpll,% + (1 - )‘%t)CS )‘%tPJ%Qt + (1 - A%t)CS
011 = )Cs + uV}y + (1= p) ]

with end point condition

Blg™(c)) — cg™(¢) — Cs +0[(1 — d)Cs + (1 — p)725]

VL =
o 1—0u

The gain from deviating is
A= (1—d)[Psy — Cs]+p [Vg = V7]
But we have that
Vo = Vo =85 — Pagg + 6puVy' — [58 —Cs + 5#‘/10}

where S? and S} denote public service surplus on the equilibrium path and with the deviation.
Thus, we have that

A= (1 p— )Py — Cs] + p [S3 - 58] + 02 [V~ V. 61
We now claim that

p[So = So] = —peg( (32)

cCs ) <[P§20 — Cs] )‘%OCL>
)‘gOPLOQO + (1 - )‘80)05 Cg‘

To prove this, note that

*( CP§2O ) g {B( ) CP;?O }
g = arg max g) — g
)‘éolezo +(1 - )\%O)PSI’QO g )‘%OPL12O +(1 - A%O)Psl‘m
and so
. cCs cP} . cCs
So = B(g*( ) 220 g ( )-

)‘gopgzo + (1 - )‘go)CS A;OPL12O + (1 - /\%O)Pézo )‘gopgzo + (1 - )\20)05

It follows that

CCS
/\(2)0P1920 + (1 - /\go)CS

w[Sg — S§] > peg*( _
150 = %] NPl (1 30)05 NPl + (1~ A Pl

)
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Moreover, since Ply, > PP, Plyy > Cs and Ay, > A5, we have that

peg* () { Cs - Poao }
MooPPag + (1= 250)Cs  AggPlag + (1= Ag) Plag

> ,LLCg*() |: CS _ P5’120 :|
Moo Plag + (1= 250)Cs  AggPlag + (1= Ag9) Plag

In addition,

Cs _ Psa0
)\%OP[]:ZO + (1 - )\%O)CS A%OP[]:QO + (1 - A;O)P;'QO

. Plyy — Cs) A\yo P}
picg*(+) (Psao s) Az L20:|‘

> g () |
} 3
Combining (31) and (32), we have

(Psl*Qo B CS) )‘%OPIIQO
C%

A2 (1= = Py~ Csl — ey’ ()| [ o i-v. e
We also claim that Vi! > V. For this, it is enough to show that for all t = 1,...., 00, S} > S?.
We have that

CCS CCS CCS

S; > B(g*( ) — g ( ).
' )‘gtpgm + (1 - )‘87&)05 )‘%tPle + (1 - )‘%t)CS )‘gtPLO% + (1 - )‘gt>CS
Thus,
1 1 C
S-S0 > Csg"( - )

— c
/\gtpgzt + (1 - >‘(2)t>CS Aétpllzt + (1 - A;t)CS >‘(2)tp£2t + (1 - Agt)CS
But we know that Ay, > \S,, P}y, > PP, and PP, > Cs. Thus, we have that

1 1
0 po 0 > 1 p1 1 )
/\2tPL2t + (1 - >‘2t>CS )‘2tPL2t + (1 - )‘Zt)CS

which implies the result.
It now follows from (33) that

82 Py = 0l (1= = d) = ey () [ 22 E2] )

Since Ay, < &/ (F(6°) — ), this must be positive for sufficiently small ¢ given that 1 —p > d.
|
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3 Computing equilibrium

3.1 Equilibrium with no zoning

To compute the equilibrium with no zoning, we rely on a “guess and verify” approach. For
any initial stock, we first conjecture how the housing stock will evolve and compute the
limiting housing prices. Working backwards, we then use the market equilibrium conditions
developed in Section IIIB to construct the implied sequence of housing prices. Knowing
these and the evolution of the housing stock, we then recover taxes and public service levels.
The exact details of the procedure depend upon the particular initial stock we are working
with. To illustrate, we explain the procedure for the two scenarios illustrated in Figures 1
and 2.

Scenario 1 In this scenario, the two communities begin with the same housing stocks and,
in our conjectured equilibrium, they remain symmetric. The evolution of the housing stock
is as follows. Starting from any symmetric allocation, housing stocks will jump to the steady
state, if such a jump is feasible given the constraint that new construction must sum to d.
If this is not feasible, there will be construction of large homes if the share of large homes
is below the steady state level and construction of small homes otherwise. Given this law
of motion, the housing stock arrives at the steady state in a finite number of periods. The
exact number depends upon the fraction of large houses in the initial state. The housing
prices in the “jump” period in which the stock first reaches the steady state will equal their
respective construction costs.

Given this knowlege of how the housing stock will evolve and the limiting prices, the prices
in the preceding periods are constructed by backwards induction. Given the symmetry of
the allocation, the prices will be equal across comunities and hence we just have to solve for
two sequences (P5t>tT:1 and (PLt>tT:1 where T' denotes the period in which the stock arrives
at the steady state. For each period, from our knowledge of the evolution of the housing
stock, we can compute 6, from equation (15). Moreover, one of the current prices is known
since Pg; is equal to C if small homes are being built, and Py, is equal to C otherwise.
Equation (14) gives us an equation in the unknown price because public service levels and
tax prices can be expressed as functions of prices (and the housing stock) using (7), (8), and
(9). Using this equation, we can solve for the sequence of unknown prices. We do this, using
a backward shooting algorithm. This requires solving iteratively (7" times) one equation in
one unknown. Once we have done this, we can recover the public service levels and taxes
from equations (7), (8), and (9).
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Scenario 2 In this scenario, one community (community 1) has a larger fraction of large
homes than the other, but with both still less than the steady state. In our conjectured
equilibrium, at first all new construction is in the form of large homes and occurs in com-
munity 1. After a finite number of periods, small home construction begins and also occurs
in community 1. Eventually, community 2 will become so small that one period’s new con-
struction of large homes will be sufficient to equate the fraction of large homes in the two
communities. At this point, the housing stock jumps to the steady state.

The precise timing of this evolution is constructed using a backwards shooting algorithm.
First, the period in which the stock jumps to the steady state is conjectured. Expression
(14) is used to track backwards the evolution of the stock under the assumption that both
types of homes are built in community 1 and hence prices in that community are equal to
construction costs. Going backwards, when the housing stock arrives to a point at which the
size of community 1 and the number of large homes are such that it could be reached from
the initial state in a finite number of periods by building only large homes, the construction
of small homes ceases. From then on, again going backwards, all construction is of large
homes, and hence the evolution of the stock is known. Equation (14) is used to construct
the prices for small homes in community 1 during these periods.

This procedure reveals the evolution of the stock and the price path in community 1. From
this, we can compute the public service levels and taxes for community 1. In community
2, there is no new construction until the steady state is reached, so the prices of both
home types need to be determined. We employ equation (12) for both home types. Given
period ¢t + 1 home prices in community 2, these two equalities provide two equations in the
two unknown period ¢ prices because period ¢ public service levels and tax prices can be
expressed as functions of period ¢ home prices in community 2. Hence community 2’s prices
can be obtained by solving iteratively these two equations in two unknowns. Again, once we
have community 2’s prices, we also have the public service levels and taxes for community 2

from equations (7), (8), and (9).

3.2 Equilibrium with exogenous zoning

A different procedure is required to compute the equilibrium with exogenous zoning. This is
because guessing the precise evolution of the housing stock is too difficult. While we know
that new construction will involve only large homes in community 1 and small homes in
community 2, we do not know the precise mix.

The first step in computing the equilibrium is to find the limiting housing prices. We

know that the zoned community (community 1) converges asymptotically to one with large
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homes only and size 1 — §°, and the unzoned community (community 2) to one with small
homes only and size #°. The limiting prices of large homes in community 1 and of small
homes in community 2 are just the construction costs. Since we know 6° (it equals 6°), the
prices of small homes in community 1 and large homes in community 2 can be obtained from
(14).

The second step is to compute the evolution of the housing stock. For this problem, a
backwards shooting algorithm cannot be implemented as the stock in period ¢ + 1 does not
necessarily pin down the stock in period . Instead, we use a variant of a forward shooting

algorithm, as described below:

e We set the number of periods for convergence to the steady state to occur. Given the
slow decay of the housing stock, a large number of periods are required. The number
we use is 400. With this number of periods, the difference between the community

sizes in the final period and their steady state values is less than 10~

e Since there are only two types of homes that are built, the evolution of the stock can
be described by the sequence of new large homes built in community 1 (/V th>§201- The

associated small home construction is given by Ngoy = d — Npo;.

e We assume first that all Ny,; are interior: that is 0 < Ny < d, for all t. This
implies there is always construction of both home types. This assumption ties down
the prices of large homes in community 1 and of small homes in community 2. Given the
limit prices, the remaining prices can be computed using equation (14) by backwards
induction starting in period 400 in which, by assumption, the stock has converged to
the steady state. We then note that condition (12) does not hold for any such sequence

— it holds only for the equilibrium one. This suggests the following iterative updating.

1. Make the initial guess for (N th)fﬂg and compute the associated housing prices.
(Our guess is that each element in the sequence is equal to its long run level,
(1 —6%d).

2. Start updating the guess in period ¢t = 1. Taking period 2 prices from step 1, solve
the following three equations for the three unknowns (Np1¢, Ps1¢, Prot): equation
(14) written for both communities and expression (12) written for large (or small)

homes.
3. Update the guess for Npj; and (Psyy, Prat)-

4. Go to the next period and repeat steps 2 and 3. Keep going until the period in
which by assumption the steady state is reached (i.e., period 400). The new guess

for the entire path for (N, th)fiﬂ and prices is now constructed.
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5. Keep repeating the steps of the above procedure until the maximum difference
between the elements in the “old” and “new” construction sequences is less than

some specified tolerance (107° in our case).

e The algorithm above converges, but violates the assumption that Ny, is interior in the
first four periods. The algorithm assigns it a value of d, which suggests that in equilib-
rium in these periods there is no construction of small homes in community 2. Hence
we modify the algorithm — in these periods, instead of searching for (Np1s, Ps1s, Prat)
we postulate that Ny, is equal to d and use the expressions (14) written for both com-
munities and expression (12) to compute the triplet of prices (Psis, Psor, Prot). With

this modification the algorithm converges.

The iterative procedure just described for computing the evolution of the housing stock
simultaneously determines the sequence of housing prices. It only remains to recover the

public service levels and taxes for the two communities which we do using equations (7), (8),
and (9).

3.3 Equilibrium with endogenous zoning

In our always-zone equilibrium, both communities impose zoning except when a community
is empty. New construction occurs in the community which has the largest share of large
homes. This is determined by the initial stock, since the community with the highest initial
stock of large homes will remain the community with the largest fraction for eternity. By
relabeling as necessary, we can call the community with the highest initial share community
1. If the initial stock is such that the two communities have an equal fraction of large homes,
then all new construction occurs in community 1.

In this equilibrium, the evolution of the housing stock is straightforward: all new con-
struction is in large homes and it occurs in community 1. This community grows in size and
the fraction of its homes that are large converges to one. Community 2 converges in size to
zero and the fraction of its homes that are large remains constant.

With the evolution of the housing stock determined, the next step is to compute the
associated housing prices. The first point to note is that since the distribution of preference
types has full support on [0,1] there is a positive measure of households who are almost
indifferent between large and small homes. Since the fraction of large homes converges to
one in the limit, the limiting price of all homes will equal the replacement cost of large
homes C}. Knowing this, and the evolution of the housing stock, enables us to compute

home prices in both communities. Given the asymptotic convergence to the limit allocation,
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a large number of periods is required. As in the case with exogenous zoning, we set this
number equal to 400.

In community 1, the price of large homes is always C', since this is where new construction
takes place. From our knowledge of the evolution of the housing stock, we can compute 6.
from equation (15). Using this together with (7), (8), and (9), we can solve for the sequence
of small home prices in community 1 (P51t>f2(i from equation (14). As in the no zoning case,
we do this using a backward shooting algorithm. This requires solving iteratively (400 times)
one equation in one unknown. Once we have done this, we can recover the public service
levels and taxes for community 1 from equations (7), (8), and (9).

In community 2, there is no new construction, so the prices of both home types need
to be determined. Thus, we have to solve for both (Pry)iy and (Psy)sy. We employ
equation (12) for both home types. Given period ¢ 4+ 1 home prices in community 2, these
two equalities provide two equations in the two unknown period ¢ prices because period ¢
public service levels and tax prices can be expressed as functions of period ¢ home prices in
community 2. Hence community 2’s prices can be obtained by solving iteratively these two
equations in two unknowns. Again, once we have community 2’s prices, we also have the
public service levels and taxes for community 2 from equations (7), (8), and (9).

The main additional complication associated with computing this equilibrium is checking
that the majority of residents of each community support zoning. To do this, the first step is
to calculate each household type’s equilibrium value function. With information about the
entire sequence of housing prices, public service levels and taxes, we can compute households’
equilibrium value functions from equation (4). Again, backward induction is employed. In
the limiting allocation, the value functions for any household type 6 with a given type of
home in either community is straightforward to compute. Going backward, for each 6 we
first compute its (within) period housing decision and based on that decision we compute
the (beginning of the period) value from owning a home of given type in a given community.

The second step is to checking that for all housing stocks equation (25) is satisfied for
a majority of the residents living in each community given that the other community is
choosing zoning and given that both communities will play according to the equilibrium
in the future. Since it is infeasible to check the condition for every conceivable housing
stock, it is necessary to limit the housing stocks we consider. Given that the housing stock
(Or1,Os1, 012, 0g2) must have aggregate size 1, we can represent any stock as a triplet: the
share of large homes in community 1, the share of large homes in community 2, and the size
of community 1. We consider a grid of housing stocks in the three dimensional simplex with
13824 (243) points. The grid is uniform on [0,1]?, except any 0 is substituted by 0.01 and
any 1 is substituted by 0.99.
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In order to check equation (25), we need to understand what would happen if one com-
munity deviated from the equilibrium by removing zoning. The key task is to solve for prices
and new construction in the period of the deviation. This new construction determines the
housing stock in the following period. From then on we know what will happen because
play follows the equilibrium and the steps just described allow us to solve for the equilibrium
path for any initial state. The housing market equilibrium in the period of the deviation
is computed by searching for an allocation such that equations (12) and (14) hold when
evaluated at the future prices implied by the housing stock generated by this construction
allocation.

With information about the entire sequence of housing prices, public service levels and
taxes following a deviation, we can compute households’ payoffs from the deviation and
check whether equation (25) is indeed satisfied for a majority of the residents living in each
community. In order to know which households are voting in which district, the equilibrium
needs to specify how household types are allocated across the two communities. This is
done as follows. Suppose the stock is (01, Os1, Oz, Og2) and recall that households types
are uniformly distributed on [0,1]. Then, in equilibrium all households with types 6 less
than Og; + Ogy are living in a small home and all those with 6 above Og; + Ogs in a
large home. Our equilibrium assumes that for any household type € less than Og; + Og2, a
fraction Og;1/ (Og1 + Og2) of this type live in community 1 and a fraction Oga/ (Og1 + Ogs)
live in community 2. Similarly, for any household type 6 exceeding Og; + Ogs, a fraction
Or1/ (Op1 4 Ops) of this type live in community 1 and a fraction Ops/(Op1 + Ops) live
in community 2. As an example, suppose that (Op1,Og1,Or2,0s2) = (1/3,1/6,1/6,1/3).
Then 1/3 of each type 6 less than 1/2 live in community 1 and 2/3 live in community 2.
Similarly, 2/3 of each type 6 greater than 1/2 live in community 1 and 1/3 live in community
2. To aggregate preferences in a given community we need to integrate over the distribution
of citizens by their 6 type and home ownership. We discretize the distribution of # using an

equi-spaced 51 point grid on [0,1].
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