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APPENDIX: THEORY
Al1. Computation of vote shares

We begin with the voters’ second-period local utilities and the candidates’
second-period expected vote shares. Then, we move back through the game
tree to the calculation of the voters’ first-period continuation utilities and the
candidates’ first-period expected vote shares.

Beginning in the second-period with any policy and debt state (e,d(e)) € Spa
generated by the first-period’s political process, in the event that candidate i €
{A, B} wins the second-period election the second-period local utility for a generic
voter z who, at the end of the second period, receives, from candidate i, the
transfer x; 2(e, d(e)) is:

(A1) uy2(zia(e,d(e))le) = zia(e,d(e)) +t(e)(1 — Ne.

Note that the term ¢(e)(1— \)e in equation (A1) depends only on the policy state
e and not a candidate identity.

Voter z casts a second-period vote for candidate ¢ over candidate j if
uz2(wip(e, 0(e))le) > uzp(zjole, d(e))le) < wiale,d(e)) > zj2(e,o(e))

with ties broken by fair randomization. At the beginning of the second period
candidate i’s net endowment offer of x; 2(e, d(e)) to voter z is still a random vari-
able, denoted Z; (e, d(e)), that is distributed according to F;a(-|e,d(e)). Given
the state of the policy and debt (e,d(e)) € Spq generated by the first-period’s
political process, candidate A’s second-period expected vote share is calculated
as,

(A2) S5 (p3 (e, 8(e)),p5 (e, 8(e))le, 6(e)) = Prob (Zaz(e, 8(e)) > Tpa(e. d(e)))
+ S Prob (Faale, 8(c)) = Tr.a(e,3(c))

with SB(pP (e, d(e)), ps (e, 6(e))|e, d(e)) analogously defined.

Moving back to the first period, we now construct the voters’ first-period contin-
uation utilities at the end of the first period in the event that candidate i € {A, B}
wins the first-period election. Given that candidate ¢ has won the first-period elec-
tion and that the policy state is e € EU, the first-period local utility for a generic
voter z who, at the end of the first period, receives, from candidate i € {A, B},
the net endowment offer z;1(e) is:

Uz,1 (xi,l (6)) = 5,1 (6) .
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Recall from equation (3) that second-period budget balancing requires that for
each candidate 1,

E(zi2(e,0(e))) =14 tle)re —d(e).

If for each state (e, d(e)) € Spq both candidates use second-period budget-balancing
platforms,! then from equations (3) and (A1) it follows that in policy state
e € EU the continuation utility for a generic voter z who, at the end of the first
period, receives a transfer of x; 1(e) from the candidate ¢ that won the first-period
election with a realized policy position of ¢; and debt level of §;(e) is:

Uz(l'@l(e), Li, 6z(€)‘6) = l’i71(6> + 1 + L;€ — (51(6)

If there exists at least one candidate ¢ with ¢; = 1, then the draw of the policy
state e from ', is payoff relevant, and when voters cast their first-period votes
they do not know the policy state e € £. Let E,, (U.(zi1(e), v, di(e)le)) be
defined as follows:

1'1,1(@) +1-— 6z(®) if ¢4 =0
Ee‘bi (UZ(CE271(6)’ Lz,51(6)|€)) N {EFe ($i71(6) + 1 + e — (51(6)) if Ly = 1
where E,, (U.(zi1(e), ti,0i(e)|e)) denotes the expected continuation utility for a
generic voter z who receives a net endowment offer of z;1(0) from candidate
i in the case that ¢; = 0 and receives an |E|-tuple of net endowment offers
({zi1(e)}ece) from candidate ¢ in the case that ¢; = 1. Voter z casts a first-
period vote for candidate 7 over candidate j if

Ee|L¢ (UZ(Ii,l(ev )7 Li, 61(6)’6)) > E€|L]’ (UZ(‘T]',l(e)? Ljs 5](6)|€)) )

with ties broken by fair randomization.

At the beginning of the first period, each candidate i announces a first-period
platform of p} and the expected continuation utility E,,, (U.(z1(€), i, 6i(€)]e))
that candidate ¢ provides to an arbitrary voter z is a random variable, denoted
U.(p}), where,

(43) T-p}) = 6 (705 + 1+ B, (e = 0:(e))) + (1= Bi) (Fa (0) + 1= 5,(0)),

where E{j denotes the random variable corresponding to candidate ¢’s average,
with respect to the policy state e, first-period net endowment offer for an arbitrary
|€|-tuple drawn from Pfl (x).

LGiven our focus on subgame perfect Nash equilibrium, we focus here on the case that both candidates
use second-period budget balancing platforms. However, it is straightforward to extend the continua-
tion utilities to the case that one or both of the candidates do not use second-period budget-balancing
platforms.
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In period 1, we denote by Si'(pf!,pP) the first-period vote share that can-
didate A receives when she chooses the first-period platform p‘f‘ and candidate
B chooses the first-period platform pP, and both candidates use second-period
budget-balancing platforms. Hence,

(A1) 5{fpP) = Prob (0.(pf) > T.pf) ) + 3Prob (0. = 067

and SP(pP,p') is analogously defined.
A2.  Proof of Theorem 1 and Corollary 1

We begin in the second period with any state (e,d(e)) € Spq and show that in
the subgame arising in state (e,d(e)) the corresponding Theorem 1 and Corol-
lary 1 second-period local strategies form a second-period local equilibrium and,
furthermore, establish that this second-period local equilibrium is unique. Then,
given the second-period local equilibrium strategies we move back through the
game tree to the first period and characterize the remaining first-period compo-
nent of the unique subgame-perfect equilibrium strategies.

SeconD PERIODIn the second period with any state (e, d(e)), it follows from the
second-period expected vote share calculation given in equation (A2) that candi-
date A’s second-period expected vote share,

53 (03 (e, 8(e)), p3" (e, 8(e)) e, 6(e)),

from using the arbitrary second-period local strategy pf(e, d(e)), given that can-
didate B uses the equilibrium second-period local strategy p3Z (e, d(e)) is:
(AD)

53 (p3 (e, 8(e)), 3" (e, 8(e))[e, 6(e)) = / Fy(xle,6(e))dFaz(xle, 6(e)).

SuppFa 2le,d(e)

In any best response, it is clear that candidate A does not provide a voter z
with a second-period utility level that is strictly greater than 2(1 + c(e)Ae —
d(e)). Thus, from equation (3)’s second-period budget-balancing condition (i.e.
Er, yles(e)(®) =1+ 1(e)Ae — d(e)) it follows from equation (A5) that A’s second-
period expected vote share satisfies

x 1+(e)le—d(e) 1
/Suppmk,é(e) 21 + 1(e)he — 5(6))dFA’2($|6’5(€)) =30+ le)re —o(e)) 2

To complete the proof that for all states (e, d(e)) € Spq the Theorem 1 and Corol-
lary 1 second-period local strategies form a second-period local equilibrium, ob-
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serve that candidate A receives % of the second-period vote share from any budget-
balancing second-period local strategy F42(z|e,d(e)) with Supp (Fazle,d(e)) C
[0,2(1+c(e)Xe—d(e))] and that candidate A has no profitable deviations. Because
the second-period subgame for each state (e,d(e)) € Spq involves only redistri-
bution, the proof of uniqueness of the second-period local equilibrium strategies
follows from standard results on Myerson’s formulation of the relaxed Colonel
Blotto game (a.k.a. the General Lotto game, for further details see Kovenock
and Roberson (2021)).

FirsT PERIODGiven the second-period local equilibrium strategies specified by
Theorem 1 and Corollary 1, we now move back through the game tree to the
first period and characterize the remaining first-period component of the unique
subgame-perfect equilibrium strategies. Note that in the second period, for any
state (e,0(e)) € Spq it follows from the discussion above for the second period
that each candidate’s second-period local equilibrium expected vote share is 1/2.
Taking the second-period equilibrium expected vote shares as given, we begin
with the first-period vote share calculation. Then, we turn to the proof that
in Part (I.) the Theorem 1 first-period local strategies form the remaining first-
period component of the unique subgame-perfect equilibrium strategies. Next, we
perform the corresponding analysis for Part (II.). The proof that the subgame-
perfect equilibrium unique is given in the appendix.

For the first-period vote share calculation, suppose, without loss of generality,
that candidate A uses an arbitrary first-period local strategy p‘f‘. Given that
candidate B uses the equilibrium first-period platform p}, candidate B’s expected
promise of continuation utility for an arbitrary voter z is the random variable
U.(p}) defined by equation (A3) as:

(A6)  T.(p}) = 5 (5 + 1+ Br,(e — 6:(e)) + (1 = B°) (5 (0) + 1~ 5°(0)) .

For u € [0,4], let G*(u) denote the distribution of the random variable U (p*),
which we will examine in more detail below for cases (I.) and (II.) of Theorem

1. Similarly, let G (u) denote the distribution of the random variable U, (p{)

generated by the first-period platform p{‘ via equation (A3).

The probability that candidate A wins voter z’s first-period vote when A pro-
vides voter z with a first-period continuation utility of U, (p{') is G*(U.(p)).
Thus, candidate A’s first-period expected vote share when using an arbitrary
first-period local strategy p‘lA and candidate B is using the the first-period plat-
form pj is

(A7) st = [ GG,

SuppG_ 4
Py
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We now use the equation (A7) first-period vote share calculation in the proof
that in Part (I.) of Theorem 1 — where H = 2c¢— (14+\)Er,(e) < 0 — the Theorem
1 first-period local strategies form a first-period local equilibrium. Given that
candidate B is using the first-period local equilibrium strategy p] specified by
Part (I.) of Theorem 1, it follows that the random variable U, (p}) is distributed
according to?

0, if u<(1-M\Er,(e),
* u—(1-N)Er. (e .
G*(u) = § oo, if (1= NEr,(¢) <u<4-H,
1, ifu>4—H.

In any best-response, it is clear that candidate A does not provide voter z with
a utility level U, (p‘f) that is strictly greater than 4 — H.3 Thus, given that B is
using the first-period local equilibrium strategy pj, it follows from equation (A7)
that candidate A’s first-period expected vote share in state e, from an arbitrary
first-period local strategy p‘f‘ is

u—(1=NEr.(¢)
wpG 4 4 2AEr, (€) — 2
1

(A8) S (it ) = /S 4G, (u).

First we consider the case that 14 = 1. From equation (A3) with 14 = 1, it follows
that

(A9) U.(pi') = &) + 14 Er, (e — dale)).

Then, from equation (1) we know that

(A10)

EGPA (xA 1) = Ea P (Z Le(e)zi( ) ZF e)Er, ale (@ia(e)) < 1+Er, (da(e))—
ec& ecf

where the last inequality in equation (A10) follows from the first-period bud-
get constraint given in equation (2). Inserting, equations (A9) and (A10) into
equation (A8) we see that

2+ MEr_ (e) — ¢ 1
All A A * < e pr— .
(A11) ST P S T3 B (o) —2¢ 2

2Note that because H = 2¢ — (1 + A\)Er_(e) and 6*(e) = 1 + Ae when f* = 1, it follows that
4= H =2+2Bp, (6°(c) — 2c + (1+ By, (e — 8*(¢)) and (1+ Er, (e — 8*(¢))) = (1 — N Er, (e).

3Note that because 6* () is the maximum level of debt, § 4 (€) < 6*(e) and 1+e—354(e) > 1+e—5*(e).
That is, if candidate A chooses t4 = 1, then candidate A is unable to provide voter z with a continuation
utility below 1+ e — §*(e).
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To summarize, if H = 2¢—(1+\)Er,(e) < 0 and candidate B uses the first-period
local equilibrium strategy pi? specified in Part (I.) of Theorem 1, then candidate
A’s first-period expected vote share from any arbitrary first-period platform p{‘
with t4 = 1 is less than or equal to %, where equation (A11) holds with equality
if candidate A’s strategy is first-period budget balancing as specified by equation

(2).

To complete the proof of existence for Part (I.) of Theorem 1, consider the
remaining case in which candidate A chooses an arbitrary first-period strategy
in which ¢4 = 0 with strictly positive probability. We now show that candidate
A’s payoff from a first-period platform with ¢4 = 0 is strictly less than if 14 = 1.
Therefore, in any best response candidate A chooses 14 = 1 with probability one.
From equation (A3) with ¢4 = 0 and the first-period budget constraint given in
equation (2), it follows that

(A12) B, (U(p)) = Ep, 0(Fa1(0) +1 - 54(0) < 2.

1

From equations (A8) and (A12), candidate A’s first-period expected vote share,
from such a strategy, is

2+ AEp,(e) — Er,(e) 1
Al A( A ey o . 5 2
(A13) ST (p1sp1) < 4+ 2X\Er, (e) — 2¢ “2

where the strict-inequality in equation (A13) follows from assumption (A1). Thus,
candidate A’s first-period expected vote share from deviating to any arbitrary
first-period strategy with 14 = 0 is less than or equal to % This completes the
existence portion of the proof of Part (I.) of Theorem 1, and we will return to the
uniqueness portion at the end of this subsection of the Appendix.

We now examine Part (II.) of Theorem 1, in which H = 2c¢— (1+\)Er,_(e) > 0.
Given that candidate B is using the first-period equilibrium strategy specified by
Part (II.) of Theorem 1, it follows that fp = * = 1 — %H < 1 and for each
realization of the policy benefit e € £ U () the debt is 6*(e) = 1+ c(e)Ae. In the
event that tp = 0, the random variable Zp 1(0) is distributed according to

ifx <0,

if0<z<H,

iftH<ax<4-—H,

(14 2=y | if4— H <z <4,
if x > 4.

—~
s
SN—

(A14) Fi (zle = 0)

ol N = O

7

and in the event that tp = 1, the random variable f{e is uniformly distributed
on the interval [0,4 + 2\Er,(e) — 2¢]. Because tp = 1 and ¢ = 0 are mutually
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exclusive events, the random variable U, (p?) is distributed according to*
(A15)

(O, if x <0,
%7 if0<u<H,
* g if H<u<(1-\)Ep,(e),
1(u) = H oy (1 1) (%ﬁﬁ), if (1—A)Er,(e) <u<4-—H,
%’ if4— H <u<4,
1, if ¢ > 4.

\

If candidate A chooses a first-period platform p{' with 14 = 1 and Supp(prx (u)) €

[(1 = A)Er, (e),4 — H], then candidate A’s expected vote share in state e, from
such a strategy is

H H u—(1—=MN)Er,(e)
A16 SA(pd, pt _+<1—>/ 2 AG a(u
( ) 1( 1 1) 4 ) SuppGpiA 4+2/\EI‘8(6) — 92 Pl( )

Inserting, equations (A9) and (A10) into equation (A16), we have that

H H 24+ MEr (6)_6 1
Al AptpH <=+ (1-= ) T2
(A17) ST (p1sp1) < 1 +( 2)4+2)\EF6(6)_20 2

Thus, candidate A’s expected vote share from any first-period platform p{' with
ta =1 and Supp(Gpa(u)) € [(1 — A)Er,(€),4 — H] is less than or equal to z.

We now show that, given that candidate B is using the first-period equilibrium
platform pj specified by Part (II.) of Theorem 1, in any best-response by candidate
A with 14 = 1 it must be the case that Supp(G,a(u)) € [(1—AN)Er,(e),4 — H].
First, if candidate A uses a strategy with 14 = 1, then candidate A provides each
voter with an expected utility of at least (1 — A\)Ep_(e). Next, note that it is
clearly suboptimal for candidate A to ever provide utility levels U, (pf) above 4.
The only remaining case with t4 = 1 is that there exists a measurable subset of
Supp(Gpa(u)) in the interval [4— H,4].

Because t4 = 1 all voters have a continuation utility offer of at least (1 —
A)Er, (e) from candidate A. Let M; denote the average of the continuation utility
offers that candidate A makes in the interval [(1 — \)Er_(e),4 — H], where M; >
(1-X)Er, (e) and Gpa (4 — H) voters receive such offers. Similarly, let M> denote
the average of the continuation utility offers that candidate A makes in the interval
[4— H,4], where My > 4—H and 1— Ga(4— H) voters receive such offers. From

4Note that when tg = 1, §*(e) = 1+ e and, thus, 4—H = 2+2Er_(6*(e)) —2c+ (1 + Er,_ (e — §*(e)))
and (1+ Er_(e—9d*(e))) = (1 — X\)Er_(e).
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equations (A9) and (A10) it follows that
(A18) Gp,lax(llfH)Ml+(1*Gp14(4*H))M2 < 2+E[‘€(6) —cC.

Note that because M; > (1 —\)Er, (e) and My > 4—H =4—2c+ (1+ \)Er,_(e),
it follows from equation (A18) that Gpa(d—H ) > 1/2, i.e. candidate A can offer
at most half of the voters net endowments such that their continuation utility is
at or above 4 — H.

Returning to candidate A’s first period expected vote share which is given by:

o st oo () (- 5) S

4
(1—=Gpa(4—H))M;
1 :

H
Because % > 1, it follows that, for any Gpa (4 — H) > 1/2, candidate
A’s first period expected vote share in equation (A19) increases as My decreases
towards its lower bound of 4 — H and M increases subject to the constraint in
equation (A18). This completes the proof that in any best-response by candidate

A with 14 =1 it must be the case that Supp(Ga(u)) € [(1—X)Er,(e),4— H].

For the case that candidate A chooses a first-period platform p‘f‘ with 14 = 0 and
Supp(Gp{a (u)) € [0, HJU[4— H,4], it follows from equation (A15) that candidate
A’s expected vote share is

N u
(A20) stwlan = [ GdGw
SuppGp,lg

Given budget feasibility with 14 = 0, see equation (2), it follows from equation
(A20) that candidate A’s expected vote share from any such a strategy p’f‘ is less
than or equal to 1/2, which holds with equality if p‘f‘ is budget balancing.

In the case of a strategy p‘f‘ with 14 = 0, it is clearly not payoff increasing
for candidate A to offer continuation utilities in the interval [H,4 — H]. For the
remaining case that of 14 = 0 with continuation utility offers in the interval [4 —
H., 4], let M. 1 denote the average of the continuation utility offers that candidate A
makes in the interval [0, H], where u; voters receive such offers. Let My and Ms be
similarly defined for the average of the continuation utility offers that candidate
A makes in the intervals [(1 — X\)Er,(e),4 — H| and [4 — H, 4] respectively, where
p2 and p3 voters receive such offers, respectively. From equations (A9) and (A10)
it follows that

(A21) (i My + oMy + psMs < 2
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where 1 + po + p3 = 1.

Candidate A’s first period expected vote share, with 14 = 0 and ps > 0 is given
by:
(A22)

A A% M1M1+M3]\/4\3
St p) = B 1

4

H HY (Mz — (1 - \)Er, (e))
+(1_2> 42—|-2)\Epe(e)i20 ]

Inserting the constraint in equation (A21) into equation (A22), we have

2 — g M.
(A23) S{'(pi'p}) < 52 4o

2

4 + 44 2\Er,(e) — 2¢

" (1 H) (M — (1—A>Ere<e>>] |

It follows from equation (A23) that S{'(pf, p?) is strictly decreasing in s,

058 (pi,p}) (H HY (M — (1 - NEr,(e) M
(A24) 18u12 C= <4> + <1 B 2) 42—i- ZAEFE(@ i 2c B TQ 0

where the strict inequality in equation (A24) follows from the combination of

M, € [((1-=A)Er, (e),4—H] and H < 2. This completes the proof that in any best-
response by candidate A with 14 = 0 it must be the case that Supp(Ga(u)) €
[0,H|U[4— H,4].

Now we examine issue of subgame perfect equilibrium uniqueness for both parts
(I.) and (II.) of Theorem 1. The discussion below focuses on the Part (II.) portion
of the parameter space in which H > 0. The arguments for the Part (I.) portion
of the parameter space (H < 0) follow along similar lines. Given that the second-
stage local equilibrium payoffs are unique, the proof that the first-stage local
equilibrium is unique follows from the fact that the first-stage local subgame is
constant-sum and equilibria are interchangeable. In particular, note that it follows
from standard arguments that in any first-stage local equilibrium each candidate
i’s equilibrium distribution of U, (p!) satisfies the following properties:

1) If H > 0, the distribution of U, (p}) has the same support as G*(u) defined
in equation (A15).

2) If H > 0, the distribution of U, (p?) is strictly increasing on the intervals
[0, H] and [(1 — X)Er,(e),4].

3) If H > 0, there is no point in the distribution of ﬁz(pll) at which player i
places strictly positive mass.

4) If H > 0, the distribution of U,(p!) is equal to G (u) for u € [0, H] U [(1 —
)\)Ere (6)7 4]
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This completes the uniqueness portion of the proofs of parts (I.) and (II.) of
Theorem 1, and hence completes the proof of Theorem 1.

A8.  Proof of Theorem 2 and Corollary 1: Hard limit on debt
We first state the complete characterization of the equilibrium.

Corollary 1 Given a hard debt constraint of § > 0, the set of subgame perfect
equilibria is completely characterized as follows.

First Period

In the first period, there are two cases labeled (1.) and (II.).

(I1.) If H <0, then in any subgame perfect equilibrium both candidates choose a
first-period platform p} that implements the policy with probability 5* = 1
and for each realization of the policy state e € £:

(i) announce the mazimum feasible debt: gd(e) = min{d, 1 + e}, and

(i) choose an (|E| + 1)-variate joint distribution Py (x) of first-period net
endowments such that the random variable :flfe is uniformly distributed
on the interval [0, 2Bj‘§,] and for each possible policy state e the random
variable T (e) satisfies first-period budget balancing as defined in equa-

tion (7).

(IL.) If Hi > 0, then in the unique subgame perfect equilibrium both candidates
choose a first-period platform pi that implements the policy with probability

8F=1- A (< 1) and for each realization of the policy state e € £ U (:

d
BNP

(i) announce the mazimum feasible debt: 5d(e) = min{d, 1+ t(e)\e}, and

(ii) choose an (|€| + 1)-variate joint distribution P};(x) of first-period net
endowments such that:

(A25)
(0, if £ <0,
%(%)’ if0<ax< HY,
Fi(ele=0)={% if A< <2BY, - A1
;<1+W>’ isz;i\fP_ﬁde§2B]0{[Pv
L if x> 2B% .
5Because e = () arises with probability 0 when 8* = 1, in case (I.) any feasible specification of

first-period transfers may be used to complete the specification of a strategy for the policy state e = ().
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and for e # 0, the random wvariable 511% 1s uniformly distributed on
the interval [0, ZBg] such that for each possible policy state e the ran-
dom wvariable Ti(e) satisfies first-period budget balancing as defined in
equation (7).

Second Period

Given any second-period state (e, d(e)) € Spa, the unique subgame perfect second-
period local equilibrium is for each candidate to choose the second-period platform
(e, d(e)) that uniformly distributes net endowments on the interval [0,2(1 +
tie)re —d(e))].

Along any equilibrium path, the equilibrium debt level is gd(e) = min{§,1 +
t(e)Ae} and the second-period local equilibrium net endowments are uniformly
distributed on the interval [0,2(1 + t(e)Xe — d%(e))].

With a few modifications, the proof of Theorem 2 and Corollary 1 follows along
the lines of the proof of Theorem 1 and Corollary 1. Beginning in the second
period with any state (e,d(e)) € Spq, note that borrowing is not possible in the
second period and so the debt limit 6 does not change the Theorem 1 second-
period local equilibrium strategies. Given the second-period local equilibrium
strategies, we move back through the game tree and examine the effect of the
debt limit on the first-period local equilibrium strategies. We begin by examining
the first-period vote share calculation. Then, we turn to the proof that in Part (I.)
the Theorem 2 first-period local strategies form a first-period local equilibrium.
Next, we perform the corresponding analysis for Part (IL.).

We now use the equation (A7) first-period vote share calculation in the proof
that in Part (1.) of Theorem 2 — where H¢ = 2B%, —2B% —1— Er (e — 5d(e)) —
the Theorem 2 first-period local strategies form a first-period local equilibrium.
Given that candidate B is using the first-period local equilibrium strategy pj
specified by Part (L) of Theorem 1, it follows that the random variable U, (p7) is
distributed according to

0, if u <1+ Ep, (e —6%e)),
G () = ¢ SO B (e - 37(e)) < w < 2B+ 1+ B, (e — 0%(0)),
1, if u> 2B% + 1+ Ep, (e — 6%(e)).

In any best-response, it is clear that candidate A does not provide voter z with a
utility level U, (pf!) that is strictly greater than 2B% + 1+ Ep_(e — 6%(e)). Thus,
given that B is using the first-period local equilibrium strategy pj, it follows from
equation (A7) that candidate A’s first-period expected vote share in state e, from
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an arbitrary first-period local strategy py! with 14 = 1, is

—1—FEr (e — o4
(A26) S (pi p}) = / - Fege ° (e))deA(U)-
SuppGp,lq 2Bp !

First we consider the case that t4; = 1. From equation (A3) with ¢4 = 1, it
follows that

(A27) U.(pf!) =&y, + 1+ Er, (e — 8(e)).
Then, from equations (1) and (7) we know that

~T. d
(A28) Ea,a (Z4) < Bp

where the inequality in equation (A28) follows from the first-period budget con-
straint given in equation (7). Inserting, equations (A27) and (A28) into equation
(A26) we see that

(A29) S < Do 1

1\P1,P1) = 9 Bj‘ﬁ, 9"
To summarize, if H? < 0 and candidate B uses the first-stage local equilibrium
strategy piP specified in Part (I.) of Theorem 2, then candidate A’s first-period
expected vote share from any arbitrary first-period platform p’f‘ is less than or
equal %, where equation (A29) holds with equality if candidate A’s strategy is
first-period budget balancing as specified by equation (7).

The proof of the remaining case in which candidate A chooses an arbitrary
first-period strategy in which ¢4 = 0 with strictly positive probability, follows
along the lines of the corresponding part of the Theorem 1 proof.

We now examine Part (II.) of Theorem 1, in which H¢ > 0. Given that can-
didate B is using the first-period equilibrium strategy specified by Part (II.) of
Theorem 2, it follows that fg = 8* =1 — %ﬁ ¢ < 1 and for each realization of

the policy benefit e € £ U () the debt is gd(e) =min{,1 + Ae}. In the event that
tp = 0, the random variable Zp 1(0) is distributed according to

,

if £ <0,
if0<az< H,
if HY <z <2B%, — H?,

_opd gd ~
x23mﬁ*’>, if 2BY,, — H? < < 2B%,,

/N
=
SN—

(A30)  Fi(zle =0) =

7 N\
—
+
B

— N N e O

if > 2B p.
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and for e # (), the random variable %1;5 is uniformly distributed on the interval
[0, QBg]. Because tp = 1 and ¢t = 0 are mutually exclusive events, the random

variable U, (p?) is distributed according to

(A31)
07 if S O,
ST if0<u< H

NP . N
T if 7% < u <1+ Er, (e - 8%e)),
1w =13 g i\ (w1 Br, (e-39(e) 5 -
u—1— e— e .

i, + (1 ag;) () 1L Brde @) <u <2B, - Y
2B if 2BY,, — HY <u < 2B%p,

If candidate A chooses a first-period platform p{' with 14 = 1 and Supp(Gp,lq (u)) €

1+ Er, (e— gd(e)), 2B — HY), then candidate A’s expected vote share in state
e, from such a strategy is
(A32)

. H H u—l—Eee—Sde
Si'(pi', p}) + (1 ) /SuppG i L. ( ))de{x(u)
Py

2B4 B¢, 2B4,

Inserting, equations (A27) and (A28) into equation (A32), we have that

H HY\ B 1
A33 SAptpy < —— +[1— —P ==
( ) l(pl pl)_QB]UlVP+< B?\/P) 2de 2

Thus, candidate A’s expected vote share from any strategy with 14 = 1 and
Supp(Gp,lq (v)) € [1 + Er, (e — 0%(e)),2B% p — HY is less than or equal to 3. The
proof that in any best-response by candidate A with 14 = 1 it must be the case
that Supp(prx (u)) € [1+ Er, (e—d%(e)),2B% » — HY] follows along the same lines
as the corresponding part of the proof of Theorem 1.

For the case that candidate A chooses a first-period platform p‘f‘ with 14 =0
and Supp(Ga(u)) € [0, HYU[2BY p— HY, 2B 5], it follows from equation (A31)
candidate A’s expected vote share is

u
(A34) s%ﬁm:/ 4G ()
Suppprx 2BJU<7P 7

Given budget feasibility with t4 = 0, see equation (7), it follows from equation
(A34) that candidate A’s expected vote share from any such a strategy p‘f is less
than or equal to 1/2, which holds with equality if p‘f‘ is budget balancing. The
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proof that in any best-response by candidate A with 14 = 0 it must be the case
that Supp(Gpa(u)) € [0, HY U [2BYp — H?, 2B 5] follows along the same lines
as the corresponding part of the proof of Theorem 1.

A4.  Proof of Theorem 3: Soft limit on debt
We first state the complete characterization of the equilibrium.

Corollary 2 Given a soft debt constraint of 6 > 0, the set of subgame perfect
equilibria is completely characterized as follows.

First Period
In the first period, there are two cases labeled (I.) and (II.).

(I.) If Hed < 0, then in any subgame perfect equilibrium both candidates choose
a first-period platform p] that implements the policy with probability f* = 1
and:

(i) announce the mazimum feasible average debt: min{d,1+ \Er,_(e)}, and
(i) choose an (|E| + 1)-variate joint distribution Py (x) of first-period net
endowments such that the random variable 5{6 is uniformly distributed

on the interval [0, 2Bf3d] and satisfies the constraint on the average first-
period budget as defined in equation (13).5

(I1.) If Hed > 0, then in the unique subgame perfect equilibrium both candidates

choose a first-period platform py that implements the policy with probability
pr=1- L (<1) and:

sd
BNP

(i) announce the mazimum feasible average debt: min{s, 1+ v(e)AEr,(e)},
and

(ii) choose an (|| + 1)-variate joint distribution P}y (x) of first-period net
endowments such that:

(A35)
0, if £ <0,
1 ; I7sd
5(};&), if 0 <ax < H
* 1 'fﬁsd < p<9Bsd _ j_\Isd
Ff(zle=10) = { 2 L Sz < 2Byp ;
1 $72B%]P+ﬁ8d . sd 77sd sd
2(1—’-?]5‘1 5 ZfQBNP—H §$S2BNP,
; d
1, if v > 2B3p.
6Because e = () arises with probability 0 when 8* = 1, in case (I.) any feasible specification of

first-period transfers may be used to complete the specification of a strategy for the policy state e = 0.
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and for e # ), the random variable 55{5 is uniformly distributed on the
interval [0, QB;d] and satisfies the constraint on the average first-period
budget as defined in equation (13).

Second Period

Given any second-period state (e,0(e)) € Spq, the unique subgame perfect second-
period local equilibrium is for each candidate to choose the second-period platform
(e, d(e)) that uniformly distributes net endowments on the interval [0,2(1 +
t(e)re —d(e))]. Along any equilibrium path, the equilibrium average debt level is
min{d, 1+ t(e)\Er, (e)}.

The proof of Theorem 3 and Corollary 2 follows along the same lines as the
proof of Theorem 2 and Corollary 1, with the caveat that unlike the case of
a hard debt limit, when the policy is implemented a soft debt limit does not
directly impose conditions on the first-period budget for each of the individual
policy states e € £. Instead the soft debt limit only imposes a constraint on the
expectation of the first-period budget, across the set of policy states, when the
policy is implemented, Bfgd. Thus, the set of policy-state contingent public debt
levels {8\?*(6)}665, given by equation (11) with 7 equal to n*, provide one set of
equilibrium policy-state contingent public debt levels, but the equilibrium debt
level for each policy state is not pinned down by the soft debt constraint.

A5.  Proof of Propositions 1 and 2

We begin with the proofs of the results on the probability with which the policy
is implemented in equilibrium, parts (I.) and (III.) of Proposition 1 along with
subpart (i) of parts (I.) and (II.) of Proposition 2, and then move on to the
results on equilibrium inequality, parts (II.) and (IV.) of Proposition 1 along with
subpart (ii) of parts (I.) and (II.) of Proposition 2.

For part (I.) of Proposition 1, given that (i) min{8, I+\Er, (e)} > Er, (min{6, 1+
Ae}) for all § > 0 and (ii) from equations (6) and (12) we know that BYp =
Bf\‘,jp = 1+ min{é, 1}, it follows directly from parts (I.) and (II.) of Theorems
2 and 3 that the equilibrium probability that the policy is implemented under
the soft debt limit is at least as high as under the hard debt limit if and only if
H*? < H? for all 6 > 0. Then, from the definitions of H% and H*? in equations
(8) and (14) respectively and recalling that BS = 1+ Er_(min{6, 1 + Ae}) — ¢, it
follows that Hd < {4 requires that

(A36) min{s,1+ AEr,(e)} — Er, (min{5, 1 + Xe}) <
2 (min{d,1 + AEr_(e)} — Er,(min{d,1 + Ae})) .

Because min{d,1+ AEr,_(e)} > Er, (min{d, 1 + Xe}) for all § > 0, it follows that
H < H? for all § > 0, and thus, the equilibrium probability that the policy is
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implemented under the soft debt limit is at least as high as under the hard debt
limit.

For part (IIL.) of Proposition 1, note that because H* < H? for all § > 0 it
follows that if H*¢ > 0 then H¢ > 0, and, as a result, the equilibrium probabilities
of the policy being implemented under the hard debt limit and the soft debt limit
are specified in Part (II.) of Theorems 2 and 3, respectively. Then, recalling that
B p = B3, it follows from Part (II.) of Theorems 2 and 3, that the equilibrium
probability that the policy is implemented under the soft debt limit is strictly
higher than under the hard debt limit if and only if 0 < H*¢ < H?, which from
equation (A36) requires that min{d,1+ AEr,(e)} > Er,(min{d, 1 + Ae}), which
only holds in the case that the distribution of policy states, I'¢, is non-degenerate
and is equivalent to § € (14 \e, 1+ Ae). Note that this corresponds to the portion
of the parameter region in which the set of policy-state contingent public debt
levels {8;"(e)}ece that are feasible under the soft debt limit differ from the set of
feasible policy-state contingent debt levels under the hard debt limit.

The last two results on the probability with which the policy is implemented in
equilibrium — subpart (i) of parts (I.) and (II.) of Proposition 2 — follow directly
from equation (A36) and are illustrated in Figure 1.

Now we turn to the proofs of the results on equilibrium inequality. We be-
gin by calculating the expected Gini coefficients in all three cases: a hard debt
limit, a soft debt limit, and no debt limit. The proofs of parts (II.) and (IV.) of
Proposition 1 along with subpart (ii) of parts (I.) and (II.) of Proposition 2 follow
directly from the Gini coefficient calculations. Given that second-stage inequality
is the same for all three cases, we focus on first-period inequality. To construct
the Gini-coefficient, we begin with the calculation of the Lorenz curve. Given an
equilibrium redistribution schedule F}j, the Lorenz curve is calculated as:

_ Jo Fr (@)de

A37 L(y for y € [0, 1].
(A37) (y) TP (o) [0,1]
Then, the Gini Coefficient is calculated as:
1
(A38) G=1-2 / L(z)da.
0

Now we calculate the expected Gini coefficient in the case of a hard debt limit.
If H% < 0, then the redistribution schedule F} is uniform on [0,2B%p] and the
Gini Coefficient is G¢ = %

If He € [0,1], then:

1) With probability (1 — BﬁTd), the redistribution schedule Fj is uniform on
NP
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[0,2B% 5] and the Gini Coefficient is G4 = %

2) With probability BﬁTd, the redistribution schedule is:
NP

(A39)
0 ifx <0
1 _
by if v € [O,Hﬂ
2 \ Hgd
1 N N
Fi={3 if 2 € (Hd,zB;lVP - Hd>
1 z—2B% , + H? . ~
= (1 + A2 if 2 € [237{,10 —Hd,2Bj"VP}
1 if > 2B%p

in which case the full inverse F; ' is the set-valued function:

(= 1
2H% T € [0, )
2
_ - . 1
(A40)  Fl(x)={ [A? 28B4, - Hd} r=3
. . 1
2H%: —2HY +2B%p =z € <2, 1]

Given the expression for the full inverse F; '(z) from equation (A40), the
equation (A37) formula for the Lorenz curve may be written as:

_ foy Fl_l(x)dx

fol Ff1($)dx
_ foy 2Hdr + for.'gn{o"r”y}(QBj‘{,P — Qﬁd)d:v
[y 2Hdade + [} (2B p — 2HY)de

CPH [0SV opd 2 ) ds

L(y)

(A41)
B p
2pd 1
Y 7 ify e [0, >
B 2
| eae (2BYp 20 (y-3)
T+ y if y € [ 1]
BNP BNP 2

Using the expression for the Lorenz curve L(y) from the last equality in
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equation (A41), the equation (A38) formula for the Gini Coefficient may be
written as:

1
G4 = 1—2/ L(z)dzx
0

! 2 fjd 1 (opd  _ofd\(y — 1
ol [ By 20 -3)
0 0

BJO(IP 5 B%P
_ v HONI' | (B — B —y)\|'
(A42) =1-2|(F5 ) + 7

L 3 Byp/lo Byp 0.5
| _1<B?vp—ﬁd>]

_3 Bip 4 BJdVP
1 HY

2 6BYp

To summarize, in the case that H? e [0, 1], we have that with probability BﬁTd

NP
the redistribution schedule F} is given by equation (A39) and the corresponding
Gini Coefficient is given by the last equality in equation (A42), while with proba-
bility (1 — Bigvdp) the redistribution schedule F} is uniform on [0,2B% 5] with Gini
Coefficient 1. Thus, the expected Gini Coefficient E(G?) is:

(A43)
~ ~ ~ 2
HY 1 1 1 HY 1( HY
- |3l Txtenms el ma
By ) 3 3 6B%p, 6\Bp

et — (ALY |1 A2
51, ) [z o,

The cases of a soft debt limit and no debt limit follow along similar lines, and
we now address the case of a soft debt limit. If H35¢ < 0, then the redistribution
schedule F} is uniform on [0,2B3¢], and the Gini Coefficient is G* = 1.

If He € [0,1], then:

1) With probability (1 — i ), the redistribution schedule F} is uniform on

sd
BNP

[0,2B3%5] with the Gini Coefficient is G*¢ = %
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2) With probability gls—zi, the redistribution schedule is:
NP

(A44)
0 ifz <0
1 _
- (f ) ifoe [O,Hs‘i}
2 Hsd
1 _ .
=3 if 2 € (Hsd, 2B3%, — Hsd)
1 _ 2Bsd f_jsd N
. (1 +2 ;{AVZJF ) if 7 € [2vadp - Hsd,2B;Vdp}

—_

if > 2B

The full inverse and Lorenz curve follow similar lines as the Hard limit. In the
case that H*? € [0, 1] the expected Gini Coefficient is:

~ ~ 2
(A45) BG) = 4 lHTzd _1 de
37 6By, 6\ B,

In the final case of no debt limit, if H < 0, then the redistribution schedule F};
is uniform on [0,4 4+ 2AEr, (¢) — 2c] and the Gini Coefficient is G = 1.
If H € [0,1], then:

1) With probability (1—2), the redistribution schedule Fy is uniform on [0, 4+
2\Er, () — 2] with G = 3.

2) With probability %, the redistribution schedule is:

0 ifz <0

%(%) if 2 € [0, H]
(A46) = % if 7 € (ﬁ,4 - H)

;<1+$_4H+H> itz e [4— H, 4

1 ifz >4

The full inverse and Lorenz curve follow similar lines as the Hard limit. The
expected Gini Coefficient is:

1 H H?
(A47) BE(G) =2+ 55~ 5
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Given the expected Gini coefficients for all three cases, we can now compare
the equilibrium inequality that arises in the three cases. Beginning with the
comparison between hard and soft limits, recall that as noted above in the proof of
Part (I.) of Proposition 1 that because min{d, 14+ AEr, (e)} > Er, (min{d, 1+ Xe})
for all 6 > 0, it follows that Hed < Heforall§ > 0. Thus, it follows from equations
(A43) and (A45) that

(A48) E(G*Y) < E(GY).

That is, hard limits result in weakly higher inequality than soft limits. This
completes the proof of part (II) of Proposition 1. If min{d,1 + AEr,(e)} >
Er,(min{3,1 + Ae}) then H*! < H? and hard limits result in strictly higher
inequality than soft limits. This completes the proof of part (IV) of Proposition
1. The proofs of subpart (ii) of parts (I.) and (II.) of Proposition 2 follow directly
from equations (A43) and (A45).

Regarding the comparison between hard limits, soft limits and no limits, note
that debt limits may raise or lower inequality relative to the no limits case, de-
pending on the parameter configuration. For example as Er(e) — ¢, ¢ — 1,
A — 0, and § — 0 limits may lower inequality. However, as Er(e) — ¢, ¢ — 1,
A — 1, and 6 — 1 limits may raise inequality.

APPENDIX: EMPIRICAL ANALYSIS

We describe the indicators used in our empirical approach. A summary of the
variables outlined below is provided in Table B1 at the end of the section.

General Public Investment: Government Investment as a percentage
of GDP. This indicator is constructed from several relevant OECD variables to
obtain a measure of investment undertaken by government authorities as a per-
centage of GDP. Specifically, we combine OECD (2021e) and OECD (2021d). Our
indicator displays the annual amount of Gross Fixed Capital Formation (GFCF)
carried out by all levels of government for a given country and year. As per the
OECD’s variable description, government investment “typically means investment
in R&D, military weapons systems, transport infrastructure and public buildings
such as schools and hospitals” (OECD (2021d)). This indicator should therefore
encompass forms of public investment with targeted benefits as well as those that
are similar to a public good in nature.

Targeted Transfers: Government Spending on Housing and Commu-
nity Amenities as a percentage of GDP. This indicator is provided by OECD
data concerning the composition of government spending and is collected by na-
tional governments according to the 2008 System of National Accounts criteria
(OECD (2021b)). Corresponding to COFOG division 06 as per United Nations
(2000), it is comprised of government spending in the following areas: Housing
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development (06.1), Community development (06.2), Water supply (06.3), Street
lighting (06.4), R&D housing and community amenities (06.5), and Housing and
community amenities not elsewhere classified (06.6). We chose this variable as
a measure of targetable government spending/investment as we would expect
this category of expenditure to be easily directed towards specific localities or
constituencies, with the resulting benefits largely confined to these groups of in-
tended recipients. Alternatively, in the Supplementary material, we consider two
government expenditure functions within the COFOG division 08 (Recreation,
Culture and Religion): Recreational and sporting services (08.1), and Cultural
services (08.2).

Debt: Gross Government Debt as a percentage of GDP. This vari-
able is self-explanatory and is taken from an OECD database reporting levels of
government debt from 1995 onward (OECD (2021a)).

Gini coefficient. Series are sourced from the World Inequality Database (see
World Inequality Lab (2017)). We consider the Gini coefficient for the distribution
of post-tax national income among adults (individuals aged over 20) with an
equal split of resources within couples. In the database, post-tax national income
corresponds to the “sum of primary incomes over all sectors (private and public),
minus taxes”. Relatively to post-tax disposable income, it includes the income
sources that cannot be individualized (e.g., collective consumption expenditures),
which are distributed equally across individuals.

Eurozone Membership. This variable is used to investigate whether differ-
ential relationships exist between debt and our dependent variables of interest
for Eurozone and non-Eurozone states, which may be partially explained by the
fiscal rules of the Eurozone. Eurozone members are sourced from European Com-
mission (2023).
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Table B1—: Description of variables and sources
Variable Description Source

Investment (GFCF)

Annual level of total investment (public & private) carried out at
the national level, at current prices in millions of USD (PPP)

OECD (2021e)

Investment by sector

Annual share of total investment carried out by sector (govern-
ment, household, or corporate) at the national level

OECD (2021d)

Gross domestic prod-
uct (GDP)

Annual level of GDP at current prices in millions of USD (PPP)

OECD (2021c)

Government expendi-
ture on housing and
community amenities

Annual share of government spending as a percentage of GDP on:
Housing development, Community development, Water supply,
Street lighting, R&D for housing and community amenities, and
Housing and community amenities not elsewhere classified*

OECD (2021b)

General
debt

government

Annual level of gross government debt as a percentage of GDP

OECD (2021a)

Gini coefficient

Gini coefficient for the distribution of post-tax national income
among adults (individuals aged above 20) with an equal split of
resources within couples. Among OECD member states, the Gini
coefficient is available for 32 countries over different time windows.
These data thus exclude six OECD members: Canada, Israel,
Japan, Korea, New Zealand, Turkey

World Inequality Lab
(2017)

Eurozone membership

The list of countries categorized as belonging to the Eurozone
in our analysis is: Awustria, Belgium, Estonia, Finland, France,
Germany, Greece, Ireland, Italy, Latvia, Lithuania, Luzembourg,
Netherlands, Portugal, Slovakia, Slovenia, Spain, Denmark*.
Data required in the analysis were not available for remaining
Eurozone members, Cyprus and Malta

European Commis-

sion (2023)

Note: First, the series of government expenditure on housing and community amenities displays an
outlying value for the Netherlands in 1995, due to the so-called “grossing and balancing operation”
operated that year (European Commission (2012)); we exclude this one-off peak from our analysis.
Second, Denmark does not formally belong to the Eurozone; however, it was a signatory to the 2012
European Fiscal Compact and we have thus chosen to consider it as part of the Eurozone for our purposes.

., “Investment by sector (indicator), Accessed on September 2, 2022, https:
// data. oecd. org/ gdp/ investment-by-sector. htm, 2021.
-, “Investment (GFCF) (indicator), Accessed on September 2, 2022,” https:
// data. oecd. org/ gdp/ investment-gfcf. htm, 2021.
United Nations, “Classifications of Expenditure According to Purpose,” Sta-
tistical Papers - Series M 84, UN Statistics Division, New York 2000.
World Inequality Lab, “World Inequality Database, Accessed on November
28, 2022,” https://wid.world/ 2017.




